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1 Introduction

After the calculation of the O(α3
s) corrections to the total semi-leptonic decay width [1],

the inclusive determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element
|Vcb| has an uncertainty of about 1.2% [2]. At this level of precision a careful study of QED
and electroweak (EW) effects is imperative, not only for the inclusive semi-leptonic decay
width but also for the moments of the kinematic distributions that enter the Heavy Quark
Expansion (HQE) global fits of B → Xcℓν. At present, the inclusive extraction of |Vcb|
includes only the short-distance EW logarithmic corrections derived in the classic paper
by Sirlin [3], while photon radiation is generally subtracted from the measured moments in
the experimental analyses. The subtraction is performed using the Monte Carlo (MC) code
PHOTOS [4] which includes soft and collinear photon radiation from final-state charged
leptons and hadrons with logarithmic accuracy. It however lacks the interference between
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initial- and final-state photons, hard and structure-dependent radiative effects as well as
virtual corrections, which are sometimes enhanced by a factor π2.

The study of inclusive semi-leptonic B → Xcℓν decays is based on an Operator Prod-
uct Expansion (OPE) that holds for sufficiently inclusive observables. In particular, the
theoretical predictions for the total decay width and the first few moments of the lep-
ton energy and the hadronic invariant mass can be formulated as a double-series ex-
pansion in the strong coupling constant αs and the ratio ΛQCD/mb involving the QCD
scale and the bottom-quark mass. The power corrections start at quadratic order and are
parametrised in terms of B-meson matrix elements of local operators. Information on these
non-perturbative matrix elements is obtained from the normalised moments, and it is then
employed in the calculation of the total decay width from which |Vcb| is extracted (cf. for
instance [2, 5] for recent analyses). At the B-factories the moments have been measured
by applying a lower cut on the lepton energy Eℓ or the invariant mass of the final-state
lepton pair q2.

When QED interactions enter the game, things become more involved. The first im-
portant observation in this context concerns the definition of the final-state observables.
If only QCD is considered, the leptonic and hadronic final states are completely indepen-
dent and cleanly separate. Gluon radiation is fully included in the hadronic final state
so that the hadronic invariant mass squared M2

X and the hadronic energy EX are defined
in a completely inclusive way. This is consistently done in the theoretical calculations of
the inclusive semi-leptonic decay width [1] and the moments [6–8], as well as in the cor-
responding experimental measurements. Photon radiation, however, affects both charged
leptons and hadrons making a completely inclusive definition of their respective properties
impossible. Moreover, the measurements of Eℓ and q2 always depend on the details of the
experimental analysis. At the B-factories, for example, the momentum of an electron and
hence its energy Ee is measured most precisely in the drift chambers from the curvature
of its trajectory in the magnetic field [9, 10]. The reconstruction of the true value of Ee

involves modelling the photon radiation due to the interaction with the magnetic field
and the material in the detector components [11, 12] as well as bremsstrahlungs recov-
ery [9, 10]. Given the detector geometry and the way electrons are reconstructed, most of
the prompt photons emitted by the electron in the form of final-state radiation however go
undetected and are not corrected for in the Ee measurement. We will therefore work under
the assumption that the true electron energy determined by the B-factory experiments
corresponds to the energy before the electron enters the detector, and after all final-state
radiation associated to the hard process has taken place. As a consequence, all these pho-
tons are effectively summed over in the experimental measurement which can be qualified
as totally inclusive with respect to photons. While this is certainly an approximation, we
believe it is closest to the experimental setup. The same assumption is also adopted in the
precision QED calculations of the electron energy spectrum in muon decay [6, 13–17] when
compared to the experimental measurements like those performed at MuLan [18, 19].

A second, related observation concerns the OPE, which in the presence of QED in-
teractions is no longer valid in general. While it still holds in the case of the total decay
width, the OPE fails for quantities that describe exclusive properties of the leptonic final
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state (such as Eℓ or q2) or the hadronic final state (such as M2
X or EX). This is because

a photon can connect the charged lepton with the hadronic initial or final states. In the
context of our work, the breakdown of the OPE is signalled by the presence of collinear
logarithms of the form α/π ln

(
m2

b/m
2
e

)
that appear in the electron energy spectrum and its

moments. These logarithmically enhanced QED effects arise already at leading power in
the HQE, i.e. the partonic level, and are expected to provide the bulk of the complete O(α)
contributions. In the absence of an OPE, we generally expect power corrections to start
already at O(αΛQCD/mb). However, the logarithmically enhanced corrections related to
photons collinear to the electron represent an exception: since they factorise, they can be
computed using the structure function method directly from the lowest order, and this
holds for the power-suppressed contributions as well.

In this article, we focus our attention on the QED corrections to the total decay
width of B → Xceν, the electron energy spectrum and its moments. These observables
play a crucial role in the HQE global fits that are used to determine |Vcb|. Our aim
is to validate the subtraction procedure employed by the experiments and to improve
it by calculating QED effects not included in PHOTOS. To this purpose, we identify
two types of large QED corrections, namely collinear terms proportional to ln

(
m2

b/m
2
e

)
and threshold corrections enhanced by a factor π2. For the electron energy spectrum
of b → ceν we describe the analytic calculation of these contributions in section 2 and
section 3, respectively. In section 4 we then calculate the complete O(α) corrections to
the electron energy spectrum and the total decay width in b → ceν. A comparison of
the obtained results shows that the logarithmically enhanced (π2-enhanced) terms indeed
provide the dominant part of the full O(α) corrections in the case of the electron energy
spectrum (total decay width). In our comparison with experiment presented in section 5, we
therefore include the full short-distance EW corrections (beyond the logarithm computed
in [3]), the complete O(α) terms, and the leading-logarithmic (LL) QED effects in the
power corrections of O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b). Section 6 contains our conclusions

and an outlook, while lengthy analytic expressions and technical details are relegated to a
few appendices.

2 LL effects in the electron energy spectrum

In this section, we describe the calculation of the LL QED corrections to the electron
energy spectrum of the B → Xceν transition. These corrections are proportional to log-
arithms of the ratio of the bottom-quark and the electron mass. We will first detail the
general formalism and then apply it to the partonic case. The same formalism can also
be used to compute the LL QED corrections to the power-suppressed contributions in the
electron energy moments of B → Xceν. The analytic expressions for these corrections
at O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b) are relegated to appendix A, while in appendix B we

extend the formalism presented in this section to the next-to-leading-logarithmic (NLL)
order and apply it to the leading-power computation of B → Xceν.

The LL QED corrections to the electron energy spectrum of B → Xceν can be easily
computed with the structure function method [20, 21]. Further details on this approach
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can be found for instance in [14–16]. The main ingredient to calculate these effects is the
leading-order (LO) electron-electron splitting function

P (0)
ee (z) =

[
1 + z2

1− z

]
+
= lim

∆→ 0

[
1 + z2

1− z
θ(1− z −∆) +

(3
2 + 2 ln∆

)
δ(1− z)

]
, (2.1)

which is a kind of plus distribution and encodes the LL QED correction to the probability
of finding an electron with energy fraction z in the initial electron. Here θ(z) and δ(z) are
the Heaviside step function and the Dirac delta function, respectively. The LO electron-
electron splitting function is normalised such that

∫ 1

0
dz P (0)

ee (z) = 0 , (2.2)

which guarantees that in the total decay width Γ logarithmic corrections are not present as
required by the Kinoshita-Lee-Nauenberg (KLN) theorem [22, 23]. In practice, the LL cor-
rections to the electron energy spectrum are obtained by evaluating the following convo-
lution (

dΓ
dy

)(1)

LL
= α

2π L̄b/e

∫ 1−ρ

y

dx

x
P (0)

ee

(
y

x

) (
dΓ
dx

)(0)
, (2.3)

where y = 2Ee/mb with Ee the electron energy and ρ = m2
c/m

2
b with mb and mc the

bottom- and charm-quark mass, respectively. We have furthermore introduced the abbre-
viation

L̄b/e = ln
(
m2

b

m2
e

)
− 1 . (2.4)

and (dΓ/dy)(0) denotes the electron energy spectrum calculated at LO assuming a mass-
less electron.

To give a simple example of the general formalism let us apply (2.3) to the case of the
partonic electron energy spectrum. In this case one has

(
dΓ
dy

)(0)
= Γ(0) f (0)(y) , Γ(0) = G2

F |Vcb|2

192π2 m5
b , (2.5)

where GF = 1.1663787 · 10−5GeV−2 is the Fermi constant as extracted from muon decay,
Vcb is the relevant CKM matrix element and [24]

f (0)(y) =
[
2 (3− 2y) y2 − 6y2ρ− 6y2ρ2

(1− y)2 + 2 (3− y) y2ρ3

(1− y)3

]
θ(1− y − ρ) . (2.6)

Inserting the latter result into (2.3) and combining it with (2.5) we obtain

dΓ
dy

= Γ(0) f(y) , f(y) = f (0)(y) + α

2π L̄b/e f
(1)
LL (y) , (2.7)

– 4 –



J
H
E
P
1
1
(
2
0
2
3
)
1
6
3

where

f
(1)
LL (y) =

{
5
3 + 4

3
(
3− 6y + 4y2

)
y + 4 (3− 2y) y2 ln

(1− y − ρ

y

)

−
[
9 + 3y − 12y2 + 8y3 + 12 (1− y) y2 ln

(1− y − ρ

y

)]
ρ

1− y

+
[
9 + 2y3 + 6

(
1− 2y − y2

)
ln
(1− y

ρ

)
− 12y2 ln

(1− y − ρ

y

)]
ρ2

(1− y)2

−
[5
3 + y + 4y2 − 2

3y
3 + 2

(
1− 3y − 3y2 + y3

)
ln
(1− y

ρ

)

−4 (3− y) y2 ln
(1− y − ρ

y

)]
ρ3

(1− y)3

}
θ(1− y − ρ) . (2.8)

Notice that in the limit ρ→ 0 our result for f (1)LL (y) agrees with (12) of [14] which contains
the LL QED terms for muon decay. This agreement is expected because in the fully
massless case the electron energy spectrum of b→ ueν and µ→ eνν are the same.

The total decay width for b → ceν is obtained by integrating (2.7) over y ∈ [0, 1− ρ].
Using the relations ∫ 1−ρ

0
dy f (0)(y) = g(ρ) ,

∫ 1−ρ

0
dy f

(1)
LL (y) = 0 , (2.9)

where
g(ρ) = 1− 8ρ− 12ρ2 ln ρ+ 8ρ3 − ρ4 , (2.10)

one finds
Γ = Γ(0)g(ρ) , (2.11)

which implies that the total decay width of b → ceν does not receive LL QED effects.
Notice that this cancellation of mass singularities is required by the KLN theorem. In fact,
the same cancellation occurs for the LL and the NLL QED corrections calculated in ap-
pendix A and appendix B, respectively. This feature is related to the existence of an OPE
at O(α) for the total semi-leptonic decay width and represents a non-trivial cross-check of
our calculation of logarithmically enhanced QED corrections to the electron energy spec-
trum of B → Xceν.

While the absence of logarithmically enhanced QED corrections in the total decay
width of B → Xceν is guaranteed by the KLN theorem, such effects appear in general in
other observables. The impact of the LL QED corrections to the electron energy spectrum
in the partonic b → ceν transition is illustrated in figure 1. The shown results have been
obtained for a kinetic bottom-quark mass of mkin

b (1GeV) = 4.57GeV and a MS charm-
quark mass of mc(2GeV) = 1.09GeV, corresponding to the central values of the recent
HQE global fit [2]. We furthermore have employed me = 511 keV and α(mb) = 1/133.
The same input will be used hereafter. From the figure it is evident that the LL QED
corrections change the shape of the electron energy spectrum of b → ceν in a non-trivial
way. In the tail region, i.e. for y → 0, the spectrum receives a positive shift while close
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Figure 1. The red curve corresponds to f(y) defined in (2.7) while the black curve represents the
LO contribution f (0)(y) as given in (2.6). A kinetic bottom- and MS charm-quark mass is employed
and final states containing electrons are considered.

to the endpoint, i.e. for y → 1 − ρ, the LL QED corrections tend to zero. This can be
understood analytically from the following limiting behaviours:

lim
y → 0

f
(1)
LL (y) =

5
3 − 9ρ+ 9ρ2 − 5

3ρ
3 − 2 (3− ρ) ρ2 ln ρ , lim

y → 1−ρ
f
(1)
LL (y) = 0 . (2.12)

In the peak region, i.e. in the vicinity of y = 1 − √
ρ, the electron energy distribution is

reduced by the LL QED effects, as expected from the second relation in (2.9) and (2.12).
We add that the approximation of the logarithmically enhanced QED corrections to the
electron energy spectrum that has been proposed in [25] does not accurately capture the
functional form of the exact expression f

(1)
LL (y). In particular, the tail is not described

correctly by the exponentiated radiation-damping factor introduced in [25] because this
approximation misses hard-collinear photon contributions that populate the low-energy
spectrum.

3 Threshold corrections in the total decay width

In this section, we explain how to compute a certain class of π2-enhanced QED corrections
first identified in [25, 26] in the case of exclusive semi-leptonic K and B decays. In the mod-
ern literature discussing QED corrections to meson decays these terms are often referred to
as Coulomb corrections (see for instance [27–32]). For what concerns the b → ceν process
these terms arise from the virtual corrections where the photon is exchanged between the
charm-quark and the electron line in the final state. The corresponding Feynman diagram
is shown on the right in figure 2. Interfering the relevant virtual matrix element with
the Born-level contribution and normalising the result to the Born-level matrix element
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squared, we find

∆ce = 2Re (MBornMce∗
virtual)

|MBorn|2

=− α

π
QcQe Re

{
1 + 1

q2 −m2
c −m2

e

[ (
q2 −m2

c

)
B0(m2

c , 0,m2
c)

+
(
q2 −m2

e

)
B0(m2

e, 0,m2
e)−

(
m2

c +m2
e

)
B0(q2,m2

c ,m
2
e)
]

−
(
q2 −m2

c −m2
e

)
C0(m2

c , q
2,m2

e, 0,m2
c ,m

2
e)
}
.

(3.1)

Here Qc = 2/3 and Qe = −1 are the electric charges of the charm quark and the electron
in units of e, while q2 = (pb − pν)2 = (pc + pe)2 with pb, pc, pe and pν denoting the
four-momentum of the bottom quark, charm quark, electron and neutrino, respectively.
The correction (3.1) has been expressed in terms of the following one-loop Passarino-
Veltman (PV) integrals:

B0
(
p21,m

2
0,m

2
1
)
= µ4−d

iπd/2rΓ

∫
ddl

Πi=0,1P (l + pi,mi)
,

C0
(
p21, (p1 − p2)2, p22,m2

0,m
2
1,m

2
2
)
= µ4−d

iπd/2rΓ

∫
ddl

Πi=0,1,2P (l + pi,mi)
.

(3.2)

Here µ is the renormalisation scale that keeps track of the correct dimension of the integrals
in d = 4− 2ϵ space-time dimensions, rΓ = Γ2(1− ϵ)Γ(1 + ϵ)/Γ(1− 2ϵ) with Γ(z) denoting
the Euler gamma function, P (k,m) = k2 −m2 and p0 = 0. The definitions (3.2) resemble
those of the LoopTools package [33].

The π2-enhanced QED terms now arise from the result (3.1) in the threshold re-
gion, i.e. when q2 → (mc + me)2. In this limit the three-point one-loop PV integral
C0(m2

c , q
2,m2

e, 0,m2
c ,m

2
e) develops a discontinuity. Explicitly, one has

discRe
(
C0(m2

c , q
2,m2

e, 0,m2
c ,m

2
e)
)
= − π2

3βce

1
pc · pe

, (3.3)

with

βce =
√
1− m2

c m
2
e

(pc · pe)2
, (3.4)

the relative velocity between the charm quark and the electron in the rest frame of either
particle. Notice that the observed 1/βce factor signals the presence of a Coulomb pole
that describes the universal long-distance electromagnetic interactions between pairs of
charged non-relativistic final-state particles. In the limit of vanishing electron mass, one
has βce → 1 and the discontinuity of (3.1) is hence simply given by

disc∆ce = −2π2

3
α

π
QcQe = 4πα

9 . (3.5)

To obtain the π2-enhanced QED correction to the total decay width of b→ ceν one now
has to integrate (3.5) over the relevant three-particle phase space. Since in the massless
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electron limit, disc∆ce is independent of kinematics this integration is however trivial.
Instead of (2.11) one therefore obtains

Γ = Γ(0)g(ρ)
(
1 + 4πα

9

)
= Γ(0)g(ρ)

(
1 + 1.05%

)
, (3.6)

where the explicit form of the function g(ρ) can be found in (2.10), which is also an excellent
approximation to the massive electron case. Notice that we do not resum the Coulomb
corrections as done for instance in [27, 29, 30] since in our case the associated Sommerfeld
enhancement [34] is insignificant. Beyond the leading power term computed above, one
expects power corrections enhanced by π2, starting at O(Λ2

QCD/m
2
b) for the total semi-

leptonic width. These power corrections are sensitive to the spectator quark and may lead
to an observable difference between the B0 and B+ semi-leptonic decay widths.

4 Complete O(α) calculation

In the following, we describe the different ingredients of our calculation of the O(α) cor-
rections to b → ceν. We first provide a comprehensive discussion of the anatomy of the
computation, the virtual and real corrections and their combination to obtain ultravio-
late (UV) and infrared (IR) finite results. While our approach is general and can be used
to calculate the O(α) corrections to any observable in b → ceν, we present in this ar-
ticle only numerical results for the total decay width and the electron energy spectrum.
These results are then compared to the LL and threshold corrections computed earlier.
Finally, the relevant quantities used in the experimental analyses are introduced and a first
numerical analysis is performed.

4.1 The calculation in a nutshell

The calculation of semi-leptonic B → Xceν decay properties is characterised by a large
hierarchy of scales, i.e. M2

W ≫ m2
b , and is most conveniently carried out in the framework

of an effective field theory (EFT). If power-suppressed terms of O(m2
b/M

2
W ) are neglected,

the relevant interactions are encoded by the weak Hamiltonian

H = −4GF√
2
C(µ)Q , Q =

(
c̄ γµPLb

)(
ē γµPLν

)
, (4.1)

where PL projects onto fermionic fields with left-handed chirality. The Wilson coeffi-
cient C(µ) contains the short-distance contributions from scales above µ. In the case
of B → Xceν and at leading power in ΛQCD/mb, the matrix element of the dimension-
six operator Q is computed using perturbation theory for the semi-leptonic decay of a
free bottom quark. In QCD the hadronic current present in Q is a (partially) conserved
current and therefore the anomalous dimension of Q vanishes. However, if photonic cor-
rections are considered, Q develops a non-zero anomalous dimension and as a result its
Wilson coefficient depends non-trivially on the renormalisation scale µ, but no additional
operator appears. While the LL dependence on µ has been computed more than 40 years
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ago by Sirlin in [3], the complete O(α) matching corrections to (4.1) have only been found
rather recently in [35, 36]. We perform an independent calculation, whose basic steps are
outlined in appendix E, and obtain

C(µ) = 1 + α

2π

[
ln
(
M2

Z

µ2

)
− 11

6

]
, (4.2)

which agrees with [35, 36]. Identifying the renormalisation scale µ with mb = mkin
b (1GeV)

and using MZ = 91.1876GeV the EW correction to the Wilson coefficient amounts to a
positive shit of about 0.5%. We note that the rational term in (4.2) is renormalisation
scheme dependent and that the quoted value corresponds to the use of dimensional regu-
larisation in d = 4− 2ϵ space-time dimensions with a naive anti-commuting γ5 (NDR). At
O(α) the scale and scheme dependence of C(µ) is cancelled by that of the O(α) correc-
tions to the matrix element ⟨Q(µ)⟩ computed in the EFT using the same renormalisation
prescription. The basic steps of this computation are detailed in the following.

We begin the calculation of the O(α) corrections to the matrix element of the four-
fermion operator Q by parametrising the differential decay width of b → ceν including
O(α) effects as follows

dΓ =
∣∣C(µ)∣∣2
4mb

[
Bdϕ3 +

α

π

(
V dϕ3 +Rdϕ4

)]
. (4.3)

Here B, V and R encode the Born-level, virtual and real corrections, respectively, dϕ3
and dϕ4 represent the relevant three- and four-body phase space and C(µ) is the Wilson
coefficient given in (4.2). In terms of the dimensionless kinematic parameters

yij = 2pi · pj

m2
b

. (4.4)

the Born-level contribution is given by

B = NB ybν yce , NB = 32G2
F |Vcb|2m4

b . (4.5)

In order to regulate the UV divergences that appear in V we use the NDR scheme.
The finite parts of V will depend on this scheme choice, but as already mentioned
this scheme dependence will cancel against the scheme dependence of the Wilson coef-
ficient (4.2). The same statement is true for the scale dependence. The logarithmic IR
divergences associated to soft photon emissions are isolated and regulated by using a fic-
titious photon mass mγ . These IR-singular terms appear in both the virtual and the real
O(α) contributions but have to cancel in their combination making the final result mani-
festly independent of the photon mass in the mγ → 0 limit. This regulator independence
provides an important check of the numerical implementation of our calculation. For what
concerns collinear divergences, they are naturally regulated by the electron mass, which we
always keep finite.
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Figure 2. Virtual QED corrections to the b → ceν transition. The blue squares indicate an
insertion of the four-fermion operator Q introduced in (4.1) that induces the decay.

4.1.1 Virtual corrections

Examples of Feynman diagrams that describe the virtual O(α) corrections to b→ ceν are
displayed in figure 2. External leg corrections are not shown in the figure but included in
the results given below. We decompose the virtual contributions as follows

V = VUV + VIR + Vfin . (4.6)

where

VUV = B

4
(
−Q2

b −Q2
c −Q2

e + 2QbQc + 2QbQe − 8QcQe

) [1
ϵ
+ ln

(
µ2

m2
b

)]
, (4.7)

VIR = B

2
(
Q2

b Jb +Q2
cJc +Q2

eJe + 2QbQcI
1
bc + 2QbQeI

1
be + 2QcQeI

1
ce

)
, (4.8)

Vfin = NB

{[{
Q2

b

4
(
1 + 2I0b

)
+ (b→ c) + (b→ e)

}

−
{
QbQc

(
5
4 + I0bc

2 −m2
b

(
Ix

bc + ρIy
bc

))
+ (c→ e, ρ→ r)

}

+QcQe

(3
2 + 2I0ce −m2

b (ρIx
ce + rIy

ce)
)]

ybν yce

+
{
QbQc

[ 1
4 (ybeycν − ybcyeν) +m2

b yce (ybcybν − ycν) Ix
bc

+m2
b ybν (ybcyce − ρybe) Iy

bc

− m2
b

2
(
ybc (ybν yce + ybeycν)− yeν y

2
bc

− 2
(
yceycν + ρ (ybeybν − 2yeν)

)
Ixy

bc

)]

+ (c↔ e, ρ→ r)
}
+QcQem

2
b ybν

(
y2ce − 2ρr

)
(Ix

ce + Iy
ce)
}
. (4.9)
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Here Qb = −1/3, Qc = 2/3 and Qe = −1 denote the electric charges of the particle
involved and we have introduced the abbreviation r = m2

e/m
2
b . The explicit expressions for

the integrals Ji, I0i , I0ij , Ix
ij , Iy

ij , Ixy
ij and I1ij can be found in appendix C. Notice that both

VUV and VIR are proportional to the Born-level contribution (4.5). This is a consequence of
the well-known factorisation properties of UV and IR divergences. In contrast, only parts
of the finite contributions Vfin factorise. To illustrate this property we have decomposed
Vfin into a term proportional to ybν yce and terms that are not directly proportional to the
Born kinematics. We finally notice that the 1/ϵ poles present in VUV are cancelled by the
MS renormalisation of the four-fermion operator introduced in (4.1).

4.1.2 Real corrections

To determine the real contributions to the differential decay width (4.3) requires a treat-
ment of the four-body phase space. In our work, we divide dϕ4 into hard and soft regions
using the improved phase space slicing method introduced in [37]. One has schematically

Rdϕ4 = [R (1− θγ) +Rθγ ] dϕ4

= Rhard (1− θγ) dϕ4 + θγ
[
T1(θγ) + T2(θγ) + T3(θγ)

]
,

(4.10)

where R is the exact real contribution to (4.3) and the slicing of the phase space is indicated
by θγ . In our computation, we employ θγ = θ(Emin − Eγ) which evaluates to 0 in the
hard region, i.e. for Eγ > Emin, while it returns 1 in the soft region, i.e. for Eγ < Emin.
Here Eγ denotes the energy of the photon in the bottom-quark rest frame and Emin is a
resolution parameter that determines whether the photon is resolved or unresolved. Notice
that since the first term in the second line of (4.10) encodes hard photon emission the photon
mass can be set to zero when evaluating the corresponding matrix element squared. The
subtraction terms in (4.10) can be written as

T1(θγ) = Rsoft dϕ
soft
4 , T2(θγ) = (R−Rsoft) dϕ4 , T3(θγ) = Rsoft

(
dϕ4 − dϕsoft4

)
, (4.11)

with

dϕsoft4 = dϕ3 dϕγ , dϕγ = 1
8π2

√
E2

γ −m2
γ dEγ d cos θ . (4.12)

Here θ is the angle that the photon makes with the z direction and dϕ3 denotes the three-
body phase space of the Born-level process b → ceν. Notice that T1(θγ) contains the soft
divergences needed to cancel the singularities of the virtual contribution, while T2(θγ) and
T3(θγ) are finite and vanish as the domain of support of θγ is taken to zero [38]. In our
case this means that for sufficiently small Emin only the term T1(θγ) needs to be included
in the calculation.

From the above discussion it follows that in order to determine the real O(α) corrections
to the partonic b → ceν process we need to calculate Rhard and Rsoft. The relevant
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Figure 3. Real emission QED contributions to the b→ ceν process. The colour coding resembles
that used in figure 2.

Feynman graphs are depicted in figure 3. For the hard real contribution we obtain

Rhard = 16π2NB

m2
b

{
Q2

b yce
(
ybγ yνγ − 2 (ybν − yνγ)

)
2y2bγ

+
Q2

c ybν

(
ycγ yeγ − 2ρ (yce + yeγ)

)
2y2cγ

+
Q2

e ybν

(
ycγ yeγ − 2r (yce + ycγ)

)
2y2eγ

−QbQc

[
ybν (ybe + yce)

2ybγ

−yce (ybν + ycν)
2ycγ

−
ybc

(
ybν (2yce + yeγ)− yceyνγ)

)
2ybγ ycγ

]

−QbQe

[
ybν (ybc + yce)

2ybγ
− yce (ybν + yeν)

2yeγ
(4.13)

−
ybe

(
ybν (2yce + ycγ)− 2yceyνγ)

)
2ybγ ycγ

]

−
QcQe ybν

(
(yce + ycγ) (yce + yeγ)− ρyeγ − rycγ

)
ycγ yeγ

}
.

In the case of the soft real contribution that appears in T1(θγ) we instead find

Rsoft =− 16π2B
m2

b

[
Q2

b

(λ− ybγ)2
+ Q2

c ρ

(λ+ ycγ)2
+ Q2

e r

(λ+ yeγ)2

+ QbQc ybc

(λ− ybγ) (λ+ ycγ)
+ QbQe ybe

(λ− ybγ) (λ+ yeγ)
+ QcQe yce

(λ+ ycγ) (λ+ yeγ)

]
,

(4.14)

where λ = m2
γ/m

2
b . This result is simple enough that one can integrate it over the dϕγ part

of the soft phase space (4.12) and obtain an analytic result. We find∫
θγRsoftdϕγ = B

2
[
−Q2

b IR(pb)−Q2
c IR(pc)−Q2

e IR(pe)

−QbQc IR(pb, pc)−QbQe IR(pb, pe) +QcQe IR(pc, pe)
]
.

(4.15)

The soft integrals IR(pi) and IR(pi, pj) are given in appendix D. Note that (4.14) and (4.15)
are both proportional to the Born-level contribution (4.5). This is again a result of the
factorisation of IR physics and a necessary condition so that soft singularities in Rsoft can
cancel similar contribution in the virtual contributions VIR.
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Figure 4. Dependence of the complete O(α) correction to the total decay width, i.e. ∆Γ(1)(mb)
in (4.19), on Emin. The error bars represent the numerical integration error provided by CUBA.

4.1.3 Implementation and validation

In the following, we briefly discuss the numerical implementation of the virtual and real cor-
rections, their combination and the validation of our MC code. The three- and four-particle
phase spaces dϕ3 and dϕ4 play an important role in the calculation of the differential decay
width (4.3). We adopt the four-body phase-space parameterisations given in [39]. The
multi-dimensional sampling necessary to integrate the virtual and real contribution over
their respective phase spaces is performed with the help of the CUBA library [40]. To val-
idate that soft singularities cancel between (4.8) and (4.15) and to check the irrelevance of
the subtraction terms T2(θγ) and T3(θγ) in (4.10), we have computed the electron energy
spectrum and the total decay width for few different values of the resolution parameter in
the range Emin ∈ [10−5, 10−3] GeV. Within the statistical uncertainties given by CUBA we
find agreement between the different results. In the case of the complete O(α) correction
to the total decay width this feature is illustrated in figure 4. Hereafter we employ the
value Emin = 10−4GeV as our standard choice. We have furthermore numerically verified
that the total decay width of b → cℓν does not contain logarithmic mass singularities by
employing mℓ = 511 keV or mℓ = 106MeV. These two choices correspond to the case of an
electron or a muon in the final state. As a final cross-check of our MC implementation we
have computed the O(α) corrections to the total decay width of µ → eνν and the O(αs)
corrections to the total decay width of b→ ceν, reproducing the classic results [41–43] with
a precision far better than 1%.

4.2 Numerical results

In figure 5 we display the complete O(α) corrections (green curve and band) and the
corresponding LL approximation (red curve) computed in section 2. The green curve cor-
responds to an interpolation obtained by considering 40 different bins that cover the full
physical region of y ∈ [2

√
r, 1− ρ+ r], while the green band reflects the associated numer-

ical integration uncertainties. Relative to the total O(α) corrections these uncertainties
typically amount to around 1%, except close to the zero of the depicted green curve. For
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the purpose of this comparison, we have factored the Wilson coefficient out and set the
renormalisation scale µ equal to mb = mkin

b (1GeV). We observe a relatively good agree-
ment between the LL terms and the complete O(α) corrections to the electron energy
spectrum of the partonic b → ceν transition, especially in the hard part of the spectrum,
where the LL approximation is expected to work best, and where the differences amount
to around 10% to 20%. Writing

f (1)(y) =
L̄b/e

2 f
(1)
LL (y) + ∆f (1)(y) , (4.16)

with f
(1)
LL (y) given in (2.8), we can use our numerical results for f (1)(y) to obtain a simple

approximate expression for ∆f (1)(y). Employing ρ = 0.057 and r = 1.25 · 10−8 and
identifying again the renormalisation scale µ with mb = mkin

b (1GeV), we find

∆f (1)(y) =
[
− 2.04264 + 119.012y − 476.678y2 + 2034.14y3

− 4402.22y4 + 4505.93y5 − 1807.38y6

− 66.8251 (y − ymax) ln (ymax − y)
]
θ(ymax − y) ,

(4.17)

where ymax = 1 − ρ + r. This formula encodes the exact non-LL terms for the input
parameters listed above with a relative accuracy of better than 1%. It is worth noting
that in section 2 we have used mb as the hard scale in the logarithm L̄b/e as defined
in (2.4). This is a somewhat arbitrary choice because the hard scale is in fact of the order
of the energy released, i.e. of O(mb −mc), and using a scale lower than mb in the LL QED
effects might thus be more appropriate. To investigate this aspect, we also display
in figure 5 the electron energy spectrum obtained using L̄c/e instead of L̄b/e in the LL QED
prediction (dotted red curve). We observe a better agreement near the endpoint but not
elsewhere, suggesting that the terms beyond the LLs cannot be accounted for by a rescaling.
Hereafter we hence evaluate all LL QED corrections with our standard choice L̄b/e.

By direct integration over the full phase space, we also obtain a value of the O(α)
effects in the total decay width of the partonic b→ ceν process,

Γ = Γ(0)g(ρ)
∣∣C(µ)∣∣2 [ 1 + ∆Γ(1)(µ)

]
, (4.18)

where Γ(0) and g(ρ) are defined in (2.5) and (2.10), respectively. The correction ∆Γ(1)(µ)
represents the O(α) contribution to the matrix element of the operator introduced in (4.1)
evaluated at the scale µ. For the input parameters used before, we find

∆Γ(1)(µ) = α

π

[
ln
(
µ2

m2
b

)
+ 5.516(14)

]
, (4.19)

where the coefficient of the logarithm is exact while the quoted numerical coefficient has
as indicated an uncertainty of around 0.3% which is associated to our MC phase-space
integration. Combining (4.2), (4.18) and (4.19), one finds to O(α) that

Γ
Γ(0)g(ρ)

= 1 + α

π

[
ln
(
M2

Z

m2
b

)
− 11

6 + 5.516(14)
]

= 1 + 1.43%− 0.44% + 1.32% = 1 + 2.31% ,

(4.20)
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Figure 5. Comparison of the complete O(α) corrections (4.16) to the electron energy spectrum
(green curve) in b→ ceν and the corresponding LL approximation (red curve). In the former case
also the uncertainty of our numerical phase-space integration is indicated (green band). The LL
approximation using L̄c/e instead of L̄b/e is displayed as well (dotted red curve). See the main text
for additional details.

where in the second line we have dropped the quoted uncertainty but given the numerical
results of the individual O(α) terms as well as their sum. The first observation to make
is that the renormalisation scale dependence has cancelled between the O(α) corrections
to the Wilson coefficient and the virtual contributions to the matrix element

(
cf. (4.2)

and (4.7)
)

leaving behind the EW logarithm first computed in [3]. In fact, it is interesting
to note that this logarithm represents about 60% of the total O(α) correction in (4.20).
Comparing the result (3.6) with (4.20) one furthermore observes that the π2-enhanced
terms calculated in section 3 provide about 80% of ∆Γ(1)(mb), i.e. the complete O(α)
contribution to the matrix element of (4.1). Hence, the complete O(α) correction to the
total decay width of b → ceν is well approximated by the sum of the EW logarithm and
the π2-enhanced threshold effects, which are both scale- and scheme-independent.

The relevant quantities used in the experimental analyses are the branching ratio of
B → Xceν, the electron energy spectrum and its moments with a lower cut Ecut on the
electron energy in the rest frame of the decaying B meson. A quantity employed in the
extrapolation of the semi-leptonic branching ratio with a cut Ee > Ecut to the total semi-
leptonic branching ratio is

R∗(Ecut) =

∫ Emax

Ecut
dEe

dΓ
dEe∫ Emax

me

dEe
dΓ
dEe

, (4.21)

where Emax = mb/2 (1− ρ+ r) denotes the maximum of the electron energy available
in the partonic b → ceν transition. The moments of the electron energy spectrum are
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defined as

⟨En
e ⟩Ee>Ecut

=

∫ Emax

Ecut
dEeE

n
e

dΓ
dEe∫ Emax

Ecut
dEe

dΓ
dEe

. (4.22)

In the B-factory analyses [44–46] the central moments of the electron energy spectrum are
considered. The first three central moments are given by

ℓ1(Ecut) = ⟨Ee⟩Ee>Ecut
,

ℓ2(Ecut) =
〈(
E − ⟨Ee⟩

)2〉
Ee>Ecut

,

ℓ3(Ecut) =
〈(
E − ⟨Ee⟩

)3〉
Ee>Ecut

.

(4.23)

Notice that all the observables introduced in (4.21), (4.22) and (4.23) are ratios and as
such they are insensitive to the overall normalisation. This means in particular that they
neither depend on the CKM matrix element Vcb nor on the Wilson coefficient C(µ). They
are also renormalisation scale independent and, to an excellent approximation, insensitive
to the π2-enhanced threshold correction. Since they do not cancel out like in the total
decay width, the LL contributions should therefore represent the leading source of QED
corrections to (4.21), (4.22) and (4.23), and it can be expected that in the case of the
higher moments these corrections may be sizeable. To illustrate the latter point let us
consider the central moments defined in (4.23) in the absence of a cut on the electron
energy, i.e. Ee > me. Relative to the LO results we find that the LL QED corrections to
the first three central moments are

δℓLL1 (me) = −2
3
α

π
L̄b,e = −2.74% ,

δℓLL2 (me) = 2.16 α
π
L̄b,e = +8.9% ,

δℓLL3 (me) = 3.78 α
π
L̄b,e = +15.6% .

(4.24)

Notice that the result for δℓLL1 (me) is independent of ρ because, in the absence of a lower
cut on the electron energy, the moments of a convolution factorise and the LL correction
to the first moment is proportional to the lowest order result. The results for δℓLL2 (me)
and δℓLL3 (me) instead depend on ρ and we have employed the input parameters discussed
before in our numerics. For the corresponding complete O(α) corrections we instead obtain
the relative shifts

δℓ
(1)
1 (me) = −10.08(3) α

π
= −2.412(7)% ,

δℓ
(1)
2 (me) = 27.8(5) α

π
= +6.7(1)% ,

δℓ
(1)
3 (me) = 36(2) α

π
= +8.7(5)% .

(4.25)

As indicated these predictions have relative uncertainties due to our numerical phase-space
integration of around 0.3%, 1.8% and 5.6%, respectively. From (4.24) and (4.25) one
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Ecut R∗LO R∗ ∆R∗LL ∆R∗(1)

0.6 0.9556 0.9516 −0.0150 −0.0120(3)
0.8 0.9005 0.8919 −0.0211 −0.0176(3)
1.0 0.8171 0.8017 −0.0266 −0.0230(1)
1.2 0.7041 0.6798 −0.0304 −0.0270(1)
1.5 0.4824 0.4431 −0.0306 −0.0282(1)

Ecut ℓLO
1 ℓ1 ∆ℓLL

1 ∆ℓ(1)
1

me 1.4187 1.3867 −0.0389 −0.0342(1)
0.6 1.4639 1.4345 −0.0229 −0.0219(5)
0.8 1.5101 1.4831 −0.0181 −0.0176(4)
1.0 1.5718 1.5478 −0.0138 −0.0136(3)
1.2 1.6469 1.6272 −0.0102 −0.0101(2)
1.5 1.7803 1.7721 −0.0058 −0.0059(1)

Ecut ℓLO
2 ℓ2 ∆ℓLL

2 ∆ℓ(1)
2

me 0.1832 0.1836 +0.0163 +0.0122(2)
0.6 0.1449 0.1452 +0.0024 +0.0019(2)
0.8 0.1165 0.1171 +0.0006 +0.0004(1)
1.0 0.0870 0.0883 −0.00024 −0.00033(7)
1.2 0.0597 0.0619 −0.00048 −0.00054(3)
1.5 0.0272 0.0308 −0.00035 −0.00038(1)

Ecut ℓLO
3 ℓ3 ∆ℓLL

3 ∆ℓ(1)
3

me −0.0416 −0.0325 −0.0065 −0.0036(2)
0.6 −0.0184 −0.0108 +0.00238 +0.00236(8)
0.8 −0.0090 −0.0027 +0.00186 +0.00182(5)
1.0 −0.0031 0.0017 +0.00114 +0.00112(3)
1.2 −0.00029 0.0032 +0.00058 +0.00057(2)
1.5 0.00057 0.0023 +0.000136 +0.000137(5)

Table 1. Comparison of the LL and the complete O(α) contributions to the observables de-
fined in (4.21) and (4.23) for different values of the lower cut Ecut on the electron energy. All
quantities are given in units of GeV to the appropriate power. The second column shows the
LO results while the third column corresponds to the state-of-the-art QCD predictions used in the
recent HQE global fit [2]. The fourth and fifth columns present the absolute shifts due to the LL
and the complete O(α) corrections, respectively. Only the leading power terms are included in
these O(α) predictions. Additional explanation can be found in the main text.

observes that while for the first central moment the LL and the full O(α) predictions agree
quite well, in the case of the second and third central moments the complete O(α) results
are markedly smaller than their LL counterparts. This is because in the higher central
moments there are strong cancellations among the various contributing linear moments,
which subdominant contributions tend to disrupt, leading to larger deviations from the LL
approximation.

A comprehensive comparison of the LL and the complete O(α) contributions to the
observables defined in (4.21) and (4.23) is presented in table 1. The numbers given in the
table show that the LL approximation captures the bulk of the full O(α) corrections to
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R∗(Ecut), ℓ1(Ecut), ℓ2(Ecut) and ℓ3(Ecut). In fact, the LL approximation tends to improve
with increasing Ecut values. Also notice that the considered QED corrections are compara-
ble in magnitude to the higher-order QCD and power corrections that have been included
in the recent HQE global fit [2]. We add that the latter feature probably only applies to
R∗(Ecut) and to the moments of the electron energy spectrum (4.23), where perturbative
QCD and power corrections are relatively suppressed.

5 Comparison with BaBar implementation of QED effects

As already explained in the introduction, both BaBar and Belle subtract photon radia-
tion associated to charged final-state particles using PHOTOS, because such effects were
not included in the HQE theoretical predictions that were available at that time. In fact,
the BaBar papers [44, 46] report explicitly the size of the PHOTOS correction that is
applied for each observable. In the publication [46], the BaBar collaboration updated its
earlier measurement [44] using more recent values of the branching ratios of some of the
background processes. This more recent paper reports the size of the PHOTOS correc-
tions only for Ecut = {0.6, 1.5}GeV, finding results which are very close to those given
previously in [44]. Since the earlier work [44] provides numbers for five different cuts
Ecut = {0.6, 0.8, 1.0, 1.2, 1.5}GeV we will use them for our comparison of the branching
ratio of B → Xceν

(
BRincl(Ecut)

)
and the first three central moments.

To obtain QED correction factors for the distributions of the inclusive B → Xceν

decay, the BaBar collaboration has generated spectra for various exclusive decay channels
such as B → Deν, B → D∗eν and B → D∗∗eν without and with up to two photon
emissions utilising PHOTOS, appropriately weighting each exclusive sample. BaBar then
subtracts the obtained corrections from the measured or uncorrected values of BRincl(Ecut),
ℓ1(Ecut), ℓ2(Ecut) and ℓ3(Ecut) to derive the corrected or QCD values of the branching ratio
and the central moments. Notice that the procedure that BaBar uses to estimate the size
of the QED corrections to B → Xceν is only able to capture logarithmically enhanced
effects associated to the soft and collinear photonic corrections to the matrix element of
the operator Q in specific channels. It instead misses the interference between initial- and
final-state photons, structure-dependent contributions, EW corrections that are associated
to short-distance physics encoded in the Wilson coefficient, as well as hard photon emission
and virtual photon corrections such as the π2-enhanced threshold corrections discussed
in section 3.

Any comparison with the QED correction factors obtained by BaBar requires a choice
of how to split the complete QED corrections to the differential decay width (4.3) into an
effective coefficient AEW and a function f(y) that describes the normalised electron energy
spectrum in B → Xceν. We choose the following decomposition

dΓ
dy

= Γ(0)AEW f(y) , AEW = 1 + α

π
ln
(
M2

Z

m2
b

)
= 1.0143 , (5.1)
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Figure 6. Comparison of the absolute shift of the QED corrections to BRincl(Ecut) as a function
of the lower cut Ecut on the electron energy. The black curve corresponds to the correction obtained
by BaBar in [44] using PHOTOS, while the red (green) curve corresponds to our QED prediction
including the LL terms (all QED corrections) given in (5.2). The grey band represents the systematic
uncertainty on the PHOTOS bremsstrahlungs corrections that BaBar quotes in [44], while the black
error bars correspond to the total uncertainties of the QED corrected BaBar results. For further
explanations consult the main text.

with

f(y) = f (0)(y) + α

π

[
f (1)(y)− 11

6

]
+
(
α

2π

)2 L̄2
b/e

2 f
(2)
NLL(y)

+
∑

i=π,G

µ2i
m2

b

[
f
(0)
i (y) + α

2π L̄b/e f
(1)
i,LL(y)

]
+

∑
j=D,SL

ρ3j
m3

b

[
f
(0)
j (y) + α

2π L̄b/e f
(1)
j,LL(y)

]
.

(5.2)

Here Γ(0) is given in (2.5) and the logarithmic O(α) correction in AEW is the scheme-
independent part of the Wilson coefficient (4.2) with the renormalisation scale µ set to mb.
The numerical value of AEW quoted in (5.1) corresponds to mkin

b (1GeV) = 4.57GeV and
MZ = 91.1876GeV. It is the value of AEW that is typically used in the literature (see for
example [2]). The functions f (0)(y) and f (1)(y) are given in (2.6) and (4.17), respectively,
and the term −11/6 is the scheme-dependent part of the Wilson coefficient (4.2). Since it
is contained in f(y) the function is formally scheme independent up to O(α). The func-
tion f (2)NLL(y) describes the NLL QED effects to the partonic electron energy spectrum and
is evaluated in appendix B, while the contributions in the second line contain the LL QED
contributions to the power corrections that are detailed in appendix A. In our numerical
study, we will use the values µ2π = 0.477GeV2, µ2G = 0.306GeV2, ρ3D = 0.185GeV3 and
ρ3SL = −0.130GeV3, corresponding to the central values of the HQE parameters obtained
in the recent global fit [2].

In figure 6 we present a comparison of the absolute shift of the QED corrections to
the inclusive branching ratio of B → Xceν imposing a lower cut Ee > Ecut on the electron
energy. The black curve corresponds to the correction obtained by BaBar in [44] using

– 19 –



J
H
E
P
1
1
(
2
0
2
3
)
1
6
3

Ecut δBRBaBar
incl δBRLL

incl δBRNLL
incl δBRα

incl δBR1/m2
b

incl δBRincl σ

0.6 −1.26% −1.92% −1.95% −0.54% −0.50% −0.45% +0.34
0.8 −1.87% −2.88% −2.91% −1.36% −1.29% −1.22% +0.30
1.0 −2.66% −4.03% −4.04% −2.38% −2.26% −2.15% +0.25
1.2 −3.56% −5.43% −5.41% −3.65% −3.43% −3.27% +0.14
1.5 −5.22% −8.41% −8.26% −6.37% −5.73% −5.39% −0.09

Table 2. Relative size of the QED corrections to BRincl(Ecut). The values of Ecut are given in
units of GeV. The entries in the column δBRBaBar

incl are the corrections obtained by BaBar in [44],
while the numbers for δBRLL

incl, δBRNLL
incl and δBRα

incl successively include the LL, NLL and complete
O(α) corrections to the b→ ceν branching ratio. The δBR1/m2

b

incl numbers include all partonic QED
effects as well as the LL QED corrections to the O(Λ2

QCD/m
2
b) power corrections. The entries in

the column δBRincl represent our best predictions and include besides all partonic QED effects
the power-suppressed LL QED corrections up to O(Λ3

QCD/m
3
b)
(
see (5.2)

)
. The relative shifts in

standard deviations (σ) that we obtain when using our best QED calculation to correct the BaBar
measurements are given in the last column. See main text for additional details.

PHOTOS and the grey band represents the associated systematic uncertainties. The black
error bars furthermore correspond to the total uncertainties of the QED corrected mea-
surements. Our LL prediction contains all terms in (5.2) that are proportional to α/πL̄b/e

and is indicated by the red line. The green curve instead corresponds to our best QED
prediction considering all contributions to (5.2). We observe that the BaBar results and
our LL predictions show relative deviations of around 40%. This is an expected feature
because PHOTOS as any other QED parton shower MC should capture the bulk of the
logarithmically enhanced photonic effects, even though it works with point-like hadrons.
However, the absence of virtual effects and in particular of the π2-enhanced threshold cor-
rections in PHOTOS explains why our full QED predictions are visibly above the BaBar
results. Also notice that for Ecut ≲ 1.0GeV the differences between the BaBar numbers
and our best QED predictions are larger than the systematic uncertainties on the PHO-
TOS bremsstrahlungs corrections that BaBar provides in the publication [44]. The found
differences are however always safely within the total experimental uncertainties.

In table 2 we present a more detailed breakdown of the individual relative QED cor-
rections to BRincl(Ecut). All theory predictions are normalised to the state-of-the-art QCD
predictions of the branching ratio that have been obtained recently in [2]. One first observes
that compared to the partonic LL QED effects the corresponding NLL corrections are very
small. Similar observations have been made in the case of muon decay in [14–16]. Likewise,
the power-suppressed LL QED corrections of O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b) have only a

minor impact on BRincl(Ecut). In fact, the calculated O(Λ2
QCD/m

2
b) and O(Λ3

QCD/m
3
b) ef-

fects slightly improve the agreement with the BaBar corrections. The non-logarithmic O(α)
effects calculated in section 4 and encoded by ∆f (1)(y) are instead numerically quite rel-
evant and tend to reduce the partonic LL QED effects in magnitude. Notice that this
reduction would be larger by around 0.4% if the constant −11/6 had been included in
AEW and not in f(y)

(
cf. (5.1) and (5.2)

)
. As a result when using our best QED calcula-
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Figure 7. Comparison of the absolute shift of the QED corrections to ℓ1(Ecut), ℓ2(Ecut)
and ℓ3(Ecut) as a function of the lower cut Ecut on the electron energy. The colour coding re-
sembles that used in figure 6.

tion to correct the BaBar measurements we obtain BRincl(Ecut) values that are on average
larger by about 0.2σ than the QED corrected values for BRincl(Ecut) given in [44].

The absolute shift of the QED corrections to ℓ1(Ecut), ℓ2(Ecut) and ℓ3(Ecut) is shown
in the three panels in figure 7. In order to not spoil the strong cancellations between
the quantum corrections to the numerator and the denominator that enter the normalised
central moments [7, 47] we perform a double-series expansion in α and ΛQCD/mb when cal-
culating the ratios (4.23). In this expansion we keep all the terms up to the order indicated
by the superscript following the notation introduced in (5.2). We add that we have verified
that the expanded and unexpanded results of the central moments are numerically quite
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Ecut δℓBaBar
1 δℓLL

1 δℓNLL
1 δℓα

1 δℓ
1/m2

b
1 δℓ1 σ

0.6 −1.29% −1.60% −1.58% −1.48% −1.45% −1.42% −0.22
0.8 −1.01% −1.22% −1.20% −1.16% −1.13% −1.10% −0.31
1.0 −0.74% −0.89% −0.88% −0.87% −0.84% −0.82% −0.40
1.2 −0.53% −0.63% −0.62% −0.62% −0.59% −0.58% −0.32
1.5 −0.29% −0.33% −0.32% −0.34% −0.31% −0.30% −0.13

Ecut δℓBaBar
2 δℓLL

2 δℓNLL
2 δℓα

2 δℓ
1/m2

b
2 δℓ2 σ

0.6 +0.31% +1.65% +1.43% +0.91% +0.48% +0.50% +0.07
0.8 −0.34% +0.50% +0.34% +0.04% −0.40% −0.33% +0.01
1.0 −1.00% −0.27% −0.38% −0.60% −1.08% −0.95% +0.04
1.2 −1.27% −0.78% −0.85% −1.05% −1.60% −1.42% −0.08
1.5 −1.91% −1.15% −1.18% −1.40% −2.24% −1.93% −0.01

Ecut δℓBaBar
3 δℓLL

3 δℓNLL
3 δℓα

3 δℓ
1/m2

b
3 δℓ3 σ

0.6 −17.3% −22.1% −23.1% −22.7% −22.6% −22.5% +0.35
0.8 −42.8% −68.9% −69.2% −66.7% −62.9% −62.9% +0.45
1.0 +63.9% +67.3% +66.3% +63.9% +56.2% +57.6% +0.34
1.2 +11.7% +18.1% +17.6% +17.1% +13.3% +14.7% +0.28
1.5 −0.47% +5.92% +5.69% +5.61% +2.10% +4.69% +0.23

Table 3. Relative size of the QED corrections to the first three central moments of the electron
energy spectrum (4.23). The notation resembles that used in table 2.

close together. The black curves correspond to the QED corrections estimated by BaBar
in [44] with the help of PHOTOS, while the red (green) lines represent our LL

(
full O(α)

)
predictions. The grey bands represent the systematic uncertainties that are associated to
the experimental subtraction procedure of QED corrections performed in [44], while the
black error bars correspond to the total uncertainties of the BaBar measurements. From all
three plots it is evident that the LL QED corrections describe the BaBar corrections pretty
well and that the numerical impact of the non-LL O(α) corrections is notably smaller in
the case of ℓ1(Ecut), ℓ2(Ecut) and ℓ3(Ecut) than for BRincl(Ecut). Still the inclusion of the
term α/π

(
∆f (1)(y)− 11/6

)
in the calculation of the central moments in general improves

the agreement between the BaBar and our QED corrections. Also notice that in the case
of ℓ2(Ecut) the differences between the BaBar numbers and our best QED predictions are
within the systematic uncertainty band of the PHOTOS bremsstrahlungs corrections, while
this is not the case for ℓ1(Ecut) and ℓ3(Ecut). Given that the systematic uncertainties as-
sociated to the subtraction of QED effects are always a subdominant component in the
total experimental uncertainties, our absolute shifts ∆ℓ1(Ecut), ∆ℓ2(Ecut) and ∆ℓ3(Ecut)
are, however, always fully compatible with the combined errors quoted by BaBar.

In table 3 we present a complete breakdown of the individual relative QED corrections
to ℓ1(Ecut), ℓ2(Ecut) and ℓ3(Ecut). All theory predictions are again normalised to the
state-of-the-art QCD results for the central moments [2]. One first notices that while in
the case of ℓ1(Ecut) and ℓ2(Ecut) the relative corrections are at the level of 1% or below, for
ℓ3(Ecut) the δℓ3(Ecut) values typically exceed 10%. This feature can be traced back to the
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smallness of the QCD prediction for ℓ3(Ecut) (cf. table 1) with ℓ3(0.9GeV) ≃ 0 leading to a
sign flip of δℓ3(Ecut) between Ecut = 0.8GeV and Ecut = 1.0GeV. In the case of ℓ1(Ecut),
one furthermore sees that successively including the NLL, the complete O(α) corrections
as well as the LL QED terms of the O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b) power corrections

steadily improves the agreement between our and the BaBar numbers. As a result, our
best QED predictions differ from the BaBar results by no more than 0.13% for ℓ1(Ecut).
In the case of ℓ2(Ecut) and ℓ3(Ecut), we find that the LL QED corrections of O(Λ2

QCD/m
2
b)

and O(Λ3
QCD/m

3
b) are larger than the partonic O(α) corrections, and that the inclusion of

the former contributions in many cases help to improve the agreement between our and
the PHOTOS calculation of QED effect. These features are particularly apparent in the
case of ℓ2(Ecut). Numerically, we obtain differences below 0.19% and below 21% for the
second and third central moment, respectively. Taking into account the total experimental
uncertainties the found deviations however amount to always less than 0.5σ.

6 Conclusions and outlook

In order to match the increasing experimental accuracy in semi-leptonic, radiative and
rare B decays, a reliable assessment of EW and QED corrections is desirable in general,
in some cases even mandatory. In recent years, such calculations have received consider-
able theoretical attention [29–32, 36, 48–68]. This article represents a first step towards
obtaining precision predictions for inclusive semi-leptonic B → Xcℓν decays including EW
and QED corrections that can be directly confronted with existing and future B-factory
measurements. To this purpose, we have identified two types of large QED corrections,
namely collinear terms proportional to ln

(
m2

b/m
2
ℓ

)
and threshold corrections enhanced by a

factor π2. In order to show that these terms indeed provide the dominant part of the QED
corrections, we have calculated the complete O(α) corrections to the electron energy spec-
trum and the total decay width of the partonic process b→ ceν. The relevant virtual and
real matrix elements have been calculated analytically while the phase-space integration is
performed numerically, using an improved phase space slicing method to handle soft singu-
larities. This in principle allows for a fully-differential calculation of any IR-safe observable
in b → ceν. Motivated by the observation that the logarithmically enhanced corrections
represent the dominant O(α) effects in the electron energy spectrum of b → ceν, we have
furthermore calculated the NLL QED corrections in the partonic case and the LL QED
corrections in the case of the power corrections of O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b) to the

first few moments of the spectrum.These calculations can be carried out analytically using
splitting functions. We have also completed the computation of the short-distance Wilson
coefficient at O(α) finding agreement with [35, 36].

Including all the above radiative corrections, we have then compared our results against
those obtained by BaBar in [44] using the PHOTOS package (see [30, 53–55, 65] for sim-
ilar comparisons). This MC code is the standard tool used in the relevant experimental
B-factory analyses to subtract photon radiation from the measured distributions. While
PHOTOS includes the real and virtual QED corrections that are needed to obtain a loga-
rithmically accurate description of the soft-photon region of the phase space, effects such
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as the interference between initial- and final-state photons, structure-dependent contribu-
tions, EW corrections that are associated to short-distance physics, as well as hard photon
emission and threshold corrections enhanced by π2 are not incorporated in the generator.
Our comprehensive comparison to PHOTOS shows that in the case of the branching ratio
the missing pieces lead to a systematic shift upwards by around 0.8% for low cuts on the
electron energy. For what concerns the first and second central moment of the electron
energy spectrum, we find differences of below 0.13% and below 0.19%, respectively. In the
case of the third central moment of the electron energy spectrum, the maximal deviations
between our and the PHOTOS results can reach up to around 21%. We also find that
the differences between the BaBar numbers and our best QED predictions are often larger
than the systematic uncertainties of the PHOTOS bremsstrahlungs corrections provided
in [44]. Taking into account the total experimental uncertainties the found deviations how-
ever amount to always less than 0.5σ. Interestingly, the inclusion of power corrections
tends to improve the agreement between our and the PHOTOS calculation of QED effects
in the branching ratio and the electron energy moments. Since our computation contains
QED effects not included in PHOTOS, we believe that our calculation provides a better
description of QED radiation in B → Xceν than PHOTOS.

We add that the QED corrections to the total decay width and the moments of the
electron energy spectrum calculated here have subsequently been included in a full HQE
global fit [69]. There it has been found that the correction δBRincl at the lowest Ecut value
leads to the largest shift of −0.4% in |Vcb|, as one would naively expect from our discussion
in section 5. The QED corrections to the moments of the electron energy spectrum instead
amount to an effect of +0.2%. Applying our new results for the QED corrections to the
electron energy spectrum and its moments to the BaBar data [44, 46], the article [69]
finds therefore a total modification of around −0.2% in |Vcb| compared to the inclusive
determination in [2]. Notice that the HQE global fit [69] also includes the Belle data [45].
The latter measurement subtracts the QED effects in a way that is similar to what is done
by BaBar, but the paper [45] unfortunately does not provide the size of the subtraction, so
that one cannot improve the treatment of QED effects for what concerns the Belle data.

The calculations and studies in this work can be extended in various ways. In the case
of the inclusive semi-leptonic B → Xcℓν decays, it would be worthwhile to generalise the
computations presented here to the moments of the hadronic and leptonic invariant mass
distribution, since these observables play an important role in the HQE global fits [2, 5] as
well. Similar statements apply to the forward-backward asymmetry [64, 70] that has not
been measured at BaBar and Belle, but should be accessible at Belle II. The employed calcu-
lation techniques can also be applied to exclusive semi-leptonic B decays. While the impact
of QED radiation in B → Dℓν has been studied by several groups [29, 30, 32], including
both logarithmic corrections and π2-enhanced threshold effects, in the case of B → D∗ℓν

the existing analysis [53] takes into account only logarithmically enhanced contributions.
Improved calculations of B → D(∗)ℓν are also motivated by the measurements of the lep-
ton flavour universality ratios R(D) and R(D∗) that show long-standing deviations from
their respective SM predictions at the level of 3σ [71]. In summary, our calculation and
its planned extension to exclusive semi-leptonic b → cℓν decays sets the theoretical foun-
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dations to build a new MC generator specifically designed to be used by the B-factory
collaborations. Such a tool will be a crucial ingredient in any future extraction of |Vcb| that
aims at a precision close to 1%.
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A LL effects beyond leading power

In this appendix, we give the analytic results for LL QED corrections to the electron
energy spectrum beyond leading power. At the LO the O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b)

corrections to the electron energy spectrum can be parameterised as
dΓ
dy

= Γ(0)
[
f (0)(y) + µ2π

m2
b

f (0)π (y) + µ2G
m2

b

f
(0)
G (y) + ρ3D

m3
b

f
(0)
D (y) + ρ3LS

m3
b

f
(0)
LS (y)

]
, (A.1)

where the expression for Γ(0) and f (0)(y) can be found in (2.5) and (2.6), respectively. In the
case of a massless electron, the remaining LO functions appearing in (A.1) are [72–76]

f (0)π (y) =
[
−10

3 y3 − 2 (5− 2y) y3ρ2

(1− y)4
+ 4

(
10− 5y + y2

)
y3ρ3

3 (1− y)5

]
θ(1− y − ρ) , (A.2)

f
(0)
G (y) =

[
2
3 (6 + 5y) y2 − 4 (3− 2y) y2ρ

(1− y)2

− 6 (2− y) y2ρ2

(1− y)3
+ 10

(
6− 4y + y2

)
y2ρ3

3 (1− y)4

]
θ(1− y − ρ) , (A.3)

f
(0)
D (y) =

[
−2

(
24− 11y − y2

)
y2

3 (1− y) + 16
(
3− 3y + y2

)
y2ρ

3 (1− y)3

− 2
(
24− 5y − 11y2 + 4y3

)
y2ρ2

3 (1− y)5
+ 8 (6− y) y2ρ3

3 (1− y)6

]
θ(1− y − ρ) (A.4)

− 2 (1 + ρ)2 (1− ρ)4

3ρ2 δ(1− y − ρ) ,

f
(0)
SL(y) =

[
−2
3 y

3 + 2
(
12− 13y + 4y2

)
y2ρ2

(1− y)4
− 8

(
9− 10y + 5y2 − y3

)
y2ρ3

3 (1− y)5

]
θ(1− y − ρ) .

(A.5)
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Notice that the function f
(0)
D (y) has a singularity at the endpoint of the spectrum but the

moments of the spectrum are well-defined.

By inserting the above results into (2.3) it is straightforward to derive the LL QED
corrections to the electron energy spectrum at O(Λ2

QCD/m
2
b) and O(Λ3

QCD/m
3
b). We obtain

f
(1)
π,LL(y) =

{[
−2
9
(
5− y + 23y2 − 74y3 + 70y4 − 20y5

)
−20

3 (1− y)2 y3 ln
(1− y − ρ

y

)] 1
(1− y)2

+ 2
3
(
9− 18y + 12y2 − 28y3 + 29y4 − 10y5

) ρ

(1− y)3

−
[1
3
(
18− 42y − 30y2 − 38y3 + 4y4 + y5

)
+ 4

(
1− 4y + 6y2 + y3 − y4

)
ln
(1− y

ρ

)
(A.6)

+4 (5− 2y) y3 ln
(1− y − ρ

y

)]
ρ2

(1− y)4

+
[2
9
(
5− 10y − 58y2 − 47y3 + 16y4 − 2y5

)
+ 4

3
(
1− 5y + 10y2 + 10y3 − 5y4 + y5

)
ln
(1− y

ρ

)

+8
3
(
10− 5y + y2

)
y3 ln

(1− y − ρ

y

)]
ρ3

(1− y)5

}
θ(1− y − ρ) ,

f
(1)
G,LL(y) =

{[
−1
9
(
5− 23y + 24y2 + 100y3 − 40y4

)
+ 4

3 (6 + 5y) (1− y) y2 ln
(1− y − ρ

y

)] 1
1− y

+
[1
3
(
9− 39y − 18y2 + 20y3

)
(1− y)−

(
4 + 12y2 − 8y3

)
ln
(1− y

ρ

)
−8 (3− 2y) y2 ln

(1− y − ρ

y

)]
ρ

(1− y)2
(A.7)

−
[
3− 29y − 4y2 + 8

3 y
3 − 5

3 y
4 − 6

(
1− 3y − y2 + y3

)
ln
(1− y

ρ

)
+12 (2− y) y2 ln

(1− y − ρ

y

)]
ρ2

(1− y)3

+
[5
9
(
1− 28y − 15y2 + 2y3 + y4

)
− 10

3
(
1− 4y − 6y2 + 4y3 − y4

)
ln
(1− y

ρ

)

+ 20
3
(
6− 4y + y2

)
y2 ln

(1− y − ρ

y

)]
ρ3

(1− y)4

}
θ(1− y − ρ) ,
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f
(1)
D,LL(y) =

{
2
(
1 + y2

)
3 (1− y) ρ2 − 2

(
1− 2y − y2

)
3 (1− y)2 ρ

+
[2
9
(
34− 153y + 255y2 − 158y3 + 12y4 + 18y5 − 4y6

)
− 8

(
1 + y2

)
(1− y)2 ln

(1− y

ρ

)
− 4

3
(
24− 11y − y2

)
(1− y)2 y2 ln

(1− y − ρ

y

)] 1
(1− y)3

−
[2
3
(
6− 29y + 110y2 − 112y3 + 28y4 + 3y5 − 2y6

)
− 16

3
(
1 + 3y − 3y2 + y3

)
(1− y) y ln

(1− y

ρ

)
− 32

3
(
3− 3y + y2

)
(1− y) y2 ln

(1− y − ρ

y

)]
ρ

(1− y)4
(A.8)

−
[1
3
(
14− 70y − 152y2 + 86y3 − 32y4 + 11y5 − y6

)
+ 4

3
(
2− 10y + 44y2 − 25y3 − y4 + 2y5

)
ln
(1− y

ρ

)
+ 4

3
(
24− 5y − 11y2 + 4y3

)
y2 ln

(1− y − ρ

y

)]
ρ2

(1− y)5

+
[2
9
(
5− 45y − 159y2 + 5y3 + 15y4 − 6y5 + y6

)
+ 16

3 (6− y) y2 ln
(1− y

ρ

)

+ 16
3 (6− y) y2 ln

(1− y − ρ

y

)]
ρ3

(1− y)6

}
θ(1− y − ρ)

− 2 (1 + ρ)2 (1− ρ)4

3ρ2
∫ 1−ρ

y

dx

x
P (0)

ee

(
y

x

)
δ(1− x− ρ) ,

f
(1)
LS,LL(y) =

{[2
9
(
8− 7y + 8y2 + 4y3 − 14y4 + 4y5

)
−4
3 (1− y)2 y3 ln

(1− y − ρ

y

)] 1
(1− y)2

+ 2
3
(
9 + 15y − 29y2 + 13y3 − 2y4

)
y

ρ

(1− y)3

−
[1
3
(
78 + 48y − 58y2 + 26y3 − 7y4

)
y +

(
8− 32y + 20y3 − 8y4

)
ln
(1− y

ρ

)
−4
(
12− 13y + 4y2

)
y2 ln

(1− y − ρ

y

)]
ρ2

(1− y)4
(A.9)

−
[2
9
(
8− 97y − 19y2 + 4y3 + 13y4 − 5y5

)
− 8

3
(
1− 5y − 8y2 + 10y3 − 5y4 + y5

)
ln
(1− y

ρ

)

+ 16
3
(
9− 10y + 5y2 − y3

)
y2 ln

(1− y − ρ

y

)]
ρ3

(1− y)5

}
θ(1− y − ρ) .
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The result for f (1)D,LL(y) still contains the convolution with a delta function

δD(y) =
∫ 1−ρ

y

dx

x
P (0)

ee

(
y

x

)
δ(1− x− ρ) =

P
(0)
ee

(
y

1−ρ

)
1− ρ

, (A.10)

where P (0)
ee (z) is given in (2.1). The corrected spectrum f

(1)
D,LL(y) has still a singularity

regulated by the plus distribution. The moments of the spectrum however are regular and
can be expressed as∫ 1−ρ

ycut
dy yi δD(y) = ∆i

D +
∫ ycut

0
dy yi

[
y2 + (1− ρ)2

(y − 1 + ρ) (1− ρ)2

]
, (A.11)

where we have written the integral over y as the difference of two integrals, one ranging
over y ∈ [0, 1 − ρ] and a second one ranging over y ∈ [0, ycut]. While the latter does not
include the endpoint of the spectrum and can be trivially calculated, the first integral can
be solved using the definition of the plus distribution (2.1) leading to

∆0
D = 0 , ∆1

D = −4
3 (1− ρ) , ∆2

D = −25
12 (1− ρ)2 , ∆3

D = −157
60 (1− ρ)3 . (A.12)

Notice that ∆0
D = 0 is a necessary condition to satisfy the KLN theorem.

B NLL effects in the partonic case

The NLL QED corrections to the electron energy spectrum in the inclusive B → Xceν

decay can be obtained by the following convolution

(
dΓ
dy

)(2)

NLL
=
(
α

2π

)2 L̄2
b/e

2

{∫ 1−ρ

y

dx

x

[
P (1)

ee

(
y

x

)
+ 2

3 P
(0)
ee

(
y

x

)] (
dΓ
dx

)(0)}
. (B.1)

The expression for the LO electron-electron splitting function P
(0)
ee (z) has already been

given in (2.1) and the next-to-leading-order (NLO) equivalent takes the following form

P (1)
ee (z) = lim

∆→ 0

{
2
[
1 + z2

1− z

(
2 ln(1− z)− ln z + 3

2

)
+ 1 + z

2 ln z + z − 1
]
θ(1− z −∆)

+
[(3

2 + 2 ln∆
)2

− 2
3 π

2
]
δ(1− z)

}
. (B.2)

Notice that since we are interested in the total NLL QED effects including both real and
virtual e+e− pairs that result from a photon splitting, we have included in (B.1) only the
non-singlet part of the pair corrections. As explained for instance in the articles [14–16],
in this way double counting of real e+e− pairs is avoided.

Extending (2.7) to the NLL we then write

dΓ
dy

= Γ(0)f(y) , f(y) = f (0)(y) + α

2π L̄b/e f
(1)
LL (y) +

(
α

2π

)2 L̄2
b/e

2 f
(2)
NLL(y) , (B.3)
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where the expression for f (0)(y) and f
(1)
LL (y) can be found in (2.6) and (2.8), respectively,

and we decompose the function f
(2)
NLL(y) as follows

f
(2)
NLL(y) = Φ(y) θ(1− y − ρ) + 2

3 f
(1)
LL (y) . (B.4)

Here Φ(y) is a rather complicated analytic function involving various logarithms and dilog-
arithms that depend on both y and ρ. Instead of giving the explicit form of Φ(y) we provide
an approximate result. Using ρ = 0.057, we obtain

Φ(y) = 320605
2 + 2335446y − 31925665

4 y2 + 8569202y3 − 13352367
4 y4 + 427559

2 y5

+ 83233
2 y6 − 5

4 ln y + (ymax − y)
[
6927
2 + 776600

3 (ymax − y) (B.5)

+ 3229267
2 (ymax − y)2 + 4356808

3 (ymax − y)3
]
ln(ymax − y) ,

with ymax = 1 − ρ = 0.943. This approximation works to a relative accuracy of better
than 1% for the considered parameters.

C Virtual integrals

In this appendix, we collect the analytic expressions for the integrals that appear in the
virtual corrections (4.8) and (4.9). Many of the integrals given below can be evaluated
following the discussion in [77] but some integrals related to photon exchange between the
final-state particles need a dedicated treatment.

After introducing the Feynman parameter x, the diagrams describing the external leg
corrections depend on

M2
i = x2m2

i +m2
γ (1− x) , (C.1)

where mi denotes the mass of the corresponding internal fermion. The loop integrals
relevant for the self-energy corrections are

Ji = 2
∫ 1

0
dxx

(
1− x2

) m2
i

M2
i

= − ln
(
m2

γ

m2
i

)
− 1 , (C.2)

I0i =
∫ 1

0
dx (1− x) ln

(
M2

i

m2
b

)
= 1

2

[
ln
(
m2

i

m2
b

)
− 3

]
, (C.3)

where the final results correspond to the lowest order in an expansion for small photon mass.
The structure of the loop integrals that arise from the Feynman diagrams where the

photon connects two different fermions are more complicated. After introducing the Feyn-
man parameters x and y, these integrals depend on

M2
ij = (xpi ± ypj)2 +m2

γ (1− x− y) , (C.4)

where the index pair can take the following values ij = {bc, be, ce} while pi and pj denote
the associated four-momenta. The ± sign in the definition (C.4) encapsulates the different
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kinematic configurations of the relevant graphs. In the case of ij = {bc, be} where the
photon is exchanged between the initial and final state one has to take the + sign, while
for ij = {ce} corresponding to pure final-state interactions one has to choose the − sign.
To write the results for the vertex integrals in a compact form, we introduce the following
set of variables

ωij = −2pi·pj , σij =
√
ωij − 4m2

im
2
j , z±ij = −ωij ± σij

2m2
i

, Σij = ωij+m2
i +m2

j . (C.5)

In terms of the abbreviations introduced in (C.5) we obtain

I0ij =
∫ 1

0
dx

∫ 1−x

0
dy ln

(
M4

ij

m4
b

)

= I0i + I0j + 1
2Σij

[
σij ln

(
z+ij

z−ij

)
+
(
m2

i −m2
j

)
ln
(
m2

i

m2
j

)]
, (C.6)

Ix
ij =

∫ 1

0
dx

∫ 1−x

0
dy

x

M2
ij

= − 1
2Σij

[
ωij + 2m2

j

σij
ln
(
z+ij

z−ij

)
− ln

(
m2

i

m2
j

)]
, (C.7)

Iy
ij =

∫ 1

0
dx

∫ 1−x

0
dy

y

M2
ij

= − 1
2Σij

[
ωij + 2m2

i

σij
ln
(
z+ij

z−ij

)
+ ln

(
m2

i

m2
j

)]
, (C.8)

Ixy
ij =

∫ 1

0
dx

∫ 1−x

0
dy

xy

M2
ij

=
(
m2

i −m2
j

)2 − (m2
i +m2

j

)
Σij

4σijΣ2
ij

ln
(
z+ij

z−ij

)
+
m2

i −m2
j

4Σ2
ij

ln
(
m2

i

m2
j

)
− 1

2Σij
. (C.9)

These results hold in the cases ij = {bc, be} while for ij = {ce} one has to use the
replacement ωij → −ωij in the above expressions as well as in z±ij . Notice that we have
again taken the limit mγ → 0 to obtain the final expressions.

The expression for the integral I1ij is the most complicated one. It also depends in a
non-trivial way on whether one considers ij = {bc, be} or ij = {ce}. In the case ij = {bc, be}
we obtain

I1ij = ωij

∫ 1

0
dx

∫ 1−x

0
dy

1
M2

ij

= ωij

2σij

[
ln
(

m2
γ

mimj

)
ln
(
z+ij

z−ij

)
+ 2∆I1ij

]
, (C.10)

with

∆I1ij = ln
(
z−ij
)
ln


√
z−ij z̄

+
ij√

z+ij z̄
−
ij

+ Li2

(
1−

z+ij z̄
−
ij

z−ij z̄
+
ij

)
− Li2

(
1−

z̄−ij

z̄+ij

)
. (C.11)

Here Li2(z) is the usual dilogarithm and we have introduced the abbreviations z̄±ij = 1−z±ij .
The result (C.10) again applies in the limit mγ → 0.

For ij = {ce} the integral I1ij cannot be obtained by a suitable substitution from (C.10),
because it develops an imaginary part in the physical region and therefore has to be com-
puted separately. Using the techniques described in appendix B of [77] it is however rela-
tively straightforward to compute the integral I1ij for the case of virtual photon exchange
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between the charged final-state particles. We find

I1ce = ωce

2σce

{[
ln
(
y+ ȳ−
y− ȳ+

)
− 2iπ

]
ln
(
m2

γ

q2

)
+∆I1ce

}
, (C.12)

where as before q2 = (pb − pν)2 = (pc + pe)2 and

y± = q2 +m2
c −m2

e ± σce

2q2 , ȳ± = 1− y± . (C.13)

The real and imaginary parts of ∆I1ce are given by

Re
(
∆I1ce

)
= −2Li2

(
− y−
y+ − y−

)
− 2Li2

(
− ȳ+
y+ − y−

)
+ 2 ln (y+ − y−) ln

(
y− ȳ+
y+ − y−

)
+ 1

2 ln2
(
ȳ−
ȳ+

)
+ 1

2 ln2
(
y−
y+

)
− ln2 (ȳ−)− ln2 (y+) +

4π2

3 , (C.14)

Im
(
∆I1ce

)
= 4iπ ln (y+ − y−) .

Notice that the dilogarithms in (C.14) have all been chosen to be real by using the identity
Li2 (z) = −Li2 (1− z) − ln (z) ln (1− z) + π2/6 and that only the real part of I1ce enters
our calculation. The contribution of the π2 term in Re

(
∆I1ce

)
reproduces the result (3.5)

obtained in section 3.
We finally remark that only the virtual integrals (C.2), (C.10) and (C.12) develop

logarithmic singularities for mγ → 0. These divergences are precisely the soft singulari-
ties which are needed to cancel the analogous divergent terms in the soft integrals to be
discussed next.

D Soft integrals

The soft integrals that enter (4.15) are given by the following expressions

IR(pi) = − ln
(

m2
γ

4E2
min

)
+ p0i

|p⃗i|
ln
(
p0i − |p⃗i|
p0i + |p⃗i|

)
, (D.1)

IR(pi, pj) = −2pi · pj

σij

[
ln
(

m2
γ

4E2
min

)
ln
(
z+ij

z−ij

)
+ 2∆IR(pi, pj)

]
, (D.2)

where

∆IR(pi, pj) = Li2

(
1 + z−ij

p0i + |p⃗i|
vij

)
+ Li2

(
1 + z−ij

p0i − |p⃗i|
vij

)
− Li2

(
1 +

p0j + |p⃗j |
vij

)

− Li2

(
1 +

p0j − |p⃗j |
vij

)
+ 1

4

[
ln2
(
p0i − |p⃗i|
p0i + |p⃗i|

)
− ln2

(
p0j − |p⃗j |
p0j + |p⃗j |

)]
, (D.3)

with

vij = −1
2
(z−ij)2m2

i −m2
j

z−ij p
0
i − p0j

. (D.4)
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Here p0i and |p⃗i| denote the energy component and the magnitude of the three-momentum
of pi, respectively. Notice that both (D.1) and (D.2) contain soft singularities of the form
ln
(
m2

γ/(4E2
min)

)
that depend on the phase-space slicing parameter Emin. For sufficiently

small Emin the sum over virtual and real contributions however becomes independent of
this resolution parameter.

E EW corrections to the Wilson coefficient

The EW corrections to low-energy charged-current (CC) processes have been studied long
ago both for the semi-leptonic [3] and purely leptonic case [78]. However, in these early
works only the scheme-independent logarithmic terms have been computed while scheme-
dependent finite one-loop corrections have not been considered. These corrections have
subsequently been calculated in the leptonic, semi-leptonic and non-leptonic case in the
articles [35, 36, 48, 49, 79]. Below we present a comprehensive discussion of the calculation
of EW corrections to all three types of CC processes. This is accomplished by splitting
the corrections into universal and non-universal parts and providing the explicit electric
charge dependence for the latter.

As we are interested in computing the O(α) contributions to the Wilson coefficient C(µ)
entering (4.1), we can neglect all external momenta as well as all quark and lepton masses
because they are all much smaller than the weak scale. In this approximation the Born-
level matrix elements of a generic CC process is given by the matrix element of the local
operator

MCC
Born = 4GF√

2
⟨QCC⟩ , QCC =

(
ψ̄uγµPLψd

)(
ψ̄d′γµPLψu′

)
. (E.1)

Here we have removed possible CKM factors and ψu(′)
(
ψd(′)

)
denotes the component of a

fermionic SU(2)L doublet field with weak isospin T3 = 1/2 (T3 = −1/2). Notice that we
have expressed the above Born-level result in terms of the Fermi constant GF as extracted
from muon decay. In this way, as we will see in a moment, most of the EW radiative
corrections cancel, including all terms that depend on the top-quark and the Higgs-boson
mass. In the limit of vanishing external momenta, all O(GF α) corrections are proportional
to ⟨QCC⟩ and can thus be expressed as O(α) contribution to its Wilson coefficient CCC(µ).
In other words, there is no mixing with other operators.

The virtual EW corrections to a given low-energy CC process can schematically be
written as

MCC
virtual = MCC

Born

[
δbox + δvertex +

Re
(
AW W (M2

W )
)
−AW W (0)

M2
W

− 2δg
g

]
, (E.2)

where the contributions δbox and δvertex encode the relevant box and vertex corrections,
AW W (q2) is the unrenormalised two-point function of the W boson, and δg is the coun-
terterm of the SU(2)L coupling constant g, whose precise definition is irrelevant for our
purposes. The W -boson mass is renormalised on-shell, as indicated by its counterterm
Re
(
AW W (M2

W )
)
. The sum of these four contributions is UV finite. We use the Feyn-

man gauge.
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Figure 8. Examples of Feynman diagrams that contribute to the short-distance EW corrections
encoded by the Wilson coefficient C(µ). Only contributions involving Z-boson exchange are shown
but there are also photon loops.

In the case of the b→ ceν transition the term δbox in (E.2) receives contributions from
Feynman diagrams like the one shown on the left-hand side in figure 8. Using dimensional
regularisation for both UV and IR singularities and keeping the electric charges Qi of the
external fermions explicit, we obtain

δbox = g2

16π2

{[
−1
ϵ
+ ln

(
M2

Z

µ2

)]
χs2w + ζ s2w −

[
5− 5

2s2w

]
ln
(
M2

Z

M2
W

)}
. (E.3)

Here sw denotes the sine of the weak mixing angle. The 1/ϵ pole is a IR divergence origi-
nating from the photon boxes, while the Z-boson boxes are finite. The process-dependent
factors χ and ζ are given by

χ = Qu
(
Qu′ − 4Qd′

)
+Qd

(
Qd′ − 4Qu′

)
=


1 , leptonic ,
3 , semi-leptonic ,
7
3 , non-leptonic ,

ζ = Qu

(
Qu′

2 + 5Qd′

)
+Qd

(
Qd′

2 + 5Qu′

)
=


1
2 , leptonic ,

−19
6 , semi-leptonic ,

−35
18 , non-leptonic .

(E.4)

To reduce products of strings of three Dirac matrices resulting from one-loop boxes involv-
ing the exchange of a W boson and a photon, we have employed the relation(

ψ̄uγµγνγλPLψd

)(
ψ̄d′γµγνγλPLψu′

)
= (16− 4ϵ)QCC + ECC , (E.5)

where QCC is the operator introduced in (E.1), ECC is a so-called evanescent operator and
the particular choice of O(ϵ) term in (E.5) corresponds to the NDR scheme definition [80].
This scheme choice only affects ζ, while χ is unaffected and hence scheme independent.
The scheme dependence of ζ however cancels in the final physical results, provided that all
parts are calculated consistently using (E.5). Notice that in our calculation of the matrix
element of the operator Q as detailed in section 4.1 we also use the NDR scheme and as a
result the final result (5.1) for the electron energy spectrum is scheme independent.
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The term δvertex in (E.2) receives contributions from vertex diagrams and external leg
corrections associated to wave function renormalisation (WFR). An example of a possible
vertex graph relevant in the case of b→ ceν is depicted on the right in figure 8. In agreement
with [82], we find that δvertex does not depend on the fermion doublet under consideration
and therefore represents a universal process-independent contribution. In the case of a
quark doublet the renormalisation turns out to be more subtle. In the limit of vanishing
external quark masses, one can limit oneself to the renormalisation of the left-handed quark
fields. For down quarks, the WFR matrix can be decomposed as

(ZL
d )ij = δij + (δZL

d )ij , (δZL
d )ij = Ad δij + VtiV

∗
tj Bd , (E.6)

where Ad contains the light-quark contribution, while Bd includes the difference be-
tween the top- and the light-quark contribution that results from the Glashow-Iliopoulos-
Maiani (GIM) mechanism. The explicit form of these coefficients can be found in (39)
and (40) of [81]. In the case of a quark vertex like in b → ceν, the counterterm contribu-
tion corresponding to the renormalisation of the external bottom-quark line is proportional
to the Born-level matrix element (E.1) and takes the following form

δb,ct =
∑

q=d,s,b

(δZL
d )bq

2 Vcq =
∑

q=d,s,b

1
2
[
Ad δbq + VtbV

∗
tqBd

]
Vcq = Ad

2 Vcb . (E.7)

Notice that in order to arrive at the final result we have used the unitarity of the CKM
matrix, i.e.

∑
q=d,s,b ViqV

∗
jq = δij . Due to the GIM mechanism the counterterm (E.7) hence

does not receive a contribution from top-quark loops which is a necessary condition to
obtain a universal vertex correction δvertex. For what concerns the WFR of the external
charm-quark line, it proceeds in the same way as described above but in that case Bu = 0.
The corresponding counterterm δc,ct = Au/2Vcb therefore also receives contributions only
from loops involving massless quarks.

Since we have normalised the Born-level amplitude (E.1) in terms of GF , to calcu-
late the O(α) correction to the Wilson coefficient of QCC relevant for the semi-leptonic
or non-leptonic case one has to subtract from (E.2) the corresponding leptonic matrix el-
ement. Thereby the universal part of (E.3) cancels out. The same is true for the last
two terms in (E.2) as well as for the universal vertex correction δvertex. We add that, in
principle, also the CKM matrix has to be renormalised. However, as we are assuming mass-
less light quarks, we just need to remove the ill-defined anti-hermitian part of the WFR
constants [83, 84]. Once this is done, the rest of calculation is unaffected, meaning that
it resembles the calculation that did not take CKM renormalisation into account. Notice
also that all the residual photonic corrections to muon decay (those described by photonic
corrections in the EFT) are included in the conventional definition of GF [78] and do not
need to be subtracted. The final result of our full SM calculation performed at vanishing
external momenta and masses is therefore

MCC
virtual = MCC

Born
α

4π

{
(χ− 1)

[
−1
ϵ
+ ln

(
M2

Z

µ2

)]
+ ζ − 1

2

}
. (E.8)
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In order to obtain the Wilson coefficient we still need to match the full SM calculation
with the EFT one, performed in the same scheme and at vanishing momenta and masses.
As the EFT photonic loops vanish under these conditions, the only contribution from the
EFT is the counterterm related to the operator MS renormalisation, a pure 1/ϵ pole that
cancels the divergence in (E.8). We therefore obtain the following Wilson coefficients for
the CC processes of interest

CCC(µ) = 1 + α(µ)
4π


[
2 ln

(
M2

Z
µ2

)
− 11

3

]
, semi-leptonic ,[

4
3 ln

(
M2

Z
µ2

)
− 22

9

]
, non-leptonic ,

(E.9)

where as indicated the electromagnetic coupling α is naturally also evaluated at µ. The first
line leads to the result given in (5.1) and agrees with [35, 36], while the second line coincides
with the expression for the Wilson coefficient derived in [35, 48, 49].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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