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ABSTRACT: In this paper, we study loop corrections to the recently proposed new soft
theorems of Cachazo and Strominger [1], for both gravity and gauge theory amplitudes.
We first review the proof of its tree-level validity based on BCFW recursion relations, which
also establishes an infinite series of universals soft functions for MHV amplitudes, and a
generalization to supersymmetric cases. For loop corrections, we focus on infrared finite,
rational amplitudes at one loop, and apply recursion relations with boundary or double-
pole contributions. For all-plus amplitudes, we prove that the subleading soft theorems are
exact to all multiplicities for gauge theory and up to 12-points for gravity amplitudes. For
single-minus amplitudes, while the subleading soft theorems are again exact for the minus-
helicity soft leg, for plus-helicity loop corrections are required. Using recursion relations, we
identify the source of such mismatch as stemming from the special contribution containing
double poles, and obtain the all multiplicity one-loop corrections to the subleading soft
behavior in Yang-Mills theory. We also comment on the derivation of soft theorems using
BCFW recursion in arbitrary dimensions.
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1 Introduction and motivations

It is well known that gauge and gravity scattering amplitudes diverge as one of the external
momenta becomes soft. The leading divergences are well studied and in general are univer-
sal [2-6], meaning independent of the helicities of the remaining (hard) legs. These “soft
theorems” can be used in turn to constrain ansatz for unknown scattering amplitudes [7],
and in some cases, iteratively construct the full amplitude [8-10].

In general, soft behaviors are intimately tied to symmetry properties of the theory. A
prominent example is the “Adler’s zero” [11] which states that scalar amplitudes of non-
linear sigma models must vanish as one of the scalar momentum is taken to be soft. This
vanishing behavior is a reflection of the degeneracy of vacua. When the global symmetry is
broken, due to anomalies, the soft limit no longer vanishes [12]. For a graviton scattering
amplitude, the leading soft singularity is governed by the “Weinberg’s theorem” [2], which
is stated as:! ]

Myi(1, - n,es) = Esg”Mn(L cn) + O(). (1.1)

where we take leg s to be soft, and parametrize this limit by ¢ — 0. The “Soft function”
Sg) ) is defined as:

n
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"Here all gravity amplitudes (and similarly for Yang-Mills) are stripped of their coupling constant de-
pendence, M,, = ix" 220, We will also suppress factors of 1/(47)?" for loop-amplitudes.



The soft behavior in eq. (1.1) has recently been understood as a consequence of Bondi, van
der Burg, Metzner, and Sachs (BMS) symmetry [13-17], which is a large diffeomorphism
transformations that translate between asymptotic flat solutions. It has been further ar-
gued that when the BMS transformations are taken as a whole, should imply an extension

of the soft theorem to order ¥ with its coefficient given by the action of 5’8 ) acting on the

n-point amplitude, where the operator Sg ) is given by [18§]

1 " B ki (5P i)
s = Z# (1.3)
i1

This sub-leading soft graviton theorem was recently discussed by White using eikonal
methods [19], and its validity has been verified for all tree-level graviton amplitudes in [1].
Quite interestingly in the analysis of [1] it was revealed that the series of universal soft
functions can be further extended to order €'

1
My 1(1,--- ,n,es) = gSéO)Mn(la”' ,n)
—i—Sg)Mn(l,... , M) +eSé2)Mn(17... .n) _,_0(62). (1.4)

where
n
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Interestingly, the leading order tree-level gluon soft function can be understood through
similar symmetry arguments [17]. A recent analysis of soft behaviours for gluon tree-level

amplitudes also revealed universal subleading soft-behaviors [20]:

1
Ania (L, inyes) = “SWpAu(L, - n) + SyyAa(L - n) + O(). (L6)
where
(0) Es - k; (1) Esy(sujl‘uy)
= = —_—t 1.
Syt P Syt Z o (1.7)

Both gauge and gravity subleading soft theorems have been studied previously, e.g. in [21-
25]. More recently they have been proven to hold in arbitrary dimensions [26], based on
scattering equations [27-29]. When written in terms of spinor helicity, the operator S\(}l\)/[ can
be written in a bi-local form very similar to that of Yangian generators for N' =4 SYM [30].
Note that so far, both Sg ) and S\((llz/[ do not have a symmetry based understanding.

Since some of the above soft theorems are derived from symmetry arguments, an
obvious question is whether it is an exact statement in perturbation theory. Naively, one
would expect loop corrections to the subleading soft functions. Indeed for Yang-Mills, it is
well known that even Sg]lz/[ is already corrected at one loop. While for gravity, due to its
dimensionful coupling, the dimensional analysis requires loop corrections to be suppressed
by extra powers of soft-invariants relative to Yang-Mills [31]. Thus as a result, Sg) ) is
exact to all orders. However, the same analysis would imply that all subleading terms are
corrected at one loop.



To clarify the status of soft theorems at one loop, we consider rational terms in one-
loop gauge and gravity amplitudes. In particular, to avoid complications due to infrared
divergences we consider the all-plus and single-minus amplitudes in both gauge and gravity
theories. Using BCFW-like recursion relations, which include boundary and double-pole
contributions, we show that for both Yang-Mills and Gravity, the all-plus amplitudes satisfy
the soft theorems exactly as written in eq. (1.4) and eq. (1.6). For single-minus amplitudes,
we find that if we take the the minus-helicity leg to be soft, the resulting soft behaviour
again respects eq. (1.4) and eq. (1.6). However, in the case where it is the positive-helicity
leg that is taken to be soft, we find that for both gauge and gravity theories, eq. (1.4) and
eq. (1.6) no longer holds. From the recursive representation, it is clear that the source of
such violation stems from the presence of double poles, which albeit do not have residues in
real kinematics, do so in complex kinematics which is utilized for the recursion formula. We
show that this is the only source of violation for the single-minus amplitudes, and derived
suitable one-loop modification of the soft-functions.

This paper is organized as follows: in the next section we give a brief review of the tree-
level soft theorems. Using the fact that the only non-trivial soft contributions in the BCFW
representation stems from those with two-particle channels involving the soft leg, we extract
the divergent terms by rewriting such contribution as an exponentiated operator acting on
the n-point amplitude. The resulting expansion automatically reproduces eq. (1.4) and
eq. (1.6). A side result of this analysis is that for MHV amplitudes, where the BCFW
recursion consists solely of such terms, there exists an infinite series of soft functions. We
also discuss generalizations to supersymmetric amplitudes. In section 3, we move on to
one-loop rational terms in pure gauge theory. We verify the validity of eq. (1.6) for all plus
amplitudes, while corrections is required for the single-minus amplitudes when the positive-
helicity leg is taken to be soft. We derive the necessary one-loop correction terms for the
single-minus amplitudes. In section 4 we repeat the same analysis with gravity rational
terms, and reach the same conclusions. We close with conclusion and future directions in
section 5.

Added Note: in the completion of this manuscript, the work of Bern, Davies and
Nohle [32] appeared on the arXiv which has some overlap with the results here. In par-
ticular, while the validity of the soft theorem for all plus amplitudes was also verified
numerically, the need for loop corrections were pointed out. Corrections related to the in-
frared divergence part of the amplitude was derived, and it was argued that such corrections

are one-loop protected for Sg ) and two-loop protected for Sg ),

2 Soft theorems for tree-level amplitudes

2.1 Review on Cachazo-Strominger Soft theorem

The Cachazo-Strominger tree-level soft theorem can be most easily derived via BCFW
representation of tree amplitudes, where the singular part of the amplitude in the soft
limit is given solely by two-particle factorization channels. Here we present a brief review.
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Figure 1. A particular factorization channel in the BCEF'W representation of a tree-level amplitude.

Consider the BCFW representation for a tree-level gravity amplitude.? Choose the
would be soft graviton with positive helicity to be shifted holomorphicaly,

Xe=As + 20, A= An — 2As, (2.1)
the BCFW representation is given by:
o 1 5 .
M,1(1,2,. = Y Ms(sti,~Kis)—5 3 M (Kis,...,2) + R, (2.2
1<i<n K

where R represents terms arising from factorization poles 1/(ks+K)? where K is a non-null
momentum. The shift (2.1) indicates that M3 has to be the anti-MHV amplitude, and we
define K;; = k;+k;. In particular,

is = (ki + kg) = \; (i:;;ﬂs + XZ-) : (2.3)

The holomorphic soft limit is achieved by scaling Ay — €As, and using momentum con-
servation to solve two anti-holomorphic spinors (5\,1, ;\b) in terms of other \’s. Follow-
ing [1], we will choose to express A1 and Ay as linear combinations of the remaining anti-
holomorphic spinors:

5 (205 285 5 ~ (1) (1s)s
A= — A — e — s, A= — TN — e s (2.4)
; 0™ ) ; (12) (12)
Thus the amplitudes M,, on both side of eq. (2.2) is to be understood as a function of n
holomorphic and only n—2 anti-holomorphic spinors.
It was shown explicitly in [1] that the function R is finite under the holomorphic soft
limit, thus

< NN . .
Moa (1,2, {ed A = ) M3(5+,z,—Kis)K—2Mn(KiS,--- D) (2.5)

div. 1<i<n 08

div
where the shifted spinor \; is now defined as A\; = eAs + z\,. For a given BCFW term in
eq. (2.5), represented in figure 1, the result can be written in a suggestive inverse soft form

1

M3(‘§+7 ia _Kls)i
K,

M, (Kis, ..., 1)

:SS7Z~Mn<{>\i,;\i+ ijgﬁxs}, ,{)\n,:\n—k <<n>> A}) (26)

2For the BCFW recursion relations in gravity amplitudes, see [33-35].
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where “...” part indicates un-shifted {\, A}, and Ss,i is the “inverse-soft-function” that is
independent of the helicity of the i-th leg:®

V)

is) (2.7)

First, note that the deformations on 5\@ and S\n can be written as an exponentiated differ-

Ss,i = (

)

V]

—~

ns)

ential operator acting on the unshifted amplitude:

M({)\/\+ <<Z>>)\} {AA+ <<n>>x}>

(sm3.. 0 G050 - ;
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Using this representation it is straight forward to obtain the divergent part of the holo-
morphic soft-limit

n—1 . . - N
_ s\ 7T 1 (ni)? [i, s] 6(<<‘?">>>\s-%+<s?> AS-L)
M 1,... — — ’ rn A (n i) OAn M
”H( el ’{6)\8’)\8} ) div ; €3 (ns)? <i,S>e iy
Lo Lo 1o
where the operates Sg ) is defined as:
S(k)_nz:lls '(<sn>5\ 0 +<si>5\ D) >k 09)
@R \(in)" 9N, () aN, ) '

For k£ =1, we have

n! ) |7 ; n—1 R
) — (ni) [is] 5 L9 (ni) i gL - 0 _ (ni) [is] < 9
o6 ; <<”5> (is) A oN, (n 5)2[ IAs 35\n> Z; (ns) (is) As an (2.10)

where the second term in the first inequality vanishes due momentum conservation. For

~

1=

k = 2 we have

(vt an)
— i;[zzl <Z\S - 8§i>2 , (2.11)

where the last equivalence was obtained using momentum conservation, ), p?ﬁ =0, and

Lorentz invariance, ), m?ﬁ = 0. This establishes the Cachazo-Strominger soft theorem for

*Note S,,; may be brought into a different form by applying bonus relation of gravity amplitudes to the
BCFW diagram figure 1 with ¢ = n—1, which gives an extra factor, and leads to [10]

s (sn)(in—1) _ (ni)(in—1)[s1] ‘
2 i) (sn—1)  (ns)(sn—1)(si)




tree-level gravity amplitudes. One can obtain a similar result by taking anti-holomorphic
soft limit for a negative-helicity graviton, which leads to the parity conjugate of eq. (2.8).
Note that for MHV amplitudes, the equilvalence in eq. (2.5) holds without truncating to the
divergent terms in the holomorphic soft limit. Therefore for MHV scattering amplitudes
the soft theorem can be extended to arbitrary orders in € with the inclusion of an infinite

series of soft operators Sgg ).

1w . 5
MMEV(1, . onst) = (Zﬁg_ksg) MMV OGN L D). (2.12)
k=0

The same analysis can be applied to the scattering amplitudes in Yang-Mills theories.
Color-ordered Yang-Mills amplitude has milder soft-divergence compared to gravity in the
holomorphic soft limit, due to the milder little-group rescaling. A recent analysis [20] has
shown that the subleading soft behavior of a (n+1)-point Yang-Mills tree amplitude can
also be written as an operator acting on a n-point tree amplitude.

The soft gluon theorem can be derived in a parallel fashion with gravity by using the
BCFW representation of tree-level amplitudes, and the divergent term under the holomor-
phic soft limit is again isolated to the two particle channel indicated in figure 1(only one
term ¢ = 1 contributes because of the color ordering):

Api1(1,...,n,sT))
div

1 N

= A3('§+7 17 Ksl) 2 An(K517 7ﬁ)
1s div

(nl (sn) ~ N (s1) <
- A, (oA XS, A
€2(ns)(sl) LALT 6(1 n) te (n1) .

(sn) {1 o (sl) ¥ )
(A R+ G A 380) 4 (2.13)

div
Then by the same argument as that of gravity amplitudes, general Yang-Mills amplitudes
under the soft limit satisfy

- - - 1 i - -
Annt (DA DA} A A = 3 S sRiA @ ad o e M)
k=0,1

with

W _ 1 () (ms 0 (s 9\
SV = F fsy (1) <<1n>AS o ) a&) | (214

So for the tree-level amplitudes in Yang-Mills theories, only 55234 and S% are universal.

Interestingly, the operator for S%?A can be written in a bifocal form that is reminiscent of
an Yangian generator:

I S PRV 2.1



where M, fé Dy and h; are the Lorentz, dilatation and helicity generator defined on leg 1
respectively. Note that unlike the level-1 Yangian generator, which involves a summation
of the above parenthesis over all distinct pairs of legs, this only involve the leg 1 and n,
thus in general does not vanish when act on the n-point amplitude.

Furthermore, we note that the soft factors of Yang-Mills theory are tightly related to
the gravity soft factors. In fact, the gravity soft factors can be expressed as a double copy
of that of Yang-Mills theory,

L 40 O ( L Lo ’
6S —|— S Z ( Sy (iss,n) + 26SYM(z,s,n) , (2.16)

where K?l = ¢(si)[si], and Sgﬁl\)/[(i,s,n) is given in eq. (2.14) with leg 1 replaced by a
general leg i. Given the recent advance on gravity amplitudes as a double copy of Yang-
Mills amplitudes [36], it would be very interesting to see whether there is a deeper physical
reason behind this double copy relation.?

2.2 Soft theorems for tree-level supersymmetric amplitudes

Similarly one can study AN/ = 4 SYM by applying supersymmetric BCFW recursion rela-
tion [38, 39|, where the leading divergent part is still controlled by the BCFW diagram
figure 1 (again with i = 1). After performing fermionic 7 integration for the internal line,
we find [10]

(nl) = (sn) (sm) « (s1) < (s1)
——— A AL, M+ s Py Ay A+ Ay I+ s ¢ |, (2.17
sy s LA gy gy et s p ) (247
which again can be conveniently expressed in an exponentiated form,
()
(ns)(sl)

We then have the super-symmetrized version of soft theorem in Yang-Mills theory under

sn) (s1) ~ ~
1n) (}\S 3)\ +775 8n1>+<n1> ()\S&+n‘98n%)v4n({)\lﬂ )\1} sy {An’ )\n}> . (218)

the holomorphic soft limit,

AnJrl({)‘laS‘l}v"‘ 7{)‘m5‘n}7{6/\875‘5}) = Z eisé’kM ({)‘17)‘1} 7{)‘7175‘”})

div. p—0,1

with

1 (nl) [(sn) [~ O o (s1) [~ O o \1"
S(k):[ Ag - —— + + Ay —=— + 1 —— 2.19
Y™ R sy (s Lty 2 on T o) Ty Mok T e )| 319
For the soft positive gluon, we set ns = 0 it reduces to what we had previously, whereas
for other species of particles the amplitudes have milder soft behaviour.

A similar calculation for the parity flipped version of the previous case leads to anti-
holomorphic soft theorem, which is given as

I & . -
=2 627—k83((k1\)/["4n({)‘17)\1}7--~ A An))

div. p—0,1

Aniit (M) Ak (s, €ds))

*BCJ and double copy in the context of soft limit were also discussed in [37].



with

)

(k) 1 [Tll] 4 6[77,8] 6[31] [sn] ' i @ ' i k
YM ™kl [n ][31]5 (775—1- [1n]771+ Un]%) <[1n])\s Pye + ] As 8)\n> . (2.20)

For the soft negative-helicity gluon, we need pick n?, so the above formula reduces to the
non-supersymmetric version we had earlier. Again other species of particles have milder
singularity because of the appearance of € in the fermionic delta-function.

Now N = 8 super gravity can be studied in the same way, and we find,

Mo (A M) D At {eds, As)

2
Z SE MDA P Aa})
k=

div

for holomorphic soft limit, and

2
Z S M A} s And)

div k=0

Mot (AL A ) s At D eds))

) (k)

for anti-holomorphic soft limit, where the soft operators S((; as well as S;,” can be expressed

as a double copy of those of N/ =4 SYM, exactly in the same form of eq. (2.16).

3 Soft theorem for one-loop rational amplitudes in Yang-Mills

In this section, we study the soft gluon theorem for the two classes of infrared finite one-loop
amplitudes in pure Yang-Mills theory: the all-plus as well as single-minus amplitudes.
3.1 All-plus amplitudes

First we consider the soft gluon theorem for one-loop all-plus amplitudes in pure Yang-Mills
theory. The color-ordered, all-plus amplitude can be put in a very compact form [40, 41],5

1 h
Abar oont) = h, tr_(ijkl 3.1
( ) 7n ) 3 <12> .. <n1> 9 ' Z r (ZJ )7 ( )
1<i<j<k<I<n
where we have tr_(ijkl) = (ij)[jk]|(kl)[li] (similarly for its parity-conjugate try). It is
straightforward to prove directly that the soft theorem, valid at tree level, receives no
quantum corrections for all-plus amplitude at one loop:

N 1 1
AW at et {eas A = (625% T 655}&) ATty (3.2)

div
The leading soft behavior is trivial. For the subleading soft term, note that S%&I in eq. (3.2)
acts only on A\, and A; respectively. Since h,, is cyclic symmetric, one can shift its sum-
mation range to 2 < i < j < k <l <1, such that when both n and 1 are present in the

trace, and it is proportional to (nl) instead of [n1]. The result is

SWihn =Y <z’j>[jk][sz'](<k’”>+<k1>)zsg‘?g4 S te-(ijks)  (3.3)

1<i<j<k<n <ns> <Sl> I<i<j<k<n

From now on we will use A®) (A(®) to denote one-loop (tree-level) Yang-Mills amplitude, and similarly
M® MO for gravity amplitudes.



where we have used Schouten identity. This, multiplied by the n-pt Parke-Taylor formula,
precisely agrees with the subleading term on the Lh.s. of (3.2), which receives contribution
from all possible trace factors with the last entry being s, and is given precisely by:

D) 1+ + Y+ 1 53(10134 ¥
Al (T {eds AT M Nt (ijks) . (3.4)

eIl (iir 1)

Although in this case it is essentially trivial to prove the theorem, we would like to

1<i<j<k<n

revisit the proof using properties of its recursion formula, which would be very useful
for more involved cases, including single-minus Yang-Mills amplitudes as well as those of
gravity amplitudes, as we will consider in the following sections.

In [31], the recursions for all-plus amplitudes have been phrased using non-adjacent
BCFW shifts, but we find the one with adjacent shift, eq. (2.1), is most suitable for our
purpose. Unlike tree-level amplitudes, all-plus amplitudes have non-vanishing residues at
z — 0o, which has been observed already in [31] with non-adjacent BCFW shifts . Using

the formula (3.1), we find the contribution from pole at infinity gives,
1 1
ym 4+ L b
B =3 iy 2 (sllis]. (3.5)

1<i<j<n

Thus we have a recursion for (3.1) with the homogeneous term and a boundary term BYM,

1 0)/~ o o ~
ALJ)FI(1+,... ,nt,sT) :Aé)(s+,1+,—Ks1) AS)(K;'I,... ,n+)+B:M. (3.6)

K2,
Note that BYM is obviously finite as we take the soft limit A, ;1 — 0. By the same argument
as that of tree-level amplitudes, we see that (3.2) holds, which is a direct consequence of

the finiteness of the boundary term under the soft limit.

3.2 Single-minus amplitudes

We proceed to study the soft gluon theorem for the one-loop single-minus amplitude,
Ap1(17,27, -+ (n+1)"). There are two types of soft limit one can consider: the holo-
morphic one with, say A\,11 = e\s and the anti-holomorphic one with A = eg.”

Our strategy will be similar to the case of all-plus amplitudes: we will write down
recursion relations and extract terms with soft divergences in both cases. We consider the
second case first, and we recall that the leading soft divergence is given by the parity-

conjugate of Sg]lz/[ above, times an all-plus amplitude,

| —

AD (A =) 20 L )T = 580 A0 @, L (1)), (3.7)

9 €

[\

€

where 5'3((01\)4 = 75913/[(714-17572) = %

explicit formula in [42], or by recursions as we will see shortly.

Eq. (3.7) can be easily checked by using the

5The denominator of (3.1) is linear in z with z — co. In the numerator, the dominant term is also linear
in z, which come from terms with £k =n and [ = n+1.

"The anti-holomorphic soft limit is simply the parity conjugate of the holomorphic one for single-plus
amplitude, A,41(17,27,..., (n+1)7).



The main use of recursions is to study the subleading contributions. To study the
anti-holomorphic soft limit of 1, it is natural to consider the following shift,

A = Apt1 + 221, )‘i = 5\1 — 2ZAn+1 - (3.8)

n+1

It is a known fact that, for a shift such as (3.8), there is actually no contributions
from the pole at infinity for the single-minus amplitudes [43] (which we have explicitly
checked by using the all-n formula for single-minus amplitudes in [42] ), but rather it
generates double poles. The BCFW recursion then gives factorization terms (including the
homogenous term) and an additional contribution involving double poles:

1 5 2 1 0 ~ —
A7(1—|)-1 = Agll)(l P (n_1)+7 KIH+I)K27A§ )(_Kn,n—i—l? 77,+, (n+1)+)
n,n+1
0),2— S 1 1 ~ —
FAD (7,27, k) o AR 37, (051))
1,2
n—2
0) 54— . o 1 1 ~ i —

+ZA‘§—£1(1 7"'7]+7_K177])K12 Afz_)j(Kf:7],(]+1)+,...,(7’L+1)+)

]73 seeend

A(O) 1~ IA{* év(l) _f{+ + /\1 +
+ n ( g e e ey n,n+1)(K2 )2 3 ( n,n+1,n ,(TL+ ) )X

n,n+1

X (1+Kg,n+15$1\)/15591\)/[) ; (3.9)

where we have separated out BCFW channel of j = 2 on purpose, which is given by the
second line, and the last line corresponds to the special contribution with both simple and
double poles; Vg(l)(l, 2,3) = %[1, 2](2, 3][3, 1] is the all-plus vertex, and the simple-pole con-
tribution is dressed with two soft factors, Sg)l\)/[(i, IA(n,nH, n—1) and 5’@1\)/[(?1, —Kn7n+1, n/+\1)

The key point is that the second line on the r.h.s. of eq. (3.9) is the only term that
diverges in the limit A; — 0, whereas others remain finite in this limit. The proof for this
fact of the first and third lines follows directly the same argument as given in the appendix
of [1], except this is the parity-conjugate case with anti-holomorphic soft limit.

As for the term on the last line, actually it manifestly has no soft divergence at A1 — 0.
Thus we conclude under the anti-holomorphic soft limit, the single-minus amplitude at one
loop takes the same form as that of tree-level amplitudes,

AN (A, edd 20, (nr 1))

1o 1.
= <€25§f§4+65§}§4> AD@ET, (1)), (3.10)
div

where . 5 . 5
g(l) _ o) — ) D U
YM(n—i—l, $,2) = 41 s] As 8)\n+1+[82] As oy (3.11)

Now we turn to the study of the holomorphic soft limit of leg n+1, and the suitable

recursion for this is also given by (3.9). By now we have become familiar with the fact that
the homogeneous term on the first line of (3.9) gives the expected leading and subleading
terms in the soft limit A\, 1 — 0, if there is no soft divergence from other contributions.
This is indeed the case for the second and third lines.

,10,



However, for the last line of (3.9), we find both simple-pole and double-pole contribu-
tions diverge in the soft limit A\, 11 = eA; — 0, because

(1n)
e(1s)[nn+1)’

a(0
1P, 59 =

(3.12)

n

K2, = clnnt1)(ns), ViV =c

and all other factors remain finite.
Thus, unlike the all-plus or the anti-holomorphic case, the holomorphic soft limit of
single-minus amplitude receives corrections at subleading order,

AN a7t A A )

1 1
= <€25§913/I + 6581@ AP, 0T+ A, (3.13)
div

where A,, is the O(¢~1) contribution on the last line of (3.9):

[nn+1]

- R
Ay = —ADQ~ 2% o (n—1)T,n7) x S@&(n—l,n,nﬂq) X (nn+1)

1 (n1)3(n—1s)[nn+1]
T e(12) ... (n—2n—1)(n—1n)2(ns)? "’ (3.14)

For n = 4, our general formula agrees with a special case computed in [32]. The appearance
of such correction to the subleading divergence is expected: as we have identified the source
of the correction is due to the non-trivial poles (include double poles) of single-minus loop
amplitudes, which is typical for non-supersymmetric gauge theory at loop level, but would
not be present for all-plus amplitudes. It would be interesting to interpret eq. (3.14)
as coming from a correction of the operator S%\)/I on the r.h.s. of (3.13). Note that the
correction term in eq. (3.14) is specifically for the case where the soft leg is next to a minus
helicity. For cases where the soft leg is not adjacent to the minus helicity leg, correction

terms will take a different form, which can be derived in a similar fashion.

4 Soft theorem for one-loop rational amplitudes in Gravity

In this section we will study one-loop all-plus and single-minus amplitudes in gravity theory.
We will follow the same strategy for Yang-Mills theory discussed in the previous section:
we will write down a BCFW-like recursion relation for the amplitudes, then carefully exam
the soft-limit behaviour for each term in the recursion relation.

4.1 All-plus amplitudes

The n positive-helicity graviton amplitude at one-loop is given by [31],

(_)n+1
960

MY@at,... ) = > H(a,{M},b) H(b,{N},a) tr*(a, {M},b,{N}), (4.1)

a,M,b,N

where the sum is over 1 < a < b < n and over subsets M, N satisfying M N N = ()
and M UN ={1,...,a—1,a+1,...,0—1,b+1,...,n}. The function H(a,{M},b) will be
discussed below, and the trace is defined as

tr(a, {M},b,{N}) = Z tr(aibyj), tr(igkl) = try(igkl) + tr—(ijkl) . (4.2)
€M, jeEN
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In principle, one should be able to directly verify that these one-loop amplitudes satisfy
the soft theorem of CS soft theorem eq. (2.8), based on the soft expansion of the H function.
However, we find it more illuminating to study the soft theorem using the recursion for
all-plus amplitudes, similar to what we have done above for Yang-Mills case.

We again consider the BCFW representation of the all-plus amplitudes with the holo-
morphic shift for the soft leg. Just like the all-plus amplitudes in Yang-Mills, there are two
distinct contributions under the BCFW shifts eq. (2.1): the two-particle factorization, and
the contribution from the pole at infinity B,? 8

MO (F, ot s = S MO it R MRS, 7t) + BS . (43)

KZ st
1<i<n

In the following we will explicitly demonstrate that BS has no soft divergence. Given this,
the soft-divergence is solely given by the first term in eq. (4.3), i.e

0)/ . > ~
= Z M?E )(s+72+7_Ksz)K2 M(l)(K;’ n+)
div 1<i<n div

1 1 1
= (635@) + 556+ 65&”) MO,

thus completes the proof of the Cachazo-Strominger soft theorem for all-plus gravity am-
plitude. We now move on to show that BS is indeed finite in the soft limit. Here we will
use the BGK-like representation for H(a,{1,---,n},b) [31]:
[1,2]  (alKio|3[al K 2504] - - (al K1 n1n]
(1,2) ((23) - -+ (n — In))((a1){a2) - - - {an))(1b) (nb)

+ P(2,3,---,n), (4.4)

H(a,{1,--- ,n},b) =

and for the special case n = 1, we have

1
({a, 1){1,0))*
Note the potential double poles for H(a,{i},s) (H(a,{s},i)) are cancelled by the corre-

sponding trace factors tr3(a, {i}, s, {i}) (tr3(a, {s},4, {s})).
Next, we consider the soft behaviour of BS’ . First as we take z — 00, since we are shift-

H(av{1}7b) = (4.5)

ing g, any non-trivial soft-divergence must arise from factors of (sn) in the denominator.
Note that although (sn) appears with degree —2 in H(a,n,s) or H(a, s,n), using momen-
tum conservation their corresponding trace factors tr®(s, {n},a, M) and tr3(a, {s},n, M)
is proportional to (sn)3. One immediately concludes that the boundary term BS can at
most have 1/e divergence, and thus establish the validity of both Sg) ) and Sg ) for the
Cachazo-Strominger soft theorem for all-plus amplitudes in gravity.

For Sg ) we need to show that all potential 1/e divergences cancel as well. With
careful analysis one can conclude that the source for 1/e divergences comes from terms

8Recursion relations based on three-leg shifts were used in [44] to eliminate the pole at infinity, but for
our purpose we stick with usual two-leg BCFW shifts.
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of the following form H(a,{M + n},3)H (a,{N},8)tr*[a, (M + n),5, N] and H(a, {M +

8}, n)H (a, {N},n)tr3[a, (M + 5),7,N]. Let us consider the contributions from each
term separately.

(a) H(a,{M +n},3)H(a,{N},3)tr*[a, (M +n), s, N]: first of all, the trace factor can be
written as:

trla, (M +n),8, N| = —tr[a, N,§,N]  As = eXs — z{a|Kn|s](n|Kn]a],

where from now one we will use Kj; and Ky to denote the sums of the momenta
inside the subsets M and N, respectively. Thus the numerator behaves as 23, where as

H(a, {V},3) = TOTED o)

{a|M]n]

H(a, {M +0},$) = z(ns){an)

H{a, {M},n) + O("). (4.6)
(b) H(a,{M+35},n)H (a,{N},n)tr3[a, (M +5),7, N]: this time the trace factor is slightly
more complicated:

trfa, (M + §),n, N] = —(a|Kn|n](n|Kn|a] + z{a|KN|s](n|Ky|a] (4.7)
Thus the numerator behave as az> + bz? + cz + d, where as:

H(a7 {N}vn) = H(a7 {N}vn)
(a|M]s]

———— 11 (a n 271 .
A (any @ (M) + O (4.8)

H(a,{M + 3},n) =

Note that all subleading terms (in z) in eq. (4.6) and eq. (4.8) do not contribute since at
the same time they are subleading in €.? Evaluating the order z° contribution, one finds:

{a| Knr|n]

(@5~ S, (A1) ) H o AN Yol o Kl
(b) - —BWH@{M}m)H(a,{N},n><a\KN\n]<arKN\sP<anN\a13, (49)

The presence of 1/(ns) indicates these are of order e~! at the soft limit. Combining the
results (a) and (b), and after simplification we find that soft divergence in BS is given by:

w

sn]

BS |4y = Z (an)?H (a, {M},n)H (a,{N},n){a|Kyn](n|Ky|a]®. (4.10)

<STL> a,M,N

N |

We have explicitly checked up to 12 points, the coefficient of the divergent factor 1/(sn)
vanishes under the n-point momentum conservation k, + Ky + Ky + k, = 0, namely

Z (an)*H (a, {M},n)H (a, {N},n){a|Ky|n](n|Kx|a]® = 0. (4.11)
a,M,N

It would be interesting to see if there is a deeper reason for the identity (4.11) to hold.

9These terms come from (5i) = z(ni)(1 + (si)/z(ni)), subleading expansion in large z are accompanied
by powers of (si) which are of order e.
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In fact, the 1/e divergence behaves as 1/2% as z — oco. In other words, not only does
the order 2° terms cancel, so does the z~! term. To see this let us consider the explicit
order z~! terms, which can only be present in case (b) and is given by:

1

WH(a,{N},n)H(a,{M},n)<a|KN|n]2<n|KN|a]3<a|KNys]<a|KM\s]. (4.12)

Note that exchanging M <+ N the above function obtains a minus sign through momentum
conservation. Thus in the full permutation sum, the above term cancel in pair. It is quite
interesting that the subleading soft divergence has the same large z asymptotics as the
tree-level amplitude.

4.2 Single-minus amplitudes

For single-minus amplitudes in gravity, analytic expressions for up to six-points have been
obtained in the literature, by using the so-called “augmented recursion” involving double-
pole contributions [45]. Although the method is similar to the case of single-minus Yang-
Mills amplitude, due to the lack of a universal form for the double-pole contribution (the
analog of the last line in (3.9) ), it has to be determined on a case-by-case basis, which
were explicitly performed for for five- and six-points cases [45].

In this note we will not attempt to extensively study the soft graviton theorem for
single-minus amplitude, but content ourselves to general argument and explicit checks for
five- and six-point cases. Again there are two soft limits for M, (17,27, ..., (n+1)")
to consider here: the anti-holomorphic one with :\1 = 65\5 and the holomorphic one with
Ant1 = €As.

Remarkably, both by (heuristic) analysis based on recursion, and by explicit checks
for n < 5, we find the soft behavior parallel to the Yang-Mills case: not only S (as

expected), but also S(M) receives no quantum corrections in both soft limits, while Sg ),

similar to S%\)/[) needs modification for the holomorphic soft limit.
Let us first demonstrate the proposal by (heuristic) analysis based on recursions. We
consider the shift (3.8), and as discussed by Dunbar et al. [45], by assuming no pole at

infinity, we have a augmented recursion,
1) -
MUY (17,27, (n 1))

0) /1~ T3 ) o 1 _
- Z Mg (n 1) it - n+1,i)K27MT(Ll)(K:+LZ-,...,1 )

1<i<n n+1,

0) /5 — N —
3 M (ALY K ) g My (K ARYT (1))
LR L
n 1 ' '
+Z (K2 ,)? (Cc(il) +Ki27n+10§1)) (4.13)
i=1 1,n+

where the first two lines represent factorization terms (including the homogenous term),
and the third line, for which a universal formula is currently unknown, represents the
contributions from double- and simple-pole in Kfn 11, whose coefficients are denoted by

C’C(li) and Cs(i).
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Although the explicit forms of C’C(li) and Céi) have only been worked out for n < 5,
with some general assumptions, we can still study the soft limits of single-minus amplitude
using (4.13). For the soft limit A =€l — 0, completely parallel to the Yang-Mills case, we
see that on the first two lines of eq. (4.13), only terms with a( single element in L diverges,

and it gives the expected soft limit. Therefore, if Cc(li) and Csi) have no soft divergences as
A1 — 0, we will indeed have the correct soft theorem,

MY (s 28 (k1))

1 -0 1 1) 150
= (635&) + 556+ 65(9) MO, (1)),
(4.14)
where S’ék ) is the parity-conjugate of ng ) for k = 0,1,2. We have checked explicitly that

div

indeed for n = 4,5 there are no such soft divergences using the results of [45], and we
assume this continues to be true for all multiplicities.

On the other hand, for the holomorphic soft limit, \,11 = €\s, we see that the second
line has no soft divergences, while the first line alone gives the expected soft theorem.
However, similar to the Yang-Mills case, the third line is expected to give O(¢~!) con-
tributions; we have explicitly checked for the five- and six-point results in [45] that it is
indeed the case. Therefore, based on the two assumptions, we argued that S© and SO do
not receive any quantum corrections for single-minus amplitude, but S does for taking
a positive-helicity to be the soft leg.

We have also directly verified the Cachazo-Strominger soft theorem with all the data

10

available in the literature,”” namely both soft limits of five- and six-points single-minus

amplitude. The four-point amplitude reads [46, 47]:

MO 2t 3t aty= L (st AT 2( P17+ st) (4.15)
37, =— | — s st). .
4 ’ 180 \ u [12](23)[34](41)

We also record here the expression for five-point single-minus amplitude given in [45].
The amplitude is given by the sum of three permutations, Mél)(1*,2+,3+,4+,5+) =
R(1,2,3,4,5)+ R(1,2,4,5,3) + R(1,2,5,3,4), with R = ﬁ(Rl + Ry + R3) given by three-
classes of recursive diagrams of the following form

{ad)?{ae)?[bc][de]* ((cd>2<ae>2 + (ac)(cd)(de)(ae) + <ac>2(de>2)

Ri(a,b,e.d,e) = (abY2(be) {ed)? (ce) 2 (de)? :
Ry(a,b,c,d,e) = __Blaeplee]” ([bc)*[de]? + [be][cd)] [de] [be] + [cd]? [be]?)
o (cd)?[ab]?|ae] '
2 4 4
Ry(abyc,dye) = —SOach belTlde] gy e, (4.16)

(ad)(ae)(be)?(cd){ce)(de)

where the expression for A can be found in eq. (4.15) of [45]. The expression for six-point
single-minus amplitude is given in appendix A of [45].

With these results for single-minus, as well as eq. (4.1) for all-plus amplitudes, we have
explicitly checked that Cachazo-Strominger soft graviton theorem holds for all cases except
the Sg ) contributions for the holomorphic-soft limit of single-minus amplitudes.

'"We adopt the normalization of [31], which differs from that in [45] by a factor of 32.
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It is desirable to prove both assumptions either by carefully working out the complete
recursion, or based on general physical considerations. On the other hand, it would be
of great interest to see if the soft theorem can be used to constrain, and together with
other constraints such as collinear limits, even fully determine the single-minus amplitudes
for gravity.

5 Discussions

In this note we studied the new theorem on subleading behavior of soft gravitons [1] and
gluons [20] at tree and loop level. By reviewing the BCFW proof for trees, some side
results we obtained are an infinite series of soft functions for MHV amplitudes, and an
interesting double-copy relations between Yang-Mills and gravity soft theorems; we also
present generalizations to supersymmetric amplitudes.

We then restrict to infrared-finite, rational amplitudes at one loop, and worked out
explicitly subleading terms in the soft expansion of all-plus and single-minus amplitudes
in Gravity and Yang-Mills theory. We showed that while the subleading soft behavior of
all-plus, as well as single-minus amplitudes with the minus-helicity particle being taken
soft, are identical to tree amplitudes, however 53((11\)/1 and Sg ) do require loop corrections for
the soft limit of a positive-helicity particle of single-minus amplitudes.

In general loop corrections for the soft behavior are expected for subleading terms, and
even for the leading term in Yang-Mills theory, i.e. Sg)l\)/[. However, one might expect that
such corrections are absent for infared finite observables, such as suitably-defined rational
terms for any one-loop amplitudes including those studied here. Our results indicate that,
with the exception of (n—1)-point amplitudes being all-plus, corrections are needed for the
subleading soft behavior of rational terms. The simplest example of such corrections may
be the O(e~!)-mismatch for holomorphic soft limit of single-minus amplitudes, eq. (3.14)
for Yang-Mills and the corresponding mismatch for five- and six-graviton cases.

We have traced the origin of such mismatch to the new contributions containing double-
poles of two-particle factorization, first appearing for one-loop single-minus amplitudes.
Since such contributions are ubiquitous for recursions of rational terms in gauge theo-

ries [43], we strongly suspect that corrections for S%\)/I is needed there as well. Moreover,

corrections for Sg ) are also expected for rational terms of one-loop amplitudes in supergrav-
ity theories, in particular the remarkable formula for that in N = 4 supergravity [7, 48]. We
leave the study of such corrections, and their possible physical interpretations, to the future.

Very recently in [32], leading infrared-singular loop corrections to the subleading soft
behavior have been obtained. It is desirable to combine their results with our infrared-finite
corrections, to understand the complete subleading soft behavior at loop level. In addition,
the new soft theorem is claimed to be a consequence of the BMS symmetry. With a better
understanding of its loop corrections, it would be very interesting to investigate the status
of the symmetry at quantum level. The possible connection to Yangian generator for N' = 4
super Yang-Mills is also intriguing, and may deserve further study.

As we have mentioned, the new soft theorem can be extended to a wider context, e.g.
gauge theories and gravity in any dimensions, as well as supersymmetric theories. For
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the latter, a particularly interesting application is to the soft scalar emission of N' = 8
supergravity, at both tree and loop level. It is well known that the emission of single
and multiple soft scalars is related to the E;(7) symmetry [38], which is expected to hold
at quantum level. It would be of great interest to study single and multiple soft scalar
behavior, including subleading terms, and possible relations to E77) symmetry (e.g. the
single-soft case at one-loop was studied in [49]).

In [26], it was argued that soft theorems in arbitrary dimensions follow from a new
representation of tree amplitudes in terms of scattering equations [27-29], and we point out
that the double-copy relation between soft gluon theorem and soft graviton theorem is also
manifest in that representation. On the other hand, it is very tempting to use recursion
relations in arbitrary dimensions to prove the new theorem, and we take a first step in this
direction here.

5.1 Higher-dimensional soft theorems

An interesting aspect in the analytic proof of tree-level soft theorems, is the fact that
subleading corrections S((;l 2 and S%\)/[ are isolated to the two-particle factorization diagrams
including the soft leg. An interesting question is whether this continues to be true in higher
dimensions. A suitable form of BCFW recursion for general dimensions was presented by
Arkani-Hamed and Kaplan [35], where the momenta is shifted by a light-like vector that
is associated with the polarization vectors:

w»
||
S+

ks = ks + qz, ka = ky, — qz, €, =€, =q,
F=q" — zky, €, = q" + zks, = (0,0 -+,0) (5.1)

where we are in the Loretnz frame such that leg s and n are back to back, and ep are
the D—4 distinct basis for the transverse directions. Let us consider the soft leg being
€, , where BCFW recursion is valid for any polarization state that leg-n belongs to. The

resulting Yang-Mills amplitude is then given by

A= 0 Al ek D —An(-To i)

states 1<i<n—1 8,1,

_ Z Z 6s,uag EIV)(GIpafr(LIénU) (5 2)

pol 1<i<n—1 Lo

where p+m =n+ 3 and Epol represents that we sum over polarization states for ¢;. On
the other hand, from the Ward identity on the leg s in A, we can deduce:

1
kspalen, =0 — quap’ern, = —;k‘suafj"qy. (5.3)
Now since €; = ¢, from the above we immediately see that eguaﬁye 1y is in fact proportional
to the soft momenta ks and thus vanishes at order e in the soft limit except for when
the factorization channel are two particle poles containing the soft particle.!’ The same

"There will still be a soft divergence since the solution for z in this channel is also of order e.
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analysis can be applied to gravity. Higher dimensional soft theorems are interesting in
itself, as it implies non-trivial soft theorems for massive amplitudes in four-dimensions.
We leave the exploration on this front to future work.
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