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1 Introduction

The asymptotic structure of gravitating systems has been of interest for many reasons
since the advent of relativity. The original aim is to understand the basic properties of the
space-time in terms of its relationship to global quantities like total energy, momentum, and
angular momentum. Another reason arises in numerical relativity, whose main purpose is



to study time evolution of gravitational systems; hence setting proper boundary conditions
and imposing initial data are of crucial import. Related to the former, one knows that a
system is described and characterized by locally defined tensor fields. In special relativity,
it is easy to figure out the global characteristics of the system, because vector addition holds
on the manifold. However, if curvature exists then it is problematic to collect together all
local contributions of a given quantity. One approach for addressing this problem in general
relativity is to study a given region far away from the source. In that asymptotic region,
the curvature becomes much weaker (assuming cosmological effects are subdominant) and
the spacetime is very close to Minkowski space. One could then expect to define global
quantities for the whole system. However there still exists a serious ambiguity in exploring
the asymptotic structure because of various ways of approaching infinity, and defining or
classifying the notion of asymptotically flat spacetimes.

Early work associated with an asymptotic geometry originated with from Arnowitt,
Deser and Misner (ADM), who produced an integral expression for an asymptotically
flat spacetime’s energy-momentum and angular momentum via a 3 + 1 decomposition,
which slices the spacetime into space and time [1-4]. This approach yielded conserved
(ADM) quantities at spatial infinity, » — oo. Geroch later reformulated and extended
this work by providing a definition of asymptotic flatness at ”spatial infinity” [6]. These
(3 + 1) frameworks, however, have difficulties encompassing the concept of an asymptotic
spacetime and its symmetry group at near infinity [9].

Shortly after ADM, Bondi et al. [5] considered an isolated body emitting radiation
such as a scalar field, an electromagnetic wave, or a gravitational wave propagating to null
infinity instead of spatial infinity and obtained the Bondi-Sachs mass. For a stationary
spacetime, it was proved that the ADM 4-momentum at spatial infinity is the past limit
of the Bondi-Sachs 4 momentum [8]. Based on this work, Penrose elegantly formulated
a definition of an asymptotically flat spacetime by introducing the concept of future and
past “null infinity” (J7,J37), using a conformal completion method [10]. In this picture, for
Minkowski space, 3™ and J~ meet at spacelike infinity (r — oo at fixed ¢), which can be
described by a point I° in the conformal extension of Minkowski space. For a curved static
spacetime, e.g. the Schwarzschild metric, all points at spatial infinity are squeezed down to
a single point, so the point I° loses some essential properties that it has in the flat case [20].

These two notions of asymptotic flatness at null and spatial infinity were unified into
a single notion by Ashtekar and Hansen in [7]. They formulated asymptotic conditions
that treated spacetime as a whole rather than splitting space and time and forged a link
between the asymptotic symmetry group and conserved quantities.

The importance of considering a spacetime boundary has also been of interest in terms
of the gravitational action. From the existing Einstein-Hilbert action, Gibbons and Hawk-
ing pointed out that variations of metric derivatives at the boundary must not be ignored,
and introduced the Gibbons-Hawking boundary term to fix this problem,
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where g is a trace of the metric on the spacetime, R is a Ricci scalar with respected to ggup,



h is the trace of the induced metric on the boundary, and K is the trace of its extrinsic
curvature. While this new boundary term is well defined for spatially compact spacetimes,
it diverges for noncompact ones. Remedies for this problem have involved adding a non-
dynamical term into the action. Two main ideas on how to characterize this term have
been suggested.

The first idea is the reference background method, originally suggested by Brown and
York [11] for asymptotically flat spacetimes and extended to asymptotically anti de Sitter
spacetimes by Brown, Creighton and Mann [12]. The basic idea is to introduce a reference
background (go, ¢o) (required to be a static solution to the field equations [13]), and to
write the physical action as

Iy(9,¢) = 1(g,9) — I(g0, $0) (1.2)

where I, is zero for the reference background, and is finite provided that the fields (g, ¢)
match the corresponding fields (go,¢9) on a proper boundary, i.e. near infinity. For an
asymptotically flat spacetime with no matter fields, the gravitational action becomes
SeEn+cu plus the additional term

I(go) = So = ———+ V=hKy (1.3)

where K is the trace of the extrinsic curvature of the boundary (O.M, h), and is determined
by taking an appropriate limit and then matching the boundary metric with the reference
metric (Mg, go) embedded in the flat reference spacetime. The more general form I(gg, ¢o)
may have to be used for certain matter fields [14]. However such a proper reference space-
time in general does not exist for dimensions larger than 3. This is because an embedding
is required not just for a particular boundary spacetime, but instead for an open set of
boundary spacetimes associated with arbitrary small metric/matter variations. For d > 3,
given any embeddable boundary spacetime, there are spacetimes arbitrarily nearby that
are not embeddable [15].
The second idea is the counterterm method, whose form

Scr = “C MKCT(h) (1.4)

is added to the action (1.1). The counterterm Kcr is defined to be a functional only of
geometric invariants of the induced metric hqp, chosen to cancel the divergences in (1.1).
Construction of conserved quantities associated with the counterterm method via the renor-
malized boundary stress tensor was originally developed for an asymptotically anti-de Sitter
spacetime [16-18]. Motivated by this success, Mann and Marolf extended this method to
asymptotically flat spacetime, in which the covariant counterterm K is computed from
the relation

Rap = K K — K,°K (1.5)

where R, is the Ricci tensor of h,p, induced on OM and K is a trace of Kab contracted
with h%. The motivation behind eq. (1.5) is from the Gauss-Codazzi relation

Rabed = R 4 Koo Kpg — KoaKpe (1.6)



where Rgpeq and RaRbecfd are respectively the Riemann tensor on M and on the bulk space-
time M. For an asymptotically flat spacetime R&e[fd obviously vanishes. Replacing K, with
a tensor K, and contracting (1.6) with 2 yields (1.5). It has been proven that including
the counter term (1.4) leads an action that is finite on asymptotically flat spacetime and
stationary under metric variations for two standard asymptotic hypersurfaces, respectively
referred to as “cylindrical” and “hyperbolic” boundary spacetimes (OM, h) in [15].

The boundary stress tensor is defined as the functional derivative of the on-shell action

with respect to hgp, which takes the form
2 98 1
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where hg is a induced metric on the asymptotic boundary, m,, = Kup — Khgp is the

conjugate momentum of the gravitational field, and 74, is an analogous contribution from
the counterterm Kcp. Then the conserved charge associated with the Killing vector €%
via (1.7) in the cylindrical coordinates is

Qle] = 740 I A, ThE (18)

in (n+3) dimensions, where + is the trace of the induced metric on the r = const. boundary
at t = const., and C, is a Cauchy surface within a constant r hypersurface H, such that
C' = lim,_, C; is a Cauchy surface in the cylindrical boundary H, and u® is a timelike
unit vector normal to C' in H,,..

In practice, however, the variation of the action has additional terms as a consequence
of the definition (1.5); these are represented by A® and must be added to eq. (1.7). Despite
this, we shall demonstrate that the quantities A% do not modify either conserved quantities
as given by (1.8) or the conservation of the boundary stress-energy for cylindrical boundary
conditions. Investigation of the connection between the boundary stress energy in (1.7) with
the counter term definition (1.5) indicated that the extra term A% vanishes for higher than
4-dimensional spacetime and makes no contribution to conserved charges for 4-dimensional
spacetime [19]. These computations were carried out using hyperboloid coordinates for the
boundary of the asymptotically flat spacetime, compatible with previous studies [20, 21],
and [7]. Specifically the conserved charges were shown to agree [19] with those defined by
Ashtekar and Hansen [7].

Here we investigate the boundary stress tensor method (1.7) associated with Mann-
Marolf counterterm for cylindrical boundary conditions. As the structure of the boundary
and the falloff rates of the metric components differ from those in the hyperbolic case, our
aim is to understand the role played by A% in the context of defining a boundary stress-
energy and conserved charges. As many spacetimes are commonly described in coordinates
that asymptote to cylindrical ones, using the cylindrical boundary condition thus has great
practical advantages for computation. By contrast, hyperboloid coordinates are rather
impractical insofar as they require a non-trivial transformation of the coordinates of most
asymptotically flat metrics.

With the same purpose, Astefanesei, Mann, and Stelea made some preliminary inves-
tigations using cylindrical coordinates, but considered only leading order fall-off conditions



on components of the metric [22]. This is not sufficient for understanding the role played
by A% in the asymptotically flat boundary counterterm approach using (1.5).

We begin with defining an (n+ 3)-dimensional asymptotically flat and static spacetime
in cylindrical coordinates, whose metric functions fall off at least as fast as r~("*2). We then
compute A as a power series in 1 /7 up to the relevant fall off levels that could potentially
affect the conserved charges. We find that i) to leading order, A% is manifestly zero for
arbitrary dimensions, ii) the first sub-leading order of A® for n = 1 is zero, iii) A® does not
vanish for n > 1, but iv) its non-vanishing does not affect conserved quantities. In addition,
we find that for n > 2 manifestly D*T,;, = 0, but for n = 1 satisfying D*T,; = 0 requires a
condition between higher-order coefficients in the metric, and this calculation is described in
appendix F. Finally, we show explicitly how the conserved quantity formula (1.8) associated
with the counterterm (1.5) works in (n + 3)-dimensional static spacetime.

Our paper proceeds as follows. In section 2, we review a variation of the action and the
boundary stress tensor demonstrated already in [15, 19], and introduce our definition of
asymptotic flatness in the cylindrical coordinates. Section 3 explains the process of deriv-
ing A% and exhibits its explicit form: first the extrinsic curvature, K, of the asymptotic
boundary (with normal vector, n®) is calculated, and the result is inserted into the decom-
posed Einstein equations. Once the boundary surface Ricci tensor, R, is obtained, the
counterterm K,y via (1.5) can be found. From this A% is eventually computed in terms of
K. As it turns out that A% is not zero, we investigate the how it is related to the con-
served quantity formula (1.8), and show that D,7% = 0. In section 4, we provide explicit
examples of how to compute conserved charges in (n + 3)-dimensional static spacetime.

2 Preliminaries

2.1 A variation of the action and the boundary stress tensor

The action we start with is

1 1
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where the first and second term are the Einstein-Hilbert and Gibbons-Hawking term, and
the third term is Mann and Marolf counterterm (MM-counterterm, henceforth) defined
from (1.5). The fact that the on-shell action (2.1) is finite and the variation of the action
vanishes on-shell was proved in [15] for both cases of cylindrical cut-off and hyperbolic
cut-off. In this section, we compute the variation of the action (2.1) with respect to hgp
and the form of the boundary stress tensor.

Taking a variation of the action with respect to the metric and eliminating the equation
of the motion, we get

1
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where 7% = K% — pob zab — Kab — Khab, and A represents extra terms that arise
from the definition (1.5). Explicitly [19]

A% = K9 — 2L (KK — K¢KY) + DL + h**Dy D, LM — Dy (D*LF + DPLF) (2.3)

where D, is a covariant derivative compatible with h,; defined on an n + 2 dimensional
hypersurface, and L indicates

L% = hPK 4 + 6965K — 09K} — 6'K 4, (2.4)
ab — th(L_l)cdab. (25)

The detailed procedures are described in appendices A and D. Equation (2.2) directly leads
to the boundary stress tensor, which is defined as the functional derivative of the on-shell
action with respect to hgp, associated with the MM-counterterm, and is

2 08 1
V—hoh 871G

where only 77, which indicates the first two terms in the right side, is expected to yield

Toy = — (ﬂ'ab — Tap + Aab) (26)

conserved charges. The explicit form of A® will be obtained in section 3.

2.2 Asymptotic flatness

Adopting an approach to defining asymptotic flatness similar to that in hyperbolic coordi-
nates [20, 21], we define a spacetime (M, g) in cylindrical coordinates and confine ourselves
to this spacetime throughout this paper. Assuming that a static spacetime (M, g) is ra-
dially smooth of order m at spatial infinity in (n + 3) dimensions, the components of the
metric take the asymptotic form

uv = Nuw + Z nfk /1T + f m+1)( ) (27)

where n > 1, r is a radial coordinate, and nA are angular coordinates associated with the
metric MEL?)B on the unit sphere "1, and lgf,) is C°° in n?/r and f*) = O(1/r™). Defining
functions w?®(n?) at t = const. such that

— =w(n?), da"=w'dr + ruydn®, (2.8)
eq. (2.7) transforms into

Nudatdx” = —dt® +dr® 4 r ,u(A) dn?dn®,

7k = —lgf), ak) = l(lz)wawb Jl(f) l(k)w wA, uffj)g = l((lb)w AwB (2.9)



in turn yielding the explicit form

mo (k) A &k (pA
2 _ PRGN 1 2 e (n°) ! ’
* __<1+Zw+k—1+0<rm+l>>dt +(1+ Tt O\ G ) )
k=1

k=1
m (k) A
J 1
+ 2< TL(]Z?_R n O<Tm+l>>rdrdnfl
k=1
m (k) (A
0 Ha (ﬂ ) 1 A5 B
+ 72 <u5433 + Z Tn]ik—l + O (rmH dn*dn (2.10)
k=1
where '7(’“), &%) are smooth functions, and Jf(lk) are smooth vector fields, and MS;_;, Mf}g are

smooth tensor fields on S”*1. The symbols O(r~(™+1)) refer to terms that fall-off at least
as fast as 7~ (™1 as one approaches spacelike infinity, i.e., 7 — 400 with fixed 1. Without
loss of generality, we find it convenient to substitute

oalk mo k) \2 1
(1+Z7m+k—1> = <1+Z7m+k:—1> +0<rm+1) (2.11)
k=1 k=1

in (2.10), and likewise for the gy-component (4 changes to 7 ). In order to simplify the
metric, we first try to remove Jf(ll) in (2.10) by using a coordinate transformation

1
nt=nt+ 7nG““(ﬁB), r=7  t=t,

1
dn? = di + T—HG%)AdﬁB — G ar. (2.12)

Applying (2.12) into (2.10), the leading term of the g,4-component is eliminated by
choosing
IV = naWB,0) (2.13)

and this allows us to set Jjgl) = 0 in (2.10). Subsequently we get rid of a(® via the

additional coordinate transformation:
L oy a
r=17+ %E}P (U )a

1 1
dr = dF — n—— F?)dr + anjg;)dnB. (2.14)

Plugging these to (2.10), the 1/7"*-term in d7? can be set to zero via
a? =nF® (2.15)

where the leading term in rdrdn? is not affected.  Generalizing these coordinate
transformations to include higher orders of 1/r yields

=t +

GRA = F 4 L g (2.16)

fn+k—1 fn+k—1



where these transformations are sequentially applied to the above metric. We can then
show that

TPV =@ = =g =,
a® — 0B . m g (2.17)

We finally obtain the simplified form of the metric

2 M @ 1\ 2
2 _ o 2 v gl 2
ds <1+Tn) dr” — <1+rn+rn+l +O<Tn+2>) dt

0 I «a 1 2 1
w02 () + ety + e+ 0k ) )antan®,

which we rewrite as

ds?> =N2dr? + hypdz®da®

2
_ o o, 1., m L agb
_<1 + Tﬂ) dr® + <th + hey + g hay + ‘-)da; dx (2.18)

where 2% = (t,n") are coordinates on the (n + 2)-dimensional hypersurface compatible
with the metric h,, whose expansion is

(1) (2) 2
habdiﬂadl’b:— <1+’Y+ i +O< ! )> dt?
rn rnt2

Tn+l
12 (0)+i @ 1 @ 1o b dn?dn® (2.19)
"\ HaB T mHaB T agiHaB RN an :

where a = t, A.

The boundary spacetime (OM, h) is actually a one-parameter family (Mg, go) where
Mgq C M and Mg converges to M with increasing Q2. The boundary of a region (Mg, ga)
for a certain value of  is described by (OMgq,hq). As  is varied, we get a family
of boundaries that provide a specific way of ‘cutting-off’ the space-time M, with the
asymptotic boundary obtained as 2 — oco. In this paper, our interest is in the class
“cylindrical cut-offs”, for which

QM =7+ 0. (2.20)

Note that the metric (2.18) takes the same form as the metric in hyperbolic coordi-
nates [19] except that hyp is further decomposed into a tt-component and angular com-
ponents. Naively one might expect that our result is easily derived from the hyperbolic
case in ref. [19] where © is taken to be

QWP = p+ O(p"). (2.21)

and the coordinate p is defined by p? = r? —t2. However this is not true since in hyperbolic
coordinates the boundary metric (parametrized by a surface p = constant) is manifestly
covariant under a variation, whereas in cylindrical coordinates the boundary metric defined
at r = constant does not change fully covariantly. In particular, the tt-component and



angular components in the induced metric h,p are have expansions in different orders of
r. For example, taking a variation with respect to each surface parameter, i.e. p or r, in
hyperbolic coordinates

0 0 0
ap (ph((zb)> = hz(zb)7 (2.22)
whereas in cylindrical coordinates
% (mfg}) =0+ 272, (2.23)

In (2.23) only the angular components transform covariantly in the (n+1) dimensional sub-
space, whereas in (2.22), all components transform covariantly. This distinction introduces
new features and subtleties in cylindrical coordinates that are rather more complicated
than the hyperbolic case.

3 Boundary stress tensor T

With the definition of asymptotic flatness in (2.18), we investigate A by finding its definite
form. Note that A% is a remnant term, obtained from subtracting 7 from the variation
of the MM-counterterm in the action, and so is totally expressed by the MM-counterterm
solution K and its covariant derivatives. Consequently, we shall see that A% does not
vanish entirely. We next consider the role that the non-vanishing A® play with respect to
conserved quantities.

3.1 Calculation of A%

We start with setting up the spacelike normal vector n® on a cylindrical hypersurface on
r =constant, where asymptotically » — oo, and calculate its extrinsic curvature K. At
the boundary the decomposed Einstein equations are

L (Rgen®) = DY Ky — Do K = —Db7rgy,

L (Rab) = Rap + Dyap, — agap — f£nKab - KK+ QKCLCchy
Ran®n® = —£,K — KK, + (Dya® — abay), (3.3)

where a? and K are defined by
a? =nVnb, Ku = Vany — neap, (3.4)
and the last equation can be rewritten as
R—K>+ K%K, =0. (3.5)

For asymptotically flat spacetimes, the left-hand sides of (3.1)—(3.3) become zero as r — oo.
Equation (3.1) yields R4. The remaining equations yield constraint conditions between the
coefficients in the metric, e.g. a, 1) or v(2). We solve the decomposed Einstein equation
in powers of 1/r, i.e. Ryp = 72((1%) + T%T\’,g? + rn1+1 Rﬁ) + -+, where for n = 1 the sub-sub-

leading term must be separately dealt with from the n > 2 cases. This is because when




n = 1 the product of two sub-leading terms has the same order as the sub-sub-leading term
(both of order of 1/r?), whereas for n > 2 this product is of order of 1/7?" and falls off
faster than the sub-sub-leading term (of order 1/7"*!) and so does not contribute at that
order. The solutions and process are described in appendix B.

Now, for convenience we redefine K, in terms of Qab

. A A0
Koy = TQab = TQt(lb) + yn—1 “ab + 7Qab +o (3'6)

and then expand relation (1.5):

Ry =ny), (3.7)
R =r2QWu®) + (n — QY — 2uQu®Q) — nW ) 4 1), (3.8)
(n>2), RY =r2Q@ul) + (n-1)QY - 2u au<° QY — mgb) + ), (3.9)
(n=1) R(? :7”2@(2)M( e )N(b) +H(b) (o)cQ n R(I)R( )+ r? RO, (1)
’ a ab a a 4
1 2 2 .1
S gngywwug?— e s
1 1
= 1O+ SO - L) (3.10)

where the sub-sub-leading order is separately treated as noted above and Q® is the trace
of ng) . After some rearrangement and insertion of the asymptotic expansion of the metric
(with details given in appendix C) we obtain Qap explicitly for n > 2:

QY =), (3.11)

A 1

e [(n — Dy + aply) +Vu) + Dana} , (3.12)
@_ 1 (n—1), @, n+2) @ © (2)

Qs = (n—1) [ oz Mab T T |- (3.13)

For n = 1 it is clear from equations (3.8) and (3.10) that szlb) for i = 1,2 cannot be uniquely
determined. As shown in appendix C, we can determine Q((;b) up certain ambiguities;
explicitly we find

Q,(I? = 51732? + T252R(1)M$,) + Amfj)) + AQM(I)N((I%)

where (1 4+ 282 = %, AL+ 20 = % The ambiguities can be eliminated by applying

(1) (0)

Moy = —2a,,’ , which is the condition for fixing asymptotic supertranslation symmetry,
and using D, Dy = —augl))) —~@) ,u,gl),) as shown in appendix C. As a result, we obtain

NOTE !

Qéb) = 5#511)) + Do Dpax (3.14)

5(2)

The expression for @}’ is somewhat more complicated (see eq. (C.11)) and is deter-

mined up to terms of the form Aguﬁ) + )\4u(2)u((£) where A3 +2)\y = % We can choose the

,10,



remaining Coefﬁcients by demanding that the relation (1.8) holds; as shown in appendix C,
this gives A3 = —3 and A = 7, thereby yielding

o2 - 1 ()Jr M(Q)u() 3@, _ 1 (2),0),©) _ §a2u(?,) +3a7() (0)a, (0)b.
@ 72

gt Hav ™3 2! b2
(3.15)
Next, the form of L in (2.3) can be found by using (2.4) and (2.5); we find for n > 2

=0)ab T M+ 0w =1 (0, ©Op
L _n(n—i—l)[ S R (3:.16)
2 2
F(ab _ T arp . =1 gy . ("1 g . (0T ) (e
L n(n —1) [(n—l)D Dla orz ¥ + 2(7@—1)7“204u 2(n—1)r27 K
2 2
o, - (=D o op . (D7 a) 0,000
Pt ey T o Ty ey
n(n =172 1) (0. (O
i1y pt a0 (3.17)
F@ab__ T (2n* — 5n + 3) (2)y©)ay, @b (n® —4n® —5n — 4) +(2),(0)ab
n(n—1) 2(n+1) 2n(n —1)(n+ 1)r?
~n(n=3) o
dn—1)2t | (3:18)
and for n =1
7(0)ab _ %M(O)ab7 7 (Wab _ %a#(omb n 2%7(1)M(0)ab’ (3.19)
p@o_ L @a 1@ e @000 132 0
4r 2r 4 4r
5 a 1 a
b 2y W0 - L0208 1T 00 000y 00, (3.20)

This process is described in appendix D.
Recalling from (2.3) the form of A%

A = R 2L (Rog R — KERS) + DAL 4 D DM — D (DL + VL),

and expanding

1
Tn—i—l

Aab _ [Aab](()) + i[Aab](l) + [Aab](Z) +oe (3,21)
rn

we find for n > 1 the leading order and the sub-leading orders to be

(A% =0, (3.22)
2n
(n+1)

2

aby(1) — "
(A = n(n—1) (n+1)2

D?au9, (0% (3.23)

Indeed, that [A®?](1) is non-zero is quite obvious, because from (2.3) the indices of the first
three terms in A®’ contain only angular components (note IA(éll)) = rQAl(l?), whereas the last

four terms (beginning with f,glb) in (2.3)) have both angular components and ¢{-components.

— 11 —



As a result, in the summation, the angular parts are canceled out except D*Db~(1) | but
tt-component terms remain.
At sub-sub-leading order we obtain

[Aab](Q) _ r (n3 —2n® —n — 2) Dan,Y(Q)
n(n —1)2 n(n+1)
(n®+8n +5n+2) o) b _ MM+1) (2
_ T D) ( )M( Jab _ T“( Jab | (3.24)

In contrast to the sub-leading case, in the sub-sub-leading term both IA(C(L?)) (= r@fi), given
in (3.13)) and i’ﬁ) (given in (3.18)) carry both ¢ and angular components. Here we
see similarities with the hyperbolic case [19], for which IA(CSZZ)) = ph((fb) and h®) = 0 were
respectively obtained from the MM-relation and the decomposed Einstein equations. These
require R = 0, and yield [A®]() = 0. For the cylindrical case we are considering, we
find that the terms associated with hfb) in K{Ei) and in Eﬁ) cancel out in [A®](?) as shown
in appendix E. However, unlike the hyperbolic case, in the cylindrical case, h(?) breaks up
into ,u(2) and 7(2) (explicitly h® = M(Q) + 2'7(2)); consequently the decomposed Einstein
equations imply R@ is non-vanishing and contributes to Kéz). Indeed from eq. (B.10) we

2) or 7(2); we have expressed

see that R(?) can be expressed in terms of any one of h(?), p(
the result in terms of 4(?) in (3.13). The quantity 7(*) does not vanish, but remains in (3.24).

For n =1 up to sub-leading order we find
[AP)O) =0, and [A®)D) =, (3.25)

where we have used D,Dya = —aug%) —~Wy

—T%oz — T%'y(l). The sub-sub-leading term is

g,))), which can be inferred from D2%a =

[A%]2) — 2 o 2 @2 a4 2 0w 6 1) ow 4 (1)y2,,(0)ab

2
=gt = gy I = 5oty =y =y

L
+ ;DeaDeau(O)ab +rD*D?) — 5rD% Do — %DQQQu(O)au(O)a
,
or

ZDQ(av(l))u(o)au(o)b. (3.26)

These results for n = 1 are commensurate with the hyperbolic case [19], which has mani-
festly vanishing [A®]©) and [A®?])) but non-vanishing [A®](?).

That we find A% non-vanishing implies that the boundary stress tensor in cylindrical
coordinates generally takes the form T in (2.6) and not 77 in (1.7).

3.2 Conserved quantities and A%

Since the boundary stress tensor is described not by 17, but by T, (due A =£0), we now
consider how A is related to conserved quantities as given in equation (1.8). Plugging
Top = T7, — Agp into (1.8), we see that A% will contribute to conserved quantities via

1

. n+1 a b
e d"T N /yut A g€’ (3.27)

Q¢ =
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For n > 2 we find that Q*[¢] = 0. The sub-leading term contributes

A1) _ n+1 1) ¢(0)b
QA1) =~ f a0 A e,
r 1
_ dn-‘rl D2 (1) 2D2
SnG (n—l)(n—i—l)jé xﬁ(( +1) *
=0, (3.28)
where w0 = —o4f and €% = 1 has been used, and the total derivative on the closed surface

becomes zero. The sub-sub-leading order also makes no contribution, since from (3.24) we
see that [Ag)?) contracted with the timelike normal vector u(9® vanishes and so [Q*]?)
obviously becomes zero.

Forn=1 [A“b](l) = 0 and so only the sub-sub-leading term could possibly contribute.
Carrying out similar manipulations to the previous case, we get

1
03® = _ﬁ 7{ P /Fu O A DO,

5r
= 2 D?a? D2 )
% G dxf( + (ay'™M) |,

=0, (3.29)

where 10 = —o0f and €O — 1 has been used, and the total derivative on the closed
surface becomes zero at the end. Indeed, this result is expected, because we required that
A(2) :
Q,, not contribute to conserved charges.

Hence Q® = 0 even though A% £ 0. As a result the conserved quantity formula is of
the form (1.8) and is given only in terms of 77;.

4 (n + 3)-dimensional static spacetime

In this section, we apply the boundary stress tensor method to (n + 3)-dimensional static
spacetime. We show that A% makes no contribution with respect to the conserved quan-
tities and obtain the conserved charges by using (1.8).

We examine the boundary stress tensor method associated with the MM-counterterm
in (n + 3)-dimensional static spacetime. In this spacetime, we check that A% =0, and
prove that the boundary stress tensor yields conserved charges agreed with the usual defi-
nition [1-4, 23].

From the Myers-Perry static black hole solution [23], the metric is

ds® = —(1 — n+2)dt2 ( — Tﬂ’;) dr? +r2dQ2 (4.1)
where p is related to the mass M

(n+2)An41 B o (n+2)/2

M:
160G "

(4.2)
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and comparing (4.1) with our metric (2.18), they are related to

2 o= [, v

M _ _
i 2 2

=0, uhp=nip=0. (4.3)

Substituting these values in the results (3.23)—(3.24) for n > 1 and (3.26) for n = 1, it is
straightforwardly proved that [A“b](i) =0 for i = 1,2 for a general n. Since A® vanishes
for n > 1, the boundary stress tensor becomes

1 1 1 1 1
o=y () + O+ o+ L0, L)

_%Tnfl ﬁ ab (n (n_l) (n_l)
(4.4)
and the conserved charge is directly obtained
1
Q¢ = M/dnﬂﬁfmu(o)tﬂg)g(ﬂ)t,
L ot (n+1)
= An+1(—1)<— s u),
_(n+1)
~(n+2) (4.5)

For n = 1 the boundary stress tensor has the form

L (1,0 1w
T - 4.
ab 837G (27’2 Py gHab | (4.6)

and the conserved charge is

1 2w ™ 5 . 1
Q¢ = STrG/O dgo/o o r sm@(—l)(— 7"2'u> =M, (4.7)

which corresponds to [23].

5 Discussion

We have computed the boundary stress tensor in (n 4+ 3) dimensions associated with the
MM-counterterm in asymptotically flat static spacetime for cylindrical boundary surfaces
as r — 0o0. We began with defining the most general form of the asymptotically static
metric and then solved the decomposed Einstein equations and the MM-relation. We
found the MM-counterterm solution K, to be uniquely determined for n > 2, but had
ambiguities for n = 1.

For n = 1, at sub-leading order these ambiguities can be nullified by choosing ,ug? =
—201;;((1(;) and D,Dpa = —augl))) — 4D /,L((l?)). The quantity A, consequently vanishes. At
sub-sub-leading order we found that while these ambiguities in K, cannot ensure that the
resultant contribution to A, vanishes, as displayed in (3.25)—(3.26), they can be chosen
to ensure that A, does not contribute to the conserved charge. These results are similar
to those obtained for the hyperbolic case [19], which has manifestly vanishing [A%?](®) and
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[A®)(M) | but non-vanishing [A®%](). The stress-energy tensor is conserved provided (F.7)
holds, which can be obtained by applying (B.24)—(B.26).

For n > 2 we find at both sub-leading and sub-sub-leading orders that K, is deter-
mined. The quantity A% turns out to be non-zero, as shown in (3.22)—(3.24). This result
indicates that the boundary stress tensor should be Ty, in (2.6) not 77, in (1.7). How-
ever we find that the contribution from A% does not contribute to the conserved charge
(see (3.28), (3.29)); only T, produces conserved charges and so the form of the conserved
quantity formula (1.8) is still valid. We also investigated the divergence of the boundary
stress tensor, and found that D*T,, = 0 in appendix F.

We demonstrated for a static black hole in (n 4 3)-dimensional static spacetime that
A manifestly is zero, and obtained the conserved charge from the boundary stress tensor.
This agrees with the ADM mass, demonstrating that the boundary stress tensor with
MDM-counterterm is also applicable using cylindrical boundary conditions.

As mentioned in section 2.2, there are some distinguishing properties between the
hyperbolic boundary case and the cylindrical boundary case. In the hyperbolic case, all
components of the induced metric h,, can be expanded to the same order in r, and so
are covariant under the variation. However in the cylindrical case the induced metric hgy
is again decomposed into tt- and angular components; these components have expansions
to different orders in r. They do not covariantly transform, thereby not permitting infer-
ence of results from the hyperbolic case to the cylindrical case. Furthermore, these two
boundary conditions yield different solutions from the decomposed Einstein equations. In
the hyperbolic case, the sub-sub-leading order of the Ricci tensor and the trace of the sub-
sub-leading order of h,, become zero, so they in turn affect the sub-sub-leading order of
K, and subsequently imply that the sub-sub-leading order of A is zero. By contrast, in
the cylindrical case the sub-sub-leading order of the Ricci tensor and the trace of the sub-
sub-leading order of hgy, are not zero; they partly contribute to the sub-sub-leading order
of A®_ rendering it nonzero. Despite these differing properties between the two boundary
conditions, we found that the MM-counterterm is still valid yielding different descriptions
of the boundary stress tensor in more than 4 dimensions for the respective cases.
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A Variation of the action and the form of A%

The variation of the action (2.2) with respect to hgyp is

1
© 167G S

55 VER [ (= = WP 4 2K ) Shay — 256 Ko (A1)

and to express 6K, as a form of dhap, we take a derivation of (1.5) with respect to hgy

SRea = 0K L y% + (Kden _ KmKnd> SH™" (A.2)
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where L Cdab implies

Log® = h® Koy + 600K — 6°KY — 60K 3. (A.3)
Using the identity
(L_l)abmn(L)m%d = 525;[? (A4)
eq. (A.2) is changed to
§Kap = (L71) [mcd + (chf(“ — f(ﬁf(fl) 5hk,} : (A.5)

and then (A.1) is rearranged to

1 A - A NN -
55 = V—h [(— 7 4 by gob _ gfed (chKab — K§K§)>5hab _ 2L“b57€ab]
167G OM
(A.6)
where 7% = K% — h® K and L% is defined in (2.5). Using the fact that
1 1

SRy = 7§hlean5hkl — 5h’“z)kz)lcma,, + K DD, 0hyy, (A7)

and doing integration by parts, (A.6) becomes
55 = o [ VIR| a2l (KR - KEERD)
167TG OM
4+ D2[A 4 pet D, D, IR — D, <D“i’fb + Dbik“) } Shap- (A.8)

From the definition of the boundary stress tensor for the asymptotically flat spacetimes,
Tup in (2.6) is derived

2 45 1
ab _ ab _ ~ab _ Aab
™= V=hohg 871G <7r i A ) ’

and A% indicates

A — fab _9fcd ( K Ko — f(g KS) + DL 4 DD, LM — Dy, (Da ik pb Elm) _

B Decomposed Einstein equations

B.1 n > 2 case

In the asymptotically flat spacetime, which is described by the metric (2.18), the extrinsic
curvature is calculated

0 1 1 0 n 1 1 2 n+1 2 1
Ko = T/J/((zb) + -1 (/’Lz(zb) _aluc(zb) - 27,2hz(zb)) +— (Mgb) B ( 272 )hgb)> +O<rn+3) ’ <B'1)

Tn

and taking the trace of it yields

(n+1) 1 n. 1 (n4+1), 1
K=""——-— a(n+1)+§h() — g )+ o T3 (B.2)
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where K = K,,h® and h(™) = hfgb)h(o)ab for m = 1,2. The acceleration becomes

1
aq = <0, —rnDaoz>. (B.3)

The first decomposed Einstein equation (3.1) is expanded

1 n
0= Rg%) - n,ul(l%) + — [Rg} — (n,uglb) — noz,ug%) — —h(l)ug%) + Danaﬂ

rn 2
1 @) @ M+1),0 © ©0+1) (@ 1
+ 1 |:Rab B <nuab B 2 h( )lu’ab + 22 hab +0 3 )’ (B'4)

the second one (3.2) takes

_ (1) _n by (1) (1)
0= [Da*y +nDja— 3 <D hY — Dyh )}
1 oy (n+1) [ 4 @2 2 1
+ o [Dw( S (D hay = Dah® )| +0( 5 ), (B.5)

and the last (3.3) gives

r2 rn r2 2 2
+ 7«% [R(Q) - (Q’”&;l)#(?) - Wh@)ﬂ + o(rn1+3>. (B.6)
Note that the asymptotic expansion of R((;;l) is defined as
RUM — % (D°Duhly?” + DDy — DDA — DuDyh™) (B.7)
where m = 1,2, and R("™ is a trace of (B.7)
RO = p(0)abr(m), (B.8)

As the solutions to the decomposed Einstein equations have to be consistent each other, we
first compare R’s, one from contracting Ry, in (B.4) with 2(D% and the other from (B.6),
then we get

2n

1 2 1 1

R( ) = 2D o = ﬁ,u( ) — 7’2 o — 7’2 h( ); (Bg)
9 n 2 n 2) 2 2

= 272h( ) (n+2)r2 —1—2)7'2“( '= _ﬁ’Y( ). (B.10)

Now, taking the covariant derivative D?® to (B.5) leads the expression for Ricci scalar
via (B.7)—(B.8) and this Ricci scalar satisfies with (B.9)—(B.10) if

D2, — (B.11)

n+1 n+1 n+1
D) — _(rz)vm, D2 — _(7“2) (@ ppe) | p ). (Ba2)
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B.2 n =1 case

As mentioned in section 3, the n = 1 case needs to be separately dealt with from the case
with general n, because the sub-sub-leading order is expressed not only by the sub-sub-
leading order quantities, but also by a combination of the sub-leading order values.

With the metric (2.18) having n = 1, the extrinsic curvature at the boundary of the
spacetime yields

1 1 o
Koy = TNEL%)‘F(Ngb) O‘Nc(z(z);) 22h((1b)> <Mfzb) au(%) o thzb)_rh((zb)>+o< )7 (B-13)
and its trace is

K=2_2(oatin0)+ 1 po 20 L h“)h( W) Lo L), (B.14)
2 r3 2 r4

ro o2

The acceleration a, becomes
1
(0 ——Dga + aDaoc> (B.15)

Solving the decomposed Einstein equations as the previous section, (3.1) yields

1
0=Ry — g + - [R(l) <u$;) apgy — 2h(” uy +D Dw)]

1 «Q
" R - (ui? ) = 0 = ) = 5+ )
1 1 ed (0 1 e, (1
h<1> 4 —h< n 4 §hgd>h<1> 4, 55h h) — aD,Dya
1
i(Dah,()d) + DyhY) — Ddhfjb))pda)] +0 <r3> , (B.16)

eq. (3.2) takes the form

1 1 1 by (1) 1 1 2) | Qb (1) 1

0= |Dy"V + Do — 5 <D hY) — Dy >) + 5| Dar® + SO — Dah™)
4 LW - L0 D,a — aDey® — 270Dy M - 2pWedp 1) h( ) py k(Db
2 a c 2 a a a 4 alleq

+ %hU)bCDChg? - ihg}D%(U) - (Dbhfj) - Dah@)” + (9(:4) (B.17)

and (3.3) becomes

T T

0=r® 21 [R(l) S (—4a —on@ 4 2;@)]
41 [R@ . (gm )41 — 300 4+ danD + 202 — Lp0),0)

T3
Ll
4

(h(D)2 4 Zh,g JpWab 2, )y (Mab r2h<1>abDana>] + 0(7}4) (B.18)
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For the sub-leading order, we require the same consistency conditions (B.9) and (B.11)
with n =1 from (B.16)—(B.18), but (B.9) in particular is

4 4
2 2 1
R =2D% = ——5a - 591, (B.19)

and from this, we can infer that
D,Dya = —a,ug%) - ’y(l)ugl))) (B.20)
which is useful later in calculating A%. In addition, we have
u) = 204, DAY =0, (B.21)

by disposing of the supertranslation which requires that the magnetic part of the four
dimensional Weyl tensor to be zero

kap = h((zlb) + 2047“2#((1%) — 27(1)1120)111()0), (B.22)
tap = €, Cchk‘bd =0. (B.23)

Applying (B.9) and (B.21) to the sub-sub-leading order of (B.16)—(B.18), we obtain

_TQM()_rQV()+r2a +ﬁa7()+ﬁ(7( =0, (B.24)
1 8 6 2 a
—51® = 59+ FayV + S (V) = D9 4+ 2DaD%a =0, (B.25)
2 2 2
D2 4 = 7(2) + 5 047(1) + 7720‘2 —2D,aD% = 0. (B.26)

C Exact solution of Qab

The MM-counterterm K is changed to Qg in (3.6), and then the relation (1.5) is rewrit-
ten as

Tz(QabQ - thQachC) = 7?«ab~ (Cl)
C.1 n>2 case

In order to solve the MM-relation, we need to rearrange (3.7)—(3.9) on Quap; then for n > 2
case, Qab is uniquely determined as follows

QW = niy): (C.2)
ij,’ _ o 1 3 [R&) _ ;R(l) EL%) _ @Rgum)cum)d#g)

0 i ) OuO@eRl) + %u(l)ufﬁ) — MS)] : (C.3)
o — (nil) [Rﬁ) ~ ;“; RO _ n(nv“il) R0y 01,0

(ni 1)ugo)u(o)cR£2) . %H(Q)Mg?,) B Mﬁ)] 4
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where u, is the timelike normal vector and pg, is the pull-back metric of pap for

A,B = 01,...,0,41 on the (n + 1)-dimensional spacelike hypersurface, and @ ab), RSZL),

u((lm) or ,u(zl) for m = 0,1, and 2 are lowered and raised by h((zb). As R((lb) is constituted
of the pull-back metric components ,u( ) and ,u(b), the first sub-leading order Qg? has just
2

angular components, since « is independent of time, ¢. Since R’ has tt-component and

angular components, Qg) also is expressed by tt- and angular components. Plugging (B.4)
and (B.5) into (C.3) and (C.4), we finally obtain (3.12) and (3.13) in section 3.

C.2 n=1 case

As seen in (3.8) and (3.10), when n = 1, as the Qup does not show up in the MM-relation,
it is not directly obtainable. However, we can still derive the trace, Q(i), which is

Ay 1 1
QW =R+ —oulV, (C.5)

2

R 1 1 1 2
0 = 1R 1 LRy Oe, i Lo %(m N2 R(l) et 4 TR Vet )

1 cdom (1 1 3
- 7M(1) ngd) + @(N(D)Q 3r Q,U((:d)ﬂ( Jed (C.6)

where Q(i) = Qgg hOab for i = 1,2, and the contracted with the timelike normal vectors,
ngu(o)“u(o)b, which is

A 1 1 2
Qi =GRy = 51 + ar . (C8)

From these values, the forms of QS)) can be inferred as follows
Q&) 251732)) +723RU Mgb) + A1 Mg,) + A2 M(l)/ﬁ((l%), (C.9)
where 81, B2, A1 and )\2 are ambiguities, which are not fixed from (C.5) and (C.7), and

restricted to 81 + 282 = 3, and Ay + 2X\y = 5. If applying (B.20) and (B.21) into (C.9),
we have

QY = Ai(—ap) — 7V + DuDya) + 285(~20— 2/ — 20018 — 40,
= 51(—2a — 27(1));1(1%) + 262(—2a — 27( )),u(b) —2a(A1 + 2)2) ((lb),
= (p1 4+ 282)(—2c — 27(1))ué%) —2a(\ + 2)\2)%(11)),

= —2apy) — V). (C.10)

As shown the above, regardless of the ambiguities we become to have the same expression
for Qab , and so we randomly fixed f; = %, Bo =0, A\ = % and Ay = 0 in (3.14). For the
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sub-sub-leading term, we guess a general form of be) from (C.6) and (C.8)

QELZb) Zﬁle ) 4 @R(Q) (© )+ I€3R( ) (00, (0)d,, ( u (0) Nips I€4R( ), (0 U(O)d,u((l)))

a

T T c c
+x1 iy +xe nOply) — gR(”R&) + ngz?R(lb) - 5732?#(12

1 3
+ o Opl) — St (C.11)
8 ab g
where x; for ¢ = 1,...,4 and x; for j = 1,2 are ambiguities, which are related to
1 1 1 1
R1+2I€2:§, —k3 + 2Kk4 = > /il+f€3:§7 X1+ 2x2 = > (0.12)

and as we have seen, the ambiguities for the multiplication of the first orders are nullified
due to (B.20) and (B.21). Expanding (C.11), it yields

1 0 O 2
Qu) = damgy + Aan gy = 5o LI 7P = Za?uy) + Gy MulPu? (C.13)
where redefined A3 = 2k1+x1 and A\y = x2 — k1. The ambiguities A3 and A4 are determined
at the end of the calculation of [A%]() so that [A®](?) does not contribute to the conserved
quantities, and it turns out A3 = —% and \y = % Our solution for Q((j)) is displayed in (3.15).

D Explicit form of L

L ade is defined in (A.3) and is a shorthand expression for convenience to deal with terms
constituted of Kyp’s. Our goal is to get L which is defined in (2.5). Firstly, we expand
L4 and (L71) ™" in order of r

cd 1 cd 1 cd
Lmv(z:d = L(O)mn + ﬁL(l)mn + WL(Q)mn +o (D.1)
_ _ mn 1 _ mn 1 _ mn
(L 1)abmn = (L 1)(0)ab + 7”‘7”([/ 1)(1)ab rntl (L 1)(2)ab +oe (D2)

Plugging them into the identity relation (A.4), the relation is satisfied if

(LY L™ = s (D.3)

and
(LY = — (@ H) ML (D.4)
(n>2), (LHDP = (L HDHLE O (D.5)

(n=1), (L7HPP = _(-HOH

v] v

mn(L—l)(O) rq (L—l)(l) kl

mn ij

L(1)klm"(L—1)(0) Pe

mn

(D.6)

L(Q)kl
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where L®,,"" can be directly read from (A.3)

0) K _ .0k (0) (”+1) ol 2 (0)

1) ko 0)kl A1) (1) sk <l k A ki, (0)
LW, _r<h() Qi +QWersl — 20fQ . R M”)

1 1)1
+ <25@.u<j>) - u<”5§5§>, (D.8)

(n>2), 1O = (h(o)“@ﬁ) +Q@skst — 26£QP) — n@H (]))

<255 @y <2>555§.>, (D.9)

gy —

1]

(n=1), L(Q)ijkl :r(h(o)kl@?) + Q(Q)(;lk(sé _ 255@(3))1 _ h(Q)klu@ _ h(1)kl@§j})

1 Al a m 0
+ 26500 RO _ QWRDabgkg! 4 Bk h%gy)

+ i<25@u(2].))l — ,u(2)5f“'5§- + pbab &)52}“55 25@u§.;2n,u(1)ml>. (D.10)

When n = 1 the sub-sub-leading order term is separately considered from that of general
n, because a combination of the sub-leading order terms contributes to the sub-sub-leading
order. From the definition (2.5), L® is expanded

rn Tn—&—l

(@O0 a0, D)

fab — (h(())mn _ ih(l)mn _ Lh@)mn + .. >

n r mn 1 mn

1
,rnJrl

_ jOab Ln FMab _ F@ab (D.11)
r

where each order becomes

L©Oab — pOymnf,=1)(0) ab (D.12)

L@ab — p(Oymnp—1y(1) ab _ p(1ymn 1 ~1)(0) ab (D.13)

(n>2), LO® = pOmn-1)2)ab _ p@mn(-1y(0)ab (D.14)
(n=1), L@ab_ pOmn-1)@)ab _ p@mn 1-1)(0) ab

— pWmn =1y ab 4 h(l)mlh(l)”( 1(0) ab. (D.15)

D.1 n>2 case
cd

The inverse of (L)® s
2
~1\(0) ab _ T asb " (0)p(0)ab a, (0)b b (0)a
(L) _(n+1)<5i5j_2n p(Oab 4 (5u] + 5
(0)b ,(0)a 1 (©a ©p L ©,0ws) p1
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o with A% we simply get

mn

and contracting (L) (0)

~1\(0)ab _ F(O)ab _ T (=1 e , 1 (0ab
(LY i n(n+1)< L hOeb 4 200, (D.17)

Once (L‘l)z(?) “* is calculated, we can subsequently obtain (L_l)l(»jl-) P4 and (L~ )5]) P4 from

the relation (D.4)-(D.5). Contracting them with h(®)% and plugging into (D.13)-(D.14),
we have

- A R 1
jab — " [ 24(1)ab 7; p(0ab _ (1)4,(0)ay, ()b 4 = (1) p,(0)ab
w1\ ¢ 7@Wh (n—i—l)Q Tgph
2n (n —1)? 2n
_ 2,1, 0)a, (006 (Dab =" (Dab
T T Ty T ey e ) (D-18)
and
o T (250 T a@p0 20 a40) 00,00 T 50
n(n—1) 2 (n+1)2 (n+1)
2r? . (2n2+n+1)r? A (2n2+n+1)r? .
_ AT A, (0)a, (0 _ LT TR LT (0)aA(2)0 LT TR LT A(2)a, (0)b
+ n(n+1)2Q v n(n+1)2 e n(n+1)2 @y
1 2n (n—1)2 2n
L @) 0)ab (2),(0)a,,(0)b _ (2)ab _ @ab) (1
TR e 2nt1)" (n+1)rz" ) (D-19)
D.2 n=1 case
In 4-dimensional spacetime, the identity relation (D.3) with L(° ) . in (D.7) gives
(L—l)(O)ab _ I:(O)ab _ 27'u(0)ab’ (D.QO)
T

and from this we can find

(L0 (5a5b+ P 00,0 >b>' (D.21)

Then, L@ab for § = 1,2 are expanded as

LWab — (p=1yDab _ p(W)mn—1y(O)ab
_ g <T2Q(l)ab _ QW 0)ab 4 2quﬁ(l)u(omb _ 7}2”(1)@)7 (D.22)
7 (2)ab _ (L~ 1)(2)ab h(l)mn(L—l)q(%Zlab . h(2)mn(L—1)£2)ab + h(l)mlh(l)”(L—l)g(gzlab
_ Z<2Q(2)M(O)ab + T2Q£t2)h(0)ab o 2T2Q(2)ab +9r u(O)aQ Tl (2) (O)ab
2@

+ ﬁ# Jab 2Qg%u(1)mnh(0)ab _ 2T4(Q(1))2h(0)ab + T4Q(1)an%21h(0)ab
420 41, Oab | 3,400 GNab _ 351, Wab _ 9, 4G(1ach(b 4 6G(1)a, (Vb

4
92 QWab 3T (G2, 00,0 1200 (1), 0y, 0 4 2,0 (Mab
2 r
1 . w 4
— S (U2 gm0 O L e (0 ) (D.23)
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E Calculation of A%
Finally, in order to calculate A®, we need to expand the covariant derivative as

1 _ _ 1 _ _
(0) f (DKL 4 () (O (0) f kL | p(2) ] Ok
(Da LWk pIF, )+M+1 (Da L@k L p@F )

D LM = DO LK | =
T-n
L pwimm Lo L E.1
+ m a + 7“”+2 ( ' )
where DEP) is a covariant derivative compatible with h((l?)), and D((IO) and D,(f) for i = 1,2
are denoted as
DO EOk — gf @k | POk f@ml | pOL f(imk (E.2)
(E.3)

DWEOK — p@k FOml | @ FO0)mk
(E.4)

DWEMK — pk Fml | p(L F(1mk

The connection is written as
a1 ; i i
P, = S (DD + Dehfl) — Denf) ) (E.5)

where Déo) is simply denoted as D,.
To simplify the expression for A%, we use the commutation relation on the derivative

as follows
Dy.D, (Dlea> — D D*(D*a) = Dg[D?, D¥la + D?Da
— _ Dy (R(O)kmmlDla> + D2D%

— D% + D’D% (E.6)
.
D? (Dana> =[D?, D% D’ + D[D?, D*)a + D*Db(D3a)
— R(O)e CcaDeDba _ R(O)ebc aDcDea _D° <R(0)ebc aDea)
~pe (R@ec d’Dea> + DUDY(D2a)
(E.7)

2
=2ROp,.p, + = D*DPa + D*D’Da
r

D, D*(D*D%«) =Dy, D*(D* D) + D?[D?, D’ + D*D°(D?«)
— R(O)ec caDeDbO[ _ R(O)ebcaDCDea — D@ <R(O)€C caDea> + Dan(DQOé)
2
— RO« D D.a + 22D DPa + D*D’Da (E.8)
T

where the commutation of two covariant derivatives acting on w, and ¢, is

[Da, DyJw, = RY) ¢

[Dava]td = R(ggceted + Rab etc

C

wq
(E.9)
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El n>2

) o RIS
[K“b—QLCd(KCdK“b—Kng)] = (E.10)

(1), ©ab (n+ 1)D“Dba ’

r nm+1) e 2+ 4y e, M
n(n —1) [(n — 1)7“40['u + (n — 1)7“4fy H + 2r4

. N _ ~ (1)
|:D2Lab + hakaDlLkl o Dk‘ (DaLkb 4 DbLka):| —

r [ et e 1) (1), Oab _ (1), ©ab _ (n+1) happ,

n(n —1) (n—1)rt a (n—1)r4 24 (n—1)
2 2n
Db~ n D21y, (0ay, (000 D2y (0ay, (000 E.11
+ ¥ +(n+1)2 uHut %y +(n+1) au , ( )

X o 1@
{K“b — LYK g K% — KgKg)] =

T (=1 e, (P D) g, 200073041 ) (o
T | G e e e B

- - . . (2)
|:D2Lab + hakaDlLkl . Dk (DaLkb + DbLka):| —

r (n=1), @ P 4+n+1) o Gr*+Tn+ 4)7(2) (0)ab
nin—1) 2r2 (n—1)rt n(n —1)rt
(n® —2n? —n —2)

D) Dan’y(Q)] (E.13)

E2 n=1

A ~ ~ N ~ ~ (1) 1 1
[K“b — 2L (K g K — KgKg)] = 2r<r4a,u(0)ab + 747@ pl0ab 4 Dana> , (B.14)

- _ 3 RS
[DQL“Z’ + h®DyDLM — Dy (DL + DbL’m)}
3r 1 0)ab 1 1 0)ab a b
vab _ oicdip prab praphy | _ L (2. @a @ 1), (O)a, ()b _ 3 (2)ab
[K“ — 2L (K g K — Kf}Kd)] = ('y( )y 0aq, (008 _ 901, (0)a7, ()6 _ ﬁﬁ# )a
1 1 1
2@ e o L 2) (0ab _ L (1) (0)ab
R T s T ) (E.16)
N 5 N 1@
[DQL“” + h**Dy D LF — Dy (DL + D”L’W)}

1 1 1 1
= ( YOO 4 20y Wy Oty OF 4 T e L2 O ) 0
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2 1 1 r? 72
+ rja,y(l),u(O)ab + 277/‘40[2'u(0)ab + 277‘4(,}/(1))2M(0)ab - ZDanM(2) o EDan,y@)
+ %D2u(2),u(0)ab + ZDLY@)H(OW) —4r2D%D o — 5r2aD* Do — 3r24 (N D DPa

Loe Oab . 12 2 @ab . B2 )y (@b 3 12 2 (0)a, (0)b
—§DozDeau +ZDQM +ZD(ory )i —7Do¢u u

5% 1) p2,. (0)a, (0
-7 D*ou™ (E.17)

F Divergence of the boundary stress tensor, DTy,

In [15], it was argued that the full boundary stress tensor is conserved in that DT}, = 0.
We reconsider this relation in view of the fact that A £ 0.
Recall that the full boundary stress tensor, Ty, is

1

n— ——Aab- F.1

Top =
Expanding its divergence in a power series yields
DW‘—ﬁT<®+1DW'®+¥LwW]®+M
ab —[ ab] 7"7”[ ab] il ab

1 1 1
_ arpm1(0) - pa (0) arpm (1) a (1)

1
rn—l—l

1
I <[Da ;;)](2) e [DaAab}(2)> 4. (F.2)

where D? is the covariant derivative associated with hp.
For n > 2, we have

(N R R Y CV R NGO PR (O R AN GO (0
T - = F.
ab 87G [T" (27“2 oy + 72 hay + (n—l)a Hab (F.3)
1 1
(1) (0) D.D
+ (n_l)F}/ :uab + (n—l) a bO[
+ 7"”+1 (2(7’1, — 1)’[’2 ab n(n _ 1) ’y lu’ab (n _ 1)7127 u(l Ub + 5

and plugging this and (3.22)—(3.24) into (F.2), we get
1 1 1 1 1 1
per, — — (- p~H__- = p~D — {o0-0
b= n (87TG (n—1)r b7 877G (n — 1)r b7 + rntl Tt
~0. (F.4)

where D? is associated with hg%). This verifies that the full boundary stress tensor, Ty,

is conserved.
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For n =1, we take

r 1 2 1 /1 3 23
r___" | _ A2 @0, /0 L L2 9 (2,00 49 9 (0)
ab 8t [T( rzfy UYa "ty ) + 72 <2“ab + 2’}/ Hap 2 @ Hap
1 a 3 a
5y — (Y)Y — OO 4 32 OO
4 1) ©a, b, 15 2 0y ©0p , 4 1)\2, (0)a, (00
+ 5oy a4 ety —i—T—Q(W ) uM + (F.5)

and substituting this with (3.26) into (F.2), it yields

1 1] 1 22
DTy, = — (0 — 0) - [ ( — ZZaDyo — 237(”1),,@)
r r

r r2 | 87G
1 14 2
. §Db’>’(2) — —aDya — 707(1)1)1)0( 4+
8tG \ r r r
1 1 3 8 37
_ —( ~-2p,~® _ 24D 2 MWp F.
87G r? < et p e + o b (F-6)

where the second sub-leading order does not vanish. To be conserved, we require

37
Dy (37(” + 40’ — 2&7(1)> =0 (F.7)

and this relation can be satisfied by applying (B.24)—(B.26).

References

1]

R.L. Arnowitt, S. Deser and C.W. Misner, Canonical variables for general relativity,
Phys. Rev. 117 (1960) 1595 [INSPIRE].

R. Arnowitt, S. Deser and C. Misner, Energy and the criteria for radiation in general
relativity, Phys. Rev. 118 (1960) 1100 [1NSPIRE].

R.L. Arnowitt, S. Deser and C.W. Misner, Coordinate invariance and energy erpressions in
general relativity, Phys. Rev. 122 (1961) 997 [INSPIRE].

R.L. Arnowitt, S. Deser and C.W. Misner, The dynamics of general relativity,
gr-qc/0405109 [INSPIRE].

H. Bondi, M. van der Burg and A. Metzner, Gravitational waves in general relativity. 7.
Waves from azisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962) 21
[INSPIRE].

R.P. Geroch, Structure of the gravitational field at spatial infinity,
J. Math. Phys. 13 (1972) 956 [1NSPIRE].

A. Ashtekar and R. Hansen, A unified treatment of null and spatial infinity in general
relativity. I — Universal structure, asymptotic symmetries and conserved quantities at spatial
infinity, J. Math. Phys. 19 (1978) 1542 [INSPIRE].

G. Steigman, K.A. Olive and D. Schramm, Cosmological constraints on superweak particles,
Phys. Rev. Lett. 43 (1979) 239 [inSPIRE].

A. Ashtekar and J.D. Romano, Spatial infinity as a boundary of space-time,
Class. Quant. Grav. 9 (1992) 1069 [NSPIRE].

— 27 —


http://dx.doi.org/10.1103/PhysRev.117.1595
http://inspirehep.net/search?p=find+J+Phys.Rev.,117,1595
http://dx.doi.org/10.1103/PhysRev.118.1100
http://inspirehep.net/search?p=find+J+Phys.Rev.,118,1100
http://dx.doi.org/10.1103/PhysRev.122.997
http://inspirehep.net/search?p=find+J+Phys.Rev.,122,997
http://arxiv.org/abs/gr-qc/0405109
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0405109
http://inspirehep.net/search?p=find+J+Proc.Roy.Soc.Lond.,A269,21
http://dx.doi.org/10.1063/1.1666094
http://inspirehep.net/search?p=find+J+J.Math.Phys.,13,956
http://inspirehep.net/search?p=find+J+J.Math.Phys.,19,1542
http://dx.doi.org/10.1103/PhysRevLett.43.239
http://inspirehep.net/search?p=find+Phys.Rev.Lett.,43,181
http://dx.doi.org/10.1088/0264-9381/9/4/019
http://inspirehep.net/search?p=find+J+Class.Quant.Grav.,9,1069

[10] R. Penrose, Asymptotic properties of fields and space-times, Phys. Rev. Lett. 10 (1963) 66
[INSPIRE].

[11] J.D. Brown and J.W. York Jr., Quasilocal energy and conserved charges derived from the
gravitational action, Phys. Rev. D 47 (1993) 1407 [gr-qc/9209012] [INSPIRE].

[12] J.D. Brown, J. Creighton and R.B. Mann, Temperature, energy and heat capacity of
asymptotically anti-de Sitter black holes, Phys. Rev. D 50 (1994) 6394 [gr-qc/9405007]
[INSPIRE].

[13] S. Hawking and G.T. Horowitz, The gravitational Hamiltonian, action, entropy and surface
terms, Class. Quant. Grav. 13 (1996) 1487 [gr-qc/9501014] [INSPIRE].

[14] R.B. Mann and S.F. Ross, Cosmological production of charged black hole pairs,
Phys. Rev. D 52 (1995) 2254 [gr-qc/9504015] [INSPIRE].

[15] R.B. Mann and D. Marolf, Holographic renormalization of asymptotically flat spacetimes,
Class. Quant. Grav. 23 (2006) 2927 [hep-th/0511096] [INSPIRE].

[16] V. Balasubramanian and P. Kraus, A stress tensor for Anti-de Sitter gravity,
Commun. Math. Phys. 208 (1999) 413 [hep-th/9902121] [INSPIRE].

[17] R.B. Mann, Misner string entropy, Phys. Rev. D 60 (1999) 104047 [hep-th/9903229]
[INSPIRE].

[18] R. Emparan, C.V. Johnson and R.C. Myers, Surface terms as counterterms in the AdS/CFT

correspondence, Phys. Rev. D 60 (1999) 104001 [hep-th/9903238] [INSPIRE].

[19] R.B. Mann, D. Marolf, R. McNees and A. Virmani, On the stress tensor for asymptotically
flat gravity, Class. Quant. Grav. 25 (2008) 225019 [arXiv:0804.2079] [INSPIRE].

[20] R. Beig and B.G. Schmidt, Einstein’s equations near spatial infinity, Commun. Math. Phys.
87 (1982) 65.

[21] R. Beig, Integration Of Einstein’s equations near spatial infinity,
Proc. Roy. Soc. Lond. A 391 (1984) 295.

[22] D. Astefanesei, R.B. Mann and C. Stelea, Note on counterterms in asymptotically flat
spacetimes, Phys. Rev. D 75 (2007) 024007 [hep-th/0608037] [INSPIRE].

[23] R.C. Myers and M. Perry, Black Holes in Higher Dimensional Space-Times,
Annals Phys. 172 (1986) 304 [INSPIRE].

— 28 —


http://dx.doi.org/10.1103/PhysRevLett.10.66
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,10,66
http://dx.doi.org/10.1103/PhysRevD.47.1407
http://arxiv.org/abs/gr-qc/9209012
http://inspirehep.net/search?p=find+EPRINT+gr-qc/9209012
http://dx.doi.org/10.1103/PhysRevD.50.6394
http://arxiv.org/abs/gr-qc/9405007
http://inspirehep.net/search?p=find+EPRINT+gr-qc/9405007
http://dx.doi.org/10.1088/0264-9381/13/6/017
http://arxiv.org/abs/gr-qc/9501014
http://inspirehep.net/search?p=find+EPRINT+gr-qc/9501014
http://dx.doi.org/10.1103/PhysRevD.52.2254
http://arxiv.org/abs/gr-qc/9504015
http://inspirehep.net/search?p=find+EPRINT+gr-qc/9504015
http://dx.doi.org/10.1088/0264-9381/23/9/010
http://arxiv.org/abs/hep-th/0511096
http://inspirehep.net/search?p=find+EPRINT+hep-th/0511096
http://dx.doi.org/10.1007/s002200050764
http://arxiv.org/abs/hep-th/9902121
http://inspirehep.net/search?p=find+EPRINT+hep-th/9902121
http://dx.doi.org/10.1103/PhysRevD.60.104047
http://arxiv.org/abs/hep-th/9903229
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903229
http://dx.doi.org/10.1103/PhysRevD.60.104001
http://arxiv.org/abs/hep-th/9903238
http://inspirehep.net/search?p=find+EPRINT+hep-th/9903238
http://dx.doi.org/10.1088/0264-9381/25/22/225019
http://arxiv.org/abs/0804.2079
http://inspirehep.net/search?p=find+EPRINT+arXiv:0804.2079
http://dx.doi.org/10.1098/rspa.1984.0015
http://dx.doi.org/10.1103/PhysRevD.75.024007
http://arxiv.org/abs/hep-th/0608037
http://inspirehep.net/search?p=find+EPRINT+hep-th/0608037
http://dx.doi.org/10.1016/0003-4916(86)90186-7
http://inspirehep.net/search?p=find+J+AnnalsPhys.,172,304

	Introduction
	Preliminaries
	A variation of the action and the boundary stress tensor
	Asymptotic flatness

	Boundary stress tensor T*(ab)
	Calculation of Delta*(ab)
	Conserved quantities and Delat*(ab)

	(n+3)-dimensional static spacetime
	Discussion
	Variation of the action and the form of Delta*(ab)
	Decomposed Einstein equations
	n>=2 case
	n=1 case

	Exact solution of hat(Q)(ab)
	n>=2 case
	n=1 case

	Explicit form of tilde(L)*(ab)
	n>=2 case
	n=1 case

	Calculation of Delat*(ab)
	n>=2
	n=1

	Divergence of the boundary stress tensor, D*a T(ab)

