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ABSTRACT: Effects of mass deformations on 1/2 Bogomol'nyi-Prasad-Sommerfield (BPS)
non-Abelian vortices are studied in 4d N = 2 supersymmetric U(1) x SO(2n) and U(1) x
USp(2n) gauge theories, with Ny = 2n quark multiplets. The 2d V' = (2, 2) effective world-
sheet sigma models on the Hermitian symmetric spaces SO(2n)/U(n) and USp(2n)/U(n)
found recently which describe the low-energy excitations of the orientational moduli of the
vortices, are generalized to the respective massive sigma models. The continuous vortex
moduli spaces are replaced by a finite number (27! or 27) of vortex solutions. The 1/2
BPS kinks connecting different vortex vacua are magnetic monopoles in the 4d theory,
trapped inside the vortex core, with total configurations being 1/4 BPS composite states.
These configurations are systematically studied within the semi-classical regime.
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1 Introduction

The discovery of non-Abelian vortex solutions [1, 2] and the subsequent development [3]-
[21] have led to a substantial improvement of our understanding of non-Abelian solitons in
general, appearing in spontaneously broken gauge theories. Among the techniques used to



explore these objects are: the string theory construction due to Hanany-Tong [1] which in
turn gave rise to the Kéhler quotient construction, the powerful moduli matrix method [10]-
[21] (the determination of the moduli space [10, 11], the moduli space metric [13], low-
energy dynamics [12, 14], generalization to arbitrary gauge groups [15]-[17], etc.), apart
from the standard field-theoretic analyses [2]-[9], have all proven invaluable.

The effective theories of the fluctuations of non-Abelian vortex orientational modes
have been derived in the field-theoretic approach [2, 6]-[8] as well as from string theory [1].
In theories with gauge group U(N) and Ny = N flavors (hypermultiplets), the worldsheet
effective action turns out to be a two-dimensional CPV~! sigma model.

A particularly interesting result concerns the precise matching of the BPS spectra of
the four dimensional gauge theories (having N/ = 2 supersymmetry) under study and the
two-dimensional sigma models (having A" = (2,2) supersymmetry) [22, 23]. In a sense the
Abelian monopoles in the Coulomb phase become trapped inside a vortex in the Higgs
phase [3, 5]-[8]. The monopoles are realized as classical kinks along the vortex string when
the unequal squark mass terms are introduced. This in turn induces a potential on the
sigma model, which has now N vacua instead of a continuous CPV~! degeneracy.

In the theory without the bare quark masses, N vacua appear as a result of quantum
effects. The kinks interpolating different (vortex) vacua correspond to the light monopoles
appearing as the singularities of the Seiberg-Witten curves. More precisely, these N vortex
vacua and the light monopoles connecting them correspond to the physics of the quantum
r = 0 vacua, arising from the classical 7 = N vacua of the theory with Ny = N massless
flavors [24]-]27].

In a recent development [9], the worldsheet low-energy effective actions of non-Abelian
vortices in gauge theories with U(1) x SO(2n) or U(1) x USp(2n) gauge symmetry and Ny =
2n flavors (hypermultiplets) [15]-[17] have been found explicitly. The effective theories
found are non-linear sigma models on the Hermitian symmetric spaces (HSS): SO(2n)/U(n)
and USp(2n)/U(n), respectively [15]. The construction of the effective action has been
extended to some higher-winding vortices in U(1) x SO(2n) as well as in U(N) theories,
and in all cases the results found agreed with those obtained in a more formal approach
based on symmetry and group-theoretic considerations [28]. The results found reduce to
the known CPN~1 effective action [3, 5, 6, 8] in the case of the U(N) theory.

In this paper we will extend these non-linear sigma models to the case of the mass-
deformed theories. As in the CPV~! models, a potential is induced on the sigma model.
Such a potential can be obtained either in the bulk theory, or alternatively, in the world-
sheet effective theory by using the Scherk-Schwarz (SS) dimensional reduction.! We then
construct 1/4 BPS configuration of magnetic monopoles confined in a vortex-string as kinks
in the vortex world-sheet effective theory with mass deformation. By generalizing the op-
erator method to create domain walls in the case of SU(N) gauge theory [19] (in which the
operators are identified with the root vectors [31]), we find the rule of ordering of kinks
(monopoles on the vortex) in SO and USp gauge theories.

'Our analysis follows the method [7] developed to obtain the mass-deformed theory in four space-
time dimensions from a five space-time dimensional massless theory by the Scherk-Schwarz dimensional
reduction [29, 30].



The paper is organized as follows. In section 2 we review the non-Abelian vortex
solutions and their orientational zero modes in the bulk gauge theory and derive the vortex
worldsheet effective action. These serve as the starting point for the discussion of the mass-
deformed systems and the derivation of the massive sigma models in section 3. Section 4
is dedicated to the analysis of the Abelian monopoles which appear along the vortex string
as kinks.? A comment on the solutions involving domain walls in the bulk is given in
appendix A. The convention used for the Lie algebra is reviewed in appendix B, and some
useful results are collected in appendix C. The case of the effective worldsheet action for
certain doubly wound vortices in SO(2n) theory, which is given by a quadric surface Q%" 2
sigma model, is discussed briefly in appendix D.

2 The bulk theory

2.1 The model

The theory we are considering is the standard N' = 2 supersymmetric QCD with gauge
group U(1) x G with G = SU(N),SO(2n) and USp(2n) (while N denotes in all cases the
dimension of the fundamental representation, i.e. N = 2n for SO, USp). The F-terms are
given by variations of the following superpotential

W =Tr[Q2Q — QQM], (2.1)

where Q,Q are fundamental and anti-fundamental chiral superfields comprising the Ng
hypermultiplets (@ is an N-by-Nf matrix, and Q is an Ng-by-N matrix), while ® is a chiral
superfield belonging to a vector multiplet, in the adjoint representation. In this paper we
will set the Ng-by-N; mass matrix to be real: MT = M. Using a flavor rotation we can
diagonalize the mass matrix as M = diag(my,--- ,mp,). Furthermore, the trace part of
M can be absorbed by a shift of the adjoint scalar, so that we can assume that Tr M = 0
without loss of generality.

We shall restrict ourselves to the case of Ny = N flavors, for definiteness. This is the
minimum number of flavors which allows for a color-flavor locked vacuum. In the massless
case, then, the theory has an SU(NV) flavor symmetry, in all cases, including U(1) x SO(2n)
or U(1) x USp(2n), with Ny = N = 2n flavors.

Finally, we can set Q = 0 and &' = & for the consideration of the non-Abelian vortex
solutions and small excitations around them.

Due to renormalization group (RG) flow, the gauge coupling constants for U(1) and
for G would become distinct at a lower energy scale even if we start with an equal, common
coupling constant. However, as our results here do not substantially depend on the U(1)
gauge coupling and also because our analysis remains semi-classical throughout, we shall
set e = ¢ for simplicity.

2When this paper was being written, a paper by Arai and Shin [32] appeared which discusses the mass-
deformed sigma models in four (or three) dimensions, without any reference to the non-Abelian vortices,
but based on a similar model with SO(2n) and USp(2n) global symmetries. Their analysis of the domain

walls naturally have some overlap with our analysis of the kink monopoles and, where the comparison is
possible, our results seem to agree.



The bosonic part of the Lagrangian density is then

1
L=Tr|— _ F,F"

~ v 1 2
242 F M + 2 (D®)* +|DuQ|"| — Vb — Vp, (2.2)
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where we denote the scalar components of the superfields with the same symbols as the
superfields themselves. The scalar potentials read

2
Vp = 92 ITr(QQTt) — &2, (2.3)
Vi = Tr|0Q — QM [, (2.4)

where a = 0,1,...,dim(G) and 0 stands for the U(1) part of the gauge group. &0 = ¢
is the only non-zero Fayet-Iliopoulos (FI) parameter as G is a simple group. Finally all
generators are normalized as Tr(t*t%) = 5§25 /2.

Since the mass matrix M is diagonal and traceless, it belongs to an element of the
Cartan subalgebra of G. There exists a Higgs vacuum in which the vacuum expectation
values (VEVs) of the scalar fields take the form

@ =M, (@) =vly, (vzdfvws). (2.5)

In this paper we focus our attention on this system.

For the massless case M = 0, the VEV of the adjoint scalar ® does not break the
U(1) x G gauge symmetry, while the squark VEV breaks it completely, bringing the system
in the Higgs phase. However, the global color-flavor diagonal Gcyr symmetry remains
intact.

In the theory with a generic bare mass-matrix M, the gauge group is broken to U(1)"
where r = rank GG. As already mentioned, M can be rotated into a diagonal form without
loss of generality. For the G = SU(N) theory, the generic mass matrix M takes the form
M = diag(myq,--- ,my). While in the cases of G = SO(2n) and G = USp(2n), we will be
working in the usual basis UTJU = J, with J = ¢! ®1,, and J = ic? ® 1,,, respectively. In
this basis the mass matrix reads M = diag(mq,--- ,my, —mq,- -+, —m,). The properties
of the solitons will be seen to depend crucially on how the components of the mass matrix
M is chosen.

There are several kinds of topological solitons in our models. Among them we are
interested in vortices and monopoles. The U(1) symmetry breaking at the energy (Q) ~ v
gives rise to vortices, while the breaking of G — U(1)" at the energy (®) ~ m gives
rise to monopoles. The static 1/4 BPS equations for composite states of the vortex and
monopole [20] can easily be found to be

0="D:Q,

0="D3Q+PQ — QM ,

0="D;®+ il = [Ds,® + Ds],

0=D3® — Fi5 + ¢*[Tr(QQTt*)t™ — &t°]



where D; = %(Dl + iDy) and we have chosen the vortex string to lie on the x3-axis.
It is well known that the last two equations describe t’Hooft-Polyakov monopoles in the
Coulomb phase, @) = £ = 0 while the first and the third equations describe vortex solutions
if A3 = ® = M = 0. The second equation, therefore, describes the kinks regarded as
monopoles along the vortex string which appear in the Higgs phase & # 0 of the mass-
deformed theory. When these first order differential equations are obeyed, the Bogomol'nyi
bound will be saturated

E=Tr 912 €ijk0i (P Fjk) — 26 Fiot” + 26050t — i€ 0 [(PnQ)Q'] — 95 [(2Q — QM )QT]} ;

(2.10)
where ¢, j, k = 1,2, 3; while n,m = 1,2 denote the directions in the transverse plane. The
first two terms in the energy density describe the monopole and vortex, respectively; the
others are boundary terms.

The 1/4 BPS equations (2.6)—(2.9) can be formally solved in terms of the moduli
matrix [10, 11, 20, 21]. The first equation describes distributions of @ in the z1—z2 plane
and the second one determines the xs-dependence of @) for a given set of A; and . Note
that the third equation is just an integrability condition which tells us only that the first two
equations can be solved simultaneously. The integration constants for () can be summarized
in an N-by-Ny holomorphic matrix in the complex coordinate z = x1 + ix2, which is
called the moduli matrix. With this moduli matrix, the last equation can only be solved
numerically and tells us about the magnetic flux distribution in the plane transverse to the
vortex string. In this paper, however, we do not treat the 1/4 BPS equations and their
solutions directly. Note that the integrability condition (2.8) allows us to regard the second
equation as a description of the xs-dependence for the moduli of the vortices. We will
consider 1/2 BPS kink solutions in an effective theory on 1/2 BPS vortices corresponding
to the 1/4 BPS composite states. We should remark that the 1/4 BPS equations (2.6)—(2.9)
admit, in general, domain walls and 1/4 BPS composite states of vortices stretched between
domain walls [20, 21, 33|, when the VEVs of the scalar fields are different at z3 — —oo
and z3 — oo. Furthermore, the BPS equations admit 1/2 semi-local [16] and fractional
vortices [34]. In the rest of this paper, we do not discuss such configurations and consider
only configurations of local vortices and monopoles which are invariant under rotations in
the z1—x9 plane. The precise condition for the absence of domain walls, semi-local and
fractional vortices can be found in appendix A.

2.2 Orientational zero modes of the non-Abelian vortices

Let us first consider the 1/2 BPS solutions of local-vortex strings without monopoles in the
massless case, M = 0, for which ® =0, A3 = 0 and 03 = 0. Here only the first and the last
equations in the 1/4 BPS equations remain non-trivial. We impose the following boundary
condition for the scalar field @ and the gauge field Ay such that it has non-trivial winding
in the gauge orbit of the scalar VEV

Q—vexplif)), Ag——'A  (r—o0), (2.11)
T



0

where re? = 1 + ixzs. X is an N-by-N constant matrix, which can be diagonalized as

A= UNU'=ply+0-H, U€caq, (2.12)

where H = (Hy, Ha, -+ , H,) is a basis of the Cartan subalgebra of G (see appendix B for
the conventions for the Lie algebra). Since the scalar field @ is a single-valued function, all
the eigenvalues of A should be integers. This condition is satisfied only if vy is quantized
in the following way [15]

for G = SU(N)

for G = SO(2n) , kekZ. (2.13)

—N e

for G = USp(2n)

The integer k corresponds to the vortex winding number classifying the topological sectors
of the vortex configurations. In addition to this quantization condition for v, the single-
valuedness condition is satisfied only when the coefficient vector © is a coweight, namely &
should be one of the weight vectors of the dual group G. Here G is the dual group whose
root vectors &; are related to those of G as

~ (8 7]

a; =2 (2.14)

(e 7NN 6 73 '
For the single winding configurations (k = 1), the vector & is given by>
N  (fundamental rep. of SU(N)) for G = SU(N)

U = weight vector of { 2871 (Weyl spinor rep. of SO(2n)) for G =SO(2n) . (2.15)
2" (spinor rep. of SO(2n + 1))  for G = USp(2n)

If we choose the highest weight vector vj, of each representation, the diagonal matrix
A = voln + vy, - H takes the form

1 (I, N —1) for SU(N)
Ap = ( P 0 ), (p,q) =14 (n,n) for SO(2n) (2.16)
1 (n,n) for USp(2n)
where the subscript of A\, stands for the highest weight vector, which we denote by vy,.
For the other weight vectors, the matrix A, can be obtained by using the transformations
which exchange the eigenvalues of A, i.e. the Weyl group elements of G. For the matrices

A given above, the basic single winding vortex solution takes the following form

sz(ze_lep ) = v exp [<logz— 11,[)))\h], (2.17)
1, 2

7__1' 851/111, __z' .
A = 2( Oq>— P (2.18)

*In the case of G = SO(2n), there are two disjoint topological sectors classified by Za topological
charge [17]. For k = 1, the vortices with different Z2 charges are characterized by the weight vectors of the
Weyl spinors with opposite chirality.



where z = x1 + x5 and 1 is a smooth real function satisfying
40.0:¢ = g*v* (1 — |2[Pe 7)), (2.19)

with ¢ — log|z|? at spatial infinity. From the solution (2.17)-(2.18) and the asymptotic
behavior of the function ¢, we can see that the matrix A\ is nothing but the magnetic flux
of the vortex

/dm‘ld.%'g F12 = —27T)\h, (F12 = —23232¢ )\h) . (2.20)

In the massless theory (M = 0), there exists an unbroken color-flavor symmetry Geoyp in
the vacuum. Therefore we can obtain a set of vortex solutions by rotating the configura-
tion (2.17)—(2.18) as

Q-UQU, A:—U'AU, UecGoyr. (2.21)

This set of solutions is parametrized by the orientational moduli, which are the coordinates
of a coset space of the form
Morientation = G/H7 (222)

where H is a subgroup of G which does not change the solution (2.17)-(2.18), that is
he H < hi\h=\,. (2.23)

The orientational moduli of the vortices can be interpreted as the Nambu-Goldstone zero
modes arising from the breaking of the color-flavor symmetry Goypr due to the vortex
configuration. For the single winding vortex in the G = SU(N), SO(2n) and USp(2n)
theories, the orientational moduli spaces are given by [15]

SU(N) SO(2n) USp(2n)
SUN —1)xU(1)" SU(n)xU(1)" SU(n)xU1)"

~

Morientation - (224)

The physical meaning of these orientational moduli can be seen from the magnetic
flux (2.20). Under the color-flavor global symmetry G r, the magnetic flux transforms as

M= A=UNU, Ueg. (2.25)

This implies that the orientational moduli parametrize the internal direction of the vortex
magnetic flux in the Lie algebra of the gauge group G.

Since the subgroup H is unbroken, not all parameters in the matrix U correspond to
physical zero modes of the vortex. We can parametrize the coset space as follows. Let E_
be the lowering operators in the Lie algebra of GG for which the generator A, has negative
eigenvalues, namely

[)\h, E_a] = —(l)h . a) E_o, vp-a>0. (2.26)

Note that in our convention [H, E_,] = —aF_,. Then the generic matrix U € G con-
taining only physical parameters (i.e. called the reducing matrix) can be constructed as
follows

U=gugr,  g1=exp ( Z biE_ai> : (2.27)

vp-o >0



The parameters b’, which are associated with the root vectors o, can be interpreted as the
complex coordinates which parametrize the orientational moduli space. These parameters
cover the coordinate patch containing the point on the moduli space which corresponds
to the BPS configuration (2.17)—(2.18). The matrix g, is an element of the group P, (a
parabolic subgroup of GC) generated by the Cartan generators H, all the raising operators
Fq and the lowering operators E_, with vy, - @« = 0. Formally, the matrix g, can be
written as
Gu = €xp [e.HJr Z C'Eq, + Z diE_al} eP, (2.28)
a; EAT vy =0
where AT denotes the set of all positive roots. For a given set of parameters b’, the matrix
gu can be determined up to H transformations g, — hg, from the unitarity condition
UU' = 1y, that is
ghgu = (au9)) " (2-29)

Note that the choice of h € H is not important since it does not change the BPS vortex

configuration. For the generator Aj in eq. (2.16), the matrix > V'E_q, takes the

v-a; >0
lower triangular matrix form

4 0
Y VE o = (é’ 0 ) (2.30)
v-a; >0 q

The ¢-by-p matrix B is an (N — 1)-vector for G = SU(N) and an anti-symmetric and
symmetric n-by-n matrix for G = SO(2n) and USp(2n), respectively

by 0 b - bin bi1 b1z -+ biy
I N U ER S B R | (2.31)
’ e . bn—l,n bnfl,n
bN_l _bln e _bn—l,n 0 bln cee bn—l,n bnn

Then, the matrix g; is given by

. 1, 0
g=1n+ Y VE o = <é’ Ny ) (2.32)
q

v-a; >0

where we have used that (Z biE_o(i)2 = 0. The corresponding matrix g, takes the follow-

1

1, —-BT\ [ X2
= : 2.33
Gu < 0 1, ) ( Y_é ( )

where X2 and Y "2 are invertible Hermitian matrices defined by*

ing form

X=1,+B'B, Y =1,+BB" (2.34)

4The square root of the matrices X and Y always exists. For G = SO(2n) and USp(2n), it can be
written as X2 = Ux(1+ |D|2)§U;( and Y2 = Uy (1+ |D|2)§U}T, where Ux and Uy are unitary matrices
and D is a diagonal matrix such that B = Uy D U;(.



Therefore the matrix U containing only the physical parameters b takes the form

S e
0 1, v-3 J\ B 1,

Such a matrix has been introduced earlier and termed the reducing matrix [35, 36].

Next, let us discuss the effective action for the orientational moduli by using the
matrix given in eq. (2.35). At a sufficiently low energy scale, the dynamics of the zero
modes is described by a non-linear sigma model on the moduli space and its effective
action can be obtained as follows. The fluctuations of the orientational zero modes along
the vortex worldsheet are represented by the matrix U(t,z3) € G which depends weakly
on the worldsheet coordinate ¢ and x3. It induces the fluctuation fields around the “slowly
moving” vortex background. Up to first order in the derivatives 0, (z, = t,x3), the scalar

field Q and A; are not modified

Q = U(xa)TQO U(xa) + O(@i) ) (2'36)
Az = Ulza) Aoz U(z) + O(0?), (2.37)

where Qg and Az are the static BPS configurations. For notational simplicity, we use the

following singular gauge fixing

Qo = vexp [<log |z] — ;1/1> )\h} , Apz = —; <821/1 — i>)\h' (2.38)

The fluctuations of the gauge fields along the vortex worldsheet A, can be determined by

solving the equations of motion
2 .
p D'FLo = i[(DaQ)Q' — Q(DuQ)] . (2.39)

In the slowly moving background, the solution is given by?®

Aq = —iU0U +iUT[Qo(5LU)UTQy " —he] U + 0(33), (2.40)
where we have decomposed the derivative d, into the holomorphic and anti-holomorphic
parts as

O = 0o + 6] su—ubt 2 st — 0.5 O (2.41)
« « (e8] « « 8[)2 Y « o 8()2

Although @, !is singular at the vortex center, we can check that the gauge field A, is
non-singular by using the explicit form of U given in eq. (2.35)

(2.42)

1 1
0 X 29,B'Y~
Aa:i(1—|z|e_§w) UT< ’ 2>U,

Y~29,BX "> 0

A general formula for the solution can be obtained by using the moduli matrix approach, see [21, 37]
for the U(N) case.



where we have used §,B = 9,B and 6,B" = 9,B. Substituting the scalar field ¢ and
gauge field A, into the bulk action and integrating over the (x1,x2)-plane, we obtain the
effective action of the form

Seit = / dtdrs <— T, + gﬁaab"aa?ﬁ) , (2.43)

where the first term is the tension of the vortex string and g;; is the metric of the orienta-
tional moduli space, which is given in terms of the matrices g; and g, by

47T 6 8 -1 -1
97 = g2 opi Tngl o9l )gu )\hgu] : (2.44)
If we use the matrix B, the effective action on the vortex worldsheet takes the form [9]
4 _ -
Se = Z/dtdmg Tr[(1, + BBY) '0.B(1, + B'B) '9*B1], (2.45)
g
where we have ignored the string tension 7,.

2.3 Mass deformation

So far we have discussed the orientational moduli and their effective action in the massless
theory. Next let us discuss the effect of the bulk mass term on the effective action of the
vortex string.

The mass matrix M is taken to be in the Cartan subalgebra of G

M=m- -H, m = (my,ma, -+ ,my). (2.46)

If m is a generic vector, all the mass elements are different and the color-flavor symmetry
is broken to the product of the Cartan subgroups. Then, the F-term condition or eq. (2.7)
requires

m-H,Q]=0. (2.47)

Therefore, the magnetic flux is forced to be oriented in the particular directions specified by
the weight vectors ©. Note that these solutions are invariant under the Cartan subgroups.

The mass deformation breaks the color-flavor symmetry, and the remaining global
symmetry of the system depends on the mass matrix. We will however assume that
Anpsm <€ m; < gv, where Anpsum is the intrinsic scale of the sigma model while gv is
the mass of the particles in the bulk theory. This condition allows us to treat the defor-
mation as a shallow potential on the string worldsheet. In general we shall take all the
elements in the mass matrix to be distinct; when some of them coincide, a non-Abelian
subgroup of the color-flavor group will emerge, giving non-Abelian moduli to kinks [38—40]
and monopoles [41].

The potential on the moduli space induced by the mass term can be calculated in
a way similar to the kinetic term of the effective action (2.45) discussed in the previous
section. First let us determine the modification of the fields perturbatively in terms of
the mass parameter. Up to first order in the masses, the background vortex configuration

,10,



is not modified. The adjoint scalar field ® can be determined by solving the equation of
motion in the vortex background

2

p D,D'® = —(2Q — QM)Q" — Q(QT® — MQT). (2.48)
Since ® is of order m;, D,D® is of order O(md?), which is small. We obtain the following
solution to the equation of motion

& =M +iU' (6, + 65U —iUT[Qo (61, U)UTQy" — hc.]U + O(m?,md2),  (2.49)

where we have defined the derivative operators®
oy = ki 7 of =5 2 k=il -m)b, Kk =—i(a; m)b (2.50)
m — ({“)bl b m ~ al—)g bl - 1 bl - 7 . .
By using the explicit form of the matrix U, we obtain
1 1
0 X—2(5h,BHY 2
O =M —i(1—|zle =) UT . . (omB7) U. (2.51)
Y 7 2(6,,B)X "2 0

Note that k&’ can be interpreted as the holomorphic Killing vector on the moduli space. The
corresponding isometry, which we call U(1),/, is a subgroup of G and acts on the matrix
U and the complex coordinates b’ as

U MIeiVI i eI (Dol U(L)). (2:52)

Then substituting the configuration into the bulk action and integrating over the (z1, z2)-
plane, we obtain the potential of the form [42, 43]"

Vo = gi7k'k? . (2.53)

This is the squared norm of the Killing vector and has minima at the zeros of k%, viz. the
fixed points of the U(1), isometry. This implies that the vortex in the massive theory has
minimum energy if it is invariant under U(1)y C Goyr.

The potential of this form can also be obtained in the following way. First let us
consider the massless sigma model with one additional compact direction ¢ which has
period 2R

1 inarj i 7J
Set = or R /dtdmgdﬁ 9ij <5ab 0% — dgb 57957> : (2.54)

Then we impose the following twisted boundary condition with respect to the U(1)ys
symmetry

b'(9 + 2rR) = 2R (eim)pi(g) (2.55)

where there is no summation on i. If we ignore the infinite tower of the Kaluza-Klein
modes, the ¥-dependence of the field can be determined as

bi(t, 23,09) = @b g3) . (2.56)

SThere is no summation on i in k* = i(a; - m) b’, and k' = —i(a - m) b'.
"A similar result has been obtained for 1/4 BPS monopoles in A/ = 4 theories in ref. [44].
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Substituting this lowest mode into the massless effective action (2.54), we obtain the same
potential term as that of eq. (2.53)

Seft = / dtdzs g;; (aabia%? - kk:ﬂ) : (2.57)

In the next section, we will use this method to find the explicit potentials on the vortex
worldsheet for G = SU(N), SO(2n) and USp(2n).

In the G = SU(N) case, the generic mass matrix breaks the gauge symmetry to
U(1)V~! and one observes that the breaking gives rise to monopoles. Turning on the FI
parameter &, the monopoles are still there but will be confined to live on the vortex string.
They turn out to be kinks along the vortex [3, 5, 8]. We will study the generalization of
this phenomenon for the G = SO(2n) and USp(2n) theories in section 4.

3 Mass-deformed sigma model

3.1 CPN-! as a warm up

Let us take a simple example to illustrate the method. In the case of G = SU(2), the
orientational moduli space is the complex projective space CP! = SU(2)/U(1). The Kihler
potential for the CP! model is

4
K = 2 log (1 + [b]?), (3.1)
giving rise to the sigma model
41 |0ab)?
L= , 3.2
g (L+ b2 o

where b € C is the inhomogeneous coordinate on CP'. Now let us use the method of

ref. [7] to generate the twisted mass potential on the vortex worldsheet induced by the

M= (Tg _Om>. (3.3)

First we have to use the U(1)s global symmetry of the system at hand. In the case of the

bulk mass term

CP! model, the U(1),s symmetry acts on the coordinate b as a global phase rotation
b— e 2mip (3.4)

which leaves the Lagrangian (3.2) invariant. Taking advantage of an argument similar to
that of the last section, we obtain

b(t,z,9) = e 2™p(t, 2) . (3.5)

Plugging this field back into the Lagrangian (3.2) leaves us with the following mass-
deformed theory [6, 45-47]
A7 |9ab* — 4m?|b|?

CT @ ey 50
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The theory is known to have two vacua. The description we have used above uses the
inhomogeneous coordinates on CP! and hence we need two patches to describe the theory.
On each patch the vacuum is seen to be given by b = 0, which corresponds to b — oo on
the other patch. As we have seen in the previous section, the potential is the squared norm
of the Killing vector of U(1)ss. Indeed the vacua b =0 and b — oo are the fixed points of
the U(1)ps symmetry. Hence we have checked (trivially) that the number of vacua found
is indeed two, in accord with the literature.

Generalizing the above discussion to the case of G = SU(NV), we have the following
Kihler potential for the sigma model on CPN~!

4
K= g;T log (1 + b'0) , (3.7)

where b is an (N —1)-component complex column vector. The Lagrangian reads [1, 8, 48, 49|

2 Dab0%b  (bT0,D)(0“b1D) (3.8)

g2 1+ (1+ bfb)? '
The U(1)y global symmetry of the Lagrangian is expressed as

b — exp(—imy¥) exp(iMy_19)b, (3.9)

where we have assumed that the bulk mass is

M = (”“ MN—1> . (3.10)

Keeping only the lowest mode
b(t, z,9) = My (t, 2) (3.11)

where My = —mq11y_1 + Mpy_1. Insertion of this field into the Lagrangian and dropping
the suffix of b gives us the deformed sigma model

o Am [0010% — bIAZD _ (619a0)(9°01D) — (b Mb)? (3.12)
g 1+ btb (1+10fb) ' '

A vacuum satisfying the fixed point condition Myb = 0 is just the origin of this coordinate
patch. Hence, there will be N vacua corresponding to N patches covering CPN ™1,

nSUN) — N (3.13)

vacua

3.2 The SO(2n)/U(n) and USp(2n)/U(n) sigma models

Let us now apply the aforementioned technique to the SO(2n)/U(n) and USp(2n)/U(n)
sigma models on the vortex worldsheet. We will treat them on the same footing in the
following. For SO(2n)/U(n) the field BT = —B is an anti-symmetric matrix valued field
while for USp(2n)/U(n) it is symmetric BT = B. The Kihler potential

47
K= ,Trlog (1, + BB'), (3.14)
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gives rise to the Lagrangian which we found in the previous section, i.e.,
R B'B) '8, Bt BBY)'o°B
= 2 Tr{(1, + B'B) " 0,B'(1, + BB") }. (3.15)

Since we have assumed that M is in the Cartan subalgebra of GG, the mass matrix takes
the form

M,
M = ( " ) , M,, = diag(my, ma, -+ ,my). (3.16)
—M,

The U(1)ys action on B can be seen from U — e~ WM eM o be
B — Mn? BeiMn?, (3.17)
As above, we expand the field in modes and keep just the lowest mode giving rise to
B(t, z,9) = M By(t, 2)eMn?, (3.18)

Upon inserting this field in the Lagrangian (3.15) and dropping the suffix, we obtain the
following mass-deformed sigma model

L= 47; Tr{ (1, + B'B) '0,B' (1, + BB") "'o°B
g

~ (Ln+ B'B) (M, B} (1, + BBY) (M, BY | (3.19)
As the mass matrix is Hermitian, the vacuum equation reads
{M,,B} =0, (3.20)

which in general can only be satisfied for B = 0.8 However, there exist other vacua in the
coordinate patches which are not covered by B. In the next section we will see that the
numbers of vacua of the SO(2n)/U(n) and USp(2n)/U(n) sigma models are

SO(2n) _ gn—1

vacua

nUSpCn) _ gn (3.21)

n vacua

respectively. Although our analysis here is limited to the worldsheet action of the single
winding vortex (k = 1), we can generalize the discussion to higher winding cases. In the
case of k > 2, we have various choices for the representation of the coweight ©, which
determines the orbit of the Goyr symmetry. As an example, the mass-deformed sigma
model on the quadric surface Q?"~2 (G = SO(2n), k = 2, ¥ = vector representation) is
discussed in appendix D.

We have now considered a few worldsheet sigma models which are all low-energy effec-
tive descriptions of non-Abelian vortex systems. For the sigma models we are considering,
the number of vacua in the classical regime is equal to the Euler number of the target
space X (Morientation) [9], see table 1. This is consistent with the Witten index [50, 51] and
expected to remain the same in the quantum regime. In the next section we will consider
the kinks interpolating the different vacua of the vortex worldsheet theory, viz. the sigma
model.

8We assume that m; # £m; to break the color-flavor group to Cartan generators.
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moduli space Morientation X (M orientation )

88((,25) 2n—1
U%FES)") 2m
CpN—1 = SU(J\SIL—]g])VX)U(l) N
Gryg = S(U(kS)E(IJJ\([J)V—k)) (ka)
Q% = so(2§§)f5(é?%n—2> o

Table 1. The Euler characteristics of various orientational moduli spaces.

4 Monopoles as kinks on the vortex

In this section we discuss kink configurations in the effective action on the worldsheet of
the U(1) x SO(2n) and U(1) x USp(2n) vortices. We will see that the kinks on the vortex
worldsheet can be interpreted as the SO(2n) and USp(2n) monopoles from the viewpoint
of the bulk theory.

4.1 SU(2) monopole

For illustration, let us first review the 1/4 BPS configuration of the kink monopole in the
G = SU(2) case [3].

The orientational moduli of the U(2) vortex is CP! = SU(2)/U(1). In the presence of
the mass term M = m o3, the potential is induced and only two configurations are left to
be the minimal energy configurations (which we call the vortex vacua). At these points,
the magnetic flux \ = —217T f dxidxo F1o is given by

1 0
)‘highest = ( O) ) )\lowest = < 1) . (41)

The 1/4 BPS equations (2.6)—(2.8) do admit configurations of vortices which approach the

vortex vacua at x3 — +00 as

lim A = Anighest s lim A = Aowest - (4.2)

r3——00 r3—00

For such a configuration, the energy (2.10) is given by the difference between the magnetic
fluxes at x3 — +o00, i.e. the magnetic charge inside the vortex

47

E=-"7 / dits O, TrAD] + / drs T, = o 4 / dzs T, , (4.3)
g g

where the second term represents the vortex tension. Note that the adjoint scalar ®
approaches the VEV (®) = M at spatial infinity

lim ®=mos. (4.4)

r3—+o00
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lz] of

X3

(a) energy density (b) Tr[B;(1 + o03)] (c) Tr[B;(1 — o3)]

Figure 1. (a) The energy density profile of the vortex-monopole configuration (numerical solution
of the 1/4 BPS equations). The energy is localized along the vortex (|z| = |1 + iz2| = 0) and
around the monopole (|z| = z3 = 0). (b, ¢) The magnetic flux projected onto 1 + 03 X Anighest
and 1 — 03 & Ajowest- The monopole is attached to two vortices with magnetic flux Anighest and
Alowest, Tespectively. The plots for negative |z| are simply mirror images in order to illustrate the
cross section of the configuration.

The energy of eq. (4.3) is given by the mass of the monopole and the vortex tension. Hence
we can interpret this as the energy of the 1/4 BPS configuration of the confined monopole
attached to two vortices having magnetic flux Apighest and Alowest, Tespectively (see figure 1).
Figure 1 is the first full numerical solution of a confined monopole.

We can discuss the same configuration using the worldsheet effective action of the
vortex. Using the effective action (3.6) for the U(2) vortex in the massive theory, we can
easily find the BPS equation for the kink by rewriting the energy of the static configuration
as follows

47 | Dy b — 2mb|? 4 4
E: 3 > - - 4
[ T+ [ e T = oo o=l (45)

where o is the standard height function of CP! which is given by

1—[p]?

=— . 4.6
7T T P (46)

The BPS equation and its solution are given by
Dpsb —2mb =0 = b(x3) = by >3, (4.7)

where by is a complex constant which corresponds to the position and phase moduli of
the kink. Although the solution b — oo at x3 — oo, this is an artifact of the choice of
the coordinate. The moduli field b is the inhomogeneous coordinate on CP'. In order to
see the other vacuum, one needs to change the patch, say b = 1/b (b # 0). This BPS
configuration saturates the bound (4.5) and the kink mass is given by

E= _lo(0)—0o(—0)] = . (4.8)
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This kink mass is in precise agreement with the monopole mass. In this way, we can identify
the kink interpolating between the distinct vortex vacua with the monopole confined inside
the vortex [3].

4.2 SO(2n) and USp(2n) monopoles
4.2.1 BPS kink equations

We will use the following convention for the Cartan generators

H “
H= " , H, = - , 4.9

€n

where {e;} is the standard orthonormal basis. With this normalization, the highest weight
vector of the (Weyl) spinor representation of SO(2n) and SO(2n + 1) is given by

1
vp=_(e1+--+ep). (4.10)

o

The mass matrix takes the form

M:m.H:<M" _Mn>. (4.11)

Without loss of generality, we can always choose the ordering of the masses by using the
SO(2n) and USp(2n) rotations as

m = (my,mg, - ,My), mp>mg > - >my > 0. (4.12)

If some of the masses are equal, a non-Abelian subgroup of G, F is unbroken, while the
symmetry is maximally broken to U(1)" for a non-degenerate mass matrix. For simplicity,
we restrict ourselves to the case of maximal symmetry breaking m, > mo > -+ > m, >0,
which implies that

m-ao; >0, (4.13)

for all positive root vectors ;. In other words, m is a vector in the interior of the positive
Weyl chamber.

The time-independent energy density of the effective sigma model can be decomposed
into a positive semi-definite term and a total derivative term

£ = iZTr (X~ (0, BY — {M,,, BY)Y =" (01, B — {M,, B})] + gama, (4.14)

where X and Y are the matrices given in eq. (2.34). The function o, which is called the
moment map of the U(1),, action, is given by

o=Tr[M, — X "M, =Y 'M,]. (4.15)
Note that o satisfies

Opyo = Tr[ X710, B'Y " {M,, B} + X' {M,, B} Y~10,,B]. (4.16)
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The first term in the energy density (4.14) is positive semi-definite and vanishes if the
matrix B satisfies

8y, B = {M,, B}. (4.17)

This is the BPS equation for the kinks on the vortex worldsheet. If the matrix B satisfies
the BPS equation, the energy of the configuration, which can be interpreted as the total
mass of the BPS kinks, is given by the boundary values of the function o

Mok = Z;QT/ dr3 0p,0 = jgr [0(00) — o(—00)] . (4.18)

— 00

The physical meaning of the function o can be seen by using egs. (2.20), (2.49) and (2.35)

1

9 /dmldxg TI‘[FHCI)] = —Tr [UT)\hUM] = 0. (4.19)
m

This implies that the function o is the magnetic flux of the vortex projected onto the

internal direction specified by the adjoint scalar ®. The total mass (4.18) is proportional

to the difference of the magnetic flux, i.e. the magnetic charge inside the vortex string

47

Myink = 2 (4.20)

where we have defined the magnetic charge vector g as
g = /dxg Tr[X'0,,B'Y '{H,,B} + X '{H,,B'}Y '9,,B|

— /dxg O, Tr[H, — X 'H,, - Y 'H, ] (4.21)

Therefore the kinks on the vortex worldsheet are magnetically charged objects, i.e. they
are the magnetic monopoles.

The general solution to the BPS equation (4.17) can be easily obtained as
B = Mns gy Mnes (4.22)

where the matrix elements of By are the integration constants, namely the moduli param-
eters of the BPS configurations. Although the solution (4.22) diverges at spatial infinity
x3 — 00, this is an artifact of the choice of the coordinates as in the example of the SU(2)
monopole.

In order to see the configuration at x3 — 0o, we need to change the patch specified
by B to other patches. To this end, let us use the fact that the target space SO(2n)/U(n)
and USp(2n)/U(n) can be embedded into the complex Grassmannian Gr(2n,n). As is
well known, the complex Grassmannian can be described by an n-by-2n matrix A with the
following equivalence relation

A~VA, VeGL(n,C). (4.23)
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The coset spaces SO(2n)/U(n) and USp(2n)/U(n) are subspaces in the complex Grass-
mannian Gr(2n,n) defined by the following constraint? on the matrix A [52]

AJAT =0, J:( 0 1”), (4.24)
el, O

where € = 1 for SO(2n) and € = —1 for USp(2n). Since the group G transitively acts on
the coset space, any point on the coset space can be obtained from a specific matrix A by
the G transformations

A — AU, UedG. (4.25)

Let us take the base point at B = 0 as the corresponding matrix
Ay = <0n 1n) : (4.26)

where the suffix of Ay, stands for the vortex configuration (2.17)—(2.18) which is associated
with the highest weight vector ©j,. Then, any point on the coset space is given by

A=MAU, UeQG. (4.27)

Note that the action of the subgroup H = U(n) is trivial on Ay, so that the whole set of
matrices A is identified with the coset space G/H. If we multiply by the group element
U € G given in eq. (2.35), the matrix A takes the form

A = Apgugi ~ Mpgr = <B 1n> : (4.28)

This shows that the element of the parabolic subgroup g, € P trivially acts on Ay, while
the action of the complexified group element ¢; € GC, generated by the lowering operators
E_, with vy, - a > 0, is non-trivial.

In the following, we discuss the vacua and kink configurations in the SO(2n)/U(n)
and USp(2n)/U(n) sigma models in terms of the n-by-2n matrix A. Since these sigma
models can be regarded as the low energy effective theories of a U(n) gauge theory with
2n flavors obeying the F-term constraint (4.24), the discussion below can be viewed as a
generalization of the construction of the domain walls in the U(n) gauge theory (or the
Grassmann sigma model) discussed in ref. [18, 19, 53, 54].

4.2.2 Vacua on the vortex worldsheet

Now let us discuss the vacuum configurations in terms of the matrix A. The vacuum
condition {M,,, B} = 0 implies that the vacua are fixed points of the U(1),s transformation

B — MV B iMnd — B (4.29)
In terms of the matrix A, this condition of the fixed points can be rewritten as

A— AeM? AL (4.30)

°In the case of SO(2n)/U(n), the set of the solutions to the constraint (4.24) consists of two disjoint
copies of SO(2n)/U(n), one of which can be identified with the moduli space of vortices of definite chirality.
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We can easily show that Ay, is one of the fixed points of U(1),
AheiMﬁ = eiiM"ﬂAh ~ Ay . (4.31)

The other matrices corresponding to fixed points can be found by multiplying matrix Aj
by Weyl group transformations of G as follows

A=Ajw, W= We, Wey; " Wy, € G, (4.32)

where wq, are the generators of the Weyl group corresponding to reflections with respect
to the simple roots «;

Wey, = exp | — ;T(Em —E_a)| €G. (4.33)
We can check that the A’s given by eq. (4.32) are fixed points by using the fact that the
mass matrix transforms as!?
M = wo,Mwl, = [m— (m-&)oy] - H, a;=2 (4.34)
‘ Q- Oy
For example, Apwq, transforms under U(1)ys as
Apwy, €M = Aheiw"‘i(Mwwai = e_iw“i(M”)ﬂAhwai ~ Apwe, (4.35)
where wq, (M) and we, (M,,) are 2n-by-2n and n-by-n matrices given by
Wey; (M) _
We, (M) = ‘ = m-(m-o;)o;| - H. 4.36

Let us now calculate the magnetic flux o defined in eq. (4.15) at each vacuum point.
In terms of A, the flux o can be rewritten as

o = Tr[(AAT)'AMAT] . (4.37)
For the highest weight vacuum Ay, the flux o is given by
o=-TrM,=—-2m-vy. (4.38)
Similarly, the flux o in the vacua Ajwe, can be obtained by using eq. (4.34) as
o= Tr[(ApA]) T Apwe, (M)A]] = —2m - we, (71), (4.39)

where weq, (P,) is the coweight vector obtained from 7, by the Weyl reflection with respect
to the simple root «;
We, (V1) =0 — (U - )@ (4.40)

"Note that we , acts on any element of the Cartan subalgebra as the Weyl reflection of the coefficient
vector wa, (v - H)wl, = [v — (v é&i)ai] - H.
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As this example shows, the values of the magnetic flux at the vacuum points are specified
by the coweights related to Uy via Weyl reflections. In the case of a single vortex in
G = SO(2n), USp(2n) theory, the orbit of &y, under Weyl reflections coincides with the
whole set of weight vectors of the (Weyl) spinor representation of G = SO(2n), SO(2n+1).

Therefore the number of the vacua is the dimension of the representation'!

n—1 : N —
S { 2 (Weyl spinor rep. of G = SO(2n)) for G = SO(2n) (4.41)

2" (spinor rep. of G = SO(2n 4+ 1)) for G = USp(2n)

Example 1: vacua of the USp(4)/U(2) sigma model. Let us take the USp(4)/U(2)
case as an example.'? The Weyl group is generated by the following elements corresponding
to the simple roots a; = €1 — €2 and as = 2ey

0-10 0 100 0
10 00 00 0—1

e R Yoz =190 1 0 (442)
00 10 010 0

By using these group elements and GL(n,C) transformations, we obtain the following
vacuum matrices

0010 0010
Ao, = A, = 4.43
A (00 01)’ + (01 00)’ (4.43)

A —(Lo00) A _[LOo00) (4.44)
0001 0100

where we have used the Weyl group elements in the following way
A++ = Ah 112) A+_ ~ A++U)a2 % A_+ ~ A+_’U}a1 112) A__~ A_+wa2 . (445)

The symbol ~ denotes that we have used the equivalence relation (4.23). For each vacuum
point on the target space, the coweight o and the magnetic flux, respectively, are given by

5 +e; te
Diy = 12 2 ogn = —(Emy Ema). (4.46)

Note that the signatures + correspond to the spins of the SO(5) spinor representation. In
general, the vacuum matrices for G = USp(2n) has the following form

al— a1+
A4 = ; (4.47)

Ap— A+
where a;+ =1 (a;+ =0) and a;,— = 0 (a;— = 1) if the i-th signature of Ay..4 is +(—).

"'We can also see that the number of vacua is the Euler characteristics of the target manifold [9)]

(o) )

2Note that SO(6)/U(3) = USp(4)/U(2) = CP?.
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Example 2: vacua of the SO(6)/U(3) sigma model. In the case of G = SO(6),
the Weyl group is generated by the following elements corresponding to the simple roots
a;=e; —ey, as =€y — ez and az = ey + e3

-10
0 0
0 1

10 0 1
00 -1 0 -1
01 0 0 1

, Wanp = Wag =

0
1
0
Wa, = 1

O = O
= o O

0
0
Combining these group elements with GL(n,C) transformations (i.e. the equivalence rela-
tion), we obtain the following vacuum matrices

0 1 0 1
A+++:< 00 11>, A+:< L 00>, (4.48)

10 10
Ae_=( "0 "1 | A.=("1 "0 ) 4.49
i 10 " 0 1 (4.49)

Here we have used the Weyl group elements in the following way

as o o)
Appr =M — Ay~ Ay Wa;, — Ao~ A Way, = Ay~ Ay Wa, .

(4.50)
In these vacua, the coweight o and the magnetic flux are given by
- :tel + €9 + €3
Uity = 5 , Okx = —(Emy £ my Emg), (4.51)

where the signatures + are the spins of the SO(6) Weyl spinor representation. In general,
the vacuum matrices for G = SO(2n) have the following form

aj— ai+
Aoy = , (4.52)

Ap— Ap+

where the number of “—”sin Ay..1 is even while a;+ =1 (a;4 =0) and a;— =0 (a;— = 1)
if the i-th signature is +(—).

4.2.3 Single monopole configurations

We have seen that the total mass of the BPS kinks is determined by the difference of the
magnetic flux o at z3 — oo, which is specified by the coweights, i.e. the weight vectors
of the dual group G. Tt follows that the total mass of the kinks interpolating between two
vacua labeled by 4 is given by

47 8

Myginy = ,m-g=— |
g

2 m- (D, — ). (4.53)

This shows that the magnetic charge vector g is proportional to the difference of the vectors
U_ — vy, which is an element of the coroot lattice, i.e. the lattice generated by the root

— 22 —



V. Vi
Figure 2. A schematic picture of the composite of the vortices labeled by the coweight vectors v
and r_ and the monopole with the coroot o =v_ — v,

vector of the dual group G. Since any element of the coroot lattice is a linear combination
of the simple roots of G with integer coefficients, the total mass can be decomposed into
the masses of “the elementary kinks”, which are given by the simple roots of the dual group

8

M; =
K3 92

m- &, (i=1,2,...,7 =rank Q). (4.54)

These BPS masses of the elementary kinks coincide with those of the elementary monopoles

appearing in the 4d gauge theory with maximal gauge symmetry breaking
SO(2n) — U(1)", USp(2n) — U(1)". (4.55)

A schematic picture is shown in figure 2.

As we can see from the BPS solution (4.22), the kink configuration is a one parameter
flow on the target space parametrized by xs. Similarly, this BPS flow can be rewritten in
terms of A as

A(z3) = Ag eM®3, (4.56)

where Ag is a constant n-by-2n matrix which specifies the kink configuration.'® As well as
A, the matrix Ay should obey the constraint and equivalence relation

Ao JAF =0, Ao~ VAo, V € GL(n,C). (4.57)

For example, the matrix Ag for the BPS solution (4.22) is given by

Ao = <B0 1n) . (4.58)

By using the matrix Ag, the magnetic flux ¢ for the kink configurations can be expressed as
1
o = Te[(AA)TTAMAT] = 0, logdet (Age® ™ A) . (4.59)

In the following, we will discuss the kink configurations for a given matrix Ag. First
let us consider the case with Ag = Aj. Since eM?3 acts trivially on Ay, the configuration
is independent of xg

A(z3) = A eM®3 ~ Ay, (4.60)

Therefore Ag = Ay, corresponds to the highest weight vortex vacuum. In general, the fixed
points of U(1)ys (generated by the Killing vectors k) correspond to those of the BPS flow
(generated by ik?)

Ao eiMﬁ ~ANy < Ay eMmS ~ Ay (461)

13 This n-by-2n matrix A is called the moduli matrix for domain walls [18, 19].
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This means that if Ag is one of the vacuum matrices, there is no kink in the configuration.
The first example of the matrix Ag which represents single kink configurations can be
obtained by multiplying the highest weight vortex vacuum by the lowering operators £_, as

Ao =AMy exp [bE_q] | (4.62)

where b is a complex parameter. There is a caveat though, i.e. the action of the lowering
operator E_, is non-trivial if and only if the inner product of &} and « is positive

Up-a>0. (4.63)
In that case, the matrix A(x3) is given by
A(z3) = Ap exp [bE_q] M3 Ay exp b elom) "E_al (4.64)
where we have used that
e Mg eM?s = glammp (4.65)

Eq. (4.64) shows that the vortex configuration at x5 — —oc is in the highest weight vacuum
Ayj. Note that we have fixed the ordering of the masses so that m-a > 0 for all the positive
roots . To see the vortex configuration at x3 — oo, let us use the following decomposition

of the group element
exp [a E_a] = exp [a_lEa] exp [ —logaé - H] We, €XP [a_lEa] ) (4.66)

Since the raising operator F, and the generator of the Cartan subalgebra H act on Ay

trivially, the matrix A(z3) can be rewritten as
A(ws) ~ (Apwa) exp [b~le (@™ B, ] (4.67)

Therefore the matrix A(xs3) represents the kink between the vacua specified by ©; and

wa(ﬁh)
lim A(zg) ~ Ay, lim A(zg) ~ Apwe - (4.68)

I3——00 r3—00

Note that if 2, -« < 0, there does not exist any kink in the configuration since Apweq ~ Ay,.
As we have seen in eq. (4.53), the mass of the kink is given by the difference of the coweights
U4 specifying the vacua at x3 — Fo0. For x3 — —oo, the vacuum is specified by the highest
weight vector o = vy, while »_ is given by Weyl reflection of &;, with respect to ae. Since
Uy, -a < 1 for any root e, the Weyl reflection wq (2,) with respect to a satisfying v, -a > 0
is given by

wa(l)h) - ’)h - (’)h . a)d - ’)h — . (469)
Therefore, A(xz3) represents the set of configurations of kinks interpolating between the

vacua vy and Uj, — &, whose mass is given by

8
Mignic = &-m. (4.70)
9
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The physical meaning of the parameter b can be read off the profiles of the magnetic flux
o and the energy density & = ‘;7; Oz40

o = é&-m[l + tanh[a - m(z3 — 10)]] — 20 - m, (4.71)
E = Z;;T (& - m)(a - m)sech?[a - m(x3 — 70)], (4.72)

where we have redefined the parameter b as (see eq. (4.62))
b=exp[— (o-m)rg+in], ro, n € R. (4.73)

Since the kink profile of o and the energy density are functions of 3 — rg and independent
of n, the parameters rg and 1 can be interpreted as the position and internal phase moduli
of the kink. The phase can be interpreted as the Nambu-Goldstone zero mode of the
U(1)p symmetry broken by the kink. Note that the phase n transforms under the U(1)"
symmetry as

expi@ -Hl: n — n+60-a. (4.74)

As already mentioned, the kinks specified by the simple roots correspond to the ele-

t14 which satisfies

mentary monopoles in the 4d theory. There exists only one simple roo
the non-triviality condition vy - a > 0. Therefore only a = «,, corresponds to the sin-
gle elementary monopole for Ag of the form (4.62). As we will see in the next section, the
other cases are the coincident monopoles, which can be decomposed into several elementary
monopoles.

Next, let us consider the action of the lowering operator on another vacuum
Ao = (Apw) exp [bE_q] = Ap exp [DE_yy(o)w (4.75)
where w(a) is the root vector obtained by the Weyl reflection. The action of E_, on Ajw
is non-trivial if and only if
Uy - w(a) =w(D,) -a>0. (4.76)
As in the previous case, we can show that

A(zg) ~ Apw exp [b e(a'm)mSE_a] ~ Apw we exp [bile*(o"m)x?’E_a] ) (4.77)

Therefore the matrix A(z3) corresponds to the kink between the vacua specified by the
vectors w(op,) and w(Py) — &

lim A(zg) ~ Apw, lim A(zg) ~ Apwwe - (4.78)
r3—00

Tr3——00
The difference between this and the previous cases is that the vacua A;, and Ajw can admit
different types of elementary monopoles (see eqs. (4.63) and (4.76)). In general, the i-th
elementary monopole can exist if and only if i-th Dynkin label [; of the coweight & at
T3 — —00 is positive
Li=v-0; €7y . (4.79)
Indeed, we can easily show that if the i-th Dynkin label is not positive, the action of the
lowering operator exp[bEq,] is trivial

I; <0 <= (Ayw)exp [bEqa,;] ~ Apw. (4.80)

Yo, =en_1+en and an = 2e, for G = SO(2n) and G = USp(2n), respectively.
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Example 1: elementary kinks in the USp(4)/U(2) sigma model. Let us first
consider the elementary kinks in the USp(4)/U(2) sigma model. The Dynkin labels of the
vacua l; = a; - & are given by

e +ez €] — ey

Dip= o [kl =01, by = ) o [h,k] =[1,-1], (4.81)

_ —e; t+e s s _ —e1—e - =
b= 12 o ] =[-1,1, = 12 o [h,l] =[0,-1]. (4.82)

Therefore there is no elementary BPS kink between (——) and another vacuum.!® The
lowering operators for the simple roots a; = e; — es and s = 2e5 are given by

100 O 1000
b10 0 0100
exp [bE_al] =loo1 - | exp [bE_a2] =loo01o0 (4.83)
000 1 0b01
By using the vacuum matrices given in eqgs. (4.43) and (4.44), we find the following matrices

Ag for single elementary monopole configurations

00 10
00 1-b

Appoopy = M—exp [PE_q, | = <b 100 ) : (4.85)
10 00

Af—y=Ajexp [bE_o,] = <0 b0 1) . (4.86)

For these matrices, A(z3) = AgeM®* correspond to the kinks interpolating between the
vacua given in egs. (4.43) and (4.44). For example, A1, | represents the elementary
kink between the (++) and the (+—) vacua

00 10 A
—_
0a 01 ] z3——o00 T

00 10 ’
0101 ) sooe M-
a

where M = diag(mi, ma, =y, —ms).

=b €2m2 T3

Example 2: elementary kinks in the SO(6)/U(3) sigma model. In the case of
the SO(6)/U(3) sigma model, the Dynkin labels of the vacua l; = o; - U are

e +es+e3

7 ) o [I1,1,13] =[0,0,1], (4.88)
v =" 622 TS L by 03] = [1,0,-1], (4.89)
o, = +;2 T 0y = [~1,1,0], (4.90)
= _;2 TS o D, 03] = 10,0, -1]. (4.91)

5The kinks between (——) and the other vacua are anti-BPS monopoles.
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The lowering operators for the simple roots ay = €1 — e2, s = es — ez and a3 = es + eg
are given by

1 1 1
b1 1 1

bE_a, 1 hE oy b1 B oy 1

1 1 -0b -b 1

By using these group elements and the vacuum matrices given in eqgs. (4.48) and (4.49),

we find the following Ag corresponding to the elementary monopoles

0 1

Agrya—) = Arrexp[bE o] = < 2 _Ob 1 1) : (4.92)
0 1 —b

Aoy =A _exp[bE_q] = <b 1 ) 0 0), (4.93)
1 0

AN jo gy = A _exp[bE_q,] = < 2 ) 1 —Ob> . (4.94)

4.2.4 Multi-monopole configurations

As we have seen in the previous section, the lowering operators for the simple roots are
“creation operators” of the elementary monopoles. Now let us consider the matrix Ay with
two lowering operators for different simple roots

Ao = (Ayw) exp [biEa, | exp [bjEq, ] | N (4.95)
In this case, we have the following three expressions for the matrix A(x3)

(Apw) exp [bie(ai'm)xi”E,ai] exp [bje(aj'm)mSE,aj]
A(zg) ~ (Apwwa,)  exp [b e~ (@mT B, ] exp [bje(af'm)mSE_aj] , (4.96)
(Apw We, Way; ) €XP [bj_le*(aj'm)mEaj] exp [b;le*(ai-m)mEai]

where we have used the fact that [Eq,, E_q,] = 0 for any simple roots a; and a; (i # j).

If we set the moduli parameters as'®

logb; = —(ai . m)rl- +in; , log bj = —(aj . m)rj + ’L'nj , (497)
we find that the matrix A(xg) flows though the following three vacua

Apw T3 L 15
A(:Cg) ~ Apw Weyy T7 <KLT3 LT, (4.98)
Apw W, Way; T K T3

5There is no summation on i and j in eq. (4.97).
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where we have assumed 7; < ;. Eq. (4.98) shows that A(x3) corresponds to the configu-
ration of two elementary kinks &; and a; located at x3 = r; and x3 = r;, respectively

(Apw)-vortex — & -monopole — (Apw we, )-vortex
3T T3=T4 ri <Lz LTy

— @ -monopole — (Apw Wa, Wa, )-vortex .
T3=T} r;<<T3
If the lowering operators E_q, and E_qo; commute with each other, we have another
expression for the matrix A(z3)

A(z3) ~ (Apw we,) exp [bj_lef(aj'm)x?’Eaj] exp [bie(o‘i'm)x?’E,ai] (4.99)
~ Apwwe, (1> 3> 1) (4.100)

Therefore the ordering of the monopoles can be exchanged if the corresponding operators
satisfy [E_q;, B_a,;] =0

(Apw)-vortex — &j-monopole — (Apw we,; )-vortex
3L, T3="j 1 <Lr3Lr;

— @&;-monopole — (Apw Wey; Wey; )-vortex .
T3=Ti r; <3
On the other hand, if the lowering operators do not commute [E_ai,E_aj] % 0, the
monopoles have a fixed ordering, which was found for the Grassmannian sigma model [19].
To see this, let us consider the following example in the USp(4)/U(2) sigma model

3 10
Awz) = My oxp [b2E_ay ] exp [b E_g, | M7 ~ | 9192 4192 : (4.101)
aitas an 01
where a; and a9 are given by
a; = ble(m1—m2)x3 _ e(ml—mg)(3[:3—7’1)—|—i7717 (4.102)
ag = bpe?m2®s = gIma(waTra)ting (4.103)

In this configuration, there are two monopoles at x3 = 79 and x3 = rq if 79 < 1. Let us
take the limits 79 — oo and 71 — —oo while keeping a%ag fixed

a142 010
A(zg) ~ ( 0+ 00 1) ~ Aipexp [a142F_ () +an)] - (4.104)

where a9 takes the form a9 = exp[(mi+ma)(x3—7r142)+in42]. Eq. (4.104) corresponds
to a single monopole with root vector & + &o. Therefore the monopoles with & 2 cannot
be exchanged and become a single monopole with & + o in the coincident limit.
To understand the ordering of the monopoles, it is convenient to introduce the following
matrix!7
S(z3) = (AAT) TTAMAT. (4.105)
"The definition of ¥ here is different from that is used in the Grassmannian sigma model [18, 19] by a
matrix conjugation ¥ — ST!XS.
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7‘20 7‘]0 (‘) 1‘0 2‘0 =20 -10 0 I‘O 2‘0 7‘20 7‘]0 (‘) 1‘0 2‘0
X3 X3 A3
7’1:10,7‘2:—10 7’1:0,7“2:0 7’1:—10,7“2:10

Figure 3. The eigenvalues of ¥ as functions of 23 (G = USp(4), m; =2, ma = 1).

Since Tr ¥ = ¢ is the magnetic flux which has a kink profile, the eigenvalues of 3 also have
kink profiles, which contain more information on the ordering of the kinks, as in the case
of Grassmannian sigma model [53]. Figure 3 shows the coincident limit of the a;- and
a-monopoles in the USp(4) case.

In general, the matrix > has the following properties:

1. The eigenvalues of ¥ are increasing functions of x3.

2. At the vacuum points, all of the eigenvalues are different and given by the mass
parameters +m,.

3. If m; (—my) is one of the eigenvalues, —m; (m;) is not contained in the set of eigen-
values.

4. For the vacuum Ag,..s, (s; = %), the eigenvalues are —symyq -+, —s,my,.

With these rules in mind, we can draw the generic kink profiles of eigenvalues diagram-
matically in the thin wall limit'® (see USp(6) and SO(8) examples in figures 4 and 5).
In the SU(N) case, the profiles of eigenvalues of ¥ were interpreted as kinky D-brane
configurations [53].

Finally, let us discuss the most generic configurations of kinks. The matrix Ag for the
generic configuration can be obtained from Aj, by multiplying as many lowering operators
as possible

Ao = Apexp [bilE,ail] - exp [bipE,aip} , (4.106)

where «;; are simple roots. Since the multiplication of the lowering operators becomes
trivial at a finite number p, there exist “maximal kink configurations” containing the
maximal number of kinks. As shown in appendix C, we can always rewrite the matrix Ag as

Ao ~ (Mpwe,, ) exp [bi, B a, ] - exp [b;pE,aiP} exp [b;lflEail] (4.107)
~ (Apwa,; wa,,) €Xp [bé;E,aig] -+ exp [bng,aiP} exp [b;;flEaiQ] exp [b;/lflEail]

8The thin wall limit can be interpreted as the large mass limit in which the kink profile becomes a step
function limm,—oo[1 4 tanh(mz)] = 20(x) where 0(x) stands for the step function. In the SU(N) case a
different limit was taken in ref. [55] to obtain kinks with constant slopes, in order to study the statistical
mechanics of non-Abelian vortices.
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Figure 4. The USp(6) maximal kink configuration in the thin wall limit. The eigenvalues of X
(solid lines) and their mirror image (dashed lines) with respect to the line ¥ = 0 (dotted line) are all
different in each vortex vacuum (the regions are separated by vertical dashed lines). The sequence
of Dynkin labels of the SO(7) spinor is assigned so that the subsequent labels are obtained by
subtracting the row of the Cartan matrix C' corresponding to the coroot of the monopole between
the vacua. The branch of the sequence corresponds to commutative monopoles.

| | |
m, \ \

\ \ \
\ \ \

|

X3 &, &, &,
[0,0,0, 1]4[0,1,0,—1]4[1,—1,1,0]<

~

o

|

I

X X
[-1,0,1,0]-_° 2 4
[—1,1,—1,0]*[0,-1,0,1}-*[0,0,0,—1]

4

[1a05_170]

_Qz

Figure 5. The SO(8) maximal kink configuration in the thin wall limit and the sequence of Dynkin
labels of the SO(8) Weyl spinor. Each eigenvalue (solid lines) can cross the dotted line ¥ = 0 only
if it is paired with another eigenvalue. Because of the vacuum condition, two kinks must go up
simultaneously across the dotted line.

Repeating this procedure, we can read off the vortex-monopole configuration from x3 —
—0o0 to T3 — 00

Ap-vortex — &y -monopole — (Apweq,)-vortex — -+ — (Apwa, - Wa,, )-vortex.

The lowering operator exp[b; F_q,] creates the &;-monopole if the vortex has the coweight
¥ with a positive Dynkin label [; = & - ;. Then it is connected to the vortex with the
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coweight o — &; whose Dynkin labels are l~; = l~j — C~'ZJ Here C~'¢j is an element of the Cartan

matrix

Therefore, the most generic SO(2n) and USp(2n) vortex-monopole configurations can be
constructed in the same way as the (Weyl) spinor representation of SO(2n) and SO(2n+1)
(see the USp(6) and SO(8) examples given in figures 4 and 5).

Example 1: maximal kink configuration in the USp(6)/U(3) sigma model. Let
us consider the maximal kink configuration in the USp(6)/U(3) sigma model. The most
generic form of the matrix Ay is given by

Ao = Ap, exp [b31E_qa,] exp [ba1E_a,] exp [b11E_q ]
X exp [1)372E_a3] exp [6272E_a2]
X exp [b373E,a3] . (4.109)

The number of moduli parameters b; ; is in accordance with the number of the matrix
elements of the symmetric matrix By. The corresponding kink profile and the sequence of
Dynkin labels of the SO(7) spinor representation are given in figure 4.

In general, the matrix Ag for the maximal kink configurations in the USp(2n)/U(n)
sigma model is given by

Ao = Apexp [bpiE—a,] - exp [b21 E_a,] exp [b11E_q, |
X exp [bng_an] .- exp [blgE_oQ]

X exp [bpnF-a,] - (4.110)

There are i (i = 1,...,n) &;-monopoles in the maximal configuration and the complex
parameters b; j (j = 1,...,17) are the position and phase moduli of j-th &;-monopole.

Example 2: maximal kink configuration in the SO(8)/U(4) sigma model. The
matrix Ag for the maximal kink configuration in the SO(8)/U(4) sigma model is given by

AO = Ah exp [1)471E_a4] exp [bZ,lE—az] exXp [bl,lE—al]
X exp [b372E,a3] exp [b272E,a2]
X exp [basE_ay] - (4.111)

As in the case of USp(6)/U(3), the number of moduli parameters b; ; is in accordance with
that of the matrix elements of the anti-symmetric matrix By. The kink profiles and the
sequence of Dynkin labels of the SO(8) Weyl spinor representation are given in figure 5.
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Figure 6. The SO(4) kink configurations on the vortices with opposite Zs topological charge.

The generic form of the matrix Ag for the maximal kink configurations in the
SO(2n)/U(n) sigma model is given by
Ao = Apexp [bn,lE—an] exp [bn_271E_an72] .- exp [52,1E—a2] exp [bl,lE—al]
X exp [bn—1,2E—an_1] - exp [bg,gE,QQ]
X exp [bng_an] exp [bn—2,3E—an72] .- exp [6373E_a3]
X exp [bn,1,4E,an_1] - exp [b4,4E,a4}

xL, (4.112)
where the last operator L is

L { X [bynE- ] for SO(4n’ + 4)

. 4.113
exp [bn—LnE—an,l] for SO(4n’ + 2) ( )

For SO(4n’ + 2) (SO(4n’ + 4)), the numbers of &;-monopoles in the maximal configura-

tion are
i fori=1,--- ,n—2
#a-monopoles = ¢ n’ fori=n-—1 . (4.114)
n (n+1) fori=n
We can also discuss the kinks on the vortex with opposite Zy topological charge (chi-
rality) by starting from the following highest weight vacuum

/ On—l 1n—1
= . 4.115
A ( T (1115)

In the case of SO(4), the vortices with different Zy topological charge admit different types
of elementary monopoles (see figure 6)

0-b 10

Apg—oy = Apexp [bE_q, ] = <b 0 0 1) , (4.116)
00 1-b

A(+_7_+) = A;1 exp [bE_a2:| = <b 100 ) ? (4117)

where a1 = e; — e3 and as = e; + es.
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5 Witten’s effect on the vortex worldsheet

In this section we consider the dyonic configuration. The bulk #-term induces a f-term on
the vortex worldsheet, which can be obtained by substituting the solution (2.40) into the
bulk #-term

0 - 0 ig? .
Lo= 4y " / d*z To(Fp Fe) = or / dx i 9767 0ab 017 (5.1)
where €3 = —¢®3t = 1. This induced #-term on the vortex worldsheet is proportional to

the pullback of the Ké&hler form onto the vortex worldsheet. For the SO(2n)/U(n) and
USp(2n)/U(n) cases, the explicit form of the induced #-term is given by
0
Lo=i, T [X 10, BYY "10sB] . (5.2)
T
For the U(N) theory this reduces to the f-term in the worldsheet CPY~! sigma model,
discussed by Gorsky et al. [8]. Thus the total effective Lagrangian becomes
4 0 _ _ A -
L= Tr[<92 nh — 227T60‘5>X 19, BTY 1958 — 2 XYM, B"}Y 1{Mn,B}]

4

= Tr [Im(TX—laBTy—lmB) — ZX‘l{Mn,BT}Y_l{Mn,B}} , (5.3)
g

where 7 is the complex coupling constant

n A
27 Zg2 ’
Although the #-term (5.2) does not change the equation of motion, it shifts the conserved

Noether charges of the U(1)" global symmetry (H,, is defined in eq. (4.9))

4
q= igg /dngr[X—lathy—l{Hn,B} - X 'H,,B"}Y '9,B]

O+ = 0y £ 0y, - (5.4)

T

0
—y /dngr (x'o,,B'Y Y{H,,B} + X '{H,,B"}Y'9,,B]. (5.5)
Recalling eqgs. (4.11) and (4.21), the shift of the U(1)" charges, can be written as
0
Aq = — . .
9=-, 8 (5.6)
By using eq. (4.16) the shift of the U(1); charge can be expressed as
0
Alm-q) =— /dmg Oys0 . (5.7)
2

These represent the Witten effect [56] for the monopoles on the vortex worldsheet.
Now let us consider the dyonic configuration. For given values of the conserved Noether
charge q and the topological charge g, the energy can be rewritten as

_47T

E= 5 / dzsTr[X (9, B + isin p{M,, B'})Y 1 (8,B — isin u{M,, B})]

—i—j; /dﬂUsTr[X_l(53[;3BJr — cos pu{ My, BT})Y_l(BmB — cos pu{ My, B})]

47

+
g2

0
m-gcosu+m-<q+2 g>sin,u. (5.8)
T
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The quantity in the third line is extremized by

2
g° (m-q 0
t = . 5.9
i 47r<m-g+27r> (5.9)

Therefore, the energy is bounded from below by the central charge as

2 2
E > \/[Z;ng} + [m- <q+ ;Wgﬂ = |m- (q+7g)| =1Z|. (5.10)
The inequality (5.10) is saturated if the following BPS equations are satisfied
B —isin u{M,,B} =0, Oy B — cos p{M,,,B} =0. (5.11)
The general solution is given by
B(t,x3) = exp [ My,(it sin pu + 23 cos p)| By exp [ My, (it sin p + 23 cos )] . (5.12)
We can also express this solution in terms of the matrix A
A(t,x3) = (BO 1, > exp [ My, (it sin p + a3 cos )| = Ag exp [ My, (it sin pu 4 23 cos )] .
As an example, let us take the matrix Ay for the single monopole configuration
A(t,x3) = Apexp [bE_o] exp [M (it sin p + x5 cos p))
~ Apexp [bexp[m - (it sin p + w3 cos p)| E_q] - (5.13)

Since arg b is the phase moduli of the monopole, this dyonic solution can be interpreted as
the a-monopole with a rotating phase

n(t) = argh+sinpy (m-a)t. (5.14)

We have seen in the previous section that the monopole phase transforms under the U(1)"
symmetry as 7 — n + 6 - a. This transformation property implies that the conjugate
momentum of the phase p, and the Noether charge q are related by q = p, a. Upon semi-
classical quantization of the monopole moduli, the conjugate momentum of the phase,
which has period 27, is quantized as p, € Z. Therefore, the Noether charge q should be
an integer multiple of the root a

q=ng0, ng €7Z. (5.15)

The BPS spectrum of the monopoles and dyons with the magnetic charge g = 2a is
therefore given by

4
Mo, = ‘m-a<nq—|—a.a7>‘. (5.16)

This spectrum is invariant under a 27 rotation of the #-angle (7 — 7+ 1) since the length
of the root vectors are normalized by

(5.17)

2 for the other roots.

4 1 for the long roots of USp(2n);
a-a
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(a) Tr[E;®)] (b) 8, Tr[E;®] (¢) iTr[QMDyQT —DoQM QY]

Figure 7. (a) The electric flux of the SU(2) vortex-dyon configuration. The electric flux decays
with the Yukawa type behavior e~ 9"*. (b) The electric charge density. (¢) The global U(1) charge.
The plots for negative |z| are simply mirror images in order to illustrate the cross section of the
configuration.

Note that the Noether charge q cannot be interpreted as the electric charge of a dyon,
whether or not it gets Witten’s correction due to the vacuum angle 6. This is because the
electric flux is screened by the scalar field ) and decays with the Yukawa type behavior
e~ 9% so that the total electric charge should be zero. On the other hand, the scalar field
is charged under the unbroken global U(1)" symmetry and accordingly the vector q can be
interpreted as the associated conserved charges. Indeed, we can see that the global U(1)"

charges contribute to the BPS mass by rewriting the energy in the following way:
1 1
E :/d?’a: Tr {92 |BZ- — cos p D;® — 6;34° (TI[QTtaQ]tO‘ — fto) |2 + r |EZ - sin,uDZ-<I>|2
2 2 . 2
+4|D5Q| +‘D3Q+COS,U,(CI)Q—QM)‘ +|D0Q+zsmu(<bQ—QM)|
1 2 . 2 12 .
- g2 |Do®|” — sinp @ <g2 D, E; + g2 (@, Dy @] +i[Q(DoQ)" — DOQQT]>

—v?B3 + 922 D;[®B;] cos ju + sin 1 (922 D;[PE;] +i[QM (DoQ) —DoQM QT ])]

4
> /dngv—i—m- [gggcosu—l—(qe—i—qf)sin,u], (5.18)
where the charges are defined by
— 1 3 _ 2 3
g=,_ /d z 0;Tr(B;H), qe = 2 /d z 0;Tr(E;H) , (5.19)
Q=i / PTr[QH(D)Q)" — DyQHQ'] . (5.20)

Since the electric charge g should be zero for § = 0 (see figure 7), the BPS mass is given
by the magnetic charge g and the U(1)" global charges q¢. The relation between q in
eq. (5.5) and gy in eq. (5.20) is q = qe + qy.

The dyonic configurations discussed in this section have parallel charge vectors: q and
g are proportional to the root vectors v and the coroot vectors &, respectively. We can
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construct dyonic configurations with q « g if we introduce complex mass parameters

By using a method similar to that discussed in section 2.3, we can easily check that the
potential of the effective theory becomes

2
a7 _ _
Vet = g2 § TI‘[X 1{ma : HnaBT}Y 1{ma ) HmB}] . (5'22)
a=1

In this case, we can rewrite the energy of the effective theory as
A -1 f )y -1 .
B= [ deT [X (9ay B — {1y - H,,, BI})Y ™ (0,,,B — {m, - H,, B})
+ X 71O B + ifimy - Hy, BYY (@B — i{rms - H, BY) |
47 . 0
L <q+2ﬂg>, (5.23)

where m; (i = 1,2) are defined by

m; _ [ cosp — sin m; (5.24)
my sin g cos my | )
Since the quantity in the last line of eq. (5.23) is extremized by

¥my-g—m;-(q+ ) g)

tanpu = — gﬂ , (5.25)
Z;le ‘g +my - (q+ 2€7rg)
the lower bound on the energy is given by the central charge
E>|Z| =|(m; + imy) - (g + 7q)] . (5.26)
The BPS equations can be easily solved as
B = e(rh1x3+irh2t)-HnBO e(ﬁ’l1:l:3+iﬁ’12t)-Hn. (527)

The n-by-n constant matrix By is related to the conserved charge q via eq. (5.5). The
right hand side of eq. (5.5) is a function of the kink positions and phases contained in By,
so that the parameters should obey some constraints determined by the conserved charge
q. This means that some of the kinks form bound states, which correspond to the 1/4
BPS dyons [57-59] attached to vortex strings. We can also show that if the angle between
g and q takes on a generic value, the right hand side of eq. (5.5) has an upper bound
determined by the mass parameters. Therefore, there is a finite number of elements of
the root lattice q in a generic direction!? and the number of BPS bound states changes as
we vary the mass parameters. This is also analogous to the case of the corresponding 4d
theory. The composite configurations should be 1/4 BPS [60] while explicit checks remain
a future problem.

YNote that there exist infinite towers of the conserved charge vector q in some specific directions such
as q X g.
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6 Summary and discussion

In this paper we have studied the effects of mass deformation on the vortex effective
worldsheet actions in U(1) x G gauge theories with G = SO(2n), USp(2n), and SU(NV). The
moduli spaces of the vortex solutions, SO(2n)/U(n), USp(2n)/U(n), and SU(N)/U(N —1)
~ CPN=1 respectively, arising from the exact color-flavor symmetries broken by vortex
configurations, are replaced under mass deformation by a finite number of minimum-tension
vortex solutions (vortex vacua). Kinks develop along the vortex string, connecting different
vortex vacua, which turn out to be the ordinary three-dimensional monopoles trapped
inside the vortex core. The structure of these kinks (monopoles) have been analyzed
systematically here (see also [32]).

In the case of the U(N) theory this 2d-4d correspondence was shown to survive quan-
tum mechanically in the theory with no mass deformation [5, 8], thus providing a highly
non-trivial realization of the 2d-4d duality proposed earlier by Dorey et al. [22, 23]. In the
case explicitly examined from this point of view, the massless U(1) x SU(N) theory with
N; = N flavors, the vortex CPN~! fluctuations dynamically Abelianize at low energies,
in perfect agreement [27]| with the physics of quantum r = 0 vacuum of four-dimensional
N =2 SQCD [24, 25]. In the case of SO(2n) and USp(2n) gauge theories such a check is
the subject of a future study.

We have studied in this paper the properties of local (i.e., ANO-like) vortices in
SO(2n) x U(1) and USp(2n) x U(1) gauge theories with Ny = 2n flavors in the color-
flavor locked vacuum, eq. (2.5). It has been noted [16, 17] that in theories other than
SU(N), the system possesses more general types of vortex solutions, such as fractional or
semi-local vortices (vortex moduli), even with the minimum number of flavors needed for
the system to possess the color-flavor locked phase, eq. (2.5). Furthermore, the system
possesses a large class of vacua besides the particular vacuum considered here, eq. (2.5):
the above mentioned general class of vortex solutions is related to the existence of such
nontrivial vacuum moduli. This means that domain walls can also be formed connecting
different vacua. Accordingly, equations (2.6)—(2.9) themselves admit more general classes
of solutions involving, e.g., both domain walls and vortices connecting them, such as those
studied in refs. [20, 21, 33]. The mass deformation of semi-local vortices induces domain
walls in the bulk in general, though this is not always the case. A related comment is given
in appendix A.

Finally, we briefly comment on the brane construction of 1/4 BPS vortex-monopole
configurations. In the case of G = SU(N), it has been discussed in appendix A of ref. [5].
It consists of NS5, D6, D4 and D2-branes as shown in table 2 and figure 8. By projecting
the brane configuration onto (xs,z4)-plane (and ignoring some branes), we can draw a
figure of kinky D2-branes ending on D4-branes as shown in figure 9. This is nothing but
the kink profile which can be obtained in the effective theory on U(N) vortices. Therefore,
it is natural to guess that the kink profiles shown in figures 4 and 5 have some information
on the brane configurations of 1/4 BPS vortex-monopole configurations in the SO/USp
theories. If we assume that there exist D-brane configurations for SO/USp vortices and
the kink profiles of figures 4 and 5 are playing the same role as in the case of U(NN) vortices,
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2 NS5 e ° ° ° ° - - -

N D4 e o o — — o — — —
Ne D6 o o o — — — o o o
k D2 —-— — e — - — — — e

Table 2. The brane configuration for U(N,) vortices. The symbol e denotes the spatial worldvolume
directions of the branes. The D2-branes represent k non-Abelian vortices in the worldvolume theory
of the D4-branes.

NS5

» x3—>+oo

?
D2 D4
. y
\
xJ 1
T3> X, =X,

Figure 9. The kinky D2-brane ending on D4-branes (N, = Ny =2, k= 1).

we can conjecture some of their properties as follows. In figures 4 and 5, there are n thick
solid lines describing the kink profiles of the eigenvalues of the matrix X, which would be
identified with the positions of D2-branes. This means that a single local vortex in the
SO/USp theories consists of n constituents. A natural interpretation of this fact is that
they are related to n fractional vortices discussed in section 5 of ref. [34]. The dotted
horizontal line in each figure looks like an orientifold plane and there are n dashed lines
corresponding to mirror images of the eigenvalues. As noted above (the properties of the
matrix ), there is an exclusion rule among the eigenvalues and their mirror images, which
is similar to the “s-rule” for the Hanany-Witten type brane configurations [61]. In other
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words, one of the n “D2-branes” (the eigenvalues of ) or their mirror images can end
on each “D4-brane ending on a DG6-brane” (the objects located at x4 = +m;) for the
vacuum states of a single local vortex (see each vacuum region in figures 4 and 5). Since
there are n D4-branes in the lower half region of the (x3,x4)-plane, the number of vacuum
states in the vortex effective theory is 2. The vertical lines in figures 4 and 5 would be
identified with D2-branes stretched between D4-branes (and NS5-branes) and represent
confined monopoles in the same way as those in the brane configuration in figure 8.

All these facts mentioned above suggest that if there exist brane configurations for the
confined monopoles in the SO/USp theories, each of them consists of NS5, D6, D4, D2-
branes and an orientifold. However, it is still difficult to determine the precise form of the
brane configurations. In general, an orientifold projects the U(N) gauge group to SO/USp,
so that the overall U(1) factor is also projected out. For example, the configuration which
can be obtained by simply adding an O4-plane to the Hanany-Witten setup corresponds
to an SO/USp gauge theory without the U(1) center [62]. On the other hand, our 4-
dimensional model has gauge group U(1) x SO/USp and the U(1) factor is important for the
constructruction of the non-Abelian local vortices. Therefore, we need some modifications
to recover the overall U(1) factor. To the best of our knowledge, there is no known brane
realization of N' = 2 U(1) x SO/USp gauge theory which admits the 1/4 BPS configurations
discussed in the present paper. It would however be an interesting future work to find a
correct brane configuration describing our system.
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A  Domain wall

As described in the main text, the 1/4 BPS equations (2.6)—(2.9) admit domain walls
and vortices stretched between domain walls [20, 21, 33], when the VEVs of the scalar
fields are different at 3 — —oo and 3 — oco. In that case, the third term in eq. (2.10)
gives the domain wall charge. In the case of G = SO(2n), USp(2n) with Ny = 2n and
non-degenerate mass matrix, M, there exist many isolated r-vacua where a subgroup of
G remains unbroken, in addition to the Higgs vacua in eq. (2.5). Therefore we need a
special condition for prohibiting the creation of domain walls interpolating their vacua as a
1/4 BPS solution. To illustrate this, it is convenient to consider the following G-invariant
quantity which parametrizes vacuum moduli for the massless case M = 0,

N oTQ. (A.1)

B= wteri)
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G positive roots simple roots

SU(N) e —e; (1<i<j<N) e —ei (i=1,---,N—1)
SO(2n) e +e; (1<i<j<n) e —e€eiq1,ep1+e, (1<i<j<n-1)
USp(2n) eitej, 2¢; (1<i<j<n) e —ei, 2e, (1<i<j<n-1)
SO(2n+1) e; t+ej, € (1<i<ji<n) e —ei1, e, (1<i<j<n-1)

Table 3. The root vectors of G = SU(N), SO(2n) and USp(2n). The set of vectors {e;} is the
standard orthonormal basis e; - e; = §;;.

The first two equations in the 1/4 BPS equations can be easily solved in terms of the

invariant R as
0=0:R, 0=03R—M'R—RM, = R=eM ®Ry(z)eM*s (A.2)

where we have used the fact that M is an element of so(2n), usp(2n), that is MTJ+JM = 0.
In the case of M =0, R = Ry(z) is the so-called rational map describing lump (semi-local
vortex) solutions. Here, we require that a composite state becomes the vacuum given
by eq. (2.5) at |z3| = |z| — oo, that is, R — J. According to the above solution, this
requirement can be formulated more strictly as

MT™R+RM =0. (A.3)

Local vortices, which defined by R = J, obviously satisfies this condition, and vortices
discussed in this paper are only of local type. A generic solution for the condition is a
set of fractional vortices with vanishing size moduli, Ro(2)a = 7a(2)Jap = 15(2) Jap. A
single local vortex is formed by coincident fractional vortices, rq(z) = ry(2),a # b. One
way to guarantee the solution to satisfy the above condition is to require invariance of the
solution under the rotation z — €z. This forces Ry(z) to be constant: this turns out to
be the condition for vortices to be local (see eq. (35) of [15]). According to the principle
of symmetric criticality [68, 69], this property guarantees consistency of the low-energy
effective action on the local vortices discussed in this paper. If such a condition is not
met, on the other hand, it is inevitable for non-vanishing size moduli of vortices to increase
indefinitely along the vortex string and create a domain wall bending logarithmically.

B Lie algebra

In this appendix, we summarize the conventions for the Lie algebra used in this paper.
The root vectors of G = SU(N), SO(2n), USp(2n) and SO(2n + 1) are given in table 3.
The generators of the Lie algebra are decomposed into the standard Cartan basis: the
generators of the Cartan subalgebra H = (Hy, Ho, -, H,), (r = RankG), the raising
operators F, and the lowering operators F_, = EL Their commutation relations are

given by

H,E.q| =taF.iq, [Fa,E_o)=a-H, [Eta, Eigl = Nia+pgElia+rp, (B.1)



where o and B are positive root vectors and N4 +g are constants. The coroot vectors a
are defined by
o"
2 . B.2
o o (B.2)
The coroot vectors of G are the root vectors of the dual group G: SU(N) and SO(2n)
are self-dual while USp(2n) and SO(2n + 1) are dual to each other. The generators of the

Cartan subalgebra H are the diagonal matrices whose eigenvalues are the weight vectors

Q

of the corresponding representation

1241
125)
155
B.1 G= SU(N)

For the fundamental representation of SU(V), the weight vectors are

1 N
ui:ei—NEGi. (B4)
=

Therefore the generators of the Cartan subalgebra H = (Hy,--- , Hy) take the form

11—} 1

N N

Hy = N ) oo, Hy=

) )

(B.5)

Note that there are N — 1 independent matrices since (e; + --- + eyn) - H = 0. For the
positive root oo = e; — e; (i > j), the raising operator E, and the lowering operator F_q
are given by

J ?
0 0
Eeifej = ) E—(ei—ej) = j : (BG)
t. . 1 t. .
0 0
For the highest weight vector &y, of the SU(/V) fundamental representation, the matrix Ay
is given by
1 1 1
Ap=voly+v,-H= , w= .., VUp=e€e — €;. B.7
n=1oln +0p < Oni > 0=y n=ens ; i (B.7)

B.2 G =S0(2n)

The weight vectors of the 2n-dimensional representation of SO(2n) are

W, =e;, Bin=—€ (1<i<n). (B.8)
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Therefore the generators of the Cartan subalgebra H = (Hq,--- , H,,) take the form

7 14+n

H = . (B.9)

The raising operators Eq for the positive roots o = e; — e, e; +e;, (1 <j<i<n)are
j i+n
J -1

t+n j+n
Eeie; = , FEeite; = (B.10)

Jjt+n -1

The lowering operators E_, for o = e; —ej, e; +e;, (1 <j<i<n)are

7 j+n 7

Eeimey) = v Eeerey = _
’ i+n -1 ’ L+n 1

J+n | 4

For the highest weight vector ©;, of the SO(2n) Weyl spinor representation, the matrix Ay,
is given by

N 1, 1 N 1 &
Ap = 1gla, + -H = = = E P B.11
h = Volon T Vp < 0n> s o 97 vy 9 — €; ( )

B.3 G =USp(2n)

The weight vectors of the 2n-dimensional representation of USp(2n) are given by
W, =e;, Bi,=—€ (1<i<n). (B.12)
Therefore the generators of the Cartan subalgebra H = (Hy, -+ , Hy,) take the form

7 i1+ n

H; = . (B.13)
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The raising operators Eq for the positive roots o = e; —e; (1 < j <i < n)and o =
eit+ej (1<j<i<n)are
j oi+n

t+n j+n

Eei—ej' = ’ Eei+ej =7 1 : (B14)
J+n -1

The lowering operators E_q fora =e;—e; (1 < j <i<n)and o = e;+e; (1 < j<i<n)

are

i j+n 1

Eei—e)) = o Beite = (B.15)

i+n -1 itn 1

Jjtn 1

For the highest weight vector o, of the SO(2n + 1) spinor representation, the matrix
Ap, is given by

. 1, 1 . 1w
A = ol CH= = = E i . B.16
h = Volop T Vh < On) ) o 9 vy 9 — €; ( )

C The ordering of the lowering operators
In general, the matrix Ay takes the following form
Ao = (Apw) exp [ble—ajl] ---exp [quE_ajq]R, (C.1)
where w is an element of the Weyl group and R is a product of the raising operators
W= Wi, Wy, , R =exp [CilEail] - exp [cipEaip] . (C.2)
In this appendix, we show that the matrix A can always be rewritten as
Ao ~ (Apwwj,) exp [b;QE,a].Q] -+ exp [b;»qE,ajq] exp [b';llEajl]R. (C.3)
By using the decomposition formula (4.66), we can rewrite Ag as
Ao ~ (Apwwj, ) exp [aj_llEajl] exp [anE_%] ---exp [aqu_ajq]R. (C.4)

If j1 & {j2,-- -, jq}, we can move the operator exp[a}llEajl] to the right of all the lowering
operators. Then we obtain the matrix A of the form (C.3).
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On the other hand, if there exists the same lowering operator (3j, = j1), we cannot

exchange the positions of the operators
exp [aj_llEajl] exp [aer_ajl] # exp [aer—ajl] exp [aj_llEah] . (C.5)
Instead, we use the following formula
exp [b;llEah] exp [bjTE,ah] = exp [log(l—}—b;llbjr)djl -H]
-1 -1 —17 -1
x exp [bj, (140,105, ) E—a;, | exp [b;, (1455, '0;,) " Ea, | -
(C.6)
Then the matrix Ag can be rewritten as
Ao ~ (Apwwj,) exp [V, Boa,] - exp [bf,_ Eoa; ] exp[aj, (140 ;) E oy ]
X exp [aj_ll(l—i—aj_llajr)*lEah] exp [a’jr+1E_ajr+1] .exp [aqu_ajq]R, (C.7)
where the parameters b; are given by

b, = bj, (1 + b1y, )i (C.8)

Repeating this procedure for all j; = j;, we can move the raising operator exp|b Ean] to
the right and consequently we obtain the matrix Ag of the form (C.3).

D The quadric surface Q?"~2 sigma models

As explained in detail in ref. [9], the non-Abelian vortex in U(1) x SO(2n) has an irreducible

orbit in the higher winding k = 2 case, which has as an effective low-energy theory on the

worldsheet the sigma model on the Hermitian symmetric space Q** 2 = 80(2)833,((2)78”72),

which has the following Kéahler potential
K =2plog (1+ 200+ |0 ¢l?) (D.1)
giving rise to the Lagrangian [9, 52, 66]

£ — g pf 0P’ Oap + 2007000l _ 200'0up + (p10) (0T 0ap) (D.2)
14 25t + [T |2 14200+ [eTel?2 [’ '

where ¢ is a complex (2n — 2)-component vector. The Lagrangian is symmetric under the

following transformation
¢ —Up, (D.3)

where UTU =1 and UTU = 1. Choosing
U =M (D.4)

it is clear that M has to be Hermitian and anti-symmetric and hence purely imaginary.

Now keeping only the zero mode upon compactification, we get

o(t, z,9) = M (t, 2) . (D.5)

— 44 —



Inserting this field into the Lagrangian (D.2) we obtain [67]

Bap'Oap + 210 D + TM?¢ 2|0100p + (910) (0T u)* + ot Mpl? }

L= Sﬁ{
142070+ |@Ty|? [1+ 20T + |@Tp|?]2

(D.6)
where we have used that ¢ T My = 0 due to the anti-symmetry of the mass matrix. The
vacuum equations read

oMo =0, 'Mp=0, (D.7)

which for a generic choice of the mass matrix yields the only solution ¢ = 0. Hence, we
find the number of vacua to be [67]

nS0Cn) k=2 _ 9 (D.8)

vacua

This result is indeed expected as this irreducible orbit of the corresponding vortex should
transform as an SO(2n) vector.
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