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1 Introduction

Ever since the suggestion that charmonium suppression may provide a signature for the for-

mation of the quark-gluon plasma (QGP) in relativistic heavy-ion collisions [1], quarkonia

(heavy quark-antiquark bound states) immersed in the QGP have been studied intensely.

Due to the large energies available at the Large Hadron Collider, not only charmonium

but also bottomonium can now be investigated experimentally [2–5] and this has led to

an increasing theoretical interest in understanding the bottomonium system and its phe-

nomenology at finite temperature, see e.g. the recent reviews [6–8] and references therein,

as well as refs. [9–12].

In a series of papers [13–15] we have studied bottomonium at nonzero temperature

using simulations of lattice QCD, in which the heavy b quarks propagate nonrelativistically

through a quark-gluon plasma with Nf = 2 flavours. We use a highly anisotropic lattice

formulation, with a total of seven different temperatures up to 2.1Tc. In refs. [14, 15] we

focused on the S waves (in the Υ and ηb channels) at zero and nonzero momentum, and

found that the ground states survive up to the highest temperature available, while excited

states appear to dissolve close to Tc. These results are consistent with experimental findings

at the LHC [2–5]. In ref. [13] first results for P waves were presented (in the χb channels).

In the QGP phase we observed clear indications for nonexponential decay of the euclidean

lattice correlators, which was interpreted as the melting of the ground (and excited) states.

Our aim for this paper is to complete the analysis of the P wave states. In ref. [13]

we studied correlators (and no spectral functions) at only four temperatures with limited

statistics: here we extend this to the full ensemble also used in refs. [14, 15] and provide

the spectral functions, obtained with the help of the Maximum Entropy Method (MEM).

The paper is organised as follows. The correlators and spectral functions are presented in

sections 2 and 3 respectively. Section 4 contains a discussion of systematics in the MEM

analysis. Finally, a summary is given in section 5.
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Nτ 80 32 28 24 20 18 16

T (MeV) 90 230 263 306 368 408 458

T/Tc 0.42 1.05 1.20 1.40 1.68 1.86 2.09

Ncfg 250 1000 1000 500 1000 1000 1000

Table 1. Two-flavour lattice details: the lattice size is N3
s × Nτ with Ns = 12, lattice spacing

as ≃ 0.162 fm, a−1
τ = 7.35(3)GeV, and anisotropy as/aτ = 6 [14].

2 Correlators

We use the formulation and lattice ensembles discussed in ref. [14] and refer to that pa-

per for further details. Here we mention that the applicability of nonrelativistic QCD

(NRQCD) [16] on the lattice [17] to treat the b quark at finite temperature is motivated

by the hierarchy of effective field theories formulated in refs. [18–21]. We also emphasise

that the use of NRQCD enhances the signature for quarkonium melting/survival, as it

avoids several problems which have complicated the study of relativistic quarks in thermal

equilibrium [22, 23]. In particular, constant contributions associated with transport and

susceptibilities [24] are not present [13]. Moreover, the entire euclidean time interval can

be used, due to the absence of backward moving states. For completeness, some lattice

parameters are provided in table 1.

We start with a discussion of the correlators G(τ). All correlators are at zero momen-

tum and we use point sources throughout. We have analysed P wave correlators in the
3P0(scalar, χb0),

3P1(axial-vector, χb1),
3P2(tensor, χb2), and

1P1(hb) channels. We found

that the correlators in the different channels behave in a very similar way. To illustrate

this, we show in figure 1 double ratios, namely the ratios of the correlator G(τ ;T ) in the

χb2 channel at a temperature T , normalised by the correlator at the lowest temperature,

T/Tc = 0.42, divided by the same quantity in the χb1 channel. As can be seen, the differ-

ence, although statistically significant, is at most a few per mille at the largest euclidean

times. Hence from now on we present results in the χb1 channel only.

In figure 2 (left) we show single ratios: the correlation functions at a given temperature

T , normalized by the correlator at the lowest temperature, T/Tc = 0.42, as a function of the

euclidean time. We observe a substantial temperature dependence in the whole temperature

range. The maximal deviation, at the largest τ value for each temperature, is around 20-

25%. This should be contrasted with the situation for S waves, where we found a maximal

deviation of less than 3%, see figure 1 of ref. [14]. This is the first indication of strong tem-

perature effects for P waves. We reiterate that this temperature dependence is not due to

changes in the susceptibility or zero mode [23], since this contribution is absent in NRQCD.

In figure 2 (right) we show the effective masses,

aτmeff(τ) = − log[G(τ)/G(τ − aτ )], (2.1)

as a function of τ . When the correlator takes the form of a sum of exponentials, the

ground state will show up as a plateau at large euclidean times, provided that it is well
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Figure 1. Ratio [G(τ ;T )/G(τ ;T0)]χb2
of the correlator in the χb2 channel at a given temperature

T with the one at the lowest temperature, T0 = 0.42Tc, divided by the same quantity in the χb1

channel, [G(τ ;T )/G(τ ;T0)]χb1
.
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Figure 2. Left: ratio of the correlator G(τ ;T ) at a given temperature T with the one at the lowest

temperature, T0 = 0.42Tc, in the χb1 channel. Right: euclidean-time dependence of the effective

mass, for different temperatures.

separated from the excited states. This is indeed the case at the lowest temperature and

leads to the zero-temperature spectrum discussed in refs. [13, 14]. Above Tc, we observe

that the effective masses no longer follow the trend given by the correlator below Tc, but

instead bend away from the low-temperature data. This implies that the spectrum has

changed drastically. If isolated bound states persist, the ground state has to be much

lighter and excited states cannot be well separated. A more natural explanation is that

there is no exponential decay and bound states have melted, immediately above Tc. This

interpretation is supported by the spectral function analysis presented next.
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Figure 3. Spectral function in the χb1 channel at the lowest temperature (left) and at all temper-

atures (right). The dotted line on the left indicates the position of the ground state obtained with

a standard exponential fit.

3 Spectral functions

To obtain further insight into how P wave states are modified in the QGP, we now turn

to a spectral-function analysis, similar to that presented in refs. [14, 15]; we refer to those

papers for details. In NRQCD the spectral relation reads [13, 19]

G(τ) =

∫ ωmax

ωmin

dω

2π
K(τ, ω)ρ(ω), K(τ, ω) = e−ωτ , (3.1)

both at zero and nonzero temperature, unlike the case of relativistic quarks, where the ker-

nel K(τ, ω) is temperature dependent. We invert eq. (3.1) with the help of MEM [25, 26],

using a constant default model, with limits aτωmin ∼ 0 and aτωmax ∼ 2 [14]. Since the

heavy quark mass scale is integrated out, energies are determined up to an overall addi-

tive shift, which is fixed by comparing the spectrum at zero temperature with the actual

physical spectrum. Specifically, we used the Υ(1S) mass. We therefore identify aτω = 0

with ω = 8.57GeV [14].

The result at the lowest temperature is given in figure 3 (left). The dotted vertical line

indicates the mass of the lowest-energy state obtained with an exponential fit. We see from

this that the narrow peak in the spectral function corresponds to the ground state. The

second, wider structure is presumably a combination of excited states and lattice artefacts,

see below. We note that we have not been able to extract the mass of the first excited

state with an exponential fitting procedure. The spectral functions for all temperatures

are shown in figure 3 (right). We find no evidence of a ground state peak for any of the

temperatures above Tc. This is consistent with the interpretation of the correlator study

presented above and supports the conclusion that the P wave bound states melt in the QGP.

In order to interpret the remaining structure, we compare it with the spectral function

computed on the lattice, in the absence of interactions [14]. In the continuum the free

spectral function in the P wave channel is given by [19]

ρfree,contP (ω) ∼ (ω − ω0)
3/2Θ(ω − ω0), (3.2)
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Figure 4. Comparison with the free lattice spectral function above Tc with the threshold at aτω = 0

(left) and slightly shifted (right).

where ω0 is the two-quark threshold. Note that in NRQCD the free spectral function is

independent of the temperature. On the lattice this simple expression is modified due to

lattice artefacts: in particular, since the lattice momenta take values in the first Brillouin

zone only, it has support in a finite energy range. Moreover the edges of the Brillouin zone

show up as cusps in the free lattice spectral function, see appendix A of ref. [14] for details.

In figure 4 we show the free lattice spectral functions, together with the spectral func-

tions above Tc. In NRQCD the area under the spectral function is given by the source at

τ = 0 [14]; we have adjusted the overall normalisation of ρfree,latP (ω) to find approximate

agreement. In principle the threshold ω0, where ρ
free,lat
P (ω) starts to increase, is determined

by twice the heavy quark mass. In the free calculation, this coincides with aτω = 0, as in

figure 4 (left), but in the interacting theory this value will depend on details of the lattice

simulations and the heavy quark mass, and will in general be different. Therefore we are

allowed to shift ρfree,latP (ω) horizontally, as in figure 4 (right). On the other hand, what is

not adjustable is the width of the region where ρfree,latP (ω) has support and the position of

the cusps. Therefore these features can be sensibly compared between the interacting and

the free theory: we observe that the structure of the full spectral functions from NRQCD

simulations in the QGP is not too dissimilar to that of ρfree,latP (ω), another indication of un-

bound, quasi-free b quarks. This lends further support to the conclusion drawn in ref. [13]

from an analysis of the correlators, namely that the system in the P wave channels is

approaching a system of noninteracting quarks.

4 Systematics

To ensure the robustness of the results produced with MEM, it is necessary to investigate

the dependence on the various input variables in the MEM analysis, such as the default

model, the precision of the data and the time range used. A detailed study of systematic

effects in the MEM analysis in the case of S wave channels can be found in our previous

paper [14]. We have repeated that analysis for the P wave channels considered here and

found that the results are again robust against variation of most of the input variables.
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Figure 5. Reconstructed spectral functions using a constant default model and the free lattice

default model, shifted by aτω = 0.05 and 0.1, in the χb1 channel, for Nτ = 32 (left) and 20 (right).

However, we have found one aspect that is specific for the P wave channels, namely a very

strong dependence on the choice of final time slice. In contrast, in the S wave channels the

results do not depend strongly on the final time slice.

We start with a discussion of the default model dependence. The default model m(ω)

enters in the parametrisation of the spectral function,

ρ(ω) = m(ω) exp
∑
k

ckuk(ω), (4.1)

where uk(ω) are basis functions fixed by the kernel K(τ, ω) and the number of time slices,

while the coefficients ck are to be determined by the MEM analysis [25]. We find that the

results are insensitive to the choice of default model, provided that it is a smooth function

of ω. It is also possible to use as default model the free lattice spectral function, which has

cusps and support in a finite ω interval only, as shown above. To use ρfree,latP (ω) as default

model, we add a small constant so that it is nonzero in the entire ω range. We also shift

it in the horizontal direction, such that the thresholds are located at aτω = 0.05 and 0.1.

The resulting spectral functions are shown in figure 5, together with the results from the

constant default model, m(ω) = m0. We observe that the nonanalytical behaviour of the

free lattice default models is still present in the reconstructed spectral functions, since the

basis functions uk(ω) are not capable of eliminating this. Shifting the default model simply

results in a shift of these cusps. From this we conclude that using a lattice free default model

introduces a bias which cannot be overcome. We hence favour choosing smooth default

models only: the results of the previous section are obtained with a constant default model.

We also see that lattice artefacts potentially set in quite close to the threshold, which can

be avoided by using lattices with a finer (spatial) lattice spacing: this will be necessary

to clearly separate the physical region from the region dominated by lattice artefacts.

Nevertheless, we observe that the position of the threshold agrees between the three default

models. Moreover, as already noted above, the spectral functions reconstructed using a

constant default model have support in the region marked by the free lattice spectral

function. This result seems therefore clearly encoded in the euclidean correlator data.
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Figure 6. Dependence of the reconstructed spectral function on the final time slice used in MEM:

τ/aτ ∈ [n1, Nτ − n2], with n1 = 2 and n2 = 4, 3, 2, 1, for Nτ = 28 (left) and 16 (right). The source

is located at n1 = 0.

We now turn to the dependence on the time range. In the MEM analysis, one chooses

the time interval, which should be varied in order to establish robustness of the output.

We recall that in NRQCD the correlators are not periodic in time,1 so that in principle the

entire time interval can be used, rather than only up to τ = 1/2T . Thermal effects appear

since the b quarks propagate through an ensemble of gluons and light quarks at finite tem-

perature, which is implemented via the usual (anti)periodic thermal boundary conditions.

Hence, even though boundary conditions do not appear explicitly in the propagation of the

b quarks, they are still present indirectly through the interaction with the QGP. To test

the dependence on the time interval, we write the (discretised) time interval as

τ/aτ = n1, . . . , Nτ − n2, (4.2)

where the source is located at n1 = 0 and the maximal time is Nτ − 1, i.e. n2 = 1 (and not

Nτ/2). In figure 6 we present the dependence on the final time slice, varying n2 = 4, 3, 2, 1

at a fixed n1 = 2, for Nτ = 28 (left) and 16 (right). Interestingly, we observe a clear double

peak structure when the largest possible time is used, n2 = 1. Moreover, the peaks get

more pronounced as the temperature is increased. However, the double peak structure is

only seen when n2 = 1 and is not robust under variation of n2. To illustrate this, we show

in figure 7 results with n2 = 3, 4 and varying n1 = 1, 2, 3, 4. In this case the output is robust

and we recover the spectral functions discussed above. In particular, there is very little de-

pendence on the initial time slice used. While we not fully understand why the inclusion of

the entire time interval has this effect, we conclude that the behaviour found when n2 = 1 is

anomalous: it presents a thermal lattice artefact due to the periodicity of the gluonic fields

through which the b quarks propagate and it should be discarded. For completeness we note

that the spectral functions shown in figures 3 and 4 are obtained with n1 = 1 and n2 = 3.

1Nonsymmetric correlators also appear in the case of thermal Wilson loops, used to construct heavy-

quark potentials [27, 28].
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Figure 7. As in figure 6, with n1 = 1, 2, 3, 4 and n2 = 4, 3.

5 Summary

We found strong indications that bottomonium states in the P wave channels (χb and hb)

melt in the QGP, at a temperature close to Tc. This is in contrast to the situation in

the S wave channels (Υ and ηb) where we found previously that the ground states survive

up to the highest temperature we consider, T/Tc = 2.09. The conclusion for P waves

is based on observations of the correlators and the associated spectral functions, which

we find to be consistent: an absence of a plateau in the effective masses in the first case

and the absence of an isolated ground state peak in the second. Moreover, above Tc the

spectral functions are similar in shape to those found for free nonrelativistic quarks on the

lattice. As a technical remark, we note that the MEM results are robust under variation

of the euclidean time interval used, provided that the final time slice is not included. We

emphasise that our results have been obtained on ensembles with a single lattice spacing:

systematic effects related to lattice spacing dependence have not yet been addressed.

As an outlook, we note that there now exist various alternatives to MEM [29, 30] and

it would be interesting to apply those techniques in order to gain further confidence in our

conclusions, also on ensembles generated with different lattice actions [31]. Similarly, it

would be interesting to compare our results with potential model calculations. Finally, we

are in the process of extending this work to ensembles with Nf = 2+ 1 dynamical quarks,

using lattices with an anisotropy of as/aτ = 3.5 and a finer spatial lattice spacing. First

results on these Nf = 2+1 ensembles have been obtained for the electrical conductivity [32]

and susceptibilities [33]; the study of bottomonium is currently under investigation [34].
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