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1 Introduction

A conformal field theory is completely specified through the knowledge of the spectrum
of its conformal dimensions and of the OPE coefficients. In two dimensions, due to the
Virasoro algebra we have a thorough knowledge of both ingredients for a wide range of
nontrivial theories [1]. Thus the 2D CFTs form a very interesting arena of exactly solvable
quantum field theories which may be used as a theoretical laboratory for exploring various
issues.



In higher number of dimensions, conformal symmetry is not powerful enough, although
constraints derived from numerical bootstrap yield quite nontrivial information (see [2] for a
review). In recent years, remarkable progress has been made in solving the four-dimensional
N =4 SYM theory due to its properties of integrability [3]. This theory is of the utmost
interest due to its equivalence with string theory in AdSs x S® [4], and indeed the progress
in integrability involved insights coming from both sides of the AdS/CFT correspondence.
Currently the spectral problem for the A" = 4 SYM has been essentially solved through the
so-called Quantum Spectral Curve [5, 6], a significant development on top of the Y-system
formulation [7]. Huge progress has also been done in the outstanding problem of finding the
OPE coefficients within the hexagon framework [8], although there, gluing and wrapping
poses significant technical difficulties and requires a “triple” resummation.

Looking back at the developments in solving the N = 4 SYM spectral problem, the
community could leverage a huge body of knowledge on finding the energy spectrum of two
dimensional integrable relativistic quantum field theories on a cylinder. This was far from
trivial, as the AdSs x S® worldsheet string theory has very peculiar idiosyncrasies, but the
general concepts and structures from the known relativistic setting could serve as guiding
principles. In the case of OPE coefficients, however, we basically lack an analogous general
framework, and the methods had to be developed from scratch.

The goal of the present paper is to explore how OPE coefficients are encoded in an
integrable scattering description of 2D CFTs, which is often also given by a Y-system. On
the one hand, the hope is that ultimately we may uncover some interesting way that OPE
coefficients are enmeshed within the integrability structures of the CFT which may be
generalizable to the N' = 4 SYM case. On the other hand, even if this does not happen,
we believe that the problem is of interest for its own sake.

A further, more technical, motivation for considering this problem in 2D CFTs is that
the integrable description of those theories neccessarily requires a resummation of wrapping
corrections to all orders. Thus the understanding of potential formulas for OPE coefficients
in such a regime is very interesting.

Since we are motivated by the possible generalization to N' =4 SYM, we would like
to formulate everything only in terms of the integrable description of the 2D CFT (i.e.
the theory which we are studying) and not in terms of its integrable massive deformation,
which is much more familiar.

In this respect, an important result of our paper is a formula for the first nontrivial
term in the UV expansion of the ground state energy expressed completely in terms of the
integrable CFT data i.e. the so-called kink and anti-kink TBA solutions.

In this paper we restrict ourselves to OPE coefficients involving the deformation op-
erator and two identical operators. We study the non-unitary Lee-Yang CFT as well as
the 3-state Potts minimal model CFT. In addition, we also derive similar formulas for
the mass-gap relation coefficient x, which is of crucial interest when considering the mas-
sive integrable deformations of the CFTs, and also appears in our formula for the OPE
coefficients.

The plan of this paper is as follows. In section 2, we recall the integrable descrip-
tion of some 2D CFTs and formulate our key question. We discuss their relation to the



corresponding integrable massive deformations and recall the relation between the OPE
coefficient and the UV expansion of the energy. In section 3 we derive our formula for the
Lee-Yang CFT (with a generalization to the 3-state Potts model given in appendix E). We
also present an extension to excited states and illustrate it on the SL(2) invariant vacuum
and the mass-coupling relation coefficient. In section 4, we look at the same problem from
the perspective of an auxillary linear dressing equation and Smirnov’s formulation. The
goal is here again to express the results purely in terms of the integrable description of
the CFT. We close the paper with a discussion and a number of appendices containing
technical details.

2 Preliminaries

Let us take an Euclidean CFT on the cylinder of circumference R. Dimensionful quantities
on the cylinder can be written in terms of dimensionless quantities on the plane. Energies
depend on the volume as

2 - c
E§™(R) = % [ho +ho — 12} (2.1)

where ¢ is the central charge and he and ho are the left /right conformal dimensions of
the primary state corresponding to the operator 0. Expectation values can be expressed
in terms of CFT 3-point functions as

Co,00, (2.2)
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We would like to describe the quantities, #, h and C in terms of an integrable formulation.

2.1 Integrable description of 2D CFT’s — the Lee-Yang model

Let us illustrate how the integrable formulation of 2D CF'T’s works for the spectrum in the
simplest setting of the Lee-Yang nonunitary CFT with ¢ = —%. In this nonunitary CF'T,
the ground state on a cylinder corresponds to the primary state with conformal weights
(—1/5,—1/5). The right- and left- conformal weights can be extracted from separate Y-
systems corresponding to the right-moving and left-moving sectors® [9, 10]

Yri(s+in/3)Yr (s —in/3) =1+ YrL(s) (2.3)

with the asymptotic conditions
YRr(S) ~s—100 €xp(€) Y7(8) ~ss—oo €xp(e”?) (2.4)
Writing Yg 1(s) = e“®L() this can be translated into TBA equations for the kink/anti-kink:

err(s) = e — ¢ xlog (1 + e °RL) (2.5)

"We use s for the rapidity in the CFT description with no volume dependence. We will use @ for the
rapidities in the massive integrable deformation of the CFT. The relations between these parameters depend
on the sector. In the right moving sector § = s — log 7, while in the left moving sector § = s + log 7.
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Figure 1. Y '(s) as the function of s.

with the upper sign corresponding to the kink (right moving sector), see figure 1, and the
lower to the antikink (left moving sector). Note that there is no volume dependence in (2.5),
in accordance with the conformal symmetry of the theory. Modifying the exponential source
terms like e** — geis can be always reabsorbed by a translation in s and would give the
trivial 1/R volume dependence of the energy levels on the cylinder.

The dimensionless energy ESFT(R)R containing the conformal dimensions of the
ground state together with the central charge is given by the sum of the contributions
of the two sectors

EgFT(R)R =27 (ho + 77,0 — 102> =Fr+ Ep (2.6)

where

Eg = —/ Leslog (L+e7)  Ep= _/ 786_5 log (L+e™%)  (2.7)

oo 2T Lo 2T

The outcome of this computation, which can done analytically using the so-called diloga-
rithm trick, of course reproduces the well known Lee-Yang answer [11]

2
ER—FEL:—% (2.8)

In the following we will need some more detailed properties of the CFT solutions Yg 1,(s)
shown on figure 1. The nonzero constant asymptotic values of the two solutions is given
by a constant solution of the Y-system (2.3), which for the ground state, corresponding to
the (ho, ho) = (—1/5,—1/5) primary, is

Yo = % (1+v5) (2.9)

The precise way of how the CFT kink/antikink approach this constant value will be of
crucial importance for our further considerations. There is a systematic expansion around

the asymptotic value in powers of e+(1=1)5 where h = —1/5:
Y}{};(S)YQ —1—cetlhsy as § — Foo (2.10)
ei%s

where the upper signs correspond to the right-moving (kink-like) TBA solution. The
expansion coefficients, in particular ¢ are related to the non-local integrals of motions. In



general, the coefficient ¢ can be determined numerically, but for the Lee-Yang CFT there
exists an analytical expression which follows from the formulas derived? in [9].

¢=7"1 (V55T (—é) r (1;) (; Eg ) % = 0.785438261 . .. (2.11)

The other primary field in the Lee-Yang CFT is the SL(2) invariant vacuum with

conformal weights (hy,h;) = (0,0). In the integrable description, it is given again by
solutions of the same Y-system (2.3)-(2.4) but with different analyticity conditions, which
can be equivalently formulated either as a zero of Y 1, on the real axis at a certain s = a [9]

Yrr(a) =0 (2.12)

or as a pair of “singularities” at s = a + im/3 [12]
K
YrL (a + 13> =-1 (2.13)

The asymptotic value of the kink/anti-kink solutions is now given by the second solution

of the constant Y-system
1
Yo=3 (1-v5) (2.14)

and the approach to this asymptotic value has a different exponential scaling
Y}{i(s)Yo —1-derTo 4. .. as s — Foo (2.15)

In fact, the coefficient ¢ is related to the second nonlocal conserved charge, as the first
nonlocal conserved charge in this case vanishes. This different exponential scaling will be
important for our considerations. Let us note that the specific power ~ of the exponent in

VilVo=1—ée” +... (2.16)

can be determined by substitution into the Y-system (2.3) and depends on the asymptotic
value Yy. We get the relation
cos gv = (2Yp) 7! (2.17)

which reproduces y = £ for the (—1/5,—1/5) primary state and y = 12 for the (0,0) SL(2)
invariant vacuum.

2.2 The key question

The key question that we would like to investigate is to find how to express the remaining
fundamental CFT quantities — the OPE coeflicients directly in terms of the integrable
data defining the relevant states like Yz 1, given above.
In this paper we would like to concentrate on the simplest case of symmetric OPE
coefficients of the form
Cooo (2.18)

2Note, however, that even in [9] this coefficient has not been determined purely from TBA considerations.



where ® is a CFT operator which generates a massive integrable deformation with a mas-
sive TBA description. The OPE coefficients are also related to 1-point functions on a
cylinder (2.2). In the specific case of Cogp, these expectation values can in turn be related
to the expansion of the energy of the state O at small volume in the massive integrable
deformation of the CFT by the operator ®, which we review below.

2.3 Massive integrable deformations

Consider perturbing the CFT with a spinless relevant primary field of dimension (h, h=h):?

oo R
S = Scrr + )\/ dy/ dx ®(x,y) (2.19)
—00 0

such a way that the theory remains integrable, i.e. there remains infinitely many higher
spin conserved charges. For generic minimal models there are many inequivalent ways to
1

do this, however for the Lee-Yang model the only choice is h = —=.

2.3.1 UV energy expansion and the OPE coefficient

The change in the energy levels of the massive deformation of the CF'T can be calculated
perturbatively
ot 00 R n(2—2h)
Eo(R) = ES"Y(R) + = A" () 2.20
0(R) = G (R) + 7 | S e (5, (2:20)
where ¢ is related to the expectation value of the operator as

c1 = 21Co00 (2.21)

while higher c¢,-s are related to integrated multipont correlation functions.

For the SL(2) invariant CFT vacuum state, ¢; vanishes and the leading correction
comes from integrating the universal two-point function, which results in a model-indepen-
ent expression:

02(h) — 271./ dQZ(ZE)hfl<0‘(I)(17 1)@(2:’ 5>’0> — 2 F(h)QF(l — 2h)

i<t I(1— h)T(2h) (2.22)

For the integrable deformation of the non-unitary Lee-Yang CFT discussed above (the
Scaling Lee-Yang Model), the resulting expansion takes the following forms for the states
corresponding to the two primary fields of the CFT.

The lowest energy state corresponds to ® and the leading energy correction comes
from c¢; = 27Cses in the form

12
2T

E@('R) % (—310 + 21 ACoopd (;) ’ + .. ) (2.23)

The first excited state at small volumes corresponds to the SL(2) invariant CFT state,
whose leading correction goes as

_27r

Ei(R) = 2 (; + Mep(—1/5) (§T>5 +. ) (2.24)

30perators normalized canonically in the CFT: ®(z, 2)|®(0,0) = g



The expansion of the energy levels goes in powers of the dimensionful coupling constant A,
which sets the scale in the massive scattering theory.

2.3.2 UV energy expansion from TBA

As the massive deformation of the CFT was chosen to be integrable, the energy of the
states can also be computed from the Thermodynamic Bethe Ansatz (TBA), which we
review below. We also identify the precise way to extract the OPE coefficient of interest
from the TBA expansion, taking into account the mass-coupling relation.

When the perturbation is integrable, the scattering matrix, which connects infinite
volume asymptotic states, factorizes into two-particle scatterings. In the simplest case of
one single particle type of mass m, the two-particle S-matrix is a simple function of the
rapidity differences S(6), which satisfies unitarity S(6)S(—6) = 1 and crossing symmetry
S(im —0) = S(#). In the Scaling Lee-Yang model it takes the form [13]

sinh @ + isin(7/3)
sinh § — isin(7/3)

S(0) = (2.25)

The pole at § = 27i/3 signals a boundstate, which is the particle itself. This S-matrix can
be used to calculate the finite volume groundstate* energy [11]

EFBA(r) = —m/ ;i—e cosh 0 log(1 + =) (2.26)
T

where the pseudo-energy satisfies the TBA equation

/
e(0) = rcoshf — /degb 0 —0)1og(l+ e =)y =rcoshf — ¢pxlog(l+e %)  (2.27)

with ¢(#) being the logarithmic derivative of the scattering matrix ¢() = —idg log S(#) and
r = mR is the dimensionless volume. This formula can be extended for excited states by
analytical continuation [12, 14], which results in source terms in the TBA equation. These
can be constant twists, or sums of the logarithms of S-matrices. The same equations could
be derived from the integrable structure via functional relations [9] or from the continuum
limit of an integrable lattice regularization [10].

Let us make a few remarks here. First, the TBA energy is written in terms of the mass
of the scattering particles, while the perturbed CF'T energy is expressed in terms of the
coupling constant A. On dimensional grounds the mass and the coupling can be related as

A = rm2~ 2 (2.28)

where  is a very crucial model-dependent constant,” which connects the UV and IR
descriptions. It is in fact quite nontrivial — in the Lee-Yang theory its value is [17]

HrErE)” -
28 (31 (3) 222

4For operators O corresponding to excited states, one has to add additional terms as described below.
®In multiparameter deformations it can be a non-trivial function of the dimensionless coupling [15, 16].
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We will show shortly how it can be extracted from our approach. Formula (2.28) is also
called the mass-gap relation as it expresses the physical mass in terms of the Lagrangian
coupling.

Second, the TBA groundstate energy E5PA(r) and the perturbed CFT energy Fo(R)
are given in different schemes: ELPA(r) is chosen to vanish for large volumes, while Eo(R)
has a nonzero bulk energy density eg. They are related to each other as

2
Eo(R) = egR + ESBA(r) ep =——_(for SLYM) (2.30)
4v/3
A key quantity of interest for the present paper is the first nontrivial term eyy in the
UV expansion of the TBA energy

ETBA(p) = 9 <h h —C)—eB2 oy 2.31
REZ(r) 7w ho + ho B 4 + eyvr® + (2.31)

In the TBA scheme, the bulk energy appears in the small volume expansion of the energy
with an opposite sign and called, for this reason, the anti-bulk energy.

Depending on the TBA state in question, the numerical coefficient eyy can be related
either to the OPE coefficient Cpgp through

1
Coso = r(@2m)h UV (2.32)

when a =2 — 2h in (2.31), or to the mass-coupling relation x:

) (271')2(2_2h)
= 2.33
= B (2.33)
when the state is the SL(2) invariant vacuum O = 1 (in this case a = 2(2 — 2h)). We
will provide a “master formula” for eyy purely in terms of the CF'T integrable data. Con-
sequently, this will provide formulas for the above OPE coefficient and the mass-coupling
relation k.

3 A formula for the UV energy expansion, the OPE coefficient and the
mass-gap

As we reviewed in the previous section, the OPE coefficient of the deforming operator and
the mass-coupling relation can be read off from the first nontrivial coefficient eyy of the
small volume expansion of the energy. In this section we will derive our main result, a
formula for this coefficient expressed purely in terms of the integrable CF'T data described
in section 2.1. The analytical determination of this coefficient directly from TBA remains
in fact an outstanding problem. We hope that our formula may be a useful step in this
direction, but the possibility of an analytical evaluation is not really that important for
our purposes.



Here we perform our calculations for the simplest case of the Scaling Lee-Yang model.
In appendix E, we show that a similar formula holds in the two-component TBA of the
(scaling) 3-state Potts model.’

In the following, instead of considering the TBA ¢(0), it is more convenient to employ
Y (0) = @ (or more precisely Y~1(0) = e~¢(9) which has better behaviour on the real
line). The TBA equation of the massive integrable deformation has the form

_re . T —6_ -1
logY—ze +2e ¢*log<1+Y ) (3.1)
The asymptotic solution for small r can be written as
Yas = YigVaYy ! (3.2)
where Y 4 are the standard kink and antikink solutions defined by

e —pxlog (1+Y,Y) (3.3)

logYg 4o = 5

Both of them can be expressed in terms of the volume independent CFT solutions (2.5) as

Yie(0) = Y <a +log ;) Ya(0) = v, (9 ~log ;) (3.4)

The kink and antikink thus inherit the asymptotics (2.10). As we will see shortly, it is
exactly this exponential tail of the kink in the region of the antikink (and vice versa) which
generates a correction of order r5 which is responsible for the energy correction (2.32)
that we are after.

3.1 Subleading TBA solution

We would now like to derive an equation for the first subleading correction to Y,;! which

is of order r2—2h

, 7% in the Lee-Yang model, see figure 2. Inserting
Yy l=y_ '4+oy! (3.5)

into the TBA equation we obtain a linear integral equation for §Y 1

— Yas0Y 7t = Tef 4 L0 log Yas — ¢ log(1 + Y1) —¢ % L_ll
S 1+ Yas

source

(3.6)

Using the definition (3.2) and the kink/antikink equations (3.3) we can rewrite the source
term in the following form
source = —¢ * {log(l + Y —log(1 +Yet) —log(1+ Y1) + log Yg]
= %G (3.7)

In the 3-state Potts model we consider the nontrivial o state instead of the vacuum, which thus does
not trivially reduce to the Scaling Lee-Yang model TBA. It is also this state which is interesting from the
point of view of OPE coefficients.



Figure 2. Y~1(0) as the function of # for dimensionless volume 7 = 0.01 in blue. Dashed green
shows the kink solutions. The difference between Y ~! — YS! = §Y ! is of order 10~7 and is not

visible. Thus for demonstration, we draw r=%58Y ! with yellow.

We need now to extract the leading small r behaviour of the source G, focusing separately
on the two asymptotic (kink/antikink) regions of #. Moreover, we aim to rewrite the source
directly in terms of the volume-independent CFT solutions Ygr ;. We want, therefore, to
calculate the following quantities which are concentrated in the right moving and left

moving regions

i 2h—2 r
Grr(s) = }%r G (s F log 2) (3.8)

Let us consider Gg(s) i.e. the source in the kink asymptotic region. In this region it is
convenient to rewrite G as
LY VilYo | 14Yg Y

G=1lo o} 3.9
T ! &y (39)
Now using (3.4) and (2.10) we see the appearance of the r2~2" scaling
. #\ 22k

YX].}/O _ 1 ~ _5e(h—1)(5—210g §) = —¢ (2> e(h—l)s (310)

We can simply denoted the tail of the anti-kink solution in the kink region as

— Tippy n2h—2 —1(. r B _ _292h—2 (h-1)s

yr(s) }g%r <YA (s log 2)Y0 1) 27" %e (3.11)

such that the rescaled source in the kink region takes the form

1 1
= — 12
6n= (1w 1am) (312

This source behaves nicely in the s — —+oo limit, but seems at first glance dangerous

for large negative s (in the above formula h = —1/5). Fortunately, there the term in
parenthesis vanishes exponentially with just the appropriate asymptotics to cancel this
growth and the s — —oo limit is a constant:

: Yb ~2 62—2h
1 = ———5¢"2 1
A Orl) = Gy © (313

The behaviour of G (s) is clearly analogous.

~10 -



We can now write the linearized equation for the leading 6Y ~! correction separately

in the kink (right-moving) sector and antikink (left-moving) sector. Extracting further the

2—2h

overall 7 scaling as above we obtain

YRoYyp' = ¢«

-1

Gr+ (SYR_J (3.14)
1+Yg,

where the subscript on dY5 ! denotes the appropriate sector. All quantities in (3.14) are

expressed in terms of the CFT rapidity s.

It is important to emphasize, that the source term in the kink sector G involves not
only the right-moving kink solution, but includes also the asymptotic tail of the left-moving
anti-kink solution. Hence it involves in a nontrivial way the interplay between both sectors
of the theory.

3.2 Evaluation of the UV energy correction coefficient eyvy

In order to compute the energy RE};BA(T), we need to evaluate the integral

do
- r/— cosh 0 log (1 + Y+ 6Y_1) = Er+EL —G—BZTQ +epyr? 24 (3.15)
2w % m
27T(h0+h071£2)

where in the Lee-Yang model hg = h = —% for the ground state. We are interested in the
first nontrivial » — 0 contribution of order 72~2". Expanding the above integral we get
two contributions

de 1 do sy 1
_r/gcoshﬁlog (1 +Y,, ) —r %coshﬁm (3.16)
The second term will already contribute at order r2~2". To see this we split the cosh 6 into
exponentials and integrate e’ in the kink region (and e~? in the anti-kink region):
dor g sy -1 ds 6Ypt.r2h

e = - e 3.17
212 14+ Y5 2 1+ V! (3.17)

Recall that we factored out 22" when defining oYy L

We need to be careful as a contribution of the same order will also arise from the first
term in (3.16), where the tail of the anti-kink appearing in Y,s in the kink region will lead
to this scaling similarly to (3.10). In order to isolate this contribution, it is convenient to
use the definition of the source G from (3.7) and rewrite

log (14 Y,;") = log(1+ V') +log(1+ Y, ") —log(1+ Y, ) + G (3.18)

In order to isolate the r scaling, we have to again split the 7 cosh 6 into exponentials and take
into account the resulting powers of r arising from moving to the kink or anti-kink regions.
E.g. plugging the first term in (3.18) into the energy formula with %ea and evaluating it in

the kink region

we obtain the right conformal energy, which can be calculated using the dilogarithm trick.

- 11 -



In the second and third term, again with the exponential %60, we can make an inte-
gration by parts, together with a shift in the integral into its antikink domain

\ 2 8log Yr
_(Z 3.20
(2) 27r 1+Yy (3.20)

This integral gives the anti bulk energy constant in (2.30), which can be evaluated by
inspecting the asymptotics of the derivative of the anti-kink equation.

Finally, G will give a contribution at the desired subleading order 722", which we have
to evaluate together with the contribution coming from §Y ~'. In doing so we can again
split the subleading correction into the kink and antikink regions, which can be computed
in a similar manner. We will now focus on the kink regime. We thus obtain

5Y_
o 5]

Note that the term in brackets is exactly the combination appearing in the linearized
equation for 0Yp Lin the kink region (3.14). Fortunately, we do not need to find oYy !
explicitly, but we can use an analog of the dilogarithm trick to evaluate (3.21) purely
in terms of the properties of the asymptotic CFT solutions Yg ;. The details of this
computation are given in appendix A and the resulting formula involves just the UV limit
CFT solutions Yg 1, of section 2.1.

ds
*/ﬂGR : 8log YR (3.22)

The source term Gp given by (3.12) involves the right moving solution Yg together with
the exponential tail of the left moving one Y7. We will find that this overall structure is in
fact quite generic. Adding an analogous contribution from the antikink side of the energy
integral, we get our final formula for the key energy correction coefficient eyy:

d
€eyv — — SGR 8logYR—/ GL 8logYL (3.23)

3.3 Formula for the OPE coefficient

Using the relation (2.32) from section 2, we obtain the formula for the OPE coefficient

SIS

(2m)

Coop = — [ s 5. CRr" 310gYR+/ —GL- fﬂogYL} (3.24)

Although we cannot evaluate the above formula analytically, we can compute it very pre-
cisely numerically, which is close to the exact answer

_ [z ()
Copp = 1.91131... = 1+J5r(g)r(g) (3.25)

In appendix E we show that a direct analog of the above formulas also exists for the

3-state Potts model, where the energy correction is related to the C,., OPE coefficient.

- 12 —



Several comments are in order here. First, it is encouraging that the OPE coefficient
can be expressed purely in terms of the integrable CFT description without the need to
explicitly go away from the UV point using the massive integral deformation. Indeed, the
integrand in (3.24) involves quantities defined directly through the Y-system of the CFT.
Second, the expression involves an interplay between the right-moving and left-moving
sector through the tail of the antikink appearing in Gr. Hence it is a much more nontrivial
quantity than the energy levels (conformal weights). Third, the link of the energy formula
with the OPE coefficient involves a nontrivial normalization factor incorporating the mass-
gap coefficient k. We will show in the next subsection, however, that this coefficient can also
be expressed in terms of the CFT integrable data, but for the SL(2)-invariant vacuum state.

Finally, let us discuss the freedom of changing the operators in the OPE coefficient.
In the Lee-Yang CFT, an analogous computation could be done starting with the TBA
solution of the identity operator with (hy, h1) = (0,0). Clearly

Cig1 =0 (3.26)

We would like now to understand how this vanishing is recovered in the integrable frame-
work. The difference lies in the asymptotics of the right- and left-moving CFT TBA
solutions. Apart from an inessential change of the asymptotic value which is now equal to
Y = (1 —+/5)/2, the crucial modification is the change in the exponential approach to the
constant value. Indeed, in contrast to (2.10) we have

Yil(s)Vi=1-&ef5°+... as s— Foo (3.27)

% is absent, which is associated to the vanishing of the first nonlocal

so the term with e*3
conserved charge in the language of [9]. This implies that due to the limit in (3.8), the
source terms G g 1, vanish and we recover Cie1 = 0.

2—2h)

24
Note, however, that if we extract instead r2( =135 from the source term, the com-

putation of the energy correction (3.23) goes through. The result should not be interpreted
as an OPE coefficient, but rather it provides the mass-coupling relation coefficient . Let
us now investigate this state in detail.

3.4 The SL(2) invariant excited state and the mass-coupling formula

The excited state TBA equation for a one-component system has extra source terms of
the form
logY = rcosh 6 + Z nilog S(0 — 6;) — pxlog(1 + Y1) (3.28)
i

where the roots 6; are located at the zeros of the logarithm
Y(0;) =—-1 (3.29)
The energy also gets correction from the roots as

de
EfBA = —im n;sinh 6; — m/ 5 cosh flog(1 + Yy (3.30)
- i
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These extra terms can be interpreted by chosing an alternative integration contour in
the groundstate equations, which surrounds the 1 + Y = 0 singularities. Moving back the
contour to the real line and picking up the residues result in the excited state formulas [12].
In the Lee-Yang model, a single particle can be described by a pair of complex con-
jugated roots, 0] = 0y and 71 = 1 = —n9. See [9, 12] for details. At large volumes the
roots behave as 6; = 6 + ig + 19, where 0 is the rapidity of the particle and ¢ is expo-
nentially small. The SL(2) invariant state corresponds to a standing particle (# = 0) with
log Y (61) = im. When the volume is decreased, the root 1 moves to i%, where it splits into
two, which stay on the %5 line as 61 = 0F = ig + a, with nE = % = —nF. In the deep UV
a scales as a = —log § + O(1), i.e. one root is in the kink domain, while, symmetrically,
the other one is in the anti-kink domain. In appendix B we calculate the eyy coefficient in

the small volume expansion of the energy (3.30)
RETBA —opll _ €80 2 (3.31)

30 m?2
The outcome of the calculation is that in addition to the usual integral term we also have

to take its residues

1 . ds
§€UV = —ZZmyL(Si> — /ﬂGRalog YR (3.32)
i
where ) .
Gr(s :{ - } : §)= &2 5e 5 3.33

The first term in (3.32) is just the tail of the anti-kink evaluated at the roots s; up to a
factor of . The Yy satisfies the right-moving kink equation with the source terms

logYr =e® + Zm log S(s — s;) — pxlog(1 + Y1) ; Yr(si) =—1 (3.34)

and Yy = %(1 — \/5) is its asymptotic value. This case is, however, somewhat subtle for
numerical analysis as the Y-functions develop zeros on the real line at o = 0.495773177
(see [9]) which leads to a singularity in the convolution term. In order to overcome this
difficulty, one can parametrize the Y function as Yz(s) = tanh(3(s — a)) er(%) and solve
the modified equation for eg. See [9] for details.

A numerical evaluation of (3.32) yields eyy = —0.000825156, which leads to the fol-
lowing result for the mass-gap coefficient from (2.33):
%

2
2o CTE e 0.0094185 .. (3.35)

271'62 (—%)

which agrees well with the exact answer

12\ 2
K2 = o (F(%)F(%) 5 = 0.0094184. .. (3.36)
sttt (f)r ()
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4 A Smirnov formula perspective — resumming the LeClair-Mussardo
series

Summarizing the preceding results, the modification of the two external operators O in
the OPE coefficient which correspond to the particular TBA state is straightforward. It is
much less clear how to change the inserted operator ® in

Coso (4.1)

from the one generating the massive integrable deformation. Indeed, as our method involves
primarily the computation of the energy correction, it requires by construction for ® to be
equal to the operator appearing in the massive integrable deformation. But even examining
a-posteriori the ingredients entering (3.24), we do not see a natural place for modifying
the formula to accommodate for changing” ®. In this section we will provide a different
perspective on the formula (3.24) which has the potential to address this issue, although
we do not see its resolution at the current stage.

Returning to the massive integrable deformation, one can rewrite the energy correction
related to the OPE coefficient as a 1-point function of the deformation operator. This
1-point function could be obtained from the LeClair-Mussardo series [18] which can be
resummed, in this case, through a linear “dressing” integral equation [19]. In this section
we will show that the resulting formulas at the appropriate order in the UV expansion can
also be evaluated directly in terms of the CFT integrable data Yg 1.

A key motivation for adopting this route is that it has a close structural similarity
to Smirnov’s approach to ratios of 1-point functions through an underlying fermionic con-
struction [20-23]. There, the modification of the operator ® in Cogp can be essentially
implemented through a modification of the kernel appearing in the linear “dressing” inte-
gral equation. We leave the investigation of this issue for future work. In the present paper
we will still concentrate just on the case of the deforming operator which is universal and
does not depend on any underlying microscopic fermionic construction.

The quickest way to reformulate the energy correction in terms of an auxiliary linear
dressing equation does not pass through the LeClair-Mussardo formula, but rather starts
with rewriting the vacuum expectation value of the trace of the stress tensor © = Tyg+ 111
into the combination®

2ep

= (4.2)

1 1
—3(018[0); = 0, E(r) + —E(r) +
which captures the relevant term in the r — 0 energy expansion. Here E(r) = ETBA(r)/m.
The first term can be rewritten as

do €0, logY

4,
2r 14Y (4.3)

O E(r)= —8T/;li coshflog(1+Y 1) =

7Of course in the Lee-Yang CFT we do not have other operators, but the same kind of formula appears
also in the 3-state Potts model — see appendix E.
8Here we used the perturbed CFT normalization as we would to extract the CFT data.
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where we also used the § — —0 symmetry of the problem. The second term can be rewritten
using integration by parts as

1 1 [dfedylogY
ZE(r)=_—- | 2o 4.4
T (r) r) 2r 1+4Y (44)
Putting the two expressions together we get
1 do e? H(9)
- E -E(r)y=[| — 4.
B+ LB = | Ty (4:5)
with 1
H(0) =0,logY — ;69 logY (4.6)

The key property of H(0) is that it solves a linear integral equation with the same kernel
as the TBA equation:

e’
27

H(®)

(0 — 9’)1_’_7}/(9,) (4.7)

H@O)=e"+ /
which follows by taking the r and 6 derivatives of the standard massive TBA equa-
tion (2.27). Denoting the convolution together with the LeClair-Mussardo measure factor
1/(1+7Y) by o, we can rewrite it as

H=e¢%+¢oH (4.8)

The iterative solution for H(6) indicates that for large volume® H(f) is simply e~

while for smaller volumes it is dressed up like

/ 1 /
H — —0 —0 _n -0 — —95 —0\dr 4
O) =0 0)oc” o= e = O (49
The expression (4.5) can then be rewritten as
1 o e"HO) _ o _grar _
arE(T) + ;E(T‘) = o 1rY =ce’0 (e ) =w,—1 (4_10)

where we used the notation wy, ,,, = €™ o (e™?)d" of [22, 23] . Plugging in the UV expansion
of the TBA energy (2.31) we get the following UV expansion of w; _; and its link with eyy:

2¢
wi 1= —m—g +aegy rT? 4L (4.11)

wuv

The formulas (4.8) and (4.10) are indeed a TBA analog of the NLIE formula given in [20].
The general approach of [10, 20, 22] to ratios of 1-point functions involves exactly equations
of the form (4.8), but with the kernel deformed away from the TBA one. We provide further
comments on this relation in appendix C.

°In (4.8), the dependence on the volume sits implicitly in the 1/(1 + Y) factor appearing in the o
convolution.
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Yet another interpretation of (4.10) with the explicit expansion (4.9), as already in-
dicated above, is that it represents the LeClair-Mussardo series of the trace of the stress
tensor as in [19].

It is actually useful to develop a method to expand directly wq _1 for small volumes and
express the coefficient wyy purely in terms of integrable data of the CF'T. This calculation,
which we present in appendix D can be generalized for other w’s, too. Here we summarize
the outcome. The small volume expansion of wy 1 in the Scaling Lee-Yang model becomes

1 2
Wi —-1=—=+1r5wyy +... (4.12)

’ 2\/3

In appendix D, the quantity wyy was rewritten purely in terms of CF'T quantities as

wov = [ S on()fnls) (4.13)

where ggr is the source term governing the deviation of H from its anti-kink counterpart

7
6 /1\% o 1 1
e - 4.14
9r(s) =5 (2) € [1+YR(5) +v) " (4.14)

This term actually contains the tail of the anti-kink H 4 in the kink domain. It turns out

Hy as

to be simply related to the source Gr (see (3.12)) by

gn(s) = —% 2+ Gal(s) (115)

The remaining ingredient of (4.13), fr is the dressed version of e in the right domain

¢(s — ')

T+ V() * 1) )

fr(s) =€’ +
This equation is in fact solved by fr(s) = 0log Yr(s), hence we finally arrive at

© ds
wuy :/ %QR(S)alogYR(s) (4.17)

Comparing (4.11) with (4.12) and using (4.15), we recover our previous formula (3.23).

5 Discussion and outlook

In this paper we initiated a novel approach in which the OPE coefficients of 2D CFTs
can be expressed in terms of the integrable characteristics of the CFT, namely in terms of
their Y-functions. We focused on the diagonal matrix elements of the primary operators,
which define integrable massive perturbations. By expanding the energy levels at small
volumes we managed to go beyond the central charge and bulk energy constant terms. We
derived a formula for the leading nontrivial coefficient in the UV expansion from the TBA
approach. This is the first term in the perturbative expansion, which goes in powers of the
volume which contain the conformal dimension of the perturbing operator. We expressed
this coefficient in terms of the kink (and anti-kink) function — the solution of the TBA
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equation in the CFT limit. An essential ingredient of our formula is the tail of the kink
function, i.e. the way how it approaches its asymptotic value. The coefficient describing
this behaviour is related to the leading nonvanishing non-local charge [9]. Actually, what
matters for our formula is how the anti-kink function behaves in the kink domain and the
kink solution itself. In this sense our formula for the OPE coefficient involves crucially the
interaction between the kink and anti-kink domains, in contrast to the conformal weights
for which the two domains are clearly separated and independent.

Depending on the state for which we calculate the small volume expansion, our formula
can provide very valuable quantities. If the state is the SL(2) invariant vacuum state, then
our formula provides the mass-coupling (mass-gap) relation coefficient. If we choose some
other state then our formula can describe CF'T 3-point functions, i.e. OPE coefficients.

We first derived our formula for the ground-state in the Lee-Yang theory, then we also
extended it for the simplest excited state, which corresponds to the SL(2) invariant vacuum
state with h = h = 0. These results together determine the mass-coupling relation and the
only non-trivial OPE coefficient Cyee. We also generalized our approach to the 3-state
Potts minimal model CFT and its two-component TBA system [24]. We investigated both
the SL(2) invariant vacuum and the primary field o (1—15, %) Again these results together
determine the mass-coupling relation and a non-trivial OPE coefficient Cl,,.

The formulas allow for a straightforward extension to the case of arbitrary excited
states in a manner consistent with [12]. Consequently, one can readily change the op-
erator O in the OPE coefficient Cogn. Modifying the operator @ remains, however, an
outstanding problem, and our original formula does not seem to have a natural place for
performing such a modification. As a first step in this direction, we rewrote our formula in
terms of an auxiliary linear dressing equation, akin to the approach of Smirnov et al. [20-23],
where deformations of the kernel in the dressing equation can accommodate for modifying
the operator. Unfortunately, it is not clear how this works in the generic case which is not
related to sine-Gordon theory, like the two component TBA of the (Scaling) Potts model.
We leave this investigation for further study.

From a more general perspective, we believe, that an in-depth study of various inte-
grable descriptions of 2D CFTs, including but not stopping at the level of the spectrum,
may lead to interesting insights and a deeper understanding of the scope of integrability.
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A An analog of the dilogarithm trick for the UV energy correction

The subleading energy correction in the kink regime is given by (3.21) which we quote here

ds 5Yg1
_ [ LEes R Al
o [GR+ 1+YR‘1] (A1)

for convenience:

This expression involves a subleading solution of the massive TBA equation Y5 L In
this section we will show that one can evaluate the above integral without the need to
explicitly find 6Yj ! Indeed, let us now follow some initial steps in the dilogarithm trick
computation. We differentiate the TBA equation for the kink

logYr = e* — ¢ *log(1 + Y1) (A.2)
and integrate by parts the convolution term:
/ ds'd,0(s — ') f(s) = — / ds'Dy (s — ) f(s') = / ds'd(s — )auf(s))  (A.3)

We then find an expression for e®

-1 —1
¢ = xO0H — - 8Yi (A.4)
1+v;0 vy,
Plugging this into (A.1), we get
dsds’ ) Sy 5yt ds OY; 5Vt
_ ) —R__ G+ —8 R —R __| (A5
/(277)2¢(8 S)1+Ygl(8) Byt ©)F | o vl T iyt (4.5)

Performing first the integral over s in the first term and using the linear integral equa-
tion (3.14), we get

/ -1 -1 -1 -1
ds' OYy' oYy / ds 0y [GR 16YR 1 (A.6)

2 14+ V! vyt 2 Y5 ! +Y,;!

We see that the terms involving dY 5 ! cancel out and we are left with a formula involving
just the UV limit CFT solutions Yg p,.

ds , OYy! ds
— =— | — -O0logY; A.
5 CR = 5 Cr-0logYr (A7)

The computation in the anti-kink region is analogous.

B Small volume expansion of the excited state TBA

In this appendix we explain how excited states TBA equations of the form

logY =rcoshf+ Y nlogS(0—0;) —pxlog(1+Y 1) ;  Y(6)=-1 (B.1)
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can be expanded at small volume. We assume that for 7 — 0 half of the roots {6;"} goes
to the kink domain and, symmetrically, the other half {6, = —6i+ } goes to the anti-kink
domain. We introduce the kink equations

r
log Y = 569 +> milogS(0—0;) — pxlog(1+ Vi) s Yi(0f)=-1 (B.2)
i
and define the volume independent right quantities as

Yr(s) =Yk (s — log ;) ; s; =0 + log% (B.3)

We then expand the Y-function and the roots around the asymptotic solution
V=Y +06Y =YYaYy ' +6Y 5 0, =0 +46;

Following similar steps we had for the groundstate, we can write the linearized equations

Y16y
Y 10V = =iy ni(¢(0 — 07) + ¢(6 + 6;))d6; — ¢ x |G — T2 (B.4)
i 1 + Yas
where N I
14+Y. Y, Y 14+Y, Y'Y,
G = log RS ;Al % 1o X 141 0 (B.5)
1+ Yy 1+Y,
The quantization condition is modified as
Ya(0, )Yyt —1=0Y(6]) + oYk (6;)56; (B.6)
By exploiting that
yr(s) = li_%r_% <YA1 <s — log ;)YO - 1) =8 S .. (B.7)

we can see that the magnitudes of each term is of order of r% . We can thus project out the
contribution at this order by focusing on the kink domain and writing only right quantities

(B.8)

Y516V,
1 . R
YR (5YR = —Zzi:ni(ZS(S — 87;)587; — gf)* [GR - 1R+}/R‘|

and
—yL(si) = 0YR(si) + OYR(s;)ds; (B.9)

where ds; = 06;. Fortunately, we do not have to solve these equations in order to cal-
culate the energy correction containing eyy. The modification compared to the previous
calculation is the contribution of the extra source terms:

, ds Yy 'oYg
—Z;nze 581—/%6 [GR M] (BlO)

Here we can again use the adapted dilogarithm trick, namely to differentiate the Yg kink
TBA equation to get e® and plug back to the energy integral. We then transpose the
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symmetric kernel and perform the integral in the second argument. In doing so we exploit
the linearized equations for Y 15YR and for ds;. On the way we also evaluate the linearized
equations and the derivative of the kink equation at the root positions. Putting everything
together we arrive at the final formula

. ds
— iy niyr(si) — /%GRalogYR (B.11)

Observe that the integral term is our generic result, while the discrete part is merely its
residue term, which can be easily seen from

1 1
_ _ B.12
Cr {1+YR 1+Yo}yL (B.12)

by taking the residue in the first term at s = s;.

C Comments on the relation with Smirnov’s approach

In this section we make a more direct connection with Smirnov’s approach, which calculates
the vacuum expectation values of exponential vertex operators in terms of w’s, and evaluate
their small volume expansion.

As a first step we need to normalize vacuum expectation values the same way. In the
sinh-Gordon theory the ratio of the vacuum expectation values of the exponential fields
né o (emG)dr

can be written in terms of the building blocks wy, ,, =€ . The simplest of these,

w1,—1, describes the VEV of the exponential operator, e in the following way

(01?10}

- =1+44si _ 1
010 + 4sin(mp)wi,—1 (C.1)

where the subscript indicates the volume. As the S-matrix of the sinh-Gordon model coin-
cides with the Lee-Yang one for p = —% we expect that the formula above describes under
this continuation the VEV of ®. We can confirm this by recalling that © is proportional

to the perturbing field @, so
(0]@|0)r _ (0[O]0)r

pu— C.2
01010}~ (06[0)ec (©2)
Writing (4.2) as
1 2
—5{000]0), = w11+ =5 (C.3)

and noting that wy, 1 = 8, E(r) + L E(r) vanishes at large volume, we see that (0/0]0)s, =
2ep, hence putting the two equations together we get

(0]2]0), m?

— =1+ —wi_ C4

000 26507 (C-4)
in agreement with (C.1) for p = —%. For small volumes the VEV has to approach the finite
volume CFT 3-point function as

h
m (0[®[0), — (2:)2 Copo + ... (C.5)

i
r—0
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D Small volume expansion of the linear dressing formula

We would like now to express the appropriate UV contribution to w; 1 in terms of the
CFT integrable data. We consider thus the small volume expansion of w; _1
I S (D.1)
wi_1=——=+T5w o .
1,—1 2\/§ uv
and look for an expression for wyvy.

We start by investigating the small volume expansion of H(6) defined in (4.7). Since
H(0) is the dressed version of e~ it behaves qualitatively similarly, being large in the
anti-kink domain. This large dominating part can be captured by its anti-kink analogue,
which satisfies the following equation

o) =t [ GRS OR) 2

Due to Y4 this is a volume-dependent quantity, which can be written in terms of its
volume-independent counterpart as

Ha(0) = %HL (9 ~log ;) (D.3)

where H () satisfies the same equation as H4(6), but with Y7 () instead of Y4(6). This
equation is actually the same as the equation we have for —dylogYr(6), thus Hy =
~Y;'0Yy. The difference between H () and H(6) is small for small volumes and satisfies
the linear integral equation:

SH(0) = H (0) — H4(0) = source(§)+¢(0 — 0') o SH () (D.4)

where the source term is

1 1
— _ AN = H _ D.
somee(s) = 66 )+ G10) : 90) = Ha®) |y~ Tavig) O
To understand the magnitude of G(#) we point out that at leading order
1 1 1 1
(D.6)

— = — +...
1+Y(0) 14Y4060) 1+4Yx(0) 1+Yo

which is non-trivial in the kink domain only. We thus need the behaviour of the anti-kink
H4(0) in the kink domain, which, being the interaction between the two domains, is small.
Since Hy, = =Y, 19Y;, we can extract its large 6 asymptotics as

Yi(0) = Yo(1 + e 5 +...) — HL(6) :ége—§9+... (D.7)

which implies, in the variable centered around the kink domain, that

7
, :
Ha (e ~log ;) = H <9 ~2log ;) ~ ég (;) i (D.8)
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Thus §H starts at order 5. We might focus on the first subleading correction by defining
the kink part of the source as

7
T _7 r _~§ 1 5 _é6g 1 . 1
93(9)—}%7“ 5g(9—10g2> =Cp (2) e’s [1+YR(9) 1+Yo] +... (D.9)

The corresponding d Hg satisfies

‘W} (D.10)

SHp(0) = 000~ )« {nl0) + 3 o

and is written purely in terms of CFT right moving quantities.
Eventually we would like to calculate

o _/oo do e?(Ha(0) + SH(0)) /00 d@ee{HA(e) SH(0)

1+Y(9) —oo 2T 1+Y4 14+Y(0) +g(9)} (D.11)

The first, leading order term can be calculated from the large 6 asymptotics of H4(0).
Indeed, taking the integral equation defining H 4(f) and using the large 6 asymptotics of
the kernel limg_.o ¢(6) = —2v/3e~? 4+ ... . we can obtain

% d0' e Ha(0')
lim Ha(0) =ef(1-2 / — A )y D.12
Jim Hal0) = e ( B awiinae) (D-12)

Since asymptotically H4(6) behaves as H4(0) ~ e‘gg, term proportional to e~ has to be
cancelled. This implies that the leading, volume-independent term in w;y _1 is

/oo doPHa(0) 1

= D.13
o 2m 1 +Yy 2\/§ ( )

This is related to the bulk energy constant and simply cancels the 1 in (C.1).
The subleading correction for w; _1 has the terms appearing on the r.h.s. in the integral
equation for §H. Due to the e factor their leading contribution comes from the kink region

implying
— — = — — . D.14
/_oo o {1+Y(9) +g(9)} /_oo 2 1+YK(9) ToxO)y (D-14)
where 0 Hg (0) and G (6) are quantities in the kink domain, which satisfy the equation
dHk (0)) }
Hy(0) = ¢(0 — ' / D.1
SHi(0) = 00— )+ { G (0) + L (D.15)

In order to extract the volume dependence we make the shift § = s —log 5 and express
everything in terms of the CFT right moving quantities:

s /O:O ;i—jres {m + gR(s)} (D.16)
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We can observe that the overall » dependence is r3 as it is expected from an operator of
dimension h = —% in the UV limit on the cylinder. Finally, we take such a quantity fg,

which satisfies the integral equation of the form

¢(s — &)

Ta() = T V)

* fr(s) (D.17)
and use the analogue of the dilogarithm trick. Clearly fr = 0logYgr. After replacing e®
from this integral equation and using the symmetry of the kernel we obtain

[ s tin) ot =)o s { D i)} = [T Eantelinte) (015)

This quantity, which is related to the CF'T 3-point functions is written purely in terms of
right moving CFT quantities.

Let us finally relate this quantity to the one appearing in the small volume expansion of
the energy. The source term ggr governing the deviation of H from its anti-kink counterpart
H 4 contains the tail of the anti-kink H 4 in the kink domain (D.9). It turns out to be simply
related to the source G (see (3.12)) by

gr(s) =~ -2+ Gr(s) (D.19)

The remaining ingredient fr is the dressed version of e® in the right domain, which is in
fact given by fr(s) = dlog Yr(s), hence we finally arrive at

x ds
wuv :/ ?gR(s)alogYR(s) (D.20)
oo 2T

Comparing (4.11) with (D.1) and using (D.19), we recover our previous formula (3.23).

E Derivation for the 3-state Potts model

In this appendix we extend the analysis from the one-component scaling Lee-Yang TBA
system to the two-component scaling Potts model. This integrable model is obtained

by perturbing the D-invariant unitary Mse minimal model with the primary field e of

dimensions (%, %) Depending on the sign of the perturbation we can be either in the

paramagnetic (single groundstate) or in the ferromagnetic (triply degenerate groundstate)
regime. The scattering theory in the paramagnetic case has two massive particles, with
mass m which scatter on each other and themselves diagonally [11]. The two-component

TBA equations for the pseudo energies Y7 = et and Yy = e can be written in the
compact form

log Y;(0) = r cosh 6 — ¢;; x log(1 + Y;(6) 1) (E.1)
where the logarithmic derivatives of the scattering matrices ¢;;(6) = —0glog S;;(0) read

explicitly as

V3 V3

G T e A i Fa Ty (E2)
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These TBA equations follow from the Az Y-system relations [25]:

v <9—i§>}ﬁ(¢9+z’g) —1+Y5(0); Y <9—¢§>YQ(6+Z§) —1+Y1(0) (E.3)

The groundstate energy is
2. de .
Eo(R) =-mY / £ coshf log(1+ Yi(6) ™) (E.4)
i=1

For the groundstate the Y-functions are equal Y7(f) = Y2(f) and real, thus the only
independent TBA equation is the same as the Lee-Yang one (2.27), while the groundstate
energy is doubled. Since the model is unitary the perturbing operator has a zero VEV and
the leading perturbative correction is a second order one

Fo(R) = 2% (—115 4 ea(2/5)N (;) n ) (E.5)

which corresponds to the integrated two-point function (2.22) and is equal to twice the
formula (2.23). Observe that this formula provides the correct central charge ¢ = % together
with the correct dimension of the perturbing operator h = % By comparing

2
gy = AL G) .
o (370 1)

and the expansion of the TBA, the mass-coupling relation A = xm$ can be established,

r() (@) ) D

giving

(E.7)

which agrees with the literature [26].

Interestingly, the perturbing operator has a non-trivial 3-point function between states
11

15> 15 )°
volume expansion of the energy of this excited state. In the paramagnetic phase this is a

of dimensions In order to extract this coupling we need to calculate the small
genuine excited state with moving particles [24]. In the ferromagnetic phase, however it
corresponds to one of the vacua. The ferromagnetic regime has four kinks which scatter
on each other with the same S-matrices which we had for the paramagnetic regime and
give rise to the same TBA system for the true finite volume groundstate. The finiteness of
the volume lifts the groundstate degeneracy and the twisted vacuum, corresponding to the
state (%, %), can be described by complex twists in the TBA, which implies that Y; and
Y5 are no longer real. Since they are complex conjugate of each other we denote Y; by YV

while Y5 by Y. The twisted groundstate TBA equations can be written as [24]

logY = w4 rcoshf — ¢y *log(1 +Y 1) — pro xlog(1 + Y1) (E.8)
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together with its complex conjugate, where w = z%’r We now follow analogous steps to the
Lee-Yang model to expand the energy at small volumes and extract the sought for 3-point
function.

In the small volume limit the Y function behaves similarly to the one in the Lee-Yang
model and consists of the kink, anti-kink and the middle (complex) plateaux parts. The
%eie

kink/anti-kink Y /4 function satisfies the r cosh — modified equations

logYg = w+ gee — 11 *log(1 + Yit) — ¢ra xlog(1 + Y t) (E.9)

and Y has asymptotic value

:1_\/5

Yo 5 (E.10)
which can be obtained from the plateau equation
1 ~1 2 —1
logYozw—Fglog(l—FYO )+§log(1+Y0 ) (E.11)

The volume-independent kink functions, which are centered around the origin are defined as

Vi(s) = Yic (s log ;) . Yi(s) = Ya <s + log ;) e (E.12)
By inspecting the numerical solution we can observe the following leading correction to the
asymptotic § — —oo behaviour

Ye(s)Vy ' =1+ices* +...;  &=—1381101886.. (E.13)

where ¢ is real. The real part of Yr approaches Y| as 59 and is subleading.
The asymptotic solution is

Yo = VYAV ! E.14
0

and its correction satisfies the equation

— r r o_ _ )/715yr
log Yas + Y, 'Y = w + 569 + 3¢ O — $11xlog(1+ Y 31) + 1 % laj_ Y.
= Y. oY
— *xlog(1+Y Y+ * 28 E.15
¢12 * log( as ) T 012 LT (E.15)

together with is complex conjugate. This can be brought into a two-component linear
integral equation of the form

5y 1 1 Y
v\ _ ( source P11 % Ty P12 % Ty Vas
¥ | = somres | Po1 * Ty P22 * o o (10
Yas 21 1+Yas 22 1+Yas Yas

where the convolutions acts on the unknown vectors as well. The source terms can be

written as

source = —@11 * G — p1a % G (E.17)
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with

G =log(1+ Y'Y 'Yy) —log(1 4+ V') —log(1 + Y1) +log(1+ Yy )
1+ Y 'YV 'Y oo LT Yy vy,

=1lo o} E.18
Ty S (E.18)
Let us define the volume-independent leading right kink form of the source as
Gr(s) = limr~s log - (E.19)
r(s) = lim r~ssource | s —log 5 .
Using the asymptotics of the anti-kink Y4 function in the kink domain
R Ry S r i 6 3
yr(s) :Tlgr(l)r 5 (YA (s—log2>YO—1) =—i¢2 5e 5°+ ... (E.20)
we obtain . .
Ggr = — E.21
f {1+YR 1+Yo}yL (E.21)
From the s — —oo asymptotics of the kink solution we can see that
lim Gals) = — 0298 (E.22)
im §)=—"""—"—-¢ .
e T Yy T2

We can now proceed to calculate the energy correction. We follow the calculation in
the Lee-Yang model and evaluate

de
/ o cosh 0 log(1 + (Yo' +6Y 1)) + cc. (E.23)
0
By using that
log(1+Y,.h) =G +log(1+Yeh) +log(1+ Y ) —log(1+Y; ) (E.24)

we can calculate the contributions of the kink/anti-kinks as the central charge and bulk
energy constants. The remaining terms can be evaluated in the two kink regions

ds Y loYR]
— - . E.2
/271' [GR LY, e’ 4 cc (E.25)
Let us now differentiate the kink TBA
Y toYg Y, lovg
S =Y OYR — g *x B — g x B E.26
e r OYR —oén 1 v, $12 v (E.26)

and plug back to the above form. We then transpose the kernels and use the linearized
integral equations to arrive at

/ S—;GR dlog Vi + cc. (E.27)
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This result is written purely in terms of the CFT right moving quantities and does not
require to solve the linearized equation. There is a similar contribution form the left moving
particles. By adding their contributions we arrive at the 3-point functions

1

Cotvo = Coeo = — 1
K(27)5

</ CLSGLalogYL+/CZSGRﬁlogYRchc.) (E.28)
2m 2m

Creo = 0.54617761809. . . (E.29)

while the exact answer is 0.54617761825. . ..

Clearly, one can repeat the same steps for the SL(2) vacuum (i.e. TBA with the twist
w = 0), taking into account different asymptotics of the anti-kink, and recover the mass-
gap coefficient (E.7). However, the numerics are essentially identical to the Lee-Yang
computation for the reasons explained at the beginning of this section.
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