PUBLISHED FOR SISSA BY €) SPRINGER

RECEIVED: July 30, 2011
REVISED: November 30, 2011
ACCEPTED: November 30, 2011
PUBLISHED: December 22, 2011

Families of exact solutions to Vasiliev's 4D equations
with spherical, cylindrical and biaxial symmetry

Carlo lazeolla® and Per Sundell®!
@ Dipartimento di Fisica, Universita di Bologna and INFN, Sezione di Bologna,
via Irnerio 46, 1-40126 Bologna, Italy

bService de Mécanique et Gravitation, Université de Mons,
Place du Parc, 20, 7000 Mons, Belgium

E-mail: iazeolla@bo.infn.it, per.sundell@umh.ac.be

ABSTRACT: We provide Vasiliev’s four-dimensional bosonic higher-spin gravities with six
families of exact solutions admitting two commuting Killing vectors. Each family contains
a subset of generalized Petrov Type-D solutions in which one of the two s0(2) symmetries
enhances to either so(3) or so(2,1). In particular, the spherically symmetric solutions
are static and we expect one of them to be gauge-equivalent to the extremal Didenko-
Vasiliev solution [1]. The solutions activate all spins and can be characterized either via
generalized electric and magnetic charges defined asymptotically in weak-field regions or
via the values of fully higher-spin gauge-invariant observables given by on-shell closed zero-
forms. The solutions are obtained by combining the gauge-function method with separation
of variables in twistor space via expansion of the Weyl zero-form in Di-Rac supersingleton
projectors times deformation parameters in a fashion that is suggestive of a generalized
electromagnetic duality.

KEYWORDS: Gauge Symmetry, Black Holes, Space-Time Symmetries

ARX1v EPRINT: 1107.1217

!F.R.S.-FNRS Researcher with an Ulysse Incentive Grant for Mobility in Scientific Research.

© SISSA 2011 doi:10.1007/JHEP12(2011)084


mailto:iazeolla@bo.infn.it
mailto:per.sundell@umh.ac.be
http://arxiv.org/abs/1107.1217
http://dx.doi.org/10.1007/JHEP12(2011)084

Contents

1 Introduction

1.1
1.2
1.3
1.4

Motivations

Known exact solutions to higher-spin gravity
Summary of our main results

Plan of the paper

2 Vasiliev’s equations for four-dimensional bosonic models

2.1

2.2

2.3
24

2.5

Kinematics

2.1.1 Correspondence space

2.1.2 Bosonic master fields

2.1.3 Inner Kleinians

Unfolded equations of motion

2.2.1 Quasi-free differential algebra

2.2.2  Free differential algebra and deformed oscillators
2.2.3 Manifest Lorentz invariance

2.2.4  Spacetime projection and component fields
Gauge functions and moduli

Classical observables

2.4.1 Zero-form charges

2.4.2  Comments on observables in broken phases
Super-selection sectors and regular presentations

3 Gauge function Ansatz for generalized type-D solutions

3.1
3.2
3.3
3.4
3.5
3.6
3.7

4.1

4.2
4.3

Solution strategy and basic notation
Spacetime gauge function
Separation of twistor-space variables
Deformed oscillators

Three inequivalent embeddings of complexified Heisenberg algebras
Projectors and kinematical conditions on deformation parameters

Summary of internal solution and minimal-bosonic projection

Spacetime-dependent master fields

Internal connection

4.1.1 Alignment of spin-frames and absence of singularities

4.1.2 Spherically symmetric case
Lorentz-covariant spacetime gauge-field generating function
Weyl zero-form master field

N A W e

co Qo

10
11
12
12
13
14
15
16
18
18
19
20

22
22
23
27
29
31
32
35

38
38
38
40
42
43



5 Weak-field analysis: Weyl tensors in asymptotic regions 45

5.1 Bi-axisymmetric case: almost type-D Weyl tensors 45
5.2  Symmetry-enhanced cases: type-D Weyl tensors 46
5.2.1 Spherical symmetry: generalized electric and magnetic charges 46

5.3 Cylindrical symmetry: electric and magnetic Weyl tensors 48

6 Strong-field analysis: zero-form charges 49
7 Conclusions, comments and outlook 51
7.1 Summary and comments 51
7.2 Outlook 53

A Spinor conventions and AdSy4 background 55
B Properties of the doubled oscillator algebra 57
B.1 Orderings and symbols o7
B.2 Universal orders 58
B.3 Chiral integration domain 59
B.4 Chiral delta functions and inner Kleinians 60

C Terminology and basic properties of unfolded systems 62
D Dynamical equations in spacetime 64
D.1 Graded-commutative free-differential algebra on X 64
D.2 Dynamical field equations on A} 67

E Spin-frames adapted to K-matrices 68
E.1 Canonical forms of L-rotated K-matrices 68
E.2 FE-adapted and J-adapted spin-frames 68

F Weyl-ordered and regular presentation of projectors 70
G Details of the deformed oscillators 73
G.1 Laplace transforming in (anti-)normal-ordered bases 73
G.2 Solving the o-product equation 75

1 Introduction

1.1 Motivations

The importance of higher-spin gravities [2-5] — both in themselves, as some of the few
known consistent interacting gauge field theories, and as systems of intermediate com-
plexity between ordinary gauge theories and string field theories — is currently becoming



more widely appreciated. All known models in four dimensions and above consist of an
infinite tower of gauge fields, essentially tied to dressings of the minimal-bosonic models
consisting perturbatively of symmetric-tensor gauge fields of even ranks including a physical
scalar [3, 21]. Such infinite towers resemble the leading Regge trajectory of string theories
collapsed to critical masses given in units of a finite cosmological constant. Indeed, just
like string field theories, higher-spin gravities admit a formulation, found by Vasiliev [2],
in terms of master fields depending on commuting spacetime coordinates and internal os-
cillators, and interacting via star-product algebras. However, their algebraic structures are
simple enough that equations of motion based on a gauge principle — including general-
ized spacetime symmetries — can be spelled out explicitly in a background-independent
fashion, as for ordinary (super)gravities. Corresponding off-shell formulations have been
proposed recently in [8] and related issues concerning globally-defined formulations on-shell
and off-shell have been studied in [45]. Moreover, the properties of discretized strings in
Anti-de Sitter spacetime [18] (motivated by the semi-classical results of [9, 10]) suggest
that higher-spin gravities are sub-sectors of particular tensionless limits of closed string
field theories. Higher-spin gravities are thus tractable models for studying large-curvature
effects in stringy completions of ordinary gravities.

In particular, this opens a new window on holography in regimes where the boundary
theories are weakly coupled and the bulk theories contain higher-spin gravities (and that
are hence complementary to the more widely studied dual pairs involving strongly-coupled
boundary theories and string theories with low-energy effective gravity descriptions on the
bulk side). In this regime, the massless higher-spin fields correspond to the bilinears in
free fields on the boundary, which is a manifestation of the Flato-Fronsdal theorem [19].
An important special case is the holographic correspondence between three-dimensional
O(N)-vector models and four-dimensional higher-spin gravities [20, 24], for which super-
symmetries are not essential and the absence of boundary gauge symmetries implies sim-
plified 1/N expansions. At the level of three-point functions, this correspondence was
verified in the case of scalar self-couplings [21] and more recently for general couplings
in [22, 23]. Moreover, possessing the full bulk field equations allows for more direct and de-
tailed studies of holography using, for example, exact renormalization-group equations [25]
or bilocal fields [26].

Vasiliev’s equations [2, 3| (see [4-6] for reviews) provide a fully nonlinear framework
for higher-spin gravities. They encode the classical dynamics of a highly complicated sys-
tem — in which infinitely many fields of all spins are coupled through higher-derivative
interaction vertices — into a combination of zero-curvature constraints, for suitable master
fields with simple higher-spin gauge transformations, and algebraic constraints, that ac-
tually describe a deformed *-product algebra. This elegant description is achieved within
the unfolded formulation of dynamics [4, 5, 14, 15], which is a generalization based on
differential algebras of the covariant Hamiltonian formulation of dynamics. The resulting
unfolded systems consist of finitely many fundamental differential forms, which are the
aforementioned master fields, living on extensions of spacetime referred to as correspon-
dence spaces. Locally, these are products T*X x 7, where X contains spacetime, and 7 is a

non-commutative twistor space in the case of four-dimensional spacetime. The unexpected



simplicity of the equations resides in that all spacetime component fields required for the
unfolded formulation are packed away into the master fields in such a way that contractions
of the coordinates of 7', controlled by the deformed x-product algebra, reconstruct gener-
ally covariant albeit non-local interactions in spacetime.! In this sense, the gauge principle
based on higher-spin symmetries leads to a departure from the more familiar framework
of Einstein gravity with perturbative stringy corrections into a radically different realm
involving interesting new phenomena, already at the classical level, for which we would like
to gain more intuition.

Given the aforementioned non-localities, exact solutions of Vasiliev’s equations are of
great interest as they can provide important insights on both the physics and the geometry
underlying such an unconventional physical regime. To find examples, one can conve-
niently solve the zero-curvature constraints locally on X using gauge functions; the local
degrees of freedom are thus encoded into suitable fibre elements that solve the remain-
ing deformed-oscillator problem on 7 [41, 42]. In this precise sense, Vasiliev’s unfolded
equations naturally map the original dynamical problem in spacetime to an arguably more
tractable problem in the fibre space — a property that has not only proved useful for find-
ing exact solutions [28, 31, 32] but also greatly simplified the computations of three-point
functions in [23].

1.2 Known exact solutions to higher-spin gravity

Besides the anti-de Sitter vacuum solution, a number of non-trivial solutions have been
found in recent years. In 2 + 1 dimensions, where higher-spin fields do not propagate, a
class of vacuum solutions have been constructed in models containing non-trivial matter
sectors [27] by making use of a specific Ansatz for the deformed oscillators. More recently,
the BTZ black-hole has been embedded into Vasiliev’s three-dimensional higher-spin grav-
ity [28] and black-hole-like solutions to a certain Chern-Simons higher-spin gravity have
appeared [29, 30]. In 3+1 dimensions, the first non-trivial example of an exact solution was
found in [31] by using the gauge-function method and adapting the aforementioned Ansatz
for deformed oscillators to the four-dimensional case. In various four-dimensional spacetime
signatures, further classes of exact solutions were presented in [32], including algebraically
special generalizations of type-D? gravitational instantons, with all higher-spin fields turned

!Barring the issue of topologically nontrivial configurations on 7, which we shall address later in sec-
tion 3.4 and appendix G, projecting out 7 yields a full set of infinitely many component fields on spacetime
that can be expressed on-shell in terms of a set of dynamical fields and their derivatives (see appendix D).
In particular, there is always a dynamical metric tensor that one can treat non-perturbatively while treating
all other dynamical fields as weak. More precisely, the generally-covariant dynamical equations take the
form of standard kinetic terms with critical mass terms [40], equated to source terms that admit a double
expansion in weak fields and derivatives. At every fixed order in weak fields, the derivative expansions
do not terminate, at least not in the naively defined basis of dynamical fields (see for example [11-13]
and references therein). Moreover, the derivatives are given in units of the cosmological constant and, as
a consequence, the higher-derivative interaction terms are huge on-shell for unitarizable fluctuation fields
belonging to lowest-weight spaces. Thus, an important open problem is to specify admissible boundary
conditions, possibly related to a weakened notion of perturbative locality [13].

2This terminology refers to Petrov’s invariant classification of the Weyl tensors [37-39], based on the
algebraic properties of the latter at any spacetime point; for further details, related notation and conventions,



on, and some new vacuum solutions describing topologically non-trivial field configurations
on Z. Finally, in [1], Didenko and Vasiliev have given a solution that in many respects
corresponds to an extremal generalization of the Schwarzschild solution to AdS gravity.

In the latter solution, characterized by a single deformation parameter M, spherically
symmetric modes for each spin are switched on in a coherent fashion. The spin-s Weyl
tensors depend on the radial coordinate r of the spherically symmetric coordinate system of
AdSy as C) oc 7=°~1 are all of (generalized) Petrov-type D [37], and are built in terms of
covariant derivatives of a time-like AdSy Killing vector. Asymptotically, at spatial infinity
where r — oo, the different spins decouple and one can meaningfully identify the spin-2
Weyl tensor with that of the AdS-Schwarzschild black hole with mass proportional to M.
However, near r = 0 the Weyl tensors are large and the strong coupling between infinitely
many fields of all spins may give rise to important deviations from the standard results in
gravity. This raises the very interesting question whether the non-localities associated to
the unbroken higher-spin symmetry suppress the short-distance singularities.

A remarkable feature of the Didenko-Vasiliev solution, shared with 4D gravity black
holes, is that it linearizes the full equations of motion. Technically, this property is encoded
into the fact that 4D black hole metrics as well as the higher-spin gauge fields of the solution
can be written in Kerr-Schild form [1] in a certain gauge. In the Didenko-Vasiliev solution,
this is achieved by factorizing a certain operator appearing in the Vasiliev equations, known
as the inner Kleinian operator, into a product of two delta functions on 7 [1, 36|, and by
expressing the fluctuation part of the master fields via a spacetime-dependent vacuum
projector related to the above-mentioned AdS; Killing vector, providing an Ansatz that
simultaneously solves the linearized equations and trivializes all nonlinear corrections.

1.3 Summary of our main results

In this paper, we find six families of exact solutions to four-dimensional bosonic higher-
spin gravities by combining the gauge-function method on X with the aforementioned
factorization property of the inner Kleinians on 7. The latter facilitates the separation of

variables in the twistor-space 7 léc Y xZ\D, where Y = C? is a non-commutative fibre space
on which the master fields admit expansions in terms of symbols belonging to associative
algebras with well-defined traces, Z = C? is a non-commutative base space, and D stands
for some submanifold of ) x Z on which the master fields may develop suitable singularities
— as it happens on some of the solutions, as we shall see. The corresponding factorized
Ansatz amounts to expanding the master fields in terms of projector algebras on ) times
coefficient matrices on Z that solve the deformed oscillator problem (modulo subtleties
having to do with potential non-trivial D developing over certain points in spacetime).

All our solutions possess the Kerr-Schild property of the Didenko-Vasiliev solution,
i.e. the full Weyl tensors coincide with the linearized ones. This implies that the full Weyl
zero-forms belong to linear spaces, while gauge fields and internal connections on Z contain
interference terms (that do not cancel out in the gauge we use, though they do in other
gauge choices [1]).

see appendix A.



The projectors are functions of pairs of generators in the complexified Cartan subal-
gebra of s0(3,2), that can be any inequivalent combination of rotations J, boosts iB or
spatial and time translations iP and E, respectively, namely (E,J), (J,iB) and (iB,iP).
This yields three classes of 50(2) x s0(2)-invariant® solutions, that we shall refer to as being
biaxially symmetric (or simply axisymmetric), consisting of master fields that are diago-
nalized over bases of eigenstates |n) of the above pairs of generators. These solution spaces
are coordinatized by massive deformation parameters vy, representing the eigenvalues of
the Weyl zero-form master field in the aforementioned bases.

The two Cartan generators can be identified as the linear combinations of the number
operators acting in two Fock spaces, say .7-;Jr (i = 1,2), and the corresponding anti-Fock
spaces F; . The total state space (F;” & F; ) ® (F) & F, ) decomposes under so(3,2) into
four sub-sectors (4, +) = fli ® f;. In each sub-sector, one of the two Cartan generators
is either positive or negative definite, and is to be referred to as the principal Cartan
generator. The full equations admit discrete global symmetries (the 7-map) that relate
(+,+) to (—,—) and (+,—) to (—,+). Hence (+,+) @ (—,—) and (+,—) ® (—,+) form
two independent families of solutions, which can be labelled by their principal Cartan
generators. In other words, denoting each family by Mg, (hr) with distinct symmetry
sub-algebras hr = 50(2) 1) ©50(2)(—) C 50(3,2) = sp(4;R) and principal Cartan generator
K1) € 5p(4;C) (formed as either the sum (+) or difference (—) of the aforementioned
number operators), the six families of solutions can be organized into the following three

pairs:
Mg(E,J), MyE,J); MyJ,B), Mig(J,B); M;g(B,P), M;p(B,P). (1.1)

In case the principal Cartan generator is imaginary, the reality condition implies that
the corresponding master fields must contain both Fock-space and anti-Fock-space pro-
jectors. The required projector algebra can be realized by presenting the dependence on
the Cartan-subalgebra generators via inverse Laplace-like transforms introducing auxiliary
closed-contour integrals, which we refer to as regular presentations. The co-existence of
Fock-space and anti-Fock-space projectors is also required for the minimal-model projection
of all our solutions.

In this paper we shall mainly focus on the two solution spaces Mpg(FE,J) and
M (E,J). Drawing on the results obtained in [43], the projectors used in the (+,+)
and (—, —) sub-sectors of Mg(E, J) are related to supersingleton and anti-supersingletons
states, respectively, while the (4, —) and (—,+) sub-sectors of M ;(E,J) are related to
analogous ultra-short albeit non-unitary so(3,2)-irreps. Specific combinations of such ax-
isymmetric solutions give rise to solutions with enhanced spherical s0(3) @ s0(2)-symmetry
or cylindrical s0(2,1) @ so(2)-symmetry (and their higher-spin extensions), arising from
enhancing either s0(2); to s0(3) or s0(2)g to s0(2,1), respectively (see table 1). In the
general-relativistic terminology, which is valid in the asymptotic weak-curvature regions,
this amounts to that the non-enhanced Killing vector becomes hypersurface-orthogonal;

3More precisely, the solutions are left invariant by the intersection of the enveloping algebra of so0(2) x
50(2) with the underlying higher-spin symmetry algebra.



if the latter is time-like, the corresponding stationary solution is, in fact, static. This is
the case for all the solutions belonging to the rotationally-invariant family, one member
of which is the Didenko-Vasiliev solution that we find here being based on the singleton
ground-state projector Py (FE) := de™4F.

All the solutions found in this paper are algebraically special. In particular, all the
Weyl tensors of the symmetry-enhanced solutions are always of generalized Petrov-type D.
This means that the Weyl tensors have two principal spinors, i.e., that at every spacetime
point there exists a (normalized) tangent-space twistor basis (ul (x),u; (x)) (a spin-frame,
in the terminology of [38, 39]) on which the self-dual part of the spin-s Weyl tensor takes
the form?* Co2s) ~ f(x)(ufuy)®, which we shall also refer to as type-{s, s} (analogously for
+

the anti-selfdual part with the complex conjugate twistors (u

(x),uy (x))). Furthermore,

the principal spinors of the Weyl tensors of the above solutions are those of the Killing
two-form s, = V, v, where v, is a specific AdSs Killing vector, i.e., the Weyl tensors
can be rewritten as Cy(o5) ~ F(2)(%0a)®. In four-dimensional Einsten gravity, if the
corresponding Killing vector is asymptotically time-like, this is a local hallmark of black-
hole solutions [33-35]. The Weyl tensors of the axisymmetric solutions are less special, as
we shall see: they are algebraically general for spin s < k and type-{s — k,s — k:,l, o i}

2k
for s > k (the integer k£ depending on the projector the solution is built on), which we shall

refer to as almost type-D.

For our spherically-symmetric solutions, which are based on energy-dependent su-
persingleton state projectors P, (E), the aforementioned specific AdS, Killing vector is
asymptotically time-like and given by the time-translation 9/0t. These solutions contain
an infinite tower of Weyl tensors, one for every spin, of the form

Cothy ~ i (W30a)° (12)
where u,, = i~ "v, are real deformation parameters, as explained in sections 3 and 5. As first
observed in [1] for the case n = 1, the s = 2 sector coincides with the AdS-Schwarzschild
Weyl tensor. Interestingly, the curvatures are real for n odd and imaginary for n even, which
suggests that solutions built on projectors P, (E) over combinations of states belonging to
the scalar (n odd) or spinor (n even) singleton representation, related to the Type A or
Type B models® [21], are connected via a generalized electric/magnetic duality.

Starting with the asymptotically space-like Killing vector 0/0p, on the other hand,
leads to cylindrically-symmetric solutions, based on the rotation-dependent projectors

4We use the shorthand notations Ta(n) to denote a tensor with n totally symmetrized indices Ta,...a, =
T(a;...an)- Repeated non-contracted indices are also to be understood as totally symmetrized, SooTaa =
S(G1G2Ta3a4)'

°As explained in [43], the projectors P,(E) belong to D(1/2,0) ® ®*(1/2,0) for n odd and to
D(1,1/2) ® ©*(1,1/2) for n even, where ©(1/2,0) is the scalar-singleton representation and ©(1,1/2)
the spinor singleton representation. From the point of view of a two-sided, twisted-adjoint action they are
an enveloping-algebra realization of states belonging to the tensor product of two scalar and two spinor
singletons, respectively, which are in their turn related to the spectrum of the Type A and Type B minimal
bosonic models defined in [21].



Pn(J), the Weyl curvatures of which exhibit a non-singular behaviour,
n Z‘n+s+11un s
Céz(%s) ~ s+1 (u+ua) I (13)
(1+1r2sin?0) 2

where pu,, are real deformation parameters.

Finally, in the case of strictly axisymmetric solutions in Mg(E,J), the Weyl ten-
sors diverge at the origin with a power-law that is in general different from that of the
spherically-symmetric case (see for instance eq. (5.5)). On the other hand, in M ;(E, J),
the Weyl tensors inherit the regularity of the cylindrically-symmetric solutions.

Therefore, for a number of reasons, it is tempting to identify the singular family
Mg (E,J) as higher-spin generalizations of black holes. A more detailed study of whether
or not, for instance, the singularity is physical and not a gauge artifact, and whether or not
these solutions possess an event horizon, can be performed by analyzing the propagation of
small fluctuations over them. The deviations from Einstein gravity in the strong-curvature
region, as discussed above, may be radical, essentially due to the non-locality of interactions
induced by the unbroken higher-spin symmetry. To probe this region, it may be necessary
to extend the usual tools of differential geometry to the higher-spin context, since standard
concepts such as the relativistic interval are not higher-spin invariant.

However, we already have at our disposal some useful instruments for distinguishing
gauge-inequivalent solutions and for characterizing them physically even in strong-field
regions, namely zero-form charges [31, 32, 44, 45|, that we shall use in this paper. They
are a set of functionals of the zero-form master-fields, defined via the trace of the x-product
algebra, that are conserved on the field equations and provide classical observables that do
not break the higher-spin gauge symmetries. As the non-locality on 7 of the star-product
is mapped via the field equations to spacetime non-locality, the zero-form charges hide their
higher-derivative nature into the x-products between master-fields, and this facilitates their
evaluation. We find that certain zero-form charges involving the spacetime curvatures are
well-defined on our solutions, and amount to linear combinations of powers of the squared
deformation parameters 2, that therefore characterize the various field configurations in
a gauge-independent way. Interestingly enough, all these invariants are finite everywhere
— unless the solution under consideration is based on infinitely many projectors and the
eigenvalues p,, are not too small. Whether or not this is the signal of a true singularity in
higher-spin gravity is a question that needs further study. We speculate on this and related
issues in the final section of this paper, where we also mention a possible way of turning
on an angular momentum, the details of which we leave for future work.

1.4 Plan of the paper

The organization of this paper is as follows. In section 2 we recall some relevant aspects
of the Vasiliev’s equations, in a general fashion that also encompasses details that are
relevant for the off-shell extensions and globally defined formulations [8, 45], including
some discussion of observables in higher-spin gravity. Moreover, in section 2.3 we recall
the gauge-function solution method and give the reduced, twistor-space equations that



we shall solve in the next section. In section 3 we spell out our solution strategy and
Ansétze: in particular, we give the details of the gauge functions we work with, introduce
the main objects the solutions will be made up of, discuss their spacetime meaning, and
solve the deformed oscillator problem. Section 3.7 contains a summary of the obtained
internal, twistor-space solutions, where we also show that they form a subalgebra under
*-product, and analyze their singular points in ) x Z — i.e., the appearance of a non-
trivial submanifold D of singular points in ) x Z. In section 4 we obtain the spacetime
master-fields by evaluating the relevant x-products with the gauge function. We show that
all the master-fields and the generating functions of the gauge fields are regular, except
possibly at spacetime points where the curvatures are singular. Thus, introducing the
spacetime coordinates softens the behaviour of the singular solutions on 7: for example,
in the spherically-symmetric case the radial coordinate r enters the Weyl master zero-form
as the parameter of a limit representation of a delta function in twistor space. Section 5
is devoted to the study of the individual spin-s Weyl tensors (to which one can assign
a physical meaning only in asymptotic regions, where the curvatures are weak and the
different spins effectively decouple) focusing on solutions depending on E and J. We then
turn, in section 6, to characterizing the solutions also in strong-field regions by evaluating
the above-mentioned zero-form observables. Finally, in section 7 we draw our conclusions
and mention a number of directions for future study and open problems. The paper is
completed by seven appendices, where we spell out our conventions (appendix A), give
some general discussion of the x-product algebras for the Vasiliev system and orderings
(appendix B), recall some background material (appendices C and D), and collect some
results that are used in the main body of the paper (appendices E, F and G).

2 Vasiliev’s equations for four-dimensional bosonic models

In this section we describe various aspects of Vasiliev’s four-dimensional higher-spin grav-
ities, with focus on bosonic models. The direct requisites for the construction of the exact
solutions are found mainly in sections 2.1.2, 2.1.3, 2.2.2, 2.2.3, 2.3 and 2.4.1, and in ap-
pendix B.3; in particular, the original form of the Vasiliev equations, which we shall solve
using the gauge-function method, is given in eqs. (2.41)—(2.45). For the general picture
and some terminology we refer to appendix C, and for the weak-field expansion we refer
to appendix D.

2.1 Kinematics
2.1.1 Correspondence space

The basic variables of Vasiliev’s formulation of higher-spin gravity are differential forms on
¢, a non-commutative symplectic manifold with symplectic structure I', that we shall refer
to as the correspondence space. Locally, € is the product of a phase-spacetime, containing
the ordinary (commutative) spacetime, and internal directions. Like in ordinary gravity,
the moduli space of the theory, say M, consists of super-selection sectors M®), here
labelled by ¥, related to various classes of boundary condition on (), as we shall detail
in section 2.3. In higher-spin gravity, each sector, which consists of field configurations



on-shell, arises inside a larger, graded-associative differential algebra defined off-shell, here
denoted by Q(Z)(QZ), that is endowed with a differential d and a binary composition rule «,
such that if f,§ € Q®)(¢) then

3(7ed) = (@) w3+ COSOF (i) a0, ()
and a hermitian conjugation operation obeying
PN ool Frden(d) /= At Ay
(Fxg) = o=@ @)« (F),  (dF) =d((H)) - (2:2)
The graded bracket [-, -], is defined by

7. 9] = Feg— (-1t 7 (2.3)
*

In the atlas approach, the manifold € consists of charts €; covered by real canonical

coordinates E?/I obeying

—M —N . —M ;=N —M ;=N
{:I ,:I] = 2T MN [:I ,d:I} =0, [d:l ,d:I} =0, (2.4)
* * *
M

where TMPT ), n = 5]1\3, and we shall write dE?/Id Eév =dZ; % dEéV. The charts are glued

together via canonical transformations

~ ~

=M IN\—1 =M )
:I, — (TI/) *\:I *TI/7 (25)

such that I'|l¢, = ;dEy *dEﬁVFMN where dEy = E[(Eé\/[) and I'p;ny is a constant sym-

plectic matrix. As we shall discuss below, the globally-defined elements f € Q(Z)(C) are
represented by sets {fl <Ey,d5§w)} of locally-defined composite operators. The E?/I—
dependence of the latter is expanded in a basis presented using a suitable prescription, or
regular presentation, with the following two key properties: i) it is adapted to the boundary
conditions related to ¥; and ii) it provides Q(E)(CI) with two algebraic structures, namely
that of iia) an associative x-product algebra; and iib) a separate left- and right-module
for the *-product algebra consisting of arbitrary polynomials in <Ey,d5§w) In other
words, the regularly-presented basis elements must have x-product compositions among
themselves as well as with arbitrary polynomials that are finite as well as compatible with
associativity, and their symbols must be functions that facilitate the imposition of the
boundary conditions in question.

Turning to Vasiliev’s formulation of four-dimensional higher-spin gravity, the local
splitting of the correspondence space into a phase-spacetime and internal directions is of
the form:

¢ = T*ijyxz, F‘QI:FT*XI—FF)/—FFZ, (26)

where T* X7 is a chart of a phase space T*X and ) x Z is a twistor space; the corresponding
canonical coordinates (o = (a, &); o, & = 1,2)

EM = (XMaPMaYaa Za)’ (Yaa Za) = (yoz’go'z; Za’ _Zd)a (27)



are defined such that

Dpeyx = dPydXM, Ty = ;(dyadya +dytdys), Tz :—;(dzadza + dz%dzs), (2.8)

(XM= xM, (Pu)'=Pur, (' =5%, ()'=2%, (2.9)
which implies

(XM Pyl =i0M [y 9P) =20, [2%, 7], = =20, (2.10)

and hermitian conjugates, and our conventions for spinors are collected in appendix A. In

what follows, we shall construct exact solutions on submanifolds of X by first projecting
to the reduced correspondence space

)
&

¢

Il

XXYXZ, (2.11)
and then further down to four-dimensional submanifolds of X.

2.1.2 Bosonic master fields

The fundamental fields are a locally-defined zero-form d 7; a locally-defined one-form A I;
and a globally-defined complex two form (j ,J). These master fields obey the reality

conditions
(a\)aA\’ij)T = (W((/I;)’_;{a_ja_/\) . (212)
In bosonic models, they also obey the projections
w7(®,A) = (8,4),  a(J.J)==(].J)=(].]), (2.13)

where m and 7 are the involutive automorphisms defined by dr=rm

(XM Py, 5% 2%, 2%) = (XM, P —y®, 7% —2%,2%), 7(fxg) =n(f)*7(G), (2.14
(XM Papsy®, 5% 2%, 2%) = (XM Paps g, 5% 2%, =2%), 7(f9)=7(f) *7(@). (2.15)

In minimal bosonic models, the master fields obey the stronger projections

~

T((/I\),A\, j, /j) = (W(‘/I\)),—A\,—J,—j), (216)

where 7 is the graded anti-automorphism defined by dr =7d and

~ ~

r(XM, P Y 2%) = (XM, =PapiV® —iZ%), 7(fxg) = (1)@« 7(), (2.17)
and obeying 72 = w7. The perturbative spectra of the bosonic and minimal bosonic models

consist of real Fronsdal fields of integer and even-integer spins, respectively, with each spin
occurring in the spectrum with multiplicity one.
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2.1.3 Inner Kleinians

The automorphisms 7 and 7 are inner and generated via the adjoint action of inner Kleini-
ans as follows:

~

T(f) =RxfxR, = cos(nid), RxR=1, (2.18)
7(f) =R fxr, R=@R"=cos,(nrw), Frr=1, (2.19)

where the holomorphic and anti-holomorphic (shifted) number operators, respectively, are
realized as @ = § {a,,a"*},, with (@},d;) = 3 (Ya + 2a, —iYa +i2a) obeying [ZL\;,&‘W]* =
82, and w = (@)T, such that

@:;yo‘*za, Bz, (2.20)

The Kleinians can be expressed in various ordering schemes; for details, see appendix B.4.
For the weak-field expansion, it is convenient to normal-order with respect to the complex-
ified Heisenberg algebra (a},a) [17], which we denote by ]/\\Lr—order, where the induced
*-product among symbols is given by (B.25), that is

e BUBY o ar oa o~ o
AN % [f2N = / 4 !V etV ) [ £ IN () oy + s 2 4 u, 2 — )
Re (27T)

<[PV (y+ 0,5+ 02 — 0,2+ 0), (2.21)

where [-]5 and [-]® denote the Wigner map to the basis B and its inverse, respectively, that
is, [-]p maps totally-symmetric operators to B-ordered operators and [-]® maps operators

to totally-symmetric symbols (for further details, see appendix B). In the ]/\\Lr—order, one
has [2, 17]

R = [exp(iyaza)]ﬁ+ , "= [exp(—igdZd)}N+ . (2.22)
while in the Weyl order
R = (@m0 W) e« R = (2120200 gy (2.23)
which implies the factorization property [1]
K= Ky * Kz, Ky = [27T52 (y)]Weyl ) Kz = [27T52(Z)]Weyl ) (2.24)
where k, and . are the inner Kleinians for the chiral oscillator algebras generated by y,
and z,, respectively (for further details, see appendix B.4). This factorization property,

which holds in all orders, is crucial for the separation of twistor-space variables that we
shall use below.
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2.2 Unfolded equations of motion
2.2.1 Quasi-free differential algebra

The unfolded equations of motion of the four-dimensional bosonic higher-spin gravities that

we shall study can be written as®
32+ D® =0, r§,2*(ﬁ+f($)*f+f@)*f):o, (2.25)
32 %dJ =0, 32 %dJ =0, (2.26)

with Yang-Mills-like curvatures Fi=dA+AxAand D :=d ®+ [A, ®],, where [f, Jlx =
fxg—(—1)deel)dee@ gy r(f) for f,§ € Q(€). The interaction ambiguities F and F = (F)f
are given by

~ ~

F@) =Y fonsa(@ 5 (@) <q>m(<f>)) «®, (2.27)
n=0
where fo, 1 are complex-valued zero-form charges obeying

dfoni1 =0, (2.28)

as we shall describe in more detail below. Integrability requires the algebraic constraints

~

Tan(® A) = (B, A) T,  Jxn(® A) = (D A) %], (2.29)

modulo terms that are annihilated by T'j?*. In other words, eqs. (2.25)-(2.26) and eq. (2.28)
are compatible with 42 = 0 modulo eq. (2.29), hence defining a universal (i.e. valid on any
&) quasi-free associative differential algebra. Factoring out perturbative redefinitions of @,

the ambiguity residing in F reduces down to [4, 17, 45]

F=Bxd, B=exp, (ie[cim@)]) , (2.30)
0 % 7(B)] = 3 fan[® # 7() (cﬁm@))m , (2.31)
n=0

which breaks parity except in the following two cases [21]:

Type A model (scalar) : § =0, P(®,A,0)=(D,4,]), (2.32)
Type B model (pseudo-scalar) : 6 = ;T , P(®,A,J)=(-®,A,—J), (2.33)

where the parity operation is the automorphism of Q(€;) defined by
P(XM Py, y®, 5%, 2%, 2%) = (XM Py, g%y, -2, —2%), dP=Pd.  (2.34)
The gauge transformations read

6:d=—[6®,, JA=De, 6J=0, (2.35)

In the topological open-string C-model proposed in [18] as a microscopic origin for Vasiliev’s equations,
the *-multiplication by Fﬁ? has a natural interpretation as the insertion into the path integral of delta-
functions for fermionic zero-modes.

- 12 —



with D¢ = de + [A\,ﬂ*, and where € is subject to the same kinematic conditions as A.
In globally-defined formulations, the transition functions TII " defined in (2.5) glue together
the locally-defined configurations (®;, A, Jr) as follows:

O, = (TI) '« dpxn(TF), Ar=T) " '«(Ar+d) T,  Jr=Jp. (2.36)

2.2.2 Free differential algebra and deformed oscillators

The projection implied by the x-multiplication by F§,2 can be solved locally on €; by taking
the master fields to be forms on T*X; x Z valued in the algebra QI%()) of zero-forms on
Y. Thus

A=U+V, (2.37)

where
U =dXxMUy(X,P;Z;Y) +dPyUM(X,P; Z;Y), (2.38)
V = dZVo(X,P; Z;Y) = dz®Vo (X, P; Z;Y) + dz*Va (X, P; Z;Y) (2.39)

and the algebraic constraints (2.29) admit the solution
f:—jldz“AdzaR, f:—idszdzd%. (2.40)

In order to find exact solutions, it is convenient to cast’ the remaining differential con-
straints into Vasiliev’s original deformed-oscillator format:®

dU+U U =0, do+U®—Dxm(U)=0,  (241)

dS, + [U,8a], =0, (2.42)
Sax®+®xm(Sy) =0, §d*<f>+€f>*ﬁ(§d):o, (2.43)

[Sar Sgle = ~2icap(l — B xR),  [8a, 550 = ~2iegs(1 - Bx k),  (2.44)
Sy Sale = 0, (2.45)

"As an intermediate step, the twistor-space components of the master field equations can be rewritten
as

a®+ Vo x @+ D xm(Va) = 0, 9e® +Vaxd+dx7(Va) =0,
- s - ib L - ib _
dVa+8aU+[ ,Va]* =0, Fup =~ easBr®ui, Fy=0, Fy=-"ciBrdsr,

where Fo5 = 23[(1‘75] + [Vi, V5] and 8o = 8/02°.
8This format exhibits two global symmetries: Firstly, the Zs-transformations (67 /I/T\/7 §a, Ss) —

~

(ZIS7 W, —§a7 —S4). Secondly, the transformations

Ya | A? Bo” Yo
Za B.? AP za |’

that preserve (i) the x-product algebra, which requires (A + B)(A' — B*) = —1 ; (ii) the inner Kleinian
operators, which requires A'A — B'B = —1 ; and (iii) the bosonic projection conditions, finally fixing
non-minimal GL(2;C)-transformations with B # 0, or minimal SL(2; C)giag-transformations with B = 0.
In the non-minimal case, the GL(2, C)-action is the closure of SL(2; C)qiag and the discrete transformation
(Yas 2a) — i(2a, Ya), that is broken by the 7-condition in the minimal models.
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where we have defined d = dXM 0y + dPy;0M and
So = Zo — 2V = (8, —8) = (20 — 20V, 54 +2iV ) . (2.46)

The integrability of the system implies the gauge transformations

~ ~

50 = —[¢, By, 0:80=—[6Vals, 06U =de+[U,e],. (2.47)

2.2.3 Manifest Lorentz invariance

Manifest local Lorentz covariance can be achieved by means of the field redefini-
tion [4, 40, 45]

—

N . 1 _ o~
W= U-K, K= (waﬁMag +@aﬁMdﬁ-> , (2.48)

where (w*?,©%%) is the canonical Lorentz connection, and

0 S
Mag = MO + M), Mgz = Mag+ Mg, (2.49)

are the full Lorentz generators, consisting of the internal part

— —(0)
0 _ _ _ _
Méﬁ) = Y(a * Ys) — Z(a * Z8) Mc’vB =Y * yﬁ) — (& * 25) y (250)
rotating the Y and Z oscillators, and the external part
Maﬁ = S(Q*Sﬁ), Mo'zﬁ = S(o’z*Sﬁ')a (251)

rotating the spinor indices carried by (§a, S4). As a result, the master equations read

VW W AW+ (990 + 790 5) =0, VB4 4 -G un(I) =0, (252
VG + W8y —SakW =0, VS4+W4S8s—SuxW=0 (253)
Syx®+ dx7(S,) =0, Sax®+dx7(Ss) =0 (2.54)
[Sa Sple = ~2icap(l — B #R), [Sa, 85l =—2ic 51— BxdxR) (2.55)
[Sar Sale = 0, (2.56)
where 7% := dw*® + wmwﬂfy and 79 1= do®8 + waB;y, and
YW = dW + 412, [w“ﬁﬁéoﬁ) +mﬁﬂfﬁ-’, W} , (2.57)
Vo = dd + 412, [wﬁﬁgg +wd3ﬂfé, @]* , (2.58)
~ ~ ~ 1 —~ o ~(0)
VS, 1= dS, +w." S5 + L [wﬁng‘? + oMy, sa]* , (2.59)
Vi = S+ @a 54+ [wmﬁ“)’ Py 3“] . (2.60)
o aT¥a P By Py Pa N
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Besides their manifest local Lorentz symmetry, these equations are by construction also left
invariant under t_he local shift-symmetry with parameter (g“ﬁ , faﬁ) — XM (gMaﬁ , g—MO'éﬁ) +
dPys(¢MaB cMaB) acting such that

o~

~ o~ ~ . . —~ 1 o~ L s~
0(U, 8,580, 54) =0, do(w™,0%) = (¢, ¢) = oW =~ (§aﬁMaﬁ + ?‘BMM') :
(2.61)
The canonical Lorentz connection can be embedded into the full theory by using the afore-
mentioned shift-symmetry to impose

2 2
0 0 aW

W : oy —0. 2.62
Yoy’ |y_y_, oy+oyPs | )

Y=7=0

2.2.4 Spacetime projection and component fields

For the projection of eqs. (2.52)—(2.56) to manifestly generally-covariant equations of
motion for dynamical component fields in four-dimensional spacetime Xy, see appendix D.
In essence, after choosing a manifestly Sp(4;R)giag-invariant ordering scheme, eliminating
the auxiliary fields related to the unfolded description on X; and Z, and fixing suitable
physical gauges (such as the twistor gauge condition (D.7) on Y7a and generalized holonomic
gauges on W,,), there remains a set of dynamical fields consisting of a physical scalar field

¢ = Ci= PBly—z-0, (2.63)

which together with the self-dual Weyl tensors Cas) (s = 1) make up the generating
function (s > 0)

825

o001 ... Jozs ¢ ’ (2'64)

y=0

C:=®|z-05-0, Ca2s) =

and a tower of manifestly Lorentz-covariant, symmetric and doubly-traceless tensor gauge
fields, or Fronsdal tensors, given by (s > 1)

82372

o a1k s—1Cg_
(bﬂ(s) = 226(;1 1., eZ‘SiiOé 1 501 ... Gt 5o . .. Goar WMS) o s (265)
where x# are local coordinates on X; and
= ~ 1 ~ ~ Ny =~ ~
W= W|Z:O = <U— 4 <wa:6(ya *Yg + Sa * Sﬁ) + @aﬁ(gd * gﬁ + Sd * Sﬁ))> . (266)
Z=0

As a result, the regular presentation of the master fields, by its very definition, provides
a regularization scheme for the strongly-coupled derivative expansions of the interaction
vertices in the component-field formulation that is compatible with higher-spin gauge sym-
metry. In this sense, the naive spacetime picture, based on a tower of interacting Fronsdal
fields without any regular presentation attached to it, does not contain the same amount
of information as the full formulation in terms of master fields in correspondence space, as
we shall comment on in the Conclusions.
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2.3 Gauge functions and moduli

Equations (2.41) and (2.42) can be solved (on a chart €;) by
U = f;l *xdL;, ®;= f;l *‘/I\)/*W(E[), §1;a = E;l *S’fx*f[, (2.67)
where EI(X, P,Y,Z) is a gauge function, assumed to obey
Li|x—poy—z—0=1, (2.68)

and (:1\)’ ) :9\&) are integration constants for the zero-forms on 7*X given by

~

((/I;/,gé) = (¢’§a)|X=P=O (269)

and obeying the remaining twistor-space equations

S %+ xm(S) =0, SLxd + 3 «7(SL) =0  (2.70)
(St Sl = —2ieqp(l — B+ @' x k), [SL, S”ﬁ.]* = —2ie,3(1 = Bx @' % &) (2.71)
[S,8.],=0. (2.72)
Given a solution to these equations, the generating functions (2.64) and (2.66) take the
form C; = <El_1 * @' % w(f;))‘ and
Z=0,5=0

- 1 &, @ 5 AN
WI:LII*[d_M (wa6<ya*yﬁ+S{X*S'B)+waﬁ(ya*y6+Sa*55)>]*l’[

subject to (2.62), which serves to determine (wj'\‘f,d)j\df).
A particular class of solutions, containing the exact solutions listed in section 1.2,

admits perturbative expansions

=S¥, G =S5 = z,-2> VI, (2.74)
n=1 n=0 n=0

where (§;("), P (")) are of the nth order in the integration constant
®'(Y) = '(Y, Z)| 20, (2.75)

and 550) is a flat connection in twistor space obeying

~ ~1(0 . .| €ap 0
[S(’)EO),S’B( )]* = —2iCyp = =21 ( 0 6@5’) . (2.76)

)

Depending on the boundary conditions on :9\&(0 in twistor space there are various natural

approaches to solving these equations: If the boundary conditions are chosen such that

(0)

there exists a gauge where Vi) = 0, one may adapt the perturbative scheme based on (D.4)

and (D.5) to the case at hand. In this paper, we shall instead obtain solutions of the
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form (2.74) by solving the deformed oscillator problem (2.70)—(2.72) using separation of
variables and the non-perturbative method of [27, 31] spelled out in appendix G. This

(0), essentially by activating Fock-

method also encompasses non-trivial flat connections 174
space projectors in the space of functions on ) x Z. The resulting solutions appear naturally
in gauges that differ radically from the aforementioned radial twistor gauge in the sense that
the space of residual symmetries is not isomorphic to hs(4) or its non-minimal extension,
as we shall discuss below.

In constructing exact solutions, we are thus led to the following moduli (for a more

detailed discussion on (iii) and (iv), see [8, 45]):
(i) local degrees of freedom contained ®'(Y);

(ii) boundary degrees of freedom contained in L 1loe where O€ in particular contains the
boundary of its four-dimensional spacetime sub-manifold ;

(iii) monodromies and projectors contained in flat connections V'O on Z xY and UO©
on T"X ;

(iv) windings contained in the transition functions T\IF defined in (2.5) and (2.36);

In what follows, we shall mainly activate (i), (ii) and to some extent (iii). The Weyl
zero-form moduli have so far been examined mainly in the following sectors:

(ia) the non-unitarizable twisted-adjoint sectors consisting of arbitrary twistor-space poly-
nomials [5, 16, 27] and plane waves [42, 44];

(ib) the unitarizable sector consisting of states with compact s0(3, 2)-weights belonging to
the massless lowest-weight spaces D(~) = D024, P(s+ 1 (s) = [D(3;(0)))22

symm
and D) = @y, Dls + 15 (5,1)) © D (0)) = [O(1; (1)), With oscil-
lator realization in terms of operators represented by finite-dimensional matrices in
the scalar and spinor singleton weight-spaces D(3;(0)) and D(1;(3)), respectively.

These spaces are the twisted-adjoint hs(4)-orbits of the scalar ground states 7O =

15(0)
exp(—4F) and T2(_0()0) = exp(—4F)(1—8E), respectively, which are proportional to the
projectors Py (E) = Py, o) = |%, (0))(;, (0)] and Po(E) = P,y = |1; (%))’ i(L; (§)|, for

further details, see appendix F and [43];

(ic) the unitarizable sector of states with compact so(3,2)-weights belonging to the gen-
eralized Verma modules W(T) and W) given by the twisted-adjoint hs(4)-orbits
of the reference states TO(;O()O) = sS4l and [TO(;O()1 Ir = 4‘23 P.(4F cosh4FE — sinh 4F),

respectively, modulo the ideal subspaces ©F) [43];

(id) the sector of states with compact so(3,2)-weights belonging to the spaces S(*) =
D) & Ky-

The sector (ia) contains the initial data for the exact so(3,1)-invariant solutions given
together with twistor-space moduli of type (ii) in [31, 32]. The sector (ib) contains Anti-de
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Sitter analogs of flat-space plane waves and the sector (ic) contains runaway solutions [43].
The completion of the latter two sectors into exact solutions, which includes providing
regular presentations along the lines discussed in section 2.5, remains an open problem at
this stage. Finally, the sector (id) consists of initial data for solutions with at least two
Killing symmetries corresponding to the energy operator and one compact spin of so(3, 2).
Below, we provide this sector with a regular presentation that together with other tools
facilitates the construction of corresponding exact solutions for both minimal and non-
minimal models, including a non-minimal solution that appears to be gauge-equivalent to
the extremal solution of [1]. We also treat related sectors singled out by other choices of
commuting pairs of Killing vectors. Finally, we dress the resulting solution spaces with
additional twistor-space moduli, corresponding to insertions of additional Z-dependent

projectors into the connection V.

2.4 Classical observables

In order to provide a gauge-invariant characterization of exact solutions that remains valid
in strong-coupling regions where the weak-field expansion (see appendix D) breaks down,
it is useful to develop a formalism for classical observables. These are functionals of the
locally-defined master fields and transition functions, defined in (2.5), that are defined
globally in generalized spacetimes carrying various higher-spin geometric structures [45].
There are several globally-defined formulations, or phases, of the theory, based on different
unbroken gauge groups, or structure groups. In what follows, we shall mainly focus on
zero-form charges, which are observables in the unbroken phase. We then present certain
p-form charges that may play an important réle in the characterization of solutions, as we

shall comment on in the Outlook.

2.4.1 Zero-form charges

In the unbroken phase, the classical observables do no break any gauge symmetries. The
basic such observables are Wilson loops in commuting sub-manifolds of 7*X. These loops
can be decorated with insertions of zero-form composites that transform as adjoint ele-
ments [45]. In the case of trivial monodromy, these can be contracted down to a single
point T*X resulting in zero-form charges given by the generating function

~

T(o,k, ks A\, N) = Trg | (RR)™ % exp, (A%Sn + A454) % (B % R)™* » (B * E)*’?] . (277)

where Trg is the chiral trace defined by the integral in (B.26) with integration do-
main (B.24); (o,k, k) are natural numbers defined modulo (o,k,k) ~ (o + 2,k k) ~
(0, k+2,kF2)~(c+1,k+1,kF1); and (A\*, \Y) are commuting spinors. The zero-form
charges are manifestly higher-spin gauge invariant and hence defined globally on any base

manifold; it follows that

dZ(ok,k;\A) =0, (2.78)

modulo the equations of motion. The derivatives of Z(o,k, k; A\, A) with respect to (A, \)

can be re-written as traces of x-commutators involving the internal Lorentz generators
—=(5)

(M(ig), M 3 ) defined in (2.51), whose evaluation requires a careful examination of boundary

,18,



terms in twistor space. In what follows, we shall mainly be concerned with® Z(o, k, k) :=
T(o,k,k;0,0), and in particular the supertraces

~

Ton == Z(1,2N,0) = Trg[RR * (& * 7(®))*] . (2.79)

In the Weyl order, [Kk]wey = (2m)%6*(Y)6%(Z), and the zero-form charges assume the
localized form

Ty = [@sn@)™]

(2.80)

Y=7=0

On the other hand, in the normal order where [Eﬁ]ﬁ+ = expi(y*za — Y*Z4), the zero-form
charges assume the non-local form

d'ydiz : N
Toy = / L expilyza = °2) (@ n(@)N] (2.81)
e (27)

In particular, if ® does not depend on Z, that is ® := &\)‘Z 0= </I;, then the equality of (2.80)

and (2.81) follows immediately from [@]N+ = [@]V¥!. In what follows we shall evaluate the
zero-form charges Zon on exact type-D and almost-type-D solutions. Moreover, in [44] their
perturbative ®-expansion has been shown to be well-defined for ® in the twistor-space
plane-wave sector.'? These two sectors thus remain well-defined within bosonic models
with

O2n = O2n, (I2n) (2.82)

in the phase factor B defined in (2.30) and (2.31).

2.4.2 Comments on observables in broken phases

The characteristic observables of broken phases break some of the higher-spin gauge sym-
metries off-shell ; these broken symmetries re-surface on-shell albeit with restricted gauge
parameters forming sections belonging to bundles associated to the principal bundle of the
(unbroken) structure group [8, 45]. One can show that the characteristic observables, also
referred to as the order parameters, are actually diffeomorphic invariant.

One such broken phase proposed in [45], is the soldered phase with soldering one-
form E : (1 — 7T)W with W defined in (2.48). Its order parameters are functionals

9These classical observables can be identified as the on-shell values of certain deformations of the topo-
logical action of [8], which can be interpreted as generators of semi-classical amplitudes. These amplitudes
were in their turn proposed in [18] to correspond to correlation functions for a topological open-string
C-model.

1%Tn this sector, the first sub-leading term of Zzn vanishes, i.e.

Lol ptanewaves = (@ % 7@ 0(@)2+2).

In general, the arguments involved as well as the localization procedure requlre a careful study since the
trace may reduce to a boundary term in Z for example, from (qV + V x V) =-1 dz2dz (6 *71'((/15)) * KR,
with ¢ = dZ%0., it follows that Zo = 2«4 fR d*y d? yq(V * qV + V *V * V) that one can argue leads to
protection of Z» to all orders in the ®-expansion.
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@) EI, d I §a7 I;QA“ II "| that depend explicitly on E and that are manifestly invariant under
the unbroken gauge transformations with locally-defined parameters /AXI = W(K]), that is
070 = 0 without using the equations of motion or any boundary conditions. Moreover,
they are invariant on-shell under gauge transformations with broken gauge parameters
é\[ = —W(a) that belong to sections, that is 55(9 = 0 modulo the equations of motion and
the transitions (2.36) and & = (T\}/)_l * & % T\Ill An example of such order parameters
are the charges of complex abelian p-forms given by (p = 2,4, ...),!!

QE:]éﬂR
b

_ (8
where 709 = 41i (reB8 M O(;) + 7P M ap) and ¥ is a non-trivial cycle in a Lagrangian sub-
manifold of T*X.

P *(p/2)
<E *E+ 1+ w)?(S)> xR, (2.83)

2.5 Super-selection sectors and regular presentations

Let us end this section by commenting on super-selection sectors, regular presentations
and the interrelations between these two notions. Drawing on the general structure of
the theory, it is natural to adopt a working hypothesis, yet to be fully explored, that,
like in the case of ordinary gravity, there exists super-selections rules that partition the
classical moduli space into super-selection sectors M(E)(QI) that by their very definition
are to be coordinatized by preferred sets of classical observables, here denoted by . In
other words, by this hypothesis, super-selection is tantamount to identifying super-selection
sectors as charts of moduli space, which is a good definition in the sense that it amounts to
insisting on the finiteness of a set of observable quantities (a property that cannot change
through local fluctuations or deformations). In practice, to implement these rules, one
separately constructs families of classical observables and classical solutions and evaluates
the former on the latter. As solutions of the equations of motion are characterized by
boundary conditions or asymptotic behaviors in the correspondence space, it is natural to
expect that different classes of boundary conditions are paired up with corresponding sets
of observables. This form of duality allows one to identify super-selection sectors as classes
of boundary conditions, which is a slightly less abstract way of realizing the former than
that of charts in moduli space.

Moreover, from our discussion in section 2.3, we see that the boundary conditions
form various representations of the underlying higher-spin Lie algebra. In particular, the
local degrees of freedom of the theory fall into the twisted-adjoint module. The latter has
an indecomposable structure [43] consisting of sub-representations generated from ground
states (in finite-dimensional representations of a sub-algebra of the higher-spin algebra);

HThese classical observables can be identified as the on-shell values of certain deformations of the topo-
logical action of [8], which can be interpreted as generators of semi-classical amplitudes associated to the
boundaries of ¥.. Another set of order parameters are minimal (p+ 1)-volumes constructed from Cayley-like
determinants of generalized metrics such as (s = 2,4,...) Gy, = ﬁ"R [RE* E(Ml ,ooe *EMS)] and
generalizations thereof obtained by inserting adjoint impurities. One may ask whether there exist preferred
metrics that can be used to compute not just minimal areas but also p-brane partition functions.
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for example, it contains particles, run-away solutions, instantons and solitons, of which the
latter are to become the main topic of the remainder of this paper. As in standard classical
perturbative field theory, one may start by extending a class of boundary conditions into
linearized bulk fields on-shell, assuming some bulk vacuum such as anti-de Sitter spacetime,
that can then be dressed into interacting fields on-shell by various techniques, such as the
gauge-function method.

In a given sector of boundary conditions, or super-selection sector by the above reason-
ing, the on-shell master fields are composite operators whose functional nature in twistor
space may require the usage of a suitable regular presentation, leading to well-defined
x-product compositions (being finite as well as compatible with associativity).!? These
presentations involve not only a choice of ordering scheme (as discussed in appendix B)
but possibly also the usage of auxiliary integration variables entering via Laplace trans-
forms and open or closed-contour generalizations thereof; it would be interesting to develop
further the already quite far-going analogies to Schwinger’s first-quantized proper-time pre-
sentation of the Feynman propagators in spacetime.

Although the study of regular presentations is a crucial and non-trivial physical prob-
lem in higher-spin gravity, it has so far been addressed only in limited number of contexts.
The original works [5, 16, 27] concerned the determination of the regular presentation of
the dependence on internal canonical coordinates of formal perturbative expansions around
maximally-symmetric spacetime backgrounds, later refined to generally-covariant weak-
field expansions in [40] (see also appendix D). As these perturbative expansions do not
refer to any specific spacetime boundary conditions, their regular presentations concern the
class of arbitrary polynomials in twistor space, or equivalently, the class of twistor-space
plane waves, dressed by a certain type of non-polynomial functions stemming from the
internal Kleinians. The resulting presentations involve homotopy-contracting integrals,
which can be taken along either an open or a closed contour [6, 43|, entering only at
sub-leading orders in the perturbative approach; for a recent analysis of the role of closed-
contour homotopy integrals and the duality between zero-form charges and twistor-space
plane waves, see [44]. Other recent works [43] (for a discussion, see also [6]) have initiated a
systematic study of the interplay between more non-trivial spacetime boundary conditions
and the need for non-trivial closed-contour regular presentations of the linearized Weyl
zero-form. As we shall see next, the latter are required in order to define minimal models
with generalized Type-D solutions, and in particular with spherically symmetric solutions.

12Gtrictly speaking, in dealing with more than one superselection sector simultaneously, each equipped
with at least one regular presentation, a compatibility problem may arise upon requiring that linear com-
binations of linearized solutions belonging to different sectors can be dressed into full solutions. This
compatibility problem may have either only the trivial outcome, namely that each sector can only be
dressed separately, which one may view as a broadening of the problem of regularization of x-products to
compositions involving different classes of functions; or various non-trivial ones consisting of compatible
combinations of regular presentations. For example, in this paper we shall find that, in order to combine
linearized profiles based on certain Fock-space and anti-Fock-space projectors, one is forced to use a specific
common regular presentation (see appendix F). Another interesting related problem, which we plan to
address in a future publication, is the emission and absorption of AdS-harmonics corresponding to one-

particle states by soliton solutions of the type that we shall construct in this paper. We thank our Referee
for prompting this remark.
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3 Gauge function Ansatz for generalized type-D solutions

This section describes Ansétze for families of exact type-D and almost-type-D solutions
to Vasiliev’s equations based on gauge functions in an AdS4 background spacetime and
separation of variables in twistor space: the latter is achieved by expanding the master-fields
in Fock-space projectors realized as functions on Q[ (), leading to a tractable deformed-
oscillator problem. For the notations and conventions used in AdS, spacetime and the
terminology used in Petrov classification, see appendix A; for the explicit realizations of
spin-frames and projectors, see appendices E and F; and for details concerning the deformed
oscillators, see appendix G.

3.1 Solution strategy and basic notation

We divide the presentation of our solutions into the following steps:'>
I) gauge functions and spin-frames (in section 3.2);

IT) separation of twistor-space variables by expansion in projectors (in section 3.3, with
details on the projectors in sections 3.5, 3.6 and their regular presentation in ap-
pendix F);

III) solution of the deformed-oscillator problem (in section 3.4 and appendix G);
IV) reconstruction of full gauge fields (in sections 4.1 and 4.2);
V) reconstruction of the full Weyl zero-form (in section 4.3);

VI) weak-field analysis: disentangling individual spin-s Weyl tensors in regions where all

zero-forms approach their vacuum values, i.e. vanish (in section 5);

VII) strong-field analysis: calculation of p-form charges that remain well-defined in regions

where the individual zero-forms blow up (in section 6).

The method spelled out above yields six families of solutions organized into three pairs that
we denote by M, (hr) with distinct symmetry sub-algebras hr = s50(2)(4) @ 50(2)(—) C
50(3,2) = sp(4;R) and “principal” Cartan generator K4y € sp(4;C) defined modulo
Sp(4;R) rotations, as will be clarified in more detail below. There are four possible such
generators, namely

K=F, J,iB, iP, (3.1)
where £ = Py = My is the AdS energy, J := Miy is a spin, B := My3 is a boost and
P := P = My is a translation, leading to the three pairs

Mg(E,J), MyEJ); MyJB), M;g(J,B); M;g(B,P), M;p(B,P). (3.2)

13In order to sooner recognize the higher-spin generalization of the familiar type-D Weyl tensors char-
acteristic of isolated massive objects in general relativity, the reader may take steps (V) and (VI) directly
after step (II).
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Each family is a space of biaxially symmetric solutions coordinatized by a set of deformation
parameters as follows (¢ = &, Ni% = {£3,£5,... }):

MK(E)([)) = {Vm,n2§ Ony,nas Hnl,ng} ) ) (3.3)

(n17n2)6<N 1 ><N€> U <N 1 xN
t2 2 T2 T2
where v € C are “®-moduli” whose real and imaginary parts are related to generalized
masses and TAUB-NUT charges, or generalized electric and magnetic charges, depending
on which terminology one prefers to use, while 0,0 € {£1} are “S-moduli” related to
boundary conditions on the twistor-space connection.

The family Mg (E, J) contains the spherically-symmetric solutions, i.e. solutions with
enhanced s0(3) & s0(2)-symmetry, while the remaining five families contain solutions with
enhanced s0(2,1) @ so0(2)-symmetry. The symmetry-enhanced spin-s Weyl tensors are of
generalized Petrov-type D, i.e. type-{s, s}, while those of the generic 50(2) ) © 50(2)(_)-
symmetric solutions are less special: for a given fixed projector they are algebraically
general for spin s < k and of type {s—k,s—k,1,...,1} = {(s—k)?,1?¥} for s > k, where the
integer k depends on the projector, which we shall refer to as almost type-D (see appendix A

for more details on the generalization of the Petrov classification to higher spins).

3.2 Spacetime gauge function

We equip the four-dimensional sub-manifold Xy C T*X with coordinates z* € R4 C R?,
and define Gaussian gauge functions

Ligy(z|Y, Z) = L(z|Y) % Ly (2]2) (3.4)

realized as *x-exponentials of bilinears in Y and Z¢, respectively, and where L : R4 —
Sp(4;R)/SL(2; C) reconstructs spacetime and E(K) : Ra — SL(2;C)/CSL(2;C)(KL) aligns
the spin-frame of Z with a K-adapted spin-frame of ), as we shall describe below. In the
above, Cgr,(2,c)(M) denotes the subgroup of SL(2; C) that commutes with

M= MysY**Y" € sp(4;C) ; (3.5)
K € sp(4;C) is the aforementioned principal Cartan generator; and we use the notation
FPY) = LN @) * f(Y)x L(]Y), fP5(Z) = (L)~ (@] 2) % f(Z2) % Ly (2] Z) - (3.6)

It follows that
Klg=La" (2) Lg% (2) Ko (3.7)

where the matrix representation Log(z) of L, idem fl( K), are defined via

VEi= L Youx L =LYy, 220 = L7}

o ( )*ZQ*E(K) = (E(K))QBZg . (3.8)

More generally, one has that

[fL(Y)] Weyl _ [f(YL)] Weyl ’ [fE(K)(Z)] Weyl _ [f(ZE(K))} Weyl . (39)
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The Gaussian gauge functions E(K) are related to the non-Gaussian dittos E(v) of the

twistor gauge (D.7) via a higher-spin gauge transformation

- .
Loy (@]Y, 2) = Gl * Ly » (3.10)

whose construction we defer to future studies.
The vacuum configuration (®,S,,U) = (®, S, U)(O) given by

(K)
30 _ G0)  _ L
Py =0 St = 2o, (3.11)
(7((}?) = Ly * dLey = QO + L« L), QO = 1% 4L, (3.12)

solves the full Vasiliev equations. Imposing (2.62) and using f/(_é) * df/(K)|Z:0 = 0, it
follows that

2 2 2
D=2, O o) W9, &) =2 ( o9 ) 0O | (3.13)
Oy*9y™  ly—o af Ay oy’ oy oyh v—o
describing an AdSy background. The above configuration can be brought via
GO _ f-1 (3.14)

(v) — T(K)”

to (®,54,0) = (&, 5, 0))

vacuum is invariant under higher-spin gauge transformations obeying 5340) (f/IS, §a, U )
(K)

= (0, Zo, Q) in the twistor-gauge (D.7) with v® = Z%. The

(0)
(K)

0= (5240) (‘13, §a, U)(?);’ V2.
~_ = ~ K)\— ~ K
L =L x ) x Ly =€, &) = (GO T we)) « GO = e (3.15)

where € belongs to either hs(4) or hs,(4) as defined under (D.9). In particular, the bilinear

sector consists of Killing matrices egb € sp(4;R) whose complexifications Méﬁ € sp(4;C)

obey
DOME =0, (3.16)

where D©) = d + Q) is the AdS-covariant derivative. The decomposition [34, 35]

L L
s vl
L _ af “ap L _ L
Mys = L L , Vs = Vg (3.17)
aB TaB
idem Mg yields a complexified AdSy Killing vector vi ﬁ(x) = T)ga(m) and the self-dual and
anti-self-dual components xéﬁ(x) and %5 B(CC), respectively, of the corresponding Killing
two-form %ﬁy = VLO)Uf .

The exact solutions that we shall construct are generalized type-D and almost type-
D deformations of the AdS; vacuum whose symmetry algebra is essentially given by the
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higher-spin (enveloping) extension of the centralizer cgp(4.r)(K) of principal Cartan gener-
ators K € sp(4;C) that obey
Ko’Kpy = —Cap . (3.18)

As we shall see in section 3.5, (3.18) selects the four cases listed in (3.1), i.e. K = E, J, iB,
iP, modulo Sp(4;R)-rotations. To the m-odd principal generators E and iP correspond
block off-diagonal K,z matrices (Ko3 = —(I'0)ag and Ko3 = —i(I'1)ag, respectively, for
which .3 = 0 and Vofs # 0) and to the m-even generators J and iB block diagonal ones
(Kop = —(I'12)ap and Ko3 = —i(Lo3)as, respectively, for which s,5 # 0 and U = 0).
Using the decomposition (3.17), the condition (3.18) reads:*

Lt =240 =1, s vg + va%m —0, (3.19)
where .
v? = évaﬁvoﬁ, = %%0‘5%@5, (3.20)

idem . Note that the condition (3.18) (equivalently (3.19)) also holds for the L-rotated
elements K* (5 and v%). For a given K and at points where both (v%)? and (»%)?
are non-vanishing, the eigenspinors of (3%),” define a one-function family of K-adapted
(normalized) spin-frames U = U( i) for Y defined by

(iig (x), i (x)) ~ (XDt (z), e 435 (2)) (3.21)
@Ht =af,  aguf —ali; =cap, (3.22)

and by
sk = 20(@)if, (2)ig (x), vl;=0() (a;(x)ﬁgwﬂ(x) + i (2)i (;L«)) , (3.23)
(0,0)" = (—0,0,0:0), ©?-0%=o0,, (3.24)

(x)" = otoxx, (3.25)

where ot and o, are signs related to properties of K, K T= oiK, n(K) := oK. The
role of fl( k) 1s to align the spin-frame of Z with U, that is (see appendix E for an explicit

example)
WP (L)) = a, (3.26)
where uZ is a fixed common spin-frame of ) and Z. While (%56, vl.) are well-defined at

any point where L is well-defined, the K-adapted spin-frame and hence L are well-defined
only at points where both © and O are non-vanishing, that is

Ry = {x“ . L is well-defined and ©, © # 0 } . (3.27)

“The latter equation in (3.19) is equivalent to the statement that the corresponding AdS, Killing vec-

[L#V(Vo)v,f] = 0 (see, for instance, [46]). In gravity, the hypersurface-

orthogonality of a time-like Killing vector v of a metric g,., i.e. v, V,v, = 0, means that the otherwise

tor is hypersurface-orthogonal, i.e. v

stationary metric is actually static. As found in [35], the (consistent) truncation of unfolded vacuum gravity
to the type-D sub-system, described by a free differential algebra consisting of (e*%; w8 %P, K.p), admits
an integrating flow that deforms v, := €,%*vqq while preserving the two invariants K*° K5 and Tr(K*)
along the flow, and hence the aforementioned property of v if it holds to begin with in the vacuum.
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Working in units where A = 1 and defining

1 . . .
= —2(0“)a°‘mad, Y = (04)* 2", (3.28)
one may choose L to be manifestly Lorentz-covariant leading to [31, 42, 43|
, 2h 4ix® P,
L = exp, (4i€z*P,) = - [exp 1+ ha]we . <1, x? = a%,, (3.29)
y
2\— 2 1 h
¢€:=(1—h*)"2tanh" \/%—;h’ hi=+1-2a2, (3.30)

corresponding to the following matrix representation:

cosh(2¢ x) 6,7 sinh(2¢ z) xgé

Lo’ = (3.31)

sinh(2¢ x) ‘i;ﬁ cosh(2¢ ) 545

In the notation of appendix A, the vacuum connection Q) consists of the AdS, vierbein
e = —h~?(c*)**dz, and Lorentz connection w(o)o‘ﬁ = —h2(0®)*Bdx,a) correspond-
ing to presenting the metric in stereographic coordinates as'® ds%o) = 4(1 — 22)~2da?. For
relations to global embedding coordinates and global spherically-symmetric coordinates,
see appendix A. The resulting decompositions (3.17) of K aLB take the following forms:
L 1 Y. v L 1 & &=
i = p2 <%B — X U5 x,y-) = g (xa V4B — Va xdg) , (3.32)
1 - 1 5 s
or =+1: Uiﬁ =12 <xa°‘2dﬁ- — %oﬂxyﬁ) , %55 =12 (%aﬁ — xaﬁftﬁyxa,@ ,  (3.33)
where h is defined in (3.29), o, = —1 for K = E,iP and o, = +1 for K = J,iB, and Uog
and s, are the 2 x 2 blocks of the corresponding K, matrices given above. Consequently,
0)ace T,

or=—1: w

using (A.11), the pseudo-norm of the AdS, Killing vector vﬁ =€, Vg is given by
o, L L L2 _(17332)2 % + (2%0a)?] = 1, or=—1,
g((] quy - _(U ) = 1 a b o~ c (334)
T (1-22)2T *a (pe + i30c) €, or =1,
where 374, := %eabcd%Cd, and (»%)2 =1 — (v")2. The corresponding expressions for © are
listed in table 1. We note that for K = FE and K = J the corresponding AdS,; Killing
vectors gt and aaw are globally time-like and space-like, respectively, viz.
(GG =—(1+r), ()P == (3.35)
(o) (g)u = rPsin® 0, (52 = 1+ 12sin%0), (3.36)

here expressed in global spherically-symmetric coordinates. On the other hand, the imagi-
nary Killing vectors corresponding to ¢B and 7P have indefinite pseudo-norm, though they
are time-like and space-like, respectively, at spatial infinity (of the anti-de Sitter back-
ground). The importance of the principal Cartan generators K stems from the fact that
the corresponding %56 determines the spacetime behaviour of the generalized (almost)
type-D Weyl tensors, as we shall see in sections 4.3 and 5.

5The metric remains well-defined for 22 > 1 such that the regions 2> < 1 and z? > 1 together yield a
single cover of AdS4.
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3.3 Separation of twistor-space variables

In order to separate the dependence of the internal master fields on the twistor variables
Y and Z, one may take them to be elements of the algebra

Q(Zm)(y X Z) = Z Z Pn\n’ *"f *Ok n\n’(Z) ) (3'37)

n,n’ k=0,1

where P refers to a set of generalized projectors Py = 77 (Pyn) assumed to obey (i =
1,2)
Pn|n’ * Pm\m’ = 6n’,mPn\m’ s (338)

with (n,n’) being discrete indices, and to form a set that is invariant under the operations
m, T and 7 and x-multiplication by k,<y, such that

W(Pn\n’) = Pﬂ(n)\n(n’) N (Pn‘n/)T = PI(n’)|I(n) s T(Pn\n’) = Pr(n’)|’r(n) 5 (339)

Pn|n’ * I{yl_{g = ’{n’Pn\n/ N (340)

with 72(n) = I?(n) = 72(n) = n and (kn)? = 1. For explicit realizations of generalized-
projector algebras, see appendix F; in particular, for the proof of associativity, see the
discussion below eq. (F.7). The binary product rule in QC%) takes the form

0+0'=%" pn‘n,*((@o * O+ 01 5y (O)) s + iy +(Oo % O +01 W(@é))n'n,) (3.41)

using the matrix notation

(F(Z) *F,(Z))nln’ = Z(F(Z))n\m* (F,(Z))m\n’a (1)n|n’ = Onn, (3.42)
(1y(F(Z2)))apn = (F(Z))z(m)im(ur) - (1= (F(Z)))ap = 7((F(Z))am) - (3.43)

This composition rule is associative provided that (’jk;nm/(Z ) belong to an associative x-
product algebra. In what follows, the latter algebra shall in addition be assumed to remain
closed under x-multiplication by ., and &s.

To construct a shell within Q®*¥®) () x Z), one first expands

= Z Pn\n’(y) * Ky % (i)n\n’(Z) s Wﬁ(qv)n‘n/) = (i)n|n’ s (344)

= Zq —QZZPn|n/ * (Voo (Z2), 77 (Vadnp) = —(Va)npr»  (3.45)

The reality condition (2.12) requires

D (Pa)" * (Popn)' = an|n, * fiyRy % T(Pypmn) (3.46)
Z(Pn\n’)T * ((Va)n\n’)T - - ZPn|n’ * ‘7 n\n’ ) (347)
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that is,

(@an)" = Erin) (@) 1)) - (V)T = = (Va) ra m) - (3.48)
y) =

(
In the minimal-bosonic case, it follows from 7(x —ky that (2.16) requires

T(Papmr) = —T(Pr ) rm)) > (Vo)) = =i(Va)r () r(m) » (3.49)
implying that the range of (n,n’) be symmetric under overall sign inversion. Defining

(ia)n\ 1= 5n n Lo — (V )n|n ’ (Rz)n\ = 0n n/ Kz, (Ei)n\n/ = 5n,n"‘€n"?§2 (350)
(@) =Y Papw * B » (3.51)

n,n’

B = exp*zﬁ

the factorization property (2.24) implies that the Ansatz must obey the matrix equations

S x4+ Pxm(Sa) =0, Sex P+ Px7s(S4) =0, (3.52)
Sa, Bgle = —2ieag(l = B dx i), [SarSgle = —2ieg5(1 — Bxdwiiz),  (3.53)
Sa, S5l =0 (3.54)

Expanding also €'(Y,Z) = >_,, v Py (Y) x &g/ (Z), the gauge transformations take the
matrix form
50 = —[¢,P]r,, 0D = —[¢,Sals - (3.55)

16

The space of solutions covered by the Ansatz contains a subspace'® consisting of the gauge

orbits reached from diagonal solutions obeying
D (Z) = O Pn(Z) . (3.56)
In the perturbative sector, this implies that
(Va)nln’(Z) = 5n,n/van(Z) ) (Ea)n\n’(z) - 5n,n’zg(z) ) (3-57)
modulo gauge artifacts. For diagonal solutions we shall use the notation

Py = Py, Bujw =t Onn Bn - (3.58)

The resulting partially gauge-fixed equations of motion read

YDy 4+ O *m(X2) =0, I2xd,+ Py x7:(22) =0, (3.59)
(8 X5l = —2ieas(l — Bnx Pn*x k), (3.60)
[zg,zg] = —2iez (1 — FinBn * Pn % Fz) (3.61)
xn, ig]* =0. (3.62)
Perturbative expansion in the initial datum
Vp = (I)n’Z:O y (363)

Whether or not its complement is non-trivial remains to be investigated.
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and taking all gauge artifacts that are either m-odd or non-holomorphic to vanish, leads to

a holomorphic Ansatz obeying

Dy, =y, (3.64)
0sXR =0, = —m(Zh), 0a32 =0, 2= —7:(22), (3.65)
(38, X5l = —2i€ap(1 — Buvnksz) (25, 2“]* = —2ieg5(1 — knBnimkz),  (3.66)

which are defined modulo the residual holomorphic gauge transformations

5. zn—[ e, 5., S0 = [ &, (3.67)
Jae™ =0, O =0 . (3.68)

3.4 Deformed oscillators

The deformed oscillators (X2 (z), £2(%)) defined by (3.65) and (3.66) can be obtained explic-
itly by adapting the o-product method of [27], later refined in [31] (see also [32]), resulting

in the following two steps:

i) using a spin-frame uX to split (u*tu; = 1)

Y2(2) = uy ¥ (2) —uf ¥ (2), (X, 2], = —2i(1 — Buvnkz),  (3.69)
and representing the Weyl-ordered!” symbols ([£2(z)] Weyl [ }Wey ) by the gen-
eralized Laplace transforms (2% := u™z,, w, 1= 2727, [z~ z*] = —2i)

1 . t—1
+1Weyl _ 4 + _ 4+ dt + ion L Y w,
)Wl — et _y, /_1 e PR (3.70)

where (0,)2 = 1 can be chosen independently for each n, and

R = 5(t—1) + 2 @) (3.71)

obey the integral equations ([r.]"®! = 2762(2))

n— n+ t/ tt/ -1 40_tt,71
/ dt/ at’ (tt + e )( | [1+i0tt/+1wz] €7t =1 = By [V (3.72)

ii) inserting 1 = f_ll dud(tt" — u) into the left-hand side of (3.72) and changing order of
integration, using

(h1 o ho)( / dt/ dt' hy(t) ha(t') o(tt' — u), (3.73)

which defines a commutative and associative product on the space of functions on

the unit interval, and the representation

1 1
lim e “7e® :a[ﬁz]weyl

.74
lim , (3.74)

"For the (anti-)normal-ordered forms of the deformed oscillators, see appendix G.
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yields the integral equations

onBnln

(27 oS30 = o — 1) = T (3.75)
with the following solution space for each value of n (for details, see appendix G):
f5(t) =95 fo, fo=0(t = 1) +Ja(t), (3.76)
, > oBv 1 oBv 9
Jo(t) - QU(t) + kzo Aa,kpk(t) ) QU(t) - = 4 lFl 272a - 9 1Ogt ) (377)

where g, is a gauge artifact and we use the notation ¢°t!) = ¢ and ¢°Y o g = 1;
k
pr(t) == (_lcll) 6®)(t) act as projectors in the o-product algebra; and ) are given
by (G.33) and (G.36).
The first step relies on the fact that if sources p® are used to write (in what follows we
suppress n)
1 .
[sE VY = —4i g / dt (1) ti1 (@—Dwatptatrpm27) (3.78)
7 8p:t g t+1 7 pi:07
then the space of generalized Laplace transforms over [—1, 1] with sources is closed under
the x-product, as can be seen from the following x-product formula in the Weyl-order:
ettt (oDutpaapman) L (ol D)
t+1 41
e R LTV RN

2+ 1)
g ~ I~ o — +o
e Gt 1)(51 2 x| 1)(12 2k (3.80)
where thus the induced map (¢,t') € [-1,1] x [-1,1] — € [~1,1]. In particular,
-1 - t—1 ; F_ -1
1 > e 7 t1"7 1 22+ v = ! 1+i0t~ 1wz e i+ (3.81)
(t+1) (t'+1) L 2(t+1)? t+1
In the second step, letting h(u) := (f, o f)(u), eq. (3.72) implies
1 -
du Cu—1 io? lwz 2
4/_1 (u+1)2 h(u) [1 +io w 1wz} e uwtl™F =1—-21Bré“(z), (3.82)
that in view of (3.74) admits the unique solution
h(u) = 6(u—1) — 75 (3.83)

such that eq. (3.72) is equivalent to the o-product equation (3.75), which is solvable
essentially due to the commutative and associative nature of o. We also note that the
presentation (3.74) is compatible with k. x f(z) = f(—2)x k2, k2 xk, = 1, 7(k,) = —K, and
ky* K, = R, and that the fact that g, contains gauge artifacts follows by using holomorphic
gauge parameters in (3.67) of the form

. ! dt ioil%wz
€o(z) = 1o ér(t)e , (3.84)

which induce
S, [ (1) = £5 (e 0 f)(1) - (3.85)
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3.5 Three inequivalent embeddings of complexified Heisenberg algebras

As we shall see below, generalized projectors obeying (3.38) with n = (ny,n2) € (Z + %) X
(Z + %) can be obtained by taking

(wi — TLZ) * Pn\n/ = 0, Pn|n’ * (wz — n;) = O, (386)

where w; are the shifted number operators of the mutually-commuting complexified Heisen-
berg algebras (i,j = 1,2, g,6’ = £, e T = 1)

5, y5 e = €035 . (3.87)
The latter can be realized as (0,0’ = +)

1 1 / ’
vi= (207207 Y, g =(20) 205 YT, Y = (I77),7 Y, (3.88)

O_/

using rank-one projectors (I1%7) 5 := (H‘(’_F))QV(H(_))Wg = —(II"%7") 4, given by prod-
ucts of commuting rank-two projectors (¢ = +)

o 1 . —o
(M)es = (Caﬁ +mK§;;) = (119 )as (3.89)

where Kgg = Kgg € 5p(4; C) obey

KOV KEWS = 57, [K® K@),5=0. (3.90)

The commutation relations between the one-dimensional oscillators obtained above read
Yo YT ]k = 20057 gt (177 ), (3.91)

whose independent components are [Ya_’_,YBJ“’JF]* = 2i(II"7 )op and [Ya_’+7Y5+’_]* =

2¢(IT7)4p. The corresponding shifted number operators can thus be written as

’ 1 ’ 1 ! / /
Noo — N (I1° )aﬁ vyl y8) — o 8 nga *xY, 977 =-N"9"7  (3.92)

[NJ’JI7 YQT,T/:I* = g7 Og'r/ Yo?’ol - 507—7' 50’,—7’ Yaiaﬁol ) (3'93)
and one can identify related Cartan sub-algebras

hi= (KK )} €sp(4C), Ky = K9V xY7, (3.94)

as
1
K = ) (we + qun), wy = NT° | wy := NTT . (3.95)

Using the basis Map = (MAB)Jr defined in (A.3) and (I’AB)QQ(FAB)M = —1441BBCay,
one finds that (3.90) admits the following solutions modulo Sp(4;R) rotations:

h={E,J}, h={J,iB}, h={iB,iP}, (3.96)

where E := Py = My, J := Mis, B := Myz and P := My = P;.
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3.6 Projectors and kinematical conditions on deformation parameters

For a given b = s0(2) ;) ®s0(2)(_) with generators K4y = (w2 +wy), a set of projectors'®

Pm,nz (U)l,wg) Obeying (nl c7Z+ ;)

Py g * Pn’l,n’2 =0 5n2n’2Pn1,n2 ) (w; —nyi) % Prin, =0, (3.97)

ninj

are given by products of two (commuting) sets of projectors, viz. Py, n, = P, (w1) *
P,,(ws), with auxiliary closed-contour integral realization (F.11) subject to the prescrip-
tion that x-products are to be performed prior to the auxiliary integrals. As shown in
appendix F, this regular presentation ensures the orthogonality conditions in (3.97) sim-
ply via a change of variable (see eq. (F.7)) while preserving associativity. More precisely,
if 167 = 1 = e2ey then the auxiliary integrals in the quantity P, n, x Py ny can be per-
formed before the x-product, and the projectors can hence be presented without the former
asin (F.11) and (F.29). On the other hand, if 1] = —1 or g2}, = —1 then the non-integral
presentation leads to a divergent x-product. The divergence can be traced back to the one

arising in the x-product [2672wi]Weyl * [262wi] between the non-integral presentations

Weyl
of the ground-state and anti-ground-state projectors, as can be seen from eq. (F.5) for
s=1=-¢".

The projectors P, », have rank one in the sense that Tr(P,, ,,) = 1. With the

exception of the (anti-)ground-state projectors (¢ = e1£2)

Pey 22 = Poy(K(g) = [4 exp (:FZ? YK Yﬁ)] = [4cF42K W]

272 Weyl Weyl 2 (3.98)

which depend only on the principal Cartan generator, the projectors P, ,, depend on both
Ky and K(_y and are hence h-invariant. We refer to the latter and to the solutions built on
them as being biaxially symmetric (or axisymmetric) in the sense that they are invariant
under two commuting rotations in the five-dimensional embedding space. The rank-|n|

8The x-product formalism refers a priori to bi-modules rather than separate left- and right-modules;

the latter types of modules can be introduced by associating the complexified Heisenberg algebras to state
spaces

(n— 2)!

1
F=F) " e @), (f“)?-{k:n)i = 077 *I§>i} )
nENJﬁé

where y§ x| — 5)i := 0 define the (anti-)ground state of the (anti-)Fock space and (w; —ni) x [ni); = 0. The
resulting total state space F" := F} @ .7-'3 thus decomposes under sp(4; C) into

F= @ @), (F) = () e ()

€1,e0=%

Introducing dual spaces (F))* consisting of states ;(n| obeying ;(n| x |m); = mn, generated from dual

ground states obeying (5| x y; = 0, one may realize (&; := n:/|ni|)
1 1
(51)n1+2 (52)n2+2
(Ina| = 5)In2| = 5)!
1 1 1 1
x (i) 2 (ye2) 2T e 2N T ()M T2 ()

which can be converted into a proper x-product realization by first converting |5}, <2)(%, |

Py iny = |n1,m2)(n1,ne| =
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K or(K) 01(K) K(K) copar)(K) = 50(2) © g3 (x4 Ms(g3)
E=Moo - + -1 s0(2)p ®©50(3)ns,., VX2 H(X2)2 4 (X3)2 S
J=My + + +1 50(2)5 ®50(2, ) mryanesy iV (X0)2H(X0)2—(X3)2 AdS,
iB=iMy3 + - ~1 50(2)B ®50(2, Viarn.prpey 13/ (XO)2—(X1)2—(X2)2 Hy,dSs
iP=iMy, — - +1 0 50(2)p ®50(2, 1) {ags. Moz nins) V (X0)2—(X2)2—(X3)2  Hy,dSs

Table 1. Properties of ground-state projectors. The signs o, and o are defined above eq. (3.23)
and the signs x(K) are defined by 4T x r,k; = r(K)eTH and evaluated in appendix F us-
ing Gaussian integration. The centralizers leave © invariant, as becomes manifest in the global
embedding coordinates X4 obeying 4 X4 X®? = —1. In global spherical coordinates, one has
\/(Xl)2 +(X2)2+ (X3)2 =r and \/(XO)2 + (X9)2 — (X3)? = \/1 + 725sin% 0 (see appendix A).
The manifolds Ms(gs) are two-dimensional maximally-symmetric foliates with rank-3 isometry al-
gebras gz. While the foliations are unique for the solutions with principal Cartan generators F
and J (with corresponding Killing vectors having definite pseudo-norm everywhere), the solutions
based on iB and iP generators (with Killing vector fields having indefinite pseudo-norm, see sec-
tion 3.2) have different local foliates, i.e., the hyperbolic spacetime Hs and the two-dimensional de
Sitter spacetime dSs in the regions where (X?)? — (X%)2 +1 > 0 and (X3)?2 — (X%)2 +1 < 0 or
(X1)2 = (X9)24+1>0and (X1)2 - (X°)24+1 <0, respectively.

projectors P, (K(q)) (n € {£1,42,...}) are given by the sum of |n| rank-one projectors
as in (F.22) and have regular presentations given by the integral realization (F.29). They
depend only on the principal Cartan generator K,y and are therefore invariant under the
centralizer cqys,c)(K(g)) = 50(2;C) @ s0(3;C). We shall refer to these projectors and to
the solutions built on them as being symmetry-enhanced axisymmetric solutions, or just
symmetry-enhanced for simplicity.

The phase-factors k, defined in (3.40) are given by

Fin = (—1)Im 2=t ) (3.99)

where k(K (., .,)) are collected in table 1. As for the various discrete maps acting on P, we
refer to table 2, where we have used n(E, J,iB,iP) = (—=F, J,iB,—iP), (E,J,iB,iP)! =
(E,J,—iB,—iP) and 7(FE, J,iB,iP) = (—E,—J,—iB, —iP) which implies

h={E,J} : m(wy,ws) = (—wq, —wq), (wl,wg)T = (w1, w2), (3.100)
h = {J,ZB} : 7T(U)1,w2) = (wl,wg), (wl,wg)T = (UJQ,wl), (3.101)
h={iB,iP} : m(wi,wy) = (we,wy), (wl,wg)Jr = (—wy, —wsz), (3.102)
For the diagonal ansatz, the reality condition (3.48) simplifies to
(anynQ)T = Kl(nl),l(ng)yf(nl),l(ng) = K/nl,ngyl(nl)J(nQ) 3 (3103)
which implies
ntne Hnq,ng s h = {E, J}
Vnimy = § (=1)mtmetlys b ={J,iB} (3.104)
(_1)n1+n2 Vim,—m , b= {iB,iP}
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h= {K(-i-)a K(—)} W(Pnhm) (Pnhnz)T T(Pnhm) Knyng

{Ea J} P*m,*nl Pnl,nz P*mﬁnz (_1)n1+n2
{J7 ZB} Pn17n2 Pn2,7l1 P—nl,—ng (_1)n1+n2+1
{iB7 iP} Pn27n1 P—nh—m P—nh—m (_1)n1+n2

Table 2. Properties of rank-one projectors. The Cartan generators K1) := é(wg + wy), such that
wy = K1) — K and wy = K+ K. The phase factors k,, n, are defined by P, n, x kykg =

Enyns Py ns-

where fip, n, are real constants. We note that the ranges of n; and no are identical for
h = {J,iB} and separately symmetric around zero for h = {iB,iP}. Moreover, from
eq. (3.104) it follows that if the principal Cartan generator is imaginary then the master
fields must contain Fock-space as well as anti-Fock-space projectors which requires the
regular presentation based on the auxiliary closed-contour integrals, as discussed above.
In the minimal-bosonic models, the 7-projection (3.49), that is, vp, ny = —V_n, —ny»

implies that

h={E,J}: vpyn, = e Hnyng Hnyng = (_1)n1+n2+1ﬂ—n1,—n2 , (3.105)
h={JiB} : v, = (1) = (e (3.106)
h= {ZB,ZP} P Vnimng = in1+n2+1,un1,n2 ) Hngme = (_1)n1+n2+1,u7m77n2 ) (3'107)

requiring the auxiliary closed-contour presentation of the projectors in all cases.
In the symmetry-enhanced case, it follows from

(Pn(E))T = Pn(E) > (Pn(J))Jr = Pn(J) > (PVL(ZB))Jr = an(ZB) )
(Pu(iP))t = P_n(iP), (3.108)

that the deformation parameters v, in non-minimal models must obey

T for P, (E)
" g for Pp(J)
Up = ! ! (3.109)
(-)rv*,, for P,(iB)
(=1)mtv,, for P, (iP)
where pu, are real constants. In the minimal-bosonic cases, it follows from v, = —v_,

that v, = i"*'u, for P,(iB), and that v, = i"u, for P,(iP), and that u, = (—1)""u_,
in all cases; see table 3 for a summary of these results. Concerning the need for closed-
contour presentations of the projectors, the same considerations hold as in the biaxially
symmetric cases.

As for the internal connection, the reality conditions (3.48) implies

_V£17n27 h:{E7‘]}
(Vo) = =Ve®™, b ={J,iB} (3.110)
—Vv, """ h = {iB,iP}
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B (Vn)>k = (_1)111/_” Un = in+1ﬂna Hn = (_1)n+1lu'—n
iP (Vn)>k = (_1)n+17/—n Up =" Un, Hn = (_1)n+1lu'—n

I
~.

Pn(K)  Non-minimal models Minimal models
K=E v,=1"py, Hn = (_1)n+1:“fn
K=J Vp =" Hn Hn = (_1)n+1lu'—n
K

K

Table 3. Reality properties of the deformation parameters v, for different types of rank-n,
symmetry-enhanced projectors P, (K (y)). pn are real parameters.

and, in the symmetry-enhanced cases,

~Vr for P,(E) and P,(J
Vayr=4q ° () (7 (3.111)
=V ", for P,(iB) and Py (iP)
In the minimal-bosonic models, the 7-condition implies
T(V3h) = =iV, ™. (3.112)
3.7 Summary of internal solution and minimal-bosonic projection
In summary, the diagonal internal solution is given explicitly by
O= > unPaxry,  Sh=Zo—2 Y  PaxVD, (3.113)
2

ne(Z—l—;)Q ne(Z—l—é)

where 1, are complex coefficients; the projectors are given in Weyl-order (see [43] and
appendix F) by (n = (n1,n2); &; = n;/|n;l)

1 1
ny— no— 5
[Pn]Weyl :4(_1)|n1|+n2|1% dSl (81‘|‘1) 1 ? % d52 (52+1) 2 ie,4K(sl,82)’ (3114)
Clen 2T (g 1) ¥2 JCE) 2T (55 1)t
K= é(slwl + sws) = %(31 +82)K(y) + ;(82 —s1)K () (3.115)
=1 s (Y S + 50 5+ 20970 5) (3.116)

and V2 = (V2(z), V2(2)) with holomorphic part given in symmetric gauge and Weyl order

1 dt . t—1 4+ —
njWeyl _ 9 . iony 1772
Vet = 2z, [ iy ine , (3.117)
; _ 1+ (_1)k \/ onBntn
Jn(t) = gu(t) — 2;9“ [1 - L=y 00 | 7@, (3118)
onBnln 1  onBan 1 —1)k
nlt) = =T [ e | =T 090,
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where o, € {£1} and 0y, € {0,1}. In minimal-bosonic models, the internal connection

S = Zo =2 YL (i) (Par V), (3.120)

«

ne(N+5)x(Z+3)

which can be written equivalently as

St = Zo =2 Y PaxV2,  Vin=-Tn, On = —o0a, (3121

nE(ZJr%)Q

as can be seen from (Vi (vn, on) := V2

i7 (Pa* Va(Vn,0n)) = P % Va(—vn, —0n) = P_n * Vo (V—n, 0_n) . (3.122)
The x-product compositions (o, k, k,m € N)

(B x 7)™ (% R)™ o (B % 7)F xSl % xSl € Ay, (3.123)

"zl\:iiag = Z PH(Y) * Z ‘/@%J,J( ) * V@ﬁ,j,]( ) * (“y)*i * (Rg)*i * (KZ)*j * (RE)*j ’

i,3,5,j=0,1
(3.124)
1 .
dt Po(on(t=1)z Tz +pT et + _z_)
A - AR (4 9(P) [ 41 (" prETEp , 3.125
where for each fixed n, the operators
n ) mag...a ). .
A 5O i= Y AL () ) - 0 () - (3.126)
p=0
belong to a space with the commutative and associative composition rule
> at...o [Xe% L /
(A@P)o M @) () [1= 30 (o 7w ) -0l 0| - 3127)
p,p'=0
The x-product compositions of elements in ./Zl\diag thus involve
/ ! ! / 1 (PNA (4. 9(p")
Vi(z; Viz; o) = dt dt’ . A(t; 0V)A'(t; 0V
(o)« Vi) = [ ae [y L Ao 0)
i - . IR RPN
X [efﬂ (U(t_l)z+z R T T )} . (3.128)
Weyl
where £ = tt’ and p* are defined in (3.80). Rearranging
i (= L R
%A(t;a(p))A’(t’;a(P/)) |:et~+1(p+Z++p SR T YA )}
Weyl
= > A0 AT (5 0)) [etJrl(p e ’} : (3.129)
I Weyl
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where £y (¢) and f,"* 7" (#') are linear combinations of fo"*?(t) and £, ('),

respectively, with coefficients given by finite polynomials in ¢ and #', yields

Visio) V()= / (AT(01) 0 AT(@W) (1) |er1 (D= b0t b))
1t+1 Weyl

(3.130)
As the the A-operators form a well-defined o-product algebra, which is associative by
construction, and as the projector algebra spanned by P, is associative as well, using
the prescription based on regular presentations spelled out in appendix F (for details,
see analysis below eq. (F.7)), it follows that -’zl\diag is an associative x-product algebra.
Viewed as elements of Q[ (Y x 2), the Weyl-ordered symbols of the elements in ./Zl\diag have
singularities at hyper-planes C ) x Z in the form of delta-functions or negative integer
powers of twistor coordinates. For example, in the case that Ky = E and K(_y = J, it

fOllOWS from
57 % Yy [ (y F Zooy)] Weyl ;FF% o I{y 57:':; ( )

that if £ is principal then [EI;/] Weyl

y F tooy while if J is principal then [:13’]

has delta-function-like singularities on the hyper-planes

Werl 5 singularity-free. In order to exhibit the

singularities in the deformed oscillators, we use'? (Vi = Vair)

—~ 71 B3, 7(176;{‘, a8 . ( o(t— a,fB a3
0= [e 2 (47070t 05 s 205 U“B)] *[62(t+1>( (D= Pas 20 00) | (3 133)
Weyl Weyl
- ! [6éydyﬁ(;‘aﬁ%a;‘alﬁ%ﬁ)ﬂ(til) (U(tl)Z“ZBDaBJr?p“ZﬁTa@)%baGawb"]
V2 G2 <
where the N*-order is defined in appendix B, and
Do = 2u(au;) o Tap = uduf +uguyg (3.134)
t—1
a1
Gaﬁ. a5+20t+1paﬁ’
1
b =i |y + yiua g+ b (J(t— 1)z5Dﬁa+pﬁzﬁa>] , (3.135)
and we recall that G;ﬁ = —GG2 with G? := 1Go‘ﬁGag and
1 t+ 1)V 32
_ (t+ 1)V . (3.136)

VG2t +1)2 —io(12 — 1) Dy + 52(t — 1)2

YThe related basic *-product lemma reads (yAy := y*Aays and uy := u®y, idem zBz and vz)

1
|:e2yAy+uy:| * |:e2sz+vz:|
Weyl Weyl

1 uy+w+“w+1 G(A+A%B)j+2(B+B2A)z— 21_@5/&3 A2B?%)z
- (1 + A’ B.s + A*B? ) 2e 1+4°7 Ba 44 B . (3.132)

where A? = ;AaﬁBag idem B, and § =y + i and Z = z — tu.
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From the limit

o

—Y Baa T+ 5, t—1)a%aP Dy g+2p*a’T, G-
—e Y Vaay +2(t+1) (0'( )a®a” Dog+2p%a aﬁ)’ Ao = Zq —|—’L’(}aay0'“ (3137)

Se=5¢=0
it follows that if F is principal then the contribution to §(’X from the ground-state projector

P1(E) = Py 1 contains a singularity of the form (0 =01 1)
2°2 219

~ N+ 1 dt 2o 4. — 1
[s’lil ] NPl(E)ai/ Qjﬂfl(t)e‘m“ “ ~P(E) (3.138)

21230 1 (E+1)275,, a¥’

where the last step is based on performing analytical continuation on the twistor-space

variables. Similarly, taking the limit 9,4 = 0 = 04 one finds that if J is principal
(stap = iDqap) then the contribution to S}, from the ground-state projector Pi(J) = P 1 1
T202

depends on the sign of c =0 1 1: for 0 = +1 one has G? = 4(t + 1)*2 and

T202
. N* e _ N+
|:Sli1 1 (y’g’ Z):| ~ Pl(‘])a:te_w “ / dtjil 1 {Ol(t,y,ﬂ, Z):| ) (3139)
*272§U:+ -1 *272?024’

K+ _ N

} is real-analytic in (¢,y, ¥, z), and hence [Slil 1 Jr(y, 7, z)] is real-
7202197

analytic in (y, 7, z); for ¢ = —1 one has G? = 4t%(t + 1)~2 and the pole at t = 0 gives rise

where [(5’(25, Y, 2)

to an algebraic singularity.

4 Spacetime-dependent master fields

This section contains the analysis of the spacetime-dependent master fields
(;I;(K),g(K)Q,W(K)) obtained from the internal solution (:1\)’,3\;) via the gauge function
E( k). We shall first demonstrate that if f/( ) is chosen as to align the spin-frames in ) and
Z then the internal connection §( K)o and spacetime connection /W( K)u become singularity-
free in an extended region Rconn of spacetime.?’ Finally, we show that the Weyl zero-form
</IS(K) is finite in a region Rweyl 2 Rconn- We also note that the combinationAof the
Ansatz (3.113) and the K-adapted gauge function leads to an internal connection S, that
is not given in the twistor gauge (D.7) used for the perturbative analysis of Vasiliev’s
equations discussed in appendix D.

4.1 Internal connection
4.1.1 Alignment of spin-frames and absence of singularities

Using the gauge-function (3.4), the internal connection, given by the third equation
in (2.67), takes the form

§(K)o¢ = (E(K))_l *§&*E(K) = (E(K))aﬁzﬁ — QiZPrf*‘?(r}()a, (41)

20The physical meaning of singularities in the spacetime and twistor-space connections, which may very
well be gauge artifacts, can be addressed by examining observables depending on (Sa, Ss) (see section 2.4.1);
we leave this issue for future work.
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where the L-rotated projector (e; = n;/|n;|, ¢ = €1£2)

1 1
pL_ 4(_1)|n1|+n2|—1j{ dsy (s1+1)™ X ]{ dsz (s2+1)" ’ [6—4“(51’”)]
n ) ‘ 7
(e1) 271 (81_1)n1+2 C(e2) 2mi (82_1)n2+2 Weyl
(4.2)
Kl=L'«KxL= 1(81 + Sz)K(L+) +5(s2 — Sl)K(Lf)
= Ly s + g + 2050, -

S = €25 + 3 (51— €1) (%(Lﬂaﬁ = )aﬁ) +5(s2 — £2) <%(L+)aﬁ + %(L*)aﬁ) o (44)
and the l~L( K)-rotated internal connection
f/(r[‘()a = (E(K))’l * Vol % E(K) . (4.5)
Defining 5% := u=*S’ , one has
Sty = (L) ™ % 8% % Ly QZZPL Vi (4.6)

where E(iK) = (f/(K)) L *L(K) = u(K)za, using the K-aligned spin-frame f](K) defined

by (3.26), i.e. uﬁ?‘) = (L(K))g , and

- Weyl 1 dt o+
n+ o~ 4+ ion
] =2 [ e . (4.7

The internal connection can be represented using a source as

~ Weyl 0 Lodt ‘ (0 (t—1)z%2PD +2p° 207, )
Vni] = FRE () 20+ A (K)ap (K)op
(K) (9,0:': -1 t + 1 In

= (af T — (ot ot -
Disyas = ( ) ) Uy (K)) o' LU9a8 = (w K) (K)M(K)u(m)aﬁ- (4.9)

From eq. (3.133), which implies that

~ 1 1
Ny dsy (s1+1)""2 dsg (sg+1)" 72

+ n1|+|n2|—1 1 (51 2 (82
[S(K)] —1612 p)lmal+ins |- }[ - 1 ]{ o 1
C(e1) (81 _ 1)n1+2 C(e2) (82 _ 2

dt E
X/_1 \/(t—i—l)z—z’an(tz—l)%wﬂﬁ( ) 5+ (E)2(t — 1)2 Jn (2)

1 s-6(=L
0 o3 9 (3 =3ko a5k, )+ o ) (om (=120 2 Discyas+26° 2 Tix)08) ~ 3 G b

X )
api pE=0
with G = (55),} + ion '} D(x)ap and
e 1 - _
b* =14 [ya + Zjal_)a-Lﬁ(%L)ﬁla + fa1 (O‘(t — 1)ZB'D(K)ﬁa + pBI(K)Ba>:| , (4.11)
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and the prescription for the closed contours (see appendix F), it follows that if one chooses
a definite g-value, say K = K, then?!

%Laﬁﬁ([()alg = —262@+O(81—61,82—62), (%L)2 = —@2—|—O(81—61,82—62), (412)

and the potential singularities in the integral representation of §[i( are shifted to the zeroes
of

(t+1)? —ion(t* — 1) D)0 + (55)2(t - 1)2 (4.13)
= (t4+1)? 4 2ione20(t? —1) — ©%(t — 1)2 + O(s1 — €1, 52 — €2) (4.14)
2
= ((1 + idnez@) (t + 1) — 21'0'1162@) + 0(81 —£1,89 — 82) R (4.15)
Moreover, the same shift of the pole in ¢ = —1 takes place in the exponent of (4.10);

for the spherically-symmetric case, see (4.21) and (4.24). Thus the symbol [:g\(iK)] A is
real-analytic in Y and Z if K = F and © > 0 or if K = J and ones > 0 (in which case
—i®=vV14+7T2> 1). On the other hand, if K = J and onea < 0, then there remains
a singularity at a distinct ¢ € [0, 1] for all values of Y. Since both the pre-factor and the
argument of the exponent blow up at this t-value, one may perform the integral by means
of analytical continuation in the ¢-independent quantity in the exponent (as in (3.138)),
resulting in that F?EK)
of twistor space. Whether this is an acceptable solution, and in particular whether there

Ny
is analytic in Y and Z for any x except at a proper subspace

exists a gauge in which spacetime gauge fields can be extracted from it, remains to be
examined. Finally, if K = iB and K = ¢P then © is indefinite and there is a finite region

~ N.
of spacetime in which © is real and hence [S(iK)] s real-analytic in Y and Z.

4.1.2 Spherically symmetric case

The rotation (4.3)—(4.4) of the generators for solutions based on the (E,.J) Cartan pair
proceeds as follows (see also appendix E). Using the conventions in appendix A, it fol-
lows from K(+) =F = }lya(do)adgd that H(E)ap = 0 and V(E)ad = ujﬂg +ug . In
stereographic coordinates, the L-rotated Killing two-form and Killing vector read

%(LE)aﬁ - 12—x;2 (@i0)as » U(LE)aB = (90)op — 1—4x?x[0xi(ai})a6 : (4.16)
E' can be brought to a spin-frame ﬂ(iE)a(x) in which it takes the canonical form (see
appendix E)

%(LE)aﬁ =1rD(E)ag U(LE)aB = /1472 T Byag » (4.17)
5 ot Sy Fooo st S o
DiByos = Upalms + Umamp:  Lmas = Upalms T Upplmg: — (418)

21We recall that choosing a principal Cartan generator K = K4 selects a spin-frame (QTLZ_K( St ﬁ(_K( )))
q q

adapted to it, i.e. such that the matrix Kéqﬁ)L assumes the corresponding canonical form given in appendix E
(see also table 1 and (3.23) for the definition of ©).
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expressed in spherical coordinates. Similar operations can be repeated for K(_) = J (see
appendix E for the details). Note however that in general (4 and »(_) are both type-{1,1}
but have different principal spinors. This in particular means that on the F-adapted spin-

frame &?[ ., J takes a non-canonical form and, in spherical coordinates, the resulting KL

E)
for the solutions based on the (E, J) Cartan pair reads (¢ = 169 = 1; 7 := %(31 +59) & £9;
and ¢ = 1(s2 —s1) ~0)

J”{éﬁ = (nr + i€ cos 9)5@)0{5 + V1412 sinﬂf(E)aﬁ , (4.19)
135/3 = V1 +r2 f—(E)aB_{_CT sinﬂg(E)aB, (4.20)

with 7 5,5 = (ﬂer)ﬁzLE) + ﬂ(E)ﬁ(E))aB and S5 = (ﬂELE)ﬁ(E) + &(E)ﬁ&))oﬁ, while Dpyas

and f(E)aﬁ are defined in (4.9).
1

For instance, the solution with n; = ng = 9 and o := o1 1, corresponding to the
279

spherically symmetric ground state, reads
~4+ ~+ e = . 25F ! dt +
=2z 432 {z +ry iZ\/l—i—r Y ]
-1

, JT1
(t+1+ior(t—1))271 1

(t) x

5"

e {t F1+ ilm“(t —1) [_ rt+ DI Ty (ot —1) —r(t+1)

—E+ DOV 2 (GG 55 ) +io(t —1)ETE for(t—1) (7 —gTE)
ot —1)V1+72 (Gt —§27) } } : (4.21)

For higher symmetry-enhanced projectors P, (FE) it is convenient to use the integral repre-
sentation (F.29) in (4.6), and one has

(=0, %éﬁ :n%(LE)aﬁ =17 D(E)as ; 656- :nUfE)aB :77\/1+7°2’Z'(E)a5-, (4.22)

and the corresponding solutions can be conveniently cast into a more compact form using
the following generalization of the modified oscillators of [34]:

Ga(n) = 2o +i(#2 ys +05°05), s gl = —2icap(l+77°) - (4.23)

The general spherically-symmetric internal connection can thus be written as (¢ = n/|n|)

Nt 14+e 1 d +1\"
. N . o n n
= 4 -1 2 dt t
[SK} o n:i;[z( ) /1 I (1) 70(5) 27i(t + 1 + iopnr(t — 1))2 (77 - 1)

ion (t—1)

N 4 D
><uoz:l:aa 2 (UEL) e 2(t+1+ionnr(t—1)) s

(4.24)

In particular, for n = 1, i.e. ny = ny = ;, the solution (4.21) can be cast in the simpler
form

dt iO’(t*l) ORI,

Nt + . ata
} 1))2 VA (t) e t+1+ior(t—1) ) (4_25)

1
o+ _ st Bl ~¢/
{SK FH8h(EY)a 4 (t+1+dor(t —

e |p=1 coincide with the modified oscillators of [34], obeying zo * P1 1 =
272
aoP1 1. Notice that, as anticipated, the internal connection for the spherically-symmetric
272
case may only diverge in r = 0, as the form of the Weyl tensors (5.9) suggests.

where a* := 4%+
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4.2 Lorentz-covariant spacetime gauge-field generating function

We shall now show that the generating function (2.48) of the spacetime gauge-fields, viz.

W(K ( |Y) ( ) + f/}%) *a“E(K) — I?(K)M’ (426)

(

where Q,(?) = e,(?) —|—w,&0> is the AdS, one-form connection (3.12)—(3.13), has the property of
being non-singular for generic spacetime po/i\nts. From (2.51) it follows that K (K)u contains
terms that are linear as well as bilinear in V(. The former have already been examined
and shown to possess the aforementioned property, while the latter contain new structures
of the form 17( K)(a*f}( K)3)- In the adapted spin-frame, the “self-replication” formula (3.79)

implies

n nWel n,on :N,0n
(VExVE]™ = apiap'i/ dt/ dt’ LI ()5 ™= (t')

(on(t—1)zt 2z +pt 2t 4572 fép P 20 p7) (4.27)

)

X e t+1
p=p'=0

which shows that the previous considerations for 17( K)o Still apply. Thus, conjugation by
f/( k) and x-multiplication by PL shifts the singularity out of the homotopy integration
domain; in the cylindrically-symmetric case, this restricts oy, as found above. Thus, the
spacetime gauge fields inherit the regular behaviour at generic spacetime points of the

twistor-space connection.

In the case of spherically symmetric solutions, which arise for K = E, and recalling
that e,3 = ﬂ;ﬂzg — &j;ﬂg, where from now on the gauge index (F) is suppressed, one has

N 1 _ _ _
Ru(ZY]2) = . <w;+M" +wy M - 2w;+M+—) ~he., (4.28)
with
F— 7 1+E d +1\" S4c
M+Jr —y+y++ Z 7{ 277. <77 1) Pi(nE") (F-G)ata’, (4.29)
) : n==+1,42,. Cle) <m0\ =
-A__-]v 1+5 d +1 n =
M| =g+ Z 7{ 2”.(" ) Pi(nE") (F~G')a a, (4.30)
- : n=+1,+2,. (o 2 \n =1
e~ 1N+ _lte dn (n+1\"
M =gty — —1)" 2 Er
M =gt - Y 8- 7{%) o <77—1> Pi(nE")

n=+1,+2,...

X [(Q + Flata —nr(P + R)] : (4.31)
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where we have defined the following functions of the modified number operator a*a ™,

. 1 t41 fon(t-Dgyz
FGrE ) = / a1 :(“3 e x ATE (4.32)
o 1 1 "—1)(1 —1) (1= ) ’io’n(f—l)& 5—
g(zﬁa—;n;r):/ dtj"(t)/ ai' jr(py O AHon) ¥ (=) Am0n) +2 T i
) —1 X
(4.33)
. 1 1 (t=1)(1+0n) + ' —1)(1—0pn) +2 “nDgis-
g/t = [ ey [ at ) ¢ A
) —1 X
(4.34)
ton (t— 1); s
4T ! s € X e
PlaTa ;mr) = 1dtj (t) 2 ) (4.35)
-~ 1 1 { 1 io’lbf(:l g
Qi) = [ g [ arre e (1.36)
o 1 1 ew”(;_l)fﬁ&*
R(aTa ;m;r) = / 1dt 3™ (t) / 1dt’ 3™ (") o . (4.37)

with x =t + 1 +io,nr(t —1) and Y :=t+ 1 +io,nr(t — 1). Performing the integrals over
(n,t,t') yields a generating function of spacetime gauge fields that is real-analytic in Y and
Z at'Y = Z =0 for positive . At r = 0, there are contributions from the integration close
tot = —1 and t = —1 that are singular at C:L:t|r:0m:1 =zt + 5T = 0. We leave the issue
of possible corresponding divergencies in the spacetime gauge fields, to be read off in the
twistor gauge, for future studies.

4.3 Weyl zero-form master field

Using the gauge function (3.4), the Weyl zero-form master field in (2.67) takes the following
form in the case of the diagonal solutions given by (3.44), (3.56)—(3.58):

(z]Y, Z) Z vaPE(Y) %Ky | (4.38)

where we use the notation PL(Y) = L~} (:U|Y) * P, (Y) *L(:C|Y) introduced in (3.6) and
we have used L( ) * Pnx iy % T(Lik)) = L7 (z|Y) L ( |Z) % Pa(Y) % Iiy:\k Ly (2| Z) %
my(L(z|Y)) = PL(Y) x k,. We note that in the K—gauge the full zero-form @) does not
depend on Z%, viz

Recalling the definitions in (4.2)—(4.4) and using the x-product lemma

1
fzyaMaﬁyﬁ

€ *I{y

1 1 o - B O
— \/%2 [eXP{Qy 5y6 _ 1y0‘(%@[3 - Uaa%a 151)65)y5 + Zyayﬁ%aﬁvﬁﬁ}]\i\]eyl , (4.40)
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for matrices M,p € sp(4;C), which admit the decomposition (3.17), and s? := det » =

1%0‘6%@5 and %;5 = —%_zzaﬁ, one obtains

1
~ Weyl dsy (s1+1)"72
[cp( ] =4 Uy gy (—1)ImiltHm2l 1]{ 2m‘( ) )
n1,n2 Cle) (51 —1)"*2

dss (82 + 1) 1 {1 o 3
X , €XP Y oY o3y 4.41
%0(62) 27”( )n2+2 \/ 2 ( ) p ( )

LA CONS <6L>da<%>;m<#>m>] 7+ G

where 3% s = 3(s2+ 81)(%(1'+))a5 + 3(s2 — 81)(%(1'_))a5, idem for f{i

The expression of the Weyl zero-form master field simplifies for the special superposi-

and oL ..
(07

tions of axisymmetric solutions corresponding to the rank-n projectors P, (E) and P, (J)
defined in (F.28) and (F.29), yielding so(2)@®s0(3)-symmetric and so(2)@®s0(2, 1)-symmetric
solutions. These depend on a single AdS generator, Ky or K(_y, the L-rotation of which
maintains the property that (K ( i))aﬁ = —C,p, which means that the corresponding AdS
Killing vector véd is hypersurface-orthogonal, as explained in section 3.2. As shown in [35]
in a pure gravity context, this property carries over to the corresponding Killing vector of
the black-hole solution obtained by consistent deformation of the AdS Killing equation —
and the so-obtained black hole is therefore static. Extending this criterion to the higher-spin
theory, as in [1], one can therefore refer to the solutions based on the symmetry-enhanced

projectors as static. The corresponding Weyl master zero-form reads

~ n 1T€ dn n+1 _AnKL
Doy =2 Z (—1)" 2 an{C(e) ( > @ * £y (4.42)

n=+1,42,... 2mi \n—1

where € = n/|n| and ¢ = +. Using the lemma (4.40) together with the hypersurface-
orthogonality condition for vZ. (i.e., the second equation in (3.19)) this can be written
as

-~ We 1 2 1+€ d 1 .
[@K)} A o= ynjf " <n+ > y w
\/(%(]71))2 n=+1,42,... C(e) 2min \n —1

1 G — ~1-84 . -
xexp{n {gy (%(q))aﬁy + éy (%(Lq))déyﬁ+ly yﬁ(%(Lq))aﬁ(U(Lq))B']} :

Note the dependence on the inverse square root of (s g )) both in (4.41) and (4.43),
appearmg in the prefactor and in the exponent (through (s (q)) ) This recovers the result

n (3.131), in the sense that for the solutions based on m-odd prmmpal Cartan generators

(E and iP), for which (s¢))as = 0 and the diagonal blocks in K( ) vanish for z# =0,
the internal, z-independent Weyl master zero-form @’ has a delta-function-like behaviour
in twistor space. The latter is thus softened by the spacetime dependence introduced
L )2

via the gauge-function, and in particular \/ (%(q) appears as the parameter of a limit

representation of the delta function.

— 44 —



5 Weak-field analysis: Weyl tensors in asymptotic regions

In regions where (:1\), \7a) approach their vacuum values, i.e. vanish, the full non-abelian
theory can be approximated by its abelian free-theory limit, in which it makes sense to
assign physical meaning to individual Weyl tensors of fixed spin, including a physical scalar
field. Omne can check that the latter is always real, for both the axisymmetric and the
symmetry-enhanced solutions, due to the reality properties imposed on the deformation
parameters that are collected in (3.104) and in table 3 (note that the reality conditions
may also constrain the ranges of (n1,n2) and n). In this section we extract the Weyl zero-
form component fields in the K-adapted gauge and examine their nature, focusing on the
solutions depending on E and J. We defer to a future publication a more thorough study
of the individual Weyl tensors as well as of the electric/magnetic duality connecting the
solutions of the Type A and Type B models, in particular taking into account the effect of
going from the K-adapted gauge to the twistor gauge (D.7). For notational simplicity, in
what follows we shall suppress the label (K) indicating the K-adapted gauge.

5.1 Bi-axisymmetric case: almost type-D Weyl tensors

The generating function

Cly™ = @l =D o Chta ()¢ (5.1)

e — 1 s a(2s
C(y‘.%’) - Z an,nQCnl,ru (y‘.%') ) [Cnl,nQ (x’y)]W v ::Z s)! (CT(ll),ng)Oé(2S)y (25) ) (5-2)

ni,n2 s=0

1

n na|— dsy (s1+1 ™72
e
C(El) A (81_1)77/1"1‘2

1
) ]é dsy (s2 + 1)"2’f 1 [eéya(wa;yﬁ] _ (5.3)
Cl(eo) 20 (s5 —1)™T2 \/(%L)z

As explained in section 4.1.2, the Killing two-forms (%(L+))a5 and (%(Li))ag are both

type-{1,1} but have different principal spinors. As a consequence, for fixed ni,ns and
L
(+)

%(L_), and the spin-s Weyl tensor Cr([?m (x) is algebraically general for s < k := |nq|+|ng|—1

generic z#, the residues in (5.3) amount to powers of different combinations of >, and

and type-{s — k,s — k,1,...,1}, which we refer to as “almost type-D”, for s > k. For
S -~ 4
2k
instance, if Kyy=F and K_y=J, and if ny,ny > 0 or —nqy, —ng > 0, we recall that

(%(LE))ag = rﬁag, (%(LJ))aﬁ = icos@ﬁaﬁ +V/1+72sin Gfaﬁ, (5.4)

+

where thus u,

() are the principal spinors of (%(LE))O(/;, and ZSaﬁ and fag have been defined
in (4.9) (and we are suppressing the index (F) on them). For example, the generating



functions for the Weyl tensors at the first excited level read

Weyl go oD, py° 1 _ ~
[C:& 1 (y|$)} =M {z cosf — _ y*y’ [(’I“ —icos8)Dyp + V1472 sin HIO(/;}} ,

219 7"2 2r
(5.5)
Weyl 4i yo"ﬁa,gyﬁ 1 _ _
[Cég (y]w)} = _r; e v {Z cosf + o yy”’ [(7“—1— icos8)Dap — \/1+7°2 sinHIaﬁ}} ,
(5.6)

whose scalar component falls of like 7—2 rather than r—t. If ny, —ngo > 0 or ny, —ny < 0, it
is instead convenient to use a J-adapted spin-frame (see eq. (5.18)), where 4 (z) are the
principal spinors of (s ( J))

5.2 Symmetry-enhanced cases: type-D Weyl tensors

5.2.1 Spherical symmetry: generalized electric and magnetic charges

Specializing eq. (4.42) to the case of solutions based on the spherically-symmetric projec-
tors P, (F) and inserting the appropriate reality properties of the deformation parameters
given in table 3, the rotationally-invariant Weyl zero-forms are given in the non-minimal

models by
~ =N e, dyp (n+1\"[ . pt
b=23 " (-2 l)uen]{ ( ) e gy, (BT
nz:l ezj::l( ) C(e) 2 \n—1 |: ]Weyl Y ( )

and in the minimal models by

B(Y|z) = —22 ) b Z]{ o (771) [ *4’7EL]Weylmy. (5.8)

e=+1
As explained in section 4.1.2, the L-rotation of FE generates an element E” with compo-
_ L
nents (4.17). It follows that e 45" x ky|;—0 = \/(ULL)Q exp 2lny°‘( )aﬁyﬁ with (s )aﬁ =

71,75043 and (»%)? = —r2, which yields the following Weyl-tensor generating function in
non-minimal models:

1+e € oyl
Clylz) = Z jé 9 <77 i 1) Z (1) 2 (o= 1)Men [6277 Y Laﬁyq :(5.9)
i1s e

e==+1 Weyl

and in minimal models:

Clylx) = 4 i(—i)"u j{ 1 (77+ 1>" [cosh < ! Yo ! yﬁ>} . (5.10)
(ot " Joq) 2min \n—1 on 7 “Los Weyl
The sum over ¢ = £1 in (5.9) includes the independent contributions of positive-energy
(e = +1) and negative-energy (e = —1) excitations, that need to be included in the sum with
equal coefficients in the case of the minimal model (5.10). In other words, the spherically-
symmetric solutions are built in terms of rank-n projectors on combinations of states (with
fixed energy and vanishing J) in the subsectors (F;” @ F5) @ (F; ® F, ) of the whole
Fock-space.
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For a fixed projector P, (E), expansion in y and auxiliary integration yield the physical
scalar (s = 0) and an infinite tower of spherically-symmetric Type-D Weyl tensors of spin
s > 1 of the form (up to real n-dependent numerical factors)

‘n—1
Clibg ~ A @)y (5.11)
where the deformation parameter pu, is real in the case of scalar singleton projectors (n
odd) and purely imaginary in the case of spinor singleton projectors(n even). Although
our solutions are not presented in the physical twistor gauge, one may argue that going to
this gauge will alter the leading behaviors of the Weyl tensors only by higher orders in p,
(it may also affect the asymptotic anti-de Sitter radius itself). Thus, to the leading order
in p,, asymptotically defined spin-s charges for s > 1 can be read off by comparing with
the linearized gauge-field equations. Whether it is possible to invert the relation between
these charges and the deformation parameters remains to be clarified: if possible then one
could in principle choose the deformation parameters as to switch off all spins except one.

The asymptotic charges depend on the parameter b. Drawing on the analogy with the
general form of the spin-1 Faraday tensor and the spin-2 Weyl tensor of an AdS, black
hole [35], one can thus regard the deformation parameters of the solutions based on the
scalar singleton as generalized electric charges (or generalized masses) in the Type A model
and generalized magnetic charges (or generalized NUT charges) in the Type B model, and,
conversely, those of the solutions based on the spinor singleton as magnetic-like charges
in the Type A model and electric-like charges in the Type B model. In this sense, the
solutions of the Type A and Type B minimal bosonic models are related by a generalized
electromagnetic duality.??

In particular, by setting i, = d,, 1 in (5.9), one obtains the static BPS solution (of

the non-minimal model) found in [1]?3

Weyl 4 . .
e _ & —IN—1 — . o— _
011 0in)| = e (LG + b+ T G (512

which is therefore based on the scalar singleton vacuum-to-vacuum projector 4e=4¥. Its
spin-2 sector contains the Weyl tensor of an AdS-Schwarzschild black hole of mass p, and,
as remarked in [1], all the Weyl tensor in (5.12) correspond to spin-s gauge fields of Kerr-
Schild type.

22The fact that the Type A and Type B models, respectively, with perturbative spectra consisting of the
symmetrized tensor product of two scalar singletons (containing a parity-even scalar in ©(1;(0))) and the
anti-symmetrized product of two spinor singletons (containing a parity-odd scalar in ©(2;(0))) have been
conjectured to be dual to free scalars and free fermions [21] implies that the electric-like solutions should
have a direct interpretation in terms of the free holographic conformal field theory (perhaps in terms of
thermal properties).

23 As mentioned in the Introduction, the exact solution of [1] was found not via the gauge-function method,
but rather by first solving the equations in first-order approximation and then checking that the non-linear
corrections vanish identically (due to the Kerr-Schild form of the solution).
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The singularities in the individual Weyl tensors at » = 0 is resolved at the level of the
full master-field in twistor space, e.g.

= —0 = . _
‘1)1 1 T—> ‘1)1 1 =V1 1’£y7i00g = 27‘(‘1/1 1 [52(y—10'0y)]wey1 5 (513)
272 22 272 272

which is actually a well-defined distribution viewed as the symbol of an operator (see

Conclusions). For a general m-odd projector 4e~¥"vas¥® we have
eV vead” gy = 2m [0%(y — 7)) we g1 = fRy—ivg - (5.14)

In this sense, the radial coordinate r appears in the generating functions (5.9) and (5.10)
as the parameter of a limit representation of a d-function in twistor space.

5.3 Cylindrical symmetry: electric and magnetic Weyl tensors

We now turn to symmetry-enhanced projectors that depend on the difference wo —w; of the
number operators wy = E — J, wy = E+ J (i.e., we set ¢ = —ez in (F.29)), thus getting
the projectors P,(J). Using egs. (3.109) and (F.29) the corresponding Weyl zero-form
reads

6+1 d¢ (CH+IN"T 4oL
-9 -n+1 (n—1) en% 4¢J 1
Z 2= n o 2mi \C— 1 [6 }Weyl *hy,  (5:15)

e=+1

for the non-minimal model, and

N 1
o= 2; n+1,un Z % o o <C+ > [6 4CJL]wey1*liy, (5.16)

e=+1

in the case of the minimal model, with e47" = L1 x ¢4/ « L. One can repeat the
same steps of the spherically-symmetric case, beginning this time with the generator J =
—515 |:ya(0'12)a5y6 +gd(512)d6§’5}, i.e., with a s-type K matrix, with ».,5 = z(ujug +
ugu}) The L-rotation gives rise to s and spacelike v (which corresponds, in fact, to

6(?;;) that, at any spacetime point, can be brought to the form

L _ +
vaﬁ-—rsmH(u uﬁ+u uﬁ) (5.17)
by = V1 +r2sin? 0 (@l a; + a,a5), (5.18)

iE(2) (see ap-

*"iy‘zjzo = \/(C%L)Q eXp 2<y *(5 )aﬁyﬁ with (> ) 51 = —i(1+
2 sin? §)~1/2 5a5 and (»")? = 1 4 r2sin? 0, from which it follows that the Weyl tensor
generating function reads

in global coordinates and on a properly chosen J- adapted spinor basis @

pendix E). One has e~%7"

colo= 2 S K (ET)
\/1+7°281n29n 1 cq) 2mi¢ \¢—1
1+E € axfl
X Z (n—1) Men |:€2< Y Laﬁy’B:| ’ (519)
e=+1 Weyl
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for solutions of the non-minimal model, and

1 o~ i d¢ <<+1>"
\/1+T251n29;( 7 Mnjé(}(l) 2mi¢ \¢—1

1
X {cosh (2< yo‘%Léﬁgﬁ)] , (5.20)
Weyl

for solutions of the minimal one. Since the Killing two-form is imaginary, for every fixed n

Clylr) =

the electric/magnetic type of the type-D Weyl tensors flips according to whether the spin
is even/odd, for n odd, vicecersa for n even,

o i,

a(25) W) o) - (5.21)

(14 72sin? 9) S (
Note that such Weyl tensors do not blow up anywhere and do not vanish at spatial infinity
(they are constant along the z axis, with a behaviour similar to that of the Melvin solution
in General Relativity [47]). As anticipated, these solutions are 50(2); & s0(2, 1) g Mys,Ps-
symmetric, and are built on the spacelike AdS Killing vector /0 in the same way as the
spherically-symmetric ones are based on the timelike vector 0/0t, i.e., the s0(2,1) is the
stability subalgebra of 9/Jd¢. In other words, here the roles of E and J are exchanged,
with respect to the rotationally-invariant case, and the corresponding solutions are based
on projectors onto combination of states belonging to non-unitary analogues of the (anti-
)supersingleton of fixed J and vanishing energy. Such states belong to the subspace (F; ®
F) @ (FF @ F;) of the full Fock space.

Note also that the regularity of such Weyl tensors corresponds, at the level of the
internal solution @', to the regularity of the product of a 7-even projector with x,, that in
fact reproduces the projector itself up to a sign,

1 4 8 1 8
e$2y a3y +h.C.*I{y = Fe QY% #apy +h.c. ] (522)

6 Strong-field analysis: zero-form charges

Given the huge gauge symmetry of the theory, it is extremely important to have some
quantities that are invariant under the full set of gauge transformations of the theory
and that can be evaluated on the solutions. Such invariants enable one to distinguish
gauge-inequivalent field configurations and to characterize them physically even in regions
of spacetime where the curvatures are large and consequently the weak-field analysis is
not reliable. We shall focus on the evaluation of the zero-form charges (2.79), that, as
anticipated in section 2.4, are finite on the solutions at hand.

Inserting the general expression of the Weyl zero-form (4.38) and using that sk, xk, =1
and the orthogonality and idempotency of the projectors, one gets

~

Ton = Tre[(® x n(®))N « RR] = Trp[(® xn(@)N x&r] = > v2N Paly_, (6.1)
2

ne (ZJr;)
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for the axisymmetric projectors and analogously, substituting the double index n with the
single index n = £1, 42, ... everywhere, for the symmetry-enhanced projectors P,,. From
the forms (F.1) and (F.28) (equivalently (F.11) and (F.29)) of the projectors it thus follows
that

IQN(K(JF),K(,)) =4 Z (_1)n1+n271VﬁN’ (62)
1 2
ne <Z+2>
for the axisymmetric solutions based on a given Cartan pair (K(+), K(_)), and
Din(Kg) =4 Y (1) 'njV, (6.3)
n=+1,+2,...

for the symmetry-enhanced ones, where we recall that the relation between (n1,n2) and n
is n := gnj + na (see also appendix F for the notation concerning projectors). Specifying
to the first Cartan pair (K(y) = F, Ky = J) and recalling the corresponding reality
conditions on the deformation parameters (see (3.104) table 3) one gets

Ton(E,J) = —4q Z (_1)(N+1)(n1+n2)MiN’ (6.4)
1 2
ne(Z+2>
and
1—q
(N+1)( n+t
Iin(Kg)=—4¢ > Inl(=1) ('3 )uiN- (6.5)

n=+1,+2,...

The conclusion is that the zero-form invariants Zoy extract, in general, a linear com-
bination of powers of the deformation parameters v, that characterize every solution, and
that can be thought of as the eigenvalues of the expansion of the solution on the (anti-
)supersingleton basis of projectors. For solutions based on a single projector (such as, for
example, the BPS solution (5.12) of [1]), these local invariants capture (even powers of)
the unique deformation parameter sitting in front of the spin-two Weyl tensor as well as
of its higher and lower-spin partners, formally resembling the ADM mass. Note also that,
for any odd N, there is a sign difference between the invariants referred to solutions based
of (anti-)supersingleton projectors (those with €; = €y, i.e., projectors on states belonging
to the Fock space sectors (F© @ FT) @ (F~ ® F 7)) and on its “non-compact” counterpart
(61 = —e€g, i.e., projectors on states in (F© ® F~) & (F~ @ F1)), which is related to the
opposite reality properties of the deformation parameters. In any case, solutions with de-
formation parameters v, such that the combinations (6.2), (6.3) give different results are
gauge-inequivalent.?*

2474 is possible, however, to find non-polynomial parameters that transform any projector P, into any
"o ) (n] *
g = |m)(m|), and that therefore alter the value of the zero-form charges. We shall insist on this set of

other P, (for example, the element g = 1 — |n)(n| — |m){(m| + |n)(m| + |m){n| acts as g~
invariants to distinguish gauge-inequivalent solutions, and consequently restrict the class of allowed gauge

transformations to the set of “small” gauge parameters that do not permute projectors. The distinction is
similar to the well-known one in Yang-Mills theories between “small” gauge parameters, that do not connect
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It is interesting to notice that (6.3) is not divergent for any choice of (finite) deformation
parameters, at least as long as the examined solution is based on finitely many projectors.
This means that, for instance, although the rotationally-invariant Weyl curvatures (5.11)
asymptotically (where all Weyl tensors are weak and fields of different spins decouple from
each other) resemble those of a collection of “higher-spin Schwarzschild black holes”, the
apparent singularity in 7 = 0 (i.e., in the strong-curvature region, where the pure spin-2
curvature invariants are no longer good observables) of the individual Weyl tensors does
not actually lead to divergent higher-spin invariant zero-form charges.

Let us note also that, under the same conditions, the interaction ambigu-
ity (2.30)—(2.31) is also well-defined on the solutions here presented. The key point is
again that any product of the basic building block P % 7'('((/1\)) collapses to a single power
of the projectors, due to the orthogonality properties of the latter. Indeed, assuming for
example (2.82), one has

Doxm(@) =D > Oop(Ton)P Pa, (6.6)

k=0 ne (ZJr%)Q

where the coefficients 0o (Zon) reduce to functions of the deformation parameters vy, ac-
cording to (6.2).

7 Conclusions, comments and outlook

7.1 Summary and comments

In this paper we have presented six infinite families of exact solutions to Vasiliev’s four-
dimensional higher-spin field equations. The solutions are obtained by combining the
gauge-function method, previously used for other exact solutions [28, 31, 32], with an in-
ternal Ansatz generalizing that of [1], based on the separation of the dependence of the
master-fields on Y and Z twistor variables. The resulting solutions are organized in three
pairs, each pair characterized by a biaxial isometry group so(2) @ so(2) embedded into
sp(4;R) in three inequivalent ways. One of the families contains a subset of solutions in
which one of the two s0(2) enhances to s0(3), while in the remaining families the enhanced
symmetry algebra is s0(2,1). In all of our solutions, all spins are activated for generic
choices of deformation parameters. While each of the symmetry-enhanced solutions con-
tains exclusively Petrov type-D Weyl tensors, the Weyl tensors of the biaxially symmetric
solutions are not type-D but still algebraically special for large enough spin, such that one
may refer to them as “almost type-D”.

Given the high complexity of higher-spin gravity — a theory describing infinitely many
fields coupled through infinitely non-linear and non-local interactions — we find it rather
interesting that Vasiliev’s remarkable formulation facilitates the systematic construction
different topological sectors of the theory, and “large” gauge transformations, that map sectors with different
winding number into each other. The difference is that in the context of higher-spin gravity the “large”

gauge transformations altering the zero-form charges pick boundary terms in twistor-space rather than in
spacetime.
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of non-trivial exact solutions. This is essentially due to the formal simplicity of Vasiliev’s
equations formulated as an unfolded system in correspondence spaces T*X x 7, where T*X
contains spacetime and 7 is a twistor space. The gauge-function solution method, which
locally strips the spacetime dependence off the master-fields, is particularly natural for
this type of unfolded equations that relate the z-dependence of the fields to their internal,
twistor-space behaviour. In this fashion, it has been shown in the paper how the spacetime
properties of the solutions are to a large extent inherited from those of the twistor-space
projectors they are built on.

For example, the solutions with s0(2)g @ s0(2);-symmetry that admit spherically-
symmetric enhancements are based on non-polynomial fibre elements that are projectors
P no(Y), with nyng > 0, onto (anti-)supersingleton states (as shown in [43]), which are
characterized by |E| > |J|. More precisely, having absorbed the spacetime dependence
into gauge functions, the remaining internal, z-independent master-fields are expanded
over such a basis of projectors, with eigenvalues v, ,, playing the role of deformation
parameters. The resulting z-independent Weyl zero-form turns out to be a distribution
in twistor-space (see for example the first of eqs. (3.131)). Reinstating the xz-dependence
using a specific, convenient gauge function, its singular behaviour is softened: the radial
coordinate r indeed appears as the parameter of a limit representation of a twistor-space
delta function. The resulting individual Weyl tensors are finite for » > 0 and, in fact,
in the chosen gauge coincide with the linearized Weyl tensors — thereby extending the
well-known Kerr-Schild property of black-hole gravity solutions to the higher-spin context

—s—1

— depending on r as r , where s is their spin. In particular, the spin-2 Weyl tensor

exhibits both the singular spacetime behaviour at » = 0 and the algebraic structure of that
of an AdS-Schwarzschild black-hole solution.

On the other hand, the projectors with niny < 0, i.e. the sector where |E| < |J|, give
rise to an internal, z-independent Weyl zero-form master-field that is a regular function on
twistor space, corresponding, after reinstating the z-dependence, to spacetime curvatures
which are regular everywhere and exhibit cylindrical symmetry — in a fashion that is
reminiscent of the Melvin solution of General Relativity (though the fall-off behaviour
with the cylindrical radius is different).

Instead of looking at individual Weyl tensors, in order to characterize the solutions in
strong curvature regions one may instead examine higher-spin invariant observables. As we
have seen, no divergence occurs in the higher-spin invariant zero-form charges that we have
studied in this paper, even in the cases in which the individual spin-s Weyl tensors blow up.
In this sense, the spacetime singularities may be resolved at the level of master-fields living
in correspondence space. Let us examine, as a concrete example, the behaviour of the Weyl
zero-form master-field of the BPS solution (5.12). As can be seen from eq. (5.13), at r =0
the Weyl-ordered symbol of this master-field is a distribution in twistor space. However,
by moving to normal-ordering the resulting symbol becomes a regular, gaussian function,
as discussed in appendix B (see also eq. (G.3)). This resolution of component-field singu-
larities is tied to the fact that the fibre-space of higher-spin gravity is infinite-dimensional,
which implies that a change of ordering in general gives rise to an infinite “vacuum energy”
that may cancel singularities. Therefore, in this sense it is conceivable that the coupling
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of an infinite tower of gauge fields of all spins results in that the singularities of the indi-
vidual Weyl tensors are actually artefacts of the choice of ordering. Indeed, the zero-form
invariants that we have tested are, at least formally, not only invariant under higher-spin
gauge transformations but also under change of ordering (that reduce to total derivatives
in twistor space, see appendix B).

7.2 Outlook

Studying exact solutions to higher-spin gravity poses many stimulating challenges. From a
conceptual point of view, one needs to develop tools and methods to analyze their physical
properties, and in particular the geometry of a theory that, due to the non-locality of
the interactions, represents a departure from the familiar framework of General Relativity,
including perturbative stringy corrections.

A natural question induced by the non-locality of higher-spin interactions is whether
it can suppress short-distance singularities. Rather than examining individual component
fields, it makes more sense to investigate this issue at the level of various higher-spin
observables such as those described in section 2.4 (see also [44] and [45]). The analysis via
the zero-form invariants Zoy carried out in this paper is, however, not conclusive: apart
from subtleties related to the treatment of boundary terms in twistor space, arising from
changing the ordering prescription, the singular nature of the solutions at hand remains
to be tested with other invariants, some of which resemble more closely the non-local
observables familiar from General Relativity. Particularly interesting in this respect is the
integral of the on-shell closed two-form (2.83) (with p = 2) over a closed surface surrounding
the singularity at r = 0 of the solutions belonging to our first family. Moreover, higher-spin
invariants involving Weyl curvatures, such as Zsx, may turn out to be the proper quantities
for a generalization of the classification criteria of purely gravitational solutions, such as
the Petrov classification.

It is actually possible to have divergent zero-form invariants for solutions of the type
constructed here, possibly signaling a physical singularity, provided they are based on in-
finitely many projectors with not too small deformation parameters. Another noteworthy
fact that we have observed about such solutions is that, at least for certain choices of the de-
formation parameters i, the poles of the corresponding Weyl tensors generating function,
inherited from the integral realization of the projectors, acquire an imaginary part and move
away from the real axis. This migration of poles may turn out to have interesting physical
effects, not unrelated to the divergence of the zero-form charges. For instance, in the case
of the axisymmetric (E,J) solutions based on supersingleton projectors, this mechanism
implies that the angular dependence in the corresponding Killing two-form ¢ is no longer
weighted by an evanescent parameter ¢ (which would inevitably fix the singularity of the
Weyl tensors in the origin, as in egs. (5.5) and (5.6), not differently from the spherically-
symmetric case), but rather by a complex, non-vanishing quantity. This gives rise to an
angular dependence of the Weyl-tensor singularities, and the solutions may thus acquire a
non-trivial angular momentum. We plan to report on this effect in a future publication.

It would also be interesting to study in detail the spacetime behaviour of the gauge-
fields generating function W, and in particular the contribution of the Z-space projectors
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resulting from the inclusion of o-product projectors in j (t), especially in the light of the
results of [32] where it was shown that certain specific choices of the parameters 6 (see
appendix G) would lead to a degenerate spin-2 component field. While in the present paper
we have mostly been working in what we called K-gauge, where the alignment induced by
Lx (see section 3.2) ensures that singularities in §& at Z = 0 are resolved in §K;a, it would
be important to be able to study the solutions in different gauges — in particular in the
twistor gauge, that can be reached by constructing an appropriate element @}’( acting on
the gauge-function as in (3.10). As far as the spacetime gauge fields are concerned, based
on properties of known exact solutions,?® we expect that the deviation in the asymptotic
behavior of WK = K *xdL K~ K i from that of WU = L L dL K may remain finite
at Z = 0, that is, Wx = WK| 7—o and W, = W |z—o may exhibit different asymptotic
behaviors, possibly amplified by the aforementioned singularities in S& at Z = 0. We plan
to return to these issues, and the construction of the gauge function @}’( in future studies.

Another open question is whether the candidate higher-spin black-hole solutions pos-
sess horizons and to investigate the associated thermodynamics. This is a subtle issue
in this context, essentially due to the fact that the familiar general-relativistic concepts
involved — the standard metric tensor, invariant length interval, trapped surfaces, etc.
— are not higher-spin invariant, and suitable generalizations need to be defined to probe
the strong-field regions. A class of objects that can be useful in this sense is the set of
higher-spin metrics G, v, = ﬁR {Rﬁ* E(Ml KooKk EMS)] (s =2,4,...), first proposed
in [45]. It would be interesting to evaluate such generalized metrics on our solutions and
to study their behaviour.

Moreover, a natural direction to explore, in the light of the higher-spin gravity/O(N)-
vector models correspondence, is the study of the boundary duals of such solutions — a
direction which would not only be worth pursuing in its own right but may also possibly
shed some light on some of the above-mentioned issues, including the thermodynamics of
such systems. It is an interesting fact, in this sense, that some of our solutions are directly
related, through the projectors P, »,(E,J), to supersingleton states, i.e. to the modes of
boundary conformal scalar and fermion fields.

Due to the non-locality of higher-spin interactions, further surprises may be kept in
store in the context of the generalization to multi-body solutions obtained by dressing
linear combinations of single-body solutions centered at spatially well-separated points.
While in supergravity the existence of such solutions is intuitively physically clear, due
to the locality of the theory, whether or not a large spatial separation leads to negligible
corrections in the higher-spin context is a more non-trivial question. A natural tool at our
disposal to study this issue are the zero-form invariants Zoy, that one may think of as some
sort of correlation functions among soliton-like objects and that can be used to test a kind
of cluster decomposition principle (for a related discussion, see also [44]). For example,

*Tn [31] it was found that in s0(3, 1)-invariant solutions with deformation parameter v, the metric ds2
approaches an AdSy metric dsi(u) with deformed inverse radius A(v) # A(0) = A in the asymptotic region
where the Weyl zero-form ) goes to zero. In other words, the fact that ® falls off in an asymptotic region
does not imply that the weak-field expansion in this region is around the undeformed AdSs vacuum with
metric ds3.
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for a hypothetical two-body solution of the form = </I\>1 + :1;2 + </1\>12, where :1;@ are two
spherically-symmetric solutions (5.12) the centers of which are a distance r15 apart, one

has that Zy(®) = Trr [:1\) *71(®) * ki | is given by Zo(®1) + Zo(P2) plus small cross-terms

Tre {:1\)1 > 7(Dg) * /{R} that decay as (1 +77,)"/? (plus small contributions from ®;5 that
we have not analyzed).

Furthermore, we claim it is possible to further exploit the Ansétze based on Fock-space
projectors to obtain other types of exact solutions, with different physical and algebraic
properties. For instance, one possibility is to study the inclusion of other Weyl zero-form
moduli such as massless particle states (belonging to the sp(4;R) representation D),
mentioned in section 2.3, spanned by the twisted-adjoint action on the lowest-weight state
projector Pi(E), as shown in [43]) in the solutions along with the soliton-like, coherent
states here treated. Moreover, suitable limits of the Ansétze here presented could be
studied, and in particular the possibility of having solutions of Petrov-type N seems within
reach, leading to field configurations where the distributions in twistor-space appearing in
the Ansatz actually lead to distributions in spacetime and to generalizations of impulsive-
wave solutions of General Relativity.
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A Spinor conventions and AdS,; background

We use the conventions of [43] in which SO(3,2) generators Map with A,B =0,1,2,3,0
obey
[Map, Mcp] = 4inci pMay b » (Map)! = Map, (A1)

which can be decomposed using nap = (Ngp; —1) with a,b=0,1,2,3 as
[Mab7 Mcd]* = 4i77[c|[bMaHd} ) [Maba Pc]* = 2inc[bpa] ) [Paa Pb]* = Z‘)\2]\40Lb ) (Az)

where M, generate the Lorentz subalgebra so(3,1), and P, = AMy, with A being the
inverse AdS, radius related to the cosmological constant via A = —3A%2. Decomposing
further under the maximal compact subalgebra, the AdSy energy generator £ = Py =
AMyo and the spatial s0(3) rotations are generated by M, with r,s = 1,2,3. In terms of
the oscillators Y, = (Ya, Ja) defined in (2.10), their realization is taken to be

1 aa A : _
Map = —¢ [ (0a0) Yo *ys + (Gab) Y x5 |+ Pa= 4(0“)(1%0‘ *Gg, (Ad)
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using Dirac matrices obeying (I’A)QB(I’BC)M = 14BCay+(I'4BC)ar, and van der Waerden
symbols obeying
(028" = 160 + (0*0)a”,  (6)a%(0")a® = 15 + (6)a",  (A5)
éeabcd(UCd)aﬁ = i(Uab)aﬁa 6abcd( ed ) aB = _Z(Uab)aﬁ7 (Aﬁ)
(0M)0p)T = (3%)as = (") ((0™)ap)T = ()45 - (A7)

and raising and lowering spinor indices according to the conventions A® = eaﬁAg and
A, = AP €3 Where

60‘6675 — 2§

6 ePepn = 55, (eap)! = €ag - (A.8)

The s0(3, 2)-valued connection

(1 1 /1
Q:=—1 <2wabMab +€aPa> = 9 <2W b Ya * Y3 + e ya*yﬁ + W ya*y5> , (A9)

w“ﬁ = —i(o‘ab)aﬁ wab, Wab = % ((Uab)aﬁwaﬁ + (5-ab)dﬁu_jo'éﬁ'> s (AlO)
eo‘d = Q(Ua)ad ea’ €a = _A_l(aa)adeao'm (All)

and field strength

1
R :=dQ+QxQ:=—1i <2RabMab + RaPa>
1 /1 : 1 _.;
L af af = aB = .
= <2R Ya*yYg+R Ya * Y + 2R ya*yﬁ> , (A.12)
R = —H(ow) R™, Ray =} ((00)Rag + (0w)Ryy) . (A13)
R = 3(04)* R", Ra=—A"(04)" " Raa - (A.14)

In these conventions, it follows that

Rap = dwaﬁ — wgww — 625@5 , RaB = d@aﬁ' + Way A 675 + (DBS A ea‘s , (A.15)

R = Ryp + N2e® A, Rap = dw™ + W Aw®, (A.16)

R =T := de® +w% A e, (A.17)

where Ry, := ;ee Rcd o and T, == ¢ ecT“ are the Riemann and torsion two-forms. The

metric g, = € eynab The AdS, vacuum solution ) = €() + w() obeying dQg) +
Q) * Qo) = 0, with Riemann tensor R(o)up0 = —\? (g(o)upg(o)w —g(o)l,pg(o)lw) and
vanishing torsion, can be expressed as Q) = L~! x dL where the gauge function L €
SO(3,2)/SO(3,1). The stereographic coordinates z* defined by (3.29), are related to the
coordinates X of the five-dimensional embedding space with metric ds? = dX4dXPnag,

in which AdSy is embedded as the hyperboloid X AxB NAB = — /\12, as
XH# 2zH
o = ,oXxr= T 4=0,1,2,3. (A.18)
1+ /14 A2XHX, 1— XNz
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The global spherical coordinates (¢, 7,6, ¢) in which the metric reads

dr?

2 _ 2.2\ 1,2
ds* = —(1+ X*r®)dt +1+)\2r2

+ 7r2(d6?* + sin® 0d¢?) , (A.19)
are related locally to the embedding coordinates by

Xo \/)\_2+r28int, XO/:\/)\_Z—H”Qcost,
X, =rsinfcos ¢, X9 =rsinfsing, Xs=rcosh, (A.20)

providing a one-to-one map if ¢ € [0,27), r € [0,00), 6 € [0,7] and ¢ € [0,27) defining
the single cover of AdS;. This manifold can be covered by two sets of stereographic
coordinates, xé), i = N, S, related by the inversion 2/, = —xg/()\xS)Q in the overlap
region \2(zy)2, A\3(r5)? < 0, and the transition function Ty = (Ly)~' % Lg € SO(3,1).
The map x# — —z#/(Ax)? leaves the metric invariant, maps the future and past time-like
cones into themselves and exchanges the two space-like regions 0 < A\2z? < 1 and A%z > 1
while leaving the boundary A\?z? = 1 fixed. It follows that the single cover of AdSy is
formally covered by taking z# € R31.

Petrov’s invariant classification of spin-2 Weyl tensors [37-39] is based on their alge-
braic properties at any spacetime point. Generalized to the higher-spin context and by
making use of spinor language, it amounts to study the roots of the degree-2s polynomial
QC) 1= Cyu(a6)C™ ... (%, where Cy25) = Cajan.ans = Clajan...asy) 18 the self-dual part
of the Weyl tensor and (% an arbitrary non-vanishing two-component spinor. Factoriz-
ing the polynomial in terms of its roots defines a set of 2s spinors which one refers to as
principal spinors, viz. Q(() = uin(o‘l . ..uiSQSCO‘?S, s0 Cy25) = u%al e ugzs). If Q(¢) has
multiple roots, the corresponding principal spinors are collinear. The classification then
amounts to distinguish how many different roots €(¢) has, i.e., how many non-collinear
principal spinors enter the factorization of the spin-s Weyl tensor. Clearly, this classifica-
tion can be given in terms of the partitions {p1,...,pr} (k < 2s) of 2s in integers obeying
p1+p2+ ...+ pr = 2s and p; = pi+1. In the spin-2 case, this singles out the familiar six
different possibilities: {1,1,1,1} (type I in Petrov’s original terminology); {2,1,1} (type
IT); {2,2} (type D); {3,1} (type III); and {4} (type N) plus the trivial case of a vanish-
ing Weyl tensor (type O). The type-D case is related to gravitational field configurations
surrounding isolated massive objects; for arbitrary spin-s, we refer to the type {s, s} as

generalized type D.

B Properties of the doubled oscillator algebra

B.1 Orderings and symbols

The algebra QU (Y x Z) in which the master fields takes their values consist of non-
polynomial completions of the enveloping algebra U[Y, Z] = U[Y] ® U[Z], consisting of
arbitrary x-polynomials P(Y,Z) subject to the commutation rules

Yo,Ys]s =2iCop, [Ya,Zsli =0, [Za,Zgli = —2iCop . (B.1)
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Such completions can be analyzed using different ordering prescriptions, that is, differ-
ent bases B = {E%(Y, Z)} s for U[Y, Z] consisting of basis elements E% that are *-

i€
polynomials in Y and Z labelled by discrete indices i. These elements can be expanded in

terms of totally symmetric x-monomials as
Ep(Y,2) = My(Y. 2) + Lp(Y. 2), (B-2)

where Z\/I\}_3 denotes the monomial of maximal degree and Eﬁg consists of the remainders.
We call B symbolizable if M]’é # M}, for i # j so that there exists a linear map [|p :
UlY, Z] — U[Y, Z], referred to as the Wigner map, defined by

Symbolizable ordering : []/\ZE(Y, Z)]B = EL(Y,Z) . (B.3)

In particular, the totally-symmetric, or Weyl-ordered, basis for U[Y,Z] is defined by
Liyen (Y, Z) = 0, ie.

Biyen(Y:2) = [Mygon(v,2)| = My (Y, 2) (B.4)

Weyl

The symbol [P)B € U[Y,Z] of P € U[Y, Z] is the Weyl-ordered element defined by the

inverse Wigner map, viz.

Hﬁ(y, Z)} B] = P(Y, 2), (B.5)

that is, if P = ¥ ,.g PPEL, with PP € C, then P = ¥, g PE[Mb)p = [Zz‘es PZ-B]\//.T}'B]B
B

from which it follows that [P = Yics PZ-B]\//_TE. We note that {E}B} = ]\/4\}9 and that if
B and B’ are two bases related by

Ey = (8B, . My =M = M, (B.6)

with (t8')?; € C, then

(B3] = aB),am . (B.7)

The x-product of U[Y, Z], which does not refer to any specific order, induces a composition

rule between symbols also denoted by *, viz.
[[ﬁ]B*[Q]B} L=PQ. (B.8)

B.2 TUniversal orders

An ordering B is said to be universal if

Universal ordering : |U%Y, +V“Z,, ﬁ] =2i [(UO‘B((XY) — VO‘({“)((XZ))?B]B (B.9)
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for all P € U[Y,Z] and classical spinors (U®,V®). The transition (B.6) between two
universal orderings B and B’ are generated by symmetric bi-vector fields, viz.

i 17 " OANTT ’ B Am ,
By =B @M, @) =14 > ()A€ 0 (B10)
n=1

A = AYP9,05, 95 = (0,09 . (B.11)
Requiring sp(4,R)y x sp(4,R)z-invariance implies the Weyl order, while requiring
sp(4, R)qiag-invariance leaves a family of
diagonal Weyl orders : A = C# (9(9/)8%@ , (B.12)
that reduces to the Weyl order in U[Y] or U[Z], viz.
[P(Y)[We¥laias = [P(Y)[W, [P(Z)]W¥aine = [P(Z)]V (B.13)

The outer anti-automorphism 7 induces a local action on symbols diagonal Weyl orders,
VIZ.

T([P(Y, Z)]Weyldiag) = [P(ZY, _iZ)]Weyldiag . (B14)
Two particular diagonal Weyl orders are the normal order N + and the anti-normal order
N_ with respect to the complexified Heisenberg algebra

Aa A% = b0, Ag = (Vat Za), Af= ) (Ve 7a). (B.15)
In terms of (Y, Z,), one has

Yox Vs = [YaValg, £iCas, YaxZs = [YaZslg, FiCap, (B.16)

ZoxYs = [ZaYslg, £iCag, Zax Zs=ZaZsly, FiCas, (B.17)

which decompose under SL(2,C), using Yy, = (Ya:¥a), Za = (2a,—Z2a) and Cup =

€ap 0 into
0 €43

Yo * Y = [Yaysli, Ti€aBs Ya* 28 = [Yazslx, Fi€as, (B.18)
Za*Yp = [2aysl, Ti€ap, 2a* 2 = [2a28lg, Fi€as, (B.19)
Ya*x Y5 = [Walplx, Ticsp, YaxZs=[JaZplx, Ticsp (B.20)
Zax Yy = [Zalsln, Fiesp, Za*Z5 = [ZaZsln, Ficsg (B.21)

B.3 Chiral integration domain

Upon presenting the induced x-products among symbols using auxiliary integration vari-
ables, a generic order requires 16 real variables while the N_-order is distinguished by only
requiring 8 real variables that can be taken to be either complex or chiral as follows:

~ N+ ~ N+

[Fl(y, Z)] X [FQ(Y, Z)] (B.22)

_ Vs [y, 2) (Y, 2) :
/R (2m) { ] (Y, Z)—(Y+U,Z+U) [ } (Y, Z2) (Y +V,Z—V)
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with

Complex (C = (C) :Re = {(Uomvoz) - (uomad;?)(m@d) : (ua)T = Ug, (Uoz)T = 77(54}7 (B'23)
Chiral (C' =R):Rg = {(Ua, Va) = (e, lie; Ve, 1) : (U Vo)t = (Un, Vi) } . (B.24)

These presentations are equivalent for ﬁLQ € U[Y, Z] while they may give different results
for the composition of non-polynomial elements.
Upon splitting into s[(2, C)-doublets one has

. 71N 477 4 4 L r~1N
|:F1*F2i| £ / d*Ud Veiz(v Ua+T0%Ug) [Fl} i(y—l—u,g—l—ﬂ;z—l—u,é—ﬂ)
Re

(2m)*
N4
X[Fg} (Y+v,5+0;2—v,2+7) . (B.25)
Correspondingly, there are two trace operations
=~ A dtud'v
Trc[O] = OB (U, v B.26
o) = [ 158 0wy, (B.26)

which are formally independent of B, while the two choices for C' are not equivalent
in general.
In this paper, we always use the chiral integration domain, deferring the issue of the

physical meaning of the two choices of C for future studies.

B.4 Chiral delta functions and inner Kleinians

Working with the chiral integration domain Rg, it makes sense to define the following
real-analytic delta functions (Mg € GL(2;C)):

1

0*(ya) = 0(y1)8(y), 3} (My)a) = detMéz(ya) (B.27)
% (20) = 6(21)0(2z2), 3 ((Mz),) = deth(SQ(ZO‘) . (B.28)

Their hermitian conjugates are defined by 6%(74) = (0%(ya))! and 6%(Z4) = (6%(z4))f. By
splitting v, and z, into a complexified Heisenberg algebras

vyt =1, yt=ut -y, utoum =] (B.29)
27,21, =1, 2=t 2, vt =" (B.30)

one can define idempotent inner Kleinian operators

Ky = (—1),{\@ . Ny= ytxy (B.31)
ko = (=D, N,:= 2T %27, (B.32)
using the notation (¢ € C)
B = 1
cl = exp*(ﬁlogc), exp, P = Z n!ﬁ*n’ P = \ﬁ* o *ﬁ/, (B.33)
n=0 n times
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and representing (—1)1\[ Y

(-1 = lim exp, i(r +N,) = [sy,5(c)]5, (B.34)

as

idem (—1)=. The broken SL(2, C)-invariance is restored in the limit ¢ — 0 provided B is
a diagonal Weyl order, such as B = Weyl, N, which reduces to Weyl order for operators
depending only on Y or Z, i.e.

KRy = [27T52(ya)]Weyla Ry = [27T52(Za)]Weyl . (B35)
We also define
_ Ny _
Ry o= (my)' = (=1)x" = 276 () Wey » (B.36)
Rz = (5) = (=12 = 210 (2a) ey (B.37)
using
Ny =N =gtxg™, g5 = @D =a"5, az:= @),  (B38)
N; = (N) =ztxz7, 2= H =52, of:= (), (B.39)
such that [§=, 5], = [z7,2%], = land 4" -a~ = =" -9~ = —%. The inner Kleinian
elements generate the involutive automorphisms
Wy(ﬁ) = /{y*ﬁ*/{y, T(F) =k, % F* k., (B.40)
ﬁg(ﬁ) = Rg*ﬁ*ﬁg, WZ(F\) = Eg*ﬁ*ﬁg, (B41)
acting locally on *-composites, viz.
ﬂ-y(F(ya gv Z, 2)) = F(_y7 ga Z, 2) ) (B42)
idem k., Ry and Rz. The induced action on symbols, defined by Wy([ﬁ]B) = [wy(ﬁ)]B,
idem k., Ky and Kz, acts locally in Weyl order, viz. %0
my([F1Y Ny, 52, 2) = [F1V (=g, 552, 2) - (B.43)

idem k, Ky and Kz. The inner automorphisms = = m,7, and @ = 77T act locally in

general Weyly;,,-orders, viz.
m([F[Ye i (y, 7 2, 7)) = [F]VMis (—y, 5 2, 7). (B.44)
This action is generated by conjugation by the elements
K = Ky*H;, R = ky*HKs . (B.45)
Their Weyl-ordered and normal-ordered symbols are given by
RV = (21)26%(y)8% (=) [V = (2m)%6%(5)0% (%) , (B.46)
RN+ = e 2a RN+ = =05 (B.47)
where we note the fact that one and the same operator can be completely factorized over
U[Y] ®U[Z] in one order and completely entangled in another order.

%In diagonal Weyl orders one has m, ([F] V¥ dizs (y, 7; 7) = [F]We¥ldias (—y, 7; 2), while the action of 7, on
a symbol is non-local if the symbol depends non-trivially on both y, and z,.
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C Terminology and basic properties of unfolded systems

Vasiliev’s formalism [2] provides a fully nonlinear and background-independent unfolded
description of classical higher-spin gravities?” in a certain duality picture; for a maximal
duality extension in the case of four-dimensional bosonic models related to an action prin-
ciple with non-trivial Poisson structures, see [8]. The aforementioned statements are to
a large extent drawn from basic properties of unfolded dynamics, for which we use the
following terminology:

Unfolded dynamics is the formulation of field theory based on free-differential algebras
(FDAs), A (sce for example [4, 5, 14, 15| and references therein). Such an algebra is
an N-graded space of differential forms that remain invariant under the composition under
degree-preserving n-ary products, possibly modulo further algebraic constraints. The latter
can be supplemented either by hand or by compatibility requirements in which cases the
algebra is referred to as being constrained or quasi-free, respectively. Depending on the level
of complexity exhibited by the n-ary products, one distinguishes between FDAs that are
graded-commutative (or exterior for short), associative and strongly-homotopy associative
(or sh-associative for short); the former two are of relevance to supergravities and Vasiliev’s
higher-spin gravities, respectively, and one may expect that the latter are of relevance
to extensions of Vasiliev’s theories by mixed-symmetry fields and to tensionless closed
strings.?® Loosely speaking, sh-associative FDAs have perturbative expansions in terms of
associative FDAs each of which in its turn has perturbative expansions in terms of exterior
FDAs, leading to the notion of dualities.

Associative FDAs are algebras of elements, referred to as differential forms, closed
under i) an associative non-commutative binary product *, i.e. Ax A C .Z; and ii) the
action of an exterior derivative d assumed to obey Leibniz’ rule, ie. 29 gA C A where
A(f*ﬁ) (c/i\f)*fq\—{—( 1)desf f*(c/l\@\) Their generating elements, ; say ZZ are thus differential
forms, referred to as master fields for short, obeying R = dZi + Q*(ZJ) = 0, referred
to as generalized-curvature constraints and which one may think of as the fundamental
equations of motion of the unfolded system (possibly in a given duality picture). The
structure functions QE, which are built using x-product compositions, define a QQ-structure
Zj = Qigg, which is a x-vector field of degree one acting on A. Compatibility, sometimes
referred to Cartan integrability, requires (Q’gz) * Q5 , that is (55)*2 or 5*2 for short, to
vanish; depending on whether integrability requires additional purely algebraic constraints
or not, A is referred to as being quasi-free or free, respectively; if integrability does not
require any truncation in form degree from above, the (quasi-)FDA is referred to as being

2TFor a review of the four-dimensional theory and its lower-dimensional avatars, see [4, 7]; for the natural
generalization to symmetric tensor gauge fields in higher dimensions, see [3] for the original work and [5]
for a review.

2B A key feature of sh-associative algebras is that the binary product [-,-]2 may have an internal negative
degree (a first- quantlzed ghost number), say 1 — p, such that the basic Yang-Mills-like curvature takes
the form dA + 2 [A A]g + n-ary corrections where thus Ais a p-form; for example, in the application to
first-quantized open membranes and second-quantized five branes one naturally has p = 2.

29The algebra A is called minimal if d.A - Ax A.
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universal. A variant of the quasi-free case is when algebraic constraints are supplemented
by hand, referred to as constrained FDAs.

A particular type of associative quasi-FDAs are those in which 7t = (2’, jr) where
J7 are central and closed elements of strictly positive (and even) degree, that is, R =
dZ + Qi(?j; j”) =0, dJ" =0and J %« Z' = Zi x J". In the latter case, which contains
the free case, the locally-defined solution space can be made explicit as [8]

o (C.1)

where Z’ are reference solutions which represent local degrees of freedom; N are gauge
functions for the fields in strictly positive form degree; and the %-vector field T 75 =
(in—y*Qi)gi with A = /):252 is the generator of the Cartan gauge algebra g (represented
softly in .Z)

Given a generalized structure group G= exp *? generated by an unbroken sub-algebra
tC g (with = in the unbroken phase) and a non-commutative symplectic manifold € =
U; € with two-form T' consisting of charts €; and with boundary 9¢€, globally-defined
solutions are obtained by using transition functions T\Ill € G to glue together a set of
locally-defined configurations {/Z\}}, and factoring out 61 from each local configuration
space leading to gauge equivalence classes [T\II ] &1 44 & and [/)\\ZI] & of which the latter form
(generalized) sections. Classical observables, in the form of intrinsically-defined functionals
(’)[{Z}}, fII '], depend on moduli of three types: i) local moduli in the form of the reference
solutions {Z} (and J"): ii) the boundary values ([Xﬂ@) |o¢; and iii) global data contained
in [T\II ] &» monodromies and other constructions.

Thinking of € as a sort of multiple fibration, or correspondence space, projections
down to symplectic sub-manifolds provide unfolded sub-systems in different dual pictures.
In the free case, where Z’ can be taken to be integration constants for the zero-forms, such
projections preserve Z’, i.e. the local degrees of freedom of the system, while truncating the
moduli associated with the master fields in their kernel. This results in the notion of dual
pictures: each picture consists of sectors labelled by boundary conditions in dual pictures,
i.e. by frozen dual moduli of type (ii) and (iii); each such sector consists of the remaining
variable moduli, i.e. the Z’-moduli and the moduli of type (ii) and (iii) that remain visible
in the picture in question.

The aforementioned notion of dual pictures may be enriched by duality extensions [8]:
given a quasi-FDA A with master fields Z° of fixed degrees p; € N a larger quasi-FDA Al
can be formed by replacing each 7 by Z1hi consisting of master fields of degrees {p;, p; +
2,p; +4,...}, and each free parameter (real number) in Q% by a real element in the central
algebra generated by the Jr.

Using the above terminology, higher-spin gravities are based on universal, associative,
quasi-FDAs with twisted-central terms and fermionic zero-modes in Q(€) associated with
a fibre sub-manifold J; see egs. (2.25)-(2.26). In the four-dimensional case, Vasiliev’s
original twistorial formulation is in terms of 7t = (;I;,A\; j, J) of degrees (0,1;2,2); for a
duality-extended formulation and a related action principle, see [8]. The total manifold
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1
¢ = T*X x T, where T* X is universal and 7 = Z x ) = C? x C?, has the structure of a sort
of double fibration on which operates a generalized Penrose twistor transform [38, 39]; see
also [48]. The twisted-central elements (J,J) = (J, J)|z, for any 7, := {p € T*X} x Z x ).
. loc
If the full system can be projected down to an unfolded subsystem on € : = X x 7 (e.g.
by imposing eq. (D.1)), the latter describes deformations of I'|7, generated by ®|7, x .J

. loc
and its hermitian conjugate. Further projection down to €4 :=2 Xy x 7, where Xy C X
is a four-manifold, provides the minimal type of picture on which operates a Penrose-

style transform:
loc

Projection to €4 : =2 Xy x {Z = 0} x ), yields an exterior FDA on X consisting of
¢ = </I;|Q;4 and W = (A — I?)|¢4, with K containing the canonical Lorentz connection (sce
eq. (2.48)), and with soldering one-form E = (1 — )W (see section 2.4.2). The variable
spacetime moduli, to be extracted via classical observables as discussed in section 2.4,
consist of initial data ® = ®|,, representing local degrees of freedom; diffeomorphism-
invariant boundary data contained in the gauge function of F, representing global metric
structures on 0Xy; and other global data contained in W and the transition functions (see
discussion in section 2.3).

Projection to 7, for some fixed pyg € Xy yields an associative quasi-FDA on Z consisting
of & = </I\>|7;70 and V' := A\|7;70 and (J, j) = (J, j\)|7;70 The variable twistor-space moduli
consist of ® = &'|z— and boundary values for V' describing deformations of Llz,, -
Thus, the zero-form moduli ® are visible in both pictures while the spacetime W-moduli
and twistor-space V/-moduli label inequivalent twistor-space and spacetime pictures, re-
spectively; these pictures are related via uplifts to € where all one-form moduli become
visible;?° as far as the “direction” of the twistor-map is concerned, the asymmetry between
X, and 7 implies that standard algebraic methods facilitate starting in C;O, uplifting to

¢, via gauge functions, and then reducing to Xj.

D Dynamical equations in spacetime

In this appendix we outline the derivation of the generally-covariant equations of motion
for dynamical component fields in four-dimensional spacetime starting from the full master
equations [40].

D.1 Graded-commutative free-differential algebra on X

The master fields on € consists of totally-symmetric poly-vector fields on X valued in
algebras of differential forms on X x Z x ). This system can be truncated consistently to

a system on € by setting all such poly-vector fields of strictly positive rank equal to zero

300n top of them, there are further moduli associated with T*X — X — X, that we leave for future
investigations; for example, in the case of spherically symmetric type-D solutions, where we shall activate
all moduli on €4 and QZ;,O, one may consider evaluating the abelian p-form charges (2.83) on p-spheres in
generalized spacetimes X.
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by imposing3!
oM =0,  oM(®,Uy,S,) =0. (D.1)

Further projection down to a graded-commutative free-differential algebra on € := X x
{Z* =0} x Y can be achieved by choosing an ordering scheme B and imposing

= [o(x,v)]", [(7]3( —dXM[Uy(X, V)P, Valemo =0, (D2)

Z=0

i.e. assuming trivial boundary conditions on Z, and by assuming expansions of the form

n=1 n=1

n=0

where (6(“,17;"),(7 (”)) are nth order in ® (with MW = @ and UO = U ); for generic
values of XM these perturbative building blocks are assumed to have symbols in B-
order that are real-analytic in Y* and Z“ and to belong to an associative subalgebra
Ac Q(2) ® Q(Y) (which requires [®]? to take values in suitable classes of functions in
QO () [5, 16, 27]). Defining the homotopy contractor p, = i,(L£,) ", where £, = {iy,q},
q=dZ%y, v =v*(Z)0y, O := Bga and v*(0) = 0, it follows that if f.geAand Lof =3
then f = f 4 (L£,)"'g where f € QI0()). Thus, eqs. (2.42)-(2.45) are perturbatively
equivalent to32

M = §,,® — p, Z V) o)) (D.4)
ni+na2=n
v = g\ — p, Z (17("1) K VM2) 4 gw) 32 o Ty B 4 Gn2) j) , (D.5)
ni+ngs=n
00 = dpuah —p, 3 [V, 00)] (0.6)
*
ni+n2=n

where A\ € A are gauge artifacts which can be eliminated by imposing the

A~ |

twistor gauge condition: i,V = 0, (D.7)
which implies 2™ =0 and
o~ s ~ ~ A~
U=+ I u,  I0():= p, [V("), ] . (D.8)
n=1 *
The residual gauge symmetries are given by

=1+ > LM) e, (D.9)
n=1

31 A Maurer-Cartan form Q(O)(XM7PM; dXM,dPM;Ya) depending non-trivially on both X™ and Py
cannot be restricted to sp(4;C); in this sense, the extension from X to 77X, which is natural from the
point-of-view of seeking underlying first-quantized origins of second-quantized field theory, is also naturally
connected to higher-spin extensions of gravity.

32For the perturbative regularization of (B(”),B(n))7 see discussion at the end of section 2.4.1.
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where in the case of the minimal bosonic model, ¢ € hs(4), the minimal-bosonic higher-
spin Lie algebra given by arbitrary polynomials in Y obeying 7(¢) = ¢/ = —¢; and in the
case of the non-minimal-bosonic model, € € hs;(4), the non-minimal extension of hs(4) in
which e obeys the weaker conditions 77 (e) = € and e/ = —¢. The resulting reduced albeit
perturbatively defined unfolded system on X' is then given by the reduction of (2.52) to
Z =0, viz.

~0, (D.10)
Z=0

[V<T>+/W7*§>—§>*W(W)HZ:0 =0, (D.11)

o~~~ 1 — R
[VW AW+ (70 + TaﬂMc‘vB)]

with W given in (2.48), the full Lorentz-generators in (2.49)—(2.51) and the Riemann
two-form and Lorentz-covariant derivatives are defined above and in egs. (2.57)-(2.60),
respectively; assuming (w®?, 0%) = (w*?,©*%)©) the manifest Lorentz-invariance implies
that®?

W = Z’W(n) = (1+ Zi(n))*lw, W =dXMwy(X,Y) . (D.12)
n=0 n=1

Using v = Z% and the normal order defined by eqs. (B.18)—(B.21), egs. (D.10) and (D.11)
take on the manifestly Lorentz-covariant form

VW AW W+r+ Y JWW,W;@,...,8) =0, (D.13)
n=1

VO + [W, 0] + Y PU(W,W;0,...,0) =0, (D.14)
n=2

where r := dw+w*w with w := 411‘ (wo‘ﬁya *Yg + @df}gd * gﬁ-) , and the curvature corrections

JW = 3T (WD K ) (o)« ) ”aﬁ'f/fi"”*f/é””)) , (D.15)
ni+ns=n Z=0
LCEEY W(nl)@(m)]w‘zzo , (D.16)

ni+n2=n

By construction, egs. (D.13) and (D.14) are Cartan integrable order by order in the
$-expansion and define an exterior (or graded-commutative) free differential algebra on
X, that can be written on standard form by imposing (2.62) and eliminating (r®” Rl )
from J(),

3By definition, W = U—K = (1432 L) U —w-3" K™ where w = e (waﬁya*y5+azé‘6gd*gﬁ-).
It follows that W® = U — w =: W such that W = W + ((1 + S LT (W 4 w) = 2 K™,
Since both W and W consists of canonical Lorentz tensors, it follows that the terms proportional to w must
cancel, which yields (D.12).
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D.2 Dynamical field equations on X}

Reducing the universal system (D.13)—(D.14) down to a four-dimensional sub-manifold
Xy C X with local coordinates # and assuming that

82
oy —1 Weyl
ot 1= 2Ny o VY o (D.17)
is invertible yields a dynamical field content given by
non-minimal-bosonic model : ¢, a,, guv, {¢M1,,,M3}3:3,475,67..., (D.18)
minimal-bosonic model : ¢, g, {bu;.. s fs=46,.. 5 (D.19)

where the (pseudo-)scalar ¢, Maxwell potential a, and metric g, are given by
¢ = @(x|Y)|y=o, ap =Wu(@[Y)|ly=0,  gw =-e€,"(x)ey o(x),  (D.20)
and the Fronsdal fields are given by (s > 3)
0? 0?
8yal agal o ayas—l agds—l

The dynamical equations of motion read

[e3Ne %1 s—1C0g—1

Buyoopia= 20N N ey, W, (@[Y)|y=o. (D.21)

(V242X =T, VA fu =Ty, (D.22)
G“y + 3)\29“11 - Tﬂy, G,U«Ln,U«s — T;Ll...,LLS ) (D23)

where V is the standard metric connection; fy, = 20,a,]; G is the Einstein tensor;
Gy, are the covariantized, self-adjoint Fronsdal operators (containing the standard min-
imal metric couplings); and the composite sources (s = 0,1,2,...)34 Tys) = Domeo T;(’;;

where T;f(z)> are nth order in the weak fields, i.e. (¢, ay, {¢u,.. 4 }). For fixed n, the quanti-

ties T;(Z)> and 7"5{5 have derivative expansions® to all orders in A~'V,. These dimension-
less operators become large when acting on localizable weak-field fluctuations; by examining
*-products at Z = 0, one can show that the derivative expansions are indeed strongly cou-
pled and actually formally divergent for fluctuations fields belonging to lowest-weight and
highest-weight spaces [43].

We note that, while the reduced equations of motion on X; are manifestly generally
covariant, their invariance under spin-one and higher-spin gauge transformations, which

can be read off (4 la Cartan) from (D.13) and (D.14) and take the form

50,“ = auﬁ + TM’ 5¢N1---Ms = v(ﬂlell«2~~~ﬂs) + rﬂl---ﬂs s (D24)
op =, 09w = Tyw » (D.25)
with 7,5 given by double expansions in weak fields and derivatives, is subtle in the sense

that in order to verify it one would have to collect an infinite number of terms at each fixed
order in the double expansion.

31The algorithm for calculating the composite sources is spelled out in [40]; it amounts to iterative
elimination of auxiliary fields and imposition of generalized holonomic gauges which can be reached at
every order in the weak-field expansion under the usual assumptions of perturbation theory.

35For example, the nonlocal quadratic scalar-field stress-energy tensor Tﬁ) [¢], that depends quadratically
on ¢ and all its derivatives, was calculated in [11].
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E Spin-frames adapted to K-matrices

E.1 Canonical forms of L-rotated K-matrices

The van der Waerden symbols can be realized in a given spin-frame

U= (uivﬁ;‘:)? ﬁ;'t = (ui)T7 u+au; =1= a+da(;7 (E.1)
€ap = (u"u" —uTuT)ag, €123 =1, (E.2)

as
ool =vrat +u"u, ol =vta +u-at, (E3)
ool = i(u”at —utar), o3lv =vtut —uTu, (E4)
ooty = wrut —uw ool = —z'(uﬂfL +uu), oozl = —(u+u7 + u7u+) (E.5)
o2l =ioe3lu, o3|y = tooilu, os1lu = o2l , (E.6)

with 45| given by complex conjugates. In what follows we shall let U denote a well-defined
spin-frame at the base-point py where (CTY , §&) are evaluated.

For agiven K = E, J,iB,iP (E = Py = Myy, J = M2, iB = iMys, iP = iP; = iMgy)
there exists an adapted spin-frame U= (7(;() in which KL =L '« KL = ;YO‘K(QBYB
assumes the following canonical form (Y € R for EX and J, while it can be real or
imaginary, depending on the spacetime region, for iB” and iP*, see table 1):

o [T ] v, e,

b [ ) | e,

T oA o] BRIV IS RS )
o [T ) | (e )

The K-adapted spin-frames (7( k) may have ill-defined limits at py while

(FA)aﬁ’ﬁ(K) lp—po = (Ta)ag - (E.8)

In the remainder of this appendix we collect the transformations from the fixed spin-frame

U to (~](E) and (7(J).

E.2 F-adapted and J-adapted spin-frames
The decomposition (3.17) of the matrix

L o7 B %(LE)CVB U(LE)aB
Eozﬁ = La Lﬁ (FO)a’ﬁ’ = UL ;_4L s (Eg)
(B)aB “(E)ap
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with Log(z*) given in stereographic coordinates by (3.31), takes the following form in the
global embedding coordinates X defined in (A.18) (g(X) := /1 4+ X#X,,):

Sk
H(Byap = X(a (utat +ua )B)d (E.10)
= Xs(uTu” +u u)ap + (X1 +iXo)(u u )ap — (X1 —iXo)(uTuT)0p
1+gq X2+ X; X;
L _ 0 i +ot ,
VE)as 5 [(1 (1+q)? (Wrat +utuT),,
Xo L : _ -
—2(1_1_(])2 <X3( tat—uTa )aﬁ—i-Xl(quu +u u+)aﬁ-+2X2(u ot —uta )a3>],
obeying % ﬁ‘ xi—og = 0 and v( \ xi=o = (00),5- In global spherical coordinates

(t,r,0,0), as deﬁned in (A.20), one has
%(LE)aﬁ =r [cos O(uTu™ +u " u")as +sin e (u"u")as — sin He*w(u*u*)aﬁ] . (E.11)

For r > 0, the canonical form with T = r is assumed on the E-adapted spin-frame

ﬂ?rE)a = 52 [\/1 + cos 9u§ + /1 — cosfe'® u;] (E.12)
-1
a(_E)a:]i/Q [—\/1—COS€€ @ ut + V1 + cosQu, ] , (E.13)
where
1/4
V1+72+|cost| +rsint
p(z) = Hleostlbrsint) T (E.14)
V1472 + |cost| — rsint
leading to (4.17) and (4.18).
Analogously, the L-rotation of K = J = My yields
U(LJ)aﬁ [(Xl +iXo)ug, u; (X1 —iXo)ut uﬁ] (E.15)
, X7+ X3 _
%(LJ)aﬁ = [(1 + 114 ) (uf ug —}—uaug)
Xo— X3)(X1 +1X2) _ _ Xo + X3)(X1 — 11X
(Xo — X3) (X1 2)1Laltﬁ L (Xo+X3)(X 2)2L;, at| . (ma6)
1+gq 1+4¢q
which obey %(LJ)a/3|Xi:0 = —(012)ap and ’U(E .| xi—o = 0, and that acquire the canonical

form with T = \/1 + 72sin% @ on the J-adapted spin-frame

~ eiz —i ~ Z¢ Jo
Uy = /2 [f+e YRl — - € u(E)a} (E.17)
Jo 671’4 —i¢ ~ id) Jo
U e = 9 [f e "2 u?FE)a + fre'2 u(E)a] , (E.18)

where &?[E)a is the FE-adapted spin-frame and

o) = Jix st (E.19)
\/1 +r2sin? 6
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F  Weyl-ordered and regular presentation of projectors

Given the complexified Heisenberg algebra (3.87), a set of (diagonal) projectors P, = Py n
obeying the orthonormality condition (3.38) and with eigenvalues n = (n1,n2), n; € Z+ %,
as in (3.86), is (for details, see for example [43])

P, = Py, (w1) * Py, (w3), (F.1)

w; = yjyl._ = y;'*yi_ + % =y, *y;' — ; (no sum over i), (F.2)

with single-Fock-space projectors having the following Weyl-ordered regular presentation
(n€Z+ 3, e:=n/ln|, w:=y y")

P(w) = 2(_1)|n\*§ }{C( | ds (s+ 1)n_f [ (F.3)

27'('7/ (S - 1)n+2

where C(e) is prescribed to be a small contour encircling e. With this prescription, and
writing P, = fC(e) dsfn(slw), the *-product composition P, x P,y = (fC(s) dsfn(slw)) x
( fC(s/) ds' f/(s'|lw)) is, by the very definition of regular presentations, performed by ex-
changing the auxiliary integrals with the x-product, performing the latter and then per-
forming the auxiliary integrations one after the other, say the s’ integral while keeping s
fixed, viz.

P, x Py = 740(5) ds [7405(5/) ds' (fr(s|w) * fur(s |w))] , (F.4)

where thus Cs(e) = {s' : |[¢ — /| < |s — ¢] < 1}. Using the *-product lemma

/ 1 !
[6723“’ ] * [6725 “’} = exp | —2 5+ w , (F.5)
Weyl Weyl 1+ ss 1+ ss’ Weyl

which holds by analytical continuation for all s and s’ such that ss’ # —1, and changing
variables from s’ to

u(s') = (s +s)(1+ss)"t  at fixed s € C(e), (F.6)

it follows that3¢ u € C(¢’) for all s € C(¢); as a result, the auxiliary s-integral factorizes
out and one has

Pn * Pn/ =

= 5n’n/Pn/ . (F7)

361f ¢ = &’ then u € C(¢') provided |s' —¢’| < 1 and |s —¢| < 1 while if ¢ = —¢’ then u € C(¢’) provided
s —&'| < |s—¢] < 1.
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We note that this orthonormalization is consistent with associativity, which requires

P %P =2P 1 *(w*Pl) = —P 1 %P1 =0, as can be seen from y* * P ¢ = 0 =
2 2 2
P cxy© (e = :I:) Moreover, it can be seen from the above calculation that the or-

der in which the auxiliary integrals is performed is immaterial for the final result and
that one may also choose to replace one of the two auxiliary integrals by its residues
prior to performing the x-product, which is equivalent to collapsing the closed contour
Cs(e) ={s':|s' —&'| < |s —e| < 1} above. Using the latter, slightly simplified, prescrip-
tion, the space A := AT @ A~ spanned by the generalized Fock-space (+) and anti-Fock-
space (—) projectors

1 ey+(Inl=3) —erye(In'l=3)
P = . . (ey®) 2) x Pe x(y™ %) 2 (F.8)
\/(‘”Vz)’(‘”/'*z)‘ ’
(which are non-trivial only if ¢ = ¢’ and inherit a regular presentation from Pe) can

be equipped with a x-product rule whereby one auxiliary integral is introduced fo2r each
composition. Thus, given O; € A (i = 1,..., N), their N-fold *-products, namely (--- (O %
O9)x---xOpn_1)*On and all other arrangements obtained by permuting the composition
order, are to be evaluated by introducing one auxiliary integral prior to each *-product;
the former integrals can then be factored out, one after the other, as in eq. (F.7). By
induction, it follows that all nestings yield the same answer, viz.

(---(01*02) *ON 1 *ON Z \n 01 @N)"W" (Fg)

using the notation O; ==}, Pn|n’@i;n|n’ and (@@')n‘n/ =Y @n‘mo s and the lemma
Pn|n’ * Pm\m’ = 6n’,mPn|m’ . (FlO)

Hence, in particular, one has (O x O) x 0" = O x (O’ x O") manifesting associativity.
As for the double-Fock-space projectors in (F.1), their regular presentation reads (g; :=

ni/|nil)

1 n 1
Pnth _ 4(_1)21 nl|1f dSl (51 + 1) 1 i f d52 (52 + 1) 2 i |:€72 > Siwi]
Cl(e1) C(e2)

211 (51— 1)n1+2 ey) 270 (50 — 1)n2+2 Weyl
(F.11)

As each Fock-space projector has the form (F.24) and Y, * kyRy = —kyRy * Y, one has
Py g * kyly = K(K (g ey)) (= )|m|+‘n2| ! Py s (F.12)

where the sign factors x(K) for K = FE,J,iB,iP, which are collected in table 1, are
determined using Gaussian integration. In the two m-even cases, J = M5 and iB = iMys,
the integrals factorize into holomorphic and anti-holomorphic pieces as follows (assuming

Weyl order):
et I k), (F.13)

4By i Ry = (¥ Y wopy) * (¥ wRy), (F.14)

K hiyghiy = (€TYY iy) * (e
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using the spin-frames in eqs. (E.1)~(E.6) and y* := u*y and §* := @j. From the chiral
*-product
TV & Ky = jeFWY (F.15)
it follows that
e sk iy = i(—i)e™ = w(J) = +1, (F.16)
eTHB w py Ry = % eTHE = K(iB)=—1. (F.17)

In the two m-odd cases, £ = Py and iP = iP5, say, the integrals factorize in a similar
fashion as follows:
e ki = (€T w k) % (eTV T wk), (F.18)

eFUE w by Ry = (€T T xky )% (YT k), (F.19)
where we have defined r4 = 27[6(y)5(5%)wey1. It follows that
k(iP) =k(J)=+1, (F.20)
while k(E) can be brought back to the case of k(iB) by analytical continuation leading to
k(E) = i?k(iB) = —1 . (F.21)
Concerning the rank-|n| projectors (K, := 5 (quy + ws), ¢ = +1)

PuK@g) = > Pum, ne{ElLE2...}, (F.22)

ng +qny =n
€1€2 =4

they are invariant under the centralizer cgp4,c) (K (q)). In particular, the ground-state pro-
jectors

P621,€22 — PEQ(K(€1€2)) . (F23)

To perform the sum in (F.22) one may first perform the closed-contour integrals in the
single-Fock-space projectors, which yields

1 1 1 1
P, (w)= )2 % Pe s (y7o)Mm2 =2(— 1)l {e—QwL 1(4@} ,(F.24)
(|TL|—2)' 2 "2 Weyl
where L 1 (z) = L 1 (z) and
n—, n—g
d - L

—Q LT n—o9
1@ = 20 (i) (F.25)

"2 (= 2)! gzn—2

are the generalized Laguerre polynomials with n > % We note that (F.24) holds for all n
by virtue of Kummer’s transformation

(—z) . (F.26)
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1
prar LV @) LG () = LY (@ ) for pogr € N
and Kummer’s transformation it follows that (n = +1,42,...; € := n/|n| = €2 using
na +qn1 = e2(|m| + |n2l))

From the recurrence relation

Pn(K(q)) = Z 4(—1)\7L|—1 6—2(w1+w2)L B (4w1)L K (4w2) (F_Q?)
ni 2 n9 5
madnT " Weyl
14
— 4(—\"" 2 —4K( )L(l) SK b
() [e DLy ( (q))]weyl (F.28)
n—1te ds (s+1\" ik
=== 2 sK(g)

2 yg)(a) 2mi <s - 1) le ! ]Weyl : (F.29)

G Details of the deformed oscillators

In this appendix, we spell out various details of solving the deformed-oscillator problem in
egs. (3.65) and (3.66) by casting it via the Laplace transformation (3.70) into the solvable
o-product equation (3.75) [27] leading to the solution given in egs. (3.76) and (3.77). In
the first part, we retrieve the o-product equation (3.75) by a different route than that taken
in section 3.4, namely by Laplace transforming the deformed oscillators in (anti-)normal-
ordered bases rather than in the Weyl-ordered basis used in (3.70). In the second part,
we solve eq. (3.75) taking into account the splitting into even and odd Laplace transforms
on [—1,1] as well as non-trivial contributions distributions supported at the mid-point
corresponding to Fock-space projectors [31, 32].

G.1 Laplace transforming in (anti-)normal-ordered bases

Instead of relying on the limit (3.74), the deformed-oscillator equations (3.65) and (3.66)
can be mapped to the o-product equation (3.75) by performing the Laplace transformation
using either normal order : - :1 or anti-normal order : - :_ with respect to the complexified

+

Heisenberg algebra z* = uz, obeying [2~, 2*] = —2i, where the x-product is represented

by

7

) xrgl,2) = T B et gl ) (G2)

L P e / N Y CLRT TIPS P (CR)

The (anti-)normal-ordered form of the inner Klein operator «, is given by

(—1)Ne = 720N N, = lztxz, (G.3)

Ry =

which breaks manifest SL(2; C)-covariance as well as 7-covariance in the sense that 7(k,) =

—#, while 7(: 72Nz :,) =: ¢2°N= .. The deformed oscillator problem gets the form
(Nz = éwz - ;; w, = %{ZﬂLazi}*)
[Ea, Bgle = —2ieq (1 — By : e lows :0) , (G.4)
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where the index n has been suppressed. One proceeds by making the Ansatz

1 i
yE=utey, = /1dtfjc(t) Do Dws (G.5)
0 ! E o1 oty
= -2, / dt :e2 (C0—Dwatpt=om2) g . (G.6)
P~ )1 pE=0

chosen such that fF(¢) shall turn out to be the same as in (3.70). From the lemma

: exp ; (ot —=Dw,+ptzt +p 27) 1o *:exp ; (o' —Dw,+p' 2t +p727) 5
=:exp . (ot —Dw, +p 2" +p 27 + sI4o0)p T —1(1— o) p") e, (GT

pri= (L) (p" +tpF) + S F o) (" +1'pT), (G8)
one gets
o [l . T,
[: 2 e2 (t-Dw: v, 2T e2 (t'~1)w. ol =-=2i: (1 +'9 (tt' — 1)wz) e 2 (' —1w: v, (G.9)
*
that is,

1 1 10 ’ .
/ dt/ dt' {7 () fF () 1+t = Dw,] ce2 D% =1 — By e7io%:: (G.10)
-1 -1

Inserting 1 = fjl du§(tt' — u) into left-hand side and using h, (u) := (f; o f)(u) with o
given by the convolution defined in (3.73), one obtains the integral equation

1 10 .
/ du h(u) |:(u — 1) 4 + 1:| e 2 (u—1w. w=1—Br e 9% i, (Gll)
1 (9u

with the unique solution h,(u) = d(u—1) —

0[23 Y. The original problem is therefore mapped

to the o-product equation (3.75). Going back to Weyl order using3”

R A e I

=2 [etiua(t—nz*zwvwz—30*0) (G12)

Weyl
one then retrieves the Ansatz given in (3.70). In order to derive the re-ordering formula
above, it is convenient to Fourier-transform the left-hand side as
47
Then, the Baker-Campbell-Hausdorff formula can be used to write the normal-ordered,
z-dependent part of the integrand as
e—é(skz++7cz*)+;(p+z++p*z*) . eé (p++isk)z ™ . eé (o~ +ik)z~

B e;<p++zsk>z++;(p*+ié>z*+3<skiéfp+p*>+}1(skpw%pﬂ
— L%
N S I NN D
e2 (P Hisk)zT+ o (p7 +ik)z™+ 4 (skk—pTp7)+ 4 (skp™ +kp™) 7 (G.14)
Weyl

3"The pT™p~-term does not contribute to (G.6).
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where the last equality follows from the fact that ef(z) = [ef (Z)]Weyl if f is linear in z (as
any linear combination A’z;, with i = —, +, satisfies Az, x---x Az = Allz; - Alng;
since any contraction is proportional to €; with e_y =1 = —e;_, e =0 = e__).
Inserting now the Weyl-ordered result (G.14) in (G.13) and performing the integration one
obtains (G.12) for 0 = +. The case of 0 = — is treated analogously.

G.2 Solving the o-product equation

In order to solve the o-product equation (3.75), i.e

oBv

5 (G.15)

(fo o fo)(u) = 0d(u—1) -

one begins by observing that the space of functions on the interval [—1, 1] decompose under

the o-product into even and odd functions, viz.
f® o g™ =g ™ o gl F(=s) = wf™(s), o =+1. (G.16)

Therefore (G.15) separates into the following two independent equations:

(f7 @0 £ w) = 1§ (w) - 727 (G.17)
(7o N w) = 1§ (w), (G.18)

where
1 = ; [B(u—1)£6u+1)], (G.19)

acts as the identity in the o-product algebra. Equations (G.17) and (G.18) can be cast into
algebraic equations by expanding (¢ € [—1,1])

FE ) = mE (1) + Z )\ikpk , mE) = Z ,uoi’k Ilgﬂ) , (G.20)
in terms of Iéi) and (k> 1)

1) = (1200 [ g " dsn S — s
g (u) = [sign(u)] dsiee Sk O(u — 1+ 8k)

—1

k—1
— [sign(u)]2™™ (l(()i_i)! ; (G.21)

obeying the algebra (k,1 > 0)

IMor™ =17, (G.22)
and p,(:) (t) (k = 0) are the o-product projectors
s -1 k
e =) 606, =, (G.23)
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obeying

1
PP of = L™, Lilf] = / s ) (G.24)
(m) (m)

om)’ can be mapped to the algebraic product

™ (§)T7L£ZT) (€) between the symbols (¢ € C)

The property (G.22) implies that m

M (E) ==Y ek (G-25)
k=0

Therefore, substituting (G.20) into (G.17) and (G.18) and using (G.22) and (G.24) one is
left with the algebraic equations
g mi) =1 £, m, '\ m =1, (G.26)

and the following condition on the projector part of the expansion (G.20):

A Lalm ]+ A Lamy ™+ AN =0 (G.27)
The solution space to (G.26) is parameterized by an undetermined function 5((,”) as follows:3®
) @y 1= e mEo - g (G.28)

Likewise, the solution space to (G.27) contains an undetermined set of coefficients, say
)\:E:). One can show that these undetermined quantities are gauge artifacts. One natural

gauge choice is to work with symmetric solutions

+ (7 T T T
=t = wl=un, A0 =20 (G.29)

and we shall hence drop the + referring to the spin-frame henceforth. Thus

A =1 e, mEO =€), (G.30)

o

where (e((j[))2 =1, and (7 = (=1)¥)

AT (AT + 2Lkml]) =0 (G-31)
It follows that
mH = eI (5) +gfP(s),  mE) =eOL(s), (G-32)

and that either )\5;2 = 0, and the projectors p; do not contribute to the internal connection,

or )\C(flz = —2Lk[m((f)] = _QLk[m((Tﬂ)], ie.,

>‘((le3 = _2907/€Lk[mgﬂ)] ) aa,k = {Oa 1} . (G33)

38Note that, differently from the Lorentz-covariant solutions in [27, 31, 32], the algebraic equations involve
the product of two different functions rather than the square of a single one.
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Requiring that ¥, = 2, for v = 0 and 6,; = 0, that is, fgi(S)|u:0:6[,,k =0(s—1) =
Ié+)(s) + Iéf)(s), which implies that

=1 W=l @) = 1= ule = \/1 —oBre 1. (G.34)
k=1

The result is the confluent hypergeometric function

k—1
© /1 k (log 12)
+) :Z 3 _JBI/ ( s :_O'BV 1 .O'BI/ 1

In order to determine the projector-dependent part of (G.20), all one has to do at this
(m)

point is to compute the expansion coefficients A, from (G.33), i.e. to calculate
Lilmo] = Ly [8(s = 1) +g59(s)] = 1+ Lilal).

— k oDV
Lijg) = - (1 - \/1 - 1fk> | (G.36)

which shows that )\((f,z are v-dependent only for even k. The holomorphic solutions can
thus be given in normal order as follows:

Eic — .t _ 2Z~V0i7 Vgi _ Vgi(part) + Voi(proj) , (G37)
. 1 10 _
v = / ds gy (s) 252 70T (G.38)
—1
Vai(pmj) = — Z eo,kLk[mg] : ziPo,k(erz*) o, (G.39)
k=0

where

1 io _ i /2)k o . _
Pop(zt2) = / ds se2 (T :opk<s>=(w,§) (e )eT 27T 1, (G4O)
—1 .

are projectors in the x-product algebra (G.1), viz.
P,y x Py =06 FPsy (G.41)
and the symmetric gauge is reached by taking
mE(s) == 6(s — 1) +q=(s) = 6(s — 1) + ¢o(s), (G.42)

with ¢, given by (G.35). The anti-holomorphic solution ¥* = (XF)" implying that O ) =
05.1. In the symmetric case, the projector part (G.39) of the internal connection can be

oBv
aa,kpa,k - <1 - \/1 - 1+ 2]{3) HU,ZkPO',Qk‘

written as

AFlrol) — . o+ Z (G.43)

k=0
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Independently of the values of 6, , the branch-cut can be chosen such that the internal
connection is analytic for Re(cBr) < 1, where also the particular solution can be shown to
be real analytic [31]. In particular, at ¥ = 0 one has the undeformed oscillators

yEPro)) —; H* <1 = Ha,kPa,k> o [zg(moﬁ, w Prod | = 9, (G.44)
k

*

as can be seen by defining P, =", 0,1 Py and using (1—2P,)*?=1and [z* x 27, P, ], =0.
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