PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: June 29, 2023
ACCEPTED: October 10, 2023
PUBLISHED: November 9, 2023

Adding fluxes to consistent truncations: |IB
supergravity on AdS; x S3 x 83 x St

Camille Eloy,* Michele Galli’® and Emanuel Malek’

%Theoretische Natuurkunde, Vrije Universiteit Brussel, and the Interational Solvay,
Institutes, Pleinlaan 2, B-1050 Brussels, Belgium

bInstitut fiir Physik, Humboldt- Universitit zu Berlin,
IRIS Gebdude, Zum Grofien Windkanal 2, 12489 Berlin, Germany
E-mail: camille.eloy@vub.be, michele.galli@physik.hu-berlin.de,
emanuel .malek@physik.hu-berlin.de

ABSTRACT: We use Egg) Exceptional Field Theory to construct the consistent truncation
of IIB supergravity on 52 x 83 x S! to maximal 3-dimensional A = 16 gauged supergravity
containing the ' = (4,4) AdS3 vacuum. We explain how to achieve this by adding a 7-form
flux to the S' reduction of the dyonic E7(7) truncation on S3 x §3 previously constructed in
the literature. Our truncation Ansatz includes, in addition to the N' = (4, 4) vacuum, a host
of moduli breaking some or all of the supersymmetries. We explicitly construct the uplift
of a subset of these to construct new supersymmetric and non-supersymmetric AdS3 vacua
of IIB string theory, which include a range of perturbatively stable non-supersymmetric
10-d vacua. Moreover, we show how the supersymmetric direction of the moduli space
of AdSs3 vacua of six-dimensional gauged supergravity studied in [1] is compactified upon
lifting to 10 dimensions, and find evidence of T-duality playing a role in global aspects of
the moduli space. Along the way, we also derive the form of 3-dimensional V' = 16 gauged
supergravity in terms of the embedding tensor and rule out a 10-/11-dimensional origin of
some 3-dimensional gauged supergravities.

KEYwoORDS: Flux Compactifications, Supergravity Models, Superstring Vacua

ARX1v EPRINT: 2306.12487

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2023)049


mailto:camille.eloy@vub.be
mailto:michele.galli@physik.hu-berlin.de
mailto:emanuel.malek@physik.hu-berlin.de
https://arxiv.org/abs/2306.12487
https://doi.org/10.1007/JHEP11(2023)049

Contents

1 Introduction 1
2 Review of Eg(g) exceptional field theory 3
3 Consistent truncations to 3-dimensional A/ = 16 gauged supergravity 4
4 Deriving the potential of N/ = 16 gauged supergravity 6
5 Adding fluxes to consistent truncations 9
5.1 Adding fluxes to the S? truncation of 6-dimensional supergravity 9
5.2 Adding flux to the S3 x S3 x S! truncation of IIB supergravity 11
5.2.1 The S3 x S3 truncation 11

5.2.2 The S3 x S3 x S! truncation 12

5.2.3 Adding flux 12

5.3 Adding fluxes to other consistent truncations 14

6 Moduli of AdS3 x S3 x §% x St 15
6.1 The undeformed N = (4,4) AdS3 x S x $3 x S! solution 15
6.2 Moduli in gauged supergravity 16
6.3 Moduli in 10 dimensions 16
6.4 Compactification of the moduli space 22

7 Conclusions 23
A Ruling out gaugings 25
B The S™ twist matrix 27
C Representations of D'(2,1; a) 29

1 Introduction

Consistent truncations are a powerful technique that simplifies the dynamics of 10-/11-
dimensional supergravity by focusing on a restricted subset of fields. The key principle
behind a consistent truncation is to truncate to a subsector of fields, such that all solutions of
the truncated theory correspond to solutions of the original 10-/11-dimensional supergravity
theory. By considering only a, typically finite, subset of fields, consistent truncations provide
a powerful tool to find complicated new 10-/11-dimensional supergravity solutions and to
study their deformations. Consistent truncations have proven particularly powerful in the
AdS/CFT correspondence, since all well-understood AdS vacua of string theory do not admit
scale-separation and, thus, cannot be studied using the usual tools of lower-dimensional
effective theories.



Exceptional Field Theory (ExFT) is a reformulation of 10-/11-dimensional supergravity
that unifies the metric and flux degrees of freedom and thereby makes manifest an exceptional
symmetry group.! Over the last decade, this has proven extremely useful for constructing
consistent truncations, leading to a number of new examples preserving various amounts
of supersymmetry [2-18]. However, consistent truncations to three dimensions have, until
recently [19], remained largely unexplored. One reason is that the Egg) ExFT requires
modifications for its local symmetry structure, i.e. the generalised Lie derivative, to close
into an algebra [20, 21]. Another is that there are no maximally supersymmetric AdSs
vacua, i.e. preserving 32 supercharges, of string theory, leaving no natural candidate for
constructing a consistent truncation with vacua. Indeed, while the consistent truncations
of 11-dimensional supergravity on S7 and S* and of 10-dimensional supergravity on S°
contain maximally supersymmetric AdS vacua and are captured by a universal Ansatz in
ExFT [2, 3], the analogous S® truncation of 11-dimensional supergravity does not exist,
while there are two S” truncations of 10-dimensional supergravity but neither contains a
maximally symmetric vacuum [19, 22].

Nonetheless, there are half-maximal, i.e. N' = (4,4), supersymmetric AdS3 vacua of
string theory that are extremely intriguing. These are the AdS3 x S x §3 x S and AdS;3 x
S3 x T* of 1IB string theory (realising the “large” and “small” A" = (4, 4) superconformal
symmetries), and, unlike in higher dimensions, can be supported by pure NS-NS flux.
Not only does this mean that there are also heterotic versions of these vacua (preserving
N = (4,0) supersymmetry), but also that they can be readily studied via the string
worldsheet CFT [23-26].

Here we will focus on the N' = (4,4) AdS3 x S% x §3 x S! vacuum of IIB string
theory and show that it admits a consistent truncation to a 3-dimensional maximal gauged
supergravity, which was first studied in [27]. All vacua of this theory break at least half the
supersymmetries, reflecting the absence of a maximally supersymmetric AdSs vacuum in
string theory. Key to constructing this consistent truncation is to add new fluxes to the S!
reduction of the consistent truncation of IIB supergravity on S% x S3 [11]. We will also
show that this procedure for adding flux fails to produce a consistent truncation for the S!
reduction of other “dyonic” truncations to 4 dimensions [11, 28].

Using our consistent truncation, we will show that the AdSz x S3 x §% x S! has a
rich moduli space of symmetry- and supersymmetry-breaking deformations, including some
that are analogous to the “flat deformations” studied for AdSy x S® x S! [29-32]. While
some of these deformations preserve some amounts of supersymmetry, others break all
supersymmetries. Yet, surprisingly, at least a subset of vacua continue to be perturbatively
stable within IIB supergravity, similar to [32]. Our work also provides an uplift of the
supersymmetric deformation of 6-dimensional supergravity on S? studied in [1] to IIB string
theory. As we will show, some supersymmetric deformations that appear non-compact in
6-dimensional supergravity [1] are compactified within the full 10-dimensional supergravity
theory. We will also find evidence of T-duality playing a role in the global properties of the
moduli space.

IFor the purposes of this paper, we do not draw a distinction between ExFT and Exceptional Generalised
Geometry, since these agree when the “section condition” is solved, which we will always assume here.



Another technical result of our work is the derivation of the potential of 3-dimensional
gauged supergravity [33, 34] in terms of the embedding tensor. The potential was previously
only known in terms of fermion shift matrices. As a by-product, we find a constraint that
must be obeyed by the embedding tensor of any 3-dimensional gauged supergravity that
can be uplifted to 10-/11-dimensional supergravity. This allows to prove the lack of a
higher-dimensional origin of some 3-dimensional gaugings, as we illustrate for an example.

The outline of our paper is as follows. We begin with a review of Egig) ExFT in
section 2 and how to derive consistent truncations in this formalism in 3. In section 4
we derive the potential of 3-dimensional gauged supergravity in terms of the embedding
tensor and prove the lack of higher-dimensional origin of some 3-dimensional theories. Then,
we show how to add fluxes to consistent truncations in 5, allowing us to construct the
consistent truncation of IIB supergravity on S$% x S3 x S'. Using this truncation, we study
the moduli space of the AdS3 vacua in section 6, before concluding in section 7. We end
the paper by an example in appendix A of how to rule out a higher-dimensional origin for a
three-dimensional supergravity, a review of the construction of consistent truncations on S3
in appendix B and a discussion of the D'(2,1; a) supermultiplets in appendix C.

2 Review of Eg(s) exceptional field theory

The Egs) exceptional field theory, first constructed in ref. [20], is an Eg(g) duality-covariant
formulation of type II and 11d supergravities. It is defined on a set of 3 4+ 248 coordinates
made of three-dimensional external coordinates {##} and internal coordinates {Y} in
the 248-dimensional adjoint representation of Fg(gy. The dependence of the fields on these

coordinates is constrained by the “section constraints”?

nMNoy @0y =0,
fMNp Oy ®0ON =0, (2.1)
(P3grs) unEEOK @ 0, =0,

where fMNP are the structure constants of Eg(g), NMN = % fMKLfNLK its Cartan-Killing
metric and (Psg75) ~5E is the projector on the representation 3875:

1 1 1
(P3szs)un'™F = = T o munn™ - u PP font). (2.2)

Here and in the following, Fjg(g) indices are raised and lowered by the Cartan-Killing
metric 7p7y. The section constraints (2.1) ensure that the fields depends only on the 7- or
8-dimensional physical internal coordinates embedded in Y™,

The theory describes the dynamics of the following bosonic fields:

{guu,MMN,AuM,BuM} ; (2.3)

with g, the 3-dimensional external metric, My the generalized metric parametrizing
the coset space Egg)/SO(16) and the gauge fields ANM and B, . It is a gauge theory,

ZWe use the notation ® to indicate that both derivatives may act on different functions.



invariant under the generalized Lie derivative of parameters T = (AM , 21 ), whose action
on a vector VM of weight \ is given by

LyVM = ANONVM — 60 (Poas)™ N L VNOKAE + AVMONAN + FUN e VL (2.4)

with (Posg)™ v¥ 1 = (1/60) fM xpfPK L the projector on the adjoint representation. These
transformations are well-defined (in particular, they close into an algebra) only if the
parameters X, and the fields B, are covariantly constrained: they have to satisfy
algebraic constraints similar to eq. (2.1) and be compatibile with the partial derivatives.
We require that

nMNCy @ Oy =0,
fMNPCM®C]/v:0, VCM,CME{aM,EM,BuM}. (2.5)
(Pssrs) un™FCr @ C, =0,

The bosonic action of Fg() exceptional field theory is invariant under the transforma-
tions (2.4) and has the expression

b
Vgl

R is the Egg)-covariantised Ricci scalar and the covariant derivative is defined as

~ 1
SExFT = /d333 d*®y A/ lg] <R + 210 DuMMND“MMN + Lt + fcs) . (2.6)

DM == (9“ - £(AuvBM) . (27)

Zint is a potential term depending only on internal derivatives, explicitly
1

“Zint = 515

1
MMNo  MELON Mg — 5 MMNo  MELS, Mk
_ 1
7200

1 _ 1 _ 1
+t359 Yong ONMMY 1 MMN 6720, Ong + 1 MMN D01 gy On g™ .

fNCp M5 e MPE gy Mox MELON Mt (2.8)

Finally, Zcg is a Chern-Simons term required to impose the on-shell duality between scalar
and vector fields, given by

1 2
ZLos = 3 ehvr (FWMB,)M — N 9,A KON AL — 3 NV kr Ovon ALK AMAE
(2.9)
1
—3 furr f5Pq g A,uMaPAVQaRApS> ;

where F,,,™ is the covariant field strength of A4, (see eq. (2.26) of ref. [20]).

3 Consistent truncations to 3-dimensional AN/ = 16 gauged supergravity

The Egg) exceptional field theory is well suited to the construction of consistent truncation of
type Il and 11d supergravities to three-dimensional maximal supergravity. These truncations



arise as generalised Scherk-Schwarz reductions, described by an Egg)-valued twist matrix

Up™ and a scale factor p. The truncation Ansitze are as follows [19, 35, 36]:
g/“,(df, Y) = p(Y)_2 éw/(x) )

Mauin(a,Y) = UM (V) UnN (V) Moy (@)

_ (3.1)
AM@Y) = p(0) 7 (UT) MY A (@),
Bum(z,Y) = S5z, (V) AM (),

with P
Sitn = s fiC (U7) 5, O (U7, (3.2)

The fields with flat indices M (in the 248 representation of Egs)) belong to the three-

dimensional theory; all the dependence on the internal manifold is factored out in UM
and p. Note that with the definition of ¥5; ,, the condition (2.5) is automatically satisfied.
The Ansétze (3.1) describe a consistent truncation if the following condition is satisfied:

Ly U™ = Xor" U (3.3)

with UM = p=1 (U157 M, g7 = (U, T37) and Xmﬁ a constant tensor. This condition
ensures that the factorised form of the Ansétze (3.1) is preserved by the generalized Lie
derivative, e.g.

D M(z,Y) = UM (V) UNN (V) Dy Mgy () )
Liap)An(@ ) = p(¥)™ (U7 M) [ ALY (@),
where
DuMay = 0uMary + 2 A" Xp %My, and A, AV = X5 AP AS.
(3.5)

Thus, for a given twist matrix U i satisfying the consistency condition (3.3), the
action (2.6) reduces to three-dimensional N = 16 gauged supergravity [33, 34]. The
constant tensor XWF plays the role of the embedding tensor of the three-dimensional
gauged supergravity, as is clear from its appearance in (3.5) in the gauge-covariant derivative
and the gauge algebra of the vector fields. From eq. (3.3), it has the following expression in
terms of the twist matrix and p:

J— R J— P — 1 R —_— —
P -1 P, —14P K L -1 [PK L
Xgn =—p TI'yy +ro° f NTQfQ T — e f NfMLQFKQ

L 1P QK R K. P _l, Ik, P
— 5 g T + (o o — S i) x

(3.6)

Here, we defined the Egg) current Iy = (UY) " (U_l)NLaKULﬁ and the trom-
bone gauging

Exp =20 Onp ™t — p Ty (3.7)



The embedding tensor is most nicely expressed once projected on the adjoint representation:

L Qp P -1 ol P P
Xamw = — g5 Xap Fvg' = 20" Uiy — o fag t5faun &P
_ Vel 1 5 1. 3
=-14p"" (P3875)MNPQ g~ 1P KTy Fﬁp - QfMNP S

with the projection of the current I'y;5 = 1

o L5rp f NQ . In the following, we will focus
on gaugings with &7 = 0.

The three-dimensional action follows from inserting the Anséitze (3.1) in the ExFT
action (2.6). The expressions of the kinetic and Chern-Simons terms result immediately
from eq. (3.4):

Lin = 5 40 DMy DMMY = 2’;0 D, My D MY, -

— — 1 Eva
Zes 5, —p~ e Xy A (aVApN —3 [AV,A,,}]N> '

However, the case of the potential term %, leading to a potential V for the three-

dimensional scalars M+, is more subtle. We expect V' to be quadratic in the embedding

MN>
tensor, which makes the identification of X5z more complicated. Moreover, the potential
of three-dimensional N/ = 16 gauged supergravity in terms of the embedding tensor is
unknown, with currently the potential only expressed in terms of the fermion shift matrices
of the gauged supergravity [33, 34]. Thus, in the following, we will follow the truncation
procedure carefully and thereby construct the potential of the three-dimensional N' = 16

gauged supergravity in terms of the embedding tensor.

4 Deriving the potential of N/ = 16 gauged supergravity

Here we will use the Fgg)y ExFT Lagrangian and the consistent truncation Ansatz (3.1)
to derive the potential of three-dimensional N' = 16 gauged supergravity [33, 34] in terms
of the embedding tensor. Not only is this an interesting application of ExFT, relying
on purely bosonic considerations and bypassing the usual construction of the gauged
supergravity potential using supersymmetry,® but the potential is crucial for finding vacua
of the three-dimensional theory and uplifting these in the later parts of this paper.

In order to derive the potential, we adopt the following strategy. We want %, (2.8)
to reduce to the embedding tensor squared upon inserting the generalised Scherk-Schwarz
Ansétze (3.1). However, as in higher dimensions, e.g. [40-42], this does not have to match
identically, but only up to total derivative terms and terms which violate the section
condition. The possible boundary terms are

\/1‘?|8M (\/maNMMN> and \/1|?|8M (MMNaN\/m> . (4.1)

3Note that the same strategy was recently used to impressively derive the potential of maximal two-

dimensional gauged supergravity [37], where fermions are extremely poorly understood. As a result, in that
case, the bosonic Fq(9y ExFT [38, 39] provides the only currently accessible route for computing the gauged
supergravity potential.



However, since the N/ = 16 supergravity potential will be given by terms quadratic in Xmﬁ,

we do not want the boundary terms to involve any double derivative terms. Therefore, the
two boundary terms (4.1) can only appear via the combination

1 MN | 4 uN )
maM(MaNM +3M on/lal ) - (4.2)

Now, we first insert the generalized Sherk-Schwarz Ansétze (3.1) into the expression of
Zint (2.8) with the additional total derivative (4.2)

4
ﬁnt‘f’\/% oM (\/EaNMMN-i-BMMNaN\/ |Q|>

L i~ K _ 4NN x| ~Nar_ 1, 3N, KL
=, oMU IRl MU Iyl g - S Tyl T - g MU M Tyl

eSS
1\ %~ KL 3 N K T O, 0N Kr T
—g MM Dy Py 5 (a=1) MU Ty e = 5 MU Dy Ty
1 N o K N I K L, MN\ KL, Ppr_ O

(4.3)
Secondly, knowing that the ' = 16 potential must be quadratic in X377, we consider the
most general quadratic function in X7 and develop it in Fgg) currents using eq. (3.8).
Note that in higher dimensions, there exist only two quadratic combinations of the embed-
ding tensor:

Xoe Xgp M2 and X! Xt MMO MY E M, (4.4)
or equivalently with eq. (3.8)
XynXpg MM N9 and Xy Xpg MM MNC, (4.5)

However, in three dimensions, because the vector fields transform in the adjoint representa-
tion of Eg(g), we can write two additional terms
MP, NQ MN, PQ
where the second term corresponds to the square of the singlet part of the embedding tensor.
It turns out that for gaugings that arise from consistent truncations, these two terms (4.6)
can be related to the square of the trombone tensor. We can square eq. (3.8) to derive an
XMN

expression for X7~ in terms of the current I'. We find

—_— —_— — 2 —_
X XN = 2172 Dy TN 419972 (T ) = 156576 (4.7)
Similarly, squaring the trombone tensor & gives
&7 = p72 (T T + D) (4.8)

We can now deduce L _ — 9
X XMV = 6576 — 2972 (T)” (4.9)



which can be expressed entirely in terms of X5 after tracing eq. (3.8):
— — 5 2

X XMN = 6¢576M — Flm (x5)" (4.10)
Thus, (4.10) is a constraint on the embedding tensor of three-dimensional supergravity
which must be satisfied in order for it to have an uplift to 10-/11-dimensional supergravity
(see appendix A for an example). Note that this constraint is not implied by the quadratic
constraint. To see this, simply observe that the theory with Fg) gauging has Xq/7 = n77
and &7 = 0 [33, 34], violating (4.10).

Since we are focusing on gaugings with vanishing trombone &5 = 0, (4.10) implies that
the two terms in (4.6) are proportional and we only need to consider one of these terms
in the gauged supergravity potential. Thus, the most general Ansatz for the supergravity
potential, for gaugings that have an uplift to 10-/11-dimensional supergravity,* is

_ 0_2(1404FMN g MMPMYE 4 14Ty Tpg MO MNP

gSS
+ 28 MMN T TE - 4 g MYV T T 4 (—1200 4 206) Ty TV
28 MMNT L TR 4 g MNP K (m + g) MMNp K

MN /KL P

(4.11)
Finally, by requiring
S = IV, o
the parameters in (4.3) and (4.11) are fixed to
a:%, 5:%, 5:%, a=1. (4.13)

With the generalized Scherk-Schwarz Ansétze (3.1) and for gaugings satisfying (4.10),
the action (2.6) becomes

Swert < / A28y 5! / &z [ ( ; 40D My D MIN v>

B o . (4.14)
— ehvP Xm .AMM (8,,ApN - g IIAV7 Ap]]N> ]7
with the potential®
1 w75, . v 1. w7 vo 13 77 ~vo
V = Xiv Xp5 (28MMPMNQ+QMMPnNQJrQSnMPnNQ). (4.15)

41f we do not require the three-dimensional gauged supergravity to arise from a consistent truncation, (4.10)
may be violated and we need to include both terms of (4.6). However, here we are not interested in
such gaugings.

Comparison with the potential in [33, 34], expressed in terms of fermion shift matrices, requires a careful
SO(16) normalisation. We will not carry out this comparision here, as the embedding tensor expression is
the more useful one for ExFT.



As in higher dimensions, X5 obtained from (3.3) automatically satisfies the linear con-
straint of the 3-dimensional maximal gauged supergravity [33, 34], and the section condition
implies the quadratic constraints for X47.

5 Adding fluxes to consistent truncations

In order to construct the consistent truncation around the A" = (4,4) AdSz x S x S3 x S?
vacuum of IIB supergravity, a promising starting point is the dyonic S3 x S truncation of
1B supergravity constructed in [11], and further reducing this on S'. However, this will
not give the correct AdSs vacuum since the truncation is missing the required 7-form flux
on S% x 83 x S1. Indeed, the 3-dimensional gauged supergravity that would be obtained
this way does not have any AdS3 vacua. We can remedy this situation by defining a new
consistent truncation by adding a 7-form flux to the one obtained from the S® x S2 reduction
constructed in Fy) ExFT.

This motivates the following question: given a consistent truncation, i.e. MMM , satisfy-
ing (3.3), when can we add a new flux component of string theory to the compactification
to obtain a new consistent truncation? Adding a new flux component to the truncation is
equivalent to twisting the generalised frame as follows

Ui — UM = U™ exp(C) M (5.1)

where C denotes the Eg) generator corresponding to the potential we want to add to
the compactification. The effect of the twist (5.1) is that the generalised Lie derivative of
U’ satisfies

Lo UM = (Lu U™ + Fpo™ Uss” Uz exp(C)n™ (5.2)

M
where Fy;n' is a tensor in the 1 @ 248 @ 3875 of Eg(s), i.e. the same representation
as the embedding tensor, corresponding to the field strength of the potential C' in (5.1).
Using (3.3), we now have

Lo UM = (Xarw” + 07 Frp” ) Up™ (5.3)

where we defined
Fow® = (U_1>MM (U_l)ﬁNUPFFMNP, (5.4)
and me is already constant. Therefore, we have a consistent truncation if and only if
pt FWF is constant.
A particularly simple way of having constant p~! me is to switch on fluxes which
are stabilised by the twist matrix U, MM, which typically only lives in a subgroup G' C Fgg).

Therefore, in this case, we can simply tune the G-singlet components of the flux Fy;n? to
be proportional to p to obtain a new consistent truncation.

5.1 Adding fluxes to the S3 truncation of 6-dimensional supergravity

As a warm-up for the S® x S3 x S' truncation, let us demonstrate this methodology
for the consistent truncation of N' = (1,1) 6-dimensional supergravity on S2, which was



constructed in [1]. As discussed in [1], the consistent truncation of N' = (1, 1) 6-dimensional
supergravity to 3-dimensional half-maximal gauged supergravity can be described using the
SO(8,4) ExFT [36, 43]. On the other hand, the consistent truncation on S* is conveniently
described by twist matrices living in SL(4) ~ SO(3,3) [2, 3, 6] with the embedding
SO(3,3) € SO(4,4) C SO(8,4). However, the twist matrix in [1] differs from this SO(3,3)
twist matrix [2, 3, 6] by an additional parameter, A, which gives rise to an external 3-form
flux or, equivalently, a new internal 3-form flux.

The construction of the SL(4) ~ SO(3, 3) twist matrix describing the consistent trun-
cation on S? is detailed in appendix B. To demonstrate our methodology, we will now
show how the parameter A introduced in [1] can be obtained by the twisting procedure
described above. Thus, we want to consider the SO(3,3) C SO(4,4) twist matrix corre-
sponding to S3 (B.15) and add a 3-form flux via a SO(4,4) twist. We begin by decomposing
SO(4,4) — SO(3,3) x SO(1,1), such that

8 260P1aP1 o,

(5.5)
28 > 150 P62 P6_2D1g.
Correspondingly, we write a SO(4,4) vector VM as
VM = (VA, vV VE) , (5.6)

where A =1,...,6 labels the vector of SO(3,3) and z, z label the 13 and 1_2, respectively.
We denote by Us? the SO(3,3) twist matrix corresponding to the S® truncation
constructed in [3, 6] and obtained from (B.10), (B.9), (B.15). Then, we can add a 3-form

potential by twisting with the SO(4,4) generator
MN
(YN = pMN Loy (#1)7 (5.7)

. A MN .
with C4 an element of the 62, and (t ) the generator corresponding to SO(4,4) whose
only non-zero component is

(tA)BZ = A8 (5.8)
Here nyry and nap are the SO(4,4) and SO(3, 3) invariant metrics, respectively, and are
used to raise/lower the corresponding vector indices. Decomposing with respect to the
geometric SL(3) x RT of the S, the coordinates on S live in the Y4 = (¢, y;), i = 1,2,3,
while Cy = (Cj, C*) naturally contains a 2-form C. The field strength H ) = 9ACy = 9;,C"
is a singlet of SO(3,3) and thus we see that plemﬁ in (5.4) is constant and we obtain a
consistent truncation with a new 3-form flux. Evaluating the twist matrix

U™ = ()N UNM (5.9)

explicitly using (5.7) and setting C?* = p~1 A ¢!, with V,;£% = 1, in the notation of [1], we
obtain precisely the twist matrix used in [1] for the consistent truncation of 6-dimensional
N = (1,1) supergravity on S* with Hz flux. We will now follow this same procedure in the
next section to obtain the consistent truncation of IIB supergravity on S3 x S x S! with
7-form flux.

~10 -



5.2 Adding flux to the S§3 x §3 x S! truncation of IIB supergravity

Our strategy for constructing the consistent truncation on S% x 83 x S! with 7-form flux is
to embed the S2 x S? truncation of Eq(7y ExFT [11] into Eg(g) — Eq(7) x SL(2), as described
in [19]. This will give us the consistent truncation on S3 x $3 x S! without 7-form flux.
Then we add a 7-form flux to this truncation as outlined above.

5.2.1 The S® x S3 truncation

Let us first review the dyonic S® x S? truncation of IIB supergravity [11], which forms the
starting point of our construction. The key step in the construction of [11] is that we can
use the SL(4) generalised frame (B.10) to form a generalised Leibniz parallelisation of E7 7
via the embedding

E7(7) — SL(B) — SL(4)1 X SL(4)2 x RT. (510)

The fundamental of E7 7y then decomposes as
56 28028 — [(6,1),(1,6) ,@(4,4)|®[(6,1) ,8(1,6),0(@4)y|,  (5.11)

where the first square brackets denote the branching of the 28 under SL(4); x SL(4)y x R
and the second square brackets that of the 28. Crucially, for the generalised Leibniz
condition (3.3) to hold, the coordinates and generalised vector fields corresponding to the
SL(4); and SL(4)2 must be embedded within the 28 and 28, respectively, which we will
call “electric” and “magnetic” coordinates, following [11]. Thus, we write the 56 E7 (7
coordinates as

yM (YAB, YAB) : (5.12)
with A, B=1,...,8 labelling the fundamental of SL(8), corresponding to the decomposition
E7(7y — SL(8). Following the conventions of [11], the coordinates of the two SL(4) ExFTs
are embedded as Y/ ¢ YAB with I,J =1,2,3,8, and Yap C Yag, with 4, B =4,5,6,7.
Solving the SL(4) ExFT section condition for Y!7 and Y45 guarantees a solution to the
Er7y ExFT, and we choose the solution where the six physical coordinates of IIB are

Yy =Y"®, Ja = Yo7, i=1,2,3, a=4,5,6. (5.13)

This solution of the section condition defines the “geometric” SL(3); x R;“L( 0, C SL(4):
and SL(3)2 x RgL( 1, C SL(4)2 subgroups, that will play an important role when adding
flux in section 5.2.3.

We can now use one copy of the SL(4) frame (B.10) for each SL(4) subgroup of (5.10)
to construct a generalised parallelisation for the full Ey7 ) ExFT, with an embedding tensor
via (3.3) given as in (B.13) embedded in E;(7) as follows. Under Er;) — SL(8), the
embedding tensor representation branches as

912 — 36 © 36 ® 420 B 420, (5.14)

and we only generate the 36 and 36 components, 143, 75. Thus, the Er(7y embedding
tensor is given by

Xaep™ = naedBls — 1se0H4

5.15)
_A[E FIB | BJE F]A (
XABeptf = : 55}0 +1 | 55113 .
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Because we are embedding the SL(4); coordinates in the 28 but those of SL(4)s in the 28,
the twist matrix will generate an embedding tensor in the 36 for SL(4); and 36 for SL(4)a,
whose only non-vanishing components are

nrg =901y, 7B = 545 . (5.16)

We can also rescale their S3’s using their corresponding R* generator. Without loss of
generality, we can rescale S3 to have radius «, using the Rf generator on the frame. The
embedding tensor then becomes

1
nry = &5”, 7B =545 (5.17)

5.2.2 The S® x S3 x S! truncation

We now construct the consistent truncation on S x S% x S by embedding the Er7(7y twist
matrix corresponding to the S3 x $3 truncation reviewed above in 5.2.1 in Egs) via the
branching Fg(g) — Fr(7) X SL(2), such that 248 — (133,1) @ (56,2) @ (1,3). As explained
in [19], we can construct a consistent truncation on M x S! to 3-dimensional gauged
supergravity by embedding a consistent truncation on M to 4-dimensional supergravity,
characterised by an E7(7y twist matrix and E7(7) scalar density o, as well as the SL(2) twist

v = (g 091> . (5.18)

Finally, the Egg) scalar density satisfies p = o2 to ensure a consistent truncation on M x S*.

matrix given by

Employing this procedure for M = S3 x S2, gives us the consistent truncation on
83 x S§3 x S1. However, this does not have any AdSs3 vacua, since we still need to add the
7-form flux. To do this, let us first review the group theory of the S x S truncation, since
this will allow us to determine whether the 7-form flux is stabilised by the twist matrix.

5.2.3 Adding flux

To add a 7-form flux to the above truncation, we need to determine whether the 7-form
flux is stabilised by the twist matrix on S% x S3 x S! constructed in section 5.2.2. Thus,
we need to understand whether IIB supergravity admits a 7-form field strength that is a
singlet under the two SL(4) groups in (5.10). To answer this question, we pick a gauge
where the 6-form potential lives entirely in S3 x S but depends on the S! coordinate, z.
Therefore, in this gauge choice, the 6-form potential corresponds to an adjoint generator
of E7(7y, and since the S ! coordinate is an Er 7y singlet, this adjoint generator must be a
singlet under SL(4); x SL(4)2 C SL(8) C Ey for us to have a consistent truncation.

IIB supergravity contains an S-duality doublet of 6-forms, which we can easily identify
using the decomposition Er7y — SL(6) x SL(2) x Riig, under which the E7(7y adjoint
decomposes as

133 = (35,1), @ (1,3),® (1,1) ® (1,2) 14

— 7 (5.19)
® (15,2), @ (15,1) , ® (15,2)_, @ (15,1),.
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The 6-form doublet corresponds to the (1,2),. To understand if one of the 6-forms in
the doublet are singlets under SL(4); x SL(4)2 C E7(7), we must decompose Er ;) with
respect to the common subgroup of SL(4); x SL(4)2 and SL(6) x SL(2), which is SL(3); x
SL(3)2 x R}
Important for us is the correct identification of the Rt charges in both decompositions. We

(4); X ]Ré“L( 1)y B defined by the embedding of the physical coordinates in (5.13).

have, on the one hand,

Ex(7y — SL(8) — SL(4) x SL(4) x RgL(S)

(5.20)
— SL(3)1 x SL(3)2 x Ry 9, X Ry 0, X RE o,
and, on the other,
Er(7) = SL(6) x SL(2) x R (5.21)

— SL(3)1 x SL(3)2 x Rgm) X Rgm) x Riig -

Here, we label the R™’s with a subscript that refers to the groups they belong to. The R™
generators of the two decompositions are related as

Rs+L(6) (Rgm)l + RS+L(4)2) ;
1
+ + + +
RSL(2) T4 (RSL(4)1 B RSL(4)2 + RSL(S)) ’ <5'22)
1
Rijp = B (RgL(4)1 ~ Ry, — 3R§L(s)) :
The branching of the adjoint (5.19) under SL(6) x SL(2) x R{ig in (5.21) needs to now
be compared with that via SL(4); x SL(4)2 x RSTL(S), given by
133 - 63@ 70
= (15,1)y ® (1,15), @ (1,1), @ (4,4), & (4,4)_, (5.23)

®(1,1)_,0(1,1),®(4.4)_,®(4,4),D(6,6),.

Using (5.22), we can now identify each of the singlet generators (1,1),, with one of the SL(2)
doublet generators of charge F6. Therefore, we find exactly one singlet SL(4); x SL(4)2
generator, which we can write as t1233, corresponding to a 6-form potential. The other
SL(4)1 x SL(4)s singlet generator, t4567, only differs by a compact generator and thus does
not correspond to a different physical field. Finally, the other elements of the SL(2) doublet
of 6-form potential can be mapped to the (4,4), @ (4,4) , generators, specifically ¢7® and
ts” and are clearly not SL(4) singlets.
Therefore, we can add a 7-form flux to the twist matrix using

Ui — UM = U™ exp(C)n Y, (5.24)
with Cy/N =Mz p_1 t1o3s Y and A a numerical parameter corresponding to the amount of
7-form flux. The resulting embedding tensor is most nicely written using the branching

Egsy — Er7(7y x SL(2) — SL(8) x SL(2)
248 (63,1) & (70,1) @ (28,2) ¢ (28,2) & (1, 3) (5.25)
Xﬁ {XA XABCD XAB’L X { X }
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and has the following non-vanishing components under the SL(4); x SL(4)2 subgroups
of SL(8):

J
X7 RT+ =~ 91®0)
X3 1)(282) 1) 1 -
T BI+ = " 5g OAB0T
2P, = — 6419717 (5.26)
X 58 o) -
(63,1);(28,2) 57 j——
XZ ; + = —5 (SZ (5 5
A

X(70,1);1,3) * XTJRL 4+ = _12\/6 €TJKEL -

With this embedding tensor, the potential (4.15) has a vacuum at the scalar origin when
A = +4v/3 /1 + (1/a?). The sign changes the chirality of the Killing spinors and, therefore,
without loss of generality, we will choose A = 41/3 /1 + (1/a?) from here onwards.

The gauge group of this supergravity is then

SO(4) x SO(4) x X, (5.27)
with ¥ a nilpotent algebra that can be decomposed into
Y~ T34 & Tio. (5.28)

The subalgebra 754 transforms in the representations 2 - (%, %, %, %) ®2-(0,0,0,0) of SO(4)?
and closes into Ti2, an abelian subalgebra that transforms in the adjoint of SO(4)? (see

ref. [27] for more details).

5.3 Adding fluxes to other consistent truncations

We can also try to apply the same procedure we described here to turn on fluxes in other
consistent truncations. One set of natural candidates are the S* reductions of the consistent
truncations to dyonically gauged 4-dimensional maximal supergravities [11, 28]. These
4-dimensional truncations arise from compactifications of 10-dimensional supergravity on
S6.8% x S, 8% x §2, with the 10-d theory corresponding to (massive) ITA/IIB when the
spheres have even/odd dimensions, respectively. The corresponding twist matrices for S,
5% x S, 8% x S? belong to SL(8 — p) x SL(p), with p = 1, 2, 3 for the respective cases, and
are constructed as in appendix B.

Let us see whether we can turn on a similar flux as in the case of 2 x S3 x S! for
these cases. Here we will consider the case of a flux which has one leg on S!, so as to
require the truncation to 3 dimensions. In this case, we can always choose a gauge where
the potential is fully on S77P x SP~! and depends on the S! coordinate. Turning on such a
flux only leads to a consistent truncation if we can find singlets in the 133 of E7(7) under
SL(8 — p) x SL(p) for the respective cases of S777 x SP~1 p =1, 2, 3, that correspond to
p-form potential. And, indeed for all these cases, the 133 only contains exactly one singlet,
corresponding to the R generator that commutes with SL(8 — p) x SL(p).
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However, this RT generator cannot correspond to a form potential. If it did, there would
also have been a corresponding compact generator in the same representation (with possibly
different R™ chargse), just as in (5.23), associated to the “dual” potential. Since we only
have one SL(8 — p) x SL(p) singlet, this cannot be a p-form potential and, therefore, turning
on new fluxes with legs on S' will not lead to consistent truncation for S7=? x SP~1 x §1,
p = 1,2, 3. This analysis also reveals why the S® x S3 x S! case is special: the 133
contains a 4-form of SL(8), i.e. the 70, which naturally contains the relevant singlets under
SL(4) x SL(4).

Our analysis does not rule out the possibility of adding fluxes whose only legs are on
S7P x SP_ with none on S'. In this case, we could use the analysis above but look for
singlets in the 56 ® 133, corresponding to the fluxes on S"~7 x SP.

6 Moduli of AdS; x S3 x 83 x S?

6.1 The undeformed N = (4,4) AdS; x S§3 x 82 x S! solution

At A = 4v/3 /1 + (1/a?), the three-dimensional solution described by the embedding
tensor (5.26) corresponds to the consistent truncation of the pure NSNS ten-dimensional
solution [44]

ds? = 134 ds? (AdS3) + o? ds?(S?) 4 ds?(S?) + dz?,

g 6.1
Hz) =2 (ngdS Vol(AdS3) + o Vol (5°) + VOI(S3)> : o
with H(g) = dB(z) and
2
2 @
lras = T1a2" (6.2)

The S' coordinate z has periodicity z — z + 1.

The AdS3 solution (6.1) preserves ' = (4,4) supersymmetry, with super-isometry group
G = DY(2,1;a)r, x D'(2,1;a)g, i.e. two copies of the large A/ = 4 supergroup. The even
part of D'(2,1; ) is isomorphic to SL(2,R) x SO(3) x SO(3) and the bosonic isometries of
the AdS; x 93 x §3 background are built from the even part of G. The Ags\gi/isome%roup
is SO(2,2) ~ SL(2,R)1, x SL(2,R)r, and the factors SO(3)r, x SO(3)r x SO(3);, x SO(3)g ~

—_—

SO(4) x SO(4) combine into the isometry groups of the two spheres. Additionally, there is
a U(1)r symmetry due to the S! factor in (6.1). The spectrum organizes into multiplets
of G, made out of products of long representations [E,Z] of D'(2,1;a) (see appendix C for
a review of the representations of D!(2,1;«)), and carrying a charge n under the U(1)p.
Explicitly, the spectrum is [45]

@D (LAe(ed) © 0,000 (6.3)

~ n
£4>0,n

In each factor the lowest conformal dimension is

11 4000 +1)+4020(0 + 1) + a2(27n)?
hL:hR:—2+2\/1+ 1+a2
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with n corresponding to the S harmonics, and the lowest conformal dimension of [¢, £]® [(, /]
is then

4000+ 1) +4020(0 + 1) + a2(27n)?
1+ a? '

AE,Zn:hL+hR:_1+\/1+ (65)

For n = 0, the representations get shortened whenever £ = {. The spectrum at the consistent
truncation is then the one of ref. [27]. It corresponds to £ = ¢ =n =0 in eq. (6.3):

[0,0s @ [1/2,1/2)s @ [1/2,1/2]s ©[0,0]s @ [l/2,1/2]s @ [1/2,1/2]s. (6.6)

The first two terms build the supergravity multiplet, each of them carrying one spin-2 field,
four gravitini, seven vectors and four spin-1/2 fields, all massless. The only propagating
degrees of freedom are in [1/2, 1/2]s ® [1/2,1/2]s (see the details in table 4 of [27]).

6.2 Moduli in gauged supergravity

Surprisingly, within the 3-dimensional gauged supergravity, the AdS3; vacuum contains a
large moduli space, which even has supersymmetric submanifolds. In particular, a simple
search already reveals a continuous 11-parameter family of AdS3 solutions, connected to
the origin and given by the FEgg) coset representative

Viet = €xp \/Q <X1 (t(28,2))23,_ + X2 (t(28,2))817_ + X1 (t(2—872))567_ + X2 (t(ﬁ,Z))m,—)}
X exp _‘/i (Cl (t(ﬁ,2))23,+ + G (t(fs,z))sl,+ +G (t(2872))56,+ +6 (t(2872))74,+>}

[ Q
X exp m((t(ﬁ&l))ll - (t(63,1))22 - (t(63,1))33 + (t(63,1))88)

Q
120 ((t(63,1))44 — (tes,1)s” — (te31)s + (t(63,1))77)}
1 I 1 A 1
X exp |9 EO (t(63,1))[ - 1720 (t(63’1))A — 5 (t(1’3))1 ,
(6.7)

where we denoted the generators according to the decomposition (5.25). The (x;, Xi, G, @)
deformations excite the (6,1)2 and (1,6)2 generators in the branching (5.11). Note that
changing the sign in some terms in (6.7), e.g. changing the factor with € to
1 1 2 3 8 6.8
P | 150 (tesn), + (tes)y — (tesn)y” — (tesn)s )| (6.8)
creates yet another flat direction of the potential. This highlights how many flat directions
the AdS3 vacuum appears to have.

6.3 Moduli in 10 dimensions

The consistent truncation Ansatz we constructed in this paper can be used to uplift the full
11-parameter family of AdSs vacua of the 3-dimensional gauged supergravity in (6.7) to
IIB supergravity. However, this full 11-parameter solution can quickly become unwieldy.
Therefore, here we will instead focus on a few interesting subsets of deformations.
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(X )Z,Q,ﬁ,w) Using Hopf coordinates for both S3’s we can write the 7-parameter
deformation involving (x;, X4, $2,2,v), i = 1,2, as follows:
2
o .
ds® = $us ds”(AdSy) + 0* d0” + — OECrTE0) (% cos?(0) dg)? + sin®(6) dgh?)
. 1 - ~ -
+d6? + — — — (COS2(9) deh? + e sin?(6) d<;5'22) + e* d2?,
e$ cos? () + sin?(0)

H 3) = 2345 Vol(AdSs)
2 o e cos(6) sin(6)
(cos?(0) + e sin%(0))

2.8 cos(0) sin(0)

(eQ cos2(0) + sin? (5))

5 dO A dg) A dely + 5 d0 A dg) A ddh,

(6.9)

where .

d¢/1:d¢1+a)(1dz, dq~5’1:d51+)zldz,
1 ~ - (6.10)
dg = dgs + — x2dz, d¢h = dgo + Y2 dz.

—_—~

This 7-parameter deformation generically breaks SO(3)r, x SO(3)r x SO(3);, x SO(3)y to
U(1)r, x U(1)r x U(1)y, x U(1)g and all supersymmetries. The moduli space of the solution
is described by the following metric:

2 Ll on (042, Q4.2 | —01~2 | Q12 2 1.2 1 59
ds —51¢ e‘dy]+e “dxg+e dy]+e dx; | +2dy +§dﬂ +§dQ .

mod. —
(6.11)

A particularly interesting family of solutions is obtained in the case 2 = Q= 0, where
eq. (6.9) reduces to

ds? = 3 45 5% (AdS3) +a? (0% +cos? (9) g} +sin? (6) dy?)
+d6? +cos?(0) gy 2 +sin?(0) dgh> +e?¥ dz2,

Hz) = 202 45 Vol (AdS3)+2 a2 cos(6) sin(0) dI Ad¢ Addh+2 cos(0) sin(f) dOAdY) Ad .
(6.12)

P e N

Again, the deformation generically breaks SO(3)r, x SO(3)r x SO(3), x SO(3)g to U(1)r, x
U(1)g x ff(le X ff(ljR and all supersymmetries. The x;, X;, @ = 1,2 deformations are
analogous to the two-parameter “flat deformations” [30] of AdS, x S° x S [29, 31, 32].
From the 4-dimensional perspective obtained after reducing on S3 x /Sfj,/ these /dgfgrmations
correspond to turning on Wilson lines for the SO(3)1, x SO(3)r x SO(3);, x SO(3)y gauge
fields along S'. The ¢ deformation is even simpler: it just rescales the S! radius. These
Xi> Xi, ¥ deformations are completely analogous to C-structure deformations of T2, with
the x;, X; corresponding to the real part and the 1 deformation to the imaginary part of
the C-structure deformation. Note that the ¢ deformation does not exist in the otherwise

analogous AdSy x S® x S! vacua in [29-32], due to the “S-fold” identification in that case.
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This leads to an important difference in the global structure of the moduli space that we
will discuss in section 6.4.

Since these deformations simply affect the C-structure of the T2’s, their effect on
the Kaluza-Klein spectrum is completely analogous to the T2 C-structure deformation.
Moreover, one can use the Kaluza-Klein spectrometry developed in [46, 47] to confirm this
effect on the spectrum.® We thus find that the conformal dimension of each physical field
(cf. eq. (6.5)) get shifted by replacing

2mn — Y {27”1 + é ((QL +qr) % + (qr — gr) % + (L + qr) X1 + (Gr — <7L)>~<2>} ;
(6.13)
where the ¢ denote the charges under the different U(1).
Eq. (6.13) can be used to search for SUSY enhancement points within the 5-parameter
landscape. At the undeformed origin, the massless gravitini sit in the two first multiplets in

—_— P

eq. (6.6) with SO(3)r, x SO(3);, x SO(3)r x SO(3)y spins
(1/2,1/2;0,0) and (0,0;1/2,1/2), (6.14)

and conformal dimension A = 3/2. Turning on the deformation leads to a split into four

—_~ —_~—

groups of two modes, with the following U(1);, x U(1);, x U(1)r x U(1)y charges and
conformal dimensions within the 3-dimensional truncation:

(Xl + X2+« (921 - )22))2
4e? (14 a?) ’

1
(FL£L0,0): A= 441+

(x1+xe—a(xi— 22))2
4e2¥ (1+ a?) ’

1
(£1,F1;0,0): A= 5—#— 1+
(6.15)

2
1 (x1—x2+a(1+X2))

0,0;+1,+1): A=— 1

( ) ) ) ) 2+ + 4€2w(1+a2) )

(x1—xe—a(X1+ 22))2
4e? (14 a?)

1
(0,0; £1,F1) : A:§+ 1+

SUSY enhancement points are then given by combinations of the parameters that yield
A = 3/2. This can either happen by leaving some modes with A = 3/2 invariant, or
where some other, originally massive gravitini outside the consistent truncation, i.e. with
conformal dimension given by (6.5) with n # 0, obtain A = 3/2. Here we will focus on
the supersymmetry enhancement within the 3-dimensional truncation and will discuss the
higher KK modes in section 6.4. The different possibilities are listed below.

e N = 2 The four-dimensional hypersurfaces
Xe=x1Ea(Xi+x2) or x2=-x1+a(X1—Xa), (6.16)

give enhancements to N' = (0,2) and N/ = (2,0), respectively. On this hypersur-
face (6.16), the spectrum then organizes into multiplets of SU(1|1,1).

SMore details on the Kaluza-Klein spectrometry for Eg(sy ExFT will be given in ref. [48].

~ 18 —



e N = 4 Choosing
>52 = X1~, or %2 = :Xl ) (6.17)
X2 = —X1; X2 = X1,
leads to enhancements to N' = (0,4) and N/ = (4,0), respectively. On these three-

dimensional hyper-surfaces (6.17), the isometry group is SO(4) x U(1)? and the
spectrum reorganizes into multiplets of D'(2,1;a). In the special case

x1=x2=0,
Xi=—-Xe=X=V1l-e?, (6.18)
w:_wa

the solution (6.12) corresponds to the 10-dimensional uplift on S3 x S' of the one-
parameter deformation of AdSs x S preserving V' = (0, 4) supersymmetries of ref. [1].

Another possibility is to set

= 4 ’ So— 4 :
{Xl X1/ or {Xl X2/ (6.19)

X2 = Fx2/a, X2 = Fxi/a,

giving 3-parameter families of N' = (2,2) solutions, with multiplets of SU(1|1,1), x
SU(1/1, 1)g.

e N = 6 Finally, for

X2 = X1, X2 = —X1,
X1 = Exi1/a, or X1 = Ex1/a, (6.20)
X2 = Fxi/a, X2 = £x1/,

there are enhancements to N’ = (2,4) and N' = (4, 2), respectively. The isometry
group is SO(4) x U(1)? and the spectrum is then given by multiplets of D!(2, 1; a)p, g x
SU(11, 1)R,L-

In the above cases, it is easy to see from (6.13) that the spectrum is invariant under
Xi — Xi+H4mk; a, X — %i+4wgi, for k;, Ez € Z, with the SUSY enhancements also occurring
if the relations (6.16), (6.17), (6.19) or (6.20) are satisfied up to integer shifts. We will
return to this point below in section 6.4, when discussing compactness of the moduli space.

For generic values of x;, X;, the AdSs vacuum will be completely non-supersymmetric.
However, it is easy to see from inspection of the spectrum (6.5) and (6.13) that the spectrum
is bounded from below by the masses of the 3-dimensional gauged supergravity modes at
the N = (4,4) supersymmetric origin, i.e. where x; = \; = n = { = ¢ = 0. Therefore,
these non-supersymmetric AdSs vacua are perturbatively stable within IIB supergravity
and, similarly to [32] suggest that there may be a dual non-supersymmetric conformal
manifold if there are no instabilities beyond supergravity. However, just as in [32], the
non-SUSY vacua are protected against perturbative o’ or gs corrections of string theory,
which might have lifted the moduli x;, X;, and there are no scalars at the BF bound which
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may have been pushed below by such corrections. The moduli y;, X; locally correspond
to diffeomorphisms and, therefore, any diffeomorphism-invariant quantity, such as higher
powers of the curvature tensor or fluxes, as would appear in o/ or gs corrections, will be
independent of x; and ;.

The vacua are also protected against Witten’s bubbles of nothing [49] due to topological
obstructions. For the bubble of nothing to occur, a part of the compactification must
collapse. For this to happen smoothly, the compactification must be trivial in bordism [50],
i.e. the compactification C must be the boundary of some manifold B, C = 9B, which is
realised in the bounce solution representing the bubble of nothing instanton. There are two
potential bubbles of nothing that could occur: the S* could shrink or one of the S3’s could
shrink. For the case C = S', Witten’s bubble of nothing corresponds to S* = 9D, D the
disc. However, under rotations by 27 on D, fermons will transform non-trivially, picking up
a —1. Extending this to the boundary, D = S, we see that the fermions on S would have
to have anti-periodic boundary conditions. For periodic boundary conditions, S # 9D, as
the spin-structure on S* does not extend smoothly onto D. Indeed, the two-dimensional
spin bordism group is given by Zs, generated by the two spin structures on S'. Since our
vacua are continuously connected to supersymmetric AdSz x S x S2 x S! vacua, the spinors
on S' are periodic. Therefore, the S! is protected against Witten’s bubble of nothing.
Similarly, the case C = S cannot be the boundary of a four-manifold due to the flux on S3.
If S3 = OM,, we would have

Hy= | dH3=0, (6.21)
S3 My

by the Bianchi identity. Thus, the flux [¢s H3 provides an obstruction to this bubble of
nothing. However, this does not rule out all potential sources of instabilities. For example,
the non-SUSY vacua may suffer from non-perturbative instabilities triggered by brane
nucleation [51, 52] or non-vanishing S-functions of marginal multi-trace operators [53].
However, our non-SUSY vacua here may have further protection against such instabilities
due to their continuous limits to the SUSY vacua, just as they have against perturbative
higher-derivative corrections.

(¢, ¢, 0, ﬁ,zp) Restricting to the parameters (Q,E,;,Q,ﬁ,w), i = 1,2, and using again
Hopf coordinates, the metric is

ds? = (345 ds” (AdSg) — A cos? (0)+¢%sin?(6) ) (e 2 g2 () +sin®(9)) d=?
a? [d92+A(65 cos?(8) +sin?(9) ) (¢ cos?(0) dg3 +sin®(0) de3 )|
+82+ A (cos?(8) +esin?(0) ) (cos?(8) dd? +e%sin2(f) a33)
+ A€ e cos?() cos?( )(a<2d¢1—¢2 d¢>1) F A sin? () sin?(d )(a(l dba—C1 d¢2)
A€ 052 (9) sin? (8 0) (s d¢1—(2d¢2> +A e sin?(9) cos?(0) (alyddn—Cr d¢>1)
—2a A (G cos(0) dgr+e Go sin?(6) dso) (65 Ci 05 (0) Ay +C sin?() don
FAe (eﬁ cos? (§) +sin®(9) ) | cos? (6) (¢y ey +d2)" +e%sin(0) (a Gy o +d2)°
862 (cos(0)+sin(0) ) [P cos? (B) (G —dz) +sin?(D) (Grdd—dz) .
(6.22)
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with the warp factor
A = (cos?(0) + 7 sin?(6)) (¢ cos? (D) + sin? (7))
T2 cos?(9) + e sin(6) (Eg cos?(0) + €2 & sin2(§)) (6.23)
+ 2 (P cos(B) + sin?(B)) (2 B cos(0) + (Fsin®(9))

To provide an expression for H(s) it is convenient to first define some forms:

P =a ((eQ cos?(0) + sin?(0)) (e + 2V ¢2) + 2V H9 (522 cos? () + & C?sin(0) ) dgy,

By = ((cos?(9) + ePsin(9)) (1 + 29 2) + 2 (2 G eos?(6) + (Fsin®(9) ) ) doh,
By = ((cos*(0) + e sin(0)) (€2 + €2 GF) + €2 (e2 G cos? (6) + (P sin*(6) ) ) g,
01 = ae®¥ cos?(0) doy, @2 = a €2 sin%(0) dgo,

&1 = e*¥ cos?(0) Aoy, P2 = €2V sin?(6) dgs.

(6.24)
In terms of these forms, we get

H 3y =203 45 Vol(AdS3)

+2 A2 cos(6) sin(6) dOA [¢1A<I>2+ (4162+e9+5g251) (21751~ B2752)
+H(Lab+ G ) (215~ 02051+ (- (G -F) prn e

+¢2 (M cos?(9) +sin®(9)) ((e% 1—(1®2) — (F-e222) (L7 +e"C @)) Adz]
+2 A2 cos(8) sin(6) dA [$1A§>2+ (q162+e9+54251> (®1101-F2np0)
+(Lab+ 0 ) (Bnva-Bangr)+ (G- (G -F) ernes

+e2¥ (C082 (0)+e%sin? (9)) ((62 y—eG 5132) - (629612 —5%) (egﬁg w1+ 502)> /\dz] )
(6.25)
Finally, the metric parametrising this moduli space is:

1 5 o~ 5 1 1~
ds? 4 = -3 {e%’ (e_Q d¢e2 +e2de2 4+ e dE + e dg%) +2dy? + 5 d0? + 3 dQQ] .
(6.26)

—_~

As previously, the deformation breaks the isometry group down to U(1);, x U(1)r x U(1)y, x

—_—

U(1)y and all supersymmetries. Note that for

Cl - iCQ? 51 - :Fg2) 1/} =0= Q = O) (627)

- 21 —



the solution (6.22) reproduces eq. (6.12) for

G
1+ ¢+ ¢

L+ ¢+ 1+ + ()2
(6.28)
with A" = (4,0) (or (0,4)) and symmetry enhancement to SO(4) x U(1)2. There seems to

be no other points with (super)-symmetry enhancement in the scalar manifold.

6.4 Compactification of the moduli space

We can use the Kaluza-Klein spectrum and the uplift of the 3-dimensional gauged super-
gravity models to IIB supergravity to understand properties of the dual CFTs that are
obscured in the lower-dimensional supergravities. One such aspect is the compactness of
the conformal manifold. Consider the deformations y;, X;, which appear non-compact
in 3-dimensional N' = 16 gauged supergravity, with only the point y; = X; = 0 hav-
ing N' = (4,4) supersymmetry. The subset of these deformations corresponding to the
limit (6.18) was analysed in the half-maximal theory in ref. [1]. Again, within 3-dimensional
N = 8 supergravity, this deformation is non-compact, and remains non-compact even after
uplifting to 6-dimensional supergravity on S2, with no periodicity in ¥ observed in the KK
spectrum of the 6-dimensional solution [1].

However, from (6.3), (6.5), (6.13) we see that the full Kaluza-Klein spectrum is invariant
under the shifts

Xi = Xi T+ 477? ki, (6.29)
Xi — Xi + 47k,

for k;, ki € Z. In these cases, higher KK modes on the S! outside the N = 16 truncation
replace those within the consistent truncation. Therefore, even though neither the 3-
dimensional gauged supergravity, nor 6-dimensional supergravity is invariant under these
shifts, upon lifting to the full 10-dimensional IIB theory, the higher KK modes on S!
restore the invariance under the shifts, just as in the analogous deformations studied in
AdS, x S° x S' [31, 32]. This highlights the importance of the S! direction in studying
these AdSs3 vacua.

The compactification of the moduli space in 10 dimensions can also be understood
geometrically. Each of x;, X; corresponds to the real part of the complex structure modulus
of a T? fibration with local coordinates ¢;, ¢~51 together with z, respectively. Explicitly, the

complex structures for the T° (2% ) and T2 _ are given by

(¢is 2)

z

Ti:iﬁ-i—lxi, 7~'¢=ie¢+)@. (6.30)
a o«
Under this identification, the shifts (6.29) correspond to T-transformations of the tori, which
belong to the modular group SL(2,Z), just as for AdSy x S° x St [31, 32]. In fact, (6.30)
only shows how the bosonic fields transform and thus suggests that the periodicities are 2«
and 27. However, this is wrong: as the KK spectrum (6.13) shows, the fermions require
double that periodicity, i.e. 4w and 47 as in (6.29).
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Given the interpretation of the shifts (6.29) as T-transformations of a T-fibration, it is
natural to ask whether S-transformations of these T would also leave the AdSs x 53 x 53 x S*
solution invariant. The S-transformation acts on the moduli as

2., 2 0¥
X " a‘e
= - 6.31
X’L XZ2 _|_ 6217[} 9 € X? + BQQZ} Y < )
2
for the T(%Z) and .
~ Xi " e
PR — — e — 55 632
XZ XZQ + 621’[) ng + 621/) ( )
for the T 2~_ . Thus, the S-transformation effectively inverts the radius of the S', while
transformirfg the combinations
eVxi o —eVxi, e Vi— —e VN (6.33)

If we consider a truncation where the n # 0 modes are discarded, for example, by uplifting
only on S3 to 6 dimensions as in [1] or on S3 x §3 x S to 9 dimensions, then the S-
transformation clearly leaves the KK spectrum (6.3), (6.5), (6.13) invariant. This is because
the spectrum for the n = 0 modes only depends on the combinations e™¥y; and e~ ¥Y;,
which pick up minus signs, as in (6.33). The effect of (6.31) is to simply exchanges modes
of the opposite charges under the U(1)r, x U(1);, x U(1)g x U(1)i within the spectrum.

However, if we include the n # 0 modes by going to the full 10-dimensional 1IB
supergravity theory, the KK spectrum (6.3), (6.5), (6.13) is not invariant under the S
transformation. At the same time, the S-transformation effectively inverts the radius of
the S, as in (6.33) and, thus, takes us out of the regime of validity of supergravity, with
new string degrees of freedom potentially becoming light. Indeed, in this case, after the
transformation (6.33), strings wound around S' will become light, and one would expect
them to replace the KK modes that have become heavy, realising the T-duality on S*.
This suggests that in the full IIB string theory, the moduli space of each T2 fibration with
complex structure (6.30) should be identified under the Mobius group SL(2,Z), which has a
natural action on the metric of this 5-parameter submanifold of moduli space (6.11). Note
that this is quite different from the AdSy x S° x St “S-fold” vacua [31, 32], which do not
have a S! rescaling modulus and, therefore, do not carry the natural action of SL(2,7Z) on
each complex structure modulus that we find here.

7 Conclusions

In this paper, we used Eg(g)y ExF'T to construct the consistent truncation of IIB supergravity
around the N = (4,4) AdS3 x S x §3 x S vacuum. Even though the vacuum breaks half
of the supersymmetries, we are able to construct a consistent truncation to 3-dimensional
maximal gauged supergravity, providing an uplift to the A/ = 16 gauged supergravity
proposed in [27] for the 3-dimensional description of this AdS3 vacuum. We constructed
our consistent truncation by doing a S* reduction of the truncation of IIB on $3 x S% [11],
and turning on an additional H ) flux on 53 x 83 x S, which is necessary to obtain an
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AdS3 vacuum. We also show that it is not possible to turn on such an additional flux for
the other “dyonic” consistent truncations on S%, S x S, §* x S2 [11, 28] reduced on S*,
whilst maintaining a consistent truncation to N’ = 16 gauged supergravity.

To find this vacuum, we had to construct the potential of 3-dimensional N' = 16 gauged
supergravity in terms of the embedding tensor, which was not previously known. Since
the vector fields of N' = 16 gauged supergravity transform in the adjoint of FEg(s), the
Cartan-Killing metric of Eg(g) can be used to construct new terms in the potential, which
leads to a different form of the potential compared to the universal one found in D > 4
dimensions. Nonetheless, we used the generalised Scherk-Schwarz Ansatz of Fg(g) ExFT [19]
to obtain the potential in terms of the embedding tensor, for all gauged supergravities
that can be uplifted to maximal 10-/11-dimensional supergravity. This condition of being
able to uplift imposes additional quadratic constraints on the embedding tensor (4.10),
beyond the usual quadratic constraints of gauged supergravity. This can be used to rule
out the higher-dimensional origin of some 3-dimensional N = 16 gauged supergravities, as
we illustrated in appendix A on one N/ = (8,0) AdS3 vacuum of ref. [54].

Using our consistent truncation and the 3-dimensional potential, we studied the moduli
space of the AdS3; vacuum within 3-dimensional gauged supergravity. Even a simple search
led to a surprisingly large 11-dimensional moduli space of AdSz x S3 x §3 x S! vacua, with
more moduli likely. While most of these moduli break all supersymmetries, we also identified
submanifolds where N' = (4,2), (4,0), (2,2), (2,0) is preserved, where the N' = 4 cases
always correspond to the “large” superconformal algebra. The corresponding moduli are
analogous to the “flat deformations” that arise in the AdS4 x S x St vacuum [29-32]. i.e.
they correspond to local diffeomorphisms mixing angles on the $’s with the S', but which
are not globally well-defined, much like complex structure deformations of T2, allowing us
to compute the full Kaluza-Klein spectrum of these deformed AdSs vacua. Generic “flat
deformations” of this type break all supersymmetries but are still perturbatively stable.
Moreover, they are protected against perturbative higher-derivative corrections because the
deformations locally correspond to diffeomorphisms.

We also saw that uplifting our AdS3 vacua to IIB string theory leads to the compactness
of some directions of moduli space. The “flat deformations” that we studied appear non-
compact within the 3-dimensional gauged supergravity, but upon uplifting to 10 dimensions,
the moduli become compact, similar to [31, 32]. Interestingly, this compactness is not visible
upon only uplifting on S® to 6-dimensional supergravity [1], but require the uplift on the
additional S* direction. The compactification of the moduli can be understood geometrically
as the T-action of SL(2,Z) on T?-fibration. Differently from the AdS, x S% x St case [29-32],
in the AdS3 x S2 x 83 x S case we also have a S! rescaling modulus, so that we naturally
have the full complex structure moduli related to the T2-fibrations and which carry a natural
action of the full SL(2,7Z). While the S-action of SL(2,Z) left the Kaluza-Klein spectrum
of 6-dimensional supergravity on AdSs x S? [1] invariant, it is broken by the additional S*
direction when uplifting to IIB supergravity. However, we argued that the S-action leave
invariant the full AdSs x S3 x 83 x S! solution of IIB string theory, once string winding
modes around S! are included. In this case, the complex structure deformations live in
the fundamental domain of SL(2,Z), rather than the whole C-plane, as the 3-dimensional
supergravity would suggest.
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Our work raises several questions that deserve further inquiry. Firstly, we only performed
a simple search, yielding an 11-dimensional moduli space of AdSsz x S3 x S3 x S within the
N = 16 gauged supergravity. It would be good to complete our analysis to compute the full
3-dimensional moduli space and to understand why it is so large. Our consistent truncation
Ansatz could then be used to uplift the moduli space to IIB supergravity, and to use
Kaluza-Klein spectrometry [46, 47, 55] to obtain the conformal dimensions of all single-trace
operators and determine the perturbative stability of the non-SUSY vacua. This would
shed light on the dual conformal manifold. Secondly, it would be interesting to study the
string sigma-model [25] on the “flat deformations” of AdS3 x S3 x $3 x S!, or the analogous
deformations of AdSs x S3 x T, Since these deformations locally are diffeomorphisms, one
may expect a simple worldsheet description on the N' = (4,2), (4,0), (2,2), (2,0) SUSY
vacua and, potentially, even for the non-SUSY AdSsz x S x §3 x S! vacua obtained this
way. The non-perturbative stability of the perturbatively stable non-supersymmetric AdSs
vacua we found also deserves further study. Thirdly, similar “flat deformations” arise in
any string compactification involving an S', in particular AdSz x S% x T*. It would be
interesting to understand universal features of these deformations and their CFT duals.
Finally, we would like to use the tools developed here to study RG flows between solutions
of three-dimensional supergravity, or equivalently between two-dimensional conformal field
theories. Note however that this cannot be applied to the RG flow of ref. [56]: their
theory cannot be described using the generalized Scherk-Schwarz Ansatz of Eg(g) or SO(8, 8)
exceptional field theory as reproducing their embedding tensor would require breaking the
section constraint. We leave these questions for future work.
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A Ruling out gaugings

As mentioned in section 4, eq. (4.10) can be used to assess whether a given three-dimensional
theory of embedding tensor X35 has a higher-dimensional origin. Let us illustrate that on
the N' = (8,0) AdS3 vacuum with GL(6) x SO(2,2) gauging constructed in ref. [54]. This
theory has a compact gauging smaller than SO(9), thus escaping the no-go result of ref. [19].
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The embedding tensor of the theory is expressed by breaking Egg) as

Eg(g) — SO(S, 8)
248 — 120 © 128 (A.1)
xM _, {X[U],XK} :

with I and A labels of the fundamental and spinorial representations of SO(8, 8), respectively.

Explicitly,
Xkt = Ok
1 KL
XU,K == 0 5

where Fg is the four-fold product of SO(8,8) I' matrices and 75 the 128128 component
of the Cartan-Killing metric, or equivalently the SO(8, 8) charge conjugation matrix. The
tensor Opj  is given by

1
Okt = fiwe + 5 (it — mepfy) + O Mt (A.3)
with O totally antisymmetric and 67 symmetric. They have the following non-vanishing
components:
eij = 6ij ) HCMB =-3 60{57 0r+s+ = _5r+s+ ) Or_s_ =30r_s_ )
6=—1, Oupr s = —3€ap€r_s_ Oijrisy = 20, 0s,]5 (A.4)

where we split the indices according to

SO(8,8) — SO(8) x SO(8) — SO(6) x SO(2) x SO(6) x SO(2)

. A5
X! {XZ, X X+, X“} : (8.5)
and defined the matrix
01
= . A6
() (A6)
With this embedding, we get
TN 55 7\ 2
- vMN _ - M

thus violating the condition (4.10) (the trombone gauging vanishes for the truncation).
Then, we deduce that the N/ = (8,0) theory of ref. [54] with gauging GL(6) x SO(2,2)
does not admit a higher-dimensional origin as constructed with FEgg) exceptional field
theory. This illustrates how the constraint (4.10) can be used to determine if a given
three-dimensional gauged supergravity can be uplifted.
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B The S™ twist matrix

Let us construct the SL(4) >~ SO(3, 3) twist matrix that describes the consistent truncation
on S3. This can be viewed as a special case of a family of consistent truncations on
S™ (2, 3, 6]. Here, we give a slightly different, but equivalent, form of this construction.

We use an SL(n + 1) ExFT, like in [3], which encodes an n-dimensional metric and
volume-form flux, i.e. Freund-Rubin compactifications, and thus gives a natural description
of S™ compactifications. The SL(n+ 1) ExFT formally has coordinates in the antisymmetric
representation of SL(n + 1), y!/ = —y/!, with I = 1,...,n + 1, and similarly, generalised
vector fields transform in the antisymmetric representation of SL(n 4 1). The generalised
Lie derivative on a generalised tensor in the fundamental V! of weight X is given by

1 A 1
LAV = A K VI - VI0 e ATE + (2 4 —— ) VI ATE (B.1)
2 2 n+1
and similarly for other generalised tensors. Closure of the generalised Lie derivative (B.1)
requires the section condition

Oy ®0kr) =0, (B.2)

which restricts the dependence of all fields to a subset of physical coordinates.

We are interested in the maximal solutions of the section condition (B.2) which preserve
a SL(n) C SL(n + 1) subgroup. Under this decomposition SL(n + 1) — SL(n) with
VI = (Vi VY), where i = 1,...,n, we solve the section condition by having physical
coordinates y” on the n-dimensional manifold M, i.e. 0;; = 0 for all fields with only

0o; = 0; # 0. Correspondingly, the generalised tangent bundle, whose sections are in the
n—3

antisymmetric representation of SL(n 4 1) and carry weight i

decomposes as
E=TM®A">T*M. (B.3)
Note that for the case of interest to us, n = 3, (B.3) reduces to
E=TMe&T'M, (B.4)

and its fibres transform in the 6 of SL(4) ~ SO(3,3). It is convenient to also introduce
the generalised bundle with fibres in the anti-fundamental of SL(n 4 1), which is, similarly,
given by

N =T*M & A"T*M . (B.5)

Sections of N are generalised tensors transforming in the anti-fundamental of SL(n+ 1) and
carrying weight %_H For V,V' € T'(E) and W € T'(N), the generalised Lie derivative (B.1)
reduces to

LyV' = [v,0] + Lywy, o) — twdwp_oy,
1% [v,v] (n—2) (n—2) (B.6)
LyW = va(l) + LvW(n) +way A dCU(n_Q) ,

where we write V = v +w(,_g), V' =1/ +wEn_2) and W = w(1) +w(y,) as a formal of vectors
and p-forms, and L denotes the ordinary Lie derivative and [v,v'] the ordinary Lie bracket
between vector fields v and v’.
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We can now describe the S™ consistent truncation using the SL(n + 1) ExFT above.
Let Y, I =1,...,n+1 be the embedding coordinates of S® C R**! such that Y/ Y; = 1.
On S™, we can define a parallelisation of N using the generalised frame

U = dyT + YT volgn —dYT A A, (B.7)
where A is an (n — 1)-potential with field strength dA = (n — 1)volgn, and

1
volgn = ﬁqlbu_lnﬂyh AY'2 p . ndyTner (B.8)

is the volume form on S™. The frame in (B.7) has the important property that the n + 1
generalised tensors are nowhere vanishing since dY! = 0 only when Y/ = 1. Therefore, (B.7)
provides a generalised parallelisation of S™ in the SL(n + 1) ExFT.

In a local basis, (B.7) gives us a GL(n + 1) matrix, U;!, whose determinant allows us
to define the scalar density

= —1/2
p = (detttr”) (et g) V2 (B.9)

with ¢ the round metric on S”. Using (B.7) and (B.9) we can define the SL(n) twist matrix

U[ = p2/(n+1)UIT, (B.lO)

and hence a generalised frame for F or a generalised bundle in any other rep of SL(n + 1).
For example, in the generalised tangent bundle (B.3), we have the generalised frame
UﬁIJ = (det §)1/2 L{[TIZ/{j]J, with components given by

2Ury = vz +xdY7 + A, (B.11)

where v are the SO(n+1) Killing vectors of the round S™, matching precisely the SL(n+1)
parallelisations constructed in [3].

Using (B.1), we can easily check that the generalised frame (B.11), (B.15) defines a
generalised Leibniz parallelisation. In particular, using dA = (n — 1)volgn, we obtain the
embedding tensor

Lo UN = XM ur, (B.12)
with o B
Xz = =008 - (B.13)

Finally, we can also connect the above with the SL(n+1) Ansatz construction of [2]. We
do this by evaluating (B.9) and (B.10) on the northern hemisphere Y/ = (yi, V1-— yiyi),
i =1,...,n and using the gauge choice for the potential A

Ai1min—1 = €iq.in_1] yj(l + K(U)) ) (B'14)

with v = ¢’ 4* and €i1...i,_1; the volume form on S™. With the above choices, we precisely
recover the SL(n + 1) twist matrix of [2], i.e.

(U1) 1= (1= 0) D (57 4 iy K (v) i (1= v) "/ CO)
vl (1— v)(nfl)/(2(n+1)) K(v) (1— o)t .

(B.15)

1
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C Representations of D'(2,1; )

The supergroup D'(2,1; ) has

—_~—

SU(1,1) x SU(2) x SU(2) (C.1)

as its even part. Its multiplets are labelled by the spins £ and ? of each SU(2) factor and the
eigenvalue h of the su(1,1) ~ s((2,R) generator. Generic short multiplets [¢, {]s are given
by [44, 45]

ho (¢, 0)
ho+ VY2 (04120 —12) @ (0 — 12,0 —1/2) @ (£ — 12,0 4 1/2) ©2)
ho + 1 (6,e—1) & (6,0 @ (f—1,0) '
ho + 3/2 (0 —1/2,0 —1)2)
with hg = (a £ + £)/(1 + «). Shortenings occur for £ < 1 or £ < 1 [44]. For instance:
ho =1/2 (1/2a 1/2)
1 (1,0) ® (0,0) @ (0,1)
[07 O]S : ho =0 (07 0)7 [1/27 1/2]8 : (C?’)
o (1/2,1/2)
2 (0,0).
Two short multiplets can combine into a long multiplets [, €] as follows:
(00 = [6,0)s @ [0+ 12,0+ /2. (C.4)

The value of h is then not constrained. The explicit content of the long representation

[0,4] is

h (. 0)
h+12  (E+ Y2, 04+ 12) @ (L+ 12,0 —1/2) @ (£ — 12,0+ 1/2) @ (£ — 1f2,0 — 1)2)
h+1 t+)e(l-oEhe 0)a(E—1,0 (6I+1)
h+3fa  (0+12,04+12) @ (0+ 12,0 —1)2) @ (£ — Y2, 0 +1/2) @ (£ — 1/2,0 — 1/2)
h+2 (£,0).

(C.5)
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