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ABSTRACT: We consider Abelian M5 brane on a six-manifold which we take as a circle
bundle over a five-manifold M. We compute the zero mode part of the M5 brane partition
function using Chern-Simons theory and Hamiltonian formulation respectively and find an
agreement. We also show that the D4 brane on M shares exactly the same zero mode
partition function again using the Hamiltonian formulation. For the oscillator modes we
find that KK modes associated with the circle compactification are missing from the D4
brane. By making an infinitesimal noncommutative deformation we have instanton thresh-
old bound states. We explicitly compute the instanton partition function up to instanton
charge three, and show a perfect match with a corresponding contribution inside the M5
brane partition function, thus providing a very strong supporting evidence that D4 brane
is identical with M5 brane which extends beyond the BPS sector. We comment on the
modular properties of the M5 brane partition function when compactified on 72 times a
four-manifold. We briefly discuss a case of a singular fibration.
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1 Introduction

On the M5 brane worldvolume W there lives a selfdual two-form B, whose field strength
H = dB is selfdual. There is no covariant action one can write down for a selfdual two-
form (without including auxiliary fields) because H A H = 0. If one computes the partition
function of a non-selfdual two-form, one finds for the zero mode part a sum of terms

Zgero = Z S} [g] (T)® [g] (T)
a,b

Here 7 is the period matrix on the intermediate Jacobian
Jw = H*(W,R)/H*(W,Z)

and a’, b; are characteristics each of them taking values 0 or %, andt=1,---, %3 where b3 =
dimH?3(W,R). © [¢] (7) denotes the Jacobi theta function, and one of these theta functions
will correspond to the partition function of a selfdual two-form on W embedded in some
eleven-manifold. In general it appears the M5 brane partition function is not completely
diffeomorphism invariant. To see this, let us take the worldvolume as W = T2 x CP? [1].!
We have precisely one selfdual harmonic two-form on CP? and the theory of selfdual two-
form reduces to the theory of a compact chiral scalar field on T2. It is well-known that no
modular invariant partition function exists for a compact chiral scalar on 72. What we can
require is the M5 brane partition function be invariant only under diffeomorphisms that
preserve the physical data which determine its characteristics. Such physical data may
consist of the orientation of W and the spin structure of W [1]. How the spin structure
dependence on the characteristics appears is complicated and we will not address the
question in any satisfactory way. It appears that the framework where this question can
be answered is within seven-dimensional Chern-Simons theory. In the first part of this
paper we follow [1] to compute the partition function of a selfdual two-form on a generic
six-manifold from Chern-Simons theory, but leave the determination of the characteristics
aside perhaps for the future.

We next perform a direct computation of the M5 brane partition function starting from
the M5 brane action. Previous works on direct computations include [2-4]. The separation
of the partition function into a zero mode part and an oscillator mode part is somewhat
intricate. We can illustrate this by taking a real compact 2d scalar on T2. Its full modular
invariant partition function is given by

2y
a,b

2

n(7)

O[] (1)
(

'One may object that CP? has no spin structure. However the fermions on the M5 brane also carry an
R-symmetry index and such fermions may live on T2 x CP2. It is the eleven-dimensional space which must
be a spin manifold, rather than the M5 brane worldvolume. One may also consider Taub-NUT space TN
in place of CP? which also has a unique normalizable selfdual harmonic two-form. However this space is
noncompact and so it might be less clear how to define the full partition function.



Here n(7) denotes the Dedekind eta function. If we use the Hamiltonian formulation, then
we are led to the following separation of this partition function into zero mode and oscillator
mode parts, [5]

Zyero = Z |® [IO)L] (T)|2
a,b

1

Zosc = T N2
In(7)?
neither of which are modular invariant by themselves, and only the product of these is
modular invariant. If on the other hand we use the Lagrangian formulation, then it is not
so obvious how we shall define the measure in the path integral. One way is to define the
measure so that we end up with the following separation [6]

Zsero = T2 Z |@ [ZL] (T)‘Q
ab

1

Zoge = ———5
= nin(n)?

again neither of which are modular invariant by themselves.?

One of our goals in this paper is to establish an equivalence between M5 brane parti-
tion function on a circle-bundle over some five-manifold M;5, and a corresponding partition
function for D4 brane on M5 obtained by dimensional reduction along the fiber. To this
end we need to preserve the separation between zero modes and oscillator modes in our
comparison between M5 and D4 brane. This means that we can not work in the Lagrangian
formulation to obtain the zero mode contribution of the D4 brane partition function as was
done recently in [7, 8], and try to match this zero mode contribution with the zero mode
contribution of the M5 brane when that is computed using the Hamiltonian formulation.
In fact a mismatch is shown explicitly to arise between zero modes for D4 and M5 brane by
using this approach in [8]. But this mismatch is entirely due to the fact that different formu-
lations are used to compute zero modes. By using the Hamiltonian formulation for both M5
and D4 brane, we will see that their zero mode contributions respectively perfectly agree.

As we already indicated above, a careful treatment of zero mode and oscillator mode
contributions is also crucial for modular invariance. In [2] it was shown that for the selfdual
tensor field part of M5 brane on 7 this gives rise to an SL(6, Z) modular invariant partition
function for the choice of 00-characteristics. For this we need to combine zero-mode and
oscillator-mode contributions. In this paper we also show that the scalar fields part alone is
SL(6,Z) invariant by combining zero mode and oscillator mode contributions. For generic
six manifolds of the form T2 x My we study SL(2,7Z) mapping class group acting on the
T?. Here we show that the M5 brane partition function with 00-characteristic is modular
invariant up to a phase.

Considering now the oscillator modes of D4 on M5, we find that all KK-modes along
the circle direction are missing. Thus, at this stage, we find a mismatch of the partition
functions in their oscillator parts. But of course this is not the end of the story. Taking S!

2A modular invariant combination is \/72|n(7)|?.



as an M-theory circle direction, a KK momentum along the circle direction is interpreted
as a DO brane in the type ITA string theory side. When DO branes are bound to D4,
their dynamics can be faithfully described by worldvolume degrees of freedom on the D4
brane. These are nothing but instantonic particles which satisfy the (anti) selfdual equa-
tion along the four spatial directions of D4. For our U(1) case, however, the corresponding
instanton solutions become singular and, consequently, missed when one considers only
regular configurations. In order to regularize them, we introduce a spatial noncommuta-
tivity which makes the size of instanton finite and, then, take the commutative limit in the
end recovering the original symmetries of D4 brane.

One may wonder whether the DO brane could escape the D4 brane when it becomes
singular in the commutative limit. However in [9] it was argued that the Higgs and Coulomb
branches are decoupled even when the instanton shrinks to zero size. This argument was
further supported by an index calculation made in [10] for instanton number one.?

In this paper we show that these small instanton contributions match precisely with
those of the missing KK modes, which is in accordance with the original idea of the proposal
in [11, 12]. In particular one can be rather explicit for the one-instanton case. For two
instantons, in addition to the Hilbert space of two separate instantons, one can find so-
called threshold bound state in their moduli space which corresponds to a single p5s = 2 KK
mode of the M5 side [13]. This counting can be continued to higher instanton numbers [14].

Finally we discuss the case of singular fibration in which the circle size R becomes zero
at some points of base manifold [15]. For this, in addition to the usual 5d sYM fields on
D4 worldvolume, one may need some extra degrees localized at the singular points in order
to have a full agreement. We illustrate this phenomenon rather explicitly in the example
of TN x T? where one has a codimension-four singularity if one takes the M-theory circle
direction to be that of the Taub-NUT circle. We show that the extra degree needed is a
chiral 2d scalar on T2.

Other works which are of some relevance to various aspects of our work include [16, 17].

In appendix A, we obtain the period matrix for six-manifolds W which are such types
of circle-bundles in which the fiber-circle constitutes a one-cycle in W. So for instance this
excludes the case of W = S3 x $2. Even though S? is a circle-bundle there is no one-cycle
in S3. In appendix B we obtain the period matrix for W = T2 x My where for simplicity we
assume there are no one-cycles on My. In appendix C we present holomorphic factorization
of the partition function of a nonchiral boson (applicable to 2d scalar and 6d two-form) at
the free fermion radius.

2 M5 brane from Chern-Simons theory

We follow [1] and consider the action of a non-chiral two-form B such that only its selfdual
part couples to a background three-form gauge potential C' whose field strength is G = dC,

S[B,C] - —2/W (|H]? +2B A G) (2.1)

3We would like to thank Sethi for pointing out this problem to us, as well as informing us about his
reference.



Here A is a coupling constant, W denotes the six-dimensional world-volume of the M5
brane, |H|?> = H A xH where we define H = dB + C. Our definition of Hodge dual is found
in appendix A. This action is the six-dimensional analog of a gauged WZW action on a
two-manifold to which there are many similarities. The action is not invariant under the
gauge symmetry 6C' = dA, 6B = —A but it transforms as

5S[B,C]:)\/ AAG
w

As shown in [1] this gauge anomaly is canceled by the term ~ [ C'AGAG in the M-theory
effective action. For our purpose, the gauge anomaly will be helpful in order to match with
Chern-Simons theory in seven dimensions, so for the moment we like to keep it, rather than
canceling it. From the action, we derive the equation of motion d * H = G. We also have
the Bianchi identity dH = G. On W we may decompose any three-form w as w = wt +w™
where *w® = +w®*. The equation of motion and the Bianchi identity are consistent with
the selfduality equation H~ = 0 and it is in this sense that the action describes a selfdual
three-form H*. Classically this selfduality equation is consistent for any value of . But as
we will see, the situation changes in the quantum theory. If we introduce the inner product
(w,n) = [y w A *n then we can write the M5 brane action in the form

A
S[B,C) = —5((dB, dB) +2(C*,C™) + 4(dB, Cc7))
Let us define the partition function of B in the background of C as

Z(C) = / DBeS1B:C]

By differentiating under the integral sign, we then find that

((5(; + iAC‘)Z(C) —0

and

D .
<dDC_ + 2@)\G> Z(C)=0

In the second relation we assume the equation of motion dH+ = G and we define a covariant
derivatives as

D )

- +
Do- ~ 5o ¢

D 5
Do+ = SO +i\C

Our functional derivatives are defined with respect to the inner product as %(w, n) =n.
Let us now consider Chern-Simons theory at level & on a seven-manifold U

bounded by W
S:k/ CAdC
47 U



As usual we can make a variation and read off the symplectic potential from the boundary
term. If we assume that QU = W, then we have the symplectic potential

k
A_—M/WCA(SC (2.2)

which we can also write as

A= (060 + (07600

Here we have noted that the inner product of two selfdual or two antiselfdual three-forms
vanish identically. Its curvature is the symplectic two-form

k
Q=—"(6CT,6C~
om ( ’ )
In components we have
0, — k
T o
and the inverse is 9
T
O t=="
k
We define covariant derivatives
D ) )
DCE ~ goF e
where L
Aci = :ch'$
4
consistent with
N
C Ar

Gauge transformations act on a wave function 1(C) and the gauge potential as ¢ — e,
Act = Ac+ + %. Under a gauge variation 6C' = dA the Chern-Simons action varies by

53:""/ ANG
47 w

This variation is identical with the gauge variation of the M5 brane action if we choose the
coupling constant as A = ﬁ.

We impose holomorphic polarization of the wave function 1,

D
DC+

Y=0

In temporal gauge we have the Gauss law constraint d(C* + C~) = 0. After quantization
this becomes d(P(C+) + P(C_))¢ = 0 where the prequantum operators are given by

2me D
o +
P(CT) = A DC_—I—C’
_ 2mi D _
P(C )_TDC++C



The general solution to the holomorphic polarization condition is of the form
ik
w(et.0T) = e ((Ct.0) Jolc)
7r

and so

.
P(CF) = —%D_ +Ct

P(C™) =C~

From this we get the quantum version (2.3) of Gauss law as

D ik
d— 4+ — = 2.
( DC+27TG>1/} 0 (2.3)
We see the same equations from the M5 brane action if we choose the coupling A\ = %. This

implies that we shall identify the wave function v with the M5 brane partition function Z.

2.1 Zero mode part

Let us now compute the zero mode part of the wave function 1. We expand the harmonic
part of C' in a basis of harmonic three-forms on W. We can choose this as a symplectic
basis. If we let a; and b’ denote three-cycles in W, then a; and ¢ which denote the Poincaré
dual harmonic three-forms which we normalize as

1 .
- oy = 53
27 Ja,

1 1/ >
— Y
27 bi IB J

will constitute a symplectic basis on W in the sense that
(fwai/\aj fwai/\ﬂl> :47r2< 0 55)
fwﬁk/\aj fwﬁk/\ﬁl —5;“ 0
We will also define the following linear combinations
wi = o + 73 F

w; = o; + 77_72]'/6]

by demanding these are selfdual and antiselfdual harmonic three-forms respectively. The
period matrix 7;; can then be extracted by integrating w; over the b -cycles,

1

o =

27 Jui ! K
If we define

T=—T1—To

T=-T+T7T



then we have
/ wi NWj = 8772(7'2)Z'j
w
We expand the harmonic part of the C-field as
C=a'ai+yf
In terms of complex coordinates that we define as

ai = T —y;

ai = Tyl =y

we have

1
C = 5(7’2)2‘7 (aiwj — diwj)

Large gauge transformations leave the holonomy

H(C) =¢'Jc©
invariant for any choice of three-cycle C. Since the connection is constrained to be flat by
the Chern-Simons action, the exponent defines an element in Jy which is a torus 77(W)
whose coordinates are (z',y;) subject to torus identifications
N L |
yj ~yj+1
Large gauge variations act on Jy as
ot = nl
dyj = m; (2.4)
for integers n?, m;. The Chern-Simons Lagrangian becomes?
kﬂ- 17 - — .
L= 7(7’2)”(—%@]- + aiaj)
and we get the symplectic potential and symplectic two-form as
km ij _ _
= ?(7'2) (—aiéaj + aiéaj) (2.5)
Q= —kﬂ(Tg)ij5ai VAN 55Lj (2.6)
Canonical commutation relations are
_ i
lai, a;] = %(7'2)1']' (2.7)

“While a non-Abelian generalization of the M5 brane Lagrangian has not been found, one can probably
more easily write down a non-Abelian generalization of the reduced Chern-Simons quantum mechanics
Lagrangian on the space of zero modes (the intermediate Jacobian). Here on the intermediate Jacobian we
have just complex-valued scalar fields a; which depend only on time.



and prequantum operators are

]
P(a;) = 7(72)13‘1)&]» + a;
_ i _
P(al) = _E(TQ)ijDaj +ai

which one may check realize the algebra (2.7).
Large gauge transformations act on the potential and the wave function as

A= A+ 5A(n,m)
¢/ _ 6z'A('n,m)¢

where we define

Ala,a) = A(a+7Tn —m,a+7n—m)
Y (a,a) = Y(a+7Tn—m,a+71n—m)

For the sake of convenience (and not for pedagogical reasons), we will switch back and forth

between real and complex coordinates. As we want to see how various quantities depend

on the various choices we make, we will now assume the symplectic potential is chosen as

A = 2rka'y; + dp(at, ;)

with an arbitrary function p. Such a gauge transformation of the symplectic potential

corresponds to a canonical transformation of the phase space variables z*,y;. We impose

holomorphic polarization on the wave function
Dy, Y(a,a) =0
This condition is solved by
711(61, (—1) _ ei(K(a,d)+u(a,&))¢((—l)

where
K = WkTijxi.’L'j + f(d)

is the Kahler potential. In the Kahler potential we have the freedom of adding an arbitrary

antiholomorphic function f.

We can read off the gauge parameter associated to a large gauge transformation (2.4)

from the variation of the symplectic potential
0A =A(x+n,y+m)— A(z,y) = 6A(n,m)
This gives us the gauge parameter as

A(n,m) = 2xkn'y; + p(z +n,y +m) — p(z,y) + c(n, m)



where ¢(n,m) is a further closed term that we can always add. From
M (2, y) = (x4 n,y +m)
we find that p cancels out and we are left with the condition that
e27rikniyieic(n,m)eiK(a,a)¢(a) _ eiK(a+6a,a+6a)¢(a + 56—0
Here
K(a+da,a+ da) — K(a,a) = thrjn'n? + 2rkmn'z? + f(a+ da) — f(a)

and so we have, by noting that

nz(yi — Tijl']) = a;
that

¢(C_L + 5@) _ eic(n,m)ef(a-l—éa)—f(a)e—iwknjninj—f—%rikniai¢((—z)
Here
oa; = Tijnj —my

and c¢(n,m) can be partially fixed by requiring that ¢(a) satisfies the ‘cocycle condition’ of
large gauge transformations

p(a+r(n+n)—m-—m')=9¢((@+m—m)+7mn—m) (2.8)

Here, on the right-hand side our notation is supposed to mean that we first compute the
gauge transformation ¢(a’ + 7n — m) in terms of ¢(a’) and subsequently we express ¢(a’)
as a gauge transformation of ¢(a). Let us first consider the case f(a) = 0. We then find

c(n,m) = wktin'm’

is the minimal choice that makes the cocycle condition satisfied. But we can add further
linear terms to this

c(n,m) = wkrn'm? + 2r(cin' + d'm;)

and still satisfy the cocycle condition. If we have non-vanishing f, we still get the same
result for ¢(n,m) due to the exponential nature of e’/ which automatically makes the
cocycle condition satisfied.

If we choose f = 0 then we can identify the gauge transformation of ¢ with the gauge
transformation of a Jacobi theta function with certain characteristics, related to ¢; and d* as

c

6@ = © |5, | (~krka)

Let us now consider a three-cycle Cy as in W characterized by periods

/ wi = M; + 7;; N’
Cn,Mm

,10,



and define the holonomy
H(N, M) = "o ©

over this three-cycle. When we insert the zero mode expansion for C' we get

H(N7 M) = @ink<(M+TN)i(T2)ijaj—(M-&-?N)i(m)ijﬁj)

Since we do not make any canonical transformation of the phase space variable C' when we
define the holonomy, we shall use the symplectic potential that we obtain as the boundary
term of the Chern-Simons action, that is (2.5). In this gauge we solve the polarization
condition by

Pla,a) = =7 (7% ()
where ¢(a) depends holomorphically on a. The gauge variation of ¢) now induces the gauge
variation

itk

pla+mm—m)=e 2

('rg)ij[(?n—m)i(Tn—m)j+2(7"n—m)iaj]eic(n,m)(b(a) (29)

As before we can partially fix ¢(n,m) by demanding that we satisfy the cocycle condi-
tion (2.8). We then again find that

c(n,m) = krmin' 4 27(c'm; + din’)

up to some constants ¢’ and d; that we have to fix by other means. On the wave function
¢ the prequantum operators reduce to the quantum operators

1
Qla;) = ——(72)i;0,
Q(a;) = a;
which also realize the algebra (2.7). We use the BCH formula

1
A+B _ ,~}[A,B] A B

(& (&

to express the holonomy in the form
H(N,M) = o~ B (12) 9 (MATN)y(M+7N); ,—ink(M+7N);(12) @ ,(M+7N)i0a,
When we act with the holonomy on ¢(a) we then get
H(N, M)¢(a) = efﬁ(fz)ij(M+7"N)i(M+TN)jefiﬂ'k(MJr?N)i(Tz)ij&jd)(a + M +7N)

Finally we use the gauge transformation of ¢ as given in (2.9) and find that most exponential
factors cancel out, and we are left with

H(N, M)(ﬁ(a) _ e?m’(ciMi—i-diNi)eikwMiNi¢(c—L)

We now see that the eigenvalue of the holonomy corresponds to the characteristics ¢’ and
d;. Using the BCH formula we can show that the holonomies obey the algebra

H(N,M)H(N',M') = e"*M{N'+MiN") pr( N N' M+ M) (2.10)

— 11 —



We can be ignorant about the signs in the exponent since the difference is always of the
form e2™*kMiN" — 1 For k even this formula admits that we take all holonomies to be
H(N,M) = 1. For k odd this formula forbids us to take all H(N, M) = 1 and the best we
can do is to allow for some (or all) of them to be —1.

Let us now turn to holonomies on Jyy,
W(N, M) = ¢ Jenar®
As a preliminary attempt we define these by choosing the gauge potential as
A = 2nkaz'Sy; + 27ri(ci5yi + diéxi)

since this makes W(N, M) invariant under (2.4) while any other choice obtained by adding
for example adding an exact term on the form &6(z'y;) would not give us an invariant
holonomy under (2.4) for generic values on £. We will return to this issue more fully below.
Let us choose a closed loop on Jy as a straight line

enor = {(z',y;) = (N0, M;0)|0 <9 <1}
= {C_Li = (TijNi — MZ)H‘O <6< 1}

The holonomy can now be evaluated to

W(N,M) = o2mi(c! Mi+d; N*) jikm M; N*
and we can read off the characteristics from

W(ei70) — 2mic’
W(0,¢5) = %

where ¢! = (0,---,1,---,0) with 1 at the i-th entry. However this does not bring us any
closer to what the characteristics really should be.

Our definition of the holonomy W (N, M) is not satisfactory since it is gauge choice
dependent. We also can not see if using the definition of holonomy as proposed in [18] can
help us here. If we can find a gauge invariant definition of W (N, M) we may expect that
W(N,M) = H(N,M) for that gauge invariant definition since clearly H (N, M) is gauge
invariant. Indeed there might exist a gauge invariant definition of W (N, M). To allow for
the most general possible extension of manifold and symplectic two-form, we shall include
all the oscillator modes and we are led to consider seven-dimensional Chern-Simons theory
to compute the holonomy following [1]. By including the oscillators, we have to consider
the symplectic potential on the form A = % fW C N 0C. We then consider a one-cycle
C in Jy around which we want to compute the holonomy for this symplectic potential.
Let us parameterize the one-cycle by 6 € [0,1] and consider a one-parameter family of
C-fields that we denote as C¢(f). Time coordinate is being replaced by 6 coordinate. The
differential 6C' in field space becomes a differential in the seven dimensional space S x W
where S! is the one-cycle parametrized by 6. The holonomy can be expressed as

ik
H(C)—expi/ A:expz— Co NdCe
c AT Js1w

— 12 —



However this formula is only valid if A is globally defined along C. For the generic case we
instead define the holonomy by finding an extension X whose boundary is 90X = S x W
and define the holonomy as

H(C):expj;:r/XG/\G

where G = dC¢. This is still a simplification of the real situation in M theory since in
general G is an element in a shifted integral cohomology [1]. Nevertheless, the point is that
we need to find an extension X over which the spin structure of S' x W and the gauge
field Co can be extended. How one can make such an extension may depend on the spin
structure on W. For example, if we have periodic (Ramond) fermions on a circle we can
not extend the circle to a disk. This means that the holonomy will depend on the spin
structure on W.

One may consider W = T% as an example. Here © [8] is the only fully modular
invariant choice. But this need not necessarily be the partition function of the M5 brane of
a given spin structure if that spin structure is not fully modular invariant. The M5 brane
partition function need only be invariant under modular transformations that preserve the
spin structure.

2.2 Oscillators

The inner product of two wave functions is defined as®

() = [ DOY(C)p(C)
- /DC+DC— exp <;]:r(c+,0‘)> P(C7)p(CT)

We can expand C' = Charmonic + dx in a harmonic and an exact piece since by Gauss law
dC' = 0. We note that y is real in both Euclidean as well as in Minkowski signature since
Wick rotation can only affect the components Cyyrn which in our gauge choice are zero.
The fact that x is real means that it can be gauged away by a gauge transformation

0C =d\

by taking the real gauge parameter as A = —y. This is thus different from the quantization
of three-dimensional Chern-Simons theory [19]. The generator of gauge transformations
is given by the Gauss law constraint, which we here express for an infinitesimal gauge

/)\/\ <dég_ - ZTG>¢(C—) —0

Upon integration by parts, this equation makes sense only if A is such that (d\)* = 0 and

parameter A in the form

CT = 0. In that case this equation reduces to

$(C™ +(dN)7) = ¢(C7)

5In Euclidean signature we define the bar as usual complex conjugation. In this signature we also have

CTAC™ = —iCT A*C~ and CF = C*. The exponent exp %(C*’, C'7) is now real with respect to our

complex conjugation in Euclidean signature.

,13,



whose solution can be taken as

qb(ci ) = ¢(Ch_armonic)

with a trivial oscillator contribution. The oscillator mode contribution to the inner product
of wave functions is now given by

(1, %)ose = /Dca(dc) exp <i’;/|g|2>

where we have noticed that (C*,C~) = (C,C). We replace

5(dC) = /Dxexp (;f; /ch X)

Completing the square and shifting C' — C'+dx and noting the measure is gauge invariant,
D(C + dx) = DC, we get

1k
(wyw)osc = /DXeXp <_ 17 exp dXP)

The path integral is suffering of a gauge redundancy dx = dA and so needs to be gauge
fixed. It is clear that this is path integral is precisely equal to the path integral of a non-
chiral two-form gauge field on W, but which here has been obtained from the Chern-Simons
theory on I x W. The path integral was over C but this is constrained to be flat dC' = 0,
and the exact part can therefore be re-expressed as an integral over y. We note that the
sign gets correct. We express the path integral in Minkowski signature, and we have the
phase factor €*® from which we read off the action

k
=—— [ |dx/|?
S 4W/!X\

which corresponds to the action (2.1) in a vanishing background C' field if we make the
identifications B = .

3 The M5 brane partition function

In this section we perform a direct and explicit computation of the full Abelian M5 brane
partition function using Hamiltonian formulation. For the selfdual three-form we recover
the result we got above from Chern-Simons theory, but here we will also supplement this
with contributions from the five scalar fields and the fermions.

In order to apply the Hamiltonian formulation we assume that the M5 brane worldvol-
ume Mg is a circle-bundle over a base-manifold M5. We choose the following parametriza-
tion for the metric on M;g

ds3s = Bdt? + Gy (dz™ — V™dt)(dz™ — V™dt) (3.1)

and we assume that 3 is a constant. We will assume that 0; is a Killing vector field, which
means that 9,V™ = 0 and 0;G,,,, = 0. We will associate ¢ with time and =" with spatial
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directions on Ms5. We will promote 3 to a complex holomorphic parameter, thus allowing
for Minkowskian and Euclidian signatures.
As the M5 brane action we will take

S=Sp+ Sy + Sy

where
SB = 1)\2/d6$\/ HMNPHMNP
Sy = —A / dSz/—goM pAp 4

Sy = i)\/d6$\/—g1/_1I’M6M@Z)

Selfduality fixes the coupling constant to be

1
A=
3.1 Scalar field
Let us consider the scalar field action
S = —)\/ dSan/—gg™MN harhy (3.2)
Mg

for one of the five real scalar fields. Here we define the field strength of a zero form scalar
field ¢ as
hy = 0m o

The momentum conjugate ¢ is
= —2\/—BVGh

The Hamiltonian is

H=X\/-5 d%f —hth + hphm)
We note the following metric identities®

= Bt — V™ hy,
hiyy = h™ + V™ h!

and we see that the Hamiltonian can be expressed in terms of the five-dimensional metric as

H=\/-p y VG (= B(RH)? + W™y, + 20V ™ Ry,
5

Let us derive them here: hi = gith® 4 gemg™ " hn + g™ g™ hy gives ht(1 — gmg™") = geeh' + Gemg™ " hon.
We then miraculously notice that g, 1 — gtmgmt and gimg™" all contain the common factor 8+ V2 which
can be factored out and the identity follows. Next we compute = g™ hi + g™y, = fth +G™"hy, +
éVmV”h and substitute hy = gih' —V™h,, and we find that two terms ~ V"V ™ h,, cancel and the second
identity follows.
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To get a better handle on the scalar field partition function, and in particular its modular
invariance, we temporarily introduce a regulator and assume that the scalar field is compact

b(x) ~ (z) + 277

with a radius r that we in the end will take to infinity. The important point is that
the regulator r does not mix with the geometry of space-time, so we can introduce r as
a separate quantity on which the partition function may depend, in order to extract its
dependence on the geometry. Using this together periodicity of the scalar field together
with the canonical commutation relation

[6(x), 7 (y)] = i0°(z — y)

we conclude that

P=—-2\/-5 / dPyvVGh!

is integer quantized as

p="
.

where n is integer. Moreover, we expand h! in a basis of harmonic zero forms. But such
harmonics are necessarily constants. So h! is a constant. It must therefore be given by

t_.on

2\v/—B(Vol)r

where Vol = [ d°z+/G. The Hamiltonian is now given by

M/—B n?
H = —
Vol 12 +

where the + - - - terms will be irrelevant in the limit » — oco. In that limit the discrete sum
can be replaced by an integral over ¢ = n/r, and we get

1

o0 - Vol 2
Z ot = dge 2™ — [ _— 3.3
ere /_oo i <2M\/—73> (3:3)

Of course the integral is evaluated by taking [ real and positive, and then we make the
analytic continuation.

3.2 Tensor gauge field

The tensor gauge field can be treated in an analogous way as the compact scalar field. The
action for the non-chiral tensor gauge field is given by

S = )\/dﬁx\/gHMNPHMNp

12
We define the field strength of the two-form gauge potential By, as

Hynp = Oy Byp + OnBpy + 0pBun
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The momentum conjugate to By is

EMN

A8 JGHMN
2

and we have five primary constraints

E™ =0
for m = 1,...,5. These we must supplement by equally many gauge fixing constraints.
We will choose the temporal gauge

Bmt = 0

The Hamiltonian is

_ A8

H
12

d5x\FG(—3Htm”Htmn + Hmanmnp)

We note the following metric identities”

Hﬂmn = IBHtmn - VpHmnp
HJoP = H™P 4 3y lm prlting]

and we see that the Hamiltonian can be expressed in terms of the five-dimensional metric as

g NWP
12

d5l‘\/é(—3ﬁHtmnHtmn + 6VthmnHmnp + Hmanmnp)

/BN/B+27T
¥ »

. . . mn . .
Let us introduce the covariant momentum variable e™" = EW whose indices we can

The holonomies are periodic

covariantly lower by the five-dimensional metric to define a momentum two-form e =
1

5€mndx™ A dz™. From the canonical commutation relations

[an(l’), qu(y)] = Zéggn(sg) (w - y)

[/ B,/ e/\*QZ}:Z/ QO
s, JBs 2 /s,

Here we denote by Q' the basis elements of harmonic two-forms on Ms and we have a

G = / O A Y
Ms

e = ¢;{

we see that

metric

If we expand

"The derivation is analogous to what we did for the scalar field.
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then we get

J
where we define ¢! = g”e Then
2¢' = n'
must be integer quantized momenta conjugate to the 2m-periodic holonomies fz B. We
also expand H = mZQ where m’ are integer quantized magnetic charges and Q are dual
three-forms to ) as defined in appendix A. By taking
1
T 4r
we get the zero mode part of the Hamiltonian as

. | .
Hzero =V _,8 27rgz'j <7’LG] + 4mzm3> — 27T£ijn’m]

where G;; denotes the inverse of G% and L;j is defined in Appedix A. The zero mode

Zsero = E e~ 2miHero

i g
nt,m

partition function is defined as

By identifying the period matrix as

iy = 2m(— Lij + /= BGi)

the zero mode partition function can be written as®

Zzero - Z © [g] (_T>@ [g] (_T)
aib;

Here the Jacobi theta functions are given by
O (r)= Z exp (mi(n' + a')r;(n? + a’) + 2min'b; )
ntez
and the characteristics a’ and b; are running over 0, %

So far we have computed the zero mode part of the partition function of a non-selfdual
three-form H, and we have seen that it is holomorphically factorizable in a certain sense,
as a finite sum of products of chiral and antichiral parts. On the Chern-Simons theory
side, this corresponds to the inner product of wave functions. The wave function that
corresponds to the partition function of selfdual three-form is now given by

Z=0[](=70)

for some certain characteristics.

This computation shows that we shall choose the corresponding Chern-Simons level to
be k =1 but it might be interesting to ask whether other values of k£ can be implemented
in M5 brane theory as well.

8Complex conjugation works as usual only in Euclidean signature where 3 is real and positive. But we

can extend analytically to arbitrary complex 8 while always prescribing the conjugation rule /—8 = —y/—p.
Using this prescription we can use theta function formalism also in Minkowski signature which is the natural
signature for Hamiltonian quantization.
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3.3 An alternative treatment of selfdual tensor gauge field

For the tensor gauge field we may use a selfdual Lagrangian. Holomorphic factorization
works nicely for the zero modes if we define the period matrix on the space of harmonic
three-forms. For the oscillator modes this method requires an extension of the period ma-
trix to include the oscillator modes. However this extended period matrix would be an
infinite-dimensional matrix which could lead to additional subtleties in the holomorpic fac-
torization. The alternative route is to work directly with a selfdual Lagrangian from which
we can compute the contribution of the the selfdual oscillator modes using conventional
quantization methods, that is Hamiltonian quantization or path integral quantization.
Let us first return to the nonselfdual Lagrangian. For the zero modes we have two
set of integers, m’ and n’. Using notations introduced in appendix A, these integers were

defined as

i~
Hmnp =m Qi,mnp

%
n
emn — qmn
2 (2

Let us now decompose the three-form into selfdual and antiselfdual parts,
H=H"+H"

where

H:i:,tmn -4 \Y 6_g etmnpquZ:)I(:Jr

We accordingly decompose the two sets of integers as

mt = m'T+m"

on' = m!t —m'~

whose solutions are

. . m
mZi:nZ:t?

We can express this as saying that
mit = pt + a
where p' € Z and each a’ is either 0 or %

We now turn to the selfdual Lagrangian. We define a six-dimensional vielbein e4 =
eﬁde which we decompose into e4 = (e!,e®) where a = 1,---,5. For the three-form
field strength we have

_ A _B C
Hynp = eyenepHape
where we define
oa = eXoy

and
Hapc = 30[4Bpc

,19,



To see this one notices that the ordinary derivative can be replaced covariant derivatives
in the three-form, and the vielbein is covariantly constant. Then we consider the following

six-dimensional Lagrangian (A = ;=)

A afyde A _6 «@
L=-3 PV Ge P H 5,0, Bse — 7V6 / PxVGH H,p5,

As we showed above, the Dirac charge quantization for the selfdual field strength is given by

% / 2- H=7+d
over spatial three-cycles ¢;. Moreover, the selfdual holonomies
X;(t) = exp' e
are periodic or antiperiodic according to
Xi(t+2m) = (1% X,(t)

The b; correspond to the characteristics b; in the theta function. In two-dimensions the
holonomies correspond to fermions via bosonization.

4 The D4 brane partition function
If we choose the metric on the M5 brane worldvolume on the form
ds¥s = G datde” + R*(dx® + v,dat)?
then the corresponding D4 brane action will be given by
S = Sym+ Sy + Sy
where
Sym = . d5x\/—>éFWF v+ 1/d5$66“'mmF JFr Vs
492 m " 3272 K
Sy = —2;2 d%\/—iéa%’f‘am’/*

Sw/ = ;2/6[5{13\/ —é’iﬁ’f‘“@uw'

and the coupling constant is

g° = 4n’R
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4.1 Scalar field

The scalar field action is given by

S = —2192 d%\/—iééwam’ayd

where

¢> = 47°R
This action is obtained by dimensional reduction of (3.2) and by defining

¢ =2rR¢p
We introduce a regulator r’ such that

¢ ~ ¢ +2mr

but of course this regulator is different from the M5 brane regulator r. These are related as

r’ =27 Rr

The quickest way to compute the zero mode contribution to the partition function is by
lending the result from the M5 brane. To this end we rescale the scalar field so that
the action gets the factor —\ in front in place of 5t;. We then find the periodicity gets

292
modified to
qb, ~ QS/ + 2777'”
with
r = ! 27’

V2TR

Then we can borrow the M5 brane result and we get the zero mode part of the Hamilto-

nian as
A/—B n?
HD4 TR TN
Vol' 12
where we use Vol = [ d*z./g in place of Vol = i d°zv/G. These volume factors are

related by
Vol = 27 RVol’

To compare with the M5 brane Hamiltonian, we substitute 7’/ = v/2rRr. Then

M= n?

Hpy = n
D= Nol2nR 12

which now agrees with the zero mode part of the M5 brane Hamiltonian. Consequently
also Z,er0,¢r agrees with Z,e. ¢ of the M5 brane.

— 21 —



4.2 (Gauge field

The momentum conjugate to A; is

. 1 /[ ~ . 1 ~ ...
EZ:747T2R 7Gth+@G€tz]levjkvl

We choose temporal gauge

At =0
We first show that we can express the conjugate momentum in a six-dimensional form as

. 1 .
Bl =~ V=gH

To see this, we first note that

1 ~ -
5 A A
Hp = = GM"G""Hpyex — 0HEP

Then using selfduality, we have
1
R?

— . 1 /1 ~ 1~ ..
R\ ~GHgp = o~ (R\/ ~GF" + 2Get”klijkl>

S 1
H65gzz _ GuHGV)\HSH/\ _ §H€MVAHT5UAHKT5

and then

where we define 1
H/.Ll/5 = %F,u,y
and the identity follows.
We next comment on the integer quantization of the momentum which follows by the

fact that it is conjugate to 2m-periodic holonomies. For YM we then have

27
U da:lAl,El] = 2i
0

and for the six-dimensional theory we have
2w 2m
[/ dat da:5Bl5,27TE15] = 27%
0 0

5

where we write 2rE' due to integration over x® as necessary to get % quantities on the

r.h.s. in both cases. From these relations together with 27-periodicity of holonomies, we
conclude that

E' = 27nt

onEY = 272pt?

where n' and n'® are integer quantized. By identifying these integers as n’ = n® for
1=1,2,3,4, we conclude that
2rE® = nE"
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and thus we should expect the conjugate momentum of our ‘would be’ six-dimensional

theory, should be given by

1
e — _E _gHéan

or in other words,
B = A/ H"

The Hamiltonian we derive from the 5D YM is given by
Hym = E'Fyi — Lym

The first term is
E'Fyi = —V/=gHgpHus

For the second term we first notice that

1
R —gH Hso = Ly

and furthermore
1 Suv - L5
1V _gH6D Hs, = —/=g ZH6DH5Z'J' + §H6DH5ti
Thus
1 . 1 .
Hym = v—g<4H§gH5¢j - QHé%H&i)
The six-dimensional Hamiltonian is given by
AR ~
Hyis = = / d’x\/ —~GHEN? Hyy

but by using the selfduality constraint this Hamiltonian can also be expressed as

AR ~
Hys = =% / d°z\/ —GHg Hyy
4 F L tij L 5ij
=R | d'z\/-G| — §H6DHtij + ZHGDH5Z'j

To get to the second line we have assumed that the fields are independent of the coordinate
on the fiber, so that integration along the fiber just gives a factor of 2w. We also used
selfduality again, now in the form of Hé%Htij = —HggH&j. We now have

Hyis = Hym

under the assumption of fields being independent on the fiber coordinate. In particular
then, the zero mode partition functions are identical.
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5 Oscillators

5.1 Selfdual tensor field

In the spirit that M5 brane theory is a higher dimensional analog of selfdual scalar field
in two dimensions, we begin by computing the oscillator partition function for a two-
dimensional selfdual scalar field in a way that is easily generalized to a selfdual two-form
gauge potential in six dimensions.

5.1.1 Two-torus

Let us consider a real scalar field on T2 with metric

ds® = Bdt® + Gyo(dx — VTdt)? = Guy(dx + 7dt) (dz + 7dt)
where

V-8

— —‘/Jj
i MV e
po_ye_ VP
GII

The action is

S = —% / dtday/=ggM N 001 30n

As the orthonormal basis on the base-manifold whose coordinate is x ~ x + 27 we take

Pn = iemx for n > 0. The complex conjugates are ¢" = ¢_,. The quadratic equation of

motion reads (for n > 0)
(;(@: VRO, + G”&i) iBt+ine _
and it has solutions
Ef =mn
E, =7n
In Minkowski signature E;f >0 and E, <0. The Hamiltonian is

1 1 1
= — T — — T T —
H 5 Z n[7<anan + 2> T(bnbn + 2)}

nel4

where

n 6m,n
[bmvbm - 5m,n
The partition function becomes
1
Zosc =
n(7)n(7)
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where
o0

n(r)=e % [Ja—-emm™)

n=1

is the Dedekind eta function.
We note that the partition function can be expressed as a determinant

7 _ 27/ B
o v/det' A

where in this determinant we shall put 9y = im where m € Z due to our convention where
the time coordinate interval over which we compute the partition function is [0, 27]. The
physical time interval is 27+/|/5|.

5.1.2 Six-manifold

We now proceed to generalize this to six dimensions. If we impose temporal and Lorentz
gauge

iWB =0
d'B =0

with respect to six-dimensional metric, then the Maxwell equation of motion becomes
NgB =0
where Ag denotes the Laplacian on Mg. The energies are obtained by solving the equation
Aﬁ(eiEatwa) =0

where ¢, denote an orthonormal basis of two-forms on M5. Such a basis can be conveniently
chosen such that

AS@a = Aa@a
(Par pp) = 05

where the inner product is given by (¢a,¢s) = [ M, Pa N\ #5905 and Aq denote eigenvalues
and bar denotes complex conjugation.

Obviously the eigenvalues A, may be degenerate. What is less obvious is that the
partition function can be complex-valued. To see this, let us assume a Cartesian product
Mg = T? x My. In this case we get

B = ¢(t,x)p(x")

and we wish to solve the equation of motion

(Do) 4+ pAgp =0
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Let us assume that we solve this equation by requiring
ANyp=0
Then dy = 0 and we get
dB =d¢ N p

Requiring this to be selfdual means that either both ¢ and d¢ are selfdual or both anti-
selfdual. This shows that the partition function will now contain a factor

I S
() n(r)

where b* denote the number of selfdual and antiselfdual harmonics on My respectively,

Zosc(T; gij) =

and 7(7) is the contribution from one selfdual scalar field on T2. Only if b — b~ = 0 do

we have a real-valued oscillator partition function. The oscillator mode contribution for a
1
n(r)"+’
this factorization extends beyond the zero modes on My in this case. One way to compute

selfdual tensor gauge field is given by the holomorphic factor We do not know how

the oscillator mode contribution to the partition function of a selfdual tensor gauge field
could be to directly work with a selfdual action for example the one we wrote down in
section 3.3.

5.1.3 Six-torus

Let us now instead turn to the case when Mg is flat 76. Since this is 72 x T* and
bH(T*) = b= (T*) = 3 the oscillator partition function will be real. This means that to
compute the oscillator mode partition function for a selfdual tensor gauge field on 7° we
can simply take the square root of the oscillator mode partition function of a non-selfdual
tensor gauge field on 7°. The Laplacian is

Ng = —g"N oy 0N

and this gets split into

1 2
AG - —Ea? - vaatam + AE,
Let us define 1
fom =~ ePmT g™ A dg™
P (2n)3

which satisfy

Bofi™ = Al
(f5" 131) = VGG P55

where

p = T,
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We wish the consider a basis f;lm with the property that ( fgm)* are linearly independent of
f]g"”. This can be achieved by restricting ourselves to a half-space p' € Z5+. This half-space
can be selected by first picking a co-dimension one hyperplane in R® which only intersects
the origin but no other lattice points in Z°. Such a hyperplane may be defined by one
normal vector which we may take for example as 7 = (1,v/2,v/3,v5,V7,v/11). Then we
may define the half-space as Z5 = {p € Z°|ii - p > 0}. The energies are

+ _ m
Ey = =V"pm £/ =Pp

Let us define a projector

Then
Fn = (g

satisfy Lorentz gauge p,, f;fm = 0 (we drop the tilde for notation convenience). Moreover
(f5™, f77) = VG o,

We also define selfduality projectors

mn 1 mn ]‘ mn AT
(Sp)mm = (Hpq + VG )

pq 2

and define
T = (Sppn

which obey (again dropping the tilde)
(1, 1) = V@S9

We expand

B(x) = Z (amnvﬁeiE;t + bmmﬁeiEr;t)fgm(:E) +c.c.
PEZ,
and this will now satisfy the Maxwell equation of motion, be in Lorentz gauge and give a
selfdual field strength. We see that there are three independent polarizations a,,, 5 for a
given momentum p. Let us denote these independent ones as a% fori=1,2,3.
It is a general result that the Hamiltonian of a quadratic Lagrangian is given by

_ ol it L\ o (it L

PEL i

where
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Since the Hamiltonian shall be non-negative in Minkowski signature, we shall take E* to
be non-negative, and £~ to be non-positive solutions to the quadratic equation of motion.

The oscillator partition function now becomes
1
Zoge = —_— (5.1)
(g )3n(g" )3

where we define a generalized Dedekind eta function and its conjugate as

— + .
n(gMN) . ’Lﬂ'ZﬁEZi Eﬁ H (1 . e27rzE;)
PEZY,
n(gMN) = T ipens By I1 (- 2y )
ﬁezi

If we pick T? with modular parameter 7 embedded in T% then Z.. contains as a factor

L___ This is an important observation to show modular invariance of the full partition

n(7)3n(r)
function on 7.

5.2 Scalar fields

For the five scalar fields we get the contribution
1
n(gMN)sn(gh )

where E* are computed from Ag acting on zero forms e¢Ft¢p(2™). For a flat TO we get

that same eta functions as those for the selfdual tensor field since for flat space we have
the same energies.

5.3 Fermions

In order to preserve supersymmetry on 7% we shall impose periodic boundary conditions
on the fermions on all the 6 one-cycles of 7. For the spatial directions this amounts to
integer momenta. To get periodic fermions in the time direction we must insert (—1)F.

Thus the fermionic partition function is
tr((_l)F€2mH) _ o Sim S pess(BF —E7) H (1 _ ezm’Epf>8(1 B e—2mEz;)8
PELS+0
Now for this periodic boundary conditions there is a zero mode p'= 0 which kills the whole

partition function so that
Z=0

Obviously this partition function is modular invariant. We may also relax period boundary
condition in time direction while preserving supersymmetry since supersymmetry variations
are at a fixed time and do not see such a boundary condition in time. In that case we get
the partition function as

tr(627riH) _ 678” 25625 (E;rpr:) H (1 + e27riE;T)8 (1 + 6727riE1;)8

PEZE 40
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but now we can only expect this to be modular invariant under modular transformations
that act on 7° C T and leave the time direction unaffected. So we shall expect this
partition function to be only SL(5,Z) invariant.

6 Modular invariance of M5 brane on T2 X M,

So far we have been studying M5 brane on circle fibration over a five-manifold. If we
continue the program of circle fibrations, the next step will be to consider a two-torus
fibered over some four-manifold. Since the modular group of a two-torus is SL(2,Z) we
can ask whether the M5 brane partition function is SL(2, Z) invariant. Such a strategy was
used in [2] for the case of a flat T° to prove full SL(6,Z) modular invariance on T by first
proving SL(2, Z) modular invariance on a T2 embedded in 7°. But we may generalize. The
most general geometry for which SL(2,Z) modular invariance can be studied is where we
have two commuting Killing vectors corresponding to a two-torus 72 in the six-manifold
Msg. If we take one circle direction of that T2 to be associated with time, the natural choice
of metric will be
ds® = Bdt* + G (dz™ — V™dt) (dz™ — V"dt)

on which we make a subsequent decomposition of the same form,
Grndy™dy" = y(dy°)* + gij(dy" — U'dy”)(dy’ — V'dy®)
Thus, by substituting dy™ = dx™ — V'"™dt, the full M5 brane metric is
ds? = Bdt* + y(dx — V°dt)? + g;j(dx’ — V'dt — U'dz)(da? — VIdt — U'dz)
The first two terms can be combined into the standard metric on a two-torus
~v(dz + Tdt)(dz + 7dt)
if we define
B
val

The metric is invariant under simultaneous exchange of coordinates on 772,

r=-V5+

=z

= —t

and the following change of parameters in the metric,

V/i _ UZ
U/i _ 7Vz
S
-
1
,,__
v =TTy
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We will postpone a study of modular invariance on generic such fiber-bundles to future
work. Here we will assume the six-manifold Mg is on the form of a Cartesian product

Mg =T? x M,
This corresponds to putting V¢ = U’ = 0 above. The metric on Mg is then
ds%JG = ds?\/h + ds?\h
where

ds?\/[? = v(dzx + 7dt)(dx + Tdt)
ds?\h = gz-jdacidacj
The Laplace operator becomes

Ng = Na + Ng

6.1 The zero mode part

In the appendix B we obtain the period matrix for T2 x My for the case that dimH (M) =
0. This period matrix has been previously obtained in [22]. We have the following results
for the period matrix and its inverse,

17 = 1(Q 1y + Gy
(T—I)IJ _ %’1Q1J+7“:2QIKQJLGKL

Here 7 is the period matrix on 72 and @'’ and G’ is the intersection form and the metric
associated with My as defined in the appendix B. We define?

~ T1

Tn = ———>5
2 2
T — Ty

~ T2
T = ——F5—%5
2 2
T — Ty

The partition function is'®

Zzero =0 [8] (TIJ)

Two ingredients are involved to see the modular property of this partition function under
S-transformation. The first ingredient is Poisson resummation,

. J 1 » —1
Z i T nt Z e'Lﬂ'm[(T Ymy
ot Vdet s mpeZ
The second ingredient is to make use the intersection form (whose entries are integers) to
define dual integers

m[ _ QIJmJ

9We remind that our notation is 7 = —71 — 72 and ¥ = —7; + 7» in both Minkowski and Euclidean
signatures. We then define 7 = f% =-=L.
OFor simplicity we consider only zero characteristics. It is also true that this choice is the most modular

invariant choice [20, 21]
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which results in

mI(T_I)’I?’LJ = m17~‘]JmJ

where we define
717 =1(Q N1y +7Gry

To compute the determinant we define
m=m IQI

and

mE =m+sm

we then consider the following equality (noting that s = 1 and defining the inner product
as usual). Then

1
mrZ 7 my = E(T(mﬂ m*) 4+ 7(m”~,m"))

We can compute the determinant as a product of exponents. These exponents factorize
into selfdual parts, so we can compute the determinant of each factor. One such factor is

1 _ + 1 + +
\/W—H/dm eXpET(m ,m )

()

The product runs over the selfdual harmonic two-forms, and by is the number of such
two-forms.

No contribution relevant for S-duality comes from harmonic one-forms on My because
these do not give a dependence on 7. They involve various combinations that contain
dt N\ dx, but no single dx nor single dt, so there is no 7 dependence.

We find that the zero mode partition function transforms like

1 by —b_
Zzero <_ T)Qij) = \/F +\ﬁ Zzero(Ta gij)
Zzero(T +1, gij) - Zzero(Tv gij)

A corresponding result was obtained in [22] for non-Abelian gauge group. However in this
reference it seems the second ingredient of using the intersection form Q7 to define dual
integer numbers is missing.

6.2 Oscillator mode part

Oscillators contribute with a generalized eta function. Zero modes have already been
analyzed, and the determinant of the six-dimensional Laplacian acting on two-forms, equals
the generalized eta function up to a zero mode factor.

We have learned how to extract Z.s from the determinant. Let us now consider the
determinant that is relevant to this situation

det ANg = det(Ag + A4)

— 31 —



We will ignore the issue of gauge fixing and ghost determinants. Instead we will map this
determinant directly to Z,s.. Only massless modes from two-dimensional point of view can
contribute an SL(2,Z) anomaly. So it is enough to consider zero modes of A4. These are
the harmonic two-forms on M,. Thus the determinant we will be interested in reads

(det Ag)P2

From this result we can immediately conclude that the 7 dependence of the oscillator

partition function is
1
Zosc(Tv gij) = T ——b
()" n(7)

Zosc(— 71_,91‘]‘): f) <7__>b_Zosc(Tagij)

ZOSC(T+ 179@']’) =€ 32 by—b )ZOSC(T gz])

and it transforms as

The total partition function is thus invariant under S-transformation 7 — —% and trans-
forms at most by a phase under T-transformation 7 — 7 4 1. The partition function is
modular invariant whenever by = b_. This shows that the partition function is modular
invariant on 7% but not on 7% x TN where by # b_. (On TN we have by =1 and b_ = 0).

For the five scalar fields we also find modular invariance on 7%, despite the oscillator
mode contribution by itself is not modular invariant. But we do have a zero mode con-
tribution also for the non-compact scalar fields, as we showed in section 3.1. For the case
that W = T2 x My (whereof T is a special case) we find that we can express the zero

7)‘1*
5

L
NG

mode factor as

Zzero =

7N

It transforms under S-transformation into
1
Zoero| — ;agij = ‘T|Zzero(7—)

For a single scalar field the oscillator mode partition function transforms as

1 1
Zosc <_ Tugij> = HZOSC(T)

showing that Z,c.0 Zosc is invariant under S-transformation. The same holds true for 7-
transformation on 7.

For the fermions on 7° and if we assume antiperiodic boundary conditions in all
directions, we find a zero mode that kills the whole partition function. Obviously 0 is
SL(6,Z) modular invariant. If we choose periodic boundary conditions on the circle in
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TC that we associate with time, then we shall only expect to find SL(5,7Z) invariance.
And indeed this amount of symmetry is manifest in our expression for the oscillator mode
partition function, as was also noted in [2] in the context of tensor gauge field on 7.

Thus the M5 brane partition function with zero characteristics on a flat T is SL(6, Z)
modular invariant, and on 72 x Mj it is SL(2,Z) modular invariant up to a phase. Under
dimensional reduction to four dimensions we find a partition function which is a modular
form [23]. It is natural that we get different modular properties of the partition functions
in four and six dimensions since we truncate away all the KK modes in four dimensions.
Nevertheless we do find a modular property in four dimensions. This experience could
motivate us to ask if some modular property could also be found in five dimensions.

The oscillator parts of both D4 and M5 are on the form of generalized Dedekind eta
functions. Let us consider a flat six-torus. Then the frequencies E,,  that appear in the
generalized Dedekind eta function are the positive roots to the equation of motion

gM N nyny =0
where we solve this equation for n, = E,,, and pick the positive solutions (in Minkowski
signature). For the D4 brane E,,, are positive solutions to

G"'nun, =0

where n; = E,,. We use the index notation M = (u,5) and p = (¢,4) for i = 1,--- 4.

Since

MN

- 1
g nyny = G (ny, — vuns)(ny — vuns) + ﬁn52

we see that
" Npymy = é‘“’nuny
only for vanishing KK momentum ns = 0.
If we pick factors in Zé\gg with n; = 0 and perform the product over all non-vanishing
Kaluza-Klein momenta ns = 1,2, 3, - - -, then these give rise to a 7-dependent factor

Here the powers 3 correspond to the six harmonics b;; on T?, separated into selfdual and
anti-selfdual parts. These harmonics are responsible for the 3-fold degeneracy of E,,,. For

the D4 brane we put nz = 0 and this 7-dependent factor does not arise in Z(Psﬁ‘.

7 The M5/D4 partition function on T°

Multiplying together the various contributions, what have found on 7° is the following M5
brane partition function
ZM5 _ zM5 M5

ZEero~— osc
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where

2, = o f (- (Y

1+e27riE;.' 4 | 4 o2y 4
20 =]
osc omiEL —2miE
e P 1—e P

p#0 \1 —

and where p'= (pp,) = (ps,p5) for i = 1,...,4. For the D4 brane we have found that

D4 _ M5
Zzero - Zzero
. \4 = \4
- 1 —}—eQWZEPi 1+ 6727rzEpi
Zose = H 2mi B —27iE,,
pit0 \1 — e 1—e Pi

What is missing so far from the D4 brane are the KK modes with ps # 0, to which we will
turn our attention in the next section. Let us here just note that a particularly simple KK
sector in the M5 brane oscillators is obtained by taking p; = 0 with ps # 0. We note that

By —ops = £V =BV GP|ps| = Vs
and so by defining
g = o2mi(V=BVGE V)
q= o 2mi(—V=BVGF V)

we find that this sector gives the following contribution

e’} 8 8
1+¢7»\°(1+q"
M5 _
Zosopmo = |] (1 — qps) <1 — (7.1)

ps=1

8 Small instantons and KK modes

Up to now we have shown that the naive D4 brane partition function on 7° does not match
with that for the M5 brane on 7%. The zero mode’s part has the precise agreement while
there is a clear mismatch in the oscillator part of the partition functions. If the proposed
D4/M5 on S! correspondence is correct, this implies that one is missing certain degrees
of freedom from the D4 brane side. It is clear from the previous discussion so far that
the missing part are all those spectra of KK modes along the circle direction S'. Here we
would like to show that this KK part of the partition function is precisely generated by
small instantons corresponding to DO branes of the type ITA string theory.

Taking our S' as an M-theory circle, the M5 becomes D4 by the type IIA reduction
and the KK circle momenta are corresponding to DO branes from the view point of the
type ITA theory. If DO branes are away from the D4 to the five transverse directions, then
their Hilbert space is not to do with that of the D4 brane. When D0 branes are located
on top of the D4, they can be bound to the D4 brane forming a (threshold) bound state,
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which can be faithfully captured by the D4 brane worldvolume dynamics we are dealing
with. This is one of the basic construct of the D4/M5 on S* correspondence proposed in
refs. [11, 12]. These DO branes are captured by the well known instanton dynamics of D4
branes satisfying the selfdual (or anti-selfdual) equation

F:(—)*4F

where the hodge dual %4 is taken over the four spatial direction of the worldvolume direc-
tions of D4 branes. The instanton number is counted by an integer ng

1
n5:87r2/trF/\F

For the SU(N) part of N D4 branes with N > 2, regular solutions of the above self
dual equation can be found explicitly. It is well known, however, that for the case of
U(1), the corresponding instanton solutions become singular classically. Hence one has to
introduce some regularization in order to use the conventional techniques including the
moduli space approximation. Here we shall introduce the noncommutativity parameters
for the spatial part of the coordinates for the sake of the regularization and then, in the end,
we take the commutative limit by sending the noncommutative parameters to zero. In this
regularization, the instanton size squared turns out to be of order of the noncommutativity
parameters. Since we are interested in the small size limit, the physics of global aspects
decouples from the local dynamics and, for instance, the boundary condition on their wave
function can be imposed separately afterwards.

Hence by an appropriate coordinate transformation, we make the D4 brane worldvol-
ume metric to the standard flat Minkowski form,

ds? = —dz3 + dzdz;
With these coordinates, the 6d metric including circle fibration now takes the form
dsg = ds? + R*(da® + v,dz")?
We shall introduce the spatial noncommutativity
(21, 25] = i0;
where the noncommutativity parameters ;; can be fully parameterized by
i = €y + 7

where 7, and 7;; @ = 1, 2,3 are the selfdual and anti-selfdual 't Hooft tensors respectively.
We shall focus on the Maxwell part of the D4 brane action that is given by

1 1 -
S=—1p / d°z F, " + -2 / APz P, Frs 0, (8.1)
and we are interested in the instanton solutions satisfying
1
Fij = ieijlekl
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and their moduli space dynamics. The instanton solutions of the selfdual equation and their
modular space dynamics can be systematically studied by the so called Atiyah-Drinfeld-
Hitchin-Manin (ADHM) method of the construction [24], for which the noncommutative
deformation can be incorporated in addition [25]. We shall not introduce all the details
here but just necessary part for the present purpose. The ADHM equations for selfdual
instantons reads'!

[Z, W]+ IJ = ¢! +i¢?

where X and W are complex ns x ns matrices and IT and J are N x n5 complex matrices.
As before N is for the N parallel D4’s and we are here only concerned about the N =1
case. We note the anti-selfdual part of the noncommutativity parameters enters for the
ADHM equations for selfdual instantons. Since there are U(ns) gauge symmetry for the
ns instanton dynamics, one has to mode out the degrees of the above ADHM equations
by an appropriate U(ns) gauge fixing conditions. Thus the moduli space dimension as
parameterized by the matrices is given by 4n§+4n5N moded out by 3n§ conditions imposed
by the ADHM equations together with n% gauge fixing conditions. Therefore the resulting
dimension becomes 4ns N or 4ns for our interest of N = 1 case. The moduli space metric
is induced from the flat metric

ds® = tr(dIdI" + dJ'dJ + dZdZ" + dWdw)
by a hyper-Kahler quotient procedure [13].

8.1 One instanton dynamics

From now on, we shall focus on U(1) case with N = 1, set &1 + i€ = (1 +i(2 = 0 and take
¢ > 0. Then for one instanton case with ns = 1, the gauge fixed solution reads

I = \/Ev Jix1 =0

while Z741 and Wi« are not constrained at all. Thus we conclude that one instanton
moduli space is given simply by flat R* with
ds? dZ|? + |dW|? = dX;dX;

ns=1 —

where X is the position on R*. This describes a D0 with a definite finite size freely moving
along the worldvolume directions of the D4 brane. (One can show that there is a finite
binding energy between D0 and D4 due the nonvanishing noncommutativity parameter ¢.)

For the details of its Hilbert space and moduli dynamics, one may be more explicit for
this simplest case. Of course via the ADHM construction, one may find explicit nonsingular
one instanton solution A4;(Z) with Ag = 0 [25, 26] but we do not need here its explicit form

HThe anti-selfdual instanton corresponds to replacing ¢* by &% in the ADHM equations. Therefore,
to have ADHM constructions for both instantons and anti-instantons, we need to have both (* and £*
non-vanishing.
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since the translational symmetry of the system will be enough to show some details as
will be clear below. With the choice of Ay = 0, the configuration A;(Z — X ) is explicitly
describing the moduli space R*. Here X; are the so-called collective coordinates for the
moduli (solution) space interpreted as a position of DO along the worldvolume directions
of the D4. In general the zero mode that is the variation of the solution tangent to the
moduli space requires an extra gauge transformation

0 0
0jA; = =4 + —
I 0X j ! 821 J
where \; will be chosen such that the constraints %@Ai = 0 hold, which means that the
zero modes are orthogonal to gauge transformation modes  A; = D;A. For the present one
instanton case, the constraints are trivially solved with \; = 0 by assuming the gauge fixing
condition 0;A; = 0. Thus for the explicit moduli space dynamics, we insert the ansatz

Ai(Z-X(t), Ay=0

to the action (8.1) in order to obtain the low energy effective action for the one-instanton
dynamics. This will be valid up to quadratic order of the velocity X;. For the evaluation
we further note

/d4Z.FijFij = N5 = 1

1672
1672 /d 2FijFim = = 0jm

where for the latter we have used the translational symmetry of the one-instanton solution.
The resulting effective Lagrangian for the one-instanton dynamics reads

— n5 . n5 . . - . .
L=l = — g trstot ﬁXiXi + n5 0; X"
For anti-instantons we instead find (with nz = —1)
—_ n5 ~ n5 . . - . .
Le=""t= T Trsto - gpXiXi+ns 0, X"

The canonical momentum has an extra contribution from the first-order time deriva-
tive term,

ns -
P = iﬁXz + n5 U;

with upper sign for instanton and lower sign for anti-instanton respectively. The Hamilto-
nian becomes

ns . R - -
H= iﬁ —n5 09 £ T%(pz‘ —ns0;)(pi — n50;)

Here %% is the mass of the nonrelativistic motion of an instanton and of an anti-instanton
respectively. We note that the sign is precisely such that this mass is always positive. One
then recognizes that this is the nonrelativistic version of the relativistic counterpart

~ - n
— (po — n5ti0)® + (P — n58;)* + R;Z =0 (8.2)
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in Minkowski signature if we make the following identifications
H=—-p, >0

for the instanton and the anti-instanton respectively. Here pg denote the positive and
negative roots to the quadratic equation of motion (8.2) (for a sufficiently small vp). Since
one has the 5d Poincaré symmetry of D4 in the commutative limit, one may argue that
the above should be the precise spectrum; Its 6d version takes the form

gV pypn =0

with the instanton number nj is identified with the KK momentum ps along the circle
direction. Thus we conclude that the required spectra for single KK mode are precisely
reproduced from the single instanton and anti-instanton dynamics respectively.

The supersymmetric extension of this analysis for the one-instanton case is rather
straightforward. We shall describe simply the result here. The one-instanton is half BPS
(preserving half of the 16 supersymmetries) and the 8 fermionic zero modes form a multiplet
consisting of 8 bosonic and 8 fermionic states. This agrees with the ground state degeneracy
of one-D0 and one-D4 bound states. Among the 8 bosonic states, 5 correspond to the KK
parts of 5 scalar while the remaining 3 are the KK modes from the selfdual two form gauge
field. The fermionic part are also matching precisely with the KK modes from 8 fermionic
degrees. Thus we conclude that the dynamics of one instanton sector is precisely matching
with that of the one KK mode of the M-theory circle.

8.2 Multi instanton dynamics

We now turn to the cases of higher instanton numbers. The case of two U(1) noncommu-
tative instantons has been analyzed in [13] which leads to the metric on the 8 dimensional

moduli space
ds? ds?, . + ds?

ns=2 com rel

where the center of mass part is R* with metric

ds® = dX;dX;

com

while the relative part of the metric is given by the Eguchi-Hanson metric [27]

2 r? 2 r? 2 1 1 3.2 2
dsiy = —F——=| dr +ZO'3 +Z 4 +4¢? (o7 + 03)

In this metric o, are the standard SU(2) left invariant one forms given by

01 = —sinydf + cos 1 sin Odp
o9 = cosydl + sin ) sin Odp
03 = di + cos fOdyp

and the angular variables are ranged over
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due to these angular ranges, the geometry involves S3/Zy whereas a full S® requires the
range 0 < ¢ < 4m. As expected, this metric is nonsingular at » = 0. In the commutative
limit of ( — 0, one may ignore any interactions between instantons completely leading to
the metric for

R* x RY/Z,

or
T x T/ Z

including the global boundary conditions, where Zs is interpreted as the permutation sym-
metry of identical particles. Thus the Hilbert space for two KK modes is realized by the
two instanton dynamics.

Their quantum mechanical Hamiltonian is given by the Laplacian operators of the
geometry acting on the wave functions with internal structure characterized by n-forms.
It is well known that the Eguchi-Hanson metric allows a unique normalizable selfdual
harmonic two-form state

2r3
wyg=——"—"——=drNog+ ———01 No3

(4 + 4¢2)3 ( + 4023
This is interpreted as a threshold bound state two U(1) instantons. As noticed in [13], this
threshold bound state corresponds to the state of the charge two (n5 = 2) KK mode.

For the maximally supersymmetric case, the counting of relevant two-instanton states
goes as follows. As explained each D0 brane has 2* states, eight bosonic and eight fermionic.
Now for two DO branes, considering them as identical particles, the exchange symmetry
has to be incorporated in this counting of internal states. There are % x 8 X 9 possible
states with both DO branes in the bosonic states. There are also % X 8 X 7 states with both
DO branes in (different) fermionic states (due to the exclusion principle). The remaining
possibilities include 8 x 8 states with one in a bosonic state and one in a fermionic state.
Hence the two (separate) DO branes involve in total 128 states. But as just described above,
two DO branes can also form a threshold bound state and be bound to the D4 brane, which
is then identified as a single ns = 2 KK mode. This involves 16 states as a single entity.
Thus the total number of states with n; = 2 is counted as do = 16 + 128 = 144.

Threshold bound states for ns > 2 have not yet been constructed. However their
existence was proven in [14]. For ns; = 3 there is thus a threshold bound state which
corresponds to a single instanton particle carrying instanton number ns = 3 and which
has 16 internal states (eight bosonic plus eight fermionic). We can also have two separate
instanton particles, one with instanton number ns; = 1 and the other being a treshold bound
state with instanton number ns = 2. Since these two instanton particles are distinct they
contribute with 16 x 16 = 256 internal states. Finally we can have three separate instantons
each carrying instanton number ns = 1. As each of these instantons can be either bosonic
or fermionic they add up to 120 + 288 + 224 + 56 = 688 internal states. (The four terms
correspond to instanton types BBB, BBF, BF'F, FFI' where B and F' refers to 8-bosonic
and 8-fermionic states.) Thus for n5 = 3 we have in total d3 = 16 4 256 + 688 = 960 states.
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In general we get the total number of degrees of freedom d,,, at a given instanton number
ns from the following generating partition function as

8 s 1T (1+4g™ ®
QZdnq =25 ] g (8.3)

ns=1

where the overall 28 is the counting of states for D4 brane ground states. This formula can
be derived from the counting of BPS states in string theory and using some chains of U
dualities [14, 28]. We have explicitly checked that the coefficient dy, dy and d3 are correctly
generated by this generating function.

The counting is precisely in parallel with the required KK states which is the missing
part of M5 brane partition function in the naive D4 brane computation without incorpo-
rating instanton contributions. We note that ZM5 ' pi—o as obtained in eq. (7.1) contains as
one factor the generating function of instantons (8.3). The second factor in eq. (7.1) which
involves a product over ¢ shall be interpreted as the contribution from anti-instantons.

Instantons are BPS configurations, which means that static instantons do not interact
among themselves. Static anti-instantons likewise do not interact among themselves. How-
ever an instanton interacts with an anti-instanton since such a configuration is not BPS.
Also if we give some small momenta to instantons, they start to interact and feel the metric
of the moduli space. However as the instanton and anti-instanton sizes become small in
the commutative limit, the moduli space becomes flat and these become non-interacting
particles. In the same fashion instanton and anti-instanton interactions disappear in this
limit. Their contribution to the D4 brane partition function then factorizes. First from
the instantons we have the factor

inst __ inst
zm = ] 20
n; €7

where n; labels momenta of an instanton or a threshold-bound state of instantons which
we call a KK particle with ns = 1 or with some nonvanishing ns respectively. Using the
counting of degrees of freedom as obtained above up to instanton number ns = 3, we have
the following contribution from KK particles with a specific momentum n; to the D4 brane
partition function

2miE T 2miE T

2 1128 e AmiBS

Z =1416¢ ! 4 16¢

11662 EN s 4 956 ¢ 2mi (B B ) + 688 5TIE 1
+ ...
where Ef{ s Tefers to —py > 0 where pojE are the two roots to the equation (8.2). Second

from the anti-instantons we have the factor

Zant i-inst H Zantl inst
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As we have seen, the anti-instanton is associated with E;f = = —p; > 0 for ns negative.

nims
We then find that

- ot ot ot
Zg?tl—lnst — 1416 eQmEni»—l +16 eQﬂZEnzw—Q + 1928 e47rzEni,_1

omiEt omi( B +E
+16 ™3 4 256 ¢ Y

+...

ot
67rzEn%,‘71

+ 688 ¢

We now claim that ns # 0 contributions to the M5 brane partition function contain gen-
erating functions for these instanton and anti-instanton threshold bound states. More
precisely, we claim that

o0 2By e\
inst _ H 1+ ™ Fnins
Mg .
ns=1 1— eQmEnimS
= 2miB, g\
zanti-inst _ H (1 + e 5)
i - 2miE. o
ng=-—00 1 — e P nins
It is rather easy to check explicitly that these generating functions reproduce the correct
number of degrees of freedom for each threshold bound state up to total instanton number
ns = 3. By noting the relation
+ _ —_
Eni,n5 - _E—nu—ns

it is easy to see that we have
ZMS (TG) — ZD4 (T5)Zinst (TS)Zanti—inst (TS)

where the various factors on the right-hand side correspond to instanton numbers ns = 0,
ns > 0 and ny < 0 respectively. We may also phrase this relation as

ZM5 T6 - i ZD4 T5
(T7) 4,3130 g,g( )

since the non-commutative D4 already has those instanton sectors in the theory so they
shall not be supplemented.

There is now little doubt that the M5 brane is really the same thing as (noncommu-
tative) D4 in the above sense. In particular the M5 brane partition function encodes the
number of internal degrees of freedom of each DO brane threshold bound state.

One final note is the fact that the zero mode part of the partition function include
also so called large instanton configurations which are satisfying the same (anti) selfdual
equation of instantons. However as we showed explicitly, these large instantons are nothing
to do with DO branes. Namely, without involving any D0 branes, we have shown that the
zero mode part of D4 and M5 has already an agreement with each other.

Since the essential properties of small instanton contribution we are using are only
local ones, one expects that the above discussion can be extended to the case of general five
manifold with circle fibration. But the relevant ADHM construction and the corresponding
regularization is lacking currently. We shall leave this issue for future investigations.
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9 Singular fibration

So far we have considered circle fibers with constant radius R. We may also consider
situations where R depends on the D4 brane worldvolume coordinate. At some points
one may also allow R = 0 in which case we have a singular fibration. From the Mb
brane worldvolume point of view such singular fibrations are smooth and pose no further
problems in the computation of the partition function, but from the D4 brane point of
view the computation of the partition function becomes much more difficult when R is not
constant. Also we may need to add new degrees of freedom at the locus of the singularity
R = 0. As a singular fibration we may consider the M5 brane worldvolume on the form
W = TN x T? with TN being a Taub-NUT space that supports a single harmonic selfdual
two-form Q1. Such a fibration has been considered also in [15, 29]. Then the zero mode part
of the M5 brane partition function will involve ©(7) where 7 is the period matrix on T2.

Jun

There is no fully modular invariant theta function except for © 7| (7) that vanishes,'? so
2

the M5 brane partition function will depend on the choice of spin structure. As symplectic
basis of harmonic three-forms on W we take

a=Q"ANdx
B =" Ady

and the period matrix of W becomes the 7 parameter of T2. On the five-dimensional base-
manifold R3 x T? we have sYM theory with coupling constant g> ~ R. It appears that the
zero mode contribution from sYM can not give us a 7 dependence of the partition function
because the only harmonic two-form is the one on T itself, while to have a 7 dependence
we would need a harmonic two-form that has only one component on 7. Such a harmonic
two-form is not normalizable on R? x T2 and must be excluded. Instead we have to add a
chiral scalar action localized at the singularity {0} x 72 of TN x T?. The chiral scalar of
course gives us a partition function ©(7) on T2.

Another way to see this is by studying the gauge anomaly cancelation. The gravipho-

ton term )
SsYM:@ , 2A/\dA/\w
R3xT
with
— —ﬁeijkxidxj A dz®

has the anomalous gauge variation

1
5SSYM:2/ d)\/\F/ w
81 Jr2xR, s2

1
= — [ AF
47 T2

under the variation

0A =d

2That is not so if we couple M5 brane to a background C field though.
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This gauge anomaly can be canceled by a gauged scalar field theory

1
Swazw = 87T/T2 (|dp + A]* + 26 F)

supported on {0} x T2 whose gauge variation is

1
5SWZW = —— AF

47T T2
under
0p = —A
0A = d\

Moreover, 2 periodicity of the holonomy [ A implies that ¢ is also 27 periodic in order
to make d¢ + A a gauge invariant quantity. Now this together with the normalization
we found for Sy zw tells us that we have a coupling constant which corresponds to the
free fermion radius. This action corresponds to Chern-Simons theory in three dimensions
at level Kk = 1. Such a Chern-Simons theory may be derived from seven dimensions by
expanding

C=Q"AA

We then get

ﬁ C'/\dC'Zﬁ Q+/\Q+/ ANdA
AT Jrxw AT JrN RxT?

The selfdual harmonic two-form was found in [30, 31]. We will normalize it so that QF =

%w where
T

o1 Nog + 5dr A os

1
(r+1)

using the notation and conventions of [30]. Then we have

/Q+:1

/Q*/\Q*:l

r
w =
r—+1

where the three-cycle ¢ is spanning the r, ¢ plane where the coordinate range is ¢ € [0, 4.
We then find that A is a connection one-form whose holonomy is 27 periodic, induced from

C, and we find that

k
— | A A
47 N

with standard normalization, induced from Chern-Simons action for C.

Another generalization we did not consider in this paper is to include six-manifolds
which have no one-cycles at all. As we can see from our appendix A, once we have a
one-cycle, there is a natural choice of symplectic basis of three-forms and corresponding
three-cycles. If we have no one-cycle in our six-manifold we may of course still find a

— 43 —



symplectic basis though the method in appendix A does not apply to such cases. For
example we may consider the case when the six-manifold is W = 5% x §2. On S® we do
not have a one-cycle even though it can be viewed as a Hopf bundle over a base manifold
S?. Nevertheless we can define a symplectic basis for this situation by taking as basis
three-forms certain rescaled volume forms on each of the two S® respectively. One may
also consider a situation where the two Hopf fibers make up a skew torus, in which case
the period matrix 7 (which is just a complex number) can take any value in the upper
half-plane. Also we have been ignorant about curvature corrections and essentially our
presentation in the present paper is correct only for a flat 76. On curved space we need
to add a curvature term for the scalar fields to maintain conformal invariance. Moreover
superconformal invariance puts severe constraints on the possible six-manifolds one may
consider [32]. However one may circumvent this constraint from superconformal invariance
by considering a situation where one has a background flux on S% which spontaneously
breaks conformal symmetry, while preserving maximal supersymmetry. Such a situation
was considered in [33] where it was shown that the zero mode parts of the M5 brane
partition function on 72 x S3 matches with the corresponding zero mode part of the D4
brane partition function on 7% x S? respectively. It would be interesting to extend this
analysis to the oscillator modes.
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A  Period matrix on S' x Mjy

We assume a six-manifold on the form Mg = S' x Ms. On the space of harmonic two-forms
Q2 on M5, we define a metric

Gl = / Q' A QY
where * denotes the Hodge star on Ms5. We define a basis of dual harmonic three-forms
(NZZ- = 27G;; * o
where G;; is the inverse of GY. Then we have a symplectic basis
o = 8
Bl =QAdt
We assume [ dt = 2m and that ij O = 5;- when integrated over dual two-cycle. The «;

and 3% then have periods 27 when integrated over their dual three-cycles in Mg. We also
have the symplectic property

/ozi NG = 4%255
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One may object that we should not need a metric to define a symplectic basis. As we will
see in the next section, if Mg = T2 x M, then this symplectic basis can be rewritten in
terms of the intersection form on M, and the metric does not enter the definition of the
symplectic basis.

We define the period matrix 7;; and its conjugate 7;; by requiring that

wi = a; + 733

w; = o; + ﬂ'jﬂ]

are selfdual and antiselfdual respectively with respect to the six-dimensional Hodge star
that we define with respect to the six-dimensional metric tensor

1 lymn
gMN _ B8 8

We will define this six-dimensional Hodge-star when acting on three-forms as
1 ! / /
*Gd:vM AdaN A dat = 6\/—geMNPM/N/p/dxM AdzN A dzt

This definition is related to the conventional Hodge-star as % = f$*6,conventional- Our

Hodge-star depends holomorphically on § which we may promote into a holomorphic co-
ordinate. Our Hodge star now squares according to

*gkg = 1

when acting on three-forms in six dimensions, and so we shall by selfduality /antiselfduality
mean that

koW — W

¥ = —W
It turns out that the solution to these conditions can be expressed like

Tij = —(T1)ij — (T2)ij

where
a; = (11)ii B + (12)ij 6 3
If we expand
x60' = Ca; + A8

then

(C™ N AF;

Y = (C7Y)y
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From the symplectic properties, it follows that

Y = 1/*6/31‘/\5]'

472

_ 1 A
Alj = /*GBZ N o

C 4p?

By brute force computation we get

[rosing = g

. 2 ,
%68 N a; = —Gp2m LM
[ oo nas = 25
Here we define
) 1 i amn
K= / PG, QY
g 1 , )
LY = 4/d5xGem”quQ§an{,q%

and we have the relation
K4 = or LY

however the latter form £Y shows manifest symmetry in ij. Then we get the period

matrix as

7ij = 27 (= Lij + /—BGij)
B Period matrix on T? X M,

For simplicity we assume that M, has no one-cycles. Then the harmonic two-forms on My
must be the same as the harmonic two-forms on Ms = S' x My. Let us here denote these
harmonic two-forms as

1 1 . .
Qf = §anndxm Adx™ = §ijd:c’ A da?

where 2™ = (z,2%) for i = 1,2,3,4 and = denotes the coordinate on the spatial S in M.
We define the intersection form and the metric on H?(My,Z) as

QIJ — QI /\QJ
My

Gl = / QF A%, 07
My

We then find that
Q= X1 ;07

where

X[J — GIK(Q—I)KJ
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By *4%4 = 1 when acting on two-forms, we get
G (Q ks =Q™ Gk
We define a symplectic basis on Mg as
ar = (Q N Ndx
gl =ql Adt

and indeed this is consistent with our choice of symplectic basis on S x M5 in our previous
section. To see this we first notice that

gIJ _ 27TRGIJ

and then

27r/ w5 QE A QF = gK[(Q‘l)u/ Q7 AQE A da
M5 M5

Since Q! is an arbitrary element of H?(Mj,Z) we conclude that
2G5 QN = (Q71) 10 Adw
We define the period matrix as
17 = —(1)rs — (T2)1s
where
ar = (1)187 + Y1 %6 87
We have
)61 = x4 QL A xodt
and we have

*4QI _ GIK(Q_l)KJQJ

sodt = \/\%(—dx + VTdt)

We define the two-dimensional period matrix as

T=—T] — T2
where
a=T1B+T12%
and where
B =dt
a = dx

From this definition we get
V=P

T=-V"+4
VY

We get the six-dimensional period matrix as

17 =71(Q N1y + Gy

— 47 —



C Holomorphic factorization

The Hamiltonian is

The partition function is

Z 627riH _ Z eiﬂT(n—F%)Qe—im’(n—%f

Following page 115 in [6] we define

and compute

2 172\ 1
O3] (- = 3" (gt + 2 g L1y oy
SIOBI NP =) (2" @™ +q q 5 (1+(=1)™™)
As the summand vanishes unless n + m = 2p is even, we can substitute

m=2p—n

and we get a sum over n,p

We substitute

and we get

Z <q%(p—q)2q%(p+q)2 tq (m1q)

[SIE
—~
7
Q
+
o=
~—
[N}
Byl
N|=
—~
]
+
Q
+
[SIE
~—
N
N———
L
=
—~
I3
|
Q
~—
[N}
Byl
N|=

since in the second line we may break the sum over m into sum over m = 2p and a sum
over m = 2p + 1.
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