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1 Introduction and motivations

It is well known that gauge and gravity scattering amplitudes diverge as one of the external

momenta becomes soft. The leading divergences are well studied and in general are univer-

sal [2–6], meaning independent of the helicities of the remaining (hard) legs. These “soft

theorems” can be used in turn to constrain ansatz for unknown scattering amplitudes [7],

and in some cases, iteratively construct the full amplitude [8–10].

In general, soft behaviors are intimately tied to symmetry properties of the theory. A

prominent example is the “Adler’s zero” [11] which states that scalar amplitudes of non-

linear sigma models must vanish as one of the scalar momentum is taken to be soft. This

vanishing behavior is a reflection of the degeneracy of vacua. When the global symmetry is

broken, due to anomalies, the soft limit no longer vanishes [12]. For a graviton scattering

amplitude, the leading soft singularity is governed by the “Weinberg’s theorem” [2], which

is stated as:1

Mn+1(1, · · · , n, ǫs) =
1

ǫ
S
(0)
G Mn(1, · · · , n) +O(ǫ0) . (1.1)

where we take leg s to be soft, and parametrize this limit by ǫ → 0. The “Soft function”

S
(0)
G is defined as:

S
(0)
G =

n∑

i=1

Eµν
s kiµkiν
s · ki

. (1.2)

1Here all gravity amplitudes (and similarly for Yang-Mills) are stripped of their coupling constant de-

pendence, Mn = iκn+2L−2Mn. We will also suppress factors of 1/(4π)2L for loop-amplitudes.

– 1 –



J
H
E
P
1
2
(
2
0
1
4
)
1
1
5

The soft behavior in eq. (1.1) has recently been understood as a consequence of Bondi, van

der Burg, Metzner, and Sachs (BMS) symmetry [13–17], which is a large diffeomorphism

transformations that translate between asymptotic flat solutions. It has been further ar-

gued that when the BMS transformations are taken as a whole, should imply an extension

of the soft theorem to order ǫ0 with its coefficient given by the action of S
(1)
G acting on the

n-point amplitude, where the operator S
(1)
G is given by [18]

S
(1)
G =

n∑

i=1

Eµν
s kiµ(s

ρJiνρ)

s · ki
. (1.3)

This sub-leading soft graviton theorem was recently discussed by White using eikonal

methods [19], and its validity has been verified for all tree-level graviton amplitudes in [1].

Quite interestingly in the analysis of [1] it was revealed that the series of universal soft

functions can be further extended to order ǫ1:

Mn+1(1, · · · , n, ǫs) =
1

ǫ
S
(0)
G Mn(1, · · · , n)

+S
(1)
G Mn(1, · · · , n) + ǫS

(2)
G Mn(1, · · · , n) +O(ǫ2) . (1.4)

where

S
(2)
G =

1

2

n∑

i=1

Eµν
s (sρJiνρ)(s

σJiµσ)

s · ki
. (1.5)

Interestingly, the leading order tree-level gluon soft function can be understood through

similar symmetry arguments [17]. A recent analysis of soft behaviours for gluon tree-level

amplitudes also revealed universal subleading soft-behaviors [20]:

An+1(1, · · · , n, ǫs) =
1

ǫ
S
(0)
YMAn(1, · · · , n) + S

(1)
YMAn(1, · · · , n) +O(ǫ1) . (1.6)

where

S
(0)
YM =

∑

i=n,1

Es · ki
s · ki

, S
(1)
YM =

∑

i=n,1

Esν(sµJ
µν
i )

s · ki
. (1.7)

Both gauge and gravity subleading soft theorems have been studied previously, e.g. in [21–

25]. More recently they have been proven to hold in arbitrary dimensions [26], based on

scattering equations [27–29]. When written in terms of spinor helicity, the operator S
(1)
YM can

be written in a bi-local form very similar to that of Yangian generators for N = 4 SYM [30].

Note that so far, both S
(2)
G and S

(1)
YM do not have a symmetry based understanding.

Since some of the above soft theorems are derived from symmetry arguments, an

obvious question is whether it is an exact statement in perturbation theory. Naively, one

would expect loop corrections to the subleading soft functions. Indeed for Yang-Mills, it is

well known that even S
(0)
YM is already corrected at one loop. While for gravity, due to its

dimensionful coupling, the dimensional analysis requires loop corrections to be suppressed

by extra powers of soft-invariants relative to Yang-Mills [31]. Thus as a result, S
(0)
G is

exact to all orders. However, the same analysis would imply that all subleading terms are

corrected at one loop.
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To clarify the status of soft theorems at one loop, we consider rational terms in one-

loop gauge and gravity amplitudes. In particular, to avoid complications due to infrared

divergences we consider the all-plus and single-minus amplitudes in both gauge and gravity

theories. Using BCFW-like recursion relations, which include boundary and double-pole

contributions, we show that for both Yang-Mills and Gravity, the all-plus amplitudes satisfy

the soft theorems exactly as written in eq. (1.4) and eq. (1.6). For single-minus amplitudes,

we find that if we take the the minus-helicity leg to be soft, the resulting soft behaviour

again respects eq. (1.4) and eq. (1.6). However, in the case where it is the positive-helicity

leg that is taken to be soft, we find that for both gauge and gravity theories, eq. (1.4) and

eq. (1.6) no longer holds. From the recursive representation, it is clear that the source of

such violation stems from the presence of double poles, which albeit do not have residues in

real kinematics, do so in complex kinematics which is utilized for the recursion formula. We

show that this is the only source of violation for the single-minus amplitudes, and derived

suitable one-loop modification of the soft-functions.

This paper is organized as follows: in the next section we give a brief review of the tree-

level soft theorems. Using the fact that the only non-trivial soft contributions in the BCFW

representation stems from those with two-particle channels involving the soft leg, we extract

the divergent terms by rewriting such contribution as an exponentiated operator acting on

the n-point amplitude. The resulting expansion automatically reproduces eq. (1.4) and

eq. (1.6). A side result of this analysis is that for MHV amplitudes, where the BCFW

recursion consists solely of such terms, there exists an infinite series of soft functions. We

also discuss generalizations to supersymmetric amplitudes. In section 3, we move on to

one-loop rational terms in pure gauge theory. We verify the validity of eq. (1.6) for all plus

amplitudes, while corrections is required for the single-minus amplitudes when the positive-

helicity leg is taken to be soft. We derive the necessary one-loop correction terms for the

single-minus amplitudes. In section 4 we repeat the same analysis with gravity rational

terms, and reach the same conclusions. We close with conclusion and future directions in

section 5.

Added Note: in the completion of this manuscript, the work of Bern, Davies and

Nohle [32] appeared on the arXiv which has some overlap with the results here. In par-

ticular, while the validity of the soft theorem for all plus amplitudes was also verified

numerically, the need for loop corrections were pointed out. Corrections related to the in-

frared divergence part of the amplitude was derived, and it was argued that such corrections

are one-loop protected for S
(1)
G and two-loop protected for S

(2)
G .

2 Soft theorems for tree-level amplitudes

2.1 Review on Cachazo-Strominger Soft theorem

The Cachazo-Strominger tree-level soft theorem can be most easily derived via BCFW

representation of tree amplitudes, where the singular part of the amplitude in the soft

limit is given solely by two-particle factorization channels. Here we present a brief review.
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Figure 1. A particular factorization channel in the BCFW representation of a tree-level amplitude.

Consider the BCFW representation for a tree-level gravity amplitude.2 Choose the

would be soft graviton with positive helicity to be shifted holomorphicaly,

λŝ = λs + zλn , λ̃n̂ = λ̃n − zλ̃s , (2.1)

the BCFW representation is given by:

Mn+1(1, 2, . . . , n, s
+) =

∑

1≤i<n

M3(ŝ
+, i,−K̂is)

1

K2
i,s

Mn(K̂is, . . . , n̂) +R , (2.2)

where R represents terms arising from factorization poles 1/(ks+K)2 where K is a non-null

momentum. The shift (2.1) indicates that M3 has to be the anti-MHV amplitude, and we

define Ki,j ≡ ki+kj . In particular,

K̂is = (ki + kŝ) = λi

(
〈ns〉

〈ni〉
λ̃s + λ̃i

)
. (2.3)

The holomorphic soft limit is achieved by scaling λs → ǫλs, and using momentum con-

servation to solve two anti-holomorphic spinors (λ̃a, λ̃b) in terms of other λ̃’s. Follow-

ing [1], we will choose to express λ̃1 and λ̃2 as linear combinations of the remaining anti-

holomorphic spinors:

λ̃1 = −
n∑

i=3

〈2i〉

〈21〉
λ̃i − ǫ

〈2s〉

〈21〉
λ̃s, λ̃2 = −

n∑

i=3

〈1i〉

〈12〉
λ̃i − ǫ

〈1s〉

〈12〉
λ̃s . (2.4)

Thus the amplitudes Mn on both side of eq. (2.2) is to be understood as a function of n

holomorphic and only n−2 anti-holomorphic spinors.

It was shown explicitly in [1] that the function R is finite under the holomorphic soft

limit, thus

Mn+1(1, 2, . . . , n, {ǫλs, λ̃s}
+)

∣∣∣∣
div

=
∑

1≤i<n

M3(ŝ
+, i,−K̂is)

1

K2
i,s

Mn(K̂is, · · · , n̂)

∣∣∣∣
div

(2.5)

where the shifted spinor λŝ is now defined as λŝ = ǫλs + zλn. For a given BCFW term in

eq. (2.5), represented in figure 1, the result can be written in a suggestive inverse soft form

M3(ŝ
+, i,−K̂is)

1

K2
is

Mn(K̂is, . . . , n̂)

= Ss,iMn

({
λi, λ̃i +

〈s n〉

〈i n〉
λ̃s

}
, . . . ,

{
λn, λ̃n +

〈s i〉

〈n i〉
λ̃s

})
, (2.6)

2For the BCFW recursion relations in gravity amplitudes, see [33–35].
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where “. . .” part indicates un-shifted {λ , λ̃}, and Ss,i is the “inverse-soft-function” that is

independent of the helicity of the i-th leg:3

Ss,i =
〈ni〉2

〈ns〉2
[is]

〈is〉
. (2.7)

First, note that the deformations on λ̃i and λ̃n can be written as an exponentiated differ-

ential operator acting on the unshifted amplitude:

Mn

({
λi, λ̃i +

〈s n〉

〈i n〉
λ̃s

}
, . . . ,

{
λn, λ̃n +

〈s i〉

〈n i〉
λ̃s

})

= e
〈s n〉
〈i n〉

λ̃s·
∂

∂λ̃i
+

〈s i〉
〈n i〉

λ̃s·
∂

∂λ̃n Mn({λi, λ̃i}, . . . , {λn, λ̃n}) .

Using this representation it is straight forward to obtain the divergent part of the holo-

morphic soft-limit

Mn+1

(
1, . . . , n−,

{
ǫλs, λ̃s

}+)∣∣∣
div

=
n−1∑

i=1

1

ǫ3
〈ni〉2

〈ns〉2
[i, s]

〈i, s〉
e
ǫ

(
〈s n〉
〈i n〉

λ̃s·
∂

∂λ̃i
+

〈s i〉
〈n i〉

λ̃s·
∂

∂λ̃n

)

Mn

∣∣∣∣
div

=

(
1

ǫ3
S
(0)
G +

1

ǫ2
S
(1)
G +

1

ǫ
S
(2)
G

)
Mn (2.8)

where the operates S
(k)
G is defined as:

S
(k)
G =

n−1∑

i=1

1

k!
Ss,i

(
〈s n〉

〈i n〉
λ̃s ·

∂

∂λ̃i

+
〈s i〉

〈n i〉
λ̃s ·

∂

∂λ̃n

)k

. (2.9)

For k = 1, we have

S
(1)
G =

n−1∑

i=1

(
〈ni〉

〈ns〉

[i s]

〈i s〉
λ̃s ·

∂

∂λ̃i

−
〈n i〉

〈n s〉2
[i s]λ̃s ·

∂

∂λ̃n

)
=

n−1∑

i=1

〈n i〉

〈ns〉

[i s]

〈i s〉
λ̃s ·

∂

∂λ̃i

, (2.10)

where the second term in the first inequality vanishes due momentum conservation. For

k = 2 we have

S
(2)
G =

n−1∑

i=1

1

2

〈ni〉2

〈ns〉2
[i s]

〈i s〉

(
〈s n〉

〈i n〉
λ̃s ·

∂

∂λ̃i

+
〈s i〉

〈n i〉
λ̃s ·

∂

∂λ̃n

)2

=
n∑

i=1

1

2

[i s]

〈i s〉

(
λ̃s ·

∂

∂λ̃i

)2

, (2.11)

where the last equivalence was obtained using momentum conservation,
∑

i p
αβ̇
i = 0, and

Lorentz invariance,
∑

im
α̇β̇
i = 0. This establishes the Cachazo-Strominger soft theorem for

3Note Ss,i may be brought into a different form by applying bonus relation of gravity amplitudes to the

BCFW diagram figure 1 with i = n−1, which gives an extra factor, and leads to [10]

Ss,i
〈s n〉〈i n−1〉

〈ni〉〈s n−1〉
=

〈n i〉〈i n−1〉[s i]

〈n s〉〈s n−1〉〈s i〉
.

– 5 –
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tree-level gravity amplitudes. One can obtain a similar result by taking anti-holomorphic

soft limit for a negative-helicity graviton, which leads to the parity conjugate of eq. (2.8).

Note that for MHV amplitudes, the equilvalence in eq. (2.5) holds without truncating to the

divergent terms in the holomorphic soft limit. Therefore for MHV scattering amplitudes

the soft theorem can be extended to arbitrary orders in ǫ with the inclusion of an infinite

series of soft operators S
(k)
G :

MMHV
n+1 (1, . . . , n, s+) =

(
∞∑

k=0

1

ǫ3−k
S
(k)
G

)
MMHV

n ({λi, λ̃i}, . . . , {λn, λ̃n}) . (2.12)

The same analysis can be applied to the scattering amplitudes in Yang-Mills theories.

Color-ordered Yang-Mills amplitude has milder soft-divergence compared to gravity in the

holomorphic soft limit, due to the milder little-group rescaling. A recent analysis [20] has

shown that the subleading soft behavior of a (n+1)-point Yang-Mills tree amplitude can

also be written as an operator acting on a n-point tree amplitude.

The soft gluon theorem can be derived in a parallel fashion with gravity by using the

BCFW representation of tree-level amplitudes, and the divergent term under the holomor-

phic soft limit is again isolated to the two particle channel indicated in figure 1(only one

term i = 1 contributes because of the color ordering):

An+1(1 , . . . , n, s
+))

∣∣∣∣
div

= A3(ŝ
+, 1,−K̂s1)

1

K2
1s

An(K̂s1, . . . , n̂)

∣∣∣∣
div

=
〈n1〉

ǫ2〈ns〉〈s1〉
An

({
λ1, λ̃1 + ǫ

〈s n〉

〈1n〉
λ̃s

}
, . . . ,

{
λn, λ̃n + ǫ

〈s 1〉

〈n 1〉
λ̃s

})∣∣∣∣
div

=
〈n1〉

ǫ2〈ns〉〈s1〉
e
ǫ
(

〈sn〉
〈1n〉

λ̃s·
∂

∂λ̃1
+

〈s1〉
〈n1〉

λ̃s·
∂

∂λ̃n

)

An

∣∣∣∣
div

. (2.13)

Then by the same argument as that of gravity amplitudes, general Yang-Mills amplitudes

under the soft limit satisfy

An+1({λ1, λ̃1} , . . . , {λn, λ̃n} , {ǫλs, λ̃s}
+)

∣∣∣
div

=
∑

k=0,1

1

ǫ2−k
S
(k)
YMAn({λ1, λ̃1} , . . . , {λn, λ̃n})

with

S
(k)
YM =

1

k!

〈n1〉

〈ns〉〈s1〉

(
〈sn〉

〈1n〉
λ̃s ·

∂

∂λ̃1

+
〈s1〉

〈n1〉
λ̃s ·

∂

∂λ̃n

)k

. (2.14)

So for the tree-level amplitudes in Yang-Mills theories, only S
(0)
YM and S

(1)
YM are universal.

Interestingly, the operator for S
(1)
YM can be written in a bifocal form that is reminiscent of

an Yangian generator:

S
(1)
YM =

pαα̇s
〈ns〉〈s1〉[1n]

1

2

[
pnα

β̇(M1β̇α̇ − ǫ
β̇α̇

(D1 − h1))− n ↔ 1
]
, (2.15)

– 6 –
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where M1β̇α̇, D1 and h1 are the Lorentz, dilatation and helicity generator defined on leg 1

respectively. Note that unlike the level-1 Yangian generator, which involves a summation

of the above parenthesis over all distinct pairs of legs, this only involve the leg 1 and n,

thus in general does not vanish when act on the n-point amplitude.

Furthermore, we note that the soft factors of Yang-Mills theory are tightly related to

the gravity soft factors. In fact, the gravity soft factors can be expressed as a double copy

of that of Yang-Mills theory,

1

ǫ3
S
(0)
G +

1

ǫ2
S
(1)
G +

1

ǫ
S
(2)
G =

n∑

i=1

K2
si

(
1

ǫ2
S
(0)
YM(i, s, n) +

1

2ǫ
S
(1)
YM(i, s, n)

)2

, (2.16)

where K2
s,i = ǫ〈si〉[si], and S

(k)
YM(i, s, n) is given in eq. (2.14) with leg 1 replaced by a

general leg i. Given the recent advance on gravity amplitudes as a double copy of Yang-

Mills amplitudes [36], it would be very interesting to see whether there is a deeper physical

reason behind this double copy relation.4

2.2 Soft theorems for tree-level supersymmetric amplitudes

Similarly one can study N = 4 SYM by applying supersymmetric BCFW recursion rela-

tion [38, 39], where the leading divergent part is still controlled by the BCFW diagram

figure 1 (again with i = 1). After performing fermionic η integration for the internal line,

we find [10]

〈n1〉

〈ns〉〈s1〉
An

({
λ1, λ̃1 +

〈sn〉

〈1n〉
, η1 +

〈sn〉

〈1n〉
ηs

}
, . . . ,

{
λn, λ̃n +

〈s1〉

〈n1〉
λ̃s, ηn +

〈s1〉

〈n1〉
ηs

})
, (2.17)

which again can be conveniently expressed in an exponentiated form,

〈n1〉

〈ns〉〈s1〉
e

〈sn〉
〈1n〉

(
λ̃s·

∂

∂λ̃1
+ηs·

∂
∂η1

)
+

〈s1〉
〈n1〉

(
λ̃s·

∂

∂λ̃n
+ηs·

∂
∂ηn

)

An({λ1, λ̃1} , . . . , {λn, λ̃n}) . (2.18)

We then have the super-symmetrized version of soft theorem in Yang-Mills theory under

the holomorphic soft limit,

An+1({λ1, λ̃1} , . . . , {λn, λ̃n} , {ǫλs, λ̃s})

∣∣∣∣
div

=
∑

k=0,1

1

ǫ2−k
S
(k)
YMAn({λ1, λ̃1} , . . . , {λn, λ̃n})

with

S
(k)
YM =

1

k!

〈n1〉

〈ns〉〈s1〉

[
〈sn〉

〈1n〉

(
λ̃s ·

∂

∂λ̃1

+ ηs ·
∂

∂η1

)
+

〈s1〉

〈n1〉

(
λ̃s ·

∂

∂λ̃n

+ ηs ·
∂

∂ηn

)]k
.(2.19)

For the soft positive gluon, we set ηs = 0 it reduces to what we had previously, whereas

for other species of particles the amplitudes have milder soft behaviour.

A similar calculation for the parity flipped version of the previous case leads to anti-

holomorphic soft theorem, which is given as

An+1({λ1, λ̃1} , . . . , {λn, λ̃n} , {λs, ǫλ̃s})

∣∣∣∣
div

=
∑

k=0,1

1

ǫ2−k
S̄
(k)
YMAn({λ1, λ̃1} , . . . , {λn, λ̃n})

4BCJ and double copy in the context of soft limit were also discussed in [37].
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with

S̄
(k)
YM =

1

k!

[n1]

[ns][s1]
δ4
(
ηs + ǫ

[ns]

[1n]
η1 + ǫ

[s1]

[1n]
ηn

)(
[sn]

[1n]
λs ·

∂

∂λ1
+

[s1]

[n1]
λs ·

∂

∂λn

)k

. (2.20)

For the soft negative-helicity gluon, we need pick η4s , so the above formula reduces to the

non-supersymmetric version we had earlier. Again other species of particles have milder

singularity because of the appearance of ǫ in the fermionic delta-function.

Now N = 8 super gravity can be studied in the same way, and we find,

Mn+1({λ1, λ̃1} , . . . , {λn, λ̃n} , {ǫλs, λ̃s})

∣∣∣∣
div

=
2∑

k=0

1

ǫ3−k
S
(k)
G Mn({λ1, λ̃1} , . . . , {λn, λ̃n})

for holomorphic soft limit, and

Mn+1({λ1, λ̃1} , . . . , {λn, λ̃n} , {λs, ǫλ̃s})

∣∣∣∣
div

=
2∑

k=0

1

ǫ3−k
S̄
(k)
G Mn({λ1, λ̃1} , . . . , {λn, λ̃n})

for anti-holomorphic soft limit, where the soft operators S
(k)
G as well as S̄

(k)
G can be expressed

as a double copy of those of N = 4 SYM, exactly in the same form of eq. (2.16).

3 Soft theorem for one-loop rational amplitudes in Yang-Mills

In this section, we study the soft gluon theorem for the two classes of infrared finite one-loop

amplitudes in pure Yang-Mills theory: the all-plus as well as single-minus amplitudes.

3.1 All-plus amplitudes

First we consider the soft gluon theorem for one-loop all-plus amplitudes in pure Yang-Mills

theory. The color-ordered, all-plus amplitude can be put in a very compact form [40, 41],5

A(1)
n (1+ , . . . , n+) =

1

3

hn
〈12〉 · · · 〈n1〉

, hn ≡
∑

1≤i<j<k<l≤n

tr−(ijkl), (3.1)

where we have tr−(ijkl) = 〈ij〉[jk]〈kl〉[li] (similarly for its parity-conjugate tr+). It is

straightforward to prove directly that the soft theorem, valid at tree level, receives no

quantum corrections for all-plus amplitude at one loop:

A
(1)
n+1(1

+ , . . . , n+, {ǫλs, λ̃s}
+)

∣∣∣∣
div

=

(
1

ǫ2
S
(0)
YM +

1

ǫ
S
(1)
YM

)
A(1)

n (1+ , . . . , n+) . (3.2)

The leading soft behavior is trivial. For the subleading soft term, note that S
(1)
YM in eq. (3.2)

acts only on λ̃n and λ̃1 respectively. Since hn is cyclic symmetric, one can shift its sum-

mation range to 2 ≤ i < j < k < l ≤ 1, such that when both n and 1 are present in the

trace, and it is proportional to 〈n1〉 instead of [n1]. The result is

S
(1)
YM hn =

∑

1<i<j<k<n

〈ij〉[jk][si]

(
〈kn〉

〈ns〉
+

〈k1〉

〈s1〉

)
= S

(0)
YM

∑

1<i<j<k<n

tr−(ijks) (3.3)

5From now on we will use A(1) (A(0)) to denote one-loop (tree-level) Yang-Mills amplitude, and similarly

M (1),M (0) for gravity amplitudes.
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where we have used Schouten identity. This, multiplied by the n-pt Parke-Taylor formula,

precisely agrees with the subleading term on the l.h.s. of (3.2), which receives contribution

from all possible trace factors with the last entry being s, and is given precisely by:

A
(1)
n+1(1

+ , . . . , n+, {ǫλs, λ̃s}
+)

∣∣∣∣
ǫ−1

=
1

ǫ

S
(0)
YM∏n

i=1〈i i+ 1〉

∑

1<i<j<k<n

tr−(ijks) . (3.4)

Although in this case it is essentially trivial to prove the theorem, we would like to

revisit the proof using properties of its recursion formula, which would be very useful

for more involved cases, including single-minus Yang-Mills amplitudes as well as those of

gravity amplitudes, as we will consider in the following sections.

In [31], the recursions for all-plus amplitudes have been phrased using non-adjacent

BCFW shifts, but we find the one with adjacent shift, eq. (2.1), is most suitable for our

purpose. Unlike tree-level amplitudes, all-plus amplitudes have non-vanishing residues at

z → ∞, which has been observed already in [31] with non-adjacent BCFW shifts . Using

the formula (3.1), we find the contribution from pole at infinity gives,6

BYM
n = −

1

3

1

〈12〉 · · · 〈n1〉

∑

1<i<j≤n

〈ij〉[js][is] . (3.5)

Thus we have a recursion for (3.1) with the homogeneous term and a boundary term BYM
n ,

A
(1)
n+1(1

+ , . . . , n+, s+) = A
(0)
3 (ŝ+, 1+,−K̂−

s1)
1

K2
s,1

A(1)
n (K̂+

s1 , . . . , n̂
+) + BYM

n . (3.6)

Note that BYM
n is obviously finite as we take the soft limit λn+1 → 0. By the same argument

as that of tree-level amplitudes, we see that (3.2) holds, which is a direct consequence of

the finiteness of the boundary term under the soft limit.

3.2 Single-minus amplitudes

We proceed to study the soft gluon theorem for the one-loop single-minus amplitude,

An+1(1
−, 2+, · · · , (n+1)+). There are two types of soft limit one can consider: the holo-

morphic one with, say λn+1 = ǫλs and the anti-holomorphic one with λ̃1 = ǫλ̃s.
7

Our strategy will be similar to the case of all-plus amplitudes: we will write down

recursion relations and extract terms with soft divergences in both cases. We consider the

second case first, and we recall that the leading soft divergence is given by the parity-

conjugate of S
(0)
YM above, times an all-plus amplitude,

A
(1)
n+1({λ1, λ̃1 = ǫλ̃s}

−, 2+, . . . , (n+1)+)

∣∣∣∣
ǫ−2

=
1

ǫ2
S̄
(0)
YMA(1)

n (2+, . . . , (n+1)+), (3.7)

where S̄
(0)
YM = S̄

(0)
YM(n+1, s, 2) ≡ [n+12]

[n+1 s][s2] . Eq. (3.7) can be easily checked by using the

explicit formula in [42], or by recursions as we will see shortly.

6The denominator of (3.1) is linear in z with z → ∞. In the numerator, the dominant term is also linear

in z, which come from terms with k = n and l = n+1.
7The anti-holomorphic soft limit is simply the parity conjugate of the holomorphic one for single-plus

amplitude, An+1(1
+, 2−, . . . , (n+1)−).
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The main use of recursions is to study the subleading contributions. To study the

anti-holomorphic soft limit of 1, it is natural to consider the following shift,

λ
n̂+1 = λn+1 + zλ1, λ̃1̂ = λ̃1 − zλ̃n+1 . (3.8)

It is a known fact that, for a shift such as (3.8), there is actually no contributions

from the pole at infinity for the single-minus amplitudes [43] (which we have explicitly

checked by using the all-n formula for single-minus amplitudes in [42] ), but rather it

generates double poles. The BCFW recursion then gives factorization terms (including the

homogenous term) and an additional contribution involving double poles:

A
(1)
n+1 = A(1)

n (1̂−, . . . , (n−1)+, K̂+
n,n+1)

1

K2
n,n+1

A
(0)
3 (−K̂−

n,n+1, n
+, (n̂+1)+)

+A
(0)
3 (1̂−, 2+,−k̂−1,2)

1

K2
1,2

A
(1)
n−2(K̂

+
1,2, 3

+, . . . , (n̂+1)+)

+
n−2∑

j=3

A
(0)
j+1(1̂

−, . . . , j+,−K̂−
1,··· ,j)

1

K2
1,...,j

A
(1)
n−j(K̂

+
1,...,j , (j+1)+, . . . , (n̂+1)+)

+A(0)
n (1̂−, . . . , K̂−

n,n+1)
1

(K2
n,n+1)

2
V

(1)
3 (−K̂+

n,n+1, n
+, (n̂+1)+)×

×
(
1+K2

n,n+1S
(0)
YMS̄

(0)
YM

)
, (3.9)

where we have separated out BCFW channel of j = 2 on purpose, which is given by the

second line, and the last line corresponds to the special contribution with both simple and

double poles; V
(1)
3 (1, 2, 3) ≡ 1

3 [1, 2][2, 3][3, 1] is the all-plus vertex, and the simple-pole con-

tribution is dressed with two soft factors, S
(0)
YM(1̂, K̂n,n+1, n−1) and S̄

(0)
YM(n,−K̂n,n+1, n̂+1).

The key point is that the second line on the r.h.s. of eq. (3.9) is the only term that

diverges in the limit λ̃1 → 0, whereas others remain finite in this limit. The proof for this

fact of the first and third lines follows directly the same argument as given in the appendix

of [1], except this is the parity-conjugate case with anti-holomorphic soft limit.

As for the term on the last line, actually it manifestly has no soft divergence at λ̃1 → 0.

Thus we conclude under the anti-holomorphic soft limit, the single-minus amplitude at one

loop takes the same form as that of tree-level amplitudes,

A
(1)
n+1({λ1, ǫλ̃s}

−, 2+, · · · , (n+1)+)

∣∣∣∣
div

=

(
1

ǫ2
S̄
(0)
YM+

1

ǫ
S̄
(1)
YM

)
A(1)

n (2+, . . . , (n+1)+) , (3.10)

where

S̄
(1)
YM = S̄

(1)
YM(n+1, s, 2) ≡

1

[n+1 s]
λs ·

∂

∂λn+1
+

1

[s2]
λs ·

∂

∂λ2
. (3.11)

Now we turn to the study of the holomorphic soft limit of leg n+1, and the suitable

recursion for this is also given by (3.9). By now we have become familiar with the fact that

the homogeneous term on the first line of (3.9) gives the expected leading and subleading

terms in the soft limit λn+1 → 0, if there is no soft divergence from other contributions.

This is indeed the case for the second and third lines.
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However, for the last line of (3.9), we find both simple-pole and double-pole contribu-

tions diverge in the soft limit λn+1 = ǫλs → 0, because

K2
n,n+1 = ǫ[nn+1]〈ns〉, V

(1)
3 = ǫ

〈1s〉

〈1n〉
[nn+1]3, S̄

(0)
YM =

〈1n〉

ǫ〈1s〉[nn+1]
, (3.12)

and all other factors remain finite.

Thus, unlike the all-plus or the anti-holomorphic case, the holomorphic soft limit of

single-minus amplitude receives corrections at subleading order,

A
(1)
n+1(1

−, · · · , n+, {ǫλs, λ̃n+1}
+)

∣∣∣∣
div

=

(
1

ǫ2
S
(0)
YM +

1

ǫ
S
(1)
YM

)
A(1)

n (1−, · · · , n+) + ∆n , (3.13)

where ∆n is the O(ǫ−1) contribution on the last line of (3.9):

∆n = −A(0)
n (1−, 2+, · · · , (n−1)+, n−)× S̄

(0)
YM(n−1, n, n+1)×

[nn+1]

〈nn+1〉

= −
1

ǫ

〈n1〉3〈n−1 s〉[nn+1]

〈12〉 . . . 〈n−2n−1〉〈n−1n〉2〈ns〉2
. (3.14)

For n = 4, our general formula agrees with a special case computed in [32]. The appearance

of such correction to the subleading divergence is expected: as we have identified the source

of the correction is due to the non-trivial poles (include double poles) of single-minus loop

amplitudes, which is typical for non-supersymmetric gauge theory at loop level, but would

not be present for all-plus amplitudes. It would be interesting to interpret eq. (3.14)

as coming from a correction of the operator S
(1)
YM on the r.h.s. of (3.13). Note that the

correction term in eq. (3.14) is specifically for the case where the soft leg is next to a minus

helicity. For cases where the soft leg is not adjacent to the minus helicity leg, correction

terms will take a different form, which can be derived in a similar fashion.

4 Soft theorem for one-loop rational amplitudes in Gravity

In this section we will study one-loop all-plus and single-minus amplitudes in gravity theory.

We will follow the same strategy for Yang-Mills theory discussed in the previous section:

we will write down a BCFW-like recursion relation for the amplitudes, then carefully exam

the soft-limit behaviour for each term in the recursion relation.

4.1 All-plus amplitudes

The n positive-helicity graviton amplitude at one-loop is given by [31],

M (1)
n (1+, · · · , n+) =

(−)n+1

960

∑

a,M,b,N

H(a, {M}, b)H(b, {N}, a) tr3(a, {M}, b, {N}), (4.1)

where the sum is over 1 ≤ a < b ≤ n and over subsets M,N satisfying M ∩ N = ∅

and M ∪ N = {1, . . . , a−1, a+1, . . . , b−1, b+1, . . . , n}. The function H(a, {M}, b) will be

discussed below, and the trace is defined as

tr(a, {M}, b, {N}) =
∑

i∈M, j∈N

tr(aibj), tr(ijkl) = tr+(ijkl) + tr−(ijkl) . (4.2)
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In principle, one should be able to directly verify that these one-loop amplitudes satisfy

the soft theorem of CS soft theorem eq. (2.8), based on the soft expansion of theH function.

However, we find it more illuminating to study the soft theorem using the recursion for

all-plus amplitudes, similar to what we have done above for Yang-Mills case.

We again consider the BCFW representation of the all-plus amplitudes with the holo-

morphic shift for the soft leg. Just like the all-plus amplitudes in Yang-Mills, there are two

distinct contributions under the BCFW shifts eq. (2.1): the two-particle factorization, and

the contribution from the pole at infinity BG
n ,

8

M
(1)
n+1(1

+, · · · , n+, s+) =
∑

1≤i<n

M
(0)
3 (ŝ+, i+,−K̂−

si)
1

K2
s,i

M (1)
n (K̂+

si , · · · , n̂
+) + BG

n . (4.3)

In the following we will explicitly demonstrate that BG
n has no soft divergence. Given this,

the soft-divergence is solely given by the first term in eq. (4.3), i.e.:

M
(1)
n+1(ǫλs, λ̃s)

∣∣∣∣
div

=
∑

1≤i<n

M
(0)
3 (ŝ+, i+,−K̂−

si)
1

K2
s,i

M (1)
n (K̂+

si , · · · , n̂
+)

∣∣∣∣
div

=

(
1

ǫ3
S
(0)
G +

1

ǫ2
S
(1)
G +

1

ǫ
S
(2)
G

)
M (1)

n ,

thus completes the proof of the Cachazo-Strominger soft theorem for all-plus gravity am-

plitude. We now move on to show that BG
n is indeed finite in the soft limit. Here we will

use the BGK-like representation for H(a, {1, · · · , n}, b) [31]:

H(a, {1, · · · , n}, b) =
[1, 2]

〈1, 2〉

〈a|K1,2|3]〈a|K1,2,3|4] · · · 〈a|K1,...,n−1|n]

(〈23〉 · · · 〈n− 1n〉)(〈a1〉〈a2〉 · · · 〈an〉)〈1b〉〈nb〉

+ P(2, 3, · · · , n) , (4.4)

and for the special case n = 1, we have

H(a, {1}, b) =
1

(〈a, 1〉〈1, b〉)2
. (4.5)

Note the potential double poles for H(a, {i}, s) (H(a, {s}, i)) are cancelled by the corre-

sponding trace factors tr3(a, {i}, s, {i}) (tr3(a, {s}, i, {s})).

Next, we consider the soft behaviour of BG
n . First as we take z → ∞, since we are shift-

ing λs, any non-trivial soft-divergence must arise from factors of 〈s n〉 in the denominator.

Note that although 〈s n〉 appears with degree −2 in H(a, n, s) or H(a, s, n), using momen-

tum conservation their corresponding trace factors tr3(s, {n}, a,M) and tr3(a, {s}, n,M)

is proportional to 〈s n〉3. One immediately concludes that the boundary term BG
n can at

most have 1/ǫ divergence, and thus establish the validity of both S
(0)
G and S

(1)
G for the

Cachazo-Strominger soft theorem for all-plus amplitudes in gravity.

For S
(2)
G we need to show that all potential 1/ǫ divergences cancel as well. With

careful analysis one can conclude that the source for 1/ǫ divergences comes from terms

8Recursion relations based on three-leg shifts were used in [44] to eliminate the pole at infinity, but for

our purpose we stick with usual two-leg BCFW shifts.
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of the following form H(a, {M + n̂}, ŝ)H(a, {N}, ŝ)tr3[a, (M + n̂), ŝ, N ] and H(a, {M +

ŝ}, n̂)H(a, {N}, n̂)tr3[a, (M + ŝ), n̂, N ]. Let us consider the contributions from each

term separately.

(a) H(a, {M + n̂}, ŝ)H(a, {N}, ŝ)tr3[a, (M + n̂), ŝ, N ]: first of all, the trace factor can be

written as:

tr[a, (M + n̂), ŝ, N ] = −tr[a,N, ŝ, N ] λs → ǫλs−−−−−−−−−→
− z〈a|KN |s]〈n|KN |a] ,

where from now one we will use KM and KN to denote the sums of the momenta

inside the subsetsM andN , respectively. Thus the numerator behaves as z3, where as

H(a, {N}, ŝ) =
H(a, {N}, n)

z2
+O(z−1)

H(a, {M + n̂}, ŝ) =
〈a|M |n]

z〈ns〉〈an〉
H(a, {M}, n) +O(z0) . (4.6)

(b) H(a, {M+ŝ}, n̂)H(a, {N}, n̂)tr3[a, (M+ŝ), n̂, N ]: this time the trace factor is slightly

more complicated:

tr[a, (M + ŝ), n̂, N ] = −〈a|KN |n]〈n|KN |a] + z〈a|KN |s]〈n|KN |a] (4.7)

Thus the numerator behave as az3 + bz2 + cz + d, where as:

H(a, {N}, n) = H(a, {N}, n)

H(a, {M + ŝ}, n̂) =
〈a|M |s]

z2〈sn〉〈an〉
H(a, {M}, n) +O(z−1) . (4.8)

Note that all subleading terms (in z) in eq. (4.6) and eq. (4.8) do not contribute since at

the same time they are subleading in ǫ.9 Evaluating the order z0 contribution, one finds:

(a) : −
〈a|KM |n]

〈ns〉〈an〉
H(a, {M}, n)H(a, {N}, n)〈a|KN |s]3〈n|KN |a]3 ,

(b) : −3
〈a|KM |s]

〈sn〉〈an〉
H(a, {M}, n)H(a, {N}, n)〈a|KN |n]〈a|KN |s]2〈n|KN |a]3 , (4.9)

The presence of 1/〈ns〉 indicates these are of order ǫ−1 at the soft limit. Combining the

results (a) and (b), and after simplification we find that soft divergence in BG
n is given by:

BG
n |div =

1

2

[sn]3

〈sn〉

∑

a,M,N

〈an〉2H(a, {M}, n)H(a, {N}, n)〈a|KN |n]〈n|KN |a]3 . (4.10)

We have explicitly checked up to 12 points, the coefficient of the divergent factor 1/〈sn〉

vanishes under the n-point momentum conservation ka +KM +KN + kn = 0, namely
∑

a,M,N

〈an〉2H(a, {M}, n)H(a, {N}, n)〈a|KM |n]〈n|KN |a]3 = 0 . (4.11)

It would be interesting to see if there is a deeper reason for the identity (4.11) to hold.

9These terms come from 〈ŝi〉 = z〈ni〉(1 + 〈si〉/z〈ni〉), subleading expansion in large z are accompanied

by powers of 〈si〉 which are of order ǫ.
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In fact, the 1/ǫ divergence behaves as 1/z2 as z → ∞. In other words, not only does

the order z0 terms cancel, so does the z−1 term. To see this let us consider the explicit

order z−1 terms, which can only be present in case (b) and is given by:

3
1

〈sn〉〈an〉
H(a, {N}, n)H(a, {M}, n)〈a|KN |n]2〈n|KN |a]3〈a|KN |s]〈a|KM |s] . (4.12)

Note that exchanging M ↔ N the above function obtains a minus sign through momentum

conservation. Thus in the full permutation sum, the above term cancel in pair. It is quite

interesting that the subleading soft divergence has the same large z asymptotics as the

tree-level amplitude.

4.2 Single-minus amplitudes

For single-minus amplitudes in gravity, analytic expressions for up to six-points have been

obtained in the literature, by using the so-called “augmented recursion” involving double-

pole contributions [45]. Although the method is similar to the case of single-minus Yang-

Mills amplitude, due to the lack of a universal form for the double-pole contribution (the

analog of the last line in (3.9) ), it has to be determined on a case-by-case basis, which

were explicitly performed for for five- and six-points cases [45].

In this note we will not attempt to extensively study the soft graviton theorem for

single-minus amplitude, but content ourselves to general argument and explicit checks for

five- and six-point cases. Again there are two soft limits for Mn+1(1
−, 2+, . . . , (n+1)+)

to consider here: the anti-holomorphic one with λ̃1 = ǫλ̃s and the holomorphic one with

λn+1 = ǫλs.

Remarkably, both by (heuristic) analysis based on recursion, and by explicit checks

for n ≤ 5, we find the soft behavior parallel to the Yang-Mills case: not only S(0) (as

expected), but also S(1) receives no quantum corrections in both soft limits, while S
(2)
G ,

similar to S
(1)
YM) needs modification for the holomorphic soft limit.

Let us first demonstrate the proposal by (heuristic) analysis based on recursions. We

consider the shift (3.8), and as discussed by Dunbar et al. [45], by assuming no pole at

infinity, we have a augmented recursion,

M
(1)
n+1(1

−, 2+, . . . , (n+1)+)

=
∑

1<i<n

M
(0)
3 ((n̂+1)+, i+,−K̂−

n+1,i)
1

K2
n+1,i

M (1)
n (K̂+

n+1,i, . . . , 1̂
−)

+
∑

L,R

M
(0)
L (1̂−, {L}+,−K̂−

1,L)
1

K2
L

M
(1)
R (K̂+

1,L, {R}+, (n̂+1)+)

+
n∑

i=1

1

(K2
i,n+1)

2

(
C

(i)
d +K2

i,n+1C
(i)
s

)
(4.13)

where the first two lines represent factorization terms (including the homogenous term),

and the third line, for which a universal formula is currently unknown, represents the

contributions from double- and simple-pole in K2
i,n+1, whose coefficients are denoted by

C
(i)
d and C

(i)
s .

– 14 –



J
H
E
P
1
2
(
2
0
1
4
)
1
1
5

Although the explicit forms of C
(i)
d and C

(i)
s have only been worked out for n ≤ 5,

with some general assumptions, we can still study the soft limits of single-minus amplitude

using (4.13). For the soft limit λ̃1 = ǫλ̃s → 0, completely parallel to the Yang-Mills case, we

see that on the first two lines of eq. (4.13), only terms with a single element in L diverges,

and it gives the expected soft limit. Therefore, if C
(i)
d and C

(i)
s have no soft divergences as

λ̃1 → 0, we will indeed have the correct soft theorem,

M
(1)
n+1({λs, ǫλ̃s}

−, 2+, . . . , (n+1)+)

∣∣∣∣
div

=

(
1

ǫ3
S̄
(0)
G +

1

ǫ2
S̄
(1)
G +

1

ǫ
S̄
(2)
G

)
M (1)

n (2+, . . . , (n+1)+),

(4.14)

where S̄
(k)
G is the parity-conjugate of S

(k)
G for k = 0, 1, 2. We have checked explicitly that

indeed for n = 4, 5 there are no such soft divergences using the results of [45], and we

assume this continues to be true for all multiplicities.

On the other hand, for the holomorphic soft limit, λn+1 = ǫλs, we see that the second

line has no soft divergences, while the first line alone gives the expected soft theorem.

However, similar to the Yang-Mills case, the third line is expected to give O(ǫ−1) con-

tributions; we have explicitly checked for the five- and six-point results in [45] that it is

indeed the case. Therefore, based on the two assumptions, we argued that S(0) and S(1) do

not receive any quantum corrections for single-minus amplitude, but S(2) does for taking

a positive-helicity to be the soft leg.

We have also directly verified the Cachazo-Strominger soft theorem with all the data

available in the literature,10 namely both soft limits of five- and six-points single-minus

amplitude. The four-point amplitude reads [46, 47]:

M
(1)
4 (1−, 2+, 3+, 4+) =

1

180

(
st

u

[24]2

[12]〈23〉[34]〈41〉

)2

(s2 + t2 + st) . (4.15)

We also record here the expression for five-point single-minus amplitude given in [45].

The amplitude is given by the sum of three permutations, M
(1)
5 (1−, 2+, 3+, 4+, 5+) =

R(1, 2, 3, 4, 5)+R(1, 2, 4, 5, 3)+R(1, 2, 5, 3, 4), with R = 1
180(R1+R2+R3) given by three-

classes of recursive diagrams of the following form

R1(a, b, c, d, e) =
〈ad〉2〈ae〉2[bc][de]4

(
〈cd〉2〈ae〉2 + 〈ac〉〈cd〉〈de〉〈ae〉+ 〈ac〉2〈de〉2

)

〈ab〉2〈bc〉〈cd〉2〈ce〉2〈de〉2
,

R2(a, b, c, d, e) = −
3〈ae〉[be]4

〈cd〉2[ab]2[ae]

(
[bc]2[de]2 + [bc][cd][de][be] + [cd]2[be]2

)
,

R3(a, b, c, d, e) =
〈ab〉2〈ac〉4[bc]4[de]

〈ad〉〈ae〉〈bc〉2〈cd〉〈ce〉〈de〉
(1 + ∆(a, b, c, d, e)) , (4.16)

where the expression for ∆ can be found in eq. (4.15) of [45]. The expression for six-point

single-minus amplitude is given in appendix A of [45].

With these results for single-minus, as well as eq. (4.1) for all-plus amplitudes, we have

explicitly checked that Cachazo-Strominger soft graviton theorem holds for all cases except

the S
(2)
G contributions for the holomorphic-soft limit of single-minus amplitudes.

10We adopt the normalization of [31], which differs from that in [45] by a factor of 32.
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It is desirable to prove both assumptions either by carefully working out the complete

recursion, or based on general physical considerations. On the other hand, it would be

of great interest to see if the soft theorem can be used to constrain, and together with

other constraints such as collinear limits, even fully determine the single-minus amplitudes

for gravity.

5 Discussions

In this note we studied the new theorem on subleading behavior of soft gravitons [1] and

gluons [20] at tree and loop level. By reviewing the BCFW proof for trees, some side

results we obtained are an infinite series of soft functions for MHV amplitudes, and an

interesting double-copy relations between Yang-Mills and gravity soft theorems; we also

present generalizations to supersymmetric amplitudes.

We then restrict to infrared-finite, rational amplitudes at one loop, and worked out

explicitly subleading terms in the soft expansion of all-plus and single-minus amplitudes

in Gravity and Yang-Mills theory. We showed that while the subleading soft behavior of

all-plus, as well as single-minus amplitudes with the minus-helicity particle being taken

soft, are identical to tree amplitudes, however S
(1)
YM and S

(2)
G do require loop corrections for

the soft limit of a positive-helicity particle of single-minus amplitudes.

In general loop corrections for the soft behavior are expected for subleading terms, and

even for the leading term in Yang-Mills theory, i.e. S
(0)
YM. However, one might expect that

such corrections are absent for infared finite observables, such as suitably-defined rational

terms for any one-loop amplitudes including those studied here. Our results indicate that,

with the exception of (n−1)-point amplitudes being all-plus, corrections are needed for the

subleading soft behavior of rational terms. The simplest example of such corrections may

be the O(ǫ−1)-mismatch for holomorphic soft limit of single-minus amplitudes, eq. (3.14)

for Yang-Mills and the corresponding mismatch for five- and six-graviton cases.

We have traced the origin of such mismatch to the new contributions containing double-

poles of two-particle factorization, first appearing for one-loop single-minus amplitudes.

Since such contributions are ubiquitous for recursions of rational terms in gauge theo-

ries [43], we strongly suspect that corrections for S
(1)
YM is needed there as well. Moreover,

corrections for S
(2)
G are also expected for rational terms of one-loop amplitudes in supergrav-

ity theories, in particular the remarkable formula for that in N = 4 supergravity [7, 48]. We

leave the study of such corrections, and their possible physical interpretations, to the future.

Very recently in [32], leading infrared-singular loop corrections to the subleading soft

behavior have been obtained. It is desirable to combine their results with our infrared-finite

corrections, to understand the complete subleading soft behavior at loop level. In addition,

the new soft theorem is claimed to be a consequence of the BMS symmetry. With a better

understanding of its loop corrections, it would be very interesting to investigate the status

of the symmetry at quantum level. The possible connection to Yangian generator for N = 4

super Yang-Mills is also intriguing, and may deserve further study.

As we have mentioned, the new soft theorem can be extended to a wider context, e.g.

gauge theories and gravity in any dimensions, as well as supersymmetric theories. For
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the latter, a particularly interesting application is to the soft scalar emission of N = 8

supergravity, at both tree and loop level. It is well known that the emission of single

and multiple soft scalars is related to the E7(7) symmetry [38], which is expected to hold

at quantum level. It would be of great interest to study single and multiple soft scalar

behavior, including subleading terms, and possible relations to E7(7) symmetry (e.g. the

single-soft case at one-loop was studied in [49]).

In [26], it was argued that soft theorems in arbitrary dimensions follow from a new

representation of tree amplitudes in terms of scattering equations [27–29], and we point out

that the double-copy relation between soft gluon theorem and soft graviton theorem is also

manifest in that representation. On the other hand, it is very tempting to use recursion

relations in arbitrary dimensions to prove the new theorem, and we take a first step in this

direction here.

5.1 Higher-dimensional soft theorems

An interesting aspect in the analytic proof of tree-level soft theorems, is the fact that

subleading corrections S
(1,2)
G and S

(1)
YM are isolated to the two-particle factorization diagrams

including the soft leg. An interesting question is whether this continues to be true in higher

dimensions. A suitable form of BCFW recursion for general dimensions was presented by

Arkani-Hamed and Kaplan [35], where the momenta is shifted by a light-like vector that

is associated with the polarization vectors:

kŝ = ks + qz, kn̂ = kn − qz, ǫ−s = ǫ+n = q,

ǫ+s = q∗ − zkn, ǫ−n = q∗ + zks, ǫT = (0, 0, · · · , 1, · · · , 0) (5.1)

where we are in the Loretnz frame such that leg s and n are back to back, and ǫT are

the D−4 distinct basis for the transverse directions. Let us consider the soft leg being

ǫ−s , where BCFW recursion is valid for any polarization state that leg-n belongs to. The

resulting Yang-Mills amplitude is then given by

An+1 =
∑

states I

∑

1≤i<n−1

Ap({kŝ, ǫs} · · · , , {ǫi, ki}, I)
1

K2
s,1,··· .i

Am(−I, · · · , {kn̂, ǫ̂n})

=
∑

pol

∑

1≤i<n−1

(ǫsµa
µν
p ǫIν)(ǫIρa

ρσ
m ǫ̂nσ)

K2
s,1,··· .i

(5.2)

where p+m = n+ 3 and
∑

pol represents that we sum over polarization states for ǫI . On

the other hand, from the Ward identity on the leg s in Ap we can deduce:

kŝµa
µν
p ǫIν = 0 → qµa

µν
p ǫIν = −

1

z
ksµa

µν
p ǫIν . (5.3)

Now since ǫ−s = q, from the above we immediately see that ǫ−sµa
µν
p ǫIν is in fact proportional

to the soft momenta ks and thus vanishes at order ǫ in the soft limit except for when

the factorization channel are two particle poles containing the soft particle.11 The same

11There will still be a soft divergence since the solution for z in this channel is also of order ǫ.
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analysis can be applied to gravity. Higher dimensional soft theorems are interesting in

itself, as it implies non-trivial soft theorems for massive amplitudes in four-dimensions.

We leave the exploration on this front to future work.
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