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1 Introduction

The modern understanding of holographic correspondence between AdS, gravity and CFTy
has matured to a level where most researchers adhere to a single prevailing narrative. On
the boundary side, the theory emerges in the IR of a 1D quantum system, typically a
version of SYK [1-8]. Meanwhile, the bulk theory is realized as JT gravity [9-15], perhaps
coupled to conformal matter [13, 14], and analyzed in conformal gauge. The purpose of this
article is to study bulk AdSs quantum gravity from an unconventional point of view that
highlights less developed aspects of the correspondence. For example, we never regularize
AdSs, or any fields therein, and we focus on bulk deformations, rather than the shape of
the AdS, boundary.

Our final results are not at all novel: the low energy dynamics of AdSs, including its
quantum corrections, is determined by the Schwarzian theory. However, in our considerations
there is no gravitational action a priori, we do not from the outset presume the Jackiw-
Teitelboim (JT) action [12, 13], or anything else for that matter. Thus our starting point



has no analogue of the dilaton that is a prominent ingredient of both JT gravity and
the dimensional reduction of higher dimensional black holes. The corresponding feature
is introduced much later, when we discuss matching with the UV theory in the sense
of effective quantum field theory. Because of these and other differences, our approach
gives a new perspective on some applications of AdSs quantum gravity that enter much
current research.
To make contact with standard considerations, consider the metric of a 2D spacetime
in conformal gauge:
ds? = *®#3) dzdz . (1.1)

Under appropriate technical conditions, these metrics are representative of all 2D geometries,
because the three components of a general 2D metric g,,, can be taken to diagonal form by
two diffeomorphisms &* acting on the two coordinates z#. However, AdS, quantum gravity
is qualitatively different from other 2D theories. A representative conformal factor is given
by the conformal disc where

(=2 — (1:422)2, 2] < 1. (1.2)
The divergence as |z| — 1 necessitates the restriction to |z| < 1. This in turn identifies the
geometry as non-compact, the “boundary” at |z| = 1 is not part of the geometry.

The standard approach to non-compactness of AdS, is to regulate the conformal
disc (1.2) by introducing a boundary regulator at |z| < 1 [13, 16]. The regulated geometry
is compact, with the topology of a disc. The length of the boundary diverges as |z| — 1,
but low energy correlation functions depend only on the “shape” of this artificial boundary,
or more precisely its shape modulo the SL(2) isometry group of AdSs. The upshot is that,
following the renormalization program introduced in any textbook on quantum field theory,
there is a low energy theory that depends only on the shape of the boundary. The great
technical advantage to formulating the configuration space in terms of curves on AdS, is
that it leads to a simple quantization scheme in terms of a particle that moves in a fized
AdS; target space [17]. That is why it has become the convention.

Our complementary strategy addresses the non-compact geometry explicitly. We do not
encounter divergences at intermediate stages so no regularization is needed and, therefore,
we can maintain the AdS, topology throughout. The central goal is to focus on the
configuration space of AdSs geometries, rather than its boundary. This approach leads to
considerations that are more commonly associated with critical string theory, especially its
implementation on world-sheets with genus g > 2.

Following the critical string theory template [18-21], an important question is whether,
after using two variables’ worth of diffeomorphisms to attain the conformal gauge (1.1)
with conformal factor (1.2), any residual diffeomorphisms remain. Such “unneeded”
reparametrizations are generated by the Conformal Killing Vectors (CKV’s) of the 2D ge-
ometry. Locally, AdSs is reminiscent of the two-sphere S?, in that their isometries generate
three-dimensional algebras SL(2) and SU(2), respectively, and locally their CKV’s both
generate the obvious complexifications. The key distinction is global: on the two-sphere S?
the CKV’s are legitimate, because they are normalizable, but AdS, is non-compact and



the conformal factor (1.2) diverges in a manner that invalidates all candidate CKV’s. In
short, according to the principles of our approach, there are no Conformal Killing Vectors
on AdSs, and certainly no Killing Vectors.

Continuing with critical string world-sheet theory as inspiration, a second important
question is whether two variables’ worth of diffeomorphisms is truly sufficient to reach the
conformal gauge (1.1). Locally, this is unquestionable, solutions to Beltrami’s differential
equations can be presented explicitly in terms of certain integrals. However, on compact
Riemann surfaces with genus g > 2, it is well-known that some candidate diffeomorphisms
are formal, they are not globally well-defined. Such “illegitimate” diffeomorphisms are not
mere changes of coordinates, they are generators of physically distinct geometries. The
configuration space obtained this way, usually referred to as moduli space, has 6g — 6 real
dimensions and interesting global features.

We analogously inquire whether all AdSs-geometries of the form

ds2 = 5dzdz + (0922 (2, 2)dz* +c.c.), (1.3)

(1—22)
can be transformed to the fiducial case where dg,, = 0 by some diffeomorphism. We show
that this is not possible for

ds3 = 5dzdz + (h(z)dz* + c.c.) (1.4)

(1-22)2
where h(z) is an arbitrary infinitesimal holomorphic function, but otherwise it is. Impor-
tantly, the precise claim is that formally diffeomorphisms that remove the functions h(z)
can be constructed, but such diffeomorphisms are not normalizable because of the divergent
conformal factor (1.1). Therefore, metrics with distinct holomorphic function h(z) cannot
be identified with one another, and so they parameterize the physical configuration space of
AdSy geometries. Comparing with the moduli space of geometries with genus g > 2, the
configuration space of AdSy geometries arrived at this way is a ¢ — oo limit, a space known
as the universal Teichmiiller space.

One of the exciting applications of JT gravity is the augmentation of the conventional
topological classification of compact 2D Riemann surfaces, involving handles, (compact)
boundaries, and fixed points, to include boundaries that are asymptotically AdSy [22-39].
In the literature, these non-compact “trumpet” boundaries are associated with Schwarzian
actions that classify the boundary shape Diff(S1)/SL(2). Our non-standard presentation
focuses on the freedom in the 2D geometry which, as indicated in (1.4) amounts to a
holomorphic function. This point of view puts AdSs boundaries on the same footing
as other topologies, the entire physical configuration space is parametrized by quadratic
holomorphic differentials. This perspective complements the narrative that stresses the
“shapes” of the boundary [13, 14, 16, 22, 23, 40, 41].

In recent discussions of AdSs quantum gravity, it is usually taken for granted that the
Schwarzian effective theory must descend from JT-gravity, or at least some gravitational
action that has an Einstein term and an effective dilaton with a slope that introduces a
scale. Our approach is consistent with this lore, in that the Schwarzian action may have



come about this way. However, we derive equivalent results using only the symmetries of
AdSy geometry and the well-established logic of standard effective QFT. This may have
some conceptual advantages.

To introduce how this is possible, note that the metric (1.4) appears to be particularly
simple when h(z) = 0. However, this impression is an artifact of the coordinates we employ:
configurations with different functions h(z) are physically distinct, because they are related
by non-normalizable diffeomorphisms, but they are all equivalent in that none of them is
preferred over any other. For example, we can assign the same energy to all these geometries,
and the spectrum of fluctuations is the same around any one of them. This is the set-up for
spontaneously broken symmetry.

As usual, the symmetry breaking pattern identifies the entire low energy effective QFT.
The modes that dominate at low energy are identified by Goldstone’s theorem, and inter-
preted as slow oscillations in the space of degenerate vacuum configurations parametrized
by the holomorphic function h(z). Non-linear realization of symmetry determines the
interactions between these modes in a manner that is reviewed pedagogically in many texts,
including [42-44]. In our presentation we seek to follow the standard examples of effective
QFT as close as possible, to highlight that the emergence of a Schwarzian description is
universal and not tied to a gravitational action.

Any effective QFT depends on a dimensionful scale that serves as a coupling for a
derivative expansion. For the Schwarzian effective theory we can take this parameter as
Cr/T. The nomenclature refers to high temperature, where the scale is the heat capacity
in units of the temperature, but the same parameter also governs the low temperature limit
where, in general, the dynamics is dramatically different [45-48]. The dimensionful coupling
constant is arbitrary, according to principles intrinsic to the IR theory. It constitutes a single
piece of data inherited from the UV theory at slightly larger energy and can be determined
only by “matching”, typically by comparing a physical observable that is convenient to
compute in both the effective theory and its UV progenitor. The power of effective QFT is
that non-linearly realized symmetry demands that the same effective parameter sets the
scale of any other process.

As we have discussed, the subject of this article was pursued by numerous authors
over the last few years, from many different points of view. Our goal is to introduce
perspectives from 2D bulk geometry that we think are important, yet not emphasized in
recent discussions. In view of the relative maturity of the subject we have divided the
article in four sections that have some degree of independence:

e In section 2 we discuss the AdSo geometry using the Fefferman-Graham expansion.
This gives a version of the modern AdSy/CFT; correspondence that adheres closely
to the template that is familiar from AdS;y;/CFT, correspondence with d > 1. For
example, the CFT; “lives” on a conformal boundary [49, 50]. We emphasize issues
that are novel when d = 1.

e In section 3 we develop the AdSs geometry in holomorphic coordinates. The principle is
much the same as in section 2 but, as discussed after (1.4), the technical implementation
follows ideas that are usually associated with the string theory world-sheet. Despite



the apparent differences, it turns out that the results in sections 2 and 3 are gauge
equivalent. We show that by constructing an explicit coordinate transformation that

relates them and is normalizable, and therefore a genuine symmetry.

e In section 4 we study the first order formalism for gravity and its equivalent gauge
theory formulation. As in previous sections, we do not introduce a cut-off, opting
instead for using the non-compact geometry to distinguish between symmetries and
solution generating gauge transformations. The gauge theory approach gives a
derivation of the Schwarzian action that is particularly satisfying, in that it follows
ad verbatim from the non-linear sigma-model.

e Finally, in section 5 we revisit AdSe quantum gravity as a dimensional reduction of
AdS;3. The interpretation of AdSo quantum gravity as a slice of AdSs identifies the
dual CFT; as a chiral sector of a CFT5. As in previous sections our emphasis is on
normalizability and, at this point, also on the consistency between various approaches.

In view of this rather lengthy introduction, we do not include a final discussion.

2 Distinct AdS, geometries and the AdS/CFT correspondence

In this section we discuss the space of physically distinct AdS, geometries by following
the strategy that is familiar from the AdS/CFT correspondence in higher dimensions as
closely as possible. We highlight how geometries that are formally related to one another
by diffeomorphisms are in fact physically distinct. That is possible because AdS, is not
compact.

2.1 AdSs in Fefferman-Graham gauge

We present the baseline Euclidean AdSs metric as
ds® = dp® +sinh? pdr? . (2.1)

Here p is a radial coordinate pointing outwards and 7 parametrizes the angle on the
concentric circles of constant p. Near the origin p = 0 regularity imposes the periodicity
T ~ 7+ 27w. The geometry in this region is similar to the origin of a disc with standard
radial coordinates.

The geometries of AdSy and a disc differ for larger p, because the former has constant
negative curvature, and the latter is flat. After regularization by a cut-off at very large
p, AdSs and the disc become equivalent topologically, and geometrically they just differ
by a conformal factor. However, in the context of AdSs, the introduction of a cutoff is
not an inconsequential technical device: it changes the topology of the geometry, and the
conformal structure diverges as the cut-off is removed. In our discussion below we study
AdS, without introducing a cut-off.

In keeping with the standard AdS/CFT procedure, we seek other AdSs metrics that
deform (2.1) within a gauge that is analogous to the Fefferman-Graham gauge in higher



dimensions:

ds* = dp* + gr+ (7, p)d7? (2.2)
where
1
Grr(7,0) = 7€ + g0(7) + gr(T)e ™ 4 (2.3)

Thus the Fefferman-Graham gauge fixes the components g,, = 1 and g;, = 0. The remaining
variable g, depends on both coordinates, with a perturbative expansion at large p designed
to preserve the asymptotic behavior near the conformal boundary at p — oo, with the
precise fall-off conditions discussed shortly. We henceforth refer to this entire structure as
the Fefferman-Graham gauge.

Coordinate transformations that preserve the Fefferman-Graham gauge may be residual
gauge symmetries (unphysical redundancies), physical symmetries (relations between differ-
ent geometries), or formal maps between geometries that do not belong to the same physical
configuration space. To illustrate these important distinctions, we consider a reparametriza-
tion of the Euclidean time 7 to some function f(7). Since the initial coordinate is periodic
T ~ T 4 27, the function f must be 27-periodic in 7 to be well-defined. Also, for the new
“time” f to be periodic as well, f should itself be valued on S' rather than R. Finally,
regularity of the curve on each concentric circle demands that the “velocity” (the first
derivative of f) vanishes nowhere. Thus, we impose the following conditions

firy=fr+2m),  f(r)=fr)+27,  fi(r)>0, (2.4)

on f to ensure that these reparametrizations are well-behaved.

Even with these conditions imposed, a simple coordinate transformation that just
replaces 7 with f(7) is not acceptable, as it modifies the metric §g,, ~ O(e?!) and so
violates the leading order of the gauge condition (2.3). This condition cannot be relaxed
because a physical deformation of the metric must be normalizable in the sense that

/d%\/g 16g]? < oo (2.5)

Non-normalizable departures from the baseline metric (2.1) correspond to geometries that
do not belong to the same classical phase space. The condition (2.5) means g, can be at
most of order O(1) at large p. This explains why the leading order O(e?’) in the gauge
condition (2.3) is constant, it cannot involve a function of 7.

These deficiencies can be addressed by not only transforming 7, but also changing the
radial coordinate p so sinh?(p) — f’(7)~2sinh?(p). This cancels the leading correction to
0g-- and renders the residual metric deformation g, ~ O(1) normalizable.

Unfortunately, the remedy that cures the asymptotic behavior of g, modifies g,, and g-,,
in a manner that violates the gauge conditions. This problem does not affect the asymptotic
behavior at large p, and the gauge can be restored by adding subleading corrections to
7 — f(7)+---. This in turn necessitates corrections to sinh?(p) — f'(r)~2sinh?(p)(1+---),



and so on and so forth. Continuing in this manner, we obtain the permissible residual
coordinate transformations as a perturbative series in e™2°:

"(r 2
o -2 (1 - D) e e
sinh? "(1)?
sinh?(p)  — f’}(lTSQP) (1 +2 (1 — (1) + J},ET)L) e % 4. ) . (2.7)

Continuing to a few more orders, we find the large-p expansion of the coordinate transfor-
mations (see also [51]):

T — f(r) — arctan [

2e72r £ (1)
1 — e—2p (f’(7)2 _ f”(T)Q) ’

Gk 2 (2.8)
. ef _ , f"(7)? —2p 1
p — arcsinh [2f’(7') \/(1 1+ e—2p (f (7)2 + HGE )) — e~ 2 f (T)2] )

Indeed, these exact transformations preserve the Fefferman-Graham gauge. They transform
the metric (2.1) to

ds® = dp® + i {eﬂ — 27’ <Sch(f, T)+ ;f’(7)2>} : dr?, (2.9)

where Sch(-, ) denotes the Schwarzian derivative,

_ f’”(T) B 3f”(7')2
frio) 2f'(n)*

The computation shows that this line element is exactly AdSs for any function f(7). We

Sch(f,7) (2.10)

note for future reference that, for an infinitesimal deviation e(7) away from the identity, we
can write f(7) = 7+ &(7) and the metric (2.9) becomes

ds® = dp* + (sinh p)?d7?® — 2e P sinh p (¢'(1) + " (7)) dr? + O(£?), (2.11)

to linear order in (7).

To summarize, in Fefferman-Graham gauge there is a family of Euclidean AdS, ge-
ometries (2.9). They are generated by the diffeomorphisms (2.8) acting on the two co-
ordinates (7, p). Thus the family is parametrized by a single function f(7) that satisfies
the conditions (2.4). It can be interpreted as a reparametrization of the unit circle at
asymptotic infinity.

2.2 Large diffeomorphisms

All coordinate transformations change the precise form of the metric but usually such
deformations are unphysical because they leave the underlying geometry invariant. If the
coordinate transformations (2.8) were gauge symmetries in this sense, the AdSs metrics (2.9)
with distinct f(7) would be identified and correspond to a single point in the physical



configuration space. In this subsection we show that, to the contrary, they are “large”
diffeomorphisms: the coordinate transformations (2.8) are generated by non-normalizable
vector fields. It follows that (2.9) is a family of physically distinct metrics.

An infinitesimal diffeomorphism dx* is normalizable if

/de\/g |6x)? < 00 . (2.12)

This condition is stronger than its analogue (2.5) for the deformation of the metric because
the norm-squared |dz|? = g,,,02#dz" involves a single factor of the baseline metric (2.1)
that diverges as the asymptotic boundary p — oo, while the norm |§g|? requires two such
factors. Large diffeomorphisms that violate (2.12) but induce changes in the metric that
are normalizable according to (2.5) generate motions in the physical configuration space.
The finite diffeomorphism (2.8) depends on a function f that describes reparametrization
as T — f(7) for asymptotically large p. The nearly trivial reparametrization is f(7) = 7+&(7)
with infinitesimal e. Inserting it in (2.8) and expanding to linear order in ¢ for any p yields:

2" (1)

or =e(r) + T

§p=—¢€'(7). (2.13)
The resulting norm-squared of dz* = (47, dp) is not normalizable:

/de\/ﬁléxF ~ /dep5(7)2 sinh® p — oo, (2.14)

and therefore the finite diffeomorphism (2.8) is non-normalizable as well. On the other
hand, (2.9) gives the metric deformation dg,, ~ —(¢’ +&") generated by this reparametriza-

tion, and it is normalizable:
/de\/§\5gTT|2 ~ /dep (¢ +&")sinh 2 p < 0. (2.15)

Thus the entire metric family (2.9) is physical even though its elements are generated by
the reparametrizations (2.8), because the latter are not normalizable.

2.3 Topology: the AdSs wormbhole

The metrics (2.9) realize a large family of Euclidean AdSs geometries, as many as there are
functions f(7) satisfying (2.4). However, the family is not exhaustive, there exists AdSs
geometries that do not belong to it. As an example, we consider

ds* = dp* + cosh? pdr?, (2.16)

which indeed has g,, = 1, g,r = 0, and the asymptotic behavior (2.3). This Euclidean
AdS, geometry is interesting, because it features an AdSs boundary at both p — co and
p — —oo. Thus it has wormhole topology.

This example motivates studying global features of the explicit AdSs geometries (2.9).
This is not straightforward, because the baseline geometry (2.1) is ill-defined at the origin
of AdSy where p = 0. The obstacle is just the familiar one facing polar coordinates; the 7



coordinate can take any value 7 € [0, 27 at p = 0, but for a point it should take a single
value. Therefore, the Fefferman-Graham coordinates obscure the map of the neighborhood
near the origin under the large diffeomorphism (2.8).

In some cases we can do better by introducing the function

F(7) = tan f(27') . (2.17)

The identity of Schwarzian derivatives,
1
Sch (tan ]0(27—),7') = Sch(f, 1)+ 5]"(7)2 , (2.18)

simplifies the expression (2.9) of the metric such that its dependence on a function is given
in terms of a single Schwarzian derivative,

1 2
ds* = dp* + Z(e” — 2e””Sch(F, 7')) dr?. (2.19)

This metric is equivalent to (2.9), as long as F(7) complies with the analogues of the
conditions (2.4). The last two conditions in (2.4) translate to the following two conditions
on F(r):

F(r)=F(r +2n), F'(r) >0, (2.20)

ﬂ%. To translate the first condition

of (2.4), note that the image of f(7) is the entire interval [0,2x]. Therefore, since the
tangent function maps the interval (0, 7) to (—o0, 00), the function F(7) (2.17) traverses

where in the second inequality we used f'(7) =

the entire real line R, rather than the circle S'. Moreover, because the original image
was S!, implemented by the periodicity f(7) = f(7) + 2, the two infinities —oo and oo
must be identified as the same geometrical point. Evidently, the map (2.20) yields new
coordinates that are inadequate at loci where f(7) = m mod 27. This is unsurprising,
reparametrization cannot by itself resolve a singular coordinate system.

The benefit added by the parametrization in terms of F(7) is generality. Periodicity of
the Euclidean time 7 can be interpreted as thermal boundary conditions. It is preserved
by the family of diffeomorphisms (2.8) parametrized by f(7). The description in terms
of F(7) is equivalent if the analogous periodicity condition, spelled out in the preceding
paragraph, is satisfied. However, we may consider more general F(7) that obey relaxed
boundary conditions. Such geometries remain AdSs locally, but they are not equivalent to
the baseline metric (2.1).

Our motivating example, the wormhole geometry (2.16), is indeed reproduced by
the transformed metric (2.19) with the map F(7) = e that yields Sch(F(r),7) = —1.
Importantly, this F'(7) does not satisfy the periodicity condition in (2.20), nor is its image
the entire real line. Therefore, the wormhole geometry is not related to the baseline
metric (2.1) by a legitimate coordinate transformation.

As the wormhole example shows, a coordinate transformation that violates boundary
conditions is a map to an inequivalent geometry. However, the map may nevertheless



carry the large diffeomorphisms (2.8) that generate distinct geometries from the baseline
metric (2.1) into generators of an analogous family for the inequivalent target geometry.
That is because the normalization conditions (2.5), (2.12) that make diffeomorphisms “large”,
and so generators of a physical configuration space are preserved by such transformations.
In the next section we will exploit this strategy in a particular case.

In summary, Fefferman-Graham coordinates exhibit the geometry near the asymp-
totic boundary explicitly and conveniently but their continuation to the origin of AdSs
is ambiguous. In the next section we discuss global aspects of AdSy geometries using
another approach.

3 AdS,; geometry as a World-sheet

In this section we reconsider physically distinct AdSy geometries following the strategy that
is familiar from world-sheet string theory. We employ complex coordinates and inquire
whether conformal gauge fixes the gauge entirely, and to what extent it can be reached in
the first place.

3.1 Conformal gauge and non-compactness of AdSs

The baseline AdSy metric (2.1) can be recast as

4dzdz
2 _
ds® = m 5 (31)
by introducing holomorphic coordinates
z=e" tanhg . (3.2)

This is advantageous for some purposes. For example, the Cartesian coordinates (z,z) can
be continued to the origin z = z = 0 where the geometry becomes manifestly regular but
the radial coordinates (p, ) break down.

The metric (3.1) is in conformal gauge: it is the flat 2D geometry ds? = 4dzdz
multiplied by a conformal factor e?® = (1 — 2z)~2 that renders the curvature negative and
constant. This form of the metric is reminiscent of world-sheet string theory. For example,
the superficially similar conformal factor e?® = (1 + 22z)~2 corresponds to the sphere S2.
The feature that is qualitatively different from familiar world-sheet considerations is the
non-compactness of AdS,.

It is instructive to work out symmetries explicitly. The “Killing vectors” for AdSs (3.1)
are

K?=—i(1,2,2%), K:=i(2*21), a=1,0—1. (3.3)

They formally satisfy the Killing equations
Oy + 0, Koy =0, pv=2z72. (3.4)

For = z,v = z (and wice versa) this follows from the obvious holomorphic structure
of (3.3). This shows that diffeomorphisms generated by (3.3) respect the conformal factor

~10 -



in (3.1). To verify the fully holomorphic components (and their complex conjugates), the
nontrivial Christoffel symbols are
2z

Fiz = 922 2927 = 1_7|Z|27

and its complex conjugate. This gives the covariant derivatives

2z ) 2(1,z,7%) 0
L—]22) (1= 232

V. Kq. = (82 - Fzz)Kaz =—1 (C%

as claimed. This aspect of (3.4) shows that diffeomorphisms generated by (3.3) preserve the
gauge condition that (3.1) has no fully holomorphic (or fully anti-holomorphic) component.

However, the Killing vectors (3.3) are formal, they do not generate symmetries even
though they satisfy the Killing equations. That is because they are not normalizable in the
metric (3.1), the metric components g,z — oo as |z| — 1. This situation differs from the
analogous computation on a sphere S? that is discussed in many textbooks [19, 20]. It also
differs from the standard analysis after introducing a cut-off |z| < 1 on the geometry [13],
because such a cut-off renders the Killing vectors normalizable. We analyse AdS, as a
geometry in its own right, and for that it is essential that we allow for the entire non-compact
space |z| < 1. From this point of view there are no Killing vectors in AdSs.

The conformal Killing vectors (CKV’s) are closely related to the Killing vectors, but
their physical significance is quite different! They have components?

Cor = —iKy,, Cuz=1iKyz. (3.5)
The formulae worked out for the Killing vectors immediately give
V.Co. =V:Cuz =0.

Diffeomorphisms generated by CKV’s therefore preserve the part of the conformal gauge
condition that posits a purely off-diagonal metric in holomorphic coordinates. However,
in contrast to the Killing vectors (3.3), diffecomorphisms generated by the CKV’s (3.5) do

deform the diagonal part of the metric

2(22,1,0) +2(0,1,22) N 4(22, 2, 1)z +4(1, 2, 2%) 2
(1—[[*)? (1 —1[?)? ’
422,14+ 22, 22)

- =2 ZEXav .
a-ppp (3.6)

5922 = azC’aZ + aZCaz =

where the potentials X, generating the flows of the vector fields satisfy

gzgaEXl == 17
gzzaiXO =z,
970X =2 (3.7)

1Strictly speaking, Killing vectors are special cases of Conformal Killing vectors where the conformal
factor is trivial. When we imply that Killing vectors and CKV’s are non-overlapping classes, we have in
mind the CKV’s that are not also Killing vectors.
i

2We pick orientation so €** = 7

- 11 -



Thus the components of the vector field g??9; X, are the pure powers z" with n = 0, 1, 2.
The potentials X, satisfy:

(VZVg + ngz - 2925) Xa =0. (38)

In this expression all covariant derivatives V,, act as ordinary derivatives d,,. The equation
identifies the X, as free scalar fields with m? = 2.

The Conformal Killing vectors (C#,CZ) are non-normalizable, just like the Killing
vectors (KZ?, K?). Indeed, they differ only by the relative sign between holomorphic and
anti-holomorphic components, and this makes no difference for normalizability. From
our point of view we therefore reject both as unphysical. Thus there are no residual
diffeomorphism symmetries after gauge fixing AdSy to conformal gauge (3.1).

Even though our principles lead us to reject both Killing vectors (KZ, KZ) and the
CKV'’s (CZ,07), it is significant that, in the context of our non-compact AdS, geometry,
they are very different geometrically. The former respect the boundary condition at zz =1,
while the latter do not. Indeed, the Killing vectors do not change anything at all: they

are infinitesimal versions of the finite Mdbius transformations that take z — gjis (with z
transforming analogously and ad — bc = 1). In contrast, the CKV’s that are not Killing
Vectors change the metric by a non-trivial conformal factor; they are special only in that
they preserve conformal gauge. Critical string theory is constructed such that the CKV’s
are elevated to symmetry generators, by other sectors of the theory compensating for the
change in conformal factor. It would be interesting to contemplate the role of AdSs in the
setting of critical string theory but we do not pursue this research direction in this article.

In the JT-gravity approach to AdSs [12-15, 22, 23, 41, 52-55], the geometry is regulated
by a cut-off, and then the normalization conditions we impose in the strict AdSs limit do
not apply. This distinction does not matter for the CKV’s; either way, they do not satisfy
the applicable boundary conditions. However, in the regulated geometry, Killing vectors
are legitimate symmetries so, in the context of a gravitational theory, configurations related
by the SL(2,R) they generate are recognized as physically identical. This symmetry is
gauged. In contrast, in the complete AdSsg, the configurations formally related by SL(2,R)
are distinct, they are not identified, so the theory treats one of them as preferential. Thus,
the symmetry is spontaneously broken.

In conclusion of this subsection: AdS, in conformal gauge does not support any
normalizable Killing vectors and also no Conformal Killing vectors. In analogy with the
standard world-sheet terminology we conclude that, after gauge fixing, there are no residual
gauge symmetries. This result differs from the familiar analysis based on JT-gravity, partially
summarized in the preceding paragraph. This is possible because we recognize the entire
AdS, spacetime |z| < 1, without imposing any cut-off, and the conformal factor in AdSs
diverges as |z| — 1.

3.2 Conformal gauge and large diffeomorphisms

In presentations of world-sheet string theory, it is customary to exploit from the outset the
freedom to reparametrize two coordinates, and so fix the world-sheet metric to conformal
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gauge [20]. It is always understood, but often not stressed at the outset, that for all Riemann
surfaces, except S?, this maneuver fails to remove a finite number of parameters known
as Quadratic Holomorphic Differentials (QHD’s). For compact Riemann surfaces, the
“would-be” diffeomorphisms that could formally enforce conformal gauge violate periodicity
conditions, and the QHD’s parametrize a space of configurations that are physically distinct
because such periodicities differs.

In the non-compact AdSo geometry there are infinitely many parameters that cannot be
removed by the freedom to reparametrize two coordinates. The “would-be” diffeomorphisms
that could formally transform the geometry into conformal gauge are non-normalizable,
so they cannot be used for gauge fixing. Alas, these “would-be” symmetry generators
parametrize a physical configuration space.

We illustrate this point with a simple example. Consider a class of metrics that are not
in conformal gauge:

Adods
dzdz 5 + can(n® —1)2"72d2? + eun(n® — 1)2"2dz? . (3.9)

ds* = ————
° (1—22)

Here n > 2 is an integer, ¢, is a complex number, and ¢, is its complex conjugate. Here,
and in the remainder of this subsection, we work only to linear order in ¢, and ¢,. Explicit
computation shows that the curvature of the general metric (3.9) is constant and negative,
so the geometry is locally AdSs for any c,, ¢,.

Transforming the metric (3.9) into conformal gauge (3.1) amounts to finding a diffeo-
morphism that removes the ¢y, c¢,. Equivalently, we must solve the following system of
differential equations for the generating vector field £(™),

2VZ§§”) = —cnn(n2 — l)zn_Q, 2V 3 én) = —Enn(n2 — 1)2"_2 , Vzlfi—n) + Vg{én) =0.

(3.10)
There is an exact solution with components [56]
gz — —%z"""l + %(n(n + 1)zt —2(n? - 1)22" + n(n — 1)222”+1> ,
gz — —%Z”'H + %(n(n + 12" —2(n® - 122" +n(n — 1)22z"+1) . (3.11)

If taken at face value, this result exhibits a diffeomorphism that takes the general metric (3.9)
to conformal gauge (3.1). This would conform with the naive standard world-sheet theory
where it is sufficient to consider metrics in conformal gauge on the grounds that any metric
that is not already in conformal gauge is diffeomorphic to one that is.

As noted already, this reasoning fails for Riemann surfaces with genus g > 1, and it
also fails for the AdS, metric (3.9). The “gauge-fixing” vector fields £ are formal; they
are not normalizable:

/ dzdz JGlEP = oo, (3.12)

because the metric component g,z diverges as |z| — 1. We must therefore reject these
candidate diffeomorphisms, just as we previously showed that, in AdSs, there are no genuine
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Killing vectors and no CKV’s. Because of this, the two metrics (3.9) and (3.1) are not
gauge-equivalent; they parametrize physically distinct geometries. By naively working in
conformal gauge, one misses out on a class of geometries that includes (3.9).

3.3 The configuration space of distinct AdSs geometries

The AdSs metrics (3.9) cannot be gauge-fixed to conformal gauge, so such metrics describe
AdSs geometries that are physically inequivalent to the conformal disc (3.1). In these
basic examples the QHD’s are simple powers 2" 2dz? and (3.11) are the vector fields that
generate them [20, 57]. In this subsection we aim to find the most general examples and
characterize the space of such geometries

The basic example (3.9) pertains to a single value n > 2, but it can be consolidated by
summing over all n. It follows that given an infinitesimal holomorphic regular function €(z)
that satisfies €(0) = €¢/(0) = €’(0) = 0, the following class of AdSy metrics are physically
distinct:

4dzdz

ds® = ————
T 22)

+ " (2)dz? + @"(2)dz? . (3.13)
The antiholomorphic function €(z) is the complex conjugate of €(z). The diffeomorphism
¢ that maps (3.13) to the conformal disc (3.1) is obtained by summing over (3.11) for
n > 2 [56],

¢ = _% (6(,2) - %(1 _25)%(3) — 2(1 — 22) () — z2€(2)> ,
= (e(z) (= 22P () — 21— 22)E (2) - 226(2)> . (3.14)

This is the general large diffeomorphism at linear order.

One may readily see that this vector field is not normalizable in AdSy. Thus, each
metric of the form (3.13) must be considered as parametrizing a physically distinct geometry
from the conformal disc (3.1). Moreover, two metrics of the form (3.13) with different
functions €1 (z) and €(z) parametrize distinct geometries. To see this, let £ and & be the
(non-normalizable) vector fields that generate large diffeomorphisms mapping each metric
to the conformal disc. Then the composite vector field &5 — & maps one metric to the other,
but it is not normalizable in AdSs.

We have found that, at the infinitesimal level, there is a holomorphic function’s worth
of AdS, geometries (3.13) that are distinct from one another as well as from the conformal
disc (3.1). We would like to do better and integrate this up to a finite function’s worth
of metrics. The triple derivative of an infinitesimal function suggests a relation to the
Schwarzian derivative. Unfortunately, the straightforward replacement of €”(z) in (3.13)
with a Schwarzian derivative gives a geometry that is no longer AdSs.

To be more systematic, we consider the action of a general diffecomorphism z — Z(z, 2)
(and Z — Z(z, %)) on the conformal disc (3.1), and ask what conditions the complex function
Z(z,z) must satisfy for the resulting metric to be an integrated form of (3.13). First, in
the infinitesimal limit Z(z,2) ~ z — £* one should recover (3.14). Since the vector field
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¢ in (3.14) is not normalizable, this makes Z(z, z) a large diffeomorphism. Second, the
resulting metric should share the singularity structure of the conformal disc at |z| = 1, that
is, it should take the form

4dzdz

2 __
ds” = (1—22)2

+ (terms regular at |z] — 1). (3.15)
As an ansatz, we parametrize Z(z,%) = 2¢¢(*?) where C = C(z,%) is some complex
function of both z and z. By letting zC to take the form of £* given in (3.14),
- 1 2= Aoy L 27325
C(z,z) = 2. €(z) —27€(z) — z(1 — 22)0€(z) — 5(1 —22)°0%(2) | , (3.16)
z
where €(z) is no longer required to be infinitesimal, we achieve the first condition and obtain

the correct infinitesimal form Z(z,2) ~ z — £*. The second condition (3.15) puts fall-off
conditions on the asymptotic behavior of C near |z| — 1:

0C =0((1-22)?2), ReC=0(1-2:%), (3.17)

1— 62ReC

2
e?ReC(1 4 200)(1 4 20C) = <62R60 + ) +0O((1 - 22)?). (3.18)

1—22
It turns out that (3.16) satisfies all these conditions.

Therefore, the finite version of the metric (3.13) is given by performing z — Z(z,2) =
2¢(#2) on the conformal disc (3.1) with C(z, 2) given by (3.16):

2ReC 4(11 2 9772
ds?® = € . (|11 4 z0C| :"2"280’ )dzdé — ((1 + z80)63e dz? + c.c.)] .
(62 ReC 17*16_21‘?0) (1—22)

(3.19)

In other words, there is a finite holomorphic function €(z) that parametrizes the space of
these metrics. While the metric (3.19) has the desired asymptotic behavior (3.15), the
explicit form is not particularly illuminating. But in the next section, we shall see that its
gauge theory formulation gives rise to a Schwarzian effective action.

3.4 Relation to Fefferman-Graham gauge and Diff(S?')

The main result of this section has been that deformations of the canonical metric on
the conformal disc (3.1) that take the holomorphic form h,, = €”(2)dz? (3.13) at leading
order cannot be gauge-fixed to conformal gauge. In section 2 we studied the analogous
question for the AdSs geometry in Fefferman-Graham coordinates and found that the
metrics (2.9) must be considered inequivalent. In both cases the obstruction is that the
“diffeomorphisms” that would formally do the deed are “large”, they are non-normalizable,
so they are inadmissible. It is expected that these results should express identical underlying
geometry, but in different coordinate systems, i.e. in different gauges. The goal of this
subsection is to confirm this expectation and give a precise relation between the results.
Recall that the linchpin of the large diffeomorphisms (2.8) in Fefferman-Graham
gauge is the reparametrization 7 — f(7) of Euclidean time near the boundary of AdSs.
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Infinitesimally, the transformation is simply f(7) = 7+&(7) or 7 = () for an infinitesimal
periodic function (7). From the map (3.2) to complex coordinates, one sees that this
corresponds to an infinitesimal phase shift 0z = ize(7), 62 = —ize(7) near asymptotic
infinity |z| — 1. Without loss of generality, we consider a single Fourier mode &(7) = ¢,e""",
where n > 2 and ¢, is an infinitesimal complex parameter, such that éz = ic,ze"” and
8z = —ic,ze™. We exclude the SL(2) modes n # 0,=+1, and also the negative modes
n < —2 which we return to later. According to the map (3.2), z ~ €™ and z ~ ¢~*" near
the asymptotic boundary, which implies that in this region we can trade " for 2" and z

for z=!. Thus, the phase transformation can be thought of as
6z = icy 2", 6% = —ic, 2" L. (3.20)

For the moment the variations of z and z are not complex conjugates, they are related such
that §(2z) = 0. This amounts to a Dirichlet condition imposed so the conformal boundary
remains at the coordinate position |z| = 1. Another perspective is that it is the continuation
to n > 2 of the Killing vectors (3.3), rather than the Conformal Killing Vectors (3.5).

The transformations (3.20) do not by themselves satisfy the boundary conditions, since
the metric component dg,, that it generates has singularities near |z| — 1. Following the
strategy from section 2 that lead to the Fefferman-Graham gauge transformation (2.8),
we can add corrections at subleading orders in (1 — zZ) to find a metric with the correct
asymptotic behavior as |z] — 1. As a result, we find the vector field

£ =ic, 2", €7 = —icy 2"t (1 +(n—1)(1—=22)+ %(1 — 22)*n(n — 1)) , (3.21)

which generates the metric deformation

n—2

0G,, = —2icnn(n2 - 1)z , 8¢,z = 0gzz =0, (3.22)

that is regular through the disc 0 < |z| < 1.

We have restricted our attention to the positive modes (1) = ™7, n > 2, but
an analogous analysis applies to the negative modes e(7) = e~™7. The positive and
negative modes combine to the vector field (3.11) that generates the large diffeomorphisms:
adding (3.21) and its complex conjugate yields (3.11), up to an inconsequential redefinition of
the coefficient ¢,,. Thus, the diffeomorphism (3.11) can be derived by a procedure analogous
to the one for Fefferman-Graham gauge in section 2: perform a time reparametrization
7 — f(7), and keep the metric deformation normalizable.

The relation between the holomorphic coordinates in this section and the Fefferman-
Graham gauge in the previous one can be made more explicit as follows. There is a
diffeomorphism generated by a normalizable vector field that maps the metric (3.9) to one
in Fefferman-Graham gauge. This implies that the two metrics are physically equivalent.
To see this, we first rewrite the metric (3.9) in the Fefferman-Graham coordinates by the

map (3.2),

(tanh g)n

2 (tanh g)n nT 2 . inT
ds® = (1 + QWRe(cne ) | dp” + 4i i Im(cpe™")dpdr
+ ((sinh p)?—2 (tanh /2)) Re(cneim)> dr?. (3.23)
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Next, we consider a vector field ¢ (") with the following (lower) components,

Re(c,e™) (n + cosh p) p
() 2> J (2 2Py h") 24
% n?—1 ( sinh p At ) (3.24)
; 1 n cosh psinh
) — itm(e 7y | g g2 . "Coshpsinh p
¢ = ~im(cne >[n<sm p)? - L

L (2712 — 1+ 2ncosh p + cosh(2p)

7 =) ) tanh™ ;’] . (3.25)

Its norm has the asymptotic behavior [¢(™)]? ~ O(e~%°), so it is normalizable in AdSs. The
diffeomorphism generated by ¢(™ maps the metric (3.9) to

ds® = dp? + (sinh p)2dr? — 2Re(c,e™ )e” sinh pdr? . (3.26)

This is precisely the Fefferman-Graham metric (2.11) for an infinitesimal Euclidean time
reparametrization 07 = (7), where the parameter ¢(7) is identified as

1

T 1) ((en + ¢p) sin(nt) — i(cn — €n) cos(nt)) , (3.27)

e(r) =
in terms of the complex parameter c,.

Summing up the powers n > 2, the analogous result applies to the metric (3.13)
in terms of the holomorphic function €(z). Thus, there is a normalizable vector field ¢,
the linear combination of (™ for all n > 2, that maps the conformal disc (3.13) to the
Fefferman-Graham gauge (2.11), with the infinitesimal parameter (7) identified in terms
of €(z) as

_ . —iT T _ E
e(t) = Re (ze e(e )) =3

The vector field ¢ is a composition ( = v + £ of two vector fields: the large diffeomorphism

(eme(e™) = ee(e™)) . (3.28)

¢ (3.14) that generates holomorphic deformations, and its Fefferman-Graham analogue
v = 070, + 0p0, with components (2.13) and ¢(7) identified as (3.28). While both of v and
£ are non-normalizable in AdS», their composition ( is normalizable and a conventional
physical symmetry.

In conclusion, the physically distinct geometries (2.11) in the Fefferman-Graham gauge
are precisely the geometries (3.13) that are not captured by the conformal gauge.

4 The gauge theory formulation of AdS, gravity

It is well-known that two-dimensional gravity can be cast as a topological gauge theory in
its first-order formulation [58, 59]. In this section we use the BF theory [60, 61] description
of JT gravity to parametrize the space of physically distinct AdSs geometries.

Recent discussions of the BF approach to JT gravity focus on fields near the asymptotic
boundary of AdSsy [22, 54, 62-64]. We consider the entire spacetime, without restriction
to the boundary region. We show that the effective action of the theory, given by a 1D
o-model, reduces to the Schwarzian action.
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4.1 BF theory and JT gravity

The field content of BF theory consists of a gauge one-form A and a scalar field B, both
in the adjoint representation of the gauge group. The action of the theory takes the
gauge-invariant form

Syp = —i / Te(BF), (4.1)

where F' = dA — A A A is the field strength. The equations of motion for the fields A and
B are obtained by varying the action (4.1) with respect to B and A respectively:

F=dA—ANA=0, (4.2)
DB =dB—[A,B]=0.

The gauge covariant derivative D is defined by (4.3).
The fields decompose into a Lie algebra basis as A(x) = A*(x)P; and B(z) = B'(z)P;.
We are interested in the sl(2,R) algebra where the basis elements satisfy

[Py, P1] = Pa, [Po, P2 = —P1, [P, P =—F. (4.4)

We employ the following explicit matrix representations for P;:

101 1(-10 101
Py== P=: P== . 4.5
! 2(—10)’ ' 2(0 1)’ ? 2(10) (45)

Thus the fields A and B are written as traceless real matrices. The Cartan metric reads
2Tr(P;Pj) = n;j = diag(—1,1,1). Note that in our notation ¢, j,... € {0,1,2} comprise all
three SL(2,R) indices.

BF theory with SL(2,R) gauge group is a first-order formulation of JT gravity [64—66].
The identification encodes first and second order aspects of 2D gravity in the gauge field
A. Tts “spatial” components correspond to the 2D zweibein via A%(x) = e%(x) where
a,b,... €{1,2}. The “temporal” component of the gauge field is identified with the spin
connection® through A°(x) = w(z). With these identifications, expansion of the field
strength in our basis for the Lie algebra gives

F = (dw+e' A e?)Py+ (de® +w A e’)P, . (4.6)

Inserting this expression into the bulk action (4.1), we find its component form:

Spp = —% {Bo(dw + et Ae?) + BYdeq + wap A eb)} : (4.7)

The BF action in its original form (4.1) is manifestly invariant under SL(2,R) gauge
symmetry. The infinitesimal gauge transformation 0 A = De = de — [A, €] is parametrized by
an element e(x) = € (z)P; of sl(2,R). Among these, the “spatial” parameters ¢* generate the

3Here w is the Hodge dual of the spin connection w®, = €*yw, with the Levi-Civita tensor €'? = ¢10 =

612 =1.
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diffeomorphism &* = e%e,*, up to the equations of motion. Thus the component form of the
BF action (4.7) is a gravitational action; it is invariant under 2D diffeomorphism symmetry.

The third component of the s/(2, R) symmetry is proportional to the parameter ¢ and
generates rotations of the Lorentz frame. This additional invariance under local rotation of
Lorentz frame is a well-known feature of the first order formalism, sometimes known as the
Palatini formalism. It appears here because, in the original gauge theory formulation (4.1),
the field components

A =w, At =e", (4.8)

are independent variables. Therefore, after expansion in components and a change in
notation, the zweibein e® and spin connections w remain independent variables.

The two scalar fields B* act as Lagrange multipliers to impose the vanishing torsion
constraints T% = de® 4w Ae? = 0. Thus the spin connections w®, which, on a 2D manifold,
reduce to the single component w, are determined from the zweibein via the usual Cartan
equations. We impose this constraint directly in the action (4.7) and note that in two
dimensions we have dw = %Rel A €% where R is the Ricci scalar. This gives the bulk action

Spp = —% / 2o GBOR+2), (4.9)

where we used e' A e? = ,/gd*z. This is the JT gravity action [9-11], with the scalar B%(x)
playing the role of the JT-dilaton that some references denote ®(z). The equation of motion
of this scalar field ensures that the geometry has constant negative curvature R = —2, i.e.
it is AdSs, at least locally.

4.2 Large gauge transformations

In sections 2 and 3, we interpreted the space of “all” AdSe geometries in the sense of general
relativity, i.e. as the space of distinct metrics modulo normalizable (!) diffecomorphisms. BF
theory is more abstract, in the sense that there is no geometry a priori. However, it is based
on a particularly simple principle: we must consider all distinct gauge field configurations,
modulo normalizable (!) gauge transformations. It is instructive to show that all these
principles are consistent with one another, in that they give the same configuration space.

In fact, at first sight, it may appear that the second order form of the BF action (4.9),
i.e. the JT gravity action in its standard form, could not possibly describe AdSs quantum
gravity by itself, because the JT scalar B°(x) appears explicitly in the action (4.9). However,
as we have emphasized throughout, we study AdSs quantum gravity in its non-compact
form, without a regulating cut-off. In this setting there are no normalizable scalar modes,
so BY(z) is not a dynamical field. Comparing its equation of motion

(v,uvu - gw,)BO(:L') =0,

with (3.8), we can identify B with one of the potentials X1, Xo, introduced in subsection 3.1
where they appeared because their curl and gradients yield Killing vectors and CKV’s,
respectively. The (C)KV’s obtained this way are not normalizable and the scalar fields

~19 —



that generate them are even worse: the fields themselves diverge as |z| — 1, and the AdSs
volume only aggravates the problem. Therefore, in our approach, excitations of the scalar
field is B is not normalizable. Since we do not regularize AdSs, it is not even possible that
a “renormalized” scalar remains.

Working with a gauge field instead of a metric has several advantages. For example,
some technical manipulations simplify: diffeomorphisms become matrix multiplications,
and thus finding inverse transformations is nearly trivial. Contrast this to the large
diffeomorphisms (2.8) in Fefferman-Graham gauge, whose inverse transformation is much
more complicated. Also, in gauge theory the connection between field configurations and
the effective action of spontaneously broken symmetry becomes more transparent: it is
given by the o-model action for particle motion on a simple (but non-compact) group.

To study the space of distinct gauge field configurations and characterize large gauge
transformations, we solve the equations of motion (4.2) for A. Since the theory is a first-
order formulation of JT gravity (4.9), the space of solutions are analogues of the AdSs
geometries (2.9). The gauge field configurations obtained via the identification (4.8) are:

1/-10 1[0 —2¢"Sch (tan iG] T)
A—2<0 1) dp+2<€p 0 dr. (4.10)

There is one gauge field configuration for each function f(7) on the circle satisfying the
constraints (2.4). For a given function f(7), and thus a gauge field A (4.10), we solve the
equation of motion (4.3) for the adjoint scalar field B and find

. (5’(7) ~2¢7¢ [B(r) Sech (tan {3, 7) + 8"(r )}) 7 (4.11)
e?B(T) —B'(7)

where (1) is the function

_ 1 f(7) 2 (1)
B(r) = T% <50+51 tanT—i—ﬁgtan 2> , (4.12)

defined by tan ( ) and three integration constants [y, 51, and B2. The expressions (4.10)—
(4.12) are exact in that they are valid to all orders in e™”.

The JT gravity interpretation of BF theory maps each gauge field configuration (4.10) to
an AdSy geometry via the map (4.8). Therefore, gauge transformations that leave the gauge
field (4.10) invariant are “isometries” of the corresponding metric Such gauge transformations
are, infinitesimally, parametrized by sl(2,R) matrices A that satisfy A = D\ = 0. This
is precisely the equation of motion (4.3), with B being the matrix \. Given a geometry
with a fixed function f(7), its space of solutions (4.11) is a three-dimensional vector space
generated by the three parameters 5y, 81 and [2. This space corresponds to the space
of scalar potentials generated by X,, introduced in subsection 3.1, whose curls yield the
formal AdS, Killing vectors.

As solutions to F' = 0 the configurations (4.10) are flat connections and so they are
formally pure gauge. In other words, for each function f(7) there exists a group element
g € SL(2,R) such that A = (dg)g~'. As a reference, we introduce the gauge connection
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A that corresponds to the identity function f(7) = 7. For this reference configuration the

Schwarzian for f(7) = 7 is a constant Sch(r) = 3 and so
1/(-10 10 —e”
Ay = = d - dr. 4.13
0 2(01) p+2<ep 0)7 (4.13)
This is formally pure gauge Ao = (dgo)go ! Wwhere the group element gp is
e P2cosT —e P/ ?sin T
_ 2 2
0= ( eP/? sin 3 eP/? cos 5 ' (4.14)

Starting from the reference configuration Ag, the configuration (4.10) for a general
function f(7) is achieved by a gauge transformation g; that solves

g5Aogs !t + (dgp)g; ' = A.

It has the explicit form

(272

where the functions a, b, ¢ and d are given by
_ 1 / f(T)_T 1" . f(T)_T
a(t) = R {f (7)2 cos <2> — f"(7) sin <2>] , (4.16)

b(r) = —f,(Tl)B/Q [f’(T)Qsm ("C(T){T) + f"(r) cos (JC(T)Q_TH ENRTS

o(r) = fll(T) sin( (7)2 ) (4.18)
1

f
d(r) = ) oS <f(7)2 ) : (4.19)

Thus the general flat connections (4.10) are related to the reference configuration (4.13) via

-7
-7

the SL(2,R) gauge transformations (4.15), at least formally.

As we have emphasized repeatedly in previous sections, when local symmetries, such as
gauge transformations, are normalizable, they identify configurations that appear distinct.
On the other hand, non-normalizable “gauge-transformations” map physically distinct
configurations to one another.

In the case at hand, an infinitesimal gauge transformation A € sl(2,R) is normalizable
when the SL(2,R) invariant norm:

/ Te(BdA A dA) < oo (4.20)

The analogous condition for a finite gauge transformation g = e is

/Tr(Bdg ANdg™h) < oo (4.21)
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According to this criterion, the gauge element g (4.15) is not normalizable because the
expression

Tr (B(@,97)07 (0:97)97") - (4.22)

with B in (4.11), turns out to be independent of p, so the integral over dpAdT diverges. There-
fore, the group transformations (4.15) map the reference point Ay to configurations (4.10)
that must be considered physically distinct.

The conclusion is that, in the BF-formalism, the space of physically distinct config-
urations are parametrized by a single function f(7). This result agrees with the more
conventional gravity analysis, where the space of metrics in Fefferman-Graham gauge (2.9)
are parametrized by a function f(7) on the circle satisfying (2.4).

4.3 Symplectic structure

In this subsection, we examine the symplectic structure on the configuration space [60, 61].

As discussed in the previous subsection, the configuration space is a space of flat
SL(2,R) gauge connections over Euclidean AdSg, up to redundant gauge transformations.
The variation dA at each point A is a tangent vector on this configuration space (and a
one-form in spacetime) that transforms in the adjoint representation of SL(2,R). Thus,
given two variations 614 and do A, the space has a natural symplectic structure defined by
the symplectic form Q [22, 60]

Q(514,6,4) = o / Te(5,A A 654), (4.23)

where v is some dimensionful constant. The domain of the integral in (4.23) is the 2D
spacetime. The symplectic form €2, being a two-form in configuration space, maps two
tangent vectors 01 A and d2A to a number, the r.h.s. of (4.23).

In our context the tangent vectors 6; A (i = 1,2) are formally pure gauge, so §;A =
dA; — [A, A;] for some si(2,R) matrices A; and then

Tr ((dAr = [4, M1]) A (dAs — [4, As))) = d Te(As(dAs — [4, Ag])) = Tr(F[A1, Ag]) . (4.24)

This identity is for two pure gauge deformations of any gauge field configuration. For
flat backgrounds F' = 0 the expression is d of something and then the 2D integral in the
symplectic form (4.23) reduces to a 1D boundary integral

Q=7 [ Te(A(dhs ~ (4, A4]). (4.25)

The tangent vectors 61 A and 024 relevant for our configuration space are non-
normalizable variations of the gauge field that keep the form of (4.10) fixed, but changes
the Schwarzian by a function composition f — f o g. The change in function f under
a composition reads 0f = d(f o g)|g=ia = f'(7)dg. Using this, we obtain from (4.10) an
explicit expression for the tangent vector 6 A,

SA <o —eP [(259’(7) +6g(7)d;) Sch (tan @,7) + 59"'(7)} dr> |

) ) (4.26)
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The terms in square brackets follow from the composition law of Schwarzian derivatives.
This expression is a formally pure gauge 6A = dA — [A, A] with the sl(2,R) gauge function

A ( 36g' (1) —e* [59(7) Sch (tan %T),T) + 59”“)}) _
Lersg(r) ~209'(7)

Inserting into (4.25) two such gauge matrices A; and Ag parametrized by dg;i(7) and dga(7)

(4.27)

respectively, we obtain the expression

Q= Z/O% dr {59/(7) A dg" (1) — 2Sch (tan f(27—),7') dg(T) A 59/(7')] , (4.28)

where A in (4.28) represents wedge product in phase space: dg A §g' = dg1dgh — 0g10g2 and
dg' Nog" = 041098 — 691 0gh.

Throughout this paper we emphasize a “bulk” perspective, we discuss the configuration
space of AdSs geometry. The mathematical fact that allow this to be identified with a
“boundary theory” is that it has the same symplectic structure as the space of diffeomorphisms
on a circle, modulo SL(2,R) transformations [45, 67]. The space Diff(S1)/SL(2,R) can
be represented as the unique coadjoint orbit of the Virasoro group that has SL(2,R)
stabilizer [68—70]. Any coadjoint orbit is a symplectic manifold, endowed with a natural
symplectic form by the Kirillov-Kostant-Souriau (KKS) theorem [71-73]. The corresponding
symplectic form of the Diff(S1)/SL(2, R) manifold takes the form (see [45] for example),

Qxks = /027r dr [((}{1), A (C}{)” — 2Sch (tan f(2T),T> (i{) A ((jc{)/] . (4.29)

The phase space of the theory is the abstract space of functions f(7) on the unit circle.

The lowest three Fourier modes f(7) = ¢ (n = 0,4:1) are zero modes that comprise the
SL(2,R) subgroup. The phase space one-form df is an element of the cotangent space of a
point f in the function space, and therefore corresponds to an infinitesimal variation of f.
Such variations can naturally be written in terms of function compositions f — fog as
df =d(f og)|g=ia = f'(7)dg. Different functions g’s represent different tangent vectors at
the point f in phase space. Inserting this into the KKS symplectic form (4.29), we obtain

2w
Qkks = /0 dr [dg' Adg” —2Sch (tan f(;), T> dg A dg’} . (4.30)

Up to an overall factor, this is the symplectic form (4.28) on the space of physically distinct
gauge field configurations.

4.4 The effective action

The gauge field configurations (4.10) are mapped to one another by formal gauge transfor-
mations that are not normalizable. Thus, they form a space of physically distinct solutions.
We now show that the effective field theory describing this physical configuration space is
governed by a Schwarzian action.

The gauge field (4.10) for f(7) can be written in terms of a single group element
A = (dg)g~', where g = gfgo. The reference gy is fixed and arbitrary, in the sense that any

~ 93 -



other reference configuration would by physically equivalent. The g represent departures
away from the reference, via a motion through the configuration space of all matrices (4.15)
with functions f(7) satisfying the conditions (2.4). Because this set-up is purely geometrical,
the low energy effective theory is completely determined. It is governed by a 1D o-model
action proportional to

La= | drTr|(g7'0:9)]. (4.31)
0
Using the explicit expressions (4.14) and (4.15), it is straightforward to compute g = grgo
and insert it into (4.31) to find
2

_ f(7)
Ig=— ; d7t Sch (tan 5 ,T>. (4.32)

These expressions should be furnished with an overall constant of proportionality that is
dimensionful and sets the scale of the effective theory. This scale is arbitrary from the low
energy effective field theory point of view but ultimately determined by matching with a
theory that is valid at higher energy.

The derivation of the Schwarzian action is particularly satisfying from the gauge
theory point of view. It is unsurprising that a similar approach applies in the Fefferman-
Graham formulation from section 2, since the Schwarzian derivative appears explicitly in
the geometries (2.9) that represent the configuration space.

The situation in the holomorphic coordinates in section 3 is more complicated. We
have demonstrated in detail that the subset of the geometries (3.13) that correspond to
infinitesimal deformations of the conformal disc (3.1) are gauge equivalent to the geome-
tries (2.11) in Fefferman-Graham gauge. However, the Schwarzian derivative does not
appear manifestly in the holomorphic coordinates so the effective theory of the full space of
geometries (3.19) that we are unable to gauge-fix to a manifestly holomorphic gauge is less
clear. In the following we close this gap by showing that, in gauge theory, these geometries
yield a space of gauge configuration whose effective action is governed by the Schwarzian
derivative of some function f(7), as expected.

According to the dictionary (4.8), the conformal disc metric (3.1) corresponds to the
pure-gauge configuration Ay = (dgo)g, ! with the element

1 ((EevE)IE (v Ve 2
AT (v ) RE (v )

z
2z

(4.33)

The diffeomorphism z — Z(z, 2) = 2¢¢(*?) with C given in (3.16) is generated by a non-
normalizable vector field. It corresponds to the large gauge transformation gg — g, which
maps the point Ay in configuration space to another point A, = (dg.)g.!. Near |z| — 1, this
becomes a phase transformation 7 — f(7) = 7 — ¢(7) of the holomorphic coordinate (3.2),
where ¢(7) is given in terms of €(z) and €(2) in (3.28),

f(r) =1 —Re {i(f”e(e”)} . (4.34)
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By direct computation, one may see that

7 e(C)? 1 2
Tr [(gél&geﬂ = 2Z5(?TZRZ)§) - % (1 — 5aT(C - C)) , (4.35)

which is finite as |z] — 1, since ReC ~ (1 — zZ), and

0, ReC i B _ \ 42 2 -\ a3
=— (-2 2 —z(1 — 1-— .C.. 4.
125 = 123 ( ze+2220€ — z(1 + 22)0%€ — 2°(1 — 22)0 e) +c.c (4.36)

Evaluating at |z| — 1, this simplifies to the following expression in terms of the function

f(7),

es 2
2j—1 éff’((T))Q B %f/(T)z’ (4.37)

Tr [(97" 07|

When integrating this over a circle, one can add in a total derivative to obtain

2m 2
dr Tr [(ggl&ge)ﬂ ll2»1 = — dr Sch <tan f(27>,7> . (4.38)
0

0

Therefore, the effective action of the theory is governed by the Schwarzian derivative of the
function f(7).

5 AdS, from dimensional reduction of AdS;

The holographic understanding of AdS;,1/CFT, correspondence with d = 1 has been
recognized as a special and confusing case ever since the advent of the AdS/CFT correspon-
dence [49]. Conversely, AdSs and its dual CFTy is the simplest case in many aspects. In
this section we discuss AdSs from an AdSs point of view.

5.1 Large diffeomorphisms in AdSj3

We first recall the role of large diffeomorphisms in the AdS3/CFTy correspondence.
The starting point is AdS3 in Poincaré coordinates:

ds? = dp* + e*/Bdwt dw™ (5.1)

where /3 is the AdSs scale. The boundary CFTy on a cylinder inherits the light cone
coordinates w* = ¢f3 &t from the bulk AdSs3. Interestingly, the baseline AdS3 metric (5.1)
can be generalized to the Banados metrics [74]

ds* = dp® + <6p/€3dw+ + %T__(w_)e_p/gg’dw_) (ep/&dw_ + %T++(w+)e_p/€3dw+> )
(5.2)

where T+ are general functions of the light cone coordinates w™ and w™, respectively. The
curvature of the geometry is constant and negative for any functions Tii(wi), so the entire
Banados family (5.2) of metrics describe AdS3. When Ty 1 are both constants, the Banados

metrics (5.2) reduce to the BTZ black holes in AdS3 [75, 76]. In this case the values of the
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constant T+ depend on physical mass M and angular momentum J or, equivalently, the
coordinate positions 7+ of the outer/inner horizons:

1 k 9
et it 3 MO = g ) (53)
Indeed, any Banados metrics can be obtained from the 7, = T__ = 0 baseline

metric (5.1) by a coordinate transformation. To see this, we consider reparametrizations
of p and w* that respect the gauge conditions 9pp = 1 and g,+ = 0. We also require
that the metric’s asymptotic behavior at large p remains unchanged: g;_ ~ %e2p/ & As
a first attempt, one may simply consider w® — fi(w®) for two functions fy satisfying
appropriate periodicity and monotonicity conditions. This yields a conformal transformation
of g,_ that violates its asymptotic behavior at large p and must be compensated by
p—p— %3 In (f4 (w") f~ (w™)). The resulting violation of the g,+ = 0 gauge condition can
be addressed by modifying the transformation of w*, and this in turn forces a change in the
p reparametrization. Continuing this process to all orders identify the exact diffeomorphisms

Fi(w®)2 fz(w¥)
2057 fly (w ) fL (w) + g2/ f (w ) £ (w™)

G gty FLw ) (w7)
P p—smﬁmﬁﬁﬁvU+&m0+@ﬂw4ﬁWﬂfW>)’

wt = fi(wi) — e 2/t

(5.4)

where f, and f_ are independent functions of w™ and w™, respectively. They transform
the line element (5.1) to

/3 /2
ds? — dp?+e2/t <alw+ — 536*2’1/63 Sch(f_,w)dUJ) (dw —53672”/33 Sch(f+,w+)dw+> ,
(5.5)

where Sch(-,-) denotes the Schwarzian derivative (2.10). This is precisely the Banados
metric (5.2) with 7%+ identified as

Tos () = —% Sch(fe, w). (5.6)

Any function T4 (w™) that is regular at w® = 0 can be written as the Schwarzian derivative
of some function fi(w®). Therefore, the reparametrizations (5.4) span all Banados metrics.
If, instead of the baseline Poincaré AdSs (5.1), the starting point is the general Banados

metric (5.2), the diffeomorphism (5.4) determines the transformation property

kls3

— =5 Sch(fx,w®). (5.7)

Tis(w®) — Tex(w®)fi(w®)?

Thus T4 (w?) can be identified with light-cone components of the CFT5 energy-momentum
tensor with the central charge

k= —c.
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Computations in gravitational variables establishes their normalization in terms of the

gravitational coupling as [77]

1 {3
k=ce= 3 .
6c er (5.8)

This detailed normalization is important in many applications of the AdS3/CFTy corre-
spondence but it is tangential for our study of AdSs.
)

For infinitesimal reparametrizations fi(w®) = w™ + ex(w¥), the transformations (5.4)

simplify to

f2
wt = w4 ep(w®) - §3€*2p/£3e;(w$) , (5.9)
1 14 _
p — p-— 536+(w+) — ge_(w ) (5.10)

2
Thus the generating vector field v has components v* = ex(w?) — %6*2'0/536% (wT) and
vP = —%(e4 (w)+e_(w™)). It has norm-squared, computed using the baseline metric (5.1),
that scales as |v]? ~ e2?/%¢, (wT)e_(w™) for large p. This implies that the normalization
condition on the vector field diverges exponentially,

1
/d3x\/§|v|2 ~ §/dw+dw_dp e/ Be, (whe_ (w™) = oo (5.11)

Therefore, the reparametrizations (5.4) are generated by non-normalizable vector fields.
That is what makes them “large” diffeomorphisms.

On the other hand, the infinitesimal changes in the metric induced by the diffeo-
morphisms are §grr = —5l3€//(w*). They are finite, since g7~ = 2e=2/% and the

normalization condition converges,
/d3x\/§|6g|2 = Eé/dw+dw_dpe‘2p/€3eﬂ’r/(w+)el_ﬁ(w_) < 00. (5.12)

Thus the metric deformation remains within the allowable configuration space. Moreover,
as discussed in the preceding paragraph, it is not pure gauge even though it is formally
generated by a diffeomorphism.

The Schwarzian derivative Sch( fi,w®) vanishes for the SL(2,R) x SL(2,R)_ trans-
formations

a(wtez) +b

+\p—1
[ G Ty
F(w®)ts c(wiﬁgl) +d

(5.13)

where the coefficients a, b, ¢ and d (with ad — bc = 1) can be distinct for w* and w~. The
exact diffeomorphisms (5.4) remain quite non-trivial even in this case, but these apparent
complications are just artifacts of the gauge. The vector fields generated by fi+ do not
change the metric (5.1) at all, because (5.6) vanish. If these diffeomorphisms had been
normalizable they would be isometries. However, since they are not, they do not generate
proper symmetries. They are outer automorphisms.
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5.2 Dimensional reduction to AdSs

The goal of this subsection is to recast the large diffeomorphisms in AdSs discussed in
earlier sections as a subset of their analogues AdSs that were reviewed in the previous
subsection. Dimensional reduction from 3D to 2D was previously discussed by many authors,
including [51, 78-84].

The linchpin to the dimensional reduction is rewriting of the Banados metric (5.2) as

2
k 2T, T _
ds? = dp? — — [ e2p/ts _ BT —= —2p/ls dw=)2
s 0 T <e 12 e (dw™)

+ Ty (dwJr + ko <e2"/£3 + 6T T 6_2"/123) dw_>2 : (5.14)
k 20T 4 k2

We assume that T4 (w™) is constant (independent of w™), a necessary condition for
compactification along w™. Then comparison with the AdSy metric (2.9) suggests that the
AdS; time 7 ~ w~ and the AdS3 energy momentum tensor 7__ which, according to (5.6)
is essentially the Schwarzian derivative, can be identified with its 2D analogue in (2.9). Our
objective is to elevate these hints to a precise identification.

However, it is not at all obvious that null compactification makes sense. As the notation
suggests, the w* become light-cone coordinates at large p in the AdSs3 setting, and they
are exactly null in the limit p — oo. This corresponds to a spatial “circle” with infinite
radius, the exact opposite of what is needed to justify omission of “heavy” KK-modes. In
addition to the “energetic” objection, higher modes in the Fourier expansion along w™
are not negligible, null reduction suffers from a global discrepancy, at least in Lorentzian
signature [80]: the AdS3 coordinates w® both have period 273, but the time t2 in the AdSs
spacetime is non-compact.

These objections to compactification along a “null” direction can be overcome because
w™ becomes spatial in the bulk of spacetime. This opening towards a justification develops
to a proper argument deeply into the AdS3 spacetime where the radius of the spatial w™ is
small relative to the prevailing length scale. The details of this procedure are subtle, and
it is not clear that the community has reached a consensus on the subject. Therefore, we
proceed carefully and provide details. The following discussion is adapted from [85-87].

We first insert factors of a real number A as follows:

_ 2 N2
ds? = dp® — L3 <A€2p/€3 _ U3 JNT__ e 2P/‘53> (dw )
4J

k2 A A

J (dw+ .2 ()\e2p/€3 L laINT 6_2”/53> dw‘)2
5 .

2J k2 A A
This step is completely trivial, the metric remains the same for any value of A. With some

prescience, and to lighten the formulae a bit, we denoted the constant T, = J/3 L but we
could have retained T and deferred this simplification to later. Next, we remove the \’s
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by introducing new notation

ty = A\"Lw~,

62pnew/z3 — )\\/;62P/Z3 ,
J (5.15)

Ty(ta) = N23T__

1
KQ = 5(3 .

The substitutions give

2
1 To(t 2 1 To(t
ds®> = dp2 ~ 1 (e’)/z2 — 21({:2)6_”[2> dt% + (ﬁduﬁ + 3 (e’)/g2 + 2122)6_”&) dtg) .

This second step is also just preparatory, a change of notation that does not modify the
geometry at all.

At this point, we take the limit A — 0 with the “old” coordinates fixed. This may
appear trivial, but it is very significant. For example, the original w~ was periodic with
period 2m¢3 so ty acquires period 2ml3A~! and, in the limit A — 0, it is not periodic at all,
it has been decompactified. This was a major goal of the entire maneuver.

With the “old” T__ fixed, the “new” T__, which is actually denoted T5, becomes small
and ¢3T__ — 0 is the extremal limit, according to (5.3). Therefore, ¢3T | i J as
anticipated already. The remaining 75, the 2D image of T _, corresponds to excitations
over this ground state. Since the periodicity of w™ is independent of )\, the lower typical
energy after the scaling limit justifies “null” compactification.

The final result for the AdSy-geometry after compactification of the Banados metric (5.2)
with constant T’y is:

1 To(t2) s\
ds® = dp® — I (e’)/z2 - ¢ p/£2> dt3. (5.16)

This can be identified with the AdSy geometry (2.19), in units where f2 = 1 with the identi-
fication to = 7. This is the central result that allow us to identify the large diffeomorphisms
in AdSy (2.8) with their analogues in AdS3 (5.4).

In our discussion of the limits, we took the view that to is very large, corresponding to
very low energy 75, but it is equally valid to change perspective and interpret to and 15
as “typical”, while all the original energies are very large. From either point of view, the
“motion” starting from A = 1 towards smaller A\ prioritizes the near horizon region where
p is smaller, times to that are longer, and energies T, that are smaller. This is possible
because the black hole spacetime is tuned simultaneously.

The dimensional reduction shows that the AdSsy spacetime is supported by a gauge
field that depends on spacetime position

A= (ep/fz + TQI(fQ)e—p/@) dty .
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The corresponding field strength is proportional to the 2D volume form so this gauge field
acts like a 2D cosmological constant.

The dimensional reduction from AdSs3 to AdS; relates the Brown-Henneaux value for
the level k (5.8) in AdSs to the gravitational coupling constant in AdSs:

1 2w R3
So= 16, = ic. m™J (5.17)

This is the correct value for the inert ground state entropy.

The starting point of the discussion in this section was the Poincaré vacuum of
AdSs (5.1), and its excitations in the form of the Banados metrics (5.2). Asymptoti-
cally, these geometries approach a cylinder, so the implicit understanding has been that
the AdS3 energy momentum tensors T4+ are defined on the cylinder. With this convention
the true AdS3 vacuum, the one that has the lowest energy and is invariant under SL(2)?,
assigns the negative eigenvalue —%k to both of ¢37T+1. The dimensional reduction from
AdS3 to AdSs requires setting T4+ to a positive value that defines the filled states with
that chirality. The default is to take 37 _ positive as well, corresponding to excitations
above the R-vacuum with ¢37__ = 0, but it is also possible to consider the NS-vacuum
03T = —%. After adjusting normalizations of coordinates, this option amounts to the
special case where AdS3 takes the form

2
ds® = dp? — i (ezp/z3 + 6_20/63)2 (dw™)? + (dwJr + % (er/Z?’ - 6_2’)/63) dw_) ,

with w™ noncompact and w* having period 27f3. This is the self-dual orbifold [88]: it is a
coset of AdS3 such that the self-dual SL(2) isometries (those acting on w™) are preserved.
In our discussion we depart from the proposal of [80] and instead identify the self-dual
orbifold with the AdSs; wormhole discussed in subsection 2.3.
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