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1 Introduction

Since the discovery of neutrino oscillation in various experiments [1-4], it is established
that neutrinos are massive and their flavours are mixed. On the other hand, neutrinos are
massless in the Standard Model (SM), this points towards the existence of physics beyond
the SM. There exist various theories that can explain the origin of tiny neutrino masses such
as the seesaw mechanism [5-9], radiative seesaw mechanism [10], and models based on extra
dimensions [11, 12]. One such framework is the inverse seesaw (ISS) mechanism, where the
SM is extended by introducing SM gauge singlets and right-handed (RH) neutrinos [13, 14].
In contrast to the canonical seesaw mechanism, in the ISS mechanism, besides the heaviness
of RH neutrinos, a small lepton-number violating mass parameter p causes the suppression
of the neutrino mass allowing lighter RH neutrinos (TeV-scale) and O(1) Yukawa coupling.
The gauge-invariant Lagrangian of the extension of the SM can be written as

o - 1 -
~Ly = Yyl HNg + Mp(Ng)° (S1)° + 5481 ()" + huc., (1.1)

where [, is the left-handed doublet, H is the Higgs doublet, H = iooH* with oy being
the 24 Pauli matrix, Ny are the right-handed neutrino singlets and Sy, are the SM gauge
singlets. After the Higgs doublet, H acquires vacuum expectation value (vev), i.e., (H) =
(0,v/v/2)T with v ~ 246 GeV and breaks the gauge symmetry, the neutrino mass matrix
may be written as

OmDO
M,=|mE 0 Mg
0 Mg p

, (1.2)



where mp = Y, v/ v/2 is the Dirac mass matrix, Mg is a complex matrix and p is a complex,
symmetric matrix. With 4 < mp < Mg, diagonalisation of eq. (1.1) lead to

my = mp (MZQ)*I p(Mg) ™" mi,. (1.3)

In the ISS model, with the O(mp) ~ 10? GeV, the mass of light neutrinos O(m,,) ~
0.1eV may be suppressed by the smallness of u with O(u) ~ 103eV as well as the heav-
iness of right-handed neutrino masses O(Mpg) ~ 10 GeV. The mass scale of the heavy
neutrinos is slightly lower than the canonical seesaw model making it potentially testable
at future colliders.

Another aspect of the flavour structure of the SM is the observed fermion mixing.
For the lepton sector, experimental evidence shows two large and a small mixing angles,
however, the origin of such mixing patterns is still unanswered. The answer to such a
problem can be given by introducing non-Abelian discrete flavour symmetries into the
Lagrangian of the model [15-17]. Various models based on A4 [18-25], Sy [26-39], A5 [40,
41], etc. have been proposed over the years to explain the observed lepton flavour mixing
pattern. In models based on non-Abelian discrete symmetries, the discrete symmetry
which is exact at a high-energy scale breaks down distinctly leaving residual symmetry
in the charged-lepton and neutrino sectors at low-energy scales. This breaking pattern is
governed by the vev of the scalar field known as flavons (singlets under SM gauge symmetry)
and eventually determines the lepton flavour mixing pattern.

In this paper, we study the ISS model with S; flavour symmetry and examine how
well the model describes neutrino masses, mixing, and CP violation. We work in the
framework with minimal ISS(2,2) which is the minimal possible form of ISS mechanism
that can account for the neutrino mass spectra [42]. The resulting neutrino mass matrix
is tested against the neutrino experimental data using chi-squared analysis. We further
explore the implications of the model for neutrinoless double beta decay.

The rest of the article is structured as follows. In section 2, we construct the Sy
flavour symmetric inverse seesaw model with two right-handed and two SM gauge singlet
neutrinos. Section 3 includes the numerical analysis and the results of the model presented
in section 2. We investigate the viability of the model to explain the latest data from
neutrino oscillation experiments using chi-squared analysis. Further, we define the allowed
region of the parameters of the model corresponding to x? < 30 values. This section also
includes the results on neutrinoless double beta decay predicted by the model and we finally
summarise our conclusions in section 4. In appendix A we give a brief description of the Sy
group. The scalar sector and details of the vacuum alignments are included in appendix B.

2 The model

We consider the extension of the SM by including additional Sy flavour symmetry. It
is further augmented with Z3 x Z, group to achieve the desired structures for the mass
matrices. The fermion sector of the model includes the addition of two right-handed neu-
trinos and two SM gauge singlet fermions to the SM fermion content, resulting in ISS(2, 2)



Field | I er (pur,7R) H Nr S1 S2 ¢ ¢c @ & ¥
Sy |31 1, 2 I, 2 17 13 31 32 31 2 14
Zs | 1 w? w? w 1 1 1 1 1 w 1 1
Ze | i 1 1 1 i 4 4 i i 1 1 =1

Table 1. Field content of the model and their charge assignment under Syx Z3XxZj4.

framework. In the scalar sector, we have one SU(2);, Higgs doublet H, and SU(2), singlet
flavons ¢¢, we, ¢du, X, ¥. Various fields of the model and their transformation properties
under different symmetry groups are presented in table 1. The Yukawa Lagrangian which

is invariant under the flavour symmetry, is of the form

o+ Qg - as -
—L > i Hpeer + I Hpc(ur, mr) + I H (k. 7r) (2.1)
+ %ZLE"PVNR + 1 NREST + 72 NRESa + A\1S181% + A2S2591 + h.c.,
where a1, ag, as, 81, 71, 72, A1, and Ay are the Yukawa coupling constant.
The vev of the flavons in the charged-lepton sector are (p.) = (v4.,0,0), (¢c) =
(vg.,0,0) [43]. The charged-lepton mass matrix obtained after flavour and electroweak

symmetry breaking is of the form,

Q1 Uy, 0 0
m; = % 0 A2V, + Qa3V¢, 0 . (2.2)
0 0 QVyp, — A3V,

The hierarchy among the masses of the charged-lepton can be explained using the
Froggatt-Nielsen mechanism and we have assumed the approach presented in [43]. For the
neutrino sector, we assume that the flavons develop vev in a region of the scalar potential’s
parameter space where'

<“PV> = (Usﬂul 1 Vpuy s kug)ﬂ (&) = (7}57 Uﬁ)’ <¢> = Uy (2'3)

After electroweak gauge and flavour symmetry breaking, we get the following matrices
for the mass term and couplings

bc
d d e 0
= 7]\4: 5 = 5 24
o= oo an=(50) = () 4

Cc a

where a = %vv%l, b= %UU%Q, c= %vvwg, d = y1v¢ ~ Y2v¢, and e = Ay = Agvy,.

IThe details of the scalar sector and vacuum alignments are shown in appendix B.



Using the matrices of eq. (2.4) in the inverse seesaw formula (eq. (1.3)), the light
neutrino mass matrix becomes
1+8% a+p B(l+a)
my=mo| a+B 14+a® a(l+3)]|, (2.5)
B(1+a) a(l+3) o+ 2
where we have defined two complex dimensionless parameters a = a/b, § = ¢/b and the

factor mg denotes the mass scale. The light neutrino mass matrix of eq. (2.5) is diagonalized
by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix, Uppns

UbinsmoUpyins = diag(mi, ma, ms), (2.6)

with m1, mg, and mgs being the mass eigenvalues. In standard PDG parametrization, the
PMNS mixing matrix is given by

c12€13 512€13 s13€”"°CP
UpMNs = | —s12023 — €12523513€0CP  c1a0o3 — S12823513€°CP  sogcrg | Pu (2.7)
i i
512€23 — €12€23513€"°CP  —C12523 — $12€23513€"°°Y  c23C13
where,
er 00
Pyu=110 ¢eo0]- (2.8)
0 01

In the model under study, the lightest neutrino mass mj(ms) is zero in the case of
the Normal Hierarchy (Inverted Hierarchy) of neutrino masses. It is worth noting that for
mi = 0 (NH), the Majorana CP phase p is zero and in the case of IH with mg = 0 the
phases can be redefined as (o0 — p) — o. Thus, the model has a single Majorana CP phase
and the phase matrix effectively becomes Py, = diag(1, e, 1).

3 Numerical analysis and results

As discussed in the previous section, we have considered the extension of SM by includ-
ing two RH neutrinos and two SM gauge singlets resulting in a framework known as the
ISS(2,2) model. We have shown how S, flavour symmetry can be implemented in such
a framework and we have obtained the light neutrino mass matrix as shown in eq. (2.5).
The neutrino mass matrix of eq. (2.5) contains four real parameters (Re(«), Im(«), Re(f),
Im(3)) that effect the neutrino mixing matrix elements. In this section, we perform nu-
merical analysis and test the model against the experimental data. We proceed by writing
the neutrino oscillation parameters (612, 023, 613, Am3;, Am§1(32), dcp) in terms of the
model parameters and scrutinize the ability of the model to explain the neutrino experi-
mental data [44].



Using the light neutrino mass matrix we can define the hermitian matrix, h, = m,m),
such that
A B C

h,=m2|B* D E|, (3.1)
C*E*F

with,

=148 +la+ B+ 801+ o)

B= (148 (a+8) + (a+p)(1+a®) + (B+ap)(a+ap)
C=1+8)B+af) + (a+B)a+ap) + (B+af)(a®+ %)
D =|(a+B)+ |1+ + [(a+ ap)
E=(a+pB)B+aB)*+ 1+ ad)(a+aB) + (a+af)(a® + )
F =181+ a)]*+ [(a+ af)]* + |(® + B7)]*.

The analytical relations between the elements of the hermitian matrix h, and the three
mixing angles as well as the Dirac CP-violating phase can be written as [45]

Im(B)
tan fo3 =
YB = (0)
2Ny
tan 20 =
27 Nyy — N3

\/{Im Im(C)]*}2 + {Re(B)Im(B) + Re(C)Im(C)}?
\/{[Im(B)]2 + [Im(C)* HRe(B)Im(C) — Im(B)Re(C)}

Im(B)]* + [Im(C)]”
Re(B)Im(B) + Re(C)Im(C)’

tan 613 = |Im(E

tandcp = — (3.2)

where the quantities N11, Ni2, and Nog is expressed as

Re(B)Im(C) —Im(B)Re(C)

N =A- Im(E)
[Re(B)Tm(C) —Im(B)Re(C)]*> . [{Re(B)Im(B)+Re(C)Im(C)}? ] ]
Ny = Im(E
. [Im(B)J> + [Im(C)]? (mB) P+ ey )
2 2
Ny, — (O D+ [lm(B))* F—21m(B)m(C)Re(E) (33

[lm(B)}* +[Im(C)]*

It is clear that for a specific point in the four-dimensional parameter space of the model,
there is a certain value of the experimental observables given by eq. (3.2). Consequently, any
variation in the model parameters changes the value of the neutrino oscillation parameters
resulting from the model. In order to test the model against the latest experiment data on
neutrino mixing parameters, we define a y?-function and perform a numerical simulation
using a sampling package MultiNest [46]. The x2-function used in our analysis has the



Parameter Best-fit +1o 30 range
sin 1o 0.30470013 0.269-0.343

sin? g3 (NH)  0.57370:0%8 0.405-0.620
sin? B3 (TH) 0.578 70037 0.410-0.623
sin? 013 (NH)  0.0222070:090%5  0.02034-0.02340
(

sin 613 (TH)  0.0223875:000%5  0.02053-0.02434

2

i 7.42+02) 6.82-8.04
2

ISl (NH) 25157093 2.431-2.599
2

Sl (H) 24987093 2.584-2.413

Table 2. Latest experimental data on neutrino oscillation considered in our analysis [44].

following form

2
= (Pi(p) - on) ’ (3.4)

- ag;
i 1

where P;(p) is the value of the observables predicted by the model at a point p in the four-
dimensional parameter space of the model, PZ-0 and o; denotes the central value, and the
corresponding 1o error of the i*" experimental observable. The experimental values of the
neutrino observables used in our analysis are summarised in table 2. In eq. (3.4), we do not
consider the Dirac CP-violating phase dcp as an input. The reason is the weak statistically
preferred value of maximally violating CP phase from global experimental data. In order
to carry out the test we treat the parameters of the model to be free and allow them to

randomly vary in the following range
Re(a), Im(a), Re(B), Im(5) € [—10,10]. (3.5)

Using eq. (3.2), we obtain values for the three mixing angles and the Dirac CP violating
phase. The best-fit values of the model parameter correspond to the minimum value of
x%. We found that the model gives a good description of the experimental data for NH
of neutrino masses with x2, =~ 0.24, however, fails to describe the data for IH with
X?nin > 100. The allowed region of the parameter space of the model is shown in figure 1
with the colors indicating the range of values of x?. Here, we have shown the values of
the parameters of the model corresponding to x? < 30. The best-fit values of the model
parameters obtained by minimizing the x2-function are Re(a) = 0.314, Im(a) = —0.255,
Re(3) = 1.293, and Im() = 0.032 in NH.2

Figure 2 shows how well the model describes the neutrino oscillation experimental data
for the case of NH of neutrino masses. The color bar represents the value of y? ranging from

2In our analysis we have accepted only the points that satisfy x? < 30, hence, no further analysis is done
for the case of TH.
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Figure 1. Allowed region for the model parameters Re(a), Im(«), Re(8), and Im(5).
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Figure 2. Correlation between the neutrino oscillation parameters with the color indicating the
ranges of x? values.
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Figure 3. Range of values for the mass scale, mg and the sum of light neutrino masses, >, m;.

sin?f12  sin?fyz sin?013  dcp/°  Am3, (eV?)  Am3; (eV?)

0.303 0.575  0.0225 370.087 7.42x107° 2.510x 1073

Table 3. The best-fit values for the neutrino oscillation parameters from x? analysis.

(1-30). The best-fit values of the neutrino oscillation parameters obtained from the model
are summarized in table 3. The best-fit values for the parameters sin? 619, sin® fa3, sin® 6,3
and the two mass-squared differences lies well within the 1o range of experimental values
shown in table 2. The value of the Dirac CP-violating phase écp corresponding to the x2 ;.
value is 370.078°, which is within the 3o range of neutrino oscillation data. Thus the model
presented in the previous section provides a decent description of the recent experimental
data and whose prediction on dcp may be tested in future precision experiments.

In figure 3 we present the sum of neutrino masses as a function of the mass scale, myg
which effectively influences the absolute neutrino masses. There is a cosmological upper
bound on the sum of the light neutrino masses, >, m; < 0.12eV [47-50] and our model
shows a consistent value ranging from 56.67 to 61.12meV.

The effective Majorana neutrino mass |(me.)| that characterizes the process of neutrino-
less double beta decay (0v3[) is given by
Z m; U e2'i

1

[(Mee)| = = |clycigmie™™ + sTycigmoeM + sTgem 0P| = [(my)yy]- (3.6)
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Figure 4. The effective Majorana electron neutrino mass, |(m..)| as a function of the sum of light
neutrino masses, y . m;.

From equation (3.6) we can see that the effective Majorana neutrino mass depends
on the Majorana phases as well as the Dirac CP phase and can be given as the (1,1)
element of the neutrino mass matrix of equation (2.5). Using the parameter space of
figure 1 we evaluated the |(me.)| and the results are represented in figure 4. The predicted
values of [(mee)| lie between (6.25-8)meV and it is well below the sensitivity reach of
OvBp experiments.

4 Conclusion

This paper examined the minimal form of the inverse seesaw model 1SS(2,2) with Sy
flavour symmetry. The S flavour symmetry aids in determining the texture of the mass
matrices and eventually describing the mixing pattern in the leptonic sector. We performed
a test and studied how well the model describes the experimental data using y? analysis.
We found that the model describes the experimental neutrino data for NH of neutrino
masses with the best-fit value at x2;, ~ 0.24. The model, however, rules out the case
of TH of neutrino masses, with x2;, > 100. The prediction of the Dirac CP phase at
the best-fit point is dcp ~ 370.087° which can be tested in future precision experiments.
Prediction of the model on effective Majorana neutrino mass is also made. The points
in the parameter space that satisfy y? < 30 have been considered the allowed region for
the model parameters. Using this allowed region of the model parameters we evaluate the
effective Majorana neutrino mass and found that the obtained values are very small to be



tested in future experiments. Experiments such as T2K and NOvrA can resolve the octant
of the mixing angle 623 and give a precision measurement on Dirac CP-violating phase dcp,
which will help us validate our model. Further, the constrained parameter space obtained
from our model may be used to study low-scale leptogenesis and is left for future work.
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A Summary of S; group

The Sy group is a group of permutations of four objects and it has 24 elements (4! = 24).
It describes the symmetry of a cube and can be generated by the permutations .S, T', and
U which satisfy the following properties,

S?=T3=U%=1
ST3 = (SU)* = (TU)? =1. (A1)
The elements of the Sy group can be classified into the following conjugacy class,
Ci :{I}
Cy: {S, T?ST, TST?}
Cs: {U, TU, SU, T?U, STSU, ST*SU}

Cy:{T, ST, TS, STS, T?, ST? T?S, ST*S}
Cs : {STU, TSU, T?SU, ST?U, TST*U, T?>STU} . (A.2)

It has five conjugacy classes and therefore there are five irreducible representations of
the S4 group namely, two singlets 1; and 13, one doublet 2, and two triplets 3; and 3s.
These irreducible representations follow the following Kronecker products,

L®n=mn, lo® 19 =1, 1o ®2 =2, 1o ® 31 = 39, 1o ® 39 =31
202=11®12d 2, 2031 =2® 32 =31 & 39,
31031 =3203=11 026 31 & 39, 3103, =1,82031935.

B The scalar sector of the model

The scalar potential of the model is written such that it is invariant under the symmetry
Sy ® Z3 ® Zy and has the following form,

V(H, e, e, pv: §,9) = Vi(H) + Va(pe, de) + Valpw, &9, H) + Va(H, &, ¢),  (B.1)

~10 -



with,

Vi(H) = pi (H'H) + Mgy (HH)?, (B.2)
Va(#es @c) = a1(pee) 1y (Pepe)1y + a2(pepe)2(Pepe)2 + az(wepe)s, (Pepe)s
+ as(Pee)1y (Pete)1y + as(Pete)2(Pede)2 + as(Pede)s, (Pede)s,
+ a7(0epe)1y (Pede)1, + as(pepe)2(Pede)2 + ag(epe)s, (Pede)s,
+ a10(0cPe)1,(Pede)1y + a11(Pede)2(Pede)2 + a12(0ede)s, (Pede)s,
+ a13(Pcde)3, (PePe)3y + a14(pede)2(epe)2 + ar5(wede)s, (Pepe)s,
+ a16(Pcde)3, (Pepe)sy + ar17(0ede)2(Pede)2 + a1s(pede)s, (Pede)s,
+ a19(ede)s, (Pcde)2, (B.3)
Va(pu, &0, H) = 2 (eheon)1, + bi(ehen)r, (ehenr, + ba(ohen)2 (ol en)a
+b3(0hew )3 (hwn)a + ba(heu)a, (Plew)s, + bs(hen)1, (€761,
+ b6 (ph0)2(€76)2 + br(@lp)1, (W), + bs(whu ), (HTH)1, , (B4)
Vi(H, &) = pg(€76)1, + a1 (€71, (€71, + ca(€7)2(£1)2 + g, (¥,
+es(@T)n, (WT0)1, + ea(€'O)n @), + es(€1r, (HTH)y,
+c(p)1, (HTH)y, (B.5)

Let us denote the vev of the scalars as follows:

<H> = VH, <¢> = Uy, <§> = (Uﬁuvﬁz)’ <90V> = (vsoul 1y Vpry s Utpu3)
(Pe) = (Vpey s Vpey s Vpey )y (D) = (Voey s Voey s Ve, )- (B.6)

In order to calculate the vev (pc) = (vg,, s V., Vi, ), We write the minimum condition,

ov
89001

-0, (i=1,2,3). (B.7)
<§Oci>:vkpci

Similarly, we have the minimum condition for (¢c) = (vg,, ,Ve.,, Vg,,) as follows,

oV
e,

=0, (i=1,2,3). (B.8)
<¢Ci>:v¢ci

This leads us to a system of equations and we analyze the vacuum configuration:

<900> = (Usac’ 0’ 0)
<¢c> = (v¢ca 0, 0) .

We find that the vacuum alignment shown above is one of the solutions of the extremum
conditions of equations (B.7) and (B.8).

- 11 -



Just as in equations (B.7) and (B.8), the vev (¢, ) imposes the extremum condition on
V and this leads us to the following system of equations,

(201 + 8b3)vl, + (2by — 4bz)vl, + (2by — 4b3)ul, + (4b1 + 8b2)vg,, Vg, Vi,
+(2bs5vg, ve, + brvy + bgvi + uiy)v%l + bﬁvgl Vg, + bgvév(pVQ =0

(2b1 + 4b2) v, Vg, + (6b2 — 12b3) v, 03, + (4b1 + 20y + 12b3)03, g,

v

(201 + 4b2)03, Vp,, + (6b2 — 12b3) v, 03, + (4b1 + 20y + 12b3)03, v,

+(2bsvg, ve, + by + bgv,?Z + uiy)%% + bgvév%3 + bgvglv%l =0. (B.9)

V1

(
2
%)
+(2bsv¢, ve, + brvy + bgv% + uiu)upus + bGUév%l + bGUgl Ve, =0
2
o)
(

The above system of equations has several solutions, one of the solutions being

S SO 0 T L R R
Py Prq Prq v \/6 bl n 2b2

with vg, = vg, = ve. Another solution exists with vy, 7# vy, # ¥y, , Which has a very

(B.10)

long expression and we choose such a solution to obtain the mass matrix taken under
consideration in our model.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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