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ABSTRACT: We consider the conformal field theory of N complex massless scalars in 2 + 1
dimensions, coupled to a U(N) Chern-Simons theory at level k. This theory has a 't Hooft
large N limit, keeping fixed A = N/k. We compute some correlation functions in this theory
exactly as a function of A, in the large N (planar) limit. We show that the results match
with the general predictions of Maldacena and Zhiboedov for the correlators of theories
that have high-spin symmetries in the large N limit. It has been suggested in the past that
this theory is dual (in the large N limit) to the Legendre transform of the theory of fermions
coupled to a Chern-Simons gauge field, and our results allow us to find the precise mapping
between the two theories. We find that in the large N limit the theory of N scalars coupled
to a U(N)j Chern-Simons theory is equivalent to the Legendre transform of the theory of
k fermions coupled to a U(k)x Chern-Simons theory, thus providing a bosonization of the
latter theory. We conjecture that perhaps this duality is valid also for finite values of N and
k, where on the fermionic side we should now have (for Ny flavors) a U(k)ny_n, /2 theory.
Similar results hold for real scalars (fermions) coupled to the O(NN); Chern-Simons theory.
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1 Introduction and summary of results

Two of the simplest conformal field theories in 2 + 1 dimensions are the theory of IV real
massless free scalars ¢, in the sector of operators that are singlets of O(N), and the
“critical O(N) model”. The latter may be viewed as the IR limit of the deformation of
the free theory by g4(¢'¢?)? (when fine-tuning the IR scalar mass to zero), or equivalently
by adding an auxiliary field ¢ and deforming the free theory by opip’ (and fine-tuning a
linear term in o to get to a non-trivial fixed point). Due to the latter description we will
call the “critical O(/N) model” the Legendre transform of the free theory.!

!The two theories are not precisely Legendre transforms, except in the large N limit, since we need to
flow to the IR and to fine-tune to get to the fixed point. However, we will use this name for this type of
relation between theories, for lack of a better name.



Two other simple conformal field theories in 2 + 1 dimensions are the theory of N
massless free fermions 1) (again limited to singlets of O(N)), and the Gross-Neveu model.
One can formally define the latter by deforming the free fermion theory by (1)%)%)2, but
since this operator is not renormalizable this definition does not make much sense (except
in the large N limit). As above, one can also formally define it by performing a Legendre
transform with respect to the operator (¢)*¢®). One way to properly define the Gross-
Neveu theory is as a theory that has a scalar operator & (analogous to the auxiliary field
o above), such that when we deform the theory by (5?) it flows to the free fermion theory
(when fine-tuning the IR fermion mass to zero).

The free theories described above both have high-spin symmetries of every even spin
s = 2,4,6,---, generated by conserved currents J (5), In the interacting theories these
symmetries (for s > 2) are broken, though the effect of the breaking is small in the large
N limit.? In this limit all local operators in these theories are products of the high-spin
currents J®) and of one additional scalar operator J(© (given by (¢'»%) in the bosonic
case, and by (¢**) in the fermionic case).

The two bosonic theories are simply related by a Legendre transform with respect
to J©) as are the two fermionic theories, but at first sight there is no relation between
the bosonic and fermionic theories. As far as we know, the first hint for such a relation
came by considering their gravity duals. All the theories discussed above have a good 1/N
expansion (see [1] for a review), so it is natural to suggest that they could have classical
gravitational duals (by the AdS/CFT correspondence [2-4]) at large NNV, living on AdS..
These duals should have massless high spin fields, to match with the field theory spectrum.
Indeed, it was suggested in [5, 6] (see also [7-9]) that the bosonic theories are dual to the
type A high-spin gravity theories of Vasiliev [10-14], and the fermionic theories to the type
B high-spin gravity theories of Vasiliev. In the gravity language, the difference between
the two bosonic (fermionic) theories is just a different choice of boundary conditions for
the bulk scalar field which is dual to J(©; in the classical gravity limit this is equivalent to
a Legendre transform [15-17]. Strong evidence for this equivalence was found in [18, 19],
and suggested derivations of the equivalence were presented in [20-23].

The type A and type B high-spin gravity theories mentioned above have the same
spectrum but different interactions. However, there is a family of high-spin gravity theories
labeled by a parameter 6 (appearing in the Vasiliev equations of motion) that interpolates
between the type A and type B theories, such that the bosonic theories arise when 8 = 0 and
the fermionic ones when 6 = /2. This hints that perhaps there is a family of field theories
(that is continuous, at least in the large N limit) which interpolates between the bosonic
and fermionic theories described above. The theories with § # 0,7/2 are not parity-
invariant. It was conjectured in [24] that they arise by coupling the bosonic/fermionic
theories to O(NN) Chern-Simons theories at level k. For infinite & this just implements the
reduction to singlets of O(N), but for finite A = N/k in the large N limit it provides a
parity-breaking modification of the bosonic and fermionic theories, by a parameter that is

2The divergences of the high-spin currents and their anomalous dimensions are proportional to 1 /N, but
some correlators feel the breaking even in the large N limit.



continuous in the large N limit (though it is discrete for finite N). This conjecture was
tested in [24, 25], where it was shown that the spectrum of operators in these theories is
independent of A in the large N limit. This is consistent with the fact that the high-spin
fields in the dual gravity theory are classically massless; presumably they acquire a mass
(whenever the field theory is not free) at order 1/N by loop corrections in the bulk [26].

Significant support for this conjectured relation between the bosonic and fermionic
theories was recently given in [27, 28], where it was shown that the large N correlation
functions in these theories could be computed just by knowing that they have a high-
spin symmetry that is broken by 1/N effects (plus some additional technical assumptions).
Maldacena and Zhiboedov showed that these correlation functions could be expressed in
terms of two (or three) parameters appearing in the non-conservation equations of the
high-spin currents. It is natural to assume that these parameters map to the parameters
N and k mentioned above, but the precise relation is not known (when there is a third
parameter it can be identified with the coefficient of an extra gg(’?)? interaction, that
is exactly marginal in the large N limit [25]). Maldacena and Zhiboedov found that if one
starts from the free bosonic theory and turns on the coupling (in their language, turning
on the breaking of the high-spin symmetry), then in the limit of infinite coupling one ends
up with the correlation functions of the Gross-Neveu model (the Legendre transform of the
free fermionic theory). The Legendre-transformed statement is also true: by starting from
the correlation functions of the free fermionic theory and turning on the coupling, they
found that in the limit of infinite coupling one ends up with the “critical O(/N) model”
(the Legendre transform of the free bosonic theory).

This suggests that for each theory mentioned above, there are actually four different
ways to describe it and to compute its large N correlation functions: (a) It can be described
as a theory of Ny massless scalars coupled to a O(Ns)g, Chern-Simons theory; (b) It can
be described as a theory of Ny, massless fermions coupled to a O(Nger. ), Chern-Simons
theory; (c) It can be described purely algebraically as a theory with a slightly-broken high-
spin symmetry, and its large N correlators can be expressed in terms of the parameters N
and X of [28]; (d) It can be described as Vasiliev’s high-spin gravity theory with a parameter
0. The first two descriptions exist also for finite /N, while in the latter two it is only known
how to compute in the planar limit. The discussion above implies that in the large N limit
all of these descriptions are equivalent (up to possible Legendre transforms, in particular
between the first and second descriptions), but the precise mapping between them is not
yet known.

Our main goal in this paper is to clarify the relation between the first three descriptions
of these theories, and to compute the precise mapping between their parameters (in the
large N limit).> All the O(N) theories discussed above have also U(N) versions, where we
start with IV complex scalars (fermions) and couple them to a U(/V); Chern-Simons theory.
The U(N) theories have conserved currents J®) (in the large N limit) also for odd spins
s, but in the large N limit the correlators of the even spin operators in these theories are

$We will not discuss here the mapping to the gravitational side. The results of [24] for even contributions
to correlators imply that in this mapping A = tan(f), and this is confirmed by more detailed computations
in [29].



equivalent to those of the O(NN) theories. In this paper we will perform computations for
the U(N) case, since in this case there is a spin-one current that takes a simpler form than
the higher spin currents; however our conclusions should be equally valid for the O(N) case.

Most of our paper is devoted to performing exact computations of large N correlation
functions in the bosonic theories described above. After introducing our theories and
methods in section 2, we compute in section 3 some exact planar correlation functions of
the scalar fields in these theories. These are then used in section 4 to compute exactly
(as a function of \) some planar correlators of gauge-invariant operators in the bosonic
theories. Specifically we compute some 2-point and 3-point functions of the operators J()
with s =0,1,2.

Section 5 contains our main results. We begin by matching our results for the theories
of scalars coupled to a U(N); Chern-Simons theory to the general results of [28]. There
are two different standard definitions of the Chern-Simons level. We will denote by k the

“renormalized

definition we will use in our computations (which is sometimes called the
coupling”; it arises, for instance, from regularization by dimensional reduction). However,
defining the level by a regularization using a Yang-Mills term at high energies gives a
different (at one-loop) definition of the level, kypy = k& — N. Some of our results are
simpler to express in the first language and some in the second language; of course the
translation between them is straightforward, and we will try to carefully distinguish the
two everywhere. The matching to [28] works better using k£ and A = N/k; in these variables

we find that the parameters of [28] are related to the bosonic rank and level by*

NN SN 5 (“) . (1.1)

A 2

In particular A diverges as A — 1, which corresponds to an infinite coupling (N/kyy — o0)
using the Yang-Mills regularization, and in this limit we should approach the fermionic
theory.

The mapping to the fermionic theory is nicer to describe using the Yang-Mills regular-
ization, which we will use in the rest of this introduction.’ Taking the strong coupling limit,
we find that the theory of N scalars coupled to a U(INV)gy,,
(in the large N,kyy limit) to the (Legendre transform of the) theory of kyy fermions

Chern-Simons theory matches

coupled to a U(kyy)n Chern-Simons theory.® The two Chern-Simons theories in question
are related by level-rank duality [30-32], and our claim is that coupling one of them to a
massless scalar in the fundamental representation is exactly equivalent (up to a Legendre
transform) to coupling the other to a massless fermion in the fundamental representation.
This may be viewed as a bosonization of the fermionic theory, expressing it purely in bosonic
variables. The generalization to the O(N) case is straightforward, mapping the theory of

4The same value of \ is found in supersymmetric generalizations of these theories, by completely different
methods, in [29)].

5We will always use this convention whenever we have kym appearing, either in the level or in the rank
of our theories.

5Tn our computations we do not determine the sign of the Chern-Simons coupling, so the level may also
be (=N).



N real scalars coupled to an O(N)g,,, Chern-Simons theory to the (Legendre transform of
the) theory of kyy real fermions coupled to an O(kyn )y Chern-Simons theory.

Our results show that the bosonic and fermionic theories have the same correlation
functions at large N, and thus provide strong evidence for their equivalence in this limit.
More precisely, we derive this particular matching of parameters just in the strong coupling
limit of the bosonic theory, which is the weak coupling limit of the fermionic theory, but
it seems natural that it should extend throughout the parameter space; this is confirmed
by preliminary computations of exact 2-point and 3-point correlators in the fermionic the-
ory [33]. The mapping of the previous paragraph contradicts computations of the thermal
free energy presented in [24], which is why it was not found already in [24, 28]; we discuss
in the final section why these computations do not give the correct answers for the free
energy at finite A.

While so far we only discussed the large N limit, it is natural to conjecture that
perhaps the equivalence between the two theories is valid also at finite N (this is true for
the level-rank duality, and also in similar dualities for supersymmetric theories [34, 35]).
If this is not correct, then the scalar and fermion theories would provide two different
quantum generalizations of the same classical high-spin gravity theory. Unfortunately, it
is hard to test this conjecture, since at least one side of the duality is always strongly
coupled, and we do not know how to perform exact computations at finite IN. All we have
so far is a weak test of this finite N duality, by comparing the mass deformations on both

sides. This test suggests that at finite N the precise mapping is from a U(V) bosonic

kym
theory to a U(kym)n—1/2 fermionic theory. If we have Ny flavors in the fundamental
representation, a natural generalization would map the theory of Ny massless scalars in
the fundamental of U(N) coupled to the U(N)j,,, Chern-Simons theory to the (Legendre
transform of the) theory of Ny massless fermions in the fundamental of U(kywm), coupled
to the U(kym)n— Ny/2 Chern-Simons theory. It would be interesting to find ways to test
this conjecture. In particular it may be interesting to see how the scalars become fermions
and vice versa; one can try to analyze this” by looking at open Wilson lines ending on
scalars/fermions and checking which anyonic statistics the ends of these Wilson lines obey,
as a function of N and kyy.

2 Vector model with Chern-Simons interactions

Consider the theory of a complex scalar field ¢ in the fundamental representation of U(NV),
coupled to gauge bosons A, with Chern-Simons interactions at level £ in three Euclidean
dimensions. The action is

S = SCS + Sscalar . (21)

The Chern-Simons action Scg is given by

_ ik 2 3 _chl(N) 3,. MHVp a a 1 abc qa Ab pc
Scs—4W/TrN<A/\dA+3A>_ o /dme A0, A7+ S fALALAS ). (2:2)

"We thank N. Itzhaki for this suggestion.



The trace is taken in the fundamental representation, and we normalize the generators with
C1(N) = —1/2.8 With this normalization the theory is gauge invariant if k € Z [36, 37].
The scalar field action is

A
Sscalar = /de (’DM¢’2 + 3[]32 (¢T¢)3> ’ (23)

where D, = 0, + A,.

We work in the 't Hooft large N limit, keeping A = % and \g fixed. In this limit,
the theory (2.1) is conformal to all orders in perturbation theory in A and Ag [25]. In the
planar limit, our theory is closely related to the O(N ) theory of N real scalar fields coupled
to an O(N) Chern-Simons theory at level k; in this limit the latter theory (with N = 2N)
is simply a projection of our theory, keeping only some of its operators. For finite N the
two theories are not equivalent, but all of our large N computations (except for the ones
that involve operators that are projected out when going to O(N )) can easily be translated
into computations in the O(N) theory as well.

Let us define light-cone coordinates by x* = v+ = (2! £ i2?)/v/2. We work in light-
cone gauge, A_ = 0. With this choice of gauge, the A A A A A self-interaction of the
gauge field vanishes, and the seagull term ¢2Ai is also simplified as we shall see. This
greatly reduces the complexity of perturbative calculations. The utility of light-cone gauge
in theories of this kind was first noticed in [24].

In this gauge the gluon propagator is

(AL(=p) A% () = Gou(p)6™ - (21)°6°(q — p)

Gi3(p) = —Gs4(p) = 4;”;7 (2.4)
and the other components of G, vanish. At leading order in the 't Hooft large N limit,
where scalar loops can be ignored, the gluon propagator in this gauge does not receive
corrections, because the A A A A A interaction vanishes and the ghosts are decoupled.

To regulate the theory, we use dimensional regularization in the direction 23, and a
cutoff A on the momentum in the 1-2 plane. The cutoff regulator breaks Lorentz invariance
(as does our choice of gauge), conformal invariance and gauge invariance. However, we only
encounter power-law divergences, and the counter-terms used to subtract those divergences
are completely fixed by demanding that the continuum theory is conformally invariant (in
general these counter-terms are not gauge-invariant or Lorentz-invariant). The fact that
our final results for the correlation functions of gauge-invariant operators are consistent
with the analysis of [28] (see section 5) gives strong evidence that Lorentz and gauge
invariance are restored in the continuum limit.

The value of k in Chern-Simons theories depends on the regularization; as in any other
theory, coupling constants in different regularizations are not the same at higher orders in
perturbation theory. In particular, as shown in [38], the value of k£ in our regularization

8For a representation R of U(N) with generators {7}, C1(R) is defined by Trg(T°T%) = Ci(R)ds®.
°In Euclidean space A, = A_, but we keep A, # 0. One can think of this prescription as an analytic
continuation of light-cone gauge in Minkowski space.



(which is sometimes called the “renormalized coupling”) differs from the value of k using a
regularization involving a Yang-Mills term in the UV by kys = kym + N = kym(1 + Aym)
(where we define Aynt = N/kyy).'0 In terms of the 't Hooft coupling we have Ay =
Avm/ (1 4+ Aym), so that the two couplings agree perturbatively, but the maximal value of
A that can be achieved in the Yang-Mills regularization is A = 1 (which corresponds to
Aym — 00, or kyn — 0).

In the large N limit, the spectrum of operators of the theory (2.1) includes a single
primary operator J(®) for each integer spin s > 0, with conformal dimension A = s + 1 +
O(1/N) [25]. Each J() can be written as a symmetric, traceless tensor that is schematically
given by

Jl(u s ¢T,Du1 o ',Dus(bi + - (2.5)

All other primaries are products of these “single-trace” operators. The currents J, = J, (1)

T = J,(“,) correspond to the unbroken U(1) and Poincaré symmetries and are conserved.11
The currents with s > 2 are generally not conserved when A # 0. In this work we will need

the explicit form of the following operators:

JO = ¢'¢,
J, = igf (%M - BH) é

r= 0 [15,By - 1B B - 5B eraut . eo

— —
Here Bu = 0u,+ A, %u = 0, — A,, and parentheses around indices denote averaging
over symmetric permutations. The trace terms in 7}, will not be important for us in this
paper. The currents in (2.6) are canonically normalized, namely, the charges Q = [ d*z.Jy,
P, = [ d®aTy, obey [Q,¢'] = &, [Py, ¢'] = —i0, 6.

For completeness we now review the results of [28] which will be needed in section 5.

2.1 Review of the results of Maldacena and Zhiboedov

Our theory belongs, in the large N limit, to the general class of conformal field theories
studied in [28], which were named “quasi-boson” theories. In general, a CFT belongs to
this class of theories if it has a large IV expansion, and its large N spectrum of operators
includes conserved high-spin currents of even spins and a dimension one scalar operator.
The large N expansion parameter, denoted by N, was defined in [28] to be proportional to
the two-point function of the energy-momentum tensor, and the proportionality constant
was fixed by requiring that N = 1 for a free real boson. The theory described in this section,
and the Gross-Neveu model coupled to U(N); Chern-Simons interactions, are particular
examples of “quasi-boson” theories.

1OWithout loss of generality we assume k > 0. A parity transformation takes k — —k, A — —\.

"Note that the naive U(1) global symmetry acting on the complex scalar fields is gauged, but the
equations of motion of the gauge field imply that the symmetry generated by the topologically-conserved
current J® = xtr(dA), acts on the scalar fields in the same way as the naive U(1) global symmetry, up to
an overall factor.



A closely related class of theories, called “quasi-fermion” theories, was defined in [28]
by the same properties that were used to define the “quasi-boson” theories, except that
the scalar primary J( has dimension 2 + O(1/N). Following [28] we will denote this
scalar by J© to avoid confusion with the quasi-boson case. The Legendre transform of
the theory described in this section, and the theory of N free fermions coupled to U(N )y
Chern-Simons interactions, are both examples of “quasi-fermion” theories.

The conservation of high-spin currents in either the quasi-boson or quasi-fermion the-
ories is generally violated by double-trace and triple-trace operators. For example, the
non-conservation of the s =4 current in the quasi-boson theory takes the schematic form
(with appropriate derivatives on the right-hand side)

9-JW = qy @O 4 44 (J(O)J(O)J(O) + J(Q)J(O)J(0)> ’ (2.7)

and a similar equation containing only the double-trace term applies in the quasi-fermion
case. Using (2.7) Maldacena and Zhiboedov derived a sequence of Ward identities, which
enabled them to express all the planar 3-point functions in terms of N, A < Nas and also
in terms of ag in the quasi-boson case.

The 3-point functions of single-trace primaries in the quasi-boson and quasi-fermion
theories are constrained to contain at most three different conformal structures in the large
N limit [28],

(JO0) gls2) gsa)y — o o () gle2) glsa)y, g g oo (1) gls2) glsa)ye
+ Vs1s0s3 (J(SI)J(SQ)J(53)>0dd . (2.8)

In the above equation (-)pos. and (-)r. refer to the correlators in the theory of a real free
boson and fermion respectively, while (-)oqq refers to independent conformally-invariant
contributions to the correlators that appear only in interacting theories. Explicit expres-
sions for these structures can be found in [27, 39, 40].

To extract meaningful information from the 3-point functions (2.8) one has to specify
the precise normalization of the operators. In [28] a normalization was chosen such that
the 2-point functions of currents are equal in the quasi-boson and quasi-fermion theories,

(IO (@)JD(0)) = N (T (@) (0))pos., 5 #0. (2.9)

The 2-point functions of the scalar operators were chosen to be

N
(JO(2)0(0)) = m(ﬂo)(fﬁ)ﬂo) (0))bos. » (2.10)
70 ()T () = N 70 () FO)

OO0 = 1 T IO (2.11)

With these normalizations the coefficients of the conformal structures in the 3-point



functions (2.8) in the quasi-boson case were found to be (in the large N limit)

-1 -2 - A
as13253 - 1 + ')*\2 9 /8518283 - Nﬁ ) V818253 = Nm )
_1 - A
Q1550 1+ 5\2 s Vs1820 = Nl n 5\2 s (2‘12)
~ 1
a g )
s100 1 T )\2
1 &\’
« =N = +z = as,
T 4 )2 <1+/\2> ’
where z is a specific constant (denoted by z;(nfee bosom)3 in [28]).
Similarly, for the quasi-fermion theories
DY -1 DY
af qf
Qsyspsy = N =5 DBsissss = N =5 Ysisasy = IV o 0
L+ X% 1+ X% 1+ X%
~ 1 ~ :\ f
Barssd = N5 Veyosd = N—55, (2.13)
ez 1+ 2% 12 14+ A2
By = N—
00 — 12
o 14+ 2%
7600 =

The coefficients which are not specified in the above equations correspond to structures
which are inconsistent with conformal invariance.

To obtain the correlators of the critical bosonic vector model with Chern-Simons in-
teractions it is convenient to define jc(g)t bos, = quj(o). In terms of jc(g)t bos, the 2-point
function (2.11) and 8, g5 are multiplied by S‘Zfﬁ while 3, 5 and 7, . 5 are multiplied by
Agt- The correlators of the critical model with A = 0 are then obtained by taking the
Agt — 00 limit in (2.11) and (2.13). The correlators of the critical fermionic vector model
are obtained from (2.10) and (2.12) in the same way.

The normalization of J(©) we use in this paper (2.6) is different than the one in (2.10),
and the precise relation between the two normalizations will be fixed in section 5. Note that
in [28] only correlation functions of even-spin operators (that appear both in the O(N) and
in the U(N) theory) were computed, while many of our results below involve the spin-one
current J). However, since the odd-spin currents are part of the same high-spin symmetry
algebra as the even-spin currents, and the results of [28] (2.9), (2.12), (2.13) are (as far
as the coupling-dependence goes) independent of the spins for all s > 0, we assume that
the same results hold also for odd-spin correlation functions. Our results will provide a

consistency check on this natural assumption.

3 Exact scalar correlators

In this section we compute 2-point and 4-point scalar correlators exactly in planar pertur-
bation theory. These correlation functions are not gauge-invariant, but they will be useful



(a) (b) (c)

Figure 1. Bootstrap equation for the scalar self-energy. A filled circle denotes the full scalar
propagator.

for computing gauge-invariant correlation functions in the next section. The computations
are shown in some detail, to illustrate the techniques that will be useful later on.

3.1 Scalar propagator

Let us denote the self-energy of the scalar field by 3(p; \), such that the full propagator is

GOF @) = 52 @) Pp+q). (3.1)

P = X(p; )

We will compute the self-energy in light-cone gauge at large N by solving its bootstrap
equation, shown in figure 1. Only non-vanishing planar diagrams are shown. The diagram
of order ), with a single gluon line, vanishes due to parity.'? Diagrams that involve the
AN AN A vertex vanish in light-cone gauge. Diagrams in which two seagull vertices are
connected by a gluon line also vanish; this is because the seagull term ¢TA“AM¢ reduces in
this gauge to ¢ A3 A3, and the only non-vanishing gluon propagator is (AzA). All other
diagrams which do not appear in figure 1, including those involving a (|¢|?)® vertex, are
subleading in 1/N.

Let us solve the equation of figure 1. The diagrams on the right-hand side of the
bootstrap equation are given by

dk dll (I+p)HGu(l—p)G¥,(k—p

~—

(k +p)?

(@) =~ T, Ty [

(2m)? (2m)4 [k* = Z(R)][1? = 2(1)] ’
i q4 (1 + )G (1 — k—1)(k+1)°
(b) + (c) :2<{T“,T”}TGT")ﬁ/ (;lﬁl;d (rjﬁgd( o) [kg_(z(,f;“ ol 2(1))]( Y (3.2)

Using the gluon propagator (2.4), in the planar limit we have

B A%l (1 +p)t(k+p)t L
(a) = —4(w\)%0? / 2m)i 2m)d (1 —p)t(k—p)* k2 —S(K)]2 -2’
Ak dUl (1+p)t(k+1)* L

B , (
() + () =82 [ @i @i ((—pr - DF e —smE—so) O

Notice that light-cone gauge preserves the symmetry of rotations in the 1-2 plane, which
act as A_ + e®A_. Hence, %(p) = X(ps,p3), where ps = \/p? + p3. Further, the expres-
sions (3.3) are independent of p3, and therefore we can guess that %(p; \) = f(\)p2.

12WWhile the Chern-Simons interactions break parity, our theory is invariant under the combined operation
of parity plus A — —\. Corrections to the self-energy that come with an odd power of A must therefore be
accompanied by an €,,, symbol, but in ¥(p; A) there is only a single external momentum to saturate it.
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Figure 2. Connected diagrams in scalar 4-point function.

Let us now focus on diagram (a). The integrals over the ps component of the loop
momenta in (3.3) can be carried out,

dl—sk,3 1 B dl_ek’g 1 ;
/(2@“ k? — (k) _/(%)“ (k) + (L— FOVRZ 2k /T FON) (3.4)

where we have taken € — 0 at the end. For the remaining integrals in the 1-2 momentum
plane we use polar coordinates, with k* = kye®™ /1/2. The angular integral can be treated

as a contour integral, for example

gt 4pt dz z +/2pt ks
dg TP fCEETND /s 990 (ke — ps) — 1], 35
T = T = 220l ) (35)

where z = €' is integrated over the unit circle and © is the step function. The remaining
radial integrals (performed up to the cutoff A) are trivial, and the result is

A2 A2
(a) = R TEEE V)] fl()\)) (2ps — A)?,  (b)+ (c) = T fl(/\)ps(ps —A). (3.6)
The self-energy (a) + (b) + (c) is therefore a pure divergence,
o~ 2
= o (3.7)

This divergence is subtracted with a mass counterterm ¢'¢, which is determined uniquely
by conformal invariance. In the continuum theory the result is therefore > = 0, namely
the scalar propagator in our gauge does not receive any corrections.

3.2 Scalar 4-point function

In this section we compute the connected scalar 4-point function

(6" (p + @)oL, (—p)oh, (—k — @) (), (3.8)

shown in figure 2. From now on the overall factor (27)383(>" k) is implicit in all correlators
we write. Without loss of generality we focus on the terms proportional to d;,4,9;, 4, (the
other terms are related to this by permutations of the momenta).

- 11 -



Figure 3. 1-loop diagrams that include the A%¢? vertex, up to reflections.

1 12

Ptq

k+q

Ji1 Jo

Figure 4. Bootstrap equation for the connected 4-point function, when ¢ = 0.

Let us first consider the sum of 1-loop diagrams that contribute to W (the correla-
tor (3.8) without the delta function) and that include an A?¢? vertex. There are six such
diagrams: the ones shown in figure 3, and their reflections along the vertical axis. It is
easy to compute these diagrams using the methods of the previous section; their sum is

2q™

2N \2 {(k o

[(k+q)s — (p+@)s — ks + ps] —A} : (3.9)

The linear divergence is subtracted by a (¢f¢)? counterterm, which is uniquely determined
by conformal invariance. From now on we will take ¢* = 0 for simplicity, even though this
is not the most general 4-point function. For this choice of momentum the seagull vertex
does not contribute to the 4-point function, and W becomes a sum of ladder diagrams.
The bootstrap equation for the 4-point function with ¢* = 0 is shown in figure 4. In
writing it we used the fact that the scalar propagator does not receive quantum corrections
in our gauge.

Let us now restrict the form of Wj j,j . (p, k,q; A). Using dimensional analysis we
can write

= (ks Ds
Wi1i2j1j2 (pv k, g )‘) = 5i1i25j1j2 ‘Q3| w <(]37 q737 cee /\> . (3‘10)

By computing the first few contributions to W explicitly, we can see that they depend only
on the variables
ks Ds (k —+ p)+ A 3

xr = , Yy = , 2= 0, Alzi’ )\:)\slnq 5 3.11
|g3] g3 (k—p)* |gs| 2n(gs) (310)

- 12 —



and that the dependence on z is at most linear.'® Let us assume that this holds to all
orders, and write

W (2, y, 2 \) = Wolz, y; A) + 2 Wi (z,y; M) . (3.12)

Returning to the bootstrap equation, after carrying out the loop integrals over the 3-
component and the angular directions, the equation can be written as

~

~ ~ A
Wo + Wiz = —47rz—z + 2z/\(IO +1),

W 'y
10=|q3\“ - [ e,
Ps Wlx y

I = |g3] U +2z/ }dk; T ), (3.13)

where 7/ = %. Let us first solve for W, by equating the coefficients of z and differentiating
with respect to ks. The result is

Wl (ZE, y) =0 (y)e—2i5\ arctan(2z) . (314)

Here C(y) is an integration “constant” that is determined, by plugging W1 back into (3.13),
to be

o (y) _ _471—1)‘ 621’5\ arctan(2y) ) (3'15)
N
One can now solve for Wy similarly, and plug the result in (3.10). We find

= 0i1i5041js ZHT;A\V\(J?,! [tan (5\ arctan (2A')) — iz} X

Wi1i2j1j2(|Q‘a$a Y, z; >\) =0

exp [2@5\ (arctan(2y) — arctan(Zx))] . (3.16)

4 Exact gauge-invariant correlators

In this section we compute several exact 2-point and 3-point functions of single-trace pri-
mary operators in momentum space. Using the results of section 3 one can compute any
such correlator, with all external momenta pointing in the 3-direction, by computing a
finite number of integrals. A useful step is to first compute exact vertices of the form
(J®) (—q)ppT), since they encode all the information of the scalar 4-point function inside
2-point and 3-point gauge-invariant correlators. We begin by computing correlators of
JO = ¢tp, and then generalize to other operators.

13We choose to work with parity-invariant variables. Up to order A3, we find

- A
Wlon) = —47rzﬁz7
- X2
Wloa2y = 47rN [arctan(2A”) 4 2z (arctan(2y) — arctan(2z))] ,
. 23 ) 2
Wloasy = STFZN [arctan(2A ) (arctan(2y) — arctan(2z)) + z (arctan(2y) — arctan(2z)) ] ,

where z,y, z are defined above.
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Figure 5. The vertex <J(0)¢>¢T>. A cross denotes a J(© insertion in the free theory, and a circled
cross denotes the exact vertex. The hatched ellipse denotes diagrams in which the 4 scalar lines are
connected.

Figure 6. The diagrams contributing to (J(©(—q).J(©®).

4.1 (JOJO)

Let us compute the J©) vertex

(JO(—q)gl(k)o') = 6iVo(g, k5 \) | (4.1)

for the special case of gt = 0, where we can use the results of the previous section.
(From here on we do not always explicitly write the momentum of the last operator in our
correlation functions, which is fixed by momentum conservation.) As shown in figure 5,
we can write this vertex as a sum of a free piece, and a piece from the connected 4-scalar
function W. The free piece is just 5; The connected piece is given by (using the variables
of (3.11))

-1

) diy W z, 72;5\ ) 26—2i5\arctan(2m)

27[')d p2(p+q)2 o 1+e—2i5\arctan(2/\’)

where the integral can be computed by the same method as before. Crucially, the radial
integration can be carried out analytically. Adding the free piece, we find

26721'5\ arctan(2x)

Vb(l‘; )\) - 1+ 672i5\arctan(2A’) ) (43)

It is now easy to compute the J(®© 2-point function, shown in figure 6. Note that
replacing a single J(©) insertion by the exact vertex (4.3) accounts for all the diagrams
without any double-counting. Thus,

>

(O (g 7O N/ Ak Vo(z;)) N 1 tan(%)

2 4.4
2m)ek2(k+ )2 4 lg3] 7\ (44)
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where in writing the final result we took A — co. Note that the result is even under A — — X,
as expected. The obvious Lorentz-invariant generalization of this result to any ¢ is

N 1 tan(%)

) (_g) JO)N =

(4.5)

The momentum dependence of (4.5) is determined by conformal invariance; in position
space this translates into (J©) (2)J©) (y)) o< 1/(z—y)?. The dependence on X is not fixed by
the symmetries, and we observe that the 2-point function diverges at A = 1, and becomes
negative afterwards, suggesting that our theories only make sense up to A = 1. As men-
tioned above, if we define the Chern-Simons level using a regularization involving a Yang-
Mills theory, the value A = 1 is actually the maximal allowed value, so this is not too surpris-
ing (similar results were found also for fermions coupled to Chern-Simons theory in [24]).

4.2 (JO O jO)

Using the exact J(©) vertex (4.3) we can compute the 3-point function of scalar operators
(JO(=g)JO (=g J O (=¢")), with all momenta ¢,q’,¢’ in the z3-direction. Using the
vertices defined above, all contributions to this 3-point function are included in the diagrams
of figure 7. All the diagrams turn out to be finite, so we remove the cutoff in the expressions
below. Diagram (a) evaluates to

_ gN/ dgk Volg, k)Vo(d' k + ¢)Volq", k — ¢")
k (k+q)2(k —q")?
N tan ( ) 1

_ 4.6
27r)\cos2( )‘) lalld'|lq"] 0

Summing over diagrams (b), (c) and (d), and integrating over the 3 and angular
directions gives

XN [ Vol k)Vo(d',DVo(q”, p)
(b) + (C) + (d) - _T 0 dksdlsdps (4]{:3 + q2)(4l§ + q/2>(4pg + q//2)
{ (2@<ks - ps) - 1) (2@(ls _ps> - 1)
+ (2@(]73 - ks) - 1) (29(l5 - ks) - 1)

+(20(ks — 1) — 1) (20(ps — 1s) — 1) }

NN (% Volg, k) > Vold, ) > Vold",p)
-2 dlg 20D dly 2097 dpy 02 F)
™ </0 *4k2 + ¢? /0 412+ q” /0 Psap2 1+ ¢

Ntan (”A) 1

= , 4.7
s Tl o
where in the second equality we used the fact that
(20(ks —ps) —1) (20(ls — ps) — 1)
+ (2@(778 - ks) - 1) (2@(l8 - ks) - 1)
+(20(ks —1s) — 1) (20(ps — I5) — 1) = 1. (4.8)
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Figure 7. The diagrams contributing to (J(© (—q)J© (—¢)J©(—¢")).

The remaining diagram (e) contributes if A\g # 0. It gives

B N \g tan? (L;‘) 1

©) = =% Tqlele

(4.9)

Note that (J(© J©) 7)) is the only 3-point function which receives a contribution from the
(¢'$)? vertex in the planar limit. This is since diagram (e), when computed in momentum
space, factorizes into a product of three 2-point functions of J(© with the inserted operators:
<J(5)J(S/)J(s”)>(e) oc (J) JOY (D) 70y (76") 700y “and these 2-point functions vanish by
conformal invariance unless s = s = s” = 0.

Summing up all the contributions we obtain

N tan(”’\) 1 A A 1
O (— ) JO (N JO gy = 2|2 ) 1 s (TA 6
(S (=) T (=) T (=d")) = 5 LOSQ(W;) ; tan <2 ><1+ 87r2>\2>] PICIraE

(4.10)

which has the correct momentum dependence required by conformal invariance (it is
uniquely determined by the result we computed for ¢* = ¢'* = ¢""* = 0).

4.3 (JHJW)

Next, we compute two correlators that involve J(1).

In this subsection we compute (J_(—¢)Jy), with ¢& = 0.!* For this purpose let us
first compute the J_ vertex, namely (J_(—q)¢'$) with ¢* = 0. In fact, it is no more work
to compute the J_..._ vertex

(Jooe (—q) 01 (R)$") = 05Vi(q, K3 M), (4.11)

for any current J) with s > 0, as long as ¢& = 0. Indeed, in our gauge the bootstrap
equation for this has the same form as the equation for the J(© vertex (figure 5), since A_ =
0 so there are no additional diagrams where a gauge field is connected to J). Further,
by Lorentz invariance the free piece in (4.11) is given (when ¢* = 0) by a4(k)*, where
the factor as depends on the normalization of the current. In computing the connected

“Note that when ¢* = 0, current conservation implies ¢3(Js(g)---) = 0 up to contact terms, and
therefore correlators involving the Js component of J do not contain information that is useful for our
purposes.
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Figure 8. The diagrams contributing to (J_(—gq)Jy).

lq
Uigk)) = —» g7 = +
kg,

o> -

4 reflections .

Figure 9. Diagrams of (J;¢'¢) in which a gauge field is connected to J .

piece of the bootstrap equation, the only modification to (4.2) is to insert as(p™)* in the
integral. The computation carries through, and we find for all s > 1

V, = as(k+)s€2i5\(arctan(2/\’)farctan(Qa:)) ) (412)

Note that a; = 2 for the canonically-normalized J(),

The 2-point function (J_(—¢)J+) receives the contributions shown in figure 8, where
the circled insertion is the exact vertex given by Vj of (4.12), and the squared insertion is
defined in figure 9: it accounts for the diagrams in which a gauge field A, is connected to
J4. The squared insertion of figure 9 evaluates to

U1 (Q3, ]{2; )\) = i (4.13)
The exact 2-point function (J_(—q)J) is then given by
dp Vi(
(=g ) N/ P 1(¢:P)Ur(=4,p + q)
P*(p+q)?
) _

16 A 47

In the second line we took A — oo, carefully keeping divergent terms.

This result has two peculiar features. First, the linear divergence is a contact term
that violates conformal invariance. If we denote the background gauge field that couples
to J, by Ay, then this divergence can be subtracted by a mass counterterm A4,.A4". The
second peculiar feature of (4.14) is the appearance of a A-odd part, equal to

iNgs cos(m\) — 1
16 A )

(4.15)
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Figure 10. The vertex (J, (—q)o'(k)e).

This piece violates parity, while (J.J) is parity-even in a conformal theory [39, 41]. However,
this piece can come from a contact term (J,(¢)J,) ~ €u,q” that is conformally-invariant,
and gives a derivative of a delta function in position space. It corresponds to the appear-
ance of a Chern-Simons term i—fr [ AAdA in the generating functional F[A,...]. In many
cases, contact terms are scheme-dependent and therefore do not contain physical informa-
tion. This is equivalent to saying that their values can be shifted arbitrarily by adding an
appropriate counter-term. In our case this would correspond to shifting k. However, since
this is a Chern-Simons term we only have the freedom to shift it by an integer amount. The
fractional part of this term (in units of k) is therefore a physical observable [42]. Tt would
be interesting to understand if this observable is constrained by the high-spin symmetry,
like the other correlators discussed in [28].
Removing both contact terms, we are left with the parity-even result

Note that this also changes sign at A\ = 1, consistent with our theory stopping to make

(4.16)

sense (at least as a unitary theory) there.

4.4 (JOJO L)

In this section we compute the 3-point function (J©)(—q).J (=¢)J_(=¢")), with ¢,¢,¢"
all in the 3-direction. We first need to compute the J, vertex,

(Ji(—q)gl(k)¢") = 05V (g, Kk M), (4.17)
shown in figure 10. It can be evaluated using (3.16) and (4.13), and the result is
. _ 1 2 2 2 _—2i}arctan(2z)
Vilg ki) = 5 482 + 63 — gde B (4.18)

Returning to the 3-point function, the diagrams which contribute to it are shown in
figure 11. In the diagrams that contain a seagull vertex, the final radial integrals cannot
be performed analytically. However, using the step-function relation

Oz —y)Oy—2+6(y—2)0(xr—2)=0(x—2)0(y — 2), (4.19)
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Figure 11. Diagrams contributing to (J(*(—¢)J; (—¢')J_(—q")).

one can see that these diagrams cancel in triples,
(€) +(d) + (e) = () + (&) + () = () + (j) + (k) = 0. (4.20)
The remaining diagrams (a), (b) are given by
_ 2N/ d3p Volg,p — )V (d . p)Vi(d",p+ ¢)

P*(p—q)*(p+ ¢')?
7r7,)\”

A . R
== / I, ¢~ 2iharctan(2y)—2iX" axctan(2y”) 12p2 + ¢* + ¢* + q¢

a s 1 + e—m)\ (4]9? + q2)(4pg + q//2)

N . (NN
N emiNiq [1 — e AN AT

T 4 e—mid AXq(q +¢')

3 3 "
_Sm)\N/ dp dk Vo(qrp)Vé(q2 k—q") (p+k)3
(p+q)?k*(k—q")? (p— k)T

)

N q-— q// A 6—21/\ arctan(2y)—2i\"’ arctan(2y")
= d
1+ 6*7”)‘ q" / P 4p? + ¢?
Ng- .
94 an [ (4.21)
m 4Xqq"” 2
where now X = Asign(¢'), 2’ = |q L Y = ‘q » and similarly for ¢”. In writing this we took

A — oo where possible to simplify the expressions. Since there are no divergences (as we
shall see), this does not change the final result.
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The remaining radial integrals cannot be computed separately, but the integral in the
sum (a) + (b) can be computed analytically. The final result is

N 67[_’&5\,, qu |:1 _ efﬂi(;\+5\’+5\//):| N . q” t 7_‘_5\
T 14 e—miA 4Mq(q+¢q') T 4Mqq"

(JO(=q)J4(~¢")T-(—¢")) =

N 7'l'i5\// ) 2 ! SN NI
LN e _ Z(ql"‘ q )/ [1 - e—m()\—I—)\ ):| ) (4‘22)
T 14 e mr4N (¢ + ¢')

By conformal invariance, this correlator should have one parity-even and one parity-odd
structure [39]. Let us consider the A-even and A-odd parts separately.

4.4.1 Even structure

Let x = %'. The A-even part of (4.22) is

N 1
87 Aqq' (¢ + ¢') cos(sign

—¢"?sin (sign(q)x + 2sign(q)x) — ¢ sin (sign(q)x + 2sign(¢”)x) } . (4.23)

() reven = o) {(—q2 +2qq' + 2¢”*) sinsign(q) x)

By simple trigonometry we can write this as

79" q¢"  qq

Nsin(zA) [ lgl | 1| | |¢"] +Esm2(%)tan(%)i, (4.24)
8 mA 2 A lq|

By conformal invariance we expect only a single parity-even structure, so we expect that
the second piece is a contact term. Indeed, it is easy to check that

(JO(q)J ) ~ (qu (4.25)

is a conformally-invariant contact term (independent of the second momentum).

4.4.2 0Odd structure
Using similar methods, the odd part of (4.22) can be written as
iNsin?(Z) 71 1 1 /|¢"] |d|
Modd = 2 = = — (D T 4.26
() r0dd RS\ P + a g p (4.26)

In this case it is not important for us whether there is a contact term, because the A
dependence of the odd structure (which is what we are interested in) cannot be changed
by its presence. Indeed, this A dependence is determined by the last term in the square
brackets, which cannot be a contact term.

4.5 (JHJP)

In this section we compute the correlator (T _(—¢)T) with ¢& = 0. We again introduce
the notation of a squared vertex Us for Ty, shown in figure 12 (similar to figure 9). The
filled-circle vertex is the exact vertex (¢T¢A,), shown in figure 13.
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Figure 12. Diagrams of (T, ; ¢!#) in which a gauge field is connected to T’y .

S SRS SR S

Figure 13. Shorthand notation for the exact vertex (¢TpA, ).

We find that

Us(q, ks \) = [3(1+A%) k2 + 3\2ks (ks + q3) + 20\ (2+ A\2) ksgs] 07 . (4.27)

6(k+)2

The 2-point function of the stress-energy tensor is then given by figure 8, replacing J_ with
T__ and J4 with T 4. The exact T__ vertex is given by V5. Using (4.12) and (4.27), the
result is

[3’iq§’ <1 . 621';\ arctan(ZA’)) — 12)\qu

(T (~0)Tes) = gs

— 24iX2g3A2 + 16A(1 + 2A2)A3} . (4.28)
The result should contain a single parity-even conformal structure, up to divergences and
contact terms. The divergent pieces in (4.28) can be subtracted by counterterms of the
form Ad,g,,0"g"", AQengP" otg” ., and ASQWg’“’ , where g,,,, is the linearized background

metric that couples to the stress-tensor. The finite A\-odd piece, proportional to g3, can
come from the contact term [42]

<T;W(_Q)Tpa> ~ [GupAqA(Qan - q25u0) +(pev)|+(peo). (4.29)
The remaining finite A-even piece is

N|g3|? sin(m))
128w\

(4.30)
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Figure 14. Diagrams contributing to (I _(—q)J+(—¢')J+(—¢")). In addition to these, there are
reflections of (i)-(n) about the vertical axis.

4.6 <J(2)J(1)J(1)>

In this section we compute the correlator (T—_(—q)J4+(—¢")J+(—¢")), with all external mo-
menta in the 3-direction. We expect two parity-even conformal structures, corresponding
to the free bosonic and fermionic theories, and one parity-odd structure [39].

The diagrams are shown in figure 14. As in the case of (J ©) g g (1)>, all diagrams
that contain the seagull vertex cancel in triples. We are left with (a) + (b) + (b'). After
integrating over the p3 and angular directions, they are given by

N 2\ arctan 2A’ /A (24]7? + q2 + q/2 + q//2) (4 31)
s .
0 (

a)=-—e y
W 16 4p2 + ) (4p3 + ) (42 + ¢?)

|:4p§ + q/2 (1 o 6—21’5\' arctan(Qy’))} [4]9? + q//2 (1 . 6—22'5\” arctan(2y”))] 6—21’5\ arctan(2y) 7

(b) = ﬂe2i5\ arctan 2A’(q//_ q)/A dps [4)\17 + iq" (1 _6—21’:\” arctan(Zy"))} 6—22'5\ arctan(2y)
8 o 4p2+q? ° ’

b)) = ﬂ 2iXarctan2A’ [/ A dps AN . r(4 _ _—2i) arctan(2y’) —2i) arctan(2y)
(b)) =5 (¢'—q) yremrll i) SRl l—e e :
0 s

The integral obtained by summing over (a), (b) and (b’) can be computed analytically,

and it has a linear divergence: 5. Subtracting the divergence!®

o we obtain the 3-point

'5This divergence is subtracted by the counter-term g~ ~ AT AT, which is related by SO(3) invariance
to the term g™~ AT A~ that we already used to subtract the divergence in (J+J_) (see equation (4.14)).
However, our regularization preserves only SO(2) invariance in the z! — 22 plane (as well as parity duality)
under which these terms are not related. The two subtractions are therefore independent.
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function,

ZN 1 i\ 7]
(T__(—q)J+(—q’)J+(—q”)> — _327|-)\ qq/q” e TN (q/4 o q/2q1/2) +e TN (q//4 - q/2q//2)+

§2q"2e NN Tt 4 g (47 + Tq " + 4g"%) — 1202 ¢ 2} . (4.32)

The A-even part can be written as
N sin(mA 3 /3 "3 T
<'>>\—even = ( ) |?|// + |q ’// + ‘q |/ cos” | = +
32 A 9" qq qq 2

3 /13 13 1"\ A 1 M
+ . A
(!flzlﬂ L la |,, L e !, Ll +dlg \)sz < . )} . (4.33)
q4q qq qq q

Here, the bosonic structure is the one multiplying cos (”)‘), since it is the one that sur-

vives when taking A\ — 0. The fermionic structure multiplies sin ( ), up to possible
contact terms.
The A-odd part of (4.32) is

! 1

)Iq q"] 4+ d'q
q

Ni

. 2 —
() —odd = ETIY 4(30% 4 cos(m)) — 1)g + sin?(w\

(4.34)
The first term inside the brackets is a contact term, while the second term is the expected
parity-odd structure.

4.7 Correlators at the critical fixed point

In this section we consider the planar correlation functions in the “critical fixed point”
of the bosonic vector model with Chern-Simons interactions. This fixed point is reached
by starting with the theory we discussed above, turning on the relevant “double-trace”
deformatlon 4 (¢7¢)?, and flowing to the IR while tuning the IR scalar mass to zero 43, 44].
This is equlvalent to adding an auxiliary field o with a o(¢!¢) coupling, or performing a
Legendre transform with respect to the operator J ), Alternatively, one can start with
the usual “critical U(N) model” and couple it to the U(N); Chern-Simons theory.

In the planar limit the effects of the “double-trace” deformation (J()2 are rather
simple. First, the scalar propagator receives corrections involving a chain of scalar loops,
connected by the A4 vertex, and ending in a tadpole (see figure 15). In the planar limit
one can add gluon lines inside each scalar loop in this chain, such that the scalar loop
has the topology of a disk in double-line notation. These corrections are all power-law
divergent and independent of the scalar momentum. They are subtracted with a mass
counter-term ¢ .

Second, in correlators of gauge-invariant operators each insertion can be connected to
a similar chain of scalar loops that ends on the rest of the diagram, as shown in figure 16.
In momentum space the scalar loops factorize, and we can use our previous results to
sum over the chains of scalar loops. For instance, using diagrammatics as above, or using
conformal perturbation theory in the large N limit, the 2-point functions in the presence
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Figure 15. Corrections to the scalar propagator in the critical theory, in the planar limit. Gluon
lines can run inside the scalar loops.

Figure 16. Corrections to an insertion of a “single-trace” operator in the critical theory, in the
planar limit. Again, gluon lines can run inside the scalar loops.

of the double-trace deformation can be written as
<J(5)J(5/)>)\4 — (J(S)J(S’)>)\4:O

OO, olZ( F(IOTO),, 0) ]<J<°>J<S’>>A4o. (4.35)

n=0

The second line vanishes unless s = s’ = 0, since (J*) J(0), _g = 0if s # 0 from conformal
invariance. For s = s’ = 0 we can use the exact 2-point function of J(©) (4.4) to sum up
the series,

IO, = 00103 (50T o)

N
n=0
N 1
e A S— (4.36)
)\4 1 + 4m M
tan(%’\) 4

To reach the IR fixed point we take Ay — 00, so we expand in % < 1 and pick up
the leading term (dropping the contact term N/A4). Defining the scalar operator of the
critical fixed point to be J(©@ = X\;J(©) we obtain that

47\

j(O) - j(O) crit. _ N2 7
(JP(=q)T) — (%A>Iq!

(4.37)

which is the 2-point function of a primary operator of dimension 2 as expected.
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Similarly, the 3-point functions with one scalar operator in the presence of the A4
deformation are given by

O ()T T, (O (—g) ) gy, 0i< 1050 ) q)>>n

/ 4\

5 (JO(—q) g g, Oil(ﬂ (4.38)

tan( )>\4

In particular using (4.24) (dropping the contact term) and (4.26) we obtain,

: i N sin(m)) [ gl g \ IQ"!
J(O) —)J.(— / J (— /1\\crit. — |: + 1 4.39
O (TN = G 38 |+ | (4.3

~ ; iIN 1 1

(O ) (= - (Vg = g sinGe) [ = 2+ 0 (q‘ 3| D

By similar methods, the correlator of three scalar operators at the critical fixed point
evaluates to

(JO (=) TO () TO(~g")™ o (7O (~g)TO (~q) T (~¢"Nri—olalldlla"] . (4.41)

The extra |q||¢'||q”| factor cancels all the momentum dependence of (4.10) so we get a
constant, which is a pure contact term. We therefore obtain that up to contact terms

(JO (=) T O (=) T O(~¢")™ = 0. (442)

For A = 0 this is a standard result for the critical fixed point [45]. The vanishing for all
values of A is consistent with similar results for the theory of fermions coupled to Chern-
Simons gauge fields, and for the analogous computations in Vasiliev’s theory of gravity [24].

All correlators that do not involve a J(® insertion remain unchanged at the critical
fixed point in the planar limit.

5 Analysis of the results

Let us summarize the N and A dependence of the conformal structures that appear in the
various correlators computed in section 4.

2-point functions:

4N tan (%)

(J© Oy = . (JO gy o (5.1)
2N sin (A

<J(1)J(1)> _ 7T)\()<J(1)J(1)>bos_ ’ (5.2)
2N sin (A

(J@ g2y = W}\()(J(Q)J(z))bos_ : (5-3)
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3-point functions:

4N tan(”—)‘) 1 A A
0) 7(0) y(O)y _ =Y | 2\ ) 4, 3 (1A _ 76 (0) 7(0) 7(0)
(JOTOTO) = = [0082(7”\)  tan (2 ) <1+8W2A2>] (J© 7O 7Oy (5.4)

2
2N sin (A N sin? (2
(JD g jO)y = ﬂ)\()(J(l)J(l)J(O»bOS. + ﬂ(?)(J(l)J(l)J(O))Odd, (5.5)
2N sin(7w\) cos? (%A
(J@ g0 Oy = ( TF))\ (3 )<J(2)J(1)J(1)>bos. (5.6)
2N sin(7w)\) sin? (T N sin? (7
+ ( W)A (%) e 50 50y, WA()U@)J(”J“»W.

The correlators (-)pos., (‘)fer. and (-)oqq in the above equations were defined around equa-
tion (2.8).16 Note that we computed the correlators only for specific momenta, but using
conformal invariance this is enough to determine the full correlators. One can verify that
when A — 0 our correlators indeed go over to those of 2N free real bosons.

5.1 Relation to the results of Maldacena-Zhiboedov

Let us map our microscopic couplings N, A to the parameters N, X of [28], by comparing
our correlators to the ones we reviewed in section 2.1. In [28] the normalization of the
energy-momentum tensor was chosen such that its 2-point function matches that of N free
real scalar fields. Our stress-tensor is canonically normalized at any value of A, and since
we can determine the overall normalization by requiring that in the A — 0 limit we have
2N free real scalar fields, we find from (5.3)

~ sin (7))

N =2N

- (5.7)

The result (5.2) is then also consistent with (2.9), providing a consistency check on the
assumption that the results of [28] hold also for the odd-spin currents. Our other results
will provide additional consistency checks for this assumption. We interpret N as the
effective number of degrees of freedom in our theory, since (IT'T') is one way to define this
number for a conformal theory; we find that it decreases as we increase the coupling, as
expected, and that it goes to zero in the A\ — 1 limit (which is an infinite coupling limit
using the Yang-Mills regularization to define the Chern-Simons coupling).

Next, we would like to compute A, by comparing our correlators to the expressions
of [28] for “quasi-boson” theories, written in (2.9), (2.10) and (2.12). Let us define the
normalized correlator

(5.8)

<J(81)J(32) J<53>>“°““- _ (Je) J(s2) J(s2))
= \/<J(S1)J(S1)> <J(52)J(s2)> <J(S3)J(s3)> .

6 A correlator which involves J*) in the free theory of a real field (boson or fermion), is defined as 1/2 of
the same correlator for a complex field. The vector current and energy-momentum tensor of a free complex
fermion are defined as J, = ¥y,¢, Ty = %1/_17(/, 0 ,)®. With these normalizations the 2-point functions of
Ju. and T}, in the free boson and fermion theories agree.
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Comparing our results to equations (2.9), (2.10) and (2.12) we have

5.1 1/2 N tan (@) 2
(JW) ) j©O)ynorm. [N(l + )\2)] x <A2> . (5.9)
m
Using (5.7), we then find that
. 1
T+ M o0 ———r. 5.10
cos? (3) 1)
The proportionality constant can be fixed, for instance, by requiring that A = 0 corresponds
to A = 0. The result is
A = tan (”;) : (5.11)

where we have arbitrarily fixed the sign by assuming that A and A have the same sign.
One can now compute several other normalized correlators to check the results (5.7)
and (5.11). We find

r i 1/2
(71 71 7(0)ynorm. T tan (2)] ’
N

RS )

T (1) 7(1)\norm. T 2 (A 1
- 1/2 . 1/2

(1) 7(1)\norm. A s 2 Q (1) 7(1)\norm. TA Sln(ﬂ-)‘)
(T TV JUN) e o _NSiH(ﬂ')\)] sin ( 5 | (T T JEN o™ o« —~N .

All of these results are precisely consistent with the results of [28], using the values of N
and X\ computed above.

In the “quasi-boson” theory we also have the parameter ag which is the coefficient of
the triple-trace term in 0 - J®. This term affects only (J(©J©) jO))  Expressing (4.4)
and (4.10) in terms of A and N we obtain

(JOJOY o N(1+ 22, (5.13)
A2 A6
L+ (3_W>] : (5.14)

From the 2-point function we see that to match with the normalization of [28] (see (2.10))
we must have J(©) = J&%(l + A?), and we then obtain from (5.14)

(J© g0 O o N(1 4 A2)

(©) 1(0) ;(0) N 32 X6
<JMZ']MZJMZ> X m [1 + Z 3 — 87’[‘2)\2 . (515)
Therefore, matching to (2.12) we find
A2(1+ 2% X6 2 s s
= 3 — = 3N — — | . 5.16

In particular, for \g = 2472\? we get az = 0.
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We can similarly map our results of section 4.7 for the critical fixed point to the
results of [28] for “quasi-fermion” theories (see the discussion below (2.13)). Since (T'T) is
the same in the critical and non-critical theories, N remains unchanged. To extract S\qf of
the quasi-fermionic theory consider the normalized correlator (see (4.37), (4.39))

52 1/2 \ 1/2
N1+ M%) N tan (%5})
Using (5.7) in the above equation gives the relation

5\2
qu x cos? <M) . (5.18)
L4+ A 2

Now, the A — 0 limit should correspond to 5\qf — oo. This fixes the proportionality
constant and we obtain

At = cot <7T;) : (5.19)

As we did above for the “quasi-boson” case, one can write down all the other normalized
structures that we computed in section 4.7, and verify that they are all consistent with the
results of [28].

So far we have matched the values of physical parameters to those of Maldacena and
Zhiboedov using correlators at separated points. High-spin symmetry then determines
all the 3-point functions at separated points. As we saw in section 4.3, our theory also
contains contact terms which contain physical information. It would be interesting to
understand whether the high-spin symmetry constrains them, and to compare them to the
fermionic theory.

5.2 The relation between the scalar and fermionic theories

It was shown in [28] that the correlation functions of the “quasi-boson” theory, which is
equal to the free bosonic theory as A= 0, become equal to those of (the Legendre transform
of) the free fermionic theory as A — oo. Similarly, the correlators of the “quasi-fermion”
theory (which is equal to the free fermion theory as ;\qf — 0) become those of the critical
O(N) (or U(N)) scalar model when S\qf — 00.

Our results above imply that the limit of A — oo corresponds to A — 1, which is
the maximal allowed coupling when regularizing the Chern-Simons theory with Yang-Mills
terms. In this limit our results should thus correspond to a Legendre transform of the
theory of Nger. free complex fermions, for some value of Ng... Let us determine this value
by matching (T'T) between the two theories (note that in [28], the normalization is such
that this correlator is the same for a free fermion and for a free boson).

In the free fermion theory (and in its Legendre transform), we have simply (I'T) =
2Nter (T'T)1, where (T'T); is the result for a single real free boson or fermion. In our
bosonic theory we need to take the limit A — 1 while simultaneously taking N — co. We
can parameterize this limit by keeping kyy = k— N fixed while taking N — co. From (5.3)

_ 98 —



we then see that in this limit N — 2kyn. Thus, we expect our theory to go over to the
Legendre transform of the theory of Ng., = kywm free complex fermions in this limit. It is
nice to see that this result is always an integer, although since we derived it only in the
large N limit with fixed N/k, it could be subject to shifts of order one (which must still
give an integer).

Next, let us determine the Chern-Simons level of this fermionic theory when we move
slightly away from the free fermion point. In our bosonic theory, using (5.11) and taking

the A — 1 limit as defined above, we see that A~ ﬁ In the fermionic U(Nge,,) theory
at weak coupling, Ayt was normalized in [28] so that Ay = g%fi (see equation (4.25)

of [28]). Since 3-point functions of operators with s > 0 are independent of the Legendre
transform in the fermionic theory, we can use this result also for the Legendre-transformed
theory, but first we must translate from this “quasi-fermionic” variable qu to the “quasi-
bosonic” variable A used above. Matching the high-spin correlators (2.12), (2.13) (which
are independent of the Legendre transform in the large N limit), we find that they are
related by A = 1 / S\qf, and we then find that kg, = k (up to a possible sign'”). This implies
that in the large N limit, the theory of N scalars coupled to a U(N); Chern-Simons theory
is equivalent to the (Legendre transform of the) theory of (kK — V) fermions coupled to
a U(k — N)i Chern-Simons theory. If we translate the Chern-Simons level to the one
defined using the Yang-Mills regularization, we obtain that the theory of N scalars coupled
to a UV )kyy
transform of the) theory of kyy fermions coupled to a U(kyn)ny Chern-Simons theory.

Chern-Simons theory is equivalent in the large N limit to the (Legendre

As a first consistency check on this statement, note that the Chern-Simons theories
(without the matter) that we find on both sides of this relation are equivalent by level-
rank duality [30-32] (this is true even at finite N, and certainly at large N). This is an
important consistency check on the duality, since in the large N limit, the computations
of many objects in these theories (like the S3-partition function or correlation functions
of Wilson lines) are dominated by the Chern-Simons contributions, which scale as N2,
and these must agree for the duality to make sense. Moreover, the level-rank duality of
Chern-Simons theories exchanges Wilson lines in symmetric representations with those
in anti-symmetric representations, which meshes well with the exchange of scalars with
fermions. It would be interesting to see if one could perhaps derive the scalar-fermion
duality by integrating out the scalars in one theory and the fermions in the other theory
(at least at large N), expressing the results as correlation functions of Wilson lines in the
pure Chern-Simons theory (see [46] and references therein), and seeing if these correlation
functions are related by level-rank duality. It would be interesting to perform further
tests of the duality, for instance by computing the effective potential on both sides, or by
comparing the fractional contact term coefficients mentioned above.

The duality described above may be viewed as a large N version of bosonization in
three dimensions; a theory of fermions coupled to a Chern-Simons theory is described in a
purely bosonic language (the theory of fermions without any coupling to Chern-Simons is

7This sign can be determined by comparing the signs of the one-loop corrections to the three-point
functions of currents in the bosonic and fermionic theories, but we will not do this here.
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described here as the infinite coupling limit of a bosonic theory). It is interesting to ask
if this bosonization could be an exact equivalence also for finite values of N. Since the
duality between the bosonic and fermionic theories exchanges weak and strong coupling,
it is very difficult to test if this is true (given that we do not know how to perform exact
computations at finite N).'® In two dimensional bosonization we know how to construct
the fermion operators as solitons in the bosonic theory, and to prove the duality rigorously,
but it is not clear how to do this in our case. In supersymmetric theories we can test
similar dualities by comparing moduli spaces, chiral rings, and so on, but we do not have
this privilege in our case. It is interesting to note that the transformation of the Chern-
Simons group in our theory is the same as that of the Seiberg-like duality found in [34]
for N' = 2 supersymmetric Chern-Simons-matter theories (up to a shift by the number
of flavors Ny which is not visible in our large N limit); of course in that case both sides
contain both scalars and fermions coupled to the Chern-Simons theory, while in our case we
have only scalars on one side and only fermions on the other side. It is interesting to ask'®
if the scalar-fermion duality could perhaps be derived by flowing from the supersymmetric
duality, in which case we could confirm its validity for finite NV (since the supersymmetric
duality is believed to be valid also at finite N).

One test that we can perform at finite NV involves deformations of our theories. In this
discussion, for simplicity, we use the definition of the Chern-Simons couplings using the
Yang-Mills regularization. First, note that the fermionic theory we discussed cannot really
be at level kg,, = IV, since in the presence of one flavor the level must be half-integer for the
L
Now, let us start with the fermionic theory coupled to a U(kyn)y—1/2 Chern-Simons theory,

theory to be gauge-invariant [47-49]. Let us assume that the correct level is kgey, = N —

and deform it by a mass term to the fermions, Mv%)®. At scales below M we can integrate
out the fermions, and remain with a pure Chern-Simons theory, whose level depends on
the sign of M [47-49]. For one sign we end up with a (topological) U(kyn)n Chern-Simons
theory, and for the other sign with a U(kyy)n—1 Chern-Simons theory.

For the duality to be valid also at finite N, we must obtain the same low-energy theory
also on the bosonic side. On that side we start with the critical bosonic theory, which can be
vy DY opl¢, and deform
it by Mo. The auxiliary field o now serves as a Lagrange multiplier, enforcing ¢f¢p = —M,

viewed as the deformation of a theory of scalars coupled to U(N)

and we need to understand the behavior of the bosonic theory with this constraint. For
large values of N and any value of X\, one can show that for positive M the bosonic theory
has a stable vacuum with unbroken U(V), in which the scalars are massive, so that at low
energies we obtain the U(N)g,,, pure Chern-Simons theory. For negative M there is no
such vacuum, but there is an alternative vacuum in which one of the scalars condenses, and
the gauge symmetry is broken to U(N — 1). In this case we find at weak coupling that the
other (2N — 1) gauge bosons become massive and dynamical (by swallowing scalar fields),

8In the bosonic theory at finite N, or in the Legendre transform of the fermionic theory, the classically
marginal coupling A¢ has a non-trivial beta function and should be taken to its fixed point. It was shown
in [25] that such an IR-stable fixed point exists at large N and small A, and it would be interesting to
understand exactly when it exists.

19We thank D. Kutasov for suggesting this.
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as does the remaining real scalar, so we obtain at low energies the U(N —1)g,,, pure Chern-
Simons theory. These computations are done assuming that N is large, and in some cases
also that the coupling constant is small, but since the low-energy theory is a topological
theory labeled by discrete parameters, we expect to find the same low-energy theory for any
N and k. The two low-energy theories that we find here, for the two signs of M, are precisely
equivalent (by level-rank duality) to the two theories that we found in the fermionic case,
thus providing weak evidence for the validity of the bosonization also at finite V.

It is natural to generalize to the case where we have Ny flavors of massless
scalars/fermions in the fundamental representation of some U(N) group. The compu-
tations of the large IV correlation functions that we computed above for this case are a
straightforward generalization of our computations in the previous sections, though now
we have N]% operators of each spin, so it is not a priori obvious if the results of [28] can be
applied.?’ In any case, the natural conjecture following from the discussion of the previ-
ous paragraph is that (using the Yang-Mills definition for the Chern-Simons coupling) the
theory of Ny - N scalars coupled to the U(N)y,,
a Legendre transform) to the theory of Ny - kyn fermions coupled to the U(kym)n—n, /2

Chern-Simons theory is equivalent (up to

Chern-Simons theory. Translating back to our definition of the coupling, we map the the-
ory of Ny scalars in the fundamental representation coupled to U(NN); to the theory of
Ny fermions in the fundamental representation coupled to U(k — N);_ Ny/2- This is very
similar to the supersymmetric dualities of [34]. One difference is an overall shift in k by
Ny/2, which is probably related to the one-loop contributions of the fermionic fields to
k. Another difference is taking Ny/2 — Ny, which is related to the fact that in [34] Ny
was the number of fundamental chiral multiplets, and also the number of anti-fundamental
chiral multiplets, so the overall number of flavor fermions was doubled. A final difference
is that in the supersymmetric case the sign of k£ changes under the duality; above we did
not fix this sign, and it is plausible that also in the scalar-fermion duality one of the sides
should have a negative Chern-Simons coupling (or equivalently, that if we keep positive
Chern-Simons couplings, then the two sides are related by a parity transformation).

Note that the results we present here are much stronger than most previous results
on bosonization in three dimensions (see, for instance, [50-57]), which claimed that the
low-energy limit of the theory of massive fermions coupling to a gauge field is given by a
Chern-Simons theory (and had non-local bosonic actions at higher energies). In our case
we claim that for massless scalars/fermions we have an exact equivalence of conformal field
theories. For the special case of N = 1 and k = 1, our duality seems very similar to the
duality studied in [58-60]; it would be interesting to understand this better, and to see if
the methods of these papers can be used to study our duality more generally.

5.3 Comments on the thermal free energy

As described above, the duality is completely consistent with all correlation function com-
putations done to date; preliminary computations of exact planar 2-point and 3-point corre-

20There are also new correlation functions that can appear when N; > 1, such as terms proportional to
FABC in (JWAJWE JMEY (see [39]), and it would be interesting to compute them and to check if they are
consistent with the duality.
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lators in the fermionic theory are also consistent with the duality presented in the previous
subsection [33]. However, the duality is not consistent (already at large N) with the form
of the thermal free energy of the fermionic theory, computed in [24], as this form suggests
a different relation between the bosonic and fermionic theories (as noted in [24, 28]). It is
also not consistent with the thermal free energy of the scalar theory [61, 62] if one computes
it by similar methods, as this gives a result that does not even go to zero when A — 1. This
is problematic independently of the duality, since we saw above that (7},,T),,) vanishes in
this limit, so the number of degrees of freedom should go to zero, and this is not visible in
the naive computation of the thermal free energy.

Our computations of the correlation functions pass many consistency checks; in partic-
ular they agree with the results of [28] which were computed by completely different meth-
ods. On the other hand, there are so far no consistency checks for the thermal free energy
computations. Thus, we claim that the existing computations of the thermal free energy
are not correct. One possible problem is the light-cone gauge which these computations
use. This is defined by an analytic continuation from Minkowski space, and it is plausible
that such a continuation gives correct results for correlation functions (which are analytic
in the momenta), but not for the Euclidean partition function compactified on a circle.

Another possible problem involves the large N limit. The computations in question
are performed in the limit of large N and large volume, and they take the fermions to
be anti-periodic on the Euclidean thermal circle, and the scalars to be periodic on the
circle, namely they assume that the holonomy of the Chern-Simons gauge field around the
Euclidean thermal circle is trivial (Ag = 0). This assumption is expected to be correct at
very high temperatures. It is also valid if we take the large volume limit first, so that the
dynamics of the zero mode of the holonomy is decoupled. However, it is not clear if it is
valid when we take the large N limit first. In particular, as discussed in [63], in vector
models coupled to Chern-Simons theories, the holonomy becomes trivial (at least on S2)
only for very large temperatures 7', obeying V12 > N (where V is the spatial volume). In
the free theory this was explicitly checked in [63], where it was found that for temperatures
that do not scale with N the holonomy is actually uniformly spread out on the thermal
circle in the large N limit, leading to a vanishing free energy at order N. We expect this
to remain true also for finite A.

The computations of the thermal free energy in the Chern-Simons-matter theories
in [24, 61, 62] use the standard 't Hooft limit, where only planar (disk) diagrams are kept.
This is valid when we take the large N limit first, keeping everything else (like the volume
or temperature) fixed, and take any other limits (like large volume) later. As described
above, if we do this for the theory on S? we land in the low-temperature phase, where the
free energy vanishes at order N, so it does not give any useful comparisons between the
bosonic and fermionic theories. (On other manifolds, like higher genus Riemann surfaces,
the situation is more subtle since the Chern-Simons theory has many degenerate ground
states [64], and we will not discuss this case here.) In order to get a non-vanishing free
energy at order N we need to be in the high temperature phase, with V7?2 > N, but then
it is not obvious that the standard 't Hooft large N expansion applies. This expansion is
particularly subtle in our case, in which the leading order term, of order N2, is given by
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a topological theory. For instance, one may worry that for any A > 0 connected diagrams
with n scalar loops could scale as n powers of the volume, since in the pure Chern-Simons
theory the correlators of n Wilson lines are independent of their positions, and this power
of (VT?)" could overcome the suppression by N2/N™ in the high temperature phase.?! It
would be interesting to try to fix the thermal free energy computation, and to use it to
test the duality. Similarly, it would be interesting if (as in supersymmetric theories [65])
one could find a way to compute exactly the free energy of our theories on a Euclidean S°
(at least in the large N limit), as this could provide another useful test of the duality; this
free energy for our theories at weak coupling may be found in [66].

Acknowledgments

It is a pleasure to thank Simone Giombi, Amit Giveon, Nissan Itzhaki, Zohar Komargodski,
David Kutasov, Juan Maldacena, Eliezer Rabinovici, Sandip Trivedi, Spenta Wadia, Xi
Yin, and especially Shiraz Minwalla for many useful discussions. We especially thank
Simone Giombi, Juan Maldacena, and Shiraz Minwalla for comments on a preliminary
draft of this paper. This work was supported in part by an Israel Science Foundation
center for excellence grant, by the German-Israeli Foundation (GIF) for Scientific Research
and Development, and by the Minerva foundation with funding from the Federal German
Ministry for Education and Research.

References

[1] M. Moshe and J. Zinn-Justin, Quantum field theory in the large-N limit: a review, Phys.
Rept. 385 (2003) 69 [hep-th/0306133] [INSPIRE].

[2] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.
Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [hep-th/9711200]
[INSPIRE].

[3] S. Gubser, L.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[4] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [INSPIRE].

[5] I. Klebanov and A. Polyakov, AdS dual of the critical O(N) vector model, Phys. Lett. B 550
(2002) 213 [hep-th/0210114] [INSPIRE].

[6] E. Sezgin and P. Sundell, Holography in 4D (super) higher spin theories and a test via cubic
scalar couplings, JHEP 07 (2005) 044 [hep-th/0305040] [INSPIRE].

[7] B. Sundborg, Stringy gravity, interacting tensionless strings and massless higher spins, Nucl.
Phys. Proc. Suppl. 102 (2001) 113 [hep-th/0103247] INSPIRE].

[8] E. Witten, Spacetime Reconstruction, talk at the John Schwarz 60°th Birthday Symposium,
Pasadena U.S.A. (2001), http://theory.caltech.edu/jhs60/witten/1.html.

21'We thank S. Minwalla for suggesting that IR divergences may be responsible for the failure of the naive
computation.

— 33 —


http://dx.doi.org/10.1016/S0370-1573(03)00263-1
http://dx.doi.org/10.1016/S0370-1573(03)00263-1
http://arxiv.org/abs/hep-th/0306133
http://inspirehep.net/search?p=find+EPRINT+hep-th/0306133
http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://inspirehep.net/search?p=find+EPRINT+hep-th/9802109
http://arxiv.org/abs/hep-th/9802150
http://inspirehep.net/search?p=find+EPRINT+hep-th/9802150
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://arxiv.org/abs/hep-th/0210114
http://inspirehep.net/search?p=find+EPRINT+hep-th/0210114
http://dx.doi.org/10.1088/1126-6708/2005/07/044
http://arxiv.org/abs/hep-th/0305040
http://inspirehep.net/search?p=find+EPRINT+hep-th/0305040
http://dx.doi.org/10.1016/S0920-5632(01)01545-6
http://dx.doi.org/10.1016/S0920-5632(01)01545-6
http://arxiv.org/abs/hep-th/0103247
http://inspirehep.net/search?p=find+EPRINT+hep-th/0103247
http://theory.caltech.edu/jhs60/witten/1.html

[9]

[10]

[11]

[17]

[18]

[19]

[20]

[21]

E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002)
303 [Erratum ibid. B 660 (2003) 403] [hep-th/0205131] [INSPIRE].

E. Fradkin and M.A. Vasiliev, On the Gravitational Interaction of Massless Higher Spin
Fields, Phys. Lett. B 189 (1987) 89 [INSPIRE].

M.A. Vasiliev, More on equations of motion for interacting massless fields of all spins in
(3 + 1)-dimensions, Phys. Lett. B 285 (1992) 225 [InSPIRE].

M.A. Vasiliev, Higher spin gauge theories in four-dimensions, three-dimensions and
two-dimensions, Int. J. Mod. Phys. D 5 (1996) 763 [hep-th/9611024| [INSPIRE].

M.A. Vasiliev, Higher spin gauge theories: Star product and AdS space, hep—th/9910096
[INSPIRE].

M. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in AdSg, Phys.
Lett. B 567 (2003) 139 [hep-th/0304049] [IxSPIRE].

E. Witten, Multitrace operators, boundary conditions and AdS/CFT correspondence,
hep-th/0112258 [INSPIRE].

S.S. Gubser and I.R. Klebanov, A universal result on central charges in the presence of
double trace deformations, Nucl. Phys. B 656 (2003) 23 [hep-th/0212138] [INSPIRE].

A.C. Petkou, Evaluating the AdS dual of the critical O(N) vector model, JHEP 03 (2003)
049 [hep-th/0302063] [INSPIRE].

S. Giombi and X. Yin, Higher spin gauge theory and holography: the three-point functions,
JHEP 09 (2010) 115 [arXiv:0912.3462] [INSPIRE].

S. Giombi and X. Yin, Higher spins in AdS and twistorial holography, JHEP 04 (2011) 086
[arXiv:1004.3736] [INSPIRE].

S.R. Das and A. Jevicki, Large-N collective fields and holography, Phys. Rev. D 68 (2003)
044011 [hep-th/0304093] [INSPIRE].

M.R. Douglas, L. Mazzucato and S.S. Razamat, Holographic dual of free field theory, Phys.
Rev. D 83 (2011) 071701 [arXiv:1011.4926] InSPIRE].

R. de Mello Koch, A. Jevicki, K. Jin and J.P. Rodrigues, AdS,/CFTs Construction from
Collective Fields, Phys. Rev. D 83 (2011) 025006 [arXiv:1008.0633] [INSPIRE].

A. Jevicki, K. Jin and Q. Ye, Collective Dipole Model of AdS/CFT and Higher Spin Gravity,
J. Phys. A 44 (2011) 465402 [arXiv:1106.3983] [INSPIRE].

S. Giombi et al., Chern-Simons theory with vector fermion matter, Eur. Phys. J. C 72
(2012) 2112 [arXiv:1110.4386] [INSPIRE].

O. Aharony, G. Gur-Ari and R. Yacoby, D = 3 bosonic vector models coupled to
Chern-Simons gauge theories, JHEP 03 (2012) 037 [arXiv:1110.4382] [InSPIRE].

L. Girardello, M. Porrati and A. Zaffaroni, 3 — D interacting CFTs and generalized Higgs
phenomenon in higher spin theories on AdS, Phys. Lett. B 561 (2003) 289 [hep-th/0212181]
[INSPIRE].

J. Maldacena and A. Zhiboedov, Constraining Conformal Field Theories with A Higher Spin
Symmetry, arXiv:1112.1016 [INSPIRE].

J. Maldacena and A. Zhiboedov, Constraining conformal field theories with a slightly broken
higher spin symmetry, arXiv:1204.3882 [INSPIRE].

— 34 —


http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://arxiv.org/abs/hep-th/0205131
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205131
http://dx.doi.org/10.1016/0370-2693(87)91275-5
http://inspirehep.net/search?p=find+J+Phys.Lett.,B189,89
http://dx.doi.org/10.1016/0370-2693(92)91457-K
http://inspirehep.net/search?p=find+J+Phys.Lett.,B285,225
http://dx.doi.org/10.1142/S0218271896000473
http://arxiv.org/abs/hep-th/9611024
http://inspirehep.net/search?p=find+EPRINT+hep-th/9611024
http://arxiv.org/abs/hep-th/9910096
http://inspirehep.net/search?p=find+EPRINT+hep-th/9910096
http://dx.doi.org/10.1016/S0370-2693(03)00872-4
http://dx.doi.org/10.1016/S0370-2693(03)00872-4
http://arxiv.org/abs/hep-th/0304049
http://inspirehep.net/search?p=find+EPRINT+hep-th/0304049
http://arxiv.org/abs/hep-th/0112258
http://inspirehep.net/search?p=find+EPRINT+hep-th/0112258
http://dx.doi.org/10.1016/S0550-3213(03)00056-7
http://arxiv.org/abs/hep-th/0212138
http://inspirehep.net/search?p=find+EPRINT+hep-th/0212138
http://dx.doi.org/10.1088/1126-6708/2003/03/049
http://dx.doi.org/10.1088/1126-6708/2003/03/049
http://arxiv.org/abs/hep-th/0302063
http://inspirehep.net/search?p=find+EPRINT+hep-th/0302063
http://dx.doi.org/10.1007/JHEP09(2010)115
http://arxiv.org/abs/0912.3462
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.3462
http://dx.doi.org/10.1007/JHEP04(2011)086
http://arxiv.org/abs/1004.3736
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.3736
http://dx.doi.org/10.1103/PhysRevD.68.044011
http://dx.doi.org/10.1103/PhysRevD.68.044011
http://arxiv.org/abs/hep-th/0304093
http://inspirehep.net/search?p=find+EPRINT+hep-th/0304093
http://dx.doi.org/10.1103/PhysRevD.83.071701
http://dx.doi.org/10.1103/PhysRevD.83.071701
http://arxiv.org/abs/1011.4926
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.4926
http://dx.doi.org/10.1103/PhysRevD.83.025006
http://arxiv.org/abs/1008.0633
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.0633
http://dx.doi.org/10.1088/1751-8113/44/46/465402
http://arxiv.org/abs/1106.3983
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.3983
http://dx.doi.org/10.1140/epjc/s10052-012-2112-0
http://dx.doi.org/10.1140/epjc/s10052-012-2112-0
http://arxiv.org/abs/1110.4386
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.4386
http://dx.doi.org/10.1007/JHEP03(2012)037
http://arxiv.org/abs/1110.4382
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.4382
http://dx.doi.org/10.1016/S0370-2693(03)00492-1
http://arxiv.org/abs/hep-th/0212181
http://inspirehep.net/search?p=find+EPRINT+hep-th/0212181
http://arxiv.org/abs/1112.1016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.1016
http://arxiv.org/abs/1204.3882
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.3882

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

C.-M. Chang, S. Minwalla, T. Sharma and X. Yin, ABJ triality: from higher spin fields to
strings, arXiv:1207.4485 INSPIRE].

S.G. Naculich, H. Riggs and H. Schnitzer, Group level duality in WZW models and
Chern-Simons theory, Phys. Lett. B 246 (1990) 417 [nSPIRE].

M. Camperi, F. Levstein and G. Zemba, THE Large-N limit of Chern-Simons gauge theory,
Phys. Lett. B 247 (1990) 549 [INSPIRE].

E. Mlawer, S.G. Naculich, H. Riggs and H. Schnitzer, Group level duality of WZW fusion
coefficients and Chern-Simons link observables, Nucl. Phys. B 352 (1991) 863 [INSPIRE].

G. Gur-Ari and R. Yacoby, Correlators of large N fermionic Chern-Simons vector models,
arXiv:1211.1866 [INSPIRE].

A. Giveon and D. Kutasov, Seiberg duality in Chern-Simons theory, Nucl. Phys. B 812
(2009) 1 [arXiv:0808.0360] [INSPIRE].

A. Kapustin, Seiberg-like duality in three dimensions for orthogonal gauge groups,
arXiv:1104.0466 [INSPIRE].

S. Deser, R. Jackiw and S. Templeton, Topologically massive gauge theories, Annals Phys.
140 (1982) 372 [Erratum dbid. 185 (1988) 406] [INSPIRE].

S. Deser, R. Jackiw and S. Templeton, Three-dimensional massive gauge theories, Phys. Rev.
Lett. 48 (1982) 975 [INSPIRE].

W. Chen, G.W. Semenoff and Y.-S. Wu, Two loop analysis of nonAbelian Chern-Simons
theory, Phys. Rev. D 46 (1992) 5521 [hep-th/9209005] [INSPIRE].

S. Giombi, S. Prakash and X. Yin, A note on CEF'T correlators in three dimensions,
arXiv:1104.4317 [INSPIRE].

M.S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning conformal correlators, JHEP
11 (2011) 071 [arXiv:1107.3554] [INSPIRE].

H. Osborn and A. Petkou, Implications of conformal invariance in field theories for general
dimensions, Annals Phys. 231 (1994) 311 [hep-th/9307010] [INSPIRE].

C. Closset, T.T. Dumitrescu, G. Festuccia, Z. Komargodski and N. Seiberg, Comments on
Chern-Simons contact terms in three dimensions, JHEP 09 (2012) 091 [arXiv:1206.5218]
[INSPIRE].

K.G. Wilson and M.E. Fisher, Critical exponents in 3.99 dimensions, Phys. Rev. Lett. 28
(1972) 240 [INSPIRE].

K. Wilson and J.B. Kogut, The renormalization group and the e-expansion, Phys. Rept. 12
(1974) 75 [INSPIRE].

A. Petkou, Conserved currents, consistency relations and operator product expansions in the
conformally invariant O(N) vector model, Annals Phys. 249 (1996) 180 [hep-th/9410093]
[INSPIRE].

M.J. Strassler, Field theory without Feynman diagrams: One loop effective actions, Nucl.
Phys. B 385 (1992) 145 [hep-ph/9205205] [INSPIRE].

A. Niemi and G. Semenoff, Azial Anomaly Induced Fermion Fractionization and Effective
Gauge Theory Actions in Odd Dimensional Space-Times, Phys. Rev. Lett. 51 (1983) 2077
[INSPIRE].

— 35 —


http://arxiv.org/abs/1207.4485
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4485
http://dx.doi.org/10.1016/0370-2693(90)90623-E
http://inspirehep.net/search?p=find+J+Phys.Lett.,B246,417
http://dx.doi.org/10.1016/0370-2693(90)91899-M
http://inspirehep.net/search?p=find+J+Phys.Lett.,B247,549
http://dx.doi.org/10.1016/0550-3213(91)90110-J
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B352,863
http://arxiv.org/abs/1211.1866
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1866
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.045
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.045
http://arxiv.org/abs/0808.0360
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.0360
http://arxiv.org/abs/1104.0466
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.0466
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://inspirehep.net/search?p=find+J+AnnalsPhys.,140,372
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,48,975
http://dx.doi.org/10.1103/PhysRevD.46.5521
http://arxiv.org/abs/hep-th/9209005
http://inspirehep.net/search?p=find+EPRINT+hep-th/9209005
http://arxiv.org/abs/1104.4317
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.4317
http://dx.doi.org/10.1007/JHEP11(2011)071
http://dx.doi.org/10.1007/JHEP11(2011)071
http://arxiv.org/abs/1107.3554
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.3554
http://dx.doi.org/10.1006/aphy.1994.1045
http://arxiv.org/abs/hep-th/9307010
http://inspirehep.net/search?p=find+EPRINT+hep-th/9307010
http://dx.doi.org/10.1007/JHEP09(2012)091
http://arxiv.org/abs/1206.5218
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.5218
http://dx.doi.org/10.1103/PhysRevLett.28.240
http://dx.doi.org/10.1103/PhysRevLett.28.240
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,28,240
http://dx.doi.org/10.1016/0370-1573(74)90023-4
http://dx.doi.org/10.1016/0370-1573(74)90023-4
http://inspirehep.net/search?p=find+J+Phys.Rept.,12,75
http://dx.doi.org/10.1006/aphy.1996.0068
http://arxiv.org/abs/hep-th/9410093
http://inspirehep.net/search?p=find+EPRINT+hep-th/9410093
http://dx.doi.org/10.1016/0550-3213(92)90098-V
http://dx.doi.org/10.1016/0550-3213(92)90098-V
http://arxiv.org/abs/hep-ph/9205205
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9205205
http://dx.doi.org/10.1103/PhysRevLett.51.2077
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,51,2077

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

A. Redlich, Gauge Noninvariance and Parity Violation of Three-Dimensional Fermions,
Phys. Rev. Lett. 52 (1984) 18 [INSPIRE].

A. Redlich, Parity Violation and Gauge Noninvariance of the Effective Gauge Field Action
in Three-Dimensions, Phys. Rev. D 29 (1984) 2366 [1NSPIRE].

S. Deser and A. Redlich, C' P-fermion correspondence in D = 3, Phys. Rev. Lett. 61 (1988)
1541 [INSPIRE].

C. Burgess, C. Liitken and F. Quevedo, Bosonization in higher dimensions, Phys. Lett. B
336 (1994) 18 [hep-th/9407078] [INSPIRE].

E.H. Fradkin and F.A. Schaposnik, The fermion-boson mapping in three-dimensional
quantum field theory, Phys. Lett. B 338 (1994) 253 [hep-th/9407182] [INSPIRE].

R. Banerjee, Bosonization in three-dimensional quantum field theory, Phys. Lett. B 358
(1995) 297 [hep-th/9504130] [INSPIRE].

D. Barci, C. Fosco and L. Oxman, On bosonization in three-dimensions, Phys. Lett. B 375
(1996) 267 [hep-th/9508075] INSPIRE].

N. Banerjee, R. Banerjee and S. Ghosh, NonAbelian bosonization in three-dimensional field
theory, Nucl. Phys. B 481 (1996) 421 [hep-th/9607065] [INSPIRE].

S. Ghosh, Bosonization exercise in three-dimensions: gauged massive Thirring model, Phys.
Rev. D 59 (1999) 045014 [hep-th/9808058] [INSPIRE].

D. Barci, L. Oxman and S. Sorella, Topological and universal aspects of bosonized interacting
fermionic systems in (2 + 1)-dimensions, Phys. Rev. D 59 (1999) 105012 [hep-th/9811068]
[INSPIRE].

N. Shaji, R. Shankar and M. Sivakumar, On Bose-Fermi equivalence in a U(1) gauge theory
with Chern-Simons action, Mod. Phys. Lett. A 5 (1990) 593 [INSPIRE].

S.K. Paul, R. Shankar and M. Sivakumar, Fermionization of selfinteracting charged scalar
fields coupled to Abelian Chern-Simons gauge fields in (2 + 1)-dimensions, Mod. Phys. Lett.
A 6 (1991) 553 [INSPIRE].

R. Shankar and M. Sivakumar, Bose-Fermi transmutation in (2 + 1)-dimensions: effect of
selfinteractions and the Mazwell term, Mod. Phys. Lett. A 6 (1991) 2379 [INSPIRE].

O. Aharony, G. Gur-Ari and R. Yacoby, unpublished.

S. Jain, S.P. Trivedi, S.R. Wadia and S. Yokoyama, Supersymmetric Chern-Simons Theories
with Vector Matter, arXiv:1207.4750 [INSPIRE].

S.H. Shenker and X. Yin, Vector Models in the Singlet Sector at Finite Temperature,
arXiv:1109.3519 [INSPIRE].

S. Banerjee, S. Hellerman, J. Maltz and S.H. Shenker, Light States in Chern-Simons Theory
Coupled to Fundamental Matter, arXiv:1207.4195 [INSPIRE].

A. Kapustin, B. Willett and 1. Yaakov, Exact results for Wilson loops in superconformal
Chern-Simons theories with matter, JHEP 03 (2010) 089 [arXiv:0909.4559] INSPIRE].

L.R. Klebanov, S.S. Pufu and B.R. Safdi, F-theorem without supersymmetry, JHEP 10
(2011) 038 [arXiv:1105.4598] [INSPIRE].

— 36 —


http://dx.doi.org/10.1103/PhysRevLett.52.18
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,52,18
http://dx.doi.org/10.1103/PhysRevD.29.2366
http://inspirehep.net/search?p=find+J+Phys.Rev.,D29,2366
http://dx.doi.org/10.1103/PhysRevLett.61.1541
http://dx.doi.org/10.1103/PhysRevLett.61.1541
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,61,1541
http://dx.doi.org/10.1016/0370-2693(94)00963-5
http://dx.doi.org/10.1016/0370-2693(94)00963-5
http://arxiv.org/abs/hep-th/9407078
http://inspirehep.net/search?p=find+EPRINT+hep-th/9407078
http://dx.doi.org/10.1016/0370-2693(94)91374-9
http://arxiv.org/abs/hep-th/9407182
http://inspirehep.net/search?p=find+EPRINT+hep-th/9407182
http://dx.doi.org/10.1016/0370-2693(95)00948-K
http://dx.doi.org/10.1016/0370-2693(95)00948-K
http://arxiv.org/abs/hep-th/9504130
http://inspirehep.net/search?p=find+EPRINT+hep-th/9504130
http://dx.doi.org/10.1016/0370-2693(96)00224-9
http://dx.doi.org/10.1016/0370-2693(96)00224-9
http://arxiv.org/abs/hep-th/9508075
http://inspirehep.net/search?p=find+EPRINT+hep-th/9508075
http://dx.doi.org/10.1016/S0550-3213(96)90147-9
http://arxiv.org/abs/hep-th/9607065
http://inspirehep.net/search?p=find+EPRINT+hep-th/9607065
http://dx.doi.org/10.1103/PhysRevD.59.045014
http://dx.doi.org/10.1103/PhysRevD.59.045014
http://arxiv.org/abs/hep-th/9808058
http://inspirehep.net/search?p=find+EPRINT+hep-th/9808058
http://dx.doi.org/10.1103/PhysRevD.59.105012
http://arxiv.org/abs/hep-th/9811068
http://inspirehep.net/search?p=find+EPRINT+hep-th/9811068
http://dx.doi.org/10.1142/S0217732390000664
http://inspirehep.net/search?p=find+J+Mod.Phys.Lett.,A5,593
http://dx.doi.org/10.1142/S0217732391000579
http://dx.doi.org/10.1142/S0217732391000579
http://inspirehep.net/search?p=find+J+Mod.Phys.Lett.,A6,553
http://dx.doi.org/10.1142/S0217732391002803
http://inspirehep.net/search?p=find+J+Mod.Phys.Lett.,A6,2379
http://arxiv.org/abs/1207.4750
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4750
http://arxiv.org/abs/1109.3519
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.3519
http://arxiv.org/abs/1207.4195
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4195
http://dx.doi.org/10.1007/JHEP03(2010)089
http://arxiv.org/abs/0909.4559
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.4559
http://dx.doi.org/10.1007/JHEP10(2011)038
http://dx.doi.org/10.1007/JHEP10(2011)038
http://arxiv.org/abs/1105.4598
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.4598

	Introduction and summary of results
	Vector model with Chern-Simons interactions
	Review of the results of Maldacena and Zhiboedov

	Exact scalar correlators
	Scalar propagator
	Scalar 4-point function

	Exact gauge-invariant correlators
	<J*(0)J*(0) >
	<J*(0)J*(0)J*(0) >
	<J*(1)J*(1) >
	<J*(0)J*(1)J*(1) >
	Even structure
	Odd structure

	<J*(2)J*(2) >
	<J*(2)J*(1)J*(1) >
	Correlators at the critical fixed point

	Analysis of the results
	Relation to the results of Maldacena-Zhiboedov
	The relation between the scalar and fermionic theories
	Comments on the thermal free energy


