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ABSTRACT: Combining the semiclassical /Nekrasov-Shatashvili limit of the AGT conjecture
and the Bethe/gauge correspondence results in a triple correspondence which identifies clas-
sical conformal blocks with twisted superpotentials and then with Yang-Yang functions. In
this paper the triple correspondence is studied in the simplest, yet not completely un-
derstood case of pure SU(2) super-Yang-Mills gauge theory. A missing element of that
correspondence is identified with the classical irregular block. Explicit tests provide a con-
vincing evidence that such a function exists. In particular, it has been shown that the
classical irregular block can be recovered from classical blocks on the torus and sphere in
suitably defined decoupling limits of classical external conformal weights. These limits are
“classical analogues” of known decoupling limits for corresponding quantum blocks. An
exact correspondence between the classical irregular block and the SU(2) gauge theory
twisted superpotential has been obtained as a result of another consistency check. The
latter determines the spectrum of the 2-particle periodic Toda (sin-Gordon) Hamiltonian
in accord with the Bethe/gauge correspondence. An analogue of this statement is found
entirely within 2d CFT. Namely, considering the classical limit of the null vector decoupling
equation for the degenerate irregular block a celebrated Mathieu’s equation is obtained with
an eigenvalue determined by the classical irregular block. As it has been checked this result
reproduces a well known weak coupling expansion of Mathieu’s eigenvalue. Finally, yet
another new formulae for Mathieu’s eigenvalue relating the latter to a solution of certain
Bethe-like equation are found.
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1 Introduction

Studying the problem of the oscillations of an elliptical membrane E. Mathieu [1] obtained
the following two ordinary differential equations with real coefficients [2, 3]:!

a2y

@—F (A —2h*cos 2z) ¢ = 0, reR (1.1)

'In the present paper we adopt the notation from [4].



and

d2
d—f — (A—2h%cosh2z) =0 e
X

24
d(iz)?

+ (A =2h%cos2iz)y =0.  (1.2)

In honor of their originator the egs. (1.1), (1.2) are now called Mathieu and modified
Mathieu equations respectively. As has been explicitly written down the modified Mathieu
eq. (1.2) may be derived from eq. (1.1) by writing iz for z and vice versa.

For certain A and h? there exists a general solution v (x) of the eq. (1.1) and a Floquet
exponent v such that

Y(z +m) = e™P(x).

If 94 (x) is the solution of the Mathieu equation satisfying the initial conditions ¥ (0) =
const. = a and ¥/ (0) = 0, the parameter v can be determined from the relation [4]:
Y4 (m)

= —". 1.3
COS TV . (1.3)

Thus the Floquet exponent is determined by the value at x = 7 of the solution ¥4 (x)
which is even around z = 0. To the lowest order (h? = 0) the even solution around z = 0
is 1/153)(33) = acos vV z. Hence, from (1.3) for h2 = 0 we have v = v/\, and more in general

P =A+0(h?).

One can derive various terms of this expansion perturbatively. For instance, in the weak
coupling regime, for small h?, the eigenvalue A as a function of v and h? explicitly reads as
follows [4]:

h N (502 +7) h®
22 —1) 322 —4) (w2 —1)

=124

(9v* + 5802 4 29) h'2
64 (12 —9) (2 —4) (2 -1)

=+ 0 (h'9). (1.4)

One sees that this expansion cannot hold for integer values of v. These cases have to be
dealt with separately, cf. [4].

The solutions of the (modified) Mathieu equation govern a vast number of problems in
physics: (i) the propagation of electromagnetic waves along elliptical cylinder, (ii) the vibra-
tions of a membrane in the shape of an ellipse with a rigid boundary (Mathieu’s problem) [2],
(iii) the motion of a rod fixed on one end and being under periodic tension at the other
end [3], (iv) the motion of particles in electromagnetic traps [5], (v) the inverted pendu-
lum and the quantum pendulum, (vi) the wave scattering by D-brane [6], (vii) fluctuations
of scalar field about a D3-brane |7, 8|, (viii) reheating process in inflationary models [9],
(ix) determination of the mass spectrum of a scalar field in a world with latticized and
circular continuum space [10], are just some of them.

Eq. (1.1) can be looked at as a one-dimensional Schrédinger equation Hy) = Ev) with the
Hamiltonian (the Mathieu operator) H = —d?/dx? + 2h? cos 2x and the energy eigenvalue



E = \. The Mathieu operator H belongs to the class of Schrédinger operators with periodic
potentials [11] which are of special importance in solid state physics.

Mathieu’s equation has recently emerged in a fascinating context, namely in the studies
of the interrelationships between quantum integrable systems (QIS), N/ = 2 super-Yang-
Mills (SYM) theories and two-dimensional conformal field theory (2d CFT). In order to
spell out aims of the present work let us discuss certain aspects of these investigations in
detail. First, recall that eq. (1.1) with A\ = 8uh~2, h? = 4N2E2 22 = o, Le.:
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—286;2 + A% cos | () = ut(yp) (1.5)

is a Schrodinger equation for the quantum one-dimensional sine-Gordon system defined by

the Lagrangian £ = %gbz — A2 cos . In this context quantities A, p, u can be complex
valued.?

Secondly, it is a well known fact that the (classical) sine-Gordon model encodes an
information about the ' = 2 SU(2) pure gauge Seiberg-Witten theory [12].3 More precisely,
the so-called Bohr-Sommerfeld periods

Inr) = fPo(cp) dp = 7{ \/2(u — A2 cos ) dg
r r

for two complementary contours I' = A, B encircling two turning points o=+ cos™!(u/ [\2)
define the Seiberg-Witten system [15]: a = I1(A), 0F (a)/da = I1(B).* Here, a is a modulus
and F(a) denotes the Seiberg-Witten prepotential determining the low energy effective
dynamics of the N/ = 2 supersymmetric SU(2) pure gauge theory.

As has been observed in [16] (see also [17, 18]) the above statement has its “quantum
analogue” or “quantum generalization” which can be formulated as follows. Namely, the

monodromies®

I(r) = 7{P(cp, h) de

r

b(p) = exp {h [ P dp}

to the eq. (1.5) define the Nekrasov-Shatashvili system [19]: a = II(4), OW(A, a, k) /da =
T1(B).5 Here, W(A, a, h) = Wyert (A, a, 1)) + Winst (A, a, h) is the effective twisted superpoten-
tial of the 2d SU(2) pure gauge (2-deformed) SYM theory defined in [19] as the following
(Nekrasov-Shatashvili) limit

W(A,a, h) = lim ez log Z(A,a, e1=h,€3)

ea—0

of the exact WKB solution

of the Nekrasov partition function Z([\, a, €1, €)=Zpert (A, a, €1, €2) Zinst (A, a, €1, €2) |21, 22].

2In other words we are dealing here with quantized integrable model defined on the complex plane which
is not hermitian quantum-mechanical system.

3See also [13, 14].

4Cf. appendix C.

"Here, P(p,h) = Po(p) + Pi(@)hi+ Po(p) + .. ..

SFor SU(N) generalization of this result, see [20].



classical block on ‘ twisted superpotential ‘ Yang-Yang function

4-punctured sphere SU(2) Ny =4 SL(2)-type Gaudin model
I-punctured torus SU(2) N =2* 2-particle eCM model
? SU(2) pure gauge 2-particle pToda chain

Table 1. Examples of 2dCFT /gauge/Bethe correspondence. Here eCM and pToda stand for elliptic
Calogero-Moser model and periodic Toda chain, respectively.

Twisted superpotentials determine the low energy effective dynamics of 2d SYM theo-
ries restricted to the 2-background. These quantities play also a pivotal role in the so-called
Bethe/gauge correspondence [19, 23-25] that maps supersymmetric vacua of the N' = 2 the-
ories to Bethe states of quantum integrable systems. A result of that duality is that the
twisted superpotentials are identified with the Yang-Yang functions [19] which describe the
spectrum of the corresponding quantum integrable systems.”

Twisted superpotentials occur also in the context related to the AGT correspon-
dence [26]. The AGT conjecture states that the Liouville field theory (LFT) correlators on
the Riemann surface Cy ,, with genus g and n punctures can be identified with the partition
functions of a class Ty, of four-dimensional N = 2 supersymmetric SU(2) quiver gauge
theories. A significant part of the AGT conjecture is an exact correspondence between the
Virasoro blocks on Cj,, and the instanton sectors of the Nekrasov partition functions of the
gauge theories Ty ,,. Soon after its discovery, the AGT hypothesis has been extended to the
SU(N)-gauge theories/conformal Toda correspondence [27]. The AGT duality works at the
level of the quantum Liouville field theory. At this point arises a question, what happens
if we proceed to the classical limit of the Liouville theory. This is the limit in which the
central charge and the external and intermediate conformal weights of LFT correlators tend
to infinity in such a way that their ratios are fixed. It is commonly believed that such limit
exists and the Liouville correlation functions, and in particular, conformal blocks behave in
this limit exponentially. It turns out that the semiclassical limit of the LFT correlation func-
tions corresponds to the Nekrasov-Shatashvili limit (e — 0, €; = const.) of the Nekrasov
partition functions. A consequence of that correspondence is that the instanton parts of
the effective twisted superpotentials can be identified with classical conformal blocks.

Therefore, combining both the classical /Nekrasov-Shatashvili limit of the AGT duality
and the Bethe/gauge correspondence one thus gets the triple correspondence which connects
the classical blocks with the twisted superpotentials and then with the Yang-Yang functions.
The simplest, although not yet completely understood examples of that correspondence are
listed in the table 1.

Our goals in this paper are twofold. First, we study the triple correspondence in case
where the SYM theory is the SU(2) pure gauge theory (the third example in the table 1).%
We identify the question mark in the table 1 as the classical irreqular block fi,. The latter
is the classical limit of the quantum irregular block Fi;, [29].

"The Yang-Yang functions are potentials for Bethe equations.
8For a discussion of the first example in the table 1, see [28].



Motivations to study classical blocks were, for a long time, mainly confined to appli-
cations in pure mathematics, in particular, to the celebrated uniformization problem of
Riemann surfaces [30, 31| which is closely related to the monodromy problem for certain
ordinary differential equations [32-40].° The importance of the classical blocks is not only
limited to the uniformization theorem, but gives also information about the solution of
the Liouville equation on surfaces with punctures. Recently, a mathematical application
of classical blocks emerged in the context of Painlevé VI equation [42]. Due to the recent
discoveries the classical blocks are also relevant for physics. Indeed, in addition to the
correspondence discussed in the present paper lately the classical blocks have been of use
to studies of the entanglement entropy within the AdS3/2d CFT holography [43| and the
topological string theory [44].

The second purpose of the present work is to discuss implications of the aforementioned
triple correspondence for the eigenvalue problem of Mathieu’s operator. More concretely,
as has been observed in [16] the eigenvalue u in eq. (1.5) (or equivalently A in eq. (1.1))
can be found from eq. a = ﬁ(A) as a series in A by applying the exact WKB method.
The result can be re-expressed as a logarithmic derivative of the twisted superpotential
W(A,a,e1) wrt. A9 The same “should be visible” at the conformal field theory side.
Indeed, Mathieu’s equation occurs entirely within formalism of 2d CFT as a classical limit
of the null vector decoupling equation satisfied by the 3-point degenerate irregular block
(= matrix element of certain primary degenerate chiral vertex operator between Gaiotto
states [29]). As expected, the eigenvalue in this equation is given by the logarithmic deriva-
tive of the classical irregular block fi;; w.r.t. A. Concluding, these observations pave the
way for working out new methods for calculating Mathieu’s eigenvalues and eigenfunctions.
The second goal of this paper is to check this possibility.

Our studies of Mathieu’s equation and the classical irregular block are in particular
motivated by recent results obtained by one of the authors in [39]. There have been derived

novel expressions for the so-called accessory parameter B of the Lamé equation:!!

d?n
2 [k p(2) + B]n=0.
In particular, it has been found that
B(1) d K
A2 = Q@ftorus(_ﬁa 0s; Q) + 12 EQ(T)a <1~6)
where ¢ = exp(27iT) and 7 is a torus modular parameter; fiorus( -, -;¢) denotes the clas-

sical torus block.'? It is a well known fact that in a certain limit the Lamé equation

°In a somewhat different context, see also [41].

108ee appendix C.

"Here, p(z) is the Weierstrass elliptic function and E2(7) denotes the second Eisenstein series.

12Tn eq. (1.6) the classical torus block is evaluated on the so-called saddle point intermediate classical
weight 6. = i + p?2, where p. is a solution of the following equation (p € R):

0 L(3) . 1 1 2
—_— 2p, —2 -, 2 =2 orus | — vy 5
apSL P, =20\ K+ 1, 2p Rf K, g TP

SIES) is known classical Liouville action on the Riemann sphere with three hyperbolic singularities (holes),
cf. [39].

P=P=x



becomes the Mathieu equation. Hence, one may expect that the Lamé equation with the
eigenvalue expressed in terms of the classical torus block fiorus consistently reduces to the
Mathieu equation with the eigenvalue given by the classical irregular block f;; if in such a
limit fiorus — firr- If this statement is true it will give a strong evidence that conjectured
formula (1.6) is correct.

The organization of the paper is as follows. In section 2 we define the quantum irreg-
ular block Fi, related to the SU(2) pure gauge Nakrasov instanton partition function, in
accordance with the so-called non-conformal AGT relation |29]. Inspired by the latter and
the results of [19] we then conjecture that Fi,, exponentiates to the classical irregular block
firr in the classical limit. Indeed, for the low orders of expansion of the quantum irregu-
lar block one can see that the classical limit of /i, exists yielding consistent definition of
the classical irregular block. The latter corresponds to the twisted superpotential of the
2d N = 2 SU(2) pure gauge theory. In addition, we perform another consistency checks
suggesting that the function fi really “lives its own life”. In particular, we verify that
classical blocks on the 1-punctured torus C7 1 and on the 4-punctured sphere Cj 4 reduce
to firr in certain properly defined decoupling limit of external classical weights. This limit
is a classical analogue of known decoupling limits for quantum blocks on 'y 1 and Cp 4.

In section 3 (see also appendix B) we consider the classical limit of the null vector
decoupling equation satisfied by the 3-point degenerate irregular block [18] and find an
expression for the Mathieu eigenvalue. As has been already mentioned the latter is deter-
mined by the classical irregular block. This formula yields the well known weak coupling
expansion (1.4) of the eigenvalue of the Mathieu operator.

Section 4 is devoted to the derivation of the Mathieu eigenvalue from the non-conformal
AGT counterpart of the classical irregular block, namely the twisted superpotential. The
latter is obtained from the Nekrasov instanton partition function for pure SU(2) gauge
theory as a zero limit in one of the two deformation parameters €1, €. Since the Nekrasov
partition function can be represented by the sum over profiles of the Young diagrams [21]
(see appendix D for details) the two deformation parameters are associated with two edges
of elementary box of anisotropic Young diagrams. As a result the superpotential is obtained
from the critical Young diagram which is determined by a dominating contribution to the
partition function. The Mathieu eigenvalue can be thus found by means of the Bethe/gauge
correspondence postulated in ref. [19)].

In section 5 we present our conclusions. The problems that are still open and the
possible extensions of the present work are discussed.

In the appendix A are collected formulae for expansion coefficients of 2d CFT and
gauge theory functions used in the main text. In the appendix C the Mathieu eigenvalue
is obtained from the exact WKB method. Appendices D and E contain supplementary
material to the section 4. Specifically, the Nekrasov partition function is given in terms of
the profiles of the Young diagrams as was originally done by Nekrasov and Okounkov [21].



2 Quantum and classical irregular blocks

2.1 Quantum irregular block

In order to define the quantum irregular block first we need to introduce the notion of the
Gaiotto state. This is the vector | A, A?) defined by the following conditions [18, 29]:

A D
2 A O 2

Lo A7) = (84555 ) 18.49), (1)

Ly AA?) = A’ A A7), (2.2)

Lo|AA%) =0 Vn>2 (2.3)

In [45] it was shown that the state | A, A?) which solves the Gaiotto constraint equations
has the following form

1A,A2) = STA7 A ) =3 A% S e, )Y Lo Ay, (2.4)

n>0 n>0 |J|=n

1J
The quantity [G?A} denotes the inverse of the Gram matrix [ ?A} = (A|LrL_j|A)

in the standard basis

|A,J) == L_j|A)=L_g, ...L_y,|A), J=Fk>...2k,>1), (2.5)
|J| =kn+...+k1=n
of the Verma module with the central charge ¢ and the highest weight A.

The quantum irregular block is defined as the scalar product (A, A?|A,A%) of the
Gaiotto state. Hence, taking into account (2.4) one gets'?

(AN2]A %) = ST A" (A n A n) =Y A [ar ]t (2.6)
n>0 n>0
Due to the AGT relation the irregular block can be expressed through the SU(2) pure

gauge Nekrasov instanton partition function 2ZNi=0SU(2),

st Indeed, the following relation

Foald) == (A A%[A,A%) = Y At [Gr,] 0

n>0
= ZA‘M (a,€1,€2) = ZEQTO’SU(Q)(/A\, a, €, €) (2.7)
n>0
holds for
A A ’ A:(61+62)2_4a27 c—1+6(61+62>251+6Q27 (2.8)
NG 4eren NG
where

_b+— \/5 \/7 & b_\/g (2.9)

For a nonrigorous derivation of eq. (2.7), see [46, 47]. Rigorous proof can be found in
ref. [48].

13For an explicit computation of the first few coefficients in (2.6), see appendix A.



2.2 Classical irregular block

In [19] it was observed that in the limit e — 0 the Nekrasov partition functions behave
exponentially. In particular, for the instantonic sector we have

~

_ N c 1 -
ZN“O’SU@) (A, a,e1,€) 220 exp { W 0.50(2) (A a, 61)} . (2.10)
€2

inst inst
In other words, there exists the limit

W.Nf:O’SU(z)(f\,a,el) = lim062 logZNf:O’SU(2) = ZA4ka(aa€1) (2.11)

inst co—s inst
k>1

called the effective twisted superpotential.

Taking into account (2.7), (2.8), (2.9) and (2.10) one can expect the exponential be-
haviour of the irregular block in the limit b — 0.1 Indeed, let b = /ez/€; and A = A/(e;b),
c=14+6Q% A= b%é, § = O(b°) then, we conjecture that!®

€1

Fon(A) = (A A2|AA%) "0 exp {b12f5 (A> } (2.12)

Equivalently, there exists the limit

R R ~ 4n
A AN L, A n 101017
ﬁ@)—gvbﬁﬂ<m>ﬁ%“%l+z<m)[%4

n>1

A 4an
(2 213
€1
n>1

called the classical irregular block. It should be stressed that the asymptotical behavi-
uor (2.12) is a nontrivial statement concerning the quantum irregular block. Although there
is no proof of this property the existence of the classical irregular block can be checked,
first, by direct calculation. For instance, up to n = 3 one finds

fl_i 2= 56 — 3 . 962 — 195 + 6
07 1663(40 + 3) 0 7 4805 (462 + 116 + 6)

(2.14)

Secondly, there exist two other equivalent ways to get the function f(;(f\/ €1). As has been
shown in ref. [45] the quantum irregular block F. A(A) can be recovered from the 4-point

11t was first observed in [16] (however not spelled out explicitly) that the Nekrasov-Shatashvili limit of
the pure gauge SU(2) Nekrasov partition function might have something to do with certain (in fact classical)
limit of the quantum irregular block.

5 Motivated by [16, 19] and the AGT correspondence it is not difficult to realize that eq. (2.12) should
hold. Nevertheless, up to the best of our knowledge no one in literature has identified this as the classical
irregular block and discussed it entirely in terms of 2d CF'T, at least we have not noticed it anywhere. The
present paper is though to partially fill this gap (at the level of direct check, though without the proof which
is yet to be done). This proposal is in the line with the research initiated by A. and Al. Zamolodchikovs in
the seminal paper [32] (see also [49]), where they conjectured exponential behavior of conformal blocks in
the classical limit. In our paper we present novel arguments supporting this hypothesis.



block on the sphere F. A [ﬁi ﬁﬂ (x) in a properly defined decoupling limit of the external

conformal weights A,
ﬁcA[ﬁi 23] (z) w Fen(h), (2.15)
wp popzpa=A4

where (€ = €1 + €2):

(€ + p3 — pa) (e — pi3 + pa) (13 + pa) (2 — g — pa)

A4: ) A3:

i

deqey dere
9 — 11 — _ _
A, — ) (26— = pa) A = mp)lezmtm) g g
4eq€9 dereg

The same phenomenon occurs in the case of the 1-point block on the torus ch,A (q) with
A =[m (e1 + €2 — m)]/(e1€2). (2.17)
The torus 1-point block yields F. a(A) after decoupling of the external weight A [50],

Foale) =5 Foa(d). (2.18)

gmA=A4
Our claim is that the decoupling limits (2.15), (2.18) work also at the “classical level”, i.e
after taking the classical limit of the quantum conformal blocks F¢ A {ﬁi ﬁﬂ () and F; fA(q).
We describe this observation in detail in the next subsection.
2.3 Decoupling limits

To begin with let us recall definitions of the 4-point block on the sphere and the 1-point
block on the torus. Let x be the modular parameter of the 4-punctured Riemann sphere
then the s-channel conformal block on Cy 4 is defined as the following formal x-expansion:

o0
Az A A—NAy—A Az A
Foalig] o) - e (14 m ] )
=1

= ot FalRiR )

1J
lim > AV ()[4, 1) [GC,A} (A, JVa, ()AL, (2.19)
n=1=1]

n |Asz Ag
Fos |33

Let ¢ = €™ be the elliptic variable on the torus with modular parameter 7 then the

conformal block on (' is given by the following formal g-series:

oo
_ . A
]:céA(Q) = ¢*m (1 + ch,Anqn)
n=1
= qA_ﬂ ]:—CAA(q)v

A 1J
Foa'=lm Y (AT[VE(2)|AT) [GC,A] : (2.20)
n=|11=|J]

6Here and below, A = A/(e1b).



The above formulae in egs. (2.19) and (2.20) contain the matrix elements of the primary
chiral vertex operator between the basis states (2.5). In order to calculate them it is

sufficient to know:

(1) the covariance properties of the primary chiral vertex operator w.r.t. the Virasoro

algebra,
d
[Ln, Va(z)] = 2" (Zdz + (n+ 1)A) Va(2), n € Z;

(73) the form of the normalized matrix element of the primary chiral vertex operator,

(A | Va,(2) | Ay ) = 28854,

Let us consider the classical limit of conformal blocks, i.e. the limit in which the central
charge ¢ = 1+ 6(b + %)2, external and intermediate conformal weights tend to infinity in
such a way that their ratios are fixed. It is known (however not yet proved) that in such
limit quantum conformal blocks exponentiate. In particular, for conformal blocks on Cp 4
and C1,; we have

FalB 2] @ 20 e {bl a[i2%] <x>} , (2.21)

Fi(q) "=° exp{;?fg (q)}- (2.22)

The functions:
53 6 53 6 n 5 - Snon
HEHI® Zfa HAES THOED VA

are known as the classical conformal blocks on the sphere [32, 49, 51] and on the torus [39)]
respectively. The coefficients f;* [63 52} and f 55’” can be found directly from the semiclassical

asymptotics (2.21), (2.22) and the power expansions of quantum blocks:

Zfs 53] @ = lim b log (1 AN x) ,

n=1

if(sg’nqn = hmbzlog (1 _|_Z An n) ’
n=1

n=1

see appendix A.

""The normalization condition takes the form ( A, | Va,(1)[Ag) =1

,10,



N A; — o0 A — o0 ~
As A i
FeA [Ai Aﬂ(x) > Fea(d) ¢ Feald)
>
1 = 4
= o e <
=
v 5 = 00 M 5 — 00 s
55 8 i ¢
exp o f3 [ 2] (r) ———— exp & fs(A/cr) < X g2 13 (0)

Figure 1. Equivalent ways to get the classical irregular block fs(A/e;) (above ¢ = 1+ 6(b+ )2
and (A, A, A) = £(6,6;,0)).

Let us observe that the quantum external weights (2.16), (2.17) are heavy in the ter-
minology of [32], i.e. the following limits exist:

2, § = lim b?A = lim 2A.
b—0

§; = lim b’A; = lim
b—0 eg—0 €1

e2—0 €1

The classical external weights explicitly read as follows

0 = [e] — (s — pa) ?] / (4€7) 83 = (13 + pa) (261 — s — pa)] / (4€7)
O = (1 + p2) 2e1 — iy — p2)] / (4€7) , 01 = [e] — (1 — p2) ®] / (4€}) (2.23)

and
6= [m (e1 — m)] /e%

Hence, one can consider the b — 0 limit of both sides of the decoupling limits (2.15), (2.18).
For the classical weights given by (2.23) one can verify order by order that

I’ bl I *) A
fo |2 32| () BT, f(R ),
xpq popzpa=A*

() === f5(A/er).
gmA=A4
Calculations presented above can be visualized on the diagram (see figure 1). Let us stress
that the commutativity of this diagram lend a strong support to the exponentiation hy-
pothesis (2.12), (2.21), (2.22) of conformal blocks in the limit b — 0.
As a final remark in this section let us observe that joining together (2.7)—(2.9), (2.10)
and (2.12) one gets

~ 1 _ "
fo(A/e) = — NSO (A gy e), (2.24)
where )
1
§=limb?A = lim 2A=- -2 (2.25)
b—0 €2—0 €] 4 €
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Indeed, to show the consistency of our approach one can use (2.14) and formulae from the
appendix A, and check that!®

1 _ 1
— WN=0SU®) — __gn n=123,.... (2.26)
€1 & 1T

3 Mathieu equation in 2d CFT

3.1 Null vector decoupling equation for degenerate irregular block

Let 1 3
Vi(z) = Va,(2), A+:—§—Zb2

denotes the degenerate primary chiral vertex operator [52]

Vi(z) = VA2 (a0 @) 1 Vs = Var

oo z 0

acting between the Verma modules V3 and Var. We will assume that the conformal weights
A and A’ are related by the fusion rule, i.e.:

X b / b Q*
A=A o=7) A=A O'—I-Z ,  where A(O’):T—U. (3.1)
Let us consider the descendant!'?
_ |7 3 72
) = (B2 - g5y D40 Vil

of V. (2) which corresponds to the null vector at the second level of the Verma module Va . .
According to the null vector decoupling theorem [54] (see also [55]) the matrix element of
X+ (2), between the states with the highest weights obeying (3.1), must vanish. In particular,
vanishes the matrix element

(A A2 x4 (2) | A A7) = (A A% Loa(=) Vi (2) | A, A7)
1 ~ -
33 (AL AP L2, (2)Vi(2) | A, A%) =0,
where ( A’ A% | and | A, A?) are the Gaiotto states introduced in (2.1)~(2.3). The above null

vector decoupling condition can be converted to the following partial differential equation
for the degenerate irregular 3-point block W(A, z) = (A’ A% [V (2)| A, A?) [18],

1,9 320 1\ A9 A+A-A,
2 A )+ e+ WA, 2) = 0. .
02”522 28z+ Z+z +46A+ 2 (4,2) =0 (3.3)
18Ct. [16].
19Recall that [53]
~ 1 _
L x(z) = %fdw(w—z)l T (w). (3.2)
C,
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Indeed, using the Ward identity

~ 5 2 2
(AN | T(w)Vi (2) | A, A7) :[ L )2+<A+A>

w(w — z) 0z (w —Z wow
1 A D - 9

where T'(w) = Y .z w™""2L, is the holomorphic component of the energy-momentum
tensor, one can find

(A A2 | Doa(2)Vi(2) | A, A%) = [‘18 - <A2 ! Ag)

z 0z 23
1 A O , 0
(28A+A+A A+—zaz>] U(A,z), (3.5)
~ ~ 3
(& A2 22, (Vi (2) | A AT) = 2w, ). (36)

For a derivation of egs. (3.4), (3.5), see appendix B.
At this point, a few comments concerning W(A, z) are necessary. First, let us note that
from (2.4) we have

U(A, 2) = (A A2 [V (2)| A, A2) = A -0+-4 § AR men

m,n>0
- J(m)
x>0 3 e AL v 1A, ) 6 (3.7)
[1|=m |J|=n
= 2" O(A, 2), (3.8)

where k = A’ — Ay — A.

Let us observe that ®(z, A) can be split into two parts, i.e. when m =n and m # n:

B(A, 2) = =) (A) + BFN (A 2), (3.9)
_ n ~ rQam)
oA =S A N [Gup) A v 1A ) e
n>0 [I|=n
m _ J(17)
m?én Z AQ m+n) Lm—n Z [ Z,LA’](l )1 <A/,I‘V+(1)’A,J> [GZA} )
iz

Then, one can write

U(A, z) = 2" exp {log (CD(m:") (A) + ®m7 ™) (A, z))} (3.10)
H(m#n) (A
= 2" exp {logq)(mn) (A) +log <1 + M) } = hef1(A) gh2(A2)
Inserting (3.8) into the eq. (3.3) we get
[b2262+<62 2) 20.+ 00+ 5 (3.11)
1 A+N—A
+A2 <Z+ Z) + % (I)(A,Z) =

,13,



3.2 Classical limit

Now, we want to find the limit b — 0 of the eq. (3.11). This firstly requires to rescale the
parameter o in A and A’ i.e. 0 = £/b and to express A as A = A/(e;b). After rescaling

we have
A APRD 1 5 where  § = lim b?A’ = lim b’°A = b ¢ (3.12)
) p2 & b—0 b0 4 ’
A , b0 1 L o) 1
1 1
. b0 5= . w (k- 1) b0 <4 _ 52) -5 (3.14)

Note, that A i~ o).
Secondly, one has to determine the behavior of the normalized degenerate irregular

block ® = 270 when b — 0. For A = A/(e1b) and A’ A i~ i 0 it is reasonable to

expect, that?"

DA, z) =2z " (A, A2 | Vi(2)| A A?) g~ v(M/er, z) exp {;fg(f\/el)} (3.15)

where (cf. (3.10))

v(A/Jer, z) = lim e?2(M2), (3.16)
b—0

fs(AJer) = lim b2y (A) = lim b? log ®™=") (A) . (3.17)
b—0 b—0

Let us stress that the asymptotic (3.15) is a nontrivial statement concerning the 3-point ir-
regular block ®(A, z). We have no rigorous proof of this conjecture. However, the eq. (3.15)
can be well confirmed by direct calculations. Indeed, one can check order by order that the
limits (3.16) and (3.17) exist. Moreover, the latter yields the classical irregular block.

Then, after substituting (3.15) into the eq. (3.11), multiplying by b2, and taking the
limit b — 0 one gets?!

A2 1\ A A
202 +23 —€)20:+ (z + Z) + Z0afs(A/e) [ v(z) =0. (3.18)
1

20The meaning of eq. (3.15) is that the light degenerate chiral vertex operator do not contribute to the
classical limit. In other words its presence in the matrix element does not affect the “classical dynamics” (i.e.
the “classical action"). Let us note that eq. (3.15) is a “chiral version" of Zamolodchikovs’ conjecture [32]
(see also [56]) concerning semiclassical behavior of Liouville correlators with heavy and light vertices on
the sphere. Let us stress that there are only a few explicitly known tests verifying this hypothesis. For
instance, the derivation of a large intermediate conformal weight limit A — oo of the 4-point block on the
sphere as well as its expansion in power of the so-called elliptic variable is based on the assumption about
such semiclassical behavior of the 5-point function with the light degenerate vertex operator [49, 51]. The
calculation performed in this subsection can be seen as yet another new test of semiclassical behavior of
the form (3.15) (see also [42]).

21The key point here is the fact that limy_o bQ% Oiv =0.
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In order to get the Mathieu equation we define a new function ¢ (z) related to the old one by

v(z) = 259(2). (3.19)

Now, what we obtain equals
252 A2 1\ A A )
0; + 20, + = z—f—; —i—ZaAf(;(A/el)—f P(z) =0. (3.20)
€

Since for z = €“ the derivatives transform as (2202 + 20.) ¥ (z) = 92¢ (e”) then, the
eq. (3.20) goes over to the form

2 A2 A .
T + 2¥ cosh(w) + ZaAfg(A/el) — & (") =0. (3.21)

Finally, the substitution w = 2iz, € R in (3.21) yields

d2 A2 A A ] i

[_(1362 —1—8? cos 2z + A0y fs(A/er) —4€% | Y(e*®) = 0. (3.22)

Now, one can identify the parameters A and h appearing in the Mathieu equation (1.1) as
follows -
" . 9 2A

A=—Ad,fs (A/el) +ae?, h=+ (3.23)
€1

Let us observe that using (2.14) and postulating the following relation
E=— (3.24)

between the parameter £ and the Floquet exponent v one finds

A=-Ao; | Y (A/el)4nf§ +4¢°

n>1
_4n 5 1212, v?
— — 4
flf% 256 f—ff 4096 f%% o <4>
2 ht (502 +7) h® (9% + 58v% 4 29) h'2
= U —|—

207 —1) 3202 —4) (2 —1)°  64(2—9) (2 —4) (2 —1)°

Hence, the formula (3.23) reproduces the expansion (1.4).
On the other hand one can check that the formula (3.23) exactly matches that obtained
by means of the WKB method. Indeed, taking into account that (cf. (2.25))

_7:,_52 — é':g
€1

> =
(o)
DN
I

one can rewrite the eq. (3.22) to the following Schrodinger-like form:

2

eld S+ 8A%cos2z| ¢ = Evp, (3.25)
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where
E:e%A:4a2—e%A8Af1 a2 2 (Aer). (3.26)
4 61
The “energy eigenvalue” E in eq. (3.25) can be computed by making use of the WKB method.
These calculations are performed in the appendix C. The result of the WKB calculations
coincides with E given by eq. (3.26). This check is yet another example of an interesting
link between the semiclassical limit of conformal blocks and the WKB approximation.

4 Mathieu eigenvalue from N = 2 gauge theory

We saw in previous sections that the eigenvalue of the Mathieu operator is related to
the classical irregular conformal block. The latter appeared to be a limit of the quantum
irregular conformal block when b? ~ i — 0. The irregular quantum conformal block is found
to be related [45] to the Nekrasov’s instanton partition function of the pure (Ny = 0) N' = 2
SYM. Nekrasov’s partition function in the zero limit of one of its parameters (in what follows
we take it to be e3) yields an effective twisted superpotential. Therefore it is natural to
expect that thus established correspondence between the two theories at the quantum level
also extends to the classical level. In the preceding section we found a relation between the
expansion parameters on both sides of the correspondence F, A (A) = Zﬂgt 05U(2) (A/e1,a,b)
and verified the agreement between expansion coefficients of classical irregular block and
twisted superpotential up to the third order. In this section we address the derivation of
the twisted superpotential W from the representation of the instanton partition function
for N' = 2 pure gauge SYM in terms of profile functions of the Young diagrams employed
in this context first by Nekrasov and Okounkov [21].

4.1 Nekrasov-Shatashvili limit

The Nekrasov’s partition function for N/ = 2 pure SYM with SU(N) symmetry on Q-
background relates instanton configurations on a moduli space with partitions a graphical
representation of whose are Young diagrams. This relationship makes the mentioned gauge
theory tantamount to the theory of random partitions. There are five equivalent forms of
the instanton partition function (see appendix D for notation and more information about
Nekrasov partition function). For our purpose we use the following one

ZNi=0SUIN)(A a €, ) = exp { Z Ver,e2 (G — ag; A)}Zﬂét 0.SUMN) (A, a,e1,e), (4.1a)
a,f=1
where the first factor on the right hand side is the perturbative part and the second one reads
<\ 2Nk
Zﬁ; OSU(N)(A a,€,€) = Z (2) Zy(a, €1, €), (4.1b)
k>0

4Nk r (651($a,i —ZBj — 61)) r (651($gvi B !E%,j)>
Zy(a,e1,62) = Z b H ) —1(,.0 0
e il (6 @ai 25 )T (6@l — 25, — )

(4.1c)
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The arguments of the Euler gamma functions are defined as follows??

Tai = Ao + €1(i — 1) + e2kqi, x&i =aqt+e(i—1). (4.2)

Thus, the instatnon partition function is expressed in terms of partitions of an integer
instanton number k ie., k = |k| = > |ko| = D> ko, @« =1,...,N and i € N, such that
for any ¢ < j and fixed o, ko; > kq; > 0. This particular form of it is related to the one,
defined in terms of the profiles of the deformed Young diagrams. Namely,

2ZN;=0,SU(N) ([\, a, €, €)

1 N
= 5 ew| g ff dedy flilelenan - m b e . (43)

faxk€Z(YN) R2

where & (YN ) denotes the space of all profiles of N-tuple of Young diagrams. The profile
function is defined as follows?3

fak ’61,62 Z\x—aﬂ—i—ZZ(‘x—x —61‘—‘.@—1‘(12— ’

a=11i>1
- }x—x&i’ + |a:—:vaz|> (4.4)

In what follows we work with the instanton density rather then with the profile functions.
The linear density function of instantons at position a and configuration k is defined as

pak(zler, e2) = fax(zler, €2) — fap(xler, €2), (4.5)

where the second term is the empty profile given by the first term on the right hand side
of eq. (4.4). The instanton density satisfies the following normalization condition

/dx Pak(x|er, €2). (4.6)

R

k=

—2€1€9

The above equation shows that the density function stores the information about both, the
number of instantons and their configuration. The partition function expressed in terms
of profiles in eq. (4.3) can now be written in terms of instanton densities. Discarding
the perturbative part which takes the form of the multiplier in eq. (4.1a) the instatnon
part reads

ZE;,;ZO’SU(N)([\, a,er,€) = Z exp {_Hinst [Pax](€1, €2, [\)} ; (4.7)
pa,kE%(YN)

where Z(YV) c2(Y").2* The Hamiltonian for instanton configurations structurally reads

Hinst[ﬂa,k](ﬁl,tfz, ) (f )761762( )lj(pk) + i(pﬁ)iWGI,EQ (A)U(fé)/)J
+ Z(pk) Yer,e2 (A)ij (pk)j' (4.8)

22For the graphical meaning of z.; see appendix D and figure 3.
ZNote, that this definition of the profile function, when defined for real argument, is meaningful if and

only if both parameters €; or ez have opposite signs. For definiteness we take e2 < 0 < €;.
21 2(Y"N) is a space of all functions over N-tuple of Young diagrams with a compact support.
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In the above equation we introduced the following notation

() Yer,eo (A)ij (Pl = ][][ dzdy pf i (zler, €2)7er 0 (z — 3 A)pl i (Y]er, €2). (4.9)
]RQ

In what follows we are concerned with the form of the instanton partition function within
the Nekrasov-Shatashvili limit i.e., when one of the deformation parameters tends to zero.
This limit of the Nekrasov partition function defines the effective twisted superpotential.
Explicitly

WNi=0SUMN)(R g ¢)) = — lim 3 log ZNi=0SUN) (] a €, €), (4.10)

2

where W = Wyert + Wingt- In the case under study this limit can be approached by taking
the thermodynamic limit for the number of instantons and simultaneously squeezing the
boxes in €9 direction. Let us consider the relation between the instanton number and
the density of instantons given in eq. (4.6). By definition this formula is satisfied by any
partition of k. Next, let us choose the one that corresponds to the colored Young diagram
with the highest column for a = 1 color index, i.e., kg = {kq,i} = {0a,10i1k} and take the
limit of esk while keeping the area under p constant, i.e.,

1 1
Hm ok = —— i d =—— [d = w. 411
iy cob =~ i [ do pualer, ) = —5 [ dopasy(ole) = (@11
k—o0 k—oco R R

Within this limit columns of the diagram w become nonpositive real numbers and pa o
becomes a function of infinite many variables w,; € R<g.

With this picture in mind we would like to determine a squeezed colored Young diagram
upon which the weight in the partition function, given in the deformed version of eq. (4.7),
yields a dominant contribution over the other summands. In order to find it, let us expand
the instanton Hamiltonian in e about zero, namely

Hinst [pa,k] (A, €1, 62) = Z egilchi(é]s)t [,Oa,w](Aa 61)7 (4.12&)
920
60:17 C1 :7%a C2 = %7 s

where Hi(lfs)t is defined in eq. (4.8) with the kernel 7, ., traded for the following one®

(i)s(s)glg(wg—l,;ﬂ)

From explicit form of the expansion in eq. (4.12a) it is seen that the dominant term within

(4.12b)

s=0

the limit e2 — 0 equals

~

A 1 " 1
Hinst[pax] (A, €1, €2) ~ aHifgt Pl @) = —Hlpawl(hoer) (4.13)

B(8)y, =T(n + 5)/T(n).
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The squeezed Hamiltonian H[pa | takes the analogous form to the one in eq. (4.8) with the
following substitutions: pak(z|€1, €2) = paw(Z|€1), Yei e (z,A) — fyﬁ(?) (2,A) = 7¢, (z, A). Tt

can also be cast into the form that proves useful in what follows, namely?°

%[Pa,w]([\7 €1) :E log (i) Z(Pw) %(f@) 761(61)13(%;) + %(pg)i%l(el)ij(fé)/)j

€1 (4.14)

+ 201 e, (e1)i5 (P,

S0 = [ 4 pasaler).

R

where

It is expected that the sum over all profiles and hence over all instanton densities for a
large k approaches the path integral over the latter. This can be understood through
the analysis of number of configurations accessible for k£ instantons, i.e., the dimension of
the configuration space €2 for a given k. Since the number of partitions runs with & like
p(k) ~ exp(my/2k/3 — log k), which stems from the Hardy-Ramanujan theorem, the sum
over colored partitions runs with k like (k = > kq)?"

c(k,N) N kN /(N-1)! N
dim@ = Y J[e(eah) =0 > exp{wzx/élkal}.
r=1 a=1 r=1 a=1

This estimation shows that the dimension grows very fast with k& such that the discreet
distribution of configurations approaches the continuous one. Therefore, the sum over
densities may be approximated by the functional integral over {w; }ien € €o(R<)? i.e., the
space of sequences monotonically convergent to zero. Hence,

k—o00

J— € _L
205NN e, ) R / [T dwas e =", (4.15)

inst

co(R<o)¥ '

_ 0
where wq,; = Ta,; — Ty

4.2 Saddle point equation

We would like to determine the extremal density function for which the weight in the path
integral in eq. (4.15) becomes the dominant contribution. In order to do this let us consider
two Young diagrams that differ in small fluctuations within each column, i.e.,

Qayi = Wa,i + €20Wai = Paw(®) = paw(®) + €20paw(T),
where2®

N
dpaw(® Z Z sgn(x — i) — sgn(z — T, — €1)] OWa,i- (4.16)
a=1i>1

260 find this form the identity has been used: v, (z; A) = —e; log (A/el)g(fl,x/el + 1)+ yey (x5 €1).
27c(k:,N ) is defined as the number of possibilities for k to be partitioned into N nonnegative, integer
parts. This number equals ¢(k, N) = (k+ N — DI/EI(N — 1)! .

*The signum function is defined as sgn(z) = |z|/z = > s0(sz).
SE€EZLy
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In this case the Hamiltonian (4.14) will suffer the change

SH[paw] -
Hipas) = Hipaw] + 22002l 5 4 0(&d).

0Ph
For some stationary point psa .
5H[p*aw] i / 5H[P*aw]
5P§a,w a,w €L 3 paw (@) Paw(T) ; Praw(?) = paw. (T) ( )

where w, is the extremal of the colored Young diagram. Hence, within the limit o — 0
the only term that is left from eq. (4.15) reads

ZE;'/ZO’SU(N) (A7 a, €1, 62) ~ €Xp {SH[p* a,w](j\7 61)} 3
2

and by virtue of eq. (4.10) we obtain

~ ~

WN=OSUMN) (R o 1) = H]p, aw] (A, €1). (4.18)

inst

Thus, in order to obtain the form of the twisted superpotential we must find the explicit
form of the Hamiltonian at the extremal solving the saddle point equation (4.17). Its
functional form reads

Elog <A> /da:a:ép’aw(:c)
€1 €1 ’

R
5 H dady (720000700~ 930 0) + 35 )01 — D) F 2ol
R2
@01 (7~ )07l ) + 07y 0 (1), (0 — 7)o ()] = 0. (419)

The above equation for critical density is directly related to the equation on critical squeezed
Young diagram. In order to find the latter one must express eq. (4.19) in terms of x, ;.
After some algebra we find

A N (ag — xai — €1)(Tay — ag)
0= Z 2N log el B Z log 5 0Wa,i
B=1

€
a,l 1

Tai — T, — €l Taq — @, + e
+ > log (=Pl ) Swai+ Y log ——— | Swa (4.20)

(o) A(B.) Tayi — Tpjt €1 vy -

i B €1

The “off-diagonal” sum comes from necessity of taking the principal values of integrals in
the last line of eq. (4.19) which is due to the singularity of v/, (x) ~ logT'(x) at zero. In
order to put the sums on the same footing we add zero to the above equation in the form
that completes the “off-diagonal” sum with the missing diagonal term, i.e.,

Z log A V—=17| dwq. ;.
Tayi — Tayi T €1 ’

a,l
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The last step and the arbitrariness of the fluctuations dw,; enable us to cast the saddle
point equation into the form first found in ref. [57]. Namely,

-Ta,i —Xp — 61)(1:04 i -T + E1 2
()N (A/er)2N H H G d 0] H =—1. (4.21)

p=1j5>1 4T TR + 61)(1:0471 - ﬂj 61 — l‘ +€1

The equation (4.21) in fact represents an infinite set of equations for the critical colored
squeezed Young diagram. As one may infer from the above formula, the infinite sequence
of columns of the critical diagram for a fixed color must be strictly increasing (or strictly
decreasing if one consieders |wq ;|).?’ In order to see this, consider the factor in the denom-
inator that takes the form z,; — x5, + €1 and for 3 = a choose the neighboring columns
with ¢ = j7 — 1. For this specific choice just mentioned formula amounts to wy j—1 — wa,j
which, by definition of partitions, must be nonpositive. In fact, it must be strictly negative,
because it is a factor of the product of terms in the denominator. Therefore, the critical
diagram consists of columns each of which has the multiplicity at most one and as such
form a strictly monotone null sequence of negative real numbers, i.e., {w.;}ien € co(R<g)?.

4.3 Solution to saddle point equation

The saddle point equation (4.21) can be solved iteratively by means of the method first
proposed by Poghossian [57]. Noticing, that it depends on the only free parameter ([X / 61)2N ,
the columns, that are sought quantities, can be expressed in terms of powers of (A Je1)2V
The advantage of this particular form of the saddle point equation is that it does not change
if we introduce an explicit cutoff length for each of N constituents of the colored Young
diagram regardless of whether this cutoff is colored or common for every . Therefore, the
first step is to introduce a common cutoff length L that starts from 1 and increases along
with each step of iteration, such that |w, ;| > 0 for ¢ € {1,..., L} and assumes zero value
elsewhere. Furthermore, the ansatz one starts with takes the form

2B =20 4 5$(L), 52B) = B _ 40— D) (4.22)

Qa,l Q, e [e'R) ') oK) * Qul

The form of the above ansatz can be justified with the aid of the following argument. Let
us first note that by construction

N N L N

— _ T (L)

Wy = Z Zw*w = Z (Z 51’@7,) = nglgoz Z &/Uw. (4.23)
a=1i>1 i>1 \a=1 i=1 a=1

On the other hand from eq. (4.14) we get

A 2N dH[p*a,w] _/k 2N OH[p« a,w]
(A/er) W = (A/er) 78([\/61)2]\7’

—Wy =

where we used the saddle point equation in the form given in eq. (4.17). Employing the
definition of the Nekrasov-Shatashvili limit (4.10) we can formally expand the right hand

2gRecall, that wa,; = limO €2kqa,; and we have chosen €2 < 0. Hence, wa,; < 0 for any ¢ € N.
€0 —>
k— o0
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side of eq. (4.10), and due to the established relationship between the superpotential Wiygt
and H in eq. (4.18) we find3°

A in Aa )
— Wyx = (A/61)2N8W ft( ?Nel)
O(A/e1)

=> (A/ea)*M Wi(a,e1). (4.24)

i>1
The above equation and eq. (4.23) imply that ) 5:1:&]?2 ~ O((A/e1)?N?). Hence,

L
(ngfl) = wi];),i (A/El, a, 61) = Z(A/q)QNj ww,j(a, 61) . (4.25)
j=i

Thus, the iterative solution of eq. (4.21) amounts to finding the coeflicients wq ; ;. Their
forms for the gauge symmetry group SU(N) and N = 2 with the above ansatz up to j = 3
are gathered in appendix F.

The generic case when L — oo can be examined through the saddle point equation
given in a different form. Making use of identities given in appendix E the equation (4.21)
assumes yet another form

<\ 2N
(A) M:(_UNA’ (4.26)

€ Y(za,i+€r1)

where the function Y'(z) is defined in eq. (E.4). Since x, ; are zeros of this function the saddle
point equation in the form of eq. (4.21) is traded for the equations on zeros themselves.

4.4 Mathieu eigenvalue — contour integral representation

The iterative solution of the saddle point equation (4.21) enables us to express the effec-
tive twisted superpotential in terms of the expansion parameter (A/ €1)?V as a sum over
columns of the critical Young diagram. This can be formally accomplished by means of the
formula (4.24) and integrating it term by term with respect to the expansion parameter.

Explicitly
(Areaf™ | (B /ex)?V N i
WEQ:O’SU(N) A ae)=— / ;qw*(q) = - Z / dgqg™! Z Zwa,j,i . (4.27)
0 i>1 a=1j=1

In the above expression we employed eq. (4.25) where the coefficients wq ;; are introduced.
For the gauge group with N = 2 which is the case in question, the superpotential was
computed up to the third order in the expansion parameter. Namely, making use of the
following formula (> a, = 0)

2 %
WE;Z:O,SU(2) (A7 a, 61) = Z(A/€1)4Z Wi(a, El)/’L s WZ = — Z Zwa,j,i .

i>1 a=1 j=1

30The relationship of the coefficients W; in the last formula with those introduced earlier in eq. (2.11) is
Wi/(ieiNY) = W; for N = 2.
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and the results in appendix F, the coeflicients of the expansion written in the form that is
suitable for comparison read

1 Ni=0,5U(2) _ 2
€ € —4a2e;’
i N;=0,SU(2) _ 20@2 + 76% (4 28)
2¢f ? 4 (6% — 4a2)3 (eif — azel) ’ .
1 Ne—0SU@) 4 (144a* 4 29 (8a%€d + €1))
Jei? ° C3( —4a2)° (date; — 130263 4 9¢7)

As it may be observed these coefficients coincide with those in eq. (A.1) (W;/(i€ft) = Wj).

The above results can be compared with coefficients of the irregular classical block. The

relationship between coefficients of the latter with those of twisted superpotential is given

in eq. (2.26). In terms of W; this relationship reads
1 N¢=0,8U(2)

1 .
- W a, €)= —— f*
ie‘lh v (a,€1) 6‘1“ f%—

(4.29)

IS}
N

€

=1

Coefficients of the classical irregular block given in eq. (2.14) expressed in terms of instanton
parameters a, €1 read

1 _ 267
fﬁ*% & —4a?’
€§ (20&2 + 762)
Iie = - (621_ i @ - 2 (4.30)
1 1 1
B, 4€1” (144a* + 29 (8a%e} + €f))
% 3 (& - 402)” (40t — 130262 + 9€d)

Heaving these coefficients in the explicit form it is now straightforward to check the re-
lationship with coefficients of the superpotential stated in eq. (4.29) where the latter are
expressed in terms of the critical Young diagram in eq. (4.28). Although just verified math-
ematical correspondence between the two contextually different theories was performed up
to the third order in expansion parameter A~ pels@/® it is by induction reasonable
to assume that the range of validity extends to all orders which was phrased earlier in
eq. (2.26). The last statement should be yet proved. Nevertheless, the observed relation-
ship, with aforementioned caveat, may be regarded as an extension of the non-conformal
limit of AGT correspondence found in ref. [45] to the classical level.

The classical non-conformal AGT relation enables one to associate the eigenvalue of
the Mathieu operator expressed in terms of the classical block in eq. (3.23) with instanton
parameters through the twisted superpotential. Let us recall at this point that according to
the Nekrasov-Shatashvili’s conjecture put forward in [19] (the Bethe/gauge correspondence)
for any N' = 2 gauge theory there exists a quantum integrable system whose Hamiltonians
are given in terms of gauge independent functions of operators Oy (x) that form the so-called
twisted chiral ring, and enumerate vacua of the relevant gauge theory. These operators can
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be chosen as the traces of the lowest components of vector multiplet. Their expectation
values evaluated at the minimum of the (shifted) superpotential correspond to the spectrum
of Hamiltonians of the integrable system. Namely [21]

6= (OL(@) = (15"l Ly = 5 [ doa*Flo(o) + 5 [ doabily, (@ler)
R R

where the first term on the right hand side is the classical part. In the case under considera-
tion the gauge group is SU(2) and the relevant quantum integrable system is the two-particle
periodic Toda chain. Its two Hamiltonians have the following spectrum: & = 0 and

E =2& =4a® + 2/dx Paw, (T|€1) = 4a® — 4eq Zzw*a,i(A/El)
R o i1 (4.31)

= elAﬁAWNFO’SU@) (f\, a,e) = e\,

where in the second line we accounted for the result (4.24) as well as the perturbative part
given in eq. (4.1a) with the gamma function traded for the one for ¢ = 0 order of the
expansion in the limit e; — 0 given in eq. (4.12b) that we signified as 7., (x; A). Explicitly,
the perturbative part reads

N¢=0,SU(2) ZN 4 A €2
=Y, A _ _ . ~ _ = A 9 71
e ) = a,f=1 Yer 0~ 053 A) €1 log (61) (a * 12) '

It is worth noting that the relationship between the spectrum of the second Hamiltonian
E, twisted superpotential W and Mathieu eigenvalue X stated in eq. (4.31) coincides with
the one deduced from the null vector decoupling in eq. (3.26), which is the CFT side of
classical AGT correspondence.

The formula (4.31) can also be given yet another, concise form in terms of the Ya o (2)
function which does not refer to the iterative expansion of WW. Namely, noting that

dz Y(2)
1 n I - _ n__ . n zl
2/da:;1: Paw, (T]€1) 7{27”, [(z 4+ €1)" — 2"] 0, log Yo(2)’
R C
and
dz Yo(z — €1)
1 n g n 0 1
L[4 = 2 ng, 10g T0E V)
2/ 2" fo (@) %2772’2 0, log Yol2)
R C
we obtain
dz Y(z—¢€)
E=-2¢ =229, log ————~ 4.32
j{Qm’Z 0: log Y(2) ’ (4:32)
C

*
a,t

where the contour C encloses all points z . and 1‘37- which are zeros of Y (z) and Yp(z2),

)

respectively. The latter functions solve eq. (4.26).
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5 Conclusions

In this paper we have postulated the existence of the classical irregular block f(;([\/ €1).
Calculations presented in this work provide a convincing evidence that the classical limit
of the quantum irregular block (2.12) exists yielding a consistent definition of the function
fs(A/er). In particular, this hypothesis is strongly supported by the tests described in
section 2 (see figure 1).

As an implication of the conjectured semiclassical asymptotic (3.15) the classical ir-
regular block enters the expression (3.23) for the Mathieu eigenvalue A. Indeed, we have
checked that the formula (3.23) reproduces well known weak coupling (small h?) expansion
of A\.31 Hence, the existence of the function f5(A/e;) seems to be well confirmed a posteri-
ori, i.e. by consequences of its existence. Let us stress that although the classical limit of
the null vector decoupling equation for the degenerate 3-point irregular block was discussed
before in [18] the expression (3.23) has not appeared in the literature so far.

The existence of the classical irregular block is also apparent from the semiclassical
limit of the “non-conformal" AGT relation. Two checks have been performed in the present
work in order to show that the function fs(A/e;) corresponds to the instanton twisted

superpotential WN=0SUR) o the N = 2 SU(2) pure gauge SYM theory. One of these

st N;=0,SU(2
Wwhi=0SUQ@) o

checks (see section 4) is highly non-trivial. It employs a representation of W,

a critical value of the gauge theory “free energy”. The criticality condition or equivalently
the saddle point equation takes the form of the Bethe-like equation. This equation can be
solved by a power expansion in f\/ €1 (see appendix F'). Solution to this equation (or in fact
a system of equations) describes a shape of the two critical Young diagrams extremizing the
“free energy”. Finally, the latter evaluated on the “critical configuration” and expanded in
AJey yields fs(A/er) provided that certain relations between parameters are assumed. As
a by-product, the identity (2.24) and the formula (3.26) imply another new expression for
the Mathieu eigenvalue A, namely, as a sum of columns’ lengths in critical Young diagrams,
cf. (4.31).32 Moreover, as was noticed in [57], once critical columns’ lengths are known in a
closed form such sum can be rewritten in terms of the contour integral with integrand built
out with certain special functions. We have rederived this statement at the gauge theory
side within the formalism of profile functions of the Young diagrams, cf. (4.32). The latter
and (4.31) imply contour integral representation of A.
Let us interpret results of this paper within the context of the triple correspondence

2d CFT / 2d N = 2 SU(N) SYM / N — particle QIS (5.1)

mentioned in the introduction. In our case we have N =2. On the conformal field theory
side we have found the formula for the Mathieu eigenvalue A expressed in terms of the
classical irregular block. Its analogue on the gauge theory side is given by Wiét: 05U and
realized here as v.e.v. of certain gauge theory operator (see section 4). Then, according

31'Work is in progress in order to verify wether calculations performed in section 3 pave the way for
working out really new methods for calculating corresponding eigenfunctions.

32Gee also appendix C, where has been shown an exact matching between this result and that obtained
by means of the WKB analysis.
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to the Bethe/gauge correspondence A is nothing but an eigenvalue of the corresponding
integrable system 2-particle Hamiltonian (see appendix C). An interesting further line of
research is to extent this observation going beyond N = 2. In such a case the AGT duality
is extended to the correspondence between the 2d conformal Toda theory and the 4d N' = 2
SU(N) gauge theories [27]. Then, in order to get examples of (5.1) one has to study classical
limit of the Wy symmetry conformal blocks.33
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A Expansion coefficients of 2d CFT and gauge theory functions

Gram matrix.

n=1 {L_1|lva)},
GMAl = (L_1va | Loyva) = (va | LiL_qva) = 2A,

)

n=2 {L_olvan), L_1L_1|va)},

=2 _ (L_oua | L_gva) (L2 ua | L_ova) _ 5 +4A 6A
&A (L_oua | L2 va) (L2 va | L2 vA) 6A 4A2A+1))’
n = 32 {L_3’ UA >, L_QL_l‘ UA ), L_lL_lL_l‘ UA >},
2¢ + 6A 10A 24A
GIR =] 10A A(c+8A+8) 12A(3A+1)
24A  12A(BA+1) 24A(A +1)(2A +1)

Coefficients of the quantum irregular block.

1 e _ 1
[GC,A] - 2A7
[GQ ](12)(12) _ c+ 8A
%A AA(2¢A + ¢+ 2A(8A — 5))’
&N a3 _ (11c — 26)A + c(c + 8) + 24A?

 24A ((c = T)A+ ¢+ 3A2 +2) (2(c — 5)A + ¢ + 16A2)’

33Interestingly, there is also a need for the classical W blocks in the study of the entanglement entropy
within the AdS3/2d CFT holography [58].
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Coefficients of the quantum 4-point block on the sphere.

1 [asa,] (A4 Az —Ag)(A+ Ay — Ay)
GA AL AL T 2A )

;Mgﬁﬂ [4A1+2A HA - AL+ A9)(1+A - A+ Ay)
(A4 A3 — A1+ A+ Az —Ay)
+ (A= A= A1 = Ay +3(Ag — Ap)? = 2A(A1 + Ay))
X (A = A% = Ay — Ay +3(A3 — Ag)? — 2A(Ag + A4))]

Coefficients of the classical 4-point block on the sphere.

£ [53 52} _ (6403 —-064)(0+05—01)

0401 26 ’
~1
72 [gi 23} - [1653(45 + 3)} [1355 + 64 (1808, — 140, + 1885 — 1464 +9)

148 (5% 62— 251 (59 + 665 — 1004 + 6)

465 (505 — 304+ 3) + (63 — 64) (03 — 04 + 12))

362 (53(253 264 — 1) + 201 (62 + 02 + 205 + 8y — 20285 — 204(J2 + 65 + 1))
1 62(205 + 204 — 1) + 265(05 — 4 — 2)(05 — 84) — (55 — 54)2)

150(01 — 62)2(85 — 04)% — 3(81 — 82)2(d5 — 54)2},

Coefficients of the quantum 1-point block on the torus.
i (A - 1) A
A= L
FAZ = [4A (2¢A + ¢+ 16A2 —10A)]

[ (804 + 3¢+ 128A% 1 56A) A% + (—8cA — 2¢ — 128A%) A

e+ 8A)A + (—2¢ — 64A)A3 + 16¢A + 8cA + 128A3 — 80A2} .

Coefficients of the classical 1-point block on the torus.

1 5 52 _ 02[2402 (46 + 1) + 6% (56 — 3) — 48062
J 20’ J 1663 (46 + 3)

)
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Coefficients of the SU(2) pure gauge Nekrasov’s instanton function.

€1€2 ((61 -+ 62)2 — 4a2) ’
ZNi=0.8U(2) —8a% + 862 + 863 + 17e162
2 e2e3 ((e1 + €2) 2 — 4a?) ((2e1 + €2) 2 — 4a?) ((e1 + 2¢€2) 2 — 4a?)’

12( (59463 — 10402) + €1 (363¢] — 1880%c,)

_ 2
Zi\lf—QSU(Q) —

Zé\lf:o,SU(z) _

+8 (4a® — 13a%€2 + 9ed) + 72} + 363625’)}
[36162 ((61 + €2)? — 4a? ((261 +e)? — 4a2> ((361 + ) — 4a2)

((61 + 2¢2) 2 _4q ) ( (e1 + 3€2) —4(12) }_1,

Coefficients of the SU(2) pure gauge twisted superpotential.

N;=0,8U(2) 2
Wi S

1 — 4a2€1
WN=0SU@) _ 20a% + 72

’ 4 (] —40%) % (ef — a?er)’ (A1)
N=0.8U() _ 4 (144a* + 232a%€3 + 29¢})

3

3 (e} — 4a2) 5 (dater — 13a2€} + 9€3)

B Ward identities

In order to derive the Ward identity (3.4) first we will need to prove the following relation:

(A A2V (2)Lo|A, A%) = L <A8 + A +A-AL - zai> T(A,2). (B.1)

2 0A
Indeed, using Lo| A, A?) = (A + £04) | A, A?) one gets
(A N2V (2)(Lo — B) | B,A%) = (A A% |Vi(2) 5 o A, A2
_ A a / 2 / A 2
= 8 D ) - (AN (L~ AV ()| A, A7)
Hence, taking into account that [Lo, V4 (2)] = (20, + Ay) Vi (2z) one finds

B0 G(A2) = (A A2V () (Lo — A)| A, A%) + (AL N[ (Lo — AV (2)] A, A2)
= — (A'—i— A-Ay - z88> WA, 2) + 2( A, A? | Vi (2) Lo | A, A?).
2

Next, let us consider the matrix element ( A/, A% | T'(w)Vy(2) | A, A?) with

— Z w—n—2Ln’

ne’
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le.:
(AN LV ()| A A7)

= 3 (AR LV AN (A A L Vi(2) A A)

1 .
* Z wn+2 <A/7A2 | Lo Vi(2) [ A, A? )-

n=0

From (2.3) and L}, = L_,, we have S."="2 w2 (A’ A2| L, V4 (2)| A, A2) = 0. Then,

Tlf()O

(A AT () Vi (2)| A, A%) = — (A, AP L1 Vi(2) | A A%)

gl

[e.o] 1 5
Y g (A A% LoV (2)[A, A7)
n=0

(A A7 [Ln, Vi(2)] A, A?)
1 -
+72 <A’,A2]V+(z)L0\A,A2) + — (A A | Vi (2) Ly | A, A?),
w w

where again the conditions (2.1)—(2.3) defining the Gaiotto state have been used. Now,

using [Ly, Vi (2)] = 2" (20, + (n + 1)A4) Vi (2) one gets
2 2 B
(AN | T(w)Vi(2) | A A2) = (/I\U - 2}3) T(A,2) + % (AN A |V (2)Lo | A, A%)

- 1 ./ 0

Let us note that for | 2] < 1 we have

N I O A - L z
nz%w”+2_w2nz:%(w) _El—i_w(w—z)’
i L) = d < z )_ 1
n_ow”+2n _82 ww—2))  (w—2)?

Then,

I A2 A A2 E A72 Ay o 9 5
(ALA* | T(w)Vi(2) |A A7) = [(w +w3>+(w—z)2+w( ~2)o- V(A, z)

1 5
+ﬁ <A/7A2 ‘ V+<2)L0 ‘ AaA2>'

Finally, an application of (B.1) yields (3.4).
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Having (3.4) one can prove (3.5). Indeed, using (3.2), (3.4) and Cauchy’s contour
integral formula one gets

(& N2 Ea(2)Vi(2) |A,A%) = o fduw —2)7 (A, A TV, ()| &, A)
C.
1 -1
=5 dw(w — z)" " x r.hs. of (3.4)
C.
= r.h.s. of (3.5).

C Mathieu eigenvalue from WKB

In this appendix we perform computations for the spectrum of the Mathieu operator by
means of the WKB method along the line of refs. [16, 18, 19, 59|.

The Seiberg-Witten (SW) theory [15] with SU(2) gauge group is defined by the prepo-
tential Fsyw (a, A) which is determined by the set of quantities (aq, dFsw /daq) i.e., moduli
and their duals and the elliptic curve

_ ; _ A 95(0|7)
y? = (22 — AY(z — u), u= A? <1—219§(0‘7_)> , (C.1)

where 9#(0|7), i = 1,2 are Jacobi functions and 7 is a complexified coupling constant
that parametrizes the modular half-plane for the one-dimensional complex tori. u is the
parameter on the moduli space of the theory. The latter has three singular points: two
branch points © = A2, (1 = 0), u = —A?, (7 = +1) and a singular point at u = oo, (T =
i00). The latter corresponds to the perturbative region of the moduli space (asymptotic
freedom). The modulus and its dual with appropriate monodromies about the singular
points are found by means of the curve (C.1) and SW differential which takes the form

Ao Y2ioug V2 [T
21 y(z) 2\ 22 — A4

The mentioned functions are determined by integrals of A with appropriate cycles, i.e.,

(22 aa = 0)
a:j{)\, aD:j{/\, apzw.

Oa
A B

Integration along the contour A is the one that circumvents a branch cut between the points
[—AQ, Az], whereas the integration over contour B starts from the point on one sheet, passes
on the second sheet through the branch cut between u and co and returns to the starting
point on the first sheet through the branch cut [—Az, AQ] Hence, the contour integrals can
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be given the form

a3a(u \f/ /2—11(4 \/ﬁ/ / z;@l/u o(A2/u),

7A2/u

(C.2)
(a2)0 f/\/z‘“ m/ . p(R2/u).
A4 A2/u
A2/u
In a parametrization z = A2 cos(f), TA = \/2u — 2A2 cos(0)df = p(0;u, A)do, and
a@%w_lfmauMM_l/m&umM
27_[_ Y Y T ’ J 9
A 0
8, (C.3)
ap(A?/u) :2i %p(&;u,f&)d@ _1 /p(@;u, A)de, 0., = arccos(u/A?).
T 7'('
B T

Equations (C.2) are integral representations of the hypergeometric fuctions, namely

auy0) = VQU/FdZ—fQumFm( LLLs), (Cd
V2u z— 1 -
aD U U = / = 23/2 (1 - U)F271 (%’ %7 27 _1271})) ’ (C4b)

where v = A2/u. The SW prepotential Fgw (a, A) corresponds to the e;es — 0 limit of the
exponentiated Nekrasov partition function. It is related to the classical two-particle Toda

periodic chain or sine-Gordon model action of which takes the form
to 0(t2)
S[0(t2), 0(t1), 2, 1] = / dt (402 ~ A% cosf) = / p(6;E,A)d0 — (ta — t)E,  (C.5)
t1 9(151)

p(0;E,A) = \/2E — 2A2 cos 6. (C.6)

Canonical quantization of the system in eq. (C.5) results in the following form of the time
independent Schroedinger equation (U(t,0) = e~"Ft/<14(9))

where

—5E3+A2 0 —E|¢(6) =0 (C.7)
5 402 CoS =0, .

with the energy given in eq. (4.31). This equation can be solved with the aid of the ezact
WKB method. Namely, the WKB ansatz takes the form

wral6) =exp§ = [ POiE A0 5 (©8)
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(tp)

The turning points are at 6" = +arccos(E/ AQ) Inserting the above wave function into
the eq. (C.7) we obtain equation for P(¢J; E, A). In general it can be solved for
P(0;u,A)d0 =Y e pm(6;u, A), (C.9)
m>0

order by order. The first term po(6; u, f\) = p(0;u, A) corresponds to quasi-classical solution.
The modulus a related to this solution is related to the “classical” momentum through

o 1 A
a(A?/u) = 7{ po(0;u, A)do.
2T A
Its quantum counterpart corresponds to modulus on the “quantum” moduli space and reads
A 1 " 1 .
2 _ . - m .

ala(A?/u)] = %jip(e,u,/\) do = %mz;oel f;‘pm(e,u,A) de. (C.10)

The above corrections to momentum can be obtained by means of the following relation
pm(eaua [\) = Om(77€7a’ya8€)p0(0aua‘f\)v (Cll)

such that
AQ/U Z 6 775 87785) (7/5)7 (C12)
m>0

where £ = 2u, v = 2A2. We have found these operators up to third order in ¢;. The
result reads

OL(7,€,0,,06) = 577 0,0, (C.13a)
Oa(y,E,0.,0¢) = m [Eryag 02 — 26 03 87}, (C.13b)
O3(7.£,0,,06) = i —— | 46377 0 0% — 11887 04 0

+ (2062 + 1692) B2 0, + 16 Ey 82] (C.13¢)

In order to find the energy for the full quantum system we have to invert (C.10) so that
E = E(a(a)). The result for the quantum modulus takes the form
2 4 6

a(a(w/e’)):\/z_y?( ! ¢ 4 )

16 53/2 64E5/2  256E7/2 1024 £9/2
15 35 €2 273 ¢t 330
4 1 1 1
_ C.14
K (102457/2 + 2048 £9/2 + 16384 £11/2 * 2048 513/2> ( )
s 105 N 1155 ¢2 N 5005 e} N 42185 ¢8 00,
16384 £11/2 65536 E£13/2 ° 131072 E15/2 524288 £17/2

Inverting the above series we obtain the energy up to the third order in A4,

2E(a) = a® + A* L, i + t + i
2a2  8a?* 32a% 12848

L As 5 N 21e? 21967 12168
32a5  64a®  512al0  256a!2
< 9 55¢2  1495¢} 4035 ¢€$

A 16
64al0  64al?2  512qM 512&16>+O(A ) (C.15)
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As one may check, all the coefficients of A% in the above formula for energy are Maclaurin
expansions of coefficients of —ejwy(a, A*/e}) in €;. Explicitly,

2 2 2 2 3
2 A4 A8 112
2E(a) = a* — A g Wia1,1 — €1A g E Wsa,j2 — €A g E Wx 5,3
a=1

a=1j=1 a=1 j=1 (C.16)

=a®— €1Ws,

where the coefficients wq ; ; are given in eqgs. (F.2a)—(F.2k). This result should be related to
the two particle periodic Toda chain (pToda). The system is defined either by means of the
canonical Poisson-commuting Hamiltonians with potential U(zy1, 22) = 2A2 cosh(z; — a2)
or by the Hamiltonians obtained as coefficients of the characteristic polynomial of Lax
operator (for details see [19]) with potential U (z1, x2) = 2A2 cosh(iz; — izs). In both cases
canonical quantization leads to the Schroedinger equation which can be cast in the form
of Mathieu equation, where the relationship between parameters Eroda, A? and Mathieu
parameters A and h? reads

~

2F A?
N\ = T20da’ h2 ==
€1 €1

The relation between the spectrum of the sin-Gordon operator and Toda operator is 4 Fgg =
Eroda- Hence, multiplying eq. (C.16) by two we get the formula given in eq. (4.31).

D Young diagrams, their profiles and Nekrasov partition function

In this appendix we introduce basic notions concerning partitions and their use in the
context of instanton partition function for pure N' = 2 gauge theory with SU(N) symme-
try group.

Let k®(n) denote a partition of a number n € N into ¢ positive integers k7(n), such
that for any ¢,j € {1,..,¢} and ¢ > i > j, k} < k3. The upper index s indicates that
the partition of n may be done in p(n) distinct ways. Thus s partition of n for some
s € {1,...,p(n)} is a finite ordered sequence of nonincreasing positive integers, which for
any n € Nand s € {1,...,p(n)} may be represented by an ordered ¢-tuple of numbers

¢
k*(n) = (k1(n),k3(n),...,ki(n)), n=k’n)| = Zkf(n). (D.1)
i=1

The number ¢ = ¢(k*(n)) is called a length of partition k®*(n) and it may vary from 1 to
Lmax = n. Let P, denote a set of all partitions of n € N, i.e., P, = {ks(n)}i(jl) Note, that
((P,) = p(n). If we also include the null partition, i.e., Py = {k'(0)} (p(0) = 1), where
k! (0) = (0), then the space of all partitions of each element of Ng = NU {0} termed Young
graph and denoted by Y is a disjoint union of sets P,, that is

Y= || Pa

n€Np

The partition k®(n) can be represented graphically by means of the Young diagram, whose
columns contain k7 (n) unenumerated boxes for each 1 <4 < £ and n > 0.
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(a) (b)
ki
Figure 2. The Young diagram for the partition k = (8,7,7,5,4,3,3,2,2,1) of |k| = 42 with

quantities defined in the text and the relationship between the two different conventions: English
(panel (a)) and Russian (panel (b)).

faou]ka (x‘h7 _h)

Figure 3. The thick line represents the profile function for the colored Young diagram depicted
on panel b of figure 2. The point z,; is a coordinate of i'" column within a o'" Young diagram
in the Russian convention and projected onto the real axis. The decline of columns coincides with
the linear order of R. Since €; # €5 the boxes of a Young diagram are deformed to rectangles with
edges I; = V2|e;|, i =1,2.

Let k € Ny be the instanton number (charge). In order to extend the notion of parti-
tions to the colored ones we assume that this number can be partitioned into a sum of N
nonnegative integers n,, for a = 1,..., N. Therefore, in opposite to the earlier partitioning
the maximal length of the latter is constrained to N. However, each of n, can be partitioned
as before i.e., in an unconstrained way (fomax = 7a). Let k*(k) be a st colored partition
of k. The space of all colored partitions termed colored Young graph and its elements are
defined as follows>*

N
YN = XY, k'(k)eYV, Kki(k)=(k"(m)k?(n2),....k" (ny)), (D.2)
=1
34In what follows we ascribe Greek letters to color indexes o = 1,..., N and Latin letters to coordinates

of the box within a Young diagram, (¢, ) € k°(n).
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where for a given k € Ny

N N N
K k) =k=) na=Y [k na) =) Y k*(na) (D.3)

a=1 a=1 a=lia=1
for any s, € {1,...,p(ng)} with a = 1,..., N. Note that any k*(k) is uniquely specified
by the set of numbers s, and n,, such that for a fixed n,, for all @ we have [ [ p(nq) number
of different k*(k)’s. The above equation represents a specific decomposition of k into a
sum of parts n,. However, this decomposition is not unique. In fact, there is a ¢(n, N) =
(n+ N —1)!/(N — 1)!In! possible ways to do this, where c¢(n, N) is a number of constrained
partitions (so called compositions) of n € Ny into a sum of exactly N parts. Let S(k, N)
denote a shell in YV, that is a set of points defined as follows S(k, N) = {k € YV||k| = k},
then the number of points in the shell amounts to

c(k,N) N

> 1Ipme)

r=1 a=1

This enables us to decompose the sum in the instanton part of eq. (4.1b) into a sum over
distinct shells and the sum over points in a given shell, namely

Z A2N|k|Zk a €1, 62 Z AQNk Z Zk(a, €1, 62)- (D4)

keyN k>0 keS(k,N)

Sum over shells amounts to

c(k,N) N p(ng)

Y Zaene)= Y [ Y. Zuala (k= (n))} e, ). (D.5)

keS(k,N) r=1 a=1 so=1

Instead of regarding s partition k*(n) as a (-tuple of non-increasing, positive integers
one can extend this notion to an infinite sequence of non-increasing, nonnegative integers
k; whose length is ¢(k) = ¢, and for i > ¢, k; = 0. Moreover, we follow the practice
to keep implicit both, the label s that positions a partition in P, and the number n the
relevant partition corresponds to. Within this extended notion, the partition is the following
sequence

k= {ki}ien, where ki € No, V i>jmki<k, K=Y k=n
i>1
Note that this implies that for ¢ — oo, k; — 0. Form this point of view, Y is a subset
of nonnegative, integer null sequences co(Z>p). For any partition (Young diagram) k € Y
there is a dual partition k € YP. It is related to the original one through the transposition,
ie., k=k” (kT =k) and |k| = |k|. Hence, Y 2 Y” = Reverse(Y), where the last map is a
specific permutation that reverses the ordering o partitions within each P,. Extension to a
colored partition is straightforward and for any k € YV it takes the following form

N N
k=(ki,....kn) = {kaz}ae{l vy and k=k[ =) [kl =Y Y kay
a=1

a=1i>1
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Notions of partition theory play the crucial role in counting of instanton configurations.
As it has been shown by Nekrasov [22] and independently by Nakajima and Yoshioka [60]
the instanton part of the partition function for the A/ = 2 nonabelian gauge theory with
SU(N) symmetry, when computed on the so called Q-background [21], appears to be a
sum over all colored Young diagrams. The instanton charge k corresponds to the total
number of boxes that are distributed into N parts (compositions) each of which can be
further partitioned, thus forming a colored Young diagram as described above. The form
of Nekrasov’s instanton partition function for a pure SU(N) gauge theory reads [21]

ZiHSt(A7a7 61762) = Z A2Nka(aa €1>62)> (DG)
keYN
where
_ i —1 o
Z a 61,62 H H Ga ) + 61(71 ) + 62( j) N (D.7a)
a,f=1 2,]>1 —ag + 61(2 - k,&j - 1) + GQ(kOéﬂ' - J)

where A is an infrared effective scale which is related to the complexified SU(N) gauge
coupling 7 = 4mi/g? + 0/27 through A2N ~ p exp{2mit}. pyy is the scale where the
classical (microscopic) theory is defined. The deformation parameters are in general €1 5 € C
and either R(ey) > 0,R(e2) < 0 or R(er) < 0,R(e2) > 0. For the sake of definiteness in
what follows we assume R(e;) > 0, R(e2) < 0. The contribution (D.7a) to eq. (D.6) may be
cast into three equivalent forms, which we quote following refs. [21, 60, 61|, namely

Zk(a 61,62)
ofe1ij>1 aag—l—el(k: i)+62(j—k‘/37,‘—1)
L] Dlbas vl =i D) b k) Dby G 1)

2NE T (ba | —4) + kai — kg;) T (ba it 1
2 (wiyiag T bep t v — 1)+ 8j) I (bap +v(5 =i+ 1))

(D.7¢)

1 1
= alﬁ_ll sle_]k[ Aap — €1L/5 s) + EQ(AQ(S) + 1) sle_ﬂ!@ Gap + 61([/&(8) n 1) _ 62Aﬁ(s)7 (D.7d)

where

Ao = Ao — a8, bag = aap/€a, V= —€1/e,

and A (s) = ka,i—J, La(s) = l;:avj —i are arm-length and leg-length, respectively. s = (i, j)
represents a box in a Young diagram k., where 1 < i < /{, = 127%1 and 1 < j < k,;. The
forms (D.7a)—(D.7c) although defined in terms of infinite product are finite and well defined
due to a finiteness of the relevant Young diagrams. In what follows we are concerned with
yet another form, namely the contribution expressed in terms of the profiles of Young
diagrams. This form can be obtained by means of the (-function regularization techniques
that enable to deal with divergent expressions like the numerator or the denominator of
eq. (D.7a) when considered separately. The contribution (D.7a) to the instanton partition
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function (D.6) along with the perturbative part introduced in eq. (4.1a) can be cast into
the following form

N
A exp ¢ = > Yo e (ags A) p Zi(a e, €2)

a,B=1
~ [e.o] N
d A? 1
= —— dt 57! Gapt
PN Tds | T(s) / (ec1t — 1)(ec2t — 1) 2 [e
& 0 ()é,ﬁ:l
+(e—61t o 1)(662t - 1) Z <et[aaﬁ+€1(i_];Bj)‘i'EZ(kai_j)] . et[(la3+61i—62j]) ] ’ (DS)
i,7>1

where the perturbative part is defined in eq. (4.1a) with the €; eo-parametric gamma function
assumes a form (recall that we take fe; > 0, Rea < 0)

A~

Vei,e2 (w5 A)

d
ds

]\S ¥ e—xt
de ¢571 . .
s=0 F(S) 0/ (eelt _ 1)(662t — 1), Rr > 0, Rs > ( 9)

The above gamma function satisfies the following second order functional partial difference
equation

A A
Ae Ae €1,€ ;A =1 T R
1Ay Ver e (w3 A) = log <$+€1+€2>

where A, f(x) = f(z +¢) — f(z) for ¢ = 1,2. For convenience we introduce the following
notation

ea(t) = et p(t)=e ,  q(t) = e, R(e1) >0, R(e2) < 0. (D.10)

N _
X Z eaegl{l +(p—-1)(qg—-1) Z <pkﬁj*iqkm'*j _pfiqu) }, (D.11)
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The above series can be transformed into the finite form, namely (¢, = £(kL) = ko.1)

I+(p-1@-1) ), (p’gﬁj”'qk“’j —p”'q’j>

2,5>1
o Lo
=14 == )Y e (P 1) (4 1)
=1 j=1
lo s i
+-1)) p (q’““' ~ 1) +q-1)) q7 (p"”“j ~ 1)
i=1 j=1
la ls i
L+(p-1)> p (qkai - 1) L+ (g-1)> ¢ <p’%' - 1) . (D.12)
=1 =1

In what follows it proves useful to define the following quantity

Lo

Pr.(pg) =1+ (p—1) Zp ( C“’—l). (D.13)

Note, that in the above formula we can extend the upper sum limit ¢, up to infinity which
leaves its form intact. Multiplying eq. (D.13) by e, summing over color index and rewriting
it back in the original form as in eq. (D.10) we obtain

=

Z €aPkq P,

a=1
N N

= z e Z Z ( [aater1(i—1)+eakaq]t e[aa+€1i+€2kai]t _ e[aa—l—q(i—l)}t + e[aa-i—elz‘}t) '
a=1 a=11i>1

which can be written as

1 N
- / do faler, e)e™ = 3 ealbpn, (0(t), a(t)), (D.14a)
a=1

R

where

fax(zler, €2) = Z\x—aa\ +ZZ< 2 — Ta| — |2 — Ta; — €]

a=11>1

o= el +e -l —al ), (D.141)

is the profile function of the colored Young diagram k. In analogy to the above, one defines
for the second factor of the last line of eq. (D.12) the following form of the profile

N
;/dx Faxer (le2, €1)e” Z ter (q(t), p(t)), (D.14c)

R a=1
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and

fakT .%“62,61 Z]m—l—aal—i—ZZ(\x—mm] ’x—i‘a,i—ﬁg‘

a=11i>1
o= a0 + o - a0 - e ). (D.14d)

This form of the profile function equals to the one in eq. (D.14b) as it takes its form from
subjecting the former to the transposition of the Young diagram and subsequent reversion
of the order of pair of parameters (€1, €2) — (€2,€1) . It stems from the fact that in case of
the arbitrary Young diagram the following identity holds true

ik

Y e _ZZPQ => N v =) . (D.15)

(3,7)€k i=1 j=1 j=11i=1 (j,3) kT

It entails that ¢y, (p(t), q(t)) = eir(q(t), p(t)) and from eq. (D.10) it results that pi(t) =
p(—t) which holds true also for ¢ and e,. Hence, we obtain the equality fax(x|e1,€e2) =
faxr(z|e2, €1). Using the two expressions for the profile functions we obtain the exponent
of right hand side of eq. (D.8) in the sought form, namely

A 0 N
o 1 _
/d t 1 Y eacs ok, 9) i (g,p)
-Dle—1) 5= ’
0 wHP=
1 ~
= _Z ][][dxdy f;k(f‘elu 62)'}’61,62 (SL‘ - y;A)f;/;kT (y’EQ, 61)' (D16)

RZ

The partition function for the N' = 2 pure gauge theory with SU(N) symmetry takes now
the form

1
ZMhae,e)= 3 exp {— 1 1 dody fltelan e o - y;A>f;:,kT<y|62,el>},

fa,keg R2
(D.17)

Due to the fact that the profile function equals its (parameter) reverse (Young diagram)
transpose, the exponent in the above formula can be cast into yet two equivalent forms

with exponents that have schematic form3?

(fir) (e2, €)% (M) (fi) (€1, €2) and  (fi)) (er, e2)7i(A) (fil) (€1, €2).

The last two correspond to egs. (D.7b) and (D.7c¢), respectively multiplied by the perturba-
tive part. This statement can be phrased yet in another form. Let us define the following
quantity

o (P )iz (0,9) — 1

(P! =1)(g—1)

Naop(p:q) = (D.18)

3%For notation see eq. (4.9).
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Then the left hand side of eq. (D.16) can be put in the form

1 N
— 1 H oty iaelen @ a5 A e e

RQ

d| A T
= - Z Ve, e aaﬂ7 ) dS ( /dtt ! Z eaelg aﬁ pa )

The quantity under the second integral with the use of eq. (D.15) can be brought to the
following equivalent forms

N N

D eacs ' Nog(p:g) == D eacz' Y ( Foi =i+ ghai =] _ p*i“q*j> (D.19a)

a,f=1 ,B 1 4,7>1

— Z eacst S ( ~Fagti g hiti—1 p‘qa‘—l) (D.19b)

a,f=1 1,7>1
= Z eaeglz — 1 <qkai_k51pj_i —pj_i> (D.19c¢)
(0n,i)#(8,9)
N
=— Z eaeﬁ ZpLB )+ gAa —i—Zp La(s)g=As(s)=1 ] | (D.19d)
a,f=1 s€ka sekg

The ordering of the above equations corresponds to the one in egs. (D.7a)—(D.7d). The
definition of A, and L, can be found below the latter equation. The “off-diagonal” sum in
eq. (D.19¢) is understood as follows

N N
Z Aa77’757.] = Z Z AOé,i;Oé,j + Z Z Aazi;ﬂyj'
(a,3)#(B,9) a=1i#£j aFfB g
E Product identities and Y functions

The saddle point equation can be given yet another form. First, let us note that the
following identities hold

N 0
x—xaj—i-el 1’—l‘a’1+€1
HH z—a° :H:c—a:o —e(L—-1) (E-la)
a=1j=1 a=1 a,l 1

Shifting the above equation in £ — x — ¢; and multiplying thus obtained result by the
eq. (E.1a) leads to the following identity

i te A
HHw— — H:c—a: —i-el:Hl;I —el(L—l)‘ (E-1b)

a=1j=1 a,j a=1

As the first step to the iterative solution of eq. (4.21) one assumes that there exists some
L € N at which a sequence of columns terminates, i.e., wq; = 0 for 4 > L. In this case the
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only change in the saddle point equation (4.21) is

111 (Tai —25j — €1)(Tay — 23 ; +€1) 1T €1
(Tos : 40 Tos— 20+ e

g LB + 61)(3501,1 .T@j - 61)

_ ﬂ ﬁ (Tayi — LB,j — €1)(Ta,i —$,%,j + €1) ﬁ €1
] ( 0 T 0

Tai — TBj + 61)($O¢:i RN 61) ai — g ; Ta ‘

Due to identity in eq. (E.1b) it is possible to rewrite the right hand side of the above
equation in the form

2
HH“’“““"“H - —eNHH”““ -
X 4 ) 0 1
Tai— T+ €1 pate) Tai—T g, j +e

— €
—1j=1 5 — el g1 o1 Ta

Hence, the saddle point equation takes the infinite product form (£,; = xq.i/€1)

A2N Lo xﬁ,J 1 _ (A )2N foc i fﬁg _ N-1
It is now possible to release the condition for the finiteness of the number of columns such
that {w;}7 | — {wi}ien, which leaves the form of the equation intact. As one may notice,
this form resembles TBA equation.
Before we proceed let us rewrite the saddle point equation using the following function

Sl TATEL (BaPUa) = ()Y

sl Alat €65
Note, that numerator and denominator if taken separately are divergent. For the study
of non-iterative solution of eq. (E.2) it is convenient to work with well defined functions.
Therefore, following Poghossian [57] we bring the saddle point equation into yet another
form. Namely, let us cast U(z) function back into the form of eq. (4.21) with the cutoff L
for safety reasons, i.e.,

N L 0
N (z —zp; —e)(z —xp,; +e1)
UL(z) = U QU ey T ey

(1 _ Z—61> 1— z+51
T8, B J
—1i=1 _ z—i—el) _ z—€1

poii=t (1- 2 (1 9 )

where P(z) = [[(z — an). Each factor of the above product may be transformed as follows

N L N L oy L
[I1I(1- ) e < [Le RN (10 2 ) e

8,5

(E.3)

B=1 Jj=1



where

L
¢L(Z+1)E—7+Z<1—Z_1|_Z,> £jg{m/;(z%—l):O%logf(val).
i=1

Inserting this result in the appropriate form into the eq. (E.3) we get

N e2(z/e1)vr(ag/e1)
P z—i—q He 2(z/e1)r(ag/e1)

Ur(z) =

L (1 B 235_761) 6(2*61)/93,8,]' (1 . z+el> e(ZJrEl)/x%J
% H B T8,
j=

1 (1 — zer (Gren)/ag; (1 _ z=a | G(e—e)/ag
x5, %

Each factor in the numerator and the denominator are now separately well defined. Within

the limit L — oo these functions resemble inverse of the Gamma function which is known
to be entire function. Define the following quantities

oo - ).

51 » LB,j

N =1 (E.4)
) = H (z/e1)¥(ag/e1) H (1 _ g) ez/xg,j,

B=1 §>1 LB,

These are either entire functions with zeros at points xg j, :L‘% j respectively. We can now
safely send L — oo so that the result reads

2N

€] Y(z—€)Yo(z+e1) Y(z—e€)

U = bt a) Vet oo —a) _ Yta) (E-5)

With the aid of these functions the saddle point equation (E.2) can now be expressed in
yet another enlightening form given in eq. (4.26).

F Result of iterative solution of saddle point equation for SU(2)

In this appendix we present results of iterative solution of the saddle point equation (4.21).
This is done up to L = 3, where L is a cutoff for number of columns within each colored
Young diagram. Quantities obtained this way are coefficients of expansion in (A/e)2N of
colored column in an extreme Young diagram, namely

Wi i = Zwa,i,jqj7 q= (A/el)gN

Ji

The sum over colors within a given order of q expansion yields coefficients of the twisted
superpotential. The saddle potint equation given in eq. (4.21) which is to be soleved itera-

— 492 —



tively in this appendix may be rewritten in a more useful form, namely

2NHH< (L) _ 0 —i—e)(a:(m) w%}—q)

a=1j=1
N 2 L
+HH ) 2% +e H 2% —e) (o —2P ) =0 (F.1)
az By Tl az B ¢l ol gy )T :
a=1j=1 j=1
e N=2L=1
3 3
€1 €1
- _ = _ ) F.2
w111 2a(2a +€1)’ w211 2a (2a — €1) (F-2a)
e N=2L =2
" _ €] (—8a® + 4a'er + 22a’€} + 3a’€} + 3ae] + €7) (F.2D)
b2 8a3 (2a —€1)2 (a+€1)(2a+ €1)3 ’ '
5
€1
= F.2
w1,2,2 8a(a+e1)(2a+ )2 (F.2¢)
_6? (8a® + da*e; — 22a%€} + 3a%€} — 3aef + €7) (F.2d)
“212 = 8a3 (a—e1) (2a —€1)3 (2a + 1) 2 '
5
€1
=— . F.2
“2.2.2 8a(a—e€1)(2a—€1)2 (F.2)
e N=2L=3
In this case the solutions are for a =1
€l (896a'? — 1600a'te; — 2656a'%€7)
w =—
b3 96a® (a —€1) 2 (e1 — 2a)* (a + €1) (2a + €1) ® (2a + 3¢€7)
e (7344@96:1)’ + 3000a®¢] — 7788a" €] + 7102&66?)
96a® (a — €1) 2 (€1 — 2a)* (a + €1) (2a +€1)%(2a + 361)
€1 (—2999a%€¢] — 677a’e} — 144a°¢] — 96a’€{° + 30aei' + 186;%) (F 2f)
96a° (a — €1) 2 (€1 —2a)4(a+61) (2a+61) (2a + 3¢1) ’
B 2¢ (—2a3 — a*e1 + baet + e:{’) (F.2)
w1237 "3, (61 —2a)2(a+¢€1)(2a+€1)*(2a+3e1)’ o8
7
€
w133 =— ! (F.2h)

96a (2a + 3€1) (202 + 3aer + €7) 2
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and for a =2

e} (896a'? + 1600a'te; — 2656a'%¢7)

Y218 =T 9645 (2a —€1)® (a+€1)?(2a+ €1)* (2a® — Saey + 3€)
el (—7344a%3 + 3000a®e} + 7788a" €] + 7102a5¢€$)
96a° (2a — €1)° (a + €1) 2 (2a + €1) * (2a® — Saey + 3€?)
€1 (2999a%€¢] — 677a’e] + 144a°€) — 96a’¢;° — 30aei" + 18¢;%) (F.20)
96a® (2a — €1)® (a + €1) % (2a + €1)* (2a% — Haer + 3€¢7) '
26{ (2@3 _ a261 — 5&6% + 6?) (F 2_)
w = , .
223 73, (61 —2a)*(2a+€)2 (2a2 — baey + 36%) )
7
€
w233 =— ! (F.2k)

96a (2a — 3€1) (202 — 3aer + €7) 2
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