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1 Introduction

Higher spin field theory is a topic that enters several aspects of modern theoretical physics.
In this paper we quantize higher spin fields on (A)dS spaces using a worldline approach
and study their one loop effective action, extending the analysis of [1] that was restricted
to flat spacetimes.

The worldline approach to quantum field theory (see [2] for a review), has been known
to be an alternative tool to compute Feynman diagrams through the quantization of rel-
ativistic point particles. More specifically, one loop effective actions in the presence of
external fields find an efficient approach in terms of point particle path integrals computed
on the circle, whereas field theory propagators are linked to particle path integrals on the
line. In particular, for relativistic higher spin fields (see [3-8] for reviews) the particle
approach might be particularly useful to extract information beyond the classical level. It
is the main objective of the present manuscript to use a particle approach to compute the
one loop effective action for higher spin fields in curved space. Indeed, extensions of the
worldline approach to field theories with background gravity are feasible, as discussed for
example in [9-14].

The class of higher spin particles that we wish to treat here are those described by
the O(N) spinning particles actions [15-18], that contain a fully-gauged extended super-
symmetry on the worldline. These models describe in first quantization higher spin fields
that enjoy conformal invariance in flat spacetimes [19-21]. They form the complete set



in D = 4, and for spin S > 1 they live only in even space-time dimensions. In [22] the
conformal invariance was proven by showing that these particle models have classical back-
ground reparametrization and Weyl invariance, thus leaving the conformal Killing vectors
as generators of true symmetries. This result also implies that these models are consistent
on generic conformally flat spaces. The particular coupling to (A)dS spaces was previously
known from the work of [23]. The class of higher spin fields treated here can be described
by higher spin curvature tensors that obey the symmetries of a Young tableau of D/2 rows
and [S] columns (see [24] for a discussion of the curvature tensors for half-integer spin).
More general types of higher spin fields could perhaps be described by using the detour
worldline methods of [25-27].

The gauge structure of our particle models on generic conformally flat spaces is quite
complex, as it contains non-trivial structure functions [22]. We find it simpler, for the
moment being, to investigate the one loop effective action on maximally symmetric spaces,
i.e. (A)dS spaces, which allow for an algebraically simpler gauge fixing procedure. Weyl
anomalies are generically present in quantum field theories, so that we expect to find a
nontrivial effective action, as indeed we do.

One may also approach the problem directly in quantum field theory, as suitable actions
are known, see for example [28-36]. However we wish to suggest here the point of view that
many results are more efficiently obtained using first quantized methods.! Recently the
heat kernel for some higher spin fields in (mostly) odd-dimensional maximally symmetric
spaces were computed using a group-theoretical approach [42-44]. Our approach deals with
a different set of multiplets on even-dimensional spaces. It would be useful to eventually
compare the two approaches. Also, a different type of effective action with higher spin
backgrounds was studied in [45].

In subsequent sections we first present the gauge fixing of the models under study, then
briefly review the regularization techniques needed to compute worldline path integrals in
curved spaces. Finally we present the derivation of the worldline representation of the
effective action. It is generically difficult to compute it in a closed form, so we aim here
to calculate explicitly only the first few heat kernel coefficients for (A)dS backgrounds.
For D > 2 these correspond to diverging terms that must be subtracted to renormalize
the effective action. We perform the path integral computation with an arbitrary metric,
as intermediate calculations might be useful for a larger class of backgrounds. Indeed,
as mentioned above, these spinning particles are certainly consistent on conformally flat
spaces. However, in that case the gauge fixing procedure is much more laborious and will
not be attempted here.

The present analysis could be repeated step by step to carry out similar calculations
for the U(V) spinning particle [46], which gives rise to higher spin fields living on complex
spaces [47] (treated already for the particular cases of N=1,2 on arbitrary Kahler manifolds
in [48, 49]).

' A worldline approach to quantum massive higher spins in (A)dS [37-41] can be treated along similar
lines by dimensionally reducing the O(N) spinning particle used here.



To conclude, the main results derived here are a worldline representation of the one
loop effective action for a class of higher spin fields on (A)dS spaces, see eq. (2.27), and
the calculations of the first few heat kernel coefficients, see egs. (3.4), (3.5) for integer spin
and egs. (3.11), (3.12) for half-integer spin.

2 Spinning particle on conformally flat spaces

The model we study here is the (fully) gauged counterpart of the mechanical model with
action

1 __— 1
S = / dt(pua't“ + %w;‘wm — ipup“> , t=1,...,N (2.1)
0

where a set of global worldline symmetries (time translation, N supersymmetries, O(N)
R-symmetry) are rendered local to guarantee unitarity. Here x# and p, are spacetime
coordinates and momenta of the particle, whereas 1){ are Majorana fermions, with a a
flat Lorentz index. The resulting phase-space action identifies the so-called O(N) spinning
particle model and, when considering a curved target space, reads

1
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with H = Hy — %Rabcd P - wbwc . wd and Hy = %g‘“’ﬂ,ﬂru being the kinetic hamiltonian
written in terms of the covariant momenta m,, = p, — %w#abwfwg’. From (2.2) one recognizes
the supercharges @; and the O(IN) symmetry generators J;;. E collectively denotes the
worldline gauge fields E = (e, x;, ai;), i.e. einbein, gravitini and O(NN) gauge fields respec-
tively. This model describes the first quantization of a particular mixed-symmetry higher
spin particle in D = 2d even-dimensional curved space, that generically (for N > 2) must
be conformally flat. The spectrum of the model for N > 2 is empty in odd dimensions [18].
For even N = 2n the model describes equations of motion (the Dirac constraints) for a
bosonic field strength characterized by a rectangular Young tableau with n columns and d
rows. For odd N = 2n + 1 the model describes equations of motion for a fermionic field
strength, a spinor-tensor with a tensor structure characterized by the same n x d Young
tableau. For D = 4 this involves all possible massless representations of the Poincaré
group, that at the level of gauge potentials are given by totally symmetric (spinor-) ten-
sors, whereas for D > 4 it corresponds to conformal multiplets only [19-21]. The euclidean
configuration space action, that one obtains after integrating out the momenta p, and
Wick rotating, reads

Sly, Es g = /01 dr %g,w (ﬂ':“ - x#ﬁf) (9':” - ijf) (2.3)
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with y = (2#,v{) being the “matter” fields. For arbitrary N and generic curved back-
grounds the gauge symmetry generators (H, Q;, J;;) do not form a first class algebra. How-
ever in [22] it was found that, if the background is conformally flat, they form a (nonlinear)
first-class constraint algebra and the previous action is gauge-invariant under the transfor-
mations induced by the gauge symmetry generator G = £H + i¢;Q); + %aij Jij == EAG .2

At the quantum level the constraint algebra on conformally flat spaces closes as well,
provided one adds to the hamiltonian an improvement term proportional to the scalar of
curvature, namely

1 (N—-2)(D+ N —2)
H=H,- =R @ qpbape . pd — R 2.4
0 = gllabed V* - YUY 16(D = 1) (2.4)
with the kinetic operator given by
1
Hy = 7< ¢ — iwbb“>ﬂ'a
2
_ i

Tq = €4y, Ty = 91/41?#9 /4 _ §wuab¢g¢f . (2.5)

Here we use a path integral formalism and find it more convenient to use the (euclidean)
configuration space action

Sly, E; g] = /01 dr %guy <m'“ - Xﬂﬁf) <d:” - Xﬂ/’?)

1, . e a ¢
508 (8130ab0r + a0 — g0 ) U — < Rabea ¥ - 40" -

(N-2)(D+N-2),
T 16D

(2.6)

that is (2.3) with the addition of the improvement term. The associated path integral
evaluated on the circle S*
DE Dy ¢S Exg]

Flol = .1 Vol (Gauge)

(2.7)

gives a representation of the one loop effective action for the aforementioned higher spin field
coupled to external gravity. It is defined by taking bosonic fields with periodic boundary
conditions and fermionic fields with antiperiodic boundary conditions.

In order to be able to perform computations two preliminary issues have to be taken
care of:

i) Firstly, the worldline action must be suitably gauge-fixed; i.e. the gauge fields F
must be fixed to some specific configuration that will depend upon a set of modular
parameters that must be integrated over. In the present case the gauge symmetry
algebra, associated to the above generators, is nonlinear, i.e. commutators of pairs
of generators involve structure functions and not structure constants. Therefore one
must use more powerful hamiltonian BRST methods to gauge fix the action in its
hamiltonian form.

2For N < 2 the R-symmetry group is either trivial or abelian, and the algebra closes on an arbitrary
background.



ii) The resulting gauge-fixed action depends only upon “matter” fields and modular
parameters. However, in curved space, it still is a nonlinear sigma model, so that for
perturbative computations one usually Taylor expands the metric about a fixed point
of the circle. This results in an infinite set of vertices. In addition some Feynman
diagrams present ambiguities and need to be regularized. This is a well-known fact,
and several regularization schemes have been used in the past to compute such path
integrals; see [60] for an overall review. Up to recently only quantum-mechanical
path integrals in curved space with N < 2 had been used: these path integrals, in
the worldline formalism, correspond to the first quantization of spin S < 1 fields
in curved space. More recently in [61] the regularization of nonlinear sigma models
with arbitrary N was considered, having in mind applications to the O(N) spinning
particles. What studied in [61] are the globally supersymmetric counterparts of the
models studied here. That is enough for the present purposes as the gauging does
not introduce additional ambiguities.

2.1 Gauge-fixing in (A)dS

In this section we describe the gauge-fixing of the O(IN) spinning particle propagating on
(A)dS spaces. For such backgrounds the Riemann curvature can be written as

Raved = b(Nachvd — NadMbe) (2.8)

where A = (D —1)(D —2)b is the cosmological constant. Let us start considering the action
in hamiltonian form. At the classical level (cfr. (2.2)), in (A)dS spaces the hamiltonian
constraint reduces to H = Hy — %Jij Ji; and the first-class algebra reduces to a quadratic
algebra (curly brackets here are graded Poisson brackets)

. . 1
{Qi,Q;} = —2id;;H + ib <Jik<]jk - 2@ijle1>
{Jij, T} = S — Oindji — Sudin + duJji;
{Jij, Qr} = 01 Qi — 0ixQ; {H,Qi} ={H, Jij} =0 (2.9)

that can be used to obtain the corresponding transformations of the gauge fields.
Upon canonical quantization the latter quadratic algebra turns into the following

(anti-)commutation relations

b
{Qi,Qj} =26;;H — §(Jik<]jk: + Jidit — 0ij ki Jki)
[Jijs Jrt) = 1055 S5 — 103y — 10 Tin + 165 T
[Jij, Qr) = 1601Qi — 10;xQ; [H,Q;] =[H,Ji;) =0  (2.10)

with the hamiltonian constraint given by (2.4), that in (A)dS reduces to
b
H = Hy— 2 J;;Jij — bA(D) (2.11)

with A(D) = —2(D + N —2).



In order to gauge fix the locally symmetric O(N) spinning particle action (with quan-
tum gauge algebra given in (2.10)) we use the hamiltonian BRST method reviewed in
appendix A. Basically, we define ghost fields C4 = (C,Ci,Cij) and ghost momenta Py =
(P, P;, P;j) for all constraint generators G4 = (H, Q;, J;j), such that [P4,CP} = —i6% and

(p)
write the quantum BRST operator as a graded sum 2 = Zp>0 fz Starting from

(0)
0= CAGA = CH + C,Qi + Cij i (2.12)

and imposing the nilpotency of the BRST charge, we can recursively obtain higher
antighost-number operators. Setting

[Ga,GB} = F{3(z) G¢ (2.13)

with 2% = (p,, 2*,¢¢) and F{g(z) structure functions, for the algebra (2.10) we get
(1) ]
= S () CACP S Pe

b
= —iCiCiP — 2C1,.Cri P; + 2Ci1,.Cii Pij — i (CiCiszPkl - ZCichikij> (2.14)

and
@ b ,
=19 (C’Cj ChCi Pij PrmPim — 3CmCmCiC; Pix P Pri + CrCrCiCy Tr(ﬂ-ﬂ) (2.15)
O
Q=Q=0, p>3. (2.16)

One can thus write the quantum gauge-fixed hamiltonian operator as
Hqu = HBRST - Z{Ka Q}

where the first term is a BRST-invariant hamiltonian and K a gauge fixing fermion: the
latter is BRST-invariant for any choice of K thanks to the nilpotency of 2. In the present
case since H itself enters as a constraint we can set Hgrsr = 0 and thus have

Hou = —i{K,Q} . (2.17)

Let us now use the gauge-fixing fermion
. . 0.
K=—-E4P,, FEA= <5,0, 2J> (2.18)

with 6;; a N x N skew diagonal matrix, dependent on [S] = [N/2] := n angular variables
O, with k = 1,...,n. Here S = N/2 is the “spin” of the particle. With this choice one
obtains the hamiltonian operator

1
Hqu =f[BH + §9ijJij — GijCﬂ?j — 20ijCiijm (2.19)
and consequently the gauge-fixed path integral can be written as

Sy [
0

Tlgl = K
[9] N ; Bk:1 o

/ Dz DC DP ¢'SaulzC.P.Exg] (2.20)
sl



with phase space action
. 1 i . )
Squlz,C, P, E; g] = / dt [pudf“ + 5 ¥ ia + CAP4 — Hqu} (2.21)
0
1 v b
Hqu =p ig;w(l')ﬂ' I EJijJij — bA(D)
1
+§9ij=]ij — 0:;CiPj — 20,;;CimPjm (2.22)

and 7w = pt — %w“abwfwf. Above Ky is a normalization factor that implements the
reduction to a fundamental region of moduli space

2
2. N=2
Ky =1 27 n (2.23)
ganis N=2n+1

as discussed in [1]. Integrating out particle momenta leads to a configuration space path
integral that involves the action

1 b 1
gw,m“x + ’lmetlba + 5 <4JijJZ’j + bA(D)) — §9ij<]ij

1
Squ[yacava;g] = / B
0

—PC + Pz(dzjat — QU)C] — Pij(diméjpat — Qiméjp + Hjmdz-p)cmp] (2.24)

where Dy = wf + a’c”w““bwg’ . A Wick rotation to euclidean time yields

R y QR ~SuulyC.P.Eg]
F[g]:KN/O 51_[/ / Dy DC DP e 2at¥ : (2.25)
k=1

with the euclidean version of the action given by

b

Squ[y7c 73 E g B/ dr| = MVI‘MLE + ¢az(6z]D 'L])’Qba BQbA( )

—PC + 731(5”815 — QU)CJ + Pij(éiméjpﬁt — Himéjp + ejm&'p)cmp
(2.26)

where we have Wick-rotated the O(N) fields 6;; — i6;; and the ghost momenta P4 — iP4.
Here D, is represented by the same covariant derivative as given above, with “dot” now
representing derivative with respect to 7. Fermions and ghosts have been suitably rescaled
in order to have a common % in front of the action. In the following we perturbatively
compute the above path integral. Although the latter is defined on (A)dS spaces, for
convenience we keep the geometry arbitrary and only at the end do we fix it to (A)dS. In

essence, we replace %JijJij + B%bA(D) by éRabcdl/Ja PPepC - + B2%—’_{\){2)R in the



above action. Integrating over the ghost fields yields

2m de -1
KN/ / Tk Det - evec)ABC) Det/(aT - eadj)PBC
I U a
1 Dx D+ exp 5/ dr o I HE + §¢M <5ijD7- - 91']')1/1]'
S
1 a b,c d 2(N_2)(D+N_2)
_ - . . — 2.2
8Rabcd7/) Q;Z) ¢ 1/) 6 16(D — 1) R ( 7)

where 6y and 6,q; denote the gauge-fixed O(N) potentials in the vector and adjoint
representation, respectively. Det’ indicates a determinant without its zero modes, and Dx
is the reparametrization invariant measure. Below we consider a short-time perturbative
approach to the above nonlinear sigma model path integral.

2.2 Regularization of supersymmetric nonlinear sigma models

For a particle in curved space, the passage between the operatorial representation of the
transition amplitude and its path integral counterpart is in general not straightforward, as
the latter involves a nonlinear sigma model that perturbatively gives rise to superficial di-
vergences. These divergences are compensated by vertices arising from the nontrivial path
integral measure, but finite ambiguities remain that need to be dealt with by specifying
a regularization scheme. This is well studied for models with global (super)symmetries
(see [60] for a review). However it is clear that gauging does not introduce further diver-
gences. Indeed upon gauge fixing, the gauged model reduces essentially to the ungauged
one. Moreover the ghosts do not couple to the target space geometry and just produce the
correct measure for integration over the moduli space.

In [61] we considered the regularization of the spinning particle model with hamiltonian

H = Hy+ aRapeat{ ${05e +V (2.28)
with Hy given by (2.5). The corresponding euclidean classical action in configuration space
is given by

1 ! 1 TN 1 a a,1b c d 2
— B A dT igl“/x x° + §waiDT¢i +OéRabcd1/1i T/szjrl/]] "‘,B V (229)
and, for a = —%, is nothing but the ungauged version of the nonlinear sigma model of

the previous section. We found that such path integral reproduces the transition ampli-
tudes that satisfies the Schrodinger equation with hamiltonian (2.28) provided we add the

counterterm
-3+ R+ gwrf’ I}, + Rwpawh®, TS
Vor =4 — (5 + %) R— 5T, ) ﬁwwbw““” MR (2.30)
—(§+9)R, DR



Since the process of gauging does not introduce further ambiguities than those already
taken into account in [61], we conclude that the regularization there discussed is suitable
for the model of the previous section, provided one sets o = —% and

(N—2)(D+N—2)
16(D — 1)

V =Ver — R. (2.31)

Above T'S refers to Time Slicing regularization [50, 51], M R refers to Mode Regulariza-
tion [52-56] and DR refers to Dimensional Regularization [10, 12, 57-59], that are the three
regularization schemes developed in the past to treat one-dimensional nonlinear sigma mod-
els (particles in curved space). In the present work we adopt DR to compute the short
time perturbative expansion of (2.27). We parametrize the coordinates of the circle as
zH(1) = x* + ¢*(7), where z* is the initial/final point of the circle and ¢*(7) are quan-
tum fluctuations with Dirichlet boundary conditions ¢*(0) = ¢*(1) = 0. Fermions have
antiperiodic boundary conditions on the circle and have no zero modes. We then expand
the metric and the spin connection about the point #* using Riemann normal coordinates,

and get
G (2(T)) = G + %Raw/gq“qﬁ + %vaa;wﬁqaqﬁ q
+ Rapunsa“d’a'd® + O(¢°) (2.32)
Wyab (2(T)) = %Rauabqa + %vaRﬂuabqaqﬂ + évaVﬁRwabqanCf’
+ 35 Va VsV Reuwd"a’d'd’ + Oa”) (2.33)

where Ryg,vs = %VﬁvvRawﬁ + %Rw" gRysus. All the tensors are here evaluated at the
initial point x*. Above we only give the terms that are needed to obtain a perturbative
expansion to order 2. We thus get

*dB 11 [T dbx -1
_ D bl Yk . / o .
F[g] - KN/d :E/(] B Ig/o o <D6t(87- 9VeC)ABC> Det (87' eadJ)PBC

< [ DaDaDbDEDEDy Dy ¢ i o)
DBC

x e~ int (2.34)

where we have exponentiated the reparametrization invariant measure by means of measure
ghosts a, b, ¢ [52, 53] and have complexified the 2n fermions v; the leftover uncomplexified
Majorana fermion 7 is only present when the number of supersymmetries N is odd —
i.e. for half-integer spin. From the quadratic part of the action one gets the path integral
normalization and the propagators for all fields, that are reported in appendix B, whereas



higher order terms form the interacting action

1
Sjn:/dT
"B

1 1 1 .
<6Rauuﬁqaqﬁ + vaRauu,Bqaqﬁ ¢+ §Raﬁ;w76qaq6 qq ) (¢"q” + ata” + bHc”)

1 1 1
+ <2Ra,uabqa + gvaRBuabqaq'B + 7vozVBI%')/,uabqaqﬁqfy

+3 V aV5VyRsuabd®q?q"q ) (Zwkww 57 77)
« 1 a B a 7b c 7d c, d
+ a Rabcd + q voe-Rabcd + iq q vozv,B-Rabcd 1/1 : 1/1 (dj : ¢ + nn )

1
+ B2 (V + ¢V, V + 2qanVaV5V> (2.35)

whose path integral average is computed using the Wick theorem. We thus get

/ dﬁ/de\/g o %d 9; D, S) < mt> (2.36)

271'6 D/2

iVl
Wlth W
Dirichlet boundary conditions, whereas the fermionic normalization contributes to the mod-

being the normalization of the bosonic path integral in D dimensions with

uli integrand

d(0; D,N) = Ky (Det(&— — QVQC)A30> N Det,(&— — Hadj)PBC (2.37)
n 2
= 2 cos % o [ 2 cos & 2 cos % } , N =2n
0 (IR

Il
I =

D_ D— 212
%H(%}OS%’“) (2sm02’“) H |:<2COS 9’) (200892’“) ] , N=2n+1
k<l

that integrated gives
2m dgk
Dof(D,N) = H/ o 0; D, N) :=ag, (2.38)

the number of degrees of freedom for the higher spin field described by the locally supersym-
metric spinning particle model with N supersymmetries [1], i.e. the physical polarizations
of a particle of spin S = N/2. By factoring out the number of degrees of freedom, we can
finally write the above effective action in a compact way as

tlg)=an [ [ DG (o) = [T Lo (230

~10 -



with <<>> representing the average over the path integral and over the moduli space.
Hence, for the effective action density in proper time we get

and we parametrize the Seleey-DeWitt coefficients a; as follows
agp (1 + v RB + (U3R¢21bcd + U4R2b + U5R2 + U6V2R)B2 + O(ﬁ?’)) . (2.41)

Next we compute the numerical coefficients v;.

3 Heat kernel expansion for higher spin fields in (A)dS

Equipped with the results of the previous sections we can now compute the heat kernel in
a perturbative expansion for higher spin fields on (A)dS spaces, using the O(N) spinning
particle representation discussed above. Although in the previous sections we gauge fixed
the locally supersymmetric action for maximally symmetric spaces only, here we compute
the expansion keeping an unspecified metric in the sigma model and only at the end of
the section will we specialize to (A)dS spaces. This we do mostly for future convenience,
as intermediate results might be useful when considering more general spacetimes, such as
the conformally flat spaces. Since in the following we adopt dimensional regularization,
the total potential acquires the form:

V=wR, with w(D,N,a):=wcr(N,a)+waas(D,N)

where

wera) == (1+2) w0 = -EEBEEEED

as follows from (2.30), (2.31).

3.1 Integer spins

For this case we set N = 2n. One can complexify fermions and, with the help of propagators
given in appendix B, one gets for the perturbative average

1
<e_Si"°> = exp{—,@ 21 + « <n - 2608_2 9216) + w
k
1, o Oy 1 2
720 o (720 192 ZCOS > apvf <480 ) ViR
2
— % <n — ZCOS )

2 —49
(5 f) ST g )

+2 (Z cos™ Z s~ k) + 0(53)} ) (3.2)
k k

R

+ 32

- 11 -



that, for o = —1/8 reduces to

<e_si“t>:1—6<1 n—i—ézk:cos_gz]c%—w)]{
2

1—
+52{2< sn —z:cos_2 k >R2
0 1 0
+ (—720 — —Zcos_4—k + fz:cos_2 2k> R2,
k

2
0, 1 9
I -2 i i -2 Y%
720 192 Z cos % <§ cos )

with
(N—-2)(N—-1) _ _(2n —1(n-1)
16(D — 1) 8(2d —1)

We are ready now to extract the Seeley-DeWitt coefficients for arbitrary integer spin S = n

w=w(D=2d,N=2n,a=-1)=—

in arbitrary even dimension D = 2d; to this aim we integrate (3.3) against the modular
measure given in (2.36), (2.37) and get:

1, n=>0
n—1
- k(2k — 1)1(2k +2d — 3 3.4
ao 2n1 H + )! =0 (3.4)
2l oy a—2ner+d—1"
and
_3n—1 1I
Ty Tt
1 n(n+1) 3n+1 3
- I+ — T+ — 1
Y= 790 956 | 384 2567271 256 8
1 nn+1) 1 1
- yrmnrml "y I,— —1
UET0TT ;e 30 1 6472 G 3
1 /9n?—2In+2 w(3n-1) 9 1/5-3n w 1
— = — - IV + — (I +1
v 2( 1152 7 T ) tal e 1)t et
hn—1 w 1
— B | 3.5
YT TR0 12 96 (3.5)
with
I_2n(n+d—2)
1™ g3
4dn(n — +d—1(n+d—-2
1, - X ) (3.6)

1)(n

(2d —3)(2d — 1)
n(n+1)(4n% - 1)

(2d — 3)(2d — 5)

Is =
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Detailed computation of modular integrals is given in appendix C. Let us now briefly
comment on the results described above in (3.4), (3.5):

e For n = 0, the formalism describes a conformally coupled scalar field and the expected
results are easily obtained.

e For n = 1, (3.4), (3.5) reproduce the well known Seeley-DeWitt coefficients for a
degree (d — 1) differential form (vector field in D = 4) [12] on a general background.

e Forn > 2, the spinning particle consistently propagates on conformally flat manifolds.
However, for this case, in the previous sections we limited the computation of the
BRST charge to (A)dS spaces. Hence the structure of the Seeley-DeWitt coefficients

reduces to

1 1
ag (1 + ’UzRﬁ + URQBQ) Wlth v = mvg + ﬁm + Vs .

Example: D =4, spinn
In 4-dimensional space-time the model describes completely symmetric tensors of spin
n, and the Seeley-DeWitt coefficients are given by:

1, n=20 n? 1 n?
ag = Vo) = —— v -
Y2, n>0’ 6 2T 720 96 (3.7)
1 n2+n4 1 5 1 4 1 1,
YT 0 T a8 BT96" T36" 0 T 0 2"
When n > 2 the restriction to (A)dS yields:
1 1 1 1, 1
v—61;3+4v4+v5— 8640+288n 144n (3.8)

We again recognize for n = 0,1 the known coefficients for a conformally improved scalar
and an ordinary spin one vector field. For n > 0 the first coefficient ag represents the two
polarizations of massless particles of spin n.

The case of n = 2 corresponds to a linearized graviton on a fixed background, but this
is true only in D = 4. In other dimensions one has a different field content compatible
with conformal invariance.

3.2 Half-integer spins

In such a case one can only complexify 2n fermions. The left-over one has no 6, and one
thus gets

1 0
<e_si“t> = exp{—ﬁ o Twta (n - z:cos._2 ;)
720 s (5760 192 ZCOS ) aprf (48() + 12) V'R

—W<n—2cos )V2R

R

+ 32
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((Zcos 2k> +Z 29]“—1200540219>wa
k
+2<ZCOS_2%—ZCO_49]€>R2
2
k

k

+ 0(53)} ) (3.9)

that, for « = —1/8, reduces to
1-3n 1 0
—Sint \ — 1 _ - -2 7k
<e > 6( o +8§k:cos 2—|—w>R
1(1-3 1 0 ?
2) 1L —on 1 -2 Y% 2
+p {2< 21 +82k:cos + ) R
1 1 _49k _29k
+(—720—32 k *—F*ZC R
+ _5760+96ZCO + (Zcos

. k)R, — w2 7k ) v2R
128 £ o8 2) abed 180 12 " o6 ~ €8 5

+0(8%) (3.10)

where now we use

(N-2)(N—-1) n(2n-1)

—wD=2d,N=2n+1,a=—1)=— _ ,
w=w ’ ntla=-g) 16(D — 1) 8(2d — 1)

8

We compute, in analogy with the previous section, the Seeley-DeWitt coefficients for ar-
bitrary half-integer spin S =n + % in arbitrary even dimension 2d, represented by spinor-
tensors corresponding to potentials with rectangular Young tableaux of n columns and
d — 1 rows; we get:

2H+n ~ (k+d—1)(2k + 1)!(2k 4 2d — 3)!
_ 3.11
a0 d 1;[ 2k +d — 1)1(2k + d)! (3.11)
and
e
2T Tt
7 nn+1) 3n+7~ 3 ~ 1 =
SR L+ Tp+—1
"= 75760 256 ' 384 ' 256 > 256 °
1 nn+1) n~ 1+ 1=+
e P T, - 1
U Tt T w 32 1T e T 6
1/9n?—2In+2 w(3n-1) 9 1/5-3n w\= 1~ =
== - - L+ — (T +1
v 2( 1152 ot )t T Ut t )
Sn—1 w 1=~
_ w1 3.12
T 480 127 960 (3.12)
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with

YT 2d-3

= dn(n—1)(n+d—-1)(n+d)

b= (2d —3)(2d - 1) (3.13)
i, n(n+1)(2n + 1)(2n + 3)

(2d — 3)(2d — 5)
The modular integrals are again computed in details in appendix C.

In the half-integer spin case the spinning particle model we start with is consistent on
any background only if n = 0 (i.e. spin %) When n > 1 we restrict our analysis to (A)dS
spaces and at order 32 in the expansion of the effective action the only term that survives
is agvR? where, again, v = mvg + %m + vs.

Example: D = 4, spin n + %
In 4-dimensional space-time we describe spinor-tensors with n completely symmetric
vector indices and one spinor index (i.e. spin n + %) The Seeley-DeWitt coefficients we

find are:
W 20+ 1)? e T m?
0= 2 2u 57 75760 96 96
1 n 5% nd 1 1 5 5 19 4 1
e Tt e T e T2 ST s T 96" 288" 1w
vg = —ﬁ — 7—1271 - 7—12712. (3.14)

When n = 0 the previous formulas reproduce the well know Seeley-DeWitt coefficients for
a spinor field [10], while for n > 1 in (A)dS we get:

11 n n ™3 n?

"~ 34560 T 96 36 288 72
Let us stress again that in 4 dimension we recognize in ag = 2 the two polarizations of a

massless half-integer spin field.
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A Hamiltonian BRST quantization

The hamiltonian BRST formalism is a construction that allows to convert the local (gauge)
symmetry of the unfixed action (in hamiltonian form) to a global symmetry of the gauge-
fixed action. It makes use of the double aspect that first-class generators have, as restric-
tions on the phase-space and generators of gauge transformations (see for examples [62]).
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One defines a differential ¢ (the Koszul-Tate differential) that acts as a derivative in
the directions orthogonal to the constrained phase-space manifold and is nilpotent, 62 = 0.
Hence the definition

029 =0, 2%=(pu,a"¢}). (A1)

Moreover, one extends the phase space defining ghosts C4 and ghost momenta P4, such
that {P4,CB} = —6% and

6Cr =0, 6Ps=-Ga (A.2)

with G 4 first class constraints. The operator § thus defines a natural grading, characterized
by the antighost number

gh(5) = —1, 8h(z) =0=gh(C), 8h(P)=1. (A.3)

Note that the bracket itself in the ghost sector has antighost number —1. Another grading
is the Grassmann parity

ea=¢(Ga) (A.4)
so that, since €(6) = 1, we have
e(CY) =e(Pa)=ea+1, mod?2. (A.5)

One also introduces another derivative d that acts parallel to the gauge orbits. It is defined
on functions of the original phase space, ¢(z), as

dp = {$,CAG A} = {¢,GA}CA, gh(d) =0, e(d) =1 . (A.6)

Finally one seeks a differential s that is a graded sum of 0, d and higher order (in antighost
number) derivatives, such that it results nilpotent on the extended phase space involving
ghosts

s =0 4 d + “higher order terms“, s°=0. (A.7)

Thanks to antighost grading, nilpotency of s implies

2 =0 (A.8)
ds +6d =0 (A.9)
d? = —{5,A} (A.10)

Equations (A.9), (A.10) mean that d is a “differential modulo §”. The first one is satisfied,
along with the grading properties, if one defines the following rules for the action of d on
the extended phase space

dPy = (=)*4CCFE, P, dc* =0 (A.11)
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where F’s are structure functions and only depend upon the original phase space variables

{Ga,Gp} = F{Gc, FSp=TF§p(2) .
One then seeks a BRST operator 2
0=>" a, gh( o )=p
p=>0
that implements the action of the differential s as
s® ={2,0}
with ®(z,C,P) a function of the extended phase space variables, where

(0)
O=CAG,

so that

5@::{¢ﬁ3} _ {,cMGa

cCP

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

with the lowerscript CP meaning that the bracket is only taken in the ghost sector. It is

trivial to check that (A.16) works correctly on the extended phase space variables. For a

(0)
function of the original phase space we obviously have d¢(z) = {gb, 9] } = {¢,G}CA.

orig

Finally, thanks to the Jacobi identity, the nilpotency conditions turns into

%LQ}ZO.

Higher order operators have the form

(») Ap

L/ R R

so that the nilpotency equation (A.17), with the help of (A.16), allows to write

(0)
50 =0

orig

w1 1 [~ [ k) ®)
59-%<2X Q.0 }
k=0
(1)
For example, it is easy to find the next-to-leading operator ) as

1

(1) 1@ (0 1
s0=—3{ 0.0} =Sy FEGe =5 (—2<—>6ACACBF§APC)
orig

2

so that, modulo a d-exact term

1) 1
Q::—§(—f%cAcBF§ch.

17 -

p—1
(p—k) (k+1)
+3 {b,sz} =0, p>0.
k=0 CP

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)



One thus recursively fixes all other terms in the graded expansion. If the constraint algebra
is linear (i.e. it is a Lie algebra) the expansion stops at p = 1.
The gauge fixed action in hamiltonian form reads

1
Sgf = / dt [73@% +CAPa — Hprsr — {Ka Q}} (A.23)
0

where a, are momenta conjugated to the phase space variables z (indices are contracted
with the symplectic identity matrix), Hgrsr is the BRST-invariant extension of the ex-
tended hamiltonian and K an arbitrary gauge-fixing fermion. This action is BRST invariant
for any K. An important example concerns algebraic gauges for which the gauge fields are
fixed to E4: in such a special case

K = —E4P, (A.24)
for which
{K, Q} = FAGy — (=) AEACPFS Po+ -+ - . (A.25)

The above technique to construct the BRST charge €2 is known as Koszul-Tate resolution.

Below we use the Koszul-Tate resolution to study an interesting class of non lie rank
3 superalgebra, and to construct the gauge fixed action for O(N) spinning particles prop-
agating on (A)dS target spaces. We do it directly at the quantum level where Poisson
brackets are replaced by (anti-)commutators, such as [Pa,CB} = —ié% and P4 are taken
to be (anti-)hermitian when (anti-)commuting whereas C4 are always hermitians. The
master formula (A.17) is now a nilpotency condition on the BRST charge, Q% = 0. We
thus have

©_ a4 W_ 1 NeapApB pC

Q=C"Ga, Q= 5(—) ACTCPFg Py .. . (A.26)
The hamiltonian operator is given by Hg, = Hprsr — i{K,}, with Hprsr a BRST-
invariant hamiltonian and K a gauge-fixing fermion.

B Propagators

Propagators are obtained by inverting the differential operators appearing in the quadratic
. 1 e - .
action § [y d7 (30w (¢"¢” + ata” + V") + 325 bar(Or + 00} + 30a070°)

(@"(1)q7(0)) = —Bg"" A(7,0) (B.1)
(a'(m)a” (o)) = Bg" Agn(T, ) (B.2)
(V1) (o)) = —2B9" Agn(7,0) (B.3)
(PR (0)) = Bokr 6™ Aar(T — o, 0) (B.4)
(n*(T)n’(0)) = B Aup(r — 0,0) (B.5)
with
A(r,0) = (1= 1)ob(r — o)+ (0 — 1)70(0 — 7) (B.6)
Agp(t,0) = **A(1,0) = 6(1,0) (B.7)
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and

(8T+i9k>AAF(T—U,0k) =04(T —0) (B.8)
that yields
—iek(T—U) ) )
Aap(T—0,0;) = ——5— <e7’9’“/29(7' —0) — e 29(5 — T)> : (B.9)
2 cos
Hence
Aap(0,0)) = %tan%’“ (B.10)
Anp(r —0,0) = %G(T—U). (B.11)

C Modular integrals

In this appendix we are going to show the detailed calculation of the modular integrals
required to find the Seleey-DeWitt (SDW) coefficients presented in section 3. We will
always consider even dimensional spacetime with D = 2d, and we shall distinguish the two
cases of even and odd N, although the techniques will be the same.

C.1 Even N

We compute the modular integrals for the even N = 2n case. First of all, we define the
modular average of an arbitrary function f(6;) of the moduli #;; by using the measure
given in (2.36) and (2.37), and taking into account that modular integrals are even under
0; — 2w — 0;, we have:

(O = H/ ( )D?H [<gc0592k>2 _ <2cos‘92l)2rf(9j)

k<l
(C.1)
where ag is the normalization factor giving the degrees of freedom, that ensures (1)), = 1,

S | A C M 1 ([ I O N I

k<l

and reads

The result for (C.2) is already known from [1], but will be rederived here. Since all the

integrals we need will be expressed as generalizations of the Selberg’s integral, it is conve-

20;

nient to change variables as x; = sin® %,

f(xj) :== f(6(x;)) becomes
() p = AlH / 720 ) - ). ()

k<l

ranging from 0 to 1. The average of a function

where
92(d—1)n+(n—1)(2n—1)
N = : (C.4)

!
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The averages we need to compute can be read down from (3.3), and are

et (1),
J = <<Jz_:1 cos 2 % cos ™2 92]>>E = <<Jz_:1 i xi)l(l —— >>E : (C.5)
(g 1) S,

For notational convenience we gave the names J and K to the corresponding averages,

since they will be found as linear combinations of other quantities named Iy and I3, in
terms of which the SDW coefficients are presented in the paper.

Let us focus now on the factor ag, that gives the degrees of freedom of the model. In
the x; variables it is given by

nool
ag = J\/H/ dz; :Ui_l/Q(l — ;)32 H(:ck —x)? . (C.6)
=170

k<l

There is a well known result by Selberg [63, 64] for such kind of integrals, that gives:

n

w(a, B) H/ dx; zf l—xZﬁH Ty — x7)? H ML (k +a) (k+ﬂ), (C.7)

o P Tk+n+a+p3)

from which we obtain, after inserting the factor (C.4) and rearranging the product in (C.7):

n—1

2d 2 H k(2k — 1)! (2k + 2d — 3)!

=NS, L g3 :2n1
a0 =N 8n (3,4 3) 2k +d—2)!(2k +d—1)"

(C.8)

that indeed coincides with the result found in [1].
To proceed further, let us consider the following generalization of Selberg’s integral by
Aomoto [63, 65]:

nooa
=11 JRCEEEAEEET) | (R

k<l
n! (C.9)

PeA (1 —2t)
H(k +n+a+p)
K

= Sp(a, B)

where PT(LQ’B )(1 — 2t) is the Jacobi polynomial of degree n. By taking a derivative of (C.9)
with respect to ¢, and evaluating it at t = 1 we get very close to the definition of I, and
precisely we have

N t
I =—(9)"0.5, —l,d—ﬁ;t = (=) ) > )
1 QO( ) t ,1( 2 2 )’t 1 ( ) Sn(_%jd_%)

(C.10)
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The basic properties of Jacobi polynomials that we need for such calculation are:

dF IMNa+B+n+1+k) k,B+k
7P(OC75) — P a+ 76"’_ )
0 S e gy ok ) 1)
P@B)(_1) = (=) <n + 5) .
n

We can now compute I; by inserting (C.9) into (C.10), and using the relations (C.11) and
the result (C.7) we find a quite compact result:

Su(—2,d=3) nln+d—2 _
1= (e n ) D) s gy,
Sn(=5,d—3) H(k+n+d—3)
. (C.12)
~ 2n(n+d—2)
2d — 3

We now turn to compute the average I, defined as

1
I, = <<; CEATTE—— >> =J-K. (C.13)
j E

From the definition of S, 1(«, 5;t) in (C.9), it is easy to see that I is related to its second
t derivative as

N

natQSn,l (7% d— %;t)

I — _ (— n 92 n _l d_ §'t _1 = (— ’ .14
2 CLO( ) 8t571( 29 29 )’tfl () Sn(_%vd_% ) (C.14)
and in the same way we computed I; we find for I
Sn(—%,d—3) n! ) -1 _
I, — ( 2 g) nln+d—2)(n+d )Pﬁ/g,d 1/2)(1 %)
Su(=9:d=3)  [[k+n+d-3)
k (C.15)

(n+d—-1)(n+d-2)
(2d — 1)(2d — 3)

=4n(n—1)

We need at this point to introduce one further generalization of Selberg’s integral,
provided by Kaneko [63]:

n 1
a, B;t) == w1 — ;)P (1 — ta;)~? = x1)°
Ku(a, B;t) i|:|1/0 da; i (1 — ;)" (1 = ta;) kHd( k@) (C.16)

= Sp(a, B) 2 Fi(n,n+ a;2n+ a + B;t) ,
where o F) (a, b; c;t) is the Gauss hypergeometric function. By taking two derivatives with

respect to ¢ in (C.16) and evaluating at ¢ = 1 one finds an average that is related to K by
linear combinations of I; and Is. We shall then define I3 as

N Su (5.4~ 5)
I3 =

= ;OafKn (—3.d— 3:t)|i=1 = m@%ﬂ (nyn—3:2n+d—1;t) |1 .

(C.17)
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In order to perform the computation we need the following properties of the hypergeometric

function:
k
d—ngl(a,b; c;z) = (@) (B oF i (a+kb+Ekic+k;z), (ag):= Lla+k) ,
dz )k I'(a) (C.18)
Fiabie1) = I'(e)l'(c—a—0)
2SSO T Pe—a)T(c—b)
Using now (C.18) in (C.17), we can compute I3 that results
S, _1 ,d— 1 (n
Sn (*5 d— 5) (2n+d - (C.19)
n(n+1)(4n” - 1)
(2d —3)(2d —5)

By using the definition (C.16) and taking the double derivative with respect to t in ¢t = 1
one finds that K is given as the following linear combination:

1 1 1
Keln-lnimenn -ty (C.20)
2 2 2
whereas, by means of Is = J — K, one has
1 1 1
J—213+212+(n+1)11—”(”2H. (C.21)

This concludes our computations of the modular integrals for even N = 2n. Although
the SDW coefficients can be read off straightforwardly from I;, J and K, we choose to
present them in the paper in terms of Iy, Is and I3, since they have much more compact
expressions.

C.2 0Odd N

We turn now to compute the modular integrals required for odd N = 2n+ 1. The averages
needed will have exactly the same structure as the even N case, the only difference being
the form of the modular measure. In particular, the only changes needed will be in the
prefactor A/ and in all the generalized Selberg’s formulas, where the parameter o will switch
everywhere from —% to +%. The averages in the odd case are explicitly given by

nooa
(f(x))o = gH/O de; (1 — 2) 32 (@ — @) f()) (C.22)
=1

k<l

where we see that the only difference between (C.22) and (C.3) is the power 1/2 instead of
—1/2, that is the o parameter we used in all the previous computations. In addition, the

prefactor now reads
92(d—1)+n(2n+2d—3)

N = : (C.23)

!
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The averages have the same definition as before, being

i <<Z 92>>O B <<§ = >>o ’
(Lot t) (Sr), o
(St (St

Again, we will compute TQ and Tg instead of J and K. The degrees of freedom factor ag
now reads

nooel
ap = NH/ dx; :Ez-l/Q(l — ;)32 H(:ck —x)? . (C.25)
=170 k<l
Everything goes in the same way as it did with even IV, and we easily obtain:
2d—2+n —+ (k+d—1)(2k + 1)! (2k + 2d — 3)!
=NS, (L, d-2)=

a0 = NS (3.4~ 3) d [1 2k +d — 1) (2k + d)! ’
=~ N 2n(n+d—1)

I, = oSy, d— )

1= ()OS (5 d = S5t = =55 (C.26)
~ N dn(n—1)(n+d)(n+d—1)

I, = n d— ;t 1= ,

2 ao( )" 0 (3 Jle=1 (2d — 1)(2d — 3)

i N 11 _ntDEn+)En+3)
Iy = 0k (3 d = git)hr = = o0

Also the relations that give J and K remain unchanged and are

1. 1a - 1
K:213—212+(n+1)11—n(n2+),

1~ 1 n(n + 1) (C.27)
J2513—|—212—|—(n+1)11—7.
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