
J
H
E
P
1
1
(
2
0
2
3
)
1
2
2

Published for SISSA by Springer

Received: June 10, 2023
Revised: September 22, 2023
Accepted: November 7, 2023

Published: November 20, 2023

Searching for butterflies in dS JT gravity

Andreas Blommaerta,b

aStanford Institute for Theoretical Physics, Stanford University,
382 Via Pueblo, Stanford, CA 94305, U.S.A.

bSISSA and INFN,
Via Bonomea 265, 34136 Trieste TS, Italy

E-mail: andreas.blommaert@gmail.com

Abstract: We investigate out of time ordered correlators in the bulk of dS JT gravity, using
Schwarzian perturbation theory, and propose that these out of time ordered correlators are
encoded on the second sheet of the gravitational path integral, different sheets corresponding
to different gravitational operator orderings. Implementing this in practice, we establish
maximal chaos, in agreement with shockwave intuition.

Keywords: 2D Gravity, de Sitter space, Models of Quantum Gravity

ArXiv ePrint: 2010.14539

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP11(2023)122

mailto:andreas.blommaert@gmail.com
https://arxiv.org/abs/2010.14539
https://doi.org/10.1007/JHEP11(2023)122


J
H
E
P
1
1
(
2
0
2
3
)
1
2
2

Contents

1 Introduction 1

2 Framework 3
2.1 Invariant bulk points 4
2.2 Bulk operator reconstruction 7

3 Encoding gravitational ordering 8
3.1 Proposal 9
3.2 Perturbative expansion 11
3.3 Schwarzian sheets 14
3.4 Maximal chaos 16

4 AdS butterflies 18

5 Conclusion 19

A Perturbative calculations 21

B Shockwaves 22

1 Introduction

Many exciting developments over the last decade have emphasized the key role of quantum
chaos in quantum gravity. For example we now know that black holes in AdS are maximally
chaotic quantum systems [1–8]. Another important milestone is the realization that the
SYK model [9, 10] has a dual description as AdS2 quantum gravity [11–15]. The discovery
of this maximally chaotic quantum system spurred new developments in AdS2 quantum
gravity [16–19], and its relation to random matrices [20–30]. This tightens the connection
between gravity and quantum chaos as random matrices are an effective description of
generic chaotic quantum systems [31, 32].

Our understanding of quantum gravity in dS is lagging behind significantly as compared
to our current knowledge of quantum gravity in AdS. This is largely because the holographic
correspondence in dS quantum gravity is much less intuitive as compared to its AdS cousin.
There are several candidates for a holographic correspondence in dS [33–37] but it might
also be that none of them makes sense [38]. More broadly it is unclear what is the correct
computational framework for quantum gravity in dS [33–35, 39–44].

What we need to make progress is a tractable model of quantum gravity in dS.
Enter JT gravity. This theory of dilaton gravity has been popular to study AdS2

quantum gravity. Signatures of quantum chaos in JT gravity were investigated in [13, 21,
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22, 24, 27, 45–48]. Here we will investigate signatures of quantum chaos in the dS2 version
of JT gravity [42–44]. The emergence of random matrices in dS JT gravity was investigated
in [22, 42, 43]. Another hallmark feature of chaotic quantum systems is exponential
sensitivity to changes in initial conditions, which should be probed by computing out of
time ordered correlators [2–8]. It is suspected that dS horizons are maximally chaotic, just
like black holes in AdS [1, 49]. This means that Lyapunov exponents of out of time ordered
correlators in dS are suspected to saturate the bound on chaos λL = 2π/β [8].

The notion of such a bound on chaos is not guaranteed in the context of dS quantum
gravity. The bound, due to Maldacena, Shenker and Stanford [8] applies to specific quantum
systems and in particular holds for out of time ordered correlators computed in the CFT
dual description of quantum gravity in AdS. In case of dS quantum gravity one might hope
to similarly appeal to a dual description to derive a bound on chaos. But known boundary
duals to theories of dS quantum gravity are Euclidean field theories, for which the proof
of [8] does not apply. Furthermore we are asking strange questions of this dual theory, as
out of time ordered correlators in dS are bulk correlators. How is dynamical chaos encoded
in this nondynamical boundary dual?

That out of time ordered correlators in dS are bulk observables is conceptually perhaps
the biggest hurdle to overcome in order to do meaningful calculations. This is because the
diff redundancy of quantum gravity forces us to define bulk operators with a gravitational
dressing [50–53]. Another related issue is how to implement out of time ordering for bulk
observables. How does one practically go about folding the bulk time contour?

There is recent evidence obtained by means of semiclassical shockwave computations in
dS3 supporting the claim that dS horizons are maximally chaotic [54]. However the analysis
of [54] does not take into account the requirement to define bulk operator insertions in a
diff invariant manner in quantum gravity, and therefore cannot be completely trusted.

The analysis in AdS3 [2] does not suffer from this, because they use boundary operators.
In this work, we present evidence for maximal chaos in out of time ordered correlators

in dS JT gravity. We do so by adapting methods to define, and compute diff invariant bulk
correlators in AdS JT gravity [55]. One important part of this analysis is a proposal for how
to fold the time contour in the bulk, which boils down to specifying an analytic continuation.
Working under this assumption, we find λL = 2π/β and we match to a shockwave analysis.

This work is organized as follows.
In section 2 we introduce the conceptual framework for dS2 quantum gravity with

which we will be working. We construct and compute diff invariant bulk correlators, and
interpret the result in terms of bulk operator reconstruction, following [55–60].

In section 3 we discuss and address the conceptual obstacle of implementing folding of
the bulk time contour. Using Schwarzian perturbation theory [13, 61], we establish maximal
chaos, given some prescription for implementing bulk gravitational out of time ordering.

In section 4 as an aside, we briefly discuss bulk out of time ordered correlators in AdS2.
In section 5 we compare with shockwave intuition and provide closing remarks.
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2 Framework

The Lorentzian action for dS JT gravity is [42, 43]

Sgravity = S0 χ+ 1
16πG

∫
d2x

√
−g ϕ (R− 2) − 1

8πG

∫
∂
dx

√
hϕ (K − 1) . (2.1)

We will consider path integrating over spacetimes with one circular spacelike boundary.
Let us impose the usual fixed length boundary conditions [13], where we introduce a 2π
periodic coordinate u, which is proportional to the proper length along this boundary, as

ds|∂M = ℓ

2πε du , φ|∂M = 1
ε
, ε→ 0 . (2.2)

Here ℓ is the renormalized length of this asymptotic boundary.1 Path integrating over bulk
values of the dilaton ϕ localizes on metrics with constant positive curvature R+ 2 = 0.

The simplest geometries with one spacelike fixed length boundary are Hartle-Hawking
geometries, with a wiggly boundary near future infinity [13, 14]

(2.3)

These complex geometries can be thought of as gluing some Lorentzian expanding geometry

ds2 = cosh2 t dθ2 − dt2 , (2.4)

to a Euclidean half sphere at t = 0. Equivalently, by deforming the complex time contour,
we may view these geometries as analytic continuations of the AdS2 disk, with fixed length
boundary conditions [13, 42, 43]. For our purposes it is convenient to transform to conformal
coordinates which cover the same patch

ds2 = dθ2 − dT 2

cos2 T
, (2.5)

where T approaches π/2 at the asymptotic boundary.
The location of the wiggly boundary near future infinity is fixed entirely by specifying

the function θ = f(u). The action then reduces to the usual Schwarzian action [12–14, 42, 43]

Sgravity = −iS0 + 1
4Gℓ

∫ 2π

0
du Sch(F, u) , F (u) = tan f(u)

2 . (2.6)

1We reserve β for the inverse dS temperature which depends on the cosmological constant as β = 2π/
√
Λ.
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The corresponding path integral is identical to the Euclidean AdS2 disk path integral
with replacement β = −iℓ. We integrate over 2π periodic fields f(u) modulo redundant
global SL(2,R) transformations, and with the standard measure for the Schwarzian path
integral [62]. Gauge fixing the global redundancy in the usual way, the classical saddle
is f(u) = u.

The gravitational path integral with these boundary conditions gets contributions from
higher genus topologies. These complex spacetimes are analytic continuations of the AdS2
disk with handles, which asymptote to the expanding geometries (2.4) [22, 42, 43]. These
contributions are suppressed by genus, and can be ignored at the scrambling time scale [22].
Therefore we consider only genus zero henceforth.

2.1 Invariant bulk points

We now consider free minimally coupled massive scalar fields

Smatter = −1
2

∫
d2x

√
−g gµν∂µφ∂νφ+m2φ2 , (2.7)

and focus on continuous series representations

m2 = ∆(1 − ∆) > 1
4 . (2.8)

We are path integrating over Hartle-Hawking geometries, therefore the matter fields will be
most naturally prepared in the Bunch-Davies vacuum at t = 0.

With the eye on out of time ordered correlators, we want to study correlation functions
of matter fields inserted at finite Lorentzian times in the bulk. To this end we must decide on
a geometric construction, which specifies the locations of bulk operator insertions. Indeed,
we will be integrating over metrics gf which depend on f , hence we require a coordinate
independent way to define a bulk point common to each gf [50–53]. The geometries gf all
share the boundary conditions (2.2) so that we can leverage the boundary to geometrically
define bulk points [27, 47, 51–53, 55, 63–69]. The point is that obviously the proper length
coordinate along the boundary is a geometric, or diff invariant coordinate.

Our construction closely follows that of [55]. Parameterizing the boundary as θ = f(u),
we choose points u1 and u2 that are separated by a fixed proper length along the boundary
curve. Imagine shooting a lightray back in time to the right from u1, and shooting another
lightray back in time to the left from u2. The intersection of these two rays defines a unique
point in the bulk, which we denote by (u1, u2). The definition of this point is geometric, and
therefore independent of bulk coordinates, so it makes sense in a path integral over metrics.

In conformal coordinates, and on the saddle f(u) = u, the point (u1, u2) corresponds to

T = π

2 − 1
2(u2 − u1 (mod 2π)) , θ = 1

2(u1 + u2) . (2.9)

For more general reparameterizations f(u), the point (u1, u2) corresponds to [55]

T = π

2 − 1
2(f(u2) − f(u1) (mod 2π)) , θ = 1

2(f(u1) + f(u2)) . (2.10)

So in rigid conformal coordinates (2.5), the point (u1, u2) is fuzzy.
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With this definition of bulk points we can compute bulk observables like

1
Ztotal

∫
[Df ] eiSgravity[f ]

∫
[Dφ] eiSmatter[φ, f ] φ(u1, u2)φ(u′1, u′2) . (2.11)

This means little, unless we specify boundary conditions and ordering ambiguities. We can
visualize the framework within which we will be doing computations as

φ
φ

(2.12)

In path integral language, we choose the past boundary conditions on the combined gravity
and matter system to prepare the Hartle-Hawking and Bunch-Davies states at T = 0. The
future boundary conditions for the gravitational field are (2.2), this defines an |ℓ⟩ state [44].
We choose the future boundary conditions on the matter fields to correspond with infinite
time evolution of the Bunch-Davies state. With these boundary conditions we then compute
the Feynman (or time ordered) propagator of the matter fields.

In quantum mechanical notation we write

⟨HH| ⊗ ⟨BD| T (φ(u1, u2)φ(u′1, u′2)) |ℓ⟩ ⊗ |BD⟩ (2.13)

Time evolution operators are left implicit, to lighten notation. This represents the transition
amplitude from an initial state |HH⟩ ⊗ |BD⟩ to an out state |ℓ⟩ ⊗ |BD⟩, where the evolution
operator is defined to introduce two scalar field operator insertions, at specified points.

This may look like a peculiar observable to compute in a cosmological context, because
free time evolution obviously doesn’t insert scalar fields at specified points. However we will
see (in section 2.2) that we can wield bulk operator reconstruction to rewrite this observable,
as some complicated linear combination of wavefunction components

ψ(ℓ, φ) = ⟨HH| ⊗ ⟨BD| U |ℓ⟩ ⊗ |φ⟩ (2.14)

where |φ⟩ denotes some multi particle state in the matter state space in the infinite future.
These amplitudes are the metaobservables advocated by Witten as the objects one naturally
computes in cosmology [33], our bulk observables are just complicated such metaobservables,
linear combinations of these standard wavefunction components.

For clarity, this should be compared with another framework for observables in cosmol-
ogy [42], where infinite time matter correlators are computed schematically as expectation
values in the some wavefunction ψ(ℓ, φ), which in particular includes an integration over
final states. Here we compute instead transition amplitudes, or wavefunction components
for specific and crucially fixed final states.
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Confused readers are invited to consider my personal view on frameworks in cosmology.
We do not genuinely know which framework is best, or even if that question makes sense, the
cautious way to proceed is to take potentially interesting results in any framework seriously.

Moving on to computing these observables, consider the matter path integral for
a fixed gf . The Bunch-Davies state is defined with respect to the time coordinate T ,
and so does not know about boundary conditions near the far future. Our construction
of diff invariant bulk points however, inserts operators using time coordinate t. The
reparameterization enters the calculation of the matter correlator for fixed gf , because it
fixes the relation between these coordinate systems. Observers with proper time t have
different experiences than observers with proper time T , this is essentially the Unruh effect.

Consequently we can view the matter correlator computed by t observers in the T
vacuum as being computed in a reparameterized gravitational background gf

ds2
f = − f ′(u)f ′(v)

sin2
(

f(u)−f(v)
2

) du dv . (2.15)

The matter part of (2.11) hence computes the two point function in a fixed such background

⟨φ(u1, u2)φ(u′1, u′2)⟩f = 1
Zmatter

∫
[Dφ] eiSmatter[φ,f ] φ(u1, u2)φ(u′1, u′2) , (2.16)

which explicitly becomes [55, 60]

⟨φ(u1, u2)φ(u′1, u′2)⟩f = 2F1(∆, 1 − ∆, 1, zf ) , zf =
sin
(

f(u2)−f(u′
1)

2

)
sin
(

f(u′
2)−f(u1)

2

)
sin
(

f(u2)−f(u1)
2

)
sin
(

f(u′
2)−f(u′

1)
2

) .
We rescaled the scalar fields to absorb constant prefactors, and leave the regularization for
timelike separations that specifies the Feynman propagator, implicit [70]. The reader should
not get confused about this regularization. It plays no part in our discussion on out of time
ordered correlators, which is constructed to isolate entirely gravitational ordering subtleties.

For clarity we emphasize the bulk matter path integral is computing a sphere correlator,
because there are two Bunch-Davies states in (2.13), but the insertion locations of operators
on the analytically continued sphere depend on the reparameterization, as in (2.10).

We now consider the gravitational path integral

⟨φ(u1, u2)φ(u′1, u′2)⟩ = 1
Zgravity

∫
[Df ] eiSgravity[f ] ⟨φ(u1, u2)φ(u′1, u′2)⟩f , (2.17)

with boundary conditions as previously specified. This generalizes to higher point functions.
In the following section, we compute such path integral over metrics perturbatively around
the classical saddle. Exact evaluation of these Schwarzian path integrals is possible, however
higher order effects are not required to investigate scrambling, hence we will not pursue this.

We note that we can extract boundary observables from these bulk observables. Consider
m2 < 1/4 here, then for δ ≪ 1 and δ′ ≪ 1 and up to constant field rescalings we obtain

⟨φ(u, u+ δ)φ(u′, u′ + δ′)⟩f = δ∆ δ′
∆ f ′(u)∆f ′(u′)∆

sin2∆
(

f(u)−f(u′)
2

) (2.18)
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Using the extrapolate dictionary, we extract the usual boundary correlator in dS2 [42, 43]

⟨O∆(u)O∆(u′)⟩ = 1
Zgravity

∫
[Df ] eiSgravity[f ] f ′(u)∆f ′(u′)∆

sin2∆
(

f(u)−f(u′)
2

) . (2.19)

Finally, note that these formulas are similar to those for bulk matter correlators in
AdS2, where one typically focuses on discrete series representations

m2 = ℓ(ℓ− 1) . (2.20)

The thermal patch of AdS2 is parameterized as

ds2 = dZ2 − dT 2

sinh2 Z
. (2.21)

Shooting in lightrays from the boundary, we associate bulk points (u1, u2) to [55]

Z = 1
2(f(u2) − f(u1)) , T = 1

2(f(u2) + f(u1)) . (2.22)

The propagator in a reparameterized metric is

⟨φ(u1, u2)φ(u′1, u′2)⟩f = 1
zℓ

f
2F1(ℓ, ℓ, 2ℓ, 1/zf ) , zf =

sinh
(

f(u2)−f(u′
2)

2

)
sinh

(
f(u1)−f(u′

1)
2

)
sinh

(
f(u2)−f(u1)

2

)
sinh

(
f(u′

2)−f(u′
1)

2

) .
In quantum gravity we path integrate over this correlator using the Schwarzian action. This
formula returns (see section 4).

2.2 Bulk operator reconstruction

This conceptual framework to compute bulk correlators in dS2 has an intuitive interpretation
in terms of bulk operator reconstruction [56–59].

Bulk reconstruction in dS on the gravitational saddle was studied in [60]. Working
with continuous series representations (2.8) we write for dS2

⟨φ(u1, u2) . . .⟩ = C∆

∫ u2

u1
duK∆(u |u1, u2) ⟨O∆(u) . . .⟩

+ C1−∆

∫ u2

u1
duK1−∆(u |u1, u2) ⟨O1−∆(u) . . .⟩ . (2.23)

Here the bulk to boundary propagator is

K∆(u |u1, u2) =
sin∆−1 (u2−u

2
)

sin∆−1 (u−u1
2
)

sin∆−1 (u2−u1
2
) . (2.24)

Note that we get contributions from two terms for continuous series representations, unlike
in AdS [71]. The prefactors in the expansion can be deduced by expanding the correlator

– 7 –
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near future infinity [60]. Given these prefactors, one confirms that the whole integral indeed
recovers the whole correlator, via direct integration.2

Away from the gravitational saddle, one can do bulk operator reconstruction in each of
the backgrounds gf [55]. The bulk to boundary propagator becomes

K∆(u |u1, u2)f = 1
f(u)∆−1

sin∆−1
(

f(u2)−f(u)
2

)
sin∆−1

(
f(u)−f(u1)

2

)
sin∆−1

(
f(u2)−f(u1)

2

) . (2.25)

The boundary correlator in the individual backgrounds is the integrand in (2.19), such that
bulk operator reconstruction in any given background gf yields

⟨φ(u1, u2) . . .⟩f = C∆

∫ u2

u1
duK∆(u |u1, u2)f ⟨O∆(u) . . .⟩f

+ C1−∆

∫ u2

u1
duK1−∆(u |u1, u2)f ⟨O1−∆(u) . . .⟩f . (2.26)

This reproduces the reparameterized correlator which is integrated over in (2.17). Notably,
the integration domain does not depend on the reparameterization, so we can compute the
Schwarzian path integral of the integrand first. This enables an exact analysis, but does
not simplify a perturbative one (see section 5 and [55]).

The Schwarzian path integral of these products of boundary correlators in the integrand
of (2.26) should be interpreted as genuine transition amplitudes (2.14), with the final
matter state determined by the locations of the fields on the future boundary, this follows
from [44]. Therefore these bulk observables indeed decompose into metaobservables as
claimed around (2.14).

3 Encoding gravitational ordering

The question arises how to compute out of time ordered bulk correlators in this framework.
Suppose we consider two distinct massive scalars, in each fixed background gf the four
point function obviously factorizes

⟨φ1(u1,v1)φ2(u2,v2)φ1(u3,v3)φ2(u4,v4)⟩f = ⟨φ1(u1,v1)φ1(u3,v3)⟩f ⟨φ2(u2,v2)φ2(u4,v4)⟩f .

The relative ordering of φ2(u2, v2) and φ1(u3, v3) has zero influence in this matter calculation.
Then how does the complete gravitational theory know about this relative ordering, why is

1
Zgravity

∫
[Df ] eiSgravity[f ] ⟨φ1(u1, v1)φ2(u2, v2)φ1(u3, v3)φ2(u4, v4)⟩f (3.1)

2Initially one obtains the sum of two hypergeometric functions, which recombines correctly by using [60]

2F1(∆, 1−∆, 1, z) = (−1)∆ Γ(1− 2∆)
Γ(1−∆)2

1
z∆ 2F1(∆,∆, 2∆, 1/z)

+ (−1)1−∆ Γ(2∆− 1)
Γ(∆)2

1
z1−∆ 2F1(1−∆, 1−∆, 2− 2∆, 1/z) .

– 8 –
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different from

1
Zgravity

∫
[Df ] eiSgravity[f ] ⟨φ1(u1, v1)φ1(u3, v3)φ2(u2, v2)φ2(u4, v4)⟩f , (3.2)

with notably the same eight boundary points specifying the locations of the bulk operators?
In both computations we would write up the same classical matter correlation function

as function of gf . However in quantum gravity these classical functions of gf become
operators. Concequently we must specify an operator ordering. These computations feature
essentially two inequivalent quantum mechanical operators which coincide in the classical
limit, like p̂x̂ and x̂p̂ but with gravitational operators.

The question is then what is the correct gravitational operator ordering that implements
out of time ordered correlators in the bulk, and how do we implement it in practice? Here we
dissect the computation of the bulk four point function in Schwarzian perturbation theory,
and argue for such a prescription to compute out of time ordered correlators. Implementing
this procedure in practice, we find maximal Lyapunov growth, as physically expected [1, 49].

3.1 Proposal

We propose to compute out of time ordered four point functions as follows. Suppose that all
the four operators are inserted at the same angular coordinate and at times t1 > t2 > t3 > t4.
We compute

⟨φ1(t1)φ2(t2)φ1(t3)φ2(t4)⟩ =
φ1

φ2

φ1

φ2

(3.3)

This represents an ordinary time ordered correlator, so we expect no surprises in computing
it. We will learn that the perturbative Schwarzian correlator is determined by specifying the
ordering of the eight Euclidean boundary coordinates which specify the bulk coordinates of
the four involved bulk operators.

We propose that analytic continuation of the answer of this correlator to t1 > t3 >

t2 > t4 gives an out of time ordered correlator. In terms of the boundary coordinates,
this means we analytically continue the correlator for given values of the eight points, to
different Euclidean values of those eight points.

We emphasize that while we will end up computing some Schwarzian eight point
function, bulk reconstruction is not invoked, instead we directly compute bulk path integrals
like (3.1), with the analytic continuation motivated entirely from these bulk configurations.

– 9 –
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The answer turns our very different to what one obtains by directly computing the
time ordered correlator, given some identical set of coordinates t1 > t3 > t2 > t4

⟨φ1(t1)φ1(t3)φ2(t2)ϕ2(t4)⟩ =
φ1

φ1

φ2

φ2

(3.4)

The first grows exponentially in time at the maximal rate [8], whilst the latter decays.
Since the time ordered and out of time ordered four point functions are specified

by the same eight boundary points, the fact that we get a different answer implies that
Euclidean perturbative Schwarzian correlators are multivalued functions, with branchcuts
and different sheets. This is not obvious from the known formulas for perturbative Schwarzian
correlators [13, 61], where it appears that perturbative Schwarzian correlators are just
piecewise analytic functions. However we will show that each such piecewise analytic function
should be viewed as the principle sheet of one function, with branchcut discontinuities
and inequivalent sheets. Functions which are analytic in some open subset of the complex
plain have unique analytic continuations, hence the piecewise analytic functions of [13, 61]
(for complex times) uniquely define the values of the Schwarzian correlators on these
other sheets.

The branchcut discontinuities imply that the principle sheet of bulk correlators is
divided into locally analytic patches, with branchcuts in between patches. These patches
correspond with causally distinct locations of the bulk operators, for example (3.3) and (3.4)
correspond to inequivalent patches.

We propose that analytic continuation from one such patch to another, thereby smoothly
crossing branchcuts onto different sheets, implements other gravitational operator orderings.
For general configurations the situation gets more complicated because we furthermore must
track what happens with the branchcut in the hypergeometric matter propagator. However,
when restricting to analytic continuation of (3.3) to t1 > t3 > t2 > t4 we are isolating purely
the gravitational analytic structure, since we are only affecting the relative ordering of
φ2(t2) and φ1(t3). Evidently any chaotic dynamics is only due to gravitational backreaction
effects, and not due to some structure in matter correlators on fixed backgrounds, therefore
isolating effects associated with the gravitational analytic structure seems advisable.

In the remainder of this section we investigate this proposal. We write out this four
point function in Schwarzian perturbation theory, and investigate its analytic structure,
meaning branchcuts and sheets.

– 10 –
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3.2 Perturbative expansion

We want to compute the following out of time ordered correlator

F (t) = ⟨φ1(t)φ2(0)φ1(t)φ2(0)⟩
⟨φ2(0)φ2(0)⟩ ⟨φ1(t)φ1(t)⟩ , (3.5)

with implicit regularizations to avoid probing on the singularity. This is the quantum
gravity implementation of an out of time ordered correlator computed by some static patch
observer.

The static patch is here (dependence on the temperature is suppressed, but relevant [54])

ds2 = −(1 − r2) dt2 + dr2

(1 − r2) , −1 < r < 1 . (3.6)

The static observer is interesting in this context, because he is quite similar to the asymptotic
observer in AdS2. When he releases some quanta, it accelerates towards the dS2 horizon. The
energy of the particle, as perceived by the static observer, grows exponentially as exp(2πt/β).
Therefore we expect to find similar maximal Lyapunov growth in (3.5), following [1, 49].

We are interested in inserting operators at points (t, r), but we have seen this is no way
of specifying bulk points in quantum gravity. Bulk points are to be defined using boundary
points, and geometric constructions. On the gravitational saddle we can map (t, r) to
two boundary points (u1, u2), by determining where light sent from our point reaches the
future boundary. Specifying two boundary points (u1, u2) accompanied by this lightray
prescription does make sense as definition of a bulk point in quantum gravity, so we will
use this definition for the point (t, r) in what follows.

The standard out of time ordered correlator (3.5) is inserting operators in the center of
the static patch. We emphasize that this is not identical to the line θ = 0, but instead is the
line u1 +u2 = 0 in (2.10). The later is a diffeomorphism invariant statement. This might be
slightly confusing in this two dimensional setup, since all metrics are reparameterizations of
one another, but in more complicated setups it should be clear that θ = 0 has no meaning in
quantum gravity. Technically speaking, inserting operators at fixed classical bulk locations
is not physical and one should be careful drawing physical conclusions from it.3

3Let us elaborate on this point. Even in the limit GN → 0 there remains a remnant of diffeo invariance
that in principle means the only diff invariant observables in dS are observables that are invariant under all
the dS isometries [72]. This boils down to integrating the operator insertions over the spacetime and removes
interesting dynamics. If this were the end of the story, semiclassical QFT in dS would have little meaning.
But clearly this can not be the end, we are observers in dS and clearly QFT on a fixed background is often
a good approximation for us. The point is that one way or another one has to anchor bulk observables in dS
to some physical coordinate system. Here we anchor to the future boundary. Another option, which seems
to be closer to our observations, is to introduce the observer (we) in the quantum mechanical description.
The time coordinate of the observer is physical and one can anchor to it in a precise way explained in [72].
It seems to be the case (although as far as we know this has not been made precise) that in that framework,
QFT correlators of operators relatively close to the observers worldline would to leading order in GN match
with the calculation of QFT in rigid geometry. This would be good, as (again) our real world observations
coincide with this. It would also suggest that a one-sided OTOC calculation in rigid dS like in [54] should
be taken seriously. However we have strong reservations about for instance the two-sided calculation of an
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Using (2.17) we compute the nominator of (3.5) as

⟨φ1(v1, u1)φ2(v2, u2)φ1(v3, u3)φ2(v4, u4)⟩

= 1
Zgravity

∫
[Df ] e−Sgravity[f ]

2F1(∆, 1 − ∆, 1, z13
f )) 2F1(∆, 1 − ∆, 1, z24

f ) . (3.7)

For the moment let us consider generic bulk points, we have for example

z24
f =

sin
(

f(u2)−f(v4)
2

)
sin
(

f(u4)−f(v2)
2

)
sin
(

f(u2)−f(v2)
2

)
sin
(

f(u4)−f(v4)
2

) . (3.8)

We expect to find Lyapunov growth at linear order in the effective Newton constant Gℓ

1 − F (t) ∼ Gℓ exp(2πt/β) . (3.9)

This leads us to calculate the order Gℓ contribution to (3.7) using Schwarzian perturbation
theory.

We can expand f(u) near the classical saddle as

f(u) = u+ ε(u) . (3.10)

Expanding the Schwarzian action (2.6) one finds to leading order in ε(u) a quadratic
action, with a prefactor proportional to 1/Gℓ [22, 61]. The zeroth order term in the Taylor
expansion in ε(u) of the inserted matter correlators gives the classical answer. Linear terms
in ε(u) do not contribute, and quadratic terms gives a contribution proportional to Gℓ.
This expansion in Gℓ breaks down when the corrections become order one, in our case this
happens when

t ∼ β

2π ln 1
Gℓ

= t∗ , (3.11)

the scrambling time in this context.
To confirm or correct (3.9), we just expand (3.7) to quadratic order in ε(u) and

compute the Gaussian path integrals. Imagine Taylor expanding the product of the two
hypergeometric functions in (3.7) to quadratic order in ε(u). The quadratic term gets two
contributions. The first is the sum of the quadratic terms in the individual expansion of
each of the hypergeometric functions, and the second is the product of the linear pieces in
those expansions. Only the latter connected contribution ends up contributing at order Gℓ
in (3.5). The first contribution cancels with identical terms from the denominator of (3.5).

It is useful for future purposes to organize the resulting calculation as follows. We write
the perturbative expansion of z13

f to linear order in ε(u) as

z13
f

z13 = 1 + 1
2 L(u1, u3, v1, v3) . (3.12)

OTOC in rigid dS. The reason is that this involves operators which are not in the region of influence of the
static patch observer, so a proper diff invariant construction of such operators anchored to one observer’s
worldline could be highly nontrivial and could easily deviate strongly from our semiclassical expectations (as
does interior physics in AdS). A two-sided OTOC calculation in rigid dS without anchoring might hence not
have a definite meaning.
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This linear function in ε(u) is a sum of four simple terms

L(u1, u3, v1, v3) = L(u1, v1) + L(u3, v3) − L(u1, v3) − L(u3, v1) , (3.13)

with each of the simple terms given by

L(u1, u2) = ε′(u1) + ε′(u2) − ε(u1) − ε(u2)
tan

(u1−u2
2
) . (3.14)

Notice that this is the same as the linear correction to a Schwarzian boundary bilocal [13]
f ′(u)f ′(v)

sin2
(

f(u)−f(v)
2

) = 1
sin2 (u−v

2
) + L(u, v) 1

sin2 (u−v
2
) . (3.15)

To linear order in the Schwarzian perturbation the hypergeometric propagator is then

G(z13
f ) = G(z13) + z13

2 G′(z13)L(u1, u3, v1, v3) . (3.16)

Combining the elements, we find for the out of time ordered correlator

F (t) = 1 + z13z24

4
G′(z13)
G(z13)

G′(z24)
G(z24) ⟨L(u1, u3, v1, v3)L(u2, u4, v2, v4)⟩ , (3.17)

where the last factor is Gaussian path integral over ε(u). In terms of operator ordering, we
can focus all of our attention on this last factor, which decomposes into 16 terms of the type

⟨L(x1, x2)L(x3, x4)⟩ . (3.18)

Because of (3.15), these factors are precisely identical to the perturbative Schwarzian four
point functions computed in the context of AdS2 in [13, 43, 61]. This is convenient, it means
we can essentially ship in their formulas and investigate their analytic structure.

For future purposes we repeat this analysis for bulk (out of time ordered) correlators in
AdS2. We are primarily interested in cases where the operators φ1(v2, u2) and φ1(v4, u4)
are inserted close together. The relevant propagator can be rewritten as [55]

G̃(w) ∼ 1
(1 − 2w)ℓ 2F1

(
ℓ

2 ,
ℓ+ 1

2 ,
2ℓ+ 1

2 ,
1

(1 − 2w)2

)
, (3.19)

modulo irrelevant prefactors. Here the crossratio is

w24
f =

sin
(

f(u2)−f(u4)
2

)
sin
(

f(v2)−f(v4)
2

)
sin
(

f(u2)−f(v2)
2

)
sin
(

f(u4)−f(v4)
2

) . (3.20)

We also Wick rotated from Lorentzian to Euclidean boundary coordinates. To linear order
in the Schwarzian perturbation we have

w24
f

w24
f

= 1 + 1
2 L̃(u2, u4, v2, v4) , (3.21)

where now

L̃(u2, u4, v2, v4) = L(u2, v2) + L(u4, v4) − L(u2, u4) − L(v2, v4) . (3.22)

The bulk out of time ordered correlators in AdS2 are computed to leading order in Gβ as

F (t) = 1 + w13w24

4
G̃′(w13)
G̃(w13)

G̃′(w24)
G̃(w24)

⟨L̃(u1, u3, v1, v3)L̃(u2, u4, v2, v4)⟩ . (3.23)
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3.3 Schwarzian sheets

We now show that perturbative Euclidean Schwarzian correlators are multivalued functions
with branchcuts, and explain our prescription for computing out of time ordered correlators.
Consider (3.3) and (3.4), with perturbative expansion (3.17), what is the analytic structure
of this perturbative expansion depending on the relative ordering of t2 and t3?

Remember that this setup does not probe the analytic structure of the hypergeometric
prefactors in (3.17), by construction, so any interesting analytic structure, for our purposes,
should be entirely encoded in the perturbative Schwarzian eight point correlator

⟨L(u1, u3, v1, v3)L(u2, u4, v2, v4)⟩ . (3.24)

This correlator vanishes when gravitational interactions are turned off, hence we are probing
pure gravitational backreaction effects by investigating this analytic structure, as we should.

This correlator decomposes into a linear combination of correlators of the type (3.18),
which are perturbative Schwarzian four point functions, hence we can focus on their analytic
structure. Via (3.14) these decompose into linear combinations of (derivatives of) correlators
like ⟨ε(u1)ε(u2)⟩. The tangent factors in (3.14) can be ignored in terms of analytic structure,
these have branches nor sheets. Also there is no pole when t2 approaches t3 in (3.3) or (3.4).

Hence any interesting structure, for our purposes, is in correlators of the type
⟨ε(u1)ε(u2)⟩. Thanks to translation symmetry we can focus on ⟨ε(u)ε(0)⟩, which was
computed in [13, 61]. Parameterizing u = x + iy, the complex annulus is covered by
−π < x < π, and the answer for this elementary correlator can be written as [13, 61]

1
2Gℓ ⟨ε(u)ε(0)⟩ = 2 + π2

3 + 5 cos(u) − (u− sgn(x)π)2 + 2 sin(u) (u− sgn(x)π) , (3.25)

which is smooth on the whole complex annulus except on the imaginary axis, where we have
a discontinuity. Because of this jump, the time ordered and out of time ordered perturbative
Schwarzian four point functions, distinguished by the ordering of x1, x2, x3 and x4 in (3.18)
along the Euclidean boundary, are different analytic functions [13].

These can be recognizes as different sheets of one function with branchcuts, by rewriting

1
2Gℓ ⟨ε(u)ε(0)⟩ = 2 + π2

3 + 5 cos(u) + ln(− exp(iu))2 − 2 i sin(u) ln(− exp(iu)) . (3.26)

Plotting the imaginary part of ln(− exp(iu)) gives a helix structure (identify the boundaries)

(3.27)

– 14 –



J
H
E
P
1
1
(
2
0
2
3
)
1
2
2

This is independent of the real part y. Continuation from the principle sheet (black),
through the branchcut (zipper) takes us onto other sheets (dotted black). There is an
infinite number of sheets, but in practice we are only interested in two of them, we are
interested in local manipulations and not in moving points all the way around the Euclidean
boundary circle.

The principle sheet is like some stack of the helix.
From this picture we see immediately that (3.26) takes the form (3.25) on the principle

sheet, and therefore it represents the unique analytic continuation of (3.25) to other sheets.
This means the correlator ⟨ε(u1)ε(u2)⟩ is effectively double valued with analytic struc-

ture on the complex annulus that can be graphically represented as

(3.28)

One obtains the correlator ⟨ε(x)ε(0)⟩ for x > 0 on the second sheet by analytic continuation
through the branchcut starting from the patch x < 0 (blue). More general, the second sheet
of (3.26) is obtained through analytic continuation of (3.25) through this branchcut

1
2Gℓ ⟨ε(u)ε(0)⟩ = 2 + π2

3 + 5 cos(u) − (u+ sgn(x)π)2 + 2 sin(u) (u+ sgn(x)π) . (3.29)

The perturbative Schwarzian four point functions (3.18) compose of sums of (derivatives
of) correlators like ⟨ε(u1)ε(u2)⟩, hence they inherent this sheet structure and are multivalued
too. Consider as an example the perturbative AdS2 boundary four point function [13],
which is essentially (3.18). Suppose x1 > x2 > x4 are fixed and consider x3 close to x2. The
analytic structure of the correlator is then locally identical to (3.28)

(3.30)

The time ordered correlator is found via analytic (red) continuation of the correlator on the
principle sheet for x1 > x2 > x3 > x4 to imaginary values, and analytic continuation from
the region x1 > x3 > x2 > x4 gives the out of time ordered correlator (blue). Typically, one
computes both on the principle sheet by introducing a Euclidean regularization, because in
quantum mechanics is nonphysical to consider propagation for negative Euclidean times.
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However in this context, the Schwarzian boundary correlators are just expressions that arise
in the evaluation of bulk observables, and therefore we are not constrained by requiring
some natural interpretation of Schwarzian correlators in quantum mechanics, so that these
sheets are fair game for our investigation of bulk correlators.

We now know how to practically implement the calculation of the dS2 bulk out of time
ordered four point function (3.3) with t1 > t3 > t2 > t4. First one calculates

φ1

φ2

φ1

φ2

(3.31)

for t1 > t2 > t3 > t4, which through (3.17) reduces to computing the Schwarzian eight point
function (3.24) on the principle sheet with Euclidean coordinates ordered like

u4 > u3 > u2 > u1 > v1 > v2 > v3 > v4 . (3.32)

To get an out of time ordered correlator we analytically continue the answer of this
Schwarzian eight point function to different values for these eight Euclidean coordinates,
corresponding with t1 > t3 > t2 > t4. This trajectory crosses several branchcuts thus this
computes (3.24) on some nonprinciple sheet, the value on the first sheet computes (3.4)
with t1 > t3 > t2 > t4. Therefore the technical explanation why time ordered and out
of time ordered bulk four point functions are different in dS2, is because one evaluates
the Schwarzian correlators like (3.24) on different sheets, depending on the gravitational
operator ordering.

Notice for clarity that the infinite extend of the branchcut in (3.26) along the imaginary
axis, divides the principle sheet of (3.24) into disconnected patches bounded by branchcuts,
with different patches corresponding to causally inequivalent locations of the bulk operators.

3.4 Maximal chaos

We remind the reader that we want to compute

F (t) = ⟨φ1(t)φ2(0)φ1(t)φ2(0)⟩
⟨φ2(0)φ2(0)⟩ ⟨φ1(t)φ1(t)⟩ , (3.33)

which perturbatively becomes (3.17). This means we should calculate (3.24), with operators
ordered as in (3.32), which means summing up perturbative Schwarzian four point functions.
We then analytically continue the answer to coordinates u2, u3, v2 and v3 as specified by
the locations of the bulk operators in (3.33).
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We introduce numerically small radial (in static coordinates) regulators to avoid identical
operators on identical locations, and obtain eventually (see appendix A)

⟨L(u1, u3, v1, v3)L(u2, u4, v2, v4)⟩ ∼ ε1 ε2Gℓ exp(2πt/β) , 2π
β

≪ t . (3.34)

We restored dependence on the de Sitter length via the temperature. We can evaluate (3.33)
by inserting into (3.17) the value of the propagator for nearby operators, for m2 ≫ 1 this is

G(z13) ∼ ln 4
ε2

2
. (3.35)

Therefore we arrive at

1 − F (t) ∼ − 1
ε1 ln ε1

1
ε2 ln ε2

Gℓ exp(2πt/β) , 2π
β

≪ t≪ β

2π ln 1
Gℓ

. (3.36)

This is our main conclusion, and provides evidence from the gravitational path integral that
dS JT gravity is maximally chaotic within our choice of framework, and given this proposal
for encoding out of time ordering in bulk correlators. This expectations that cosmological
horizons are maximally chaotic [1, 49].4

These calculations generalizes in a straightforward way, one could consider generic
bulk points. We limit ourselves to one other particularly natural example, the two sided
correlator [2]. This is natural, because we can compute it experimentally by perturbing the
thermofield double state at some time t in the past, before measuring the expectation value
of some two sided correlator in the perturbed state. Standard shockwave reasoning suggests
this should grow exponentially as exp(2πt/β), interested readers are referred to [54, 74]
for details.

For this experiment we compute

F (t) =

〈
φR

2 (−t)φR
1 (0)φL

1 (0)φR
2 (−t)

〉
〈
φR

1 (0)φL
1 (0)

〉 〈
φR

2 (−t)φR
2 (−t)

〉 . (3.37)

Appropriate regulators are left implicit. We should still use (3.17), however we first calculate

φ2

φ1

φ2

(frontside) ,

φ2

φ1

(backside) (3.38)

4The overall sign depends on if we choose spacelike or timelike regulation. Unlike for two-sided correlators,
for single sided correlators the sign nor the numerical prefactor are universal [8, 61, 73]. We note also that
unlike (3.29) in [54] our “linear” term in G is already nonzero. We are not reading too much into this, the
authors of [54] also point out their result could be a special case arising from the rather specific value of the
mass which they consider. It might also be a fine-tuning effect which is lifted by the gravitational dressing.
It would be interesting to understand how robust (3.29) in [54] is. If this would turn out to be robust, then
it would be worth trying to understand this apparent mismatch in more detail.
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The answer for (3.24) with this ordering of the boundary points is then analytically continued
by replacing t1 > 0 with −t. After an elementary calculation, one obtains exponential
growth

1 − F (t) ∼ ε1
ε2 ln ε2

Gℓ exp(2πt/β) , 2π
β

≪ t≪ β

2π ln 1
Gℓ

. (3.39)

This matches the answer from a shockwave calculation, including regulator dependence (see
section 5).

Note the two sided correlation grows with time, as follows from shockwave intuition [54].
This reflects the fact that early perturbations create traversable wormholes in dS, unlike in
AdS, where shockwaves generically make spatial wormholes elongate [2, 3].5

4 AdS butterflies

Using these same techniques, we can compute bulk out of time ordered correlators in AdS2.
Working with thermal coordinates (2.22), our goal is to calculate for t2 > t1 observables like

F (t1, z1, t2, z2) = ⟨φ2(t2, z2)φ1(t1, z1)φ2(t2, z2)φ1(t1, z1)⟩
⟨φ1(t1, z1)φ1(t1, z1)⟩ ⟨φ2(t2, z2)φ2(t2, z2)⟩ , (4.1)

which perturbatively becomes (3.23), again regulators are left implicit. We focus on timelike
separated operators, so that the (unfolded) Lorentzian time contour looks like the following

φ2 φ2

φ1 φ1
(4.2)

The perturbative Schwarzian path integral that features in (3.23) is computed initially
as a Euclidean correlator, which we then analytically continue to these eight Lorentzian
boundary times.

We must specify how to order those Euclidean boundary points in the initial calculation.
Intuition from the above picture suggests to consider

u1 > v1 > u2 > v2 > u3 > v3 > u4 > v4 . (4.3)

We then simply analytically continue to the Lorentzian times, specified in (4.1). Introducing
small timelike regulators, an elementary calculation for large enough z1 and z2 results in
the behavior

⟨L̃(u1, u3, v1, v3)L̃(u2, u4, v2, v4)⟩ ∼ 1
δ1 δ2

Gβ exp(2π(t2 − t1 + z2 + z1)/β) . (4.4)

5We expressed in footnote 3 reservations with taking shockwave intuition (or any semiclassical intuition
for that matter) for two(!)-sided observables too seriously. However, at least within our setup these results
end up matching with semiclassical intuition. On hindsight one might try to argue that whichever way you
end up defining an operator insertion on the antipode (or anywhere in the other static patch) by carefully
anchoring, the physics that inserting some positive energy perturbation in that patch shortens the ER bridge
should remain valid. Namely the area of the cosmological horizon would decrease, bringing it closer to the
pode (where you live). Still, there have been many surprises from the gravitational path integral which end
up countering such seemingly logical statements, so we are much more reassured by finding this answer out
of a careful diff-invariant calculation.
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The only additional required ingredient is the propagator for nearby operators, in this case

G(w13) ∼ ln 4 exp(2z1)
δ2

1
. (4.5)

Therefore, one finally obtains (the regulators are just numerically small, not parameterically)

1 − F (t1, z1, t2, z2) ∼ 2πβ
z1

2πβ
z2

1
δ1 δ2

Gβ exp(2π(t2 − t1 + z2 + z1)/β) , (4.6)

which we can trust until the time difference approaches the scrambling time. The prefactor
dependence on z1 and z2 is from (4.5). It is straightforward to repeat this for massless bulk
fields using formulas of [55], leading to identical exponential growth.

This answer matches two pieces of intuition, which support this framework [55].
Bulk operator reconstruction writes bulk operators as linear combinations of boundary

operators, therefore this bulk calculation can be viewed as a linear combination of ordinary
boundary out of time ordered correlators, each growing exponentially with time. The
leading contribution comes from the boundary operators separated by the longest times.
Notice that the exponent in (4.6) is exactly this maximal time difference corresponding to
φ1(t1, z1) and φ2(t2, z2) bulk operator decomposition, as consistency demands.

Shockwave logic dictates the general form of this out of time ordered correlator
should be 1 − F (t1, t2, z1, z2) ∼ E1(t1, z1, t2)E2(z2), where E1(t1, z1, t2) is the energy of
some shockwave created at (t1, z1), as measured by some observer at (t2, z2), and E2(z2)
is the local energy of the particle used to detect said shockwave. By rewriting this
in terms of asymptotic energies, we reproduce the above answer 1 − F (t1, z1, t2, z2) ∼
E1(0)E2(0) exp(2π(t2 − t1 + z2 + z1)/β).

5 Conclusion

We presented and worked through a proposal for implementing out of time ordered correlators
in dS JT gravity, and found exponential growth ∼ exp(2πt/β). This is the behavior we
expect for an out of time ordered correlator, which is an a posteriori motivation for this
proposal. Recovering exponential growth ∼ exp(2πt/β) should be viewed as a constraint
on proposals for computing out of time ordered correlators in quantum gravity.

It would be interesting to try to compute bulk out of time ordered correlators in
another framework for observables in cosmology [42], the analytic continuation we explained
around (3.3) should work, but calculating bulk four point functions in their framework
could prove more technically challenging.

It is not clear whether λ = 2π/β is an upper bound on chaos in this cosmological
context, so it would be interesting to compute corrections to the Lyapunov exponents of
cosmological horizons and to check whether these satisfy or violate the bound of [8].

One could wonder what this analytic continuation of bulk correlators implies in terms of
bulk operator reconstruction. It seems likely that the dual description involves propagation
for negative Euclidean distances, which sounds quirky, but the dual of dS may well be quirky.
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We end this work with various small comments.

Shockwaves. The shockwave geometry in dS JT gravity is

ds2 = − 4
(1 − uv)2 du dv − 4γ δ(u) du2 (5.1)

There is some finite window in which the right static observer can receive signals from
the left static observer and vice versa, therefore early perturbations create traversability
in dS. These shockwave configurations are discussed nicely in [54], therefore we can skip
the details.

For reasons explained before, shockwave calculations are not reliable in this context,
but the elementary concepts of shockwaves still provide good intuition.

We still expect that early perturbations create shockwaves, which have a certain
strength. Observables sensitive to a shock have a response to the shock proportional to this
strength. This strength grows like ∼ exp(2πt/β) hence the universality of Lyapunov growth
in gravity. Comparing our two calculations (3.36) and (3.39) suggests the perturbation
φ2(−t) creates some shockwave of strength proportional to

γ ∼ 1
ε2 ln ε2

Gℓ exp(2πt/β). (5.2)

This matches with the predictions from a semiclassical shockwave analysis (see appendix B).

Exact calculations. The identification of (2.25) as product of boundary bilocals can be
used to compute bulk observables in dS JT gravity exactly [55]. Schwarzian path integrals of
products of bilocals are known [45, 75–83], moreover the relation with AdS disk calculations
suggests one possible prescription to include higher genus effects, which are also analytically
tractable [24, 27, 55]. The motivations for this prescription in dS quantum gravity however,
can be questioned. Better such motivations might fuel progress on the puzzles raised in [38].

Ordering ambiguities. Consider two operators placed deep inside the AdS bulk, such
that their lightcones intersect

φ2

φ1

(5.3)

Suppose one wants to calculate some out of time ordered correlator

⟨φ1(z1, t1)φ2(z2, t2)φ1(z1, t1)φ2(z2, t2)⟩ , (5.4)

then we end up computing the Schwarzian eight point function in (3.23).
However here it is not obvious how to order the eight points on the Euclidean boundary,

from which one should analytically continue to Lorentzian times, put differently, the correct
sheet is less obvious. This emphasizes that operator ordering confusions are not an artifact
of this dS context, but appear when dealing with bulk operators in quantum gravity [47, 55].
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A Perturbative calculations

We review the piecewise analytic answer for the perturbative Schwarzian four point functions
⟨L(x1, x2)L(x3, x4)⟩ [13, 61]. Depending on the ordering of these four points on the Euclidean
boundary, one distinguishes three disconnected patches on the principle sheet.

Inequivalent orderings are classified by topologically inequivalent line diagrams, obtained
by connecting these boundary points x1 to x2 and x3 to x4 via lines which traverse the
bulk. These inequivalent orderings or patches are

1. Time ordered patch x1 > x2 > x3 > x4

π2

Gℓ
⟨L(x1, x2)L(x3, x4)⟩ =

(
x1 − x2

tan
(x1−x2

2
) − 2

)(
x3 − x4

tan
(x3−x4

2
) − 2

)
. (A.1)

2. Nested patch x3 > x1 > x2 > x4

π2

Gℓ
⟨L(x1, x2)L(x3, x4)⟩ =

(
x1 − x2

tan
(x1−x2

2
) − 2

) 2π − x3 + x4

tan
(

2π−x3+x4
2

) − 2

 . (A.2)

3. Out of time ordered patch x1 > x3 > x2 > x4

π2

Gℓ
⟨L(x1, x2)L(x3, x4)⟩ =

(
x1 − x2

tan
(x1−x2

2
) − 2

)(
x3 − x4

tan
(x3−x4

2
) − 2

)

+ 2π
sin
(x1−x2+x3−x4

2
)
− sin

(x1+x2−x3−x4
2

)
sin
(x1−x2

2
)

sin
(x3−x4

2
) + 2π x2 − x3

tan
(x1−x2

2
)

tan
(x3−x4

2
) . (A.3)

It is elementary to derive (3.34) using these formulas, following the prescription explained
in the main text, one finds several contributions that grow exponentially with time

⟨L(u3, v3)L(u2, v2)⟩ = 2
π
Gℓ exp(2πt/β) (A.4)

⟨L(u2, v2)L(u1, v3)⟩ + ⟨L(u2, v2)L(u3, v1)⟩ =
(

1 + ε2
2
4

)
2
π
Gℓ exp(2πt/β)

⟨L(u3, v3)L(u4, v2)⟩ + ⟨L(u2, v2)L(u2, v4)⟩ = 2
π
Gℓ exp(2πt/β)

⟨L(u1, v3)L(u4, v2)⟩ + ⟨L(u3, v1)L(u2, v4)⟩ =
(

1 + ε2
2
4 + π − 2

4 ε1 ε2

)
2
π
Gℓ exp(2πt/β) .
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Adding these with the appropriate signs which follow from (3.13) one then reproduces (3.34)

⟨L(u1, u3, v1, v3)L(u2, u4, v2, v4)⟩ = π − 2
2π ε1 ε2Gℓ exp(2πt/β) . (A.5)

Any other results quoted in the main text can be reproduced in similarly elementary manner.
Exponential growth in dS comes from exponentially small denominators, whereas in AdS

it arises when evaluating sines in the numerator of (A.3) on large imaginary arguments [13].

B Shockwaves

We consider the shockwave geometry created by inserting some semiclassical operator
φ2(−t)

ds2 = − 4
(1 − uv)2 du dv − 4γ δ(u) du2 . (B.1)

We want to understand how the strength γ of the shock depends on t and ε2. The following
is based mostly on [5]. The shockwave is sourced by a stress tensor

Tuu(u) = E δ(u) , E =
∫ +∞

−∞
duTuu(u) . (B.2)

General relativity fixes γ ∼ GℓE, therefore one can calculate the strength of the shockwave
via the stress tensor in the state obtained by inserting this semiclassical operator φ2(−t)

γ ∼ Gℓ

∫ +∞

−∞
du

⟨φ2(−t)Tuu(u)φ2(−t)⟩
⟨φ2(−t)φ2(−t)⟩ . (B.3)

We can compute the denominator using the Klein-Gordon inner product

⟨φ2(−t)φ2(−t)⟩ ∼
∫ +∞

−∞
du ⟨φ2(−t)φ2(u)⟩ ∂u ⟨φ2(−t)φ2(u)⟩∗ . (B.4)

Here
⟨φ2(−t)φ2(u)⟩ = 2F1(∆, 1 − ∆, 1, z) , z = 1 + u exp(2πt/β)

2 , (B.5)

which approaching the singular point becomes

⟨φ2(−t)φ2(u)⟩ ∼ ln 1 − u exp(2πt/β)
2 , ∂u ⟨φ2(−t)φ2(u)⟩ ∼ exp(2πt/β)

u exp(2πt/β) − 1 . (B.6)

The regulator moves the pole off the contour and the residue theorem applies, so we recover

⟨φ2(−t)φ2(−t)⟩ ∼ ln ε2 . (B.7)

Furthermore
Tuu(u) ∼ : ∂uφ2(u) ∂uφ2(u) : , (B.8)

therefore we can compute the nominator of (B.3) by taking Wick contractions∫ +∞

−∞
du ⟨φ2(−t)Tuu(u, 0)φ2(−t)⟩ ∼

∫ +∞

−∞
du ∂u ⟨φ2(−t)φ2(u)⟩ ∂u ⟨φ2(−t)φ2(u)⟩∗ .
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The poles are slightly above and below the real axis, so elementary contour integration gives

⟨φ2(−t)E φ2(−t)⟩ ∼ 1
ε2

exp(2πt/β) , (B.9)

therefore the strength of the shockwave goes like

γ ∼ 1
ε2 ln ε2

Gℓ exp(2πt/β) . (B.10)
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