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ABSTRACT: We construct a holographic model for a fermionic system on Q-lattice and
compute the spectral function in the presence of a dipole coupling. Both key features of
doped Mott insulators, the dynamical generation of a gap and spectral weight transfer, are
observed when adjusting the value of the coupling parameter p. Of particular interest is
that when the background is in a deep insulating phase, the Mott gap opens much easier
with a smaller coupling parameter in comparison with a metallic background. The effects of
lattice parameters on the width of the gap A/u are studied and a turning point is observed
near the critical regime of metal-insulator transitions of the background. Furthermore, the
temperature dependence of the spectral function is studied. Finally, we also observe that
the anisotropic Q-lattice generates anisotropic peaks with different magnitudes, indicating
that insulating and metallic phases arise in different directions.
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1 Introduction

To understand and describe Mott metal-insulator transition (MIT) is a long-standing and
widely known difficult problem in condensed matter physics because it involves a strongly
correlated electron system, in which the conventional theoretical tools prove of little help
and non-perturbative techniques are called for. At this stage, holography may provide
insights into the associated mechanisms of these strongly correlated electron systems by
building a gravitational dual model which is usually solvable in the large N limit. Some
excellent examples are the holographic superconductor [1-3] and holographic (non)-Fermi
liquid [4-14].

As early as 1930s, it was reported that many transition-metal oxides (such as NiO)
with partially filled bands show insulating behavior. Peierls ascribed that to the strong
electron-electron correlation. And then, Mott made a series of pioneering work towards
understanding how electron-electron correlations could explain the insulating state [15—
19]. Roughly speaking, the main idea of Mott is that the transition from metal to insulator
occurs as lattice constant increases. Subsequently, this idea of Mott is formalized in the
Hubbard model in which the Mott transition depends on the competition between the
kinetic energy (Ej; ~ t) and the on-site Coulomb repulsion U. The metallic behavior
prevails if the kinetic energy ¢ overcomes the Coulomb energy U while insulating phase is
favored for U/t > 1 and a gap opens in the single-particle excitation spectrum, resulting
in a Mott transition at a critical ratio of U/t.

By adding probe fermions with dipole coupling in RN-AdS black hole [20, 21], a Mott
gap opens dynamically, which exhibits two key features of doped Mott insulator, i.e., the
dynamical generation of a gap and spectral weight transfer. And then, the dipole coupling



effects have also been studied in more general geometries in [22-29]. Along this line, here
we shall study the holographic fermionic system with dipole coupling in Q-lattice geometry.

Holographic Q-lattice model is firstly proposed in [30], which is similar to the con-
struction of Q-balls [31]. Some extensive studies have been presented in [32-35]. In this
framework, the translational symmetry is broken and MIT is observed through the study
of optical conductivity. Different from the holographic scalar lattice and ionic lattice con-
structed in [36-41], which involve solving the PDEs and need a hard numerical work,
but here we only need solve ODEs for Q-lattice. In particular, MIT is not observed in
scalar lattice or ionic lattice background yet. The difficulties of numerical calculation
prevent one from dropping the temperature down to an extremely low level in this con-
text.! Here, we are interested in understanding if there is a relationship between the phase
(metal /insulator) the background geometry with Q-lattice is in and that the fermionic exci-
tations on Q-lattice are in. Therefore, in this paper we shall study the fermionic excitations
by adding a probe fermion with dipole coupling in Q-lattice geometry.

This paper is organized as follows. In section 2, based on the holographic model
originally presented in [30], which introduces Q-lattice structure in one spatial direction,
we generalize it to a two dimensional lattice model which in general can be anisotropic in
x —y plane. And then, the Dirac equations over this Q-lattice background are deduced
in section 3. In section 4, we present our numerical results for the fermionic spectral
function. We conclude in section 5 with a summary of main results and suggestions for
future research.

2 Holographic Q-lattice geometry

Here we are interested in a holographic Q-lattice geometry with no translational symmetry
in both of the spatial directions. For this purpose, we consider a system containing two
complex scalar fields ¢; and ¢ plus a Maxwell field A,. A similar construction can also
be seen in [32]. The simplest action may take the form as,

1
S = /d‘{m/—g [R +6— §F2 — 0012 — m2|p1)? — |0¢a|? — m%|¢22} , (2.1)

where ' = dA. The equations of motion can be derived from the above action as follows
mi o M3 * x p 1 2
R,Lw = Guv _3+7|¢1| +7|¢2| +a(u¢1ay)¢1 +a(u¢2ay)¢2+ FM Fl/p_zgw/F 5

vV, F" =0, (V2 —m3)¢, =0, (V2 —m2)go = 0. (2.2)
Consider the following ansatz

ds* = _gtt(z)dt2 + gzz(z)dz2 + gmc(z)dx2 + gyy(z)dy2,
A= A(2)dt, ¢ =eMTp, Py = ey, (2.3)

IMIT is also observed in helical lattice model [42] and holographic charge density waves [43]. In addition,
a simpler construction which breaks the translational invariance can be found in [44, 45], in which the lattice
amplitude is absent, and thus no MIT happens in these models.
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and substitute them into (2.2), one has five second order ODEs for Vi, Vo, a, ¢1, @2
and one first order ODE for (). Note that in above ansatz, k1 and ko are two wave-
numbers along x and y directions, respectively, such that ¢; is periodic in x direction with
a lattice constant 27 /k; and ¢9 is periodic in y direction with a lattice constant 27 /ks. In
addition, in our holographic setup, the dual CFT involves two complex scalar operators
with scaling dimension A; o = 3/2 4 (9/4 + miQ)l/ 2. When either of the masses falls in
the interval [-9/4,—3/2), the AdSs BF bound near the horizon will be violated by the
scalar field, possibly leading to a different ground state. To avoid this possibility, we will
set m%Q = —5/4 for definiteness in our paper, which corresponds to the scaling dimension
of ALQJF = 5/2 and ALQ, = 1/2

To solve the ODEs numerically, we impose a regular boundary condition at the horizon
z =1 and impose the following conditions on the conformal boundary

Q0) =1, VA(0) = Va(0) =1, a(0) = pu. (2.5)

In this paper, we only focus on the standard quantisation of the scalar field, in which the

A

asymptotic behaviors of 1 and @9 look like 1 = Az and @9 = \oz22- respectively.

The UV behavior of the scalar field corresponds to a Q-lattice deformation with lattice
amplitudes A1 2. In addition, the temperature of the black hole is given by

(2.6)

As a result, each of our Q-lattice solutions is specified by five dimensionless quantities 7'/,
/\1/MA1—, Ao /P2 ki/w and kg/p. For simpleness, we shall still use T', A;2 and ki 2 to
denote the above five dimensionless quantities in what follows.

3 Dirac equation

To explore the properties of fermionic spectral function in the Q-lattice geometry, we
consider the following action including the dipole coupling with strength p between the
fermion and gauge field [20, 21, 46, 47]

Sp=i / d*z/=g¢ (T*D, — m¢ — ipk) ¢, (3.1)

where D, = 0o+ 1 (W)™ —iqAq and F = 1T (e,,)%(e,, )P Fyp with (e,,)® and (wy, ), being
a set of orthogonal normal vector bases and the spin connection 1-forms, respectively. Here,



the fermion is a probe field. Note that we have set the gauge coupling constant g = v/2
here. It is different from the conventions in [20, 21], in which they set g = 1. Consequently
the charge ¢ and dipole coupling p here will correspond to ¢/v/2 and p/v/2 in [20, 21] as
the relevant quantities are the products grq and ggrp.

The Dirac equation can be deduced from the above action

I*Dy¢ — meC — ipF¢ = 0. (3.2)

To cancel off the spin connection, we can make a redefinition of { = (gttgmgyy)_%}' . At
the same time, by the Fourier expansion,

f _ /du}dkxdkyF<Z, k)efiwt+ikz$+ikyy’ (33)

s

where k = (—w, kg, ky), one has

1 1
%0,F(z,k) + I(—iw — igA k) + —TYk, F(z,k
T (2, k) \/97 (—iw — iqgAy) F(z,k) N (2, k)
+ ik, F(z,k) — m¢F(z,k) + 1%),AF(2,k) =0. (3.4)

v 9yy vV 9zz9tt

Choose the following gamma matrices

3 _ -3 0 o _ iol 0
L0 —63)’ VL0 it ]
—a2 0 0 o2
=7 2 — 3.5
( 0 o2/’ ’ ( )

and split the 4-component spinor into two 2-component spinors as F' = (Fy, FQ)T one has

1 B\ s (1K) " L > 1(k)
o <F2(k)> S (&(k)) (@ +gd)—mrio® ( 2(1{)> (36)
1 ol Fi(k) ky ol Fy(k) D - Fi(k)
]Fkx\/gm © (Fg(k)) * NG ® (Fl(k)> " M(azAt) ? ( (k)> v

Furthermore, by the decomposition F,, = (Aa, Ba)? with a = 1,2, the above Dirac equation
can be expressed as

1 A 1 By p By
(\/@82 $mg) (31> (e +th)\/9? <A1> * V9229t (0:41) <A1 )

. km Bl ky BZ _
de (8] e () -0 e
1 1 (B p B
(=07 m) (8 ) e Vo <A2> V=T <A2 )
kg Bo i B _
N <A2> Nem <A1> =068



At the horizon, we can find that

Aan(z,k) w 1 Ba(z, k)
0, +—— =0. 3.9
<Ba(z, k)> AT 1 — 2 (.Aa(z, k) (39)
In order to obtain the retarded Green function on the boundary by holography, the inde-
pendent ingoing boundary condition should be imposed at the horizon, i.e.,

Aa(z, k)| 1 e
<Ba(z,k)) =Cq (—z) (1—-2) . (3.10)

Near the AdS boundary, the Dirac field reduces to

Aq 1 _ 0
ST me . .
(Ba> an? <O> + baz <1> (3.11)

And so by holography, the retarded Green function can be read off
o = Goorbar. (3.12)

Note that since the four components of the Dirac fields couple to one another, we need
to construct a basis of finite solutions, (AL, BL) and (AL, BL), to obtain the boundary
Green function. We are mainly interested in the measurable spectral function, which is
A(w, kg, ky) ~ Im(TrG).

4 Mott transition on Q-lattice

In this section, we study the properties of spectral function on Q-lattice. We shall firstly
address Mott transition in an isotropic Q-lattice, in which we set \{ = Ao and ki1 = ko.
So, in this paper, we shall denote A = Ay = A9 and k = k1 = ko except in subsection 4.4,
where we give a brief discussion on anisotropic spectral function. For definiteness, we work
exclusively with the massless fermion and fix ¢ = 1. In addition, we work at a very low but
non-zero temperature of 7"~ 0.00398 for this paper except the subsection 4.3, in which we
explore the dynamics at different temperatures.

4.1 Free fermionic spectral function

In this subsection, we present the results for free fermionic spectral function on Q-lattice.
Because the notion of Fermi surface is only well defined at zero temperature, for our Q-
lattice system of low but non-zero temperature, we need an operational definition, which
has been proposed in [48] and adopted in holographic models [40, 49]. It is argued that
the Fermi momentum kg can be determined by searching the peak of A(w, k) with a tiny
frequency w. With the use of this operational definition, we show the 3D plot of spectral
function A(k,, ky) for a tiny w in the left plot in figure 1. We can see that the shape of
Fermi surface is a circle, which is in agreement with the fact that our holographic Q-lattice
geometry is isotropic. For convenience, we shall set k, = 0 in what follows. As an example,



Figure 1. Left plot: the spectral function A(k,, ky) for a tiny w. Right plot: the spectral function
A(w, ky) for k, = 0. Here, we have fixed A = 0.5 and k = 0.8.

the 3D plot of A(w, k;) is shown in the right plot in figure 1. A peak occurs near w = 0
and kp ~ 1.359, indicating a Fermi surface.

The Q-lattice effects on the evolution of the free fermionic spectral function can be
seen as follows. On one hand, one can fix the wave-number and see the changes of spectrum
with the lattice amplitude. We show an example on the left plot in figure 2, where k = 0.8.
For large A (A = 2, blue line in the left plot in figure 2), only a small bump is displayed.
With the decrease of A, the small bump grows into a peak, which indicates the emergence
of the Fermi surface. On the other hand, one can fix the lattice amplitude and adjust the
wave-number k£ to see its impact on the shape and location of Fermi surface. From the
right plot in figure 2, we see that with the augmentation of the wave-number k, the Fermi
peak shifts to positions with larger momenta. Moreover, we notice that the height of peak
for k£ = 0.8 is lower than that for Kk = 0.1 or k = 1. It appears to be a turning point around
k = 0.8. In the subsequent subsection, such a turning point can be further confirmed by
studying the critical value p. of the onset of the gap and the gap width A/u.

Finally, we would like to point out that no matter how to tune the lattice amplitude
A and wave-number k, one can not observe a gap open at the Fermi level (w ~ 0), even
though the Q-lattice background is dual to a deep insulating phase. It implies that in
the absence of coupling, the holographic Q-lattice background itself is not able to drive
fermionic probes to undergo a Mott transition. To model Mott physics, we shall introduce
the dipole coupling term as proposed in [20].

4.2 The Mott transition

A Mott insulator is signaled by a vanishing spectral weight, i.e., a suppression of A(w)
around w = 0. The 3D plot of spectral function A(w,k;) with p = 4.5 for A\ = 0.5 and
k = 0.8 in figure 3 shows such a gap, which has previously been observed in RN-AdS
geometry [20, 21] and other backgrounds [22-27]. In addition, two bands are located in the
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Figure 2. Left plot: the spectral function A(k,) for fixed ¥ = 0.8 and different A (red line for
A = 0.1, green for A = 1 and blue for A = 2). Right plot: the spectral function A(k,) for fixed
A =1 and different & (red line for k = 1, green for k = 0.8 and blue for k£ = 0.1). Here, all plots are
for k, = 0 and a tiny w.

Figure 3. The spectral function A(w, k) for p = 4.5. Here, A = 0.5, k = 0.8 and k, = 0. A gap is
clearly visible around w = 0.

positive frequency and negative frequency regions, respectively. Furthermore, we also show
the spectral function A(w,k;) with fixed p for sample values of k, in figure 4. For p = 0
(the left plot in figure 4), as the peak approaches w = 0, it becomes sharper and narrower,
indicating a Fermi surface at k = kp. While the right plot in figure 4 shows the spectral
function A(w, k,) with p = 4.5 for sample values of k,. It indicates that when p exceeds
certain critical point p., a gap opens and exists for all k,. The above observation strongly
manifests that a transition occurs from a (non)-Fermi like phase to an insulating phase.
To gain a better understanding of the spectral measure with dipole coupling on Q-
lattice, we study the density of states (DOS) for our fermionic system. The DOS A(w)
signals the total weight of the spectral measure and is defined by the integral of A(w, kg, ky)
over k; and k,. Since we have set ky, = 0, the DOS only probes the effects in £, direction.
Figure 5 shows the DOS A(w) with A = 0.5 and k& = 0.8, and exhibits the dynamical
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Figure 4. The spectral function A(w,k;) for sample values of k,. Left plot is for p = 0 and right
for p =4.5. Here, A = 0.5, k = 0.8 and k, = 0.
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Figure 5. The DOS A(w) with A = 0.5 and k& = 0.8 for p = 0 (blue), p = 1.5 (orange), p = 4
(black) and p = 4.5 (red).

generation of a gap with the increase of the diploe coupling p. More importantly, as p
increases, the spectral weight switches gradually from the positive frequency region to the
negative frequency region. The dynamical generation and spectral weight transfer are two
key features of doped Mott physics. Such observations are confirmed by checking other
values of lattice parameters A and k. Therefore, the Mott transition in holographic Q-
lattice fermionic system can be implemented by introducing a dipole coupling, which is
supposed to play double roles of doping as well as on-site interaction like U in Hubbard
model, as argued in RN-AdS geometry [20, 21].

Now, we turn to study the critical value p. of Mott transition, which reflects how
easy it is to open the gap dynamically. In numerical calculations, the onset of gap can be
identified as that the DOS A(w) at the Fermi level drops below some small number (here,
we take 1073). With this in mind, we find that the critical value p. ~ 3.98 for A = 0.5 and
k = 0.8, which corresponds to a metallic phase in [30]. While for an insulating phase with
A=2and k=1/ 23/2 p. = 3.74. Tt implies that the gap opens easier in a deep insulating
phase than metallic phase. This observation can be further confirmed by evaluating the
critical value for various wave number k and lattice amplitude A, as we list in table 1 and 2.
Nevertheless, we notice that an anomalous behavior occurs for k > k. ( where k. is the



k 0.1 0.3 0.5 0.8 1 1.5
De 3.44 3.76 4.08 | 4.12 | 4.08 | 3.93

Table 1. p. for sample values of k and fixed A = 1.

A 0.1 0.5 1 1.5 2 3
De 3.90 3.83 3.76 | 3.7 | 3.64| 3.55

Table 2. p. for sample values of A and fixed k = 0.3.
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Figure 6. The width A/u of the gap as a function of the dipole coupling p for Ay = Ay = 0.5 and
k1 = ko =0..8.

critical value for MIT at zero temperature, with k. ~ 0.8 for A = 1), in which the critical
value p. diminishes slightly with the increase of k, as opposite to that for k < k..

Subsequently, we shall study the features of Mott insulating phase over a Q-lattice
background. A characteristic measure is the width of the gap A/u. Figure 6 shows the
width A/u as a function of the dipole coupling p for A = 0.5 and k = 0.8. As p increases,
the width of the gap becomes larger. It is just the effects of on-site interaction strength U
of Hubbard model, which p plays.

We also study the effects on the width of the gap of wave-number k and lattice ampli-
tude A, which can be summarized as follows.

e First of all, a turning point is observed in the plot of gap width A/u versus k,which
is shown in figure 7. Specifically, as k increases from small one, the width of the gap
A/p will decrease at first, which coincides with the idea of Mott that the strength of
electron-electron correlations increases with the decrease of lattice constant [15-19].
However, when the wave-number exceeds a critical value k., A/u rises up slightly.
Interestingly enough, we find the values of k. falls into the critical regime of MIT in the
phase diagram of the background, which is quite general. We expect to understand
this anomaly with an analytical treatment in near future.

e The critical value k. is almost independent of the dipole coupling p but becomes
larger with the increase of the lattice amplitude, as shown in figure 7 and table 3.
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A 0.1 0.5 | 0.8 1 2 3
ke 0.5 0.6 071 081] 09 ] 1

Table 3. The turning point k. for sample values of A and fixed p = 6.

In addition, it is interesting to notice that in the right plot of figure 7 all the lines
almost intersect at one point of k ~ 0.38.

e The width of gap as a function of the lattice amplitude A is plotted in figure 8. For
k < 0.38, with the augmentation of the lattice amplitude A, the width of the gap A/pu
rises up at first and then tends to a constant or very slightly decreases, depending on
the dipole coupling p. But for & > 0.38 the cases are just opposite.

e As a consistent check, one may find that in the right plot in figure 8, all the lines
converge to a point at A — 0, which just corresponds to the gap width in RN-AdS
black hole background.

4.3 The dynamics at different temperatures

So far, we have only focused on the system at a very low temperature 7' ~ 0.00398. Now,
we turn to study the evolution of the spectral function with temperature. The temperature
dynamics is one of important aspects of Mott insulators. A characteristic quantity is the
ratio of the zero-temperature gap A to the critical temperature Ty, at which the gap
closes. A typical example is transition-metal oxides V' Oj, for which the ratio A/T} is
approximately 20. Compared with the case of superconductor, in which the U(1) symmetry
is spontaneously broken and A /T, ~ 1 — 2, the ratio A/T is well beyond unity, which is
one of the unresolved puzzles with VOy. It indicates that the driven force to form the
gap in Mott transition is strongly correlated. By holography, the authors in [21] show the
ratio A /T, in RN-AdS black hole is approximately 10 for p = 6 (or p = 7), which suggests
holography can provide a good description on strong correlation induced transition. Here
we shall address this issue on Q-lattice by holography.

~10 -
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Figure 9. Left plot: the 3D plot for T' ~ 0.115. Right plot: the DOS for different T' (red for
T ~ 0.115 and brown for T' ~ 0.151). Here, p =6, A =1 and k = 0.3.

Before working out the results of the ratio A /T, we first make a qualitative description.
Figure 9 shows a 3D plot of the spectral function at 7'~ 0.115 and the DOS for different
T with A =1 and k£ = 0.3. It is obvious that the gap closes when the temperature exceeds
some certain value. Now, we work out the ratio A/T} for different lattice amplitudes A
and wave-numbers k for p = 6 (table 4).2 From table 4 we can see that most values of the
ratio A /T, are approximately 10. Especially, in the deep insulating background, the value
of A/T, is larger than others, approaching 11. In summary, in our holographic fermionic
system with dipole coupling on Q-lattice, the temperature dynamics possesses non-trivial
behavior, as revealed in RN-AdS black hole [21].

2Because we can not cool our system down to zero temperature, here we take the width of gap A at
T ~ 0.00398 instead of zero temperature gap.

- 11 -



(\E) | (1,01) [ (1,075) [ (1,2) [ (0.1,0.3) [ (1,0.3) [ (3,0.3)
AJT, | 10.93 8.86 1024 | 9.79 10.33 | 10.07

Table 4. The ratio A/T, for different lattice amplitude A and wave-number k.
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Figure 10. 3D and density plot of spectral function A(k,, ky,w = 0) on anisotropic Q-lattice for
p=0. Here, g =1, \y =2, A =0.1 and k; = k2 = 0.8.

4.4 Fermi surface and gap on anisotropic Q-lattice

In this subsection, we briefly discuss the Fermi surface and gap on anisotropic Q-lattice.
As shown in figure 10, if we set ¢ = 1, Ay = 2, Ao = 0.1 and k; = ko = 0.8 for p = 0,
we find that the Fermi peaks along k, direction develop into some bumps. It exhibits an
anisotropic peaks with different magnitudes, which suggests that insulating phase arises
in one direction while metallic in the other. Furthermore, when we switch on the dipole
coupling p, the gap along k, direction gradually opens but the bump still remain along k,
direction (figure 11). Finally, we would like to comment that the same statement is true
for the conductivity on Q-lattice. For instance, since the lattice is introduced in just one
direction, the Q-lattice geometries are highly anisotropic in [30], in which the calculation
of the conductivity reveals that they can be insulators in the direction where the lattice
is placed whilst remaining a pure metal in the other direction where the lattice is absence
and the translational invariance is reserved. Therefore, the anisotropic geometry with
insulating phase in one direction but metallic in the other provides us more space to model
real materials with anisotropy by holography.

5 Conclusion and discussion

Our main results in this paper are:

e Two key features of doped Mott physics, the dynamical emergence of a gap and
the spectral weight transfer, are observed in the Q-lattice background with dipole

- 12 —
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Figure 11. 3D and density plot of spectral function A(k,, ky,w = 0) on anisotropic Q-lattice for
p=1. Here,q=1, A1 =2, A =0.1 and k; = k2 =0.8.

coupling. Such features have been observed in many of holographic fermionic systems
including dipole coupling, e.g., RN-AdS geometry and other geometry. It confirms
the robustness of the generations of Mott gap induced by dipole coupling, which play
the double roles of doping as well as the interaction strength U in the Hubbard model.

e The most important thing is that the fermionic system with dipole coupling on Q-
lattice can exhibit abundant Mott physics due to the introduction of wave-number k
and lattice amplitude A.

e The evolution of the spectral function as a function of temperature reveals the non-
trivial temperature dynamical behavior, which indicates the Mott transition induced
by dipole coupling on Q-lattice is due to strong correlations but not the spontaneous
breaking of some symmetry.

e For the free fermionic system, the wave-number k and the lattice amplitude A\ can
not generate the Mott gap. When dipole coupling p exceeds some critical value, the
gap opens and, usually, the gap opens much easily in deep insulating phase.

e The anisotropic peaks with different magnitudes occurs in our holographic fermionic
system on Q-lattice. It indicates that insulating and metallic phases arise in different
directions, respectively.

Still, a number of problems deserve further exploration.

e Rather than the dipole coupling, we may introduce other sorts of couplings to induce
the Mott transition. Especially the interaction of electron-phonon as { (11 ¢1+12¢2)+
h.c may have a manifest periodic structure and generate Brillouin zones. Our work
on this subject is under progress.

~13 -



e By the poles and zeros duality through the detGr, the pseudo-gap phase can be
observed in the holographic fermions with dipole coupling in RN-AdS geometry [50].
It is valuable to address this problem in the holographic Q-lattice model.

e [t is interesting to study the Fermi arc phenomenology in the anisotropic Q-lattice
model.
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