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ABSTRACT: We investigate the asymptotic Tower Weak Gravity Conjecture in weak cou-
pling limits of open string theories with minimal supersymmetry in four dimensions, fo-
cusing for definiteness on gauge theories realized on 7-branes in F-theory. Contrary to
expectations, we find that not all weak coupling limits contain an obvious candidate for a
tower of states marginally satisfying the super-extremality bound. The weak coupling limits
are classified geometrically in the framework of EFT string limits and their generalizations.
We find three different classes of weak coupling limits, whose physics is characterized by
the ratio of the magnetic weak gravity scale and the species scale. The four-dimensional
Tower Weak Gravity Conjecture is satisfied by the (non-BPS) excitations of the weakly
coupled EFT string only in emergent string limits, where the EFT string can be identified
with a critical (heterotic) string. All other weak coupling limits lead to a decompactifica-
tion either to an in general strongly coupled gauge theory coupled to gravity or to a defect
gauge theory decoupling from the gravitational bulk, in agreement with the absence of an
obvious candidate for a marginally super-extremal tower of states.
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1 Isntroduction and summary

The Swampland program initiated in [1] advocates the idea that a consistent coupling to
gravity poses severe constraints on an effective field theory. The criteria which an effective
field theory (EFT) must satisfy in order to comply with these constraints are the subject
of the so-called swampland conjectures. In view of the growing web of such conjectures
formulated so far [2-5], it is important to continue to test and sharpen our candidates for
swampland constraints in order to advance our understanding of the fundamental charac-
teristics of a theory of quantum gravity.

Among the most acclaimed swampland conjectures is the Weak Gravity Conjecture
(WGC) [6]. In its most modest formulation, it posits that for a given gauge theory coupled
to gravity, there exists at least one particle whose gravitational interaction is weaker than
the interaction associated with the gauge symmetry. The usual bottom-up motivation



comes from the requirement that extremal black holes should be able to decay to avoid
clashes with certain entropy bounds [6, 7], at least in flat space and with four or more
spacetime dimensions, which is the physical setting which we exclusively focus on in this
paper.

Many versions of the WGC have been formulated in the last decade [8, 9], and it is
important to investigate the application and the limitations of each formulation in well-
controlled setups of quantum gravity. A stronger version of the WGC that was first moti-
vated by consistency with dimensional reduction is the tower WGC (tWGC) [10-13], which
states that in any EFT coupled to gravity there must exist at least one formally infinite
tower of super-extremal states of charge g and mass M}, satisfying the relation

2
G > ! 1.1
M N -

where Awee = gyuMp, denotes the magnetic weak gravity scale and the precise numerical
factor on the right depends on the details of the theory. The motivation behind the appear-
ance of a tower is two-fold: first, if the WGC is satisfied by a super-extremal tower, then
after circle reduction the convex hull condition [14] is automatically obeyed in the gauge
sector defined by the original gauge theory and the Kaluza-Klein (KK) gauge field [10].
Note, however, that at least in the presence of massless charged states in the original theory,
a tower is only a sufficient, rather than a necessary condition for the convex hull condition
to be satisfied after compactification.

Second, a tower of super-extremal states is well-motivated in the weak coupling limit
of a gauge theory. We will refer to this version as the asymptotic tower WGC. The limit
gyu — 0 for a gauge theory lies at infinite distance in field space. In view of the Swampland
Distance Conjecture [15], it should therefore be accompanied by a tower of infinitely many
states which become asymptotically light. It is natural to identify at least a sub-tower
of the tower of states predicted by the Swampland Distance Conjecture with a tower of
super-extremal states. In fact, not only the tower WGC, but even the WGC as such is best
motivated, from a bottom-up perspective, in the limit where gy, — 0, because at least the
entropy arguments invoked in [6] point to a potential inconsistency of black holes in the
absence of a super-extremal state strictly speaking only in this limit. Another argument
that favors a tower of charged asymptotically light states in the weak coupling limit is
provided by the Emergence Proposal [3, 16-18], which attributes the asymptotic vanishing
of the gauge coupling to the appearance of a charged tower that must be integrated out.

Overwhelming evidence has been accumulated in the past years for the tower WGC in
the literature. This evidence appears either in the context of the asymptotic tower WGC,
i.e., in the limit gy\; — 0, or, away from this limit, in theories where the super-extremality
condition is protected [19] by the BPS property of states.!

Concerning the latter type of setups, the tower WGC has been analyzed in detail in [24]
in the context of five-dimensional M-theory compactifications on Calabi-Yau 3-folds. The

"We stress again that in this paper, we focus exclusively on the WGC in at least four dimensions
and in Minkowski space. Holographic checks of the WGC in (three- or higher-dimensional) AdS space
include [12, 16, 20-23].



super-extremal states are furnished by M2-branes wrapping 2-cycles on the Calabi-Yau.
Interestingly, the BPS condition and the super-extremality condition are both saturated
for BPS states precisely in those situations where a tower of states can be identified among
the BPS particles [24].

As for the asymptotic tWGC, two different types of situations have been investigated
in detail: in the first class of limits, a tower of BPS states becomes light in four-dimensional
compactifications of string theory with N/ = 2 supersymmetry near infinite distance bound-
aries of moduli space. This tower of states includes a WGC tower for the asymptotically
weakly coupled abelian gauge theories associated with the closed string sector [17, 18, 25—
27]. In the second class of theories, the tower of states comes from the excitations of a
weakly coupled heterotic string in various dimensions [6, 11]. In the latter case, modular
invariance is in fact sufficient to prove the appearance of a super-extremal tower [11, 12, 28—
32]. This second type of constructions includes certain weak coupling limits in F-theory in
which a solitonic heterotic string becomes light [28-31, 33].

It is interesting to note that the two types of super-extremal towers observed so far —
the BPS towers and the heterotic string excitation tower — precisely correspond to the two
possible types of towers of states which should generally become light at infinite distance
in moduli space according to the Emergent String Conjecture [30]. The BPS towers are
interpreted as KK towers in a dual frame, while the heterotic string excitations are the
excitations of an emergent critical string, which is predicted to become tensionless in any
infinite distance limit that is not a decompactification limit. In this sense, at least in its
asymptotic, weak coupling form, the tower WGC can, so far, be viewed as a consequence
of the Emergent String Conjecture. At a technical level, it rests either on the BPS nature
of states or on the modular properties of the heterotic string partition function. In both
cases, the towers arise from the closed string sector.

Summary of results. In this work, we analyze the asymptotic tower WGC for more
general weak coupling limits with A/ = 1 supersymmetry in four dimensions. Our goal is
to understand weak coupling limits in which no critical heterotic string becomes light, es-
pecially for open string realizations of the gauge sector. According to the Emergent String
Conjecture, such limits must be decompactification limits. Neither of the two known
mechanisms that have guaranteed the appearance of a super-extremal tower so far — BPS
protection or the modular properties of the heterotic string — are at work. A particularly
fruitful approach to understand such weak coupling limits at infinite distance is the frame-
work of EF'T or azionic string limits introduced in [34-36] (and further studied in [37, 38]).
The starting point of this construction is the observation that an infinite distance limit in
four dimensions is characterized by an emergent axionic shift symmetry. By dualizing the
underlying axion to a 2-form, one finds that such limits are automatically accompanied
by weakly coupled solitonic strings charged under the 2-form. In fact, according to the
Distant Axionic String Conjecture (DASC) of [34-36], every infinite distance limit in four
dimensions can be realized as the endpoint of a flow induced by the backreaction of pre-
cisely those axionic strings which become weakly coupled in the limit. The emergent strings
featuring in the Emergent String Conjecture are special examples of such axionic or EFT
strings given by critical strings.



It is then natural to speculate whether the asymptotically weakly coupled EFT strings
could be the source of the super-extremal tower of states in general weak coupling limits.
Intriguingly, it was observed in [39, 40] that the tension of these strings parametrically
coincides with the magnetic weak gravity scale,

Terr ~ Awce = gymMp - (1'2)

Therefore, if one treats the EFT strings as the source of particle-like excitations, as would
be appropriate for a critical string, the relation (1.2) may suggest that this tower contains
the super-extremal tower required by the asymptotic WGC.

To test this idea, we will work, for concreteness, in the context of F-theory compactified
to four dimensions. We will analyze the possible weak coupling limits for a gauge theory
realized on a stack of 7-branes wrapping a divisor on the base of an elliptic Calabi-Yau
4-fold, extending both the analysis of [34-36] and of [30, 33].

As our first result, which in fact is of interest independently of the WGC, we will
classify the possible infinite distance limits in the Kéhler moduli space of the base B3 in
the language of EFT strings. The building blocks of such limits are what we call quasi-
primitive EFT strings, which are obtained by wrapping D3-branes along certain curves
in the movable cone [34-36] of B3.2 We will characterize the quasi-primitive strings via
a topological invariant of their associated curve. Depending on the type of string under
consideration, its associated limit either corresponds to an emergent string limit or to a
decompactification limit to six or ten dimensions (see figure 2b). This is in agreement with
the findings of [30, 33] and sheds further light on the systematics of the decompactification
limits.

We then turn to the effective action governing the dynamics of the EFT strings which
characterize the various weak coupling limits. For the special case of primitive EFT strings,
the action resembles the effective action of a weakly coupled heterotic string, up to a
numerical factor that is related to the topological invariant classifying the strings. While
this might motivate treating the asymptotically weakly coupled EFT strings as having
particle-like excitations, the would-be excitations turn out to violate the super-extremality
condition — except in the special case of a critical heterotic string. At first sight, this seems
to conflict with the predictions of the asymptotic tower WGC. Upon closer inspection,
however, we find that all weak coupling limits other than the emergent string limits leave
the realm of validity of the asymptotic tower WGC conjecture. The reason is that in such
limits, the species scale associated with the KK tower, A, xk, sits at or even below the
WGC scale Aywge, which coincides with the asymptotic EFT string tension. This interplay
between the different characteristic scales is summarized in figure 1. As a result, the gauge
theory either decompactifies to an — in general — non-weakly coupled theory in higher
dimensions, or even to a defect theory from which gravity decouples completely. In both
cases, the usual bottom-up motivation for the tower WGC, and in fact even for the WGC
as such, does not apply.

2See appendix A for the definition of the movable cone, which as explained in [34, 35] underlies the
structure of EFT strings in the Kdhler moduli sector of F-theory, and Definitions 1 and 2 for the precise
notion of (quasi-) primitive EFT strings.
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Figure 1. Characteristic scales for the three possible types of quasi-primitive EFT string limits in
the Kéahler moduli space of F-theory compactified to four dimensions. The limits are parametrized
by A — oo. The topological invariant ¢ classifies the possible quasi-primitive EFT string limits, as
explained in section 2.2. The limit with ¢ = 0 is an emergent string limit, which stays effectively
four-dimensional. Limits with ¢ = 1 describe effective decompactifications to six dimensions, while
limits with ¢ = 2 decompactify to ten dimensions and the 7-brane gauge sector is a defect theory.
This picture summarizes the findings of section 3.2.

The upshot of our findings is that the excitations of a weakly coupled EFT string
in F-theory can account for a tower of super-extremal states if and only if the string
corresponds to a heterotic emergent string. Consistently, in all other weak coupling limits
of a 7-brane gauge theory in F-theory the WGC is less obviously motivated also from a
bottom-up perspective, to the extent that we leave the regime of a weakly coupled gauge
theory coupled to a perturbative gravitational sector.

In principle, this does not preclude that the WGC may nonetheless be satisfied even
in such situations, but there are no obvious candidates for the super-extremal states, in
particular not for a marginally super-extremal tower of states. At the same time, the
existence of such a tower would, in a sense, run counter to the very motivation behind the
WGC.

While we focus in this work on weak coupling limits for gauge theories on 7-branes in
four-dimensional F-theory, the three types of patterns which we find (see figure 1) generalize
to other setups. For example, as we will explain, the weak coupling limit on a stack of
D3-branes in Type IIB orientifolds decouples the gauge and gravity sectors similar to the
behavior in figure 1c. The perturbative open string excitations only furnish a finite number
of highly super-extremal states, rather than a tower of marginally super-extremal states as
in weak coupling limits of the emergent heterotic string type. This is no surprise because
a decoupling between the gauge and gravity sector trivializes the weak gravity constraint.

Structure of the paper. The paper is organized as follows: section 2 contains the
geometric part of our analysis, which is of interest independently of the Weak Gravity
Conjecture. In section 2.1 and appendix A we review the definition of EFT strings and
the F-theory Kéhler field space. Section 2.2 introduces the notion of quasi-primitive EFT
strings and their classification, together with the systematics of the EFT string limits in



F-theory. For better readability of the paper, the oftentimes technical proofs of our main
results are relegated to appendix B. In section 2.3 and appendix C we discuss an exhaustive
series of examples that illustrate all the main results of our geometric findings.

Section 3 analyzes the tower Weak Gravity Conjecture for weak coupling limits in F-
theory. In section 3.1 we study the super-extremality bound for the (putative) excitations
of a primitive EFT string, showing that the tower WGC is satisfied by the excitations
of primitive EFT strings only when the latter correspond to emergent critical heterotic
strings. In section 3.2 we derive the relation summarized in figure 1 between the weak
gravity scale and the species scale for more general quasi-primitive EFT string limits. In
section 3.3 we generalize this to the most general weak coupling limits in F-theory. In
section 3.4 we explain that, except for the emergent string limit, the weak coupling limits
leave the regime of applicability of at least the asymptotic tower WGC, reconciling our
findings of section 3.1 with the Swampland philosophy. Section 4 contains the summary
of our results, along with a discussion of other setups in which the tower Weak Gravity
Conjecture is not required to be satisfied and more speculative remarks.

2 EFT string limits in F-theory

The starting point for our classification of different weak coupling limits is a certain class
of infinite distance limits introduced in [34-36] and studied further in [37, 38]: as their
main property, they can be reached as the end-point of Renormalization Group (RG) flows
induced by axionic, or EFT, strings in four dimensions. Throughout this work, we refer to
them as EFT string limits. This section serves to introduce the basic notion of such EFT
string limits and to describe how they are realized in the F-theory Kéhler field space. In
section 2.1 we start by giving a brief review of the EFT string flows realizing infinite distance
limits in field space [34, 35] and introduce the basics of the F-theory Kéhler field space
to which we will apply the EFT string analysis. In section 2.2 we then provide a refined
classification of certain EFT string limits in F-theory which we will call quasi-primitive
EFT string limits: their associated EFT strings are obtained by wrapping D3-branes on
special movable curves in the base Bs of the elliptically fibered Calabi-Yau 4-fold. These
curves can be written as intersections of certain Kéhler classes and admit an intriguing
classification via a certain topological invariant that will govern the physics of the EFT
string limit. We illustrate our findings in a simple example in section 2.3 and in more
complicated settings in appendix C.

The quasi-primitive limits will then serve as the starting point to characterize even the
most general weak coupling limits for gauge theories in section 3.

2.1 Review of EFT strings and F-theory Kéahler field space

Consider a N/ = 1 supersymmetric EFT in four dimensions. Complex scalar fields in such
a theory reside in chiral multiplets. Let us denote a subset of these chiral scalar fields by
T;, 1 =1,...,n, and the field space spanned by them as M. We further assume that the
imaginary parts of the T; are periodic, such that we can identify T; ~ T; +i. For a general
N =1 EFT in four dimensions, the field space M is not an actual moduli space, since the



fields T; can become massive due to the presence of a non-trivial scalar potential V. For
instance, in the EFT defined by a string compactification, such a potential can be induced
by background fluxes or through non-perturbative effects. In this work, we do not turn
on fluxes such that we only have to worry about a potential induced by non-perturbative
effects. In a general N' = 1 EFT in four dimensions the scalar F-term potential can be
expressed in terms of a superpotential W as

V = (g D;WD;W - 3[W ) . (2.1)

Here K = K(T;) is the Kéhler potential, gﬁ = 01,07 K the metric on field space and
J

D = Or, + O, K the Kahler covariant derivative. In the absence of classical contributions,

the superpotential W only receives corrections from instantons such that
W=> Ame ™. (2.2)

m
Here m = (m!,...,m") labels the instanton charge under the shift symmetry T, —
T; +1i, Sm = 27m*T; is the action of an instanton, and A is the one-loop determinant. It
is expected [41] that for a generic NV = 1 theory at least some A, are non-zero. We are
interested in situations in which we can neglect also these non-perturbative contributions
to W. This is the case if Sy, — oo for all m. In this regime, all instanton effects become
irrelevant, and we recover a continuous shift symmetry 7; — T; 4 ic; for ¢; € R. Thus, the
imaginary part of T; can be treated as an axion, i.e., we can write T; = s; + ia;, and M
takes the role of a quasi-moduli space. The relevant part of the 4d action is then given by
M2

St = =" (R+1 - g7dT; A xdT5) . (2.3)

In the perturbative regime, the axion Im7; can be dualized into a 2-form Bj; and we
can consider the object carrying electric charge under this 2-form, i.e., a string in 4d. The
tension of this string is controlled by the linear multiplet obtained upon dualizing the chiral
field T,

1 0K

The associated cosmic string solutions are determined as four-dimensional solutions to
the equations of motion, preserving two-dimensional Poincaré invariance along the direc-
tions parallel to a string in 4d. This motivates the ansatz (cf. [34, 35])

ds? = —dt* + da? + e*PP)dzdz (2.5)

where z € C is the coordinate transverse to the string. Supersymmetric solutions to the
equations of motion now correspond to [42]

0:Ti(z) =0, 2P = ]f(z)|26K, (2.6)

with f(2) a holomorphic function.



Thus, the chiral fields T; must have a holomorphic profile along the directions transverse
to the string. Of particular interest are such %—BPS cosmic string solutions associated to a
string carrying charge e = (ey,...,e,) under the 2-form Bj;. When encircling the string
core, the chiral fields are expected to undergo a monodromy transformation of the form
T; — T; + ie;. The holomorphic profile for T; respecting this symmetry is given by

7.2 =10 - sh1og (2. (2.7
where TZ-(O) is some background value for the scalar field and zy some constant. This profile
for T;(z) is valid as long as |z| < |zp|. The description of the backreaction of the string is
self-consistent if the limit z — 0 corresponds to the regime where Sy, — oo for all instantons
charged under the shift induced by the string. In this case, the continuous shift symmetry
of T;(z) is approximately realized, and we can indeed treat the fields Im7; as axions.
Furthermore, the contribution to the non-perturbative superpotential from the instantons
charged under the string shift symmetry can be neglected. If we tune the “spectator fields”,
i.e., the fields that do not exhibit a z-dependent profile due to the backreaction of the string,
to suitable values we can then completely neglect W and hence any scalar potential for
the fields T;. In the vicinity of the core, we reach the limit T; — co. A string leading to a
self-consistent backreaction was dubbed EFT string in [35]. In particular, the limit z — 0
then corresponds to an infinite distance limit in M. Therefore, the EFT strings provide a
very useful way to study infinite distance limits in field space.

We can make the notion of EF'T string more precise, by considering the non-perturbative
corrections as, e.g., in (2.2). Defining T; = s; +ia; and s = (sq,. .., s,) the collection of all
saxions, the perturbative regime is obtained whenever

—2m T}

= ¢ 2mimes) (2.8)

e

where we have introduced the pairing (m,s) = m's; between the instanton charges m® and
the saxions s;. Following [35], let us denote the set of all instanton charges correcting the
effective action by C;. For (2.8) to hold, we need that (m,s) > 1. Therefore, the saxions
s; need to lie inside the sazionic cone A = {s|(m,s) > 0, Vm € C;}, which can be viewed
as A = C} ® R. Inserting the profile (2.17) in (2.8) one finds that under a string flow the
non-perturbative contributions behave like

e~ 2m(mys) _ —2m(m,so) <2)<m7e> , (2.9)

<0

where e € C° is an element of the lattice C¥ of BPS string charges. Assuming that s is
chosen inside A, in order not to spoil the perturbative description in the limit z — 0, we
need e to satisfy (m,e) > 0 defining the sub-cone

C3.={eeCs|(m,e)>0,Vm e} CCs, (2.10)

i.e., the cone dual to C; [35]. In particular, an elementary EFT string charge is a generator
of the cone CJ... corresponding to a string that carries unit charge under a single 2-form



By ; [35]. In the following, we will be interested in EFT strings that are charged under
a single 2-form, but not necessarily with unit charge. We will refer to such strings as
primitive EFT strings. Thus, every elementary string is a primitive string, but not every
primitive string is elementary.

In this work, we are studying infinite distance limits corresponding to weak coupling
limits for gauge theories in F-theory compactified on an elliptically Calabi-Yau 4-fold Y,
with a smooth projective variety Bs as base. Given the relation between EFT strings and
infinite distance limits, we should be able to realize certain weak coupling limits as EFT
string limits for some choice of EFT string charges. We are primarily interested in the
scalar field space M of the effective 4d EFT associated to the Kéhler deformations of Bs.
A basis of the complex scalar fields spanning M is given by

1
Ti:f/ J/\J+i/ Ci. (2.11)
2 Jp, D;

Here, {D;}, i = 1,...,hY1(B3) is a basis of generators of the cone of effective divisors of
Bs, C4 is the type IIB RR 4-form and J the Kéhler form on Bs. Note that if the effective
cone is non-simplicial, the definition of the scalar fields 7; depends on the choice of a basis
of generators of Eff'(B3). In the following we denote by {D;} such a basis of generators.
Similarly, we can expand the K&hler form as

J=v'J;, (2.12)

where J; are a basis of generators of the Kéhler cone K(B3). The geometry of the scalar
field space is governed by a Kéhler potential given by

K = —-2logVp,, (2.13)
where Vp, is the volume of B3 measured in units of the type IIB string scale M and
given by

1
Vi, = ~ J3, (2.14)
6 JB;

in the large volume approximation. The effective bosonic 4d action including the scalar
fields then takes the form
M2

Sia= 5" | (Bx1—g7dl Axd) + ... (2.15)

where g/ = 8TZ.8T3K is the classical metric on M. The dots in S4q stand for additional
terms describing, e.g., 1-form gauge theories. In F-theory, this includes the gauge sector
from stacks of 7-branes wrapping effective divisors S = Y a’D;, with a’ € R>(. The gauge
coupling for these gauge theories is set by the volume Vg of S as

2

2
Iym

= Vs. (2.16)

The weak coupling limits thus correspond to the regime Vs — oo. Since S is a linear
combination of the D; with non-negative coefficients, we can study weak coupling limits



by considering limits where T; — oo for some i. As required by the DASC [34, 35], these
limits can be obtained as end-points of certain EFT string flows. Since the relevant strings
should be magnetically charged under the axionic component of T;, they correspond to
D3-branes wrapped on curves in Bjs.

According to our previous discussion, the backreaction of such D3-brane strings induces
a profile for the saxionic partners of the axions, which in this case are the divisor volumes
ReT;. To find a basis of EFT strings, we first consider elementary EFT strings, i.e., strings
carrying unit charge under only one 2-form with respect to the chosen basis of chiral fields
T; and their dual linear multiplets L?. In this case, the saxionic profile close to the EFT
string core reads

1
%:ﬁ”if%%+m, T, =7 Vi#0. (2.17)

In the vicinity of z = 0 this leads to a limit in field space given by

Vp, =+ o0, Vp, =const. for i#0. (2.18)

As discussed in [35], the elementary EFT strings inducing these kinds of limits are obtained
from D3-branes wrapping the generators of the cone of movable curves, Mov;(Bs), of Bs.
To see this, let us consider the saxionic form

1
s=J A (2.19)

This form can be expanded in terms of a basis of curve classes C* as
s =s5,C". (2.20)

By comparison with (2.11), the s; can be identified with the saxions, s; = Re Tj, by choosing
the curves C? such that
C'-Dj =4t (2.21)

If Eff'(Bs) is simplicial, this means that the C? are a basis of curves dual to the D;. In this
case, since D; are generators of the cone of effective divisors, Eff'(Bs), and Eff (B3)Y =
Mov; (Bs) [43], we conclude that the curves C? are generators of the movable cone. Modulo
a subtlety that will be addressed momentarily, one expects the F-theory EFT strings to
arise from D3-branes on curves C € Mov;(B3) leading to limits of the form (2.18). If
Eff'(Bs) is non-simplicial, while it is still true that ﬁl(Bg)v = Mov;(Bj3), for a given
basis {D;} of generators not all curves satisfying (2.21) are in Movy (Bj3). If for instance C°
is non-movable, it cannot lead to an EFT string since there exists an effective divisor that
shrinks in the EFT string limit and hence gives rise to an unsuppressed instanton close to
the string core. Based on the given choice of basis for Eff'(Bs), one would then conclude
that there is no EFT string realizing the EFT string limit (2.17) for Re Ty. By choosing
a different basis of generators of Eff'(B3) this problem may be circumvented, but it is not
guaranteed that such a basis exists within the given Kéahler cone.

We now address the subtlety alluded to above. Even if Eff*(Bs) is simplicial, not every
EFT string limit may be realizable in a given chamber of the Kéhler cone. To see this,
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notice that by (2.19), the saxionic form s depends on the choice of the Kéhler form J. As
stressed in [35], the map K(B3) 2 J — 1 JAJ € Int(Movy(Bs)) is in general not surjective.
Therefore, not all limits of the form (2.18) necessarily exist for a given base Bs. We will
see the origin of this complication more clearly in the next section. This problem can be
circumvented by working with bases B3 modulo birational equivalence [35], i.e., by taking
into account all bases Bj that are isomorphic to Bs outside higher-codimension loci. For
instance, if B} and Bs are related by a flop transition, their respective cones of effective
generators agree, but the cone of nef divisors might differ, i.e. K(Bs) # K(Bj). Gluing
together all Kéhler cones obtained by such flops, one arrives at the extended Kéhler cone

Kext(Bs) = |J K(Bj), (2.22)
Bl~Bs

b

where “~” means that Bj and Bjs are related by a flop transition. The claim of [35] (see

also [44]) is now that the map

Kext(B3) 3 J %J A J € Int(Movy(B3)) (2.23)

is a bijection. We are going to confirm this expectation in explicit examples in appendix C.
For most of this work we consider, however, the bases B3 without taking into account
the flop transitions. In other words, we restrict ourselves to a single chamber of the Koyt
corresponding to a single element on the r.h.s. of (2.22). The benefit of this is that

i) we can work with an explicit base B3 with a fixed set of generators of the Kéhler

cone, and

it) we do not have to worry about subtleties arising at the boundaries IC(B3) corre-
sponding to a flop transitions, for instance due to tensionless strings obtained from
D3-branes wrapping the flopped curve.

2.2 EFT string limits

We now study the limits of the form (2.18) that can be realized in a given chamber of Keyt.
Since in F-theory the saxionic components of the chiral fields correspond to the volumes of
a basis of the generators of Eff'(Bs), the EFT string limits describe limits where (a subset)
of these volumes diverge. Crucially, in order for such a limit to be an EFT string limit
all volumes that are not kept constant have to scale at the same rate, since, by (2.17), all
saxions with non-trivial profile have to scale homogeneously in the limit z — 0. Any limit
for which the volumes of the generators of Eff'(B3) do not scale homogeneously can thus
not be obtained as an EFT string limit. In F-theory we can therefore characterize an EFT
string limit, i.e., a limit that can be obtained as the z — 0 limit for a cosmic EFT string

solution, via

Definition 1 (EFT string limits). An EFT string limit in the F-theory Ké&hler quasi-
moduli space is a limit in which the volume of a subset Z C {D;} of a given basis of
generators of the effective cone of divisors Eff'(Bs) diverges homogeneously, i.e.,

Vp~A—o00, VDET, (2.24)
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while Vp, < oo for D ¢ Z. In this case, we call the set Z homogeneously expandable. In
particular, a primitive EFT string limit corresponds to a limit for which |Z| = 1.

Among the EFT string limits, the primitive EFT string limits can be viewed as the ba-
sic building blocks. Recall from the discussion in the paragraph after (2.7) that a primitive
EFT string limit is the limit induced by an EFT string charged only under a single 2-form
Bsy ;. As a result, out of the basis of generators {D;} of Eff'(B3) only a single generator D;
acquires a large volume in such limits, as in Definition 1. This prompts the question under
which condition the limit Vp, — oo can be reached as such a primitive EF'T string limit
for a fixed base B3 without taking into account flop transitions. A potential obstacle arises
since the volume of divisors of B3 are not all independent, but depend quadratically on
the volumes of curves arising as the expansion parameters of the Kéhler form J in terms
of a basis of Kéhler cone generators (cf. (2.12)).3 It is therefore more practical to check
for primitive EFT string limits at the level of curves in B3. In the following, we always
assume that we have specified a basis of Kédhler cone generators. To obtain a minimal set
of generators of Eff'(Bs3) acquiring a large volume, we are advised to scale up a minimal
set of v*. Given an element .Jy of our chosen basis of Kéhler cone generators we may thus
ask if the limit v° — oo can correspond to a primitive EFT string limit.

If v° appears in the volume of more than one generator of Eff'(Bs), then in order to
obtain a primitive EFT string limit, we must perform a co-scaling. This means that we
need to scale to zero or to infinity other v* in order to realize a primitive EFT string limit,
as in Definition 1. The scaling to zero may be required in order to minimize the set of
divisors becoming large, in particular, for a primitive EFT string limit, to ensure there
is only one generator of Eff! (B3) with this property. The following proposition gives a
geometric criterion for a primitive EFT string limit to exist within the chosen chamber of
Kext:

Proposition 1. Consider a primitive EFT string limit for a generator D of Eff'(Bj3),

0 — 0o with v° being the volume of a curve C° in the Mori

corresponding to the limit v
cone contained in D. Then all other generators of Eff 1(B3) containing C° are rational or

genus-one fibrations with C° contained in the base of this fibration.

We provide the proof of this Proposition in appendix B. While in classical moduli
space, this is a sufficient criterion, we must in addition ensure that in the process of co-
scaling no divisor volume scales to zero. If this happens, quantum corrections, for instance
from D3-brane instantons, become non-negligible and the classical analysis breaks down.
Hence, we only consider limits in which no divisor volume shrinks to zero to ensure validity
of the effective supergravity approximation. To this end, the co-scaling may also require
taking some of the v, i # 0 to infinity. Accordingly, Proposition 1 only provides a necessary
condition for the EFT string limit to exist for a given generator D of Eff'(Bj).

3 Notice that if the Kéhler cone of Bj is simplicial, the expansion parameters of J are simply the
volumes of the dual Mori cone generators. In case the Kéhler cone is non-simplicial, one should specify a
basis of Kéhler cone generators in which J is expanded. In this case the coefficients of the expansion do
not necessarily correspond to the volumes of Mori cone generators.
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From Proposition 1, it is clear that a primitive EFT string limit may not exist for
every generator of Eﬁl(Bg) within a given Kéhler cone chamber. This means that in case
a gauge theory is realized on a 7-brane wrapping such a divisor, its weak coupling limit
cannot be studied by only taking primitive EFT strings into account. We therefore need
to broaden the notion of “minimal” EFT strings to include the large volume limits that
cannot be realized as primitive EFT string limits within the chosen chamber of Kext(Bs3).
Again, we start by studying limits in which we scale up a single v* and check whether,
via suitable co-scalings, we can obtain an EFT string limit. If this is possible, we are
interested in limits in which the set Z in Definition 1 is minimized. We dub the resulting
limits quasi-primitive EF'T string limits, defined as follows:

Definition 2 (Quasi-primitive EFT string limit). Given a Kéhler cone generator Jy we

0 5 o co-scaled in

can associate to it a quast-primitive EFT string limit as the limit v
such a way to obtain an EFT string limit and to minimize |Z| > 0 for the set Z as in
Definition 1. In particular, a minimal set must only contain divisors whose volume does
not scale to infinity (at the same rate as the other divisors in Z) only as a result of the

required co-scaling of some other v¢ # v? — oo.

Notice that, according to this definition, every primitive string limit is quasi-primitive.
Note furthermore that there can be multiple quasi-primitive EFT string limits for a given
Kahler cone generator Jy depending on the chosen co-scaling. At the same time, it is still
possible that a generator of Eff'(B3) is not contained in Z for any quasi-primitive EFT
string limit. This can happen if the required co-scaling v° # v’ — oo either leads to
divisors with expanding volume not contained in the set of divisors becoming large only as
a consequence of vY — 0o, or if we leave the class of EFT limits altogether because some
of the expanding divisors do so at different rates. We will discuss the weak coupling limits
for these theories separately in section 3.3.

Having defined the EFT string limits in field space, we may ask about the EFT strings
giving rise to such limits via their backreaction. As noticed before, an EFT string in
F-theory can be obtained by wrapping a D3-brane on a movable curve. Following the
discussion in section 2.1, for a given EFT string limit, we can identify the EFT string
giving rise to the limit by considering the instantons that become suppressed in that limit.
The relevant instantons in our setup are Euclidean D3-branes wrapped on effective divisors
D =Y, m'D; of Bs. Their action is simply given by

Sm = 2rm' T, (2.25)

where T; are the chiral scalars introduced in (2.11). These instantons are charged under
the axionic shift induced by the EFT string solution (2.7). In the F-theory setting, this
amounts to the statement that the curve C giving rise to the string and the instanton
divisor have non-vanishing intersection, i.e. C'- D # 0. In an EFT string limit, the action
of an instanton vanishes, i.e. Re Sps — oo, if and only if the instanton is charged under
shift symmetries induced by the string. For a given quasi-primitive EF'T string limit, this
allows us to identify the string giving rise to the corresponding limit. More precisely we
have the following
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Proposition 2. Given a quasi-primitive EFT string limit associated to a Kdhler cone
generator Jy, then the EFT string giving rise to this limit is obtained by wrapping a DS3-
brane on

P2a. C=aJg if J§#0, or
P2b. C=aJy- J; if Jg = 0 with J; # Jy a suitable Kihler cone generator,
for some a € Qxp.

We prove this Proposition in appendix B.

Since the curves in Conditions P2a and P2b have non-negative intersection with the
generators of Eff'(Bj3), these curves are necessarily movable. However, in general, these
curves are not necessarily generators of the movable cone. Notice that Proposition 2
assumes that for a given Kéahler cone generator, an associated quasi-primitive EFT string
limit exists within the chosen Ké&hler cone chamber. This means that there is a co-scaling
such that neither does |Z| increase, nor does any generator of Eff'(B3) shrink to zero size.
This is a non-trivial assumption, which may fail in general. In appendix C, we discuss
examples where curves of the form as in Condition P2a or P2b do not give rise to a quasi-
primitive EFT string limit. However, following the discussion around (2.22), we expect that
for each generator of Movy(B3), there exists a chamber of Ky in which the corresponding
primitive EFT string limit can be obtained. By Proposition 2, this means that for each
generator of Movy(Bs) there exists a chamber of the extended Kéhler cone in which the
generator can be written as in Condition P2a or P2b. Indeed, this is confirmed in the
examples of appendix C.

As we have seen in Proposition 2, every quasi-primitive EFT string can be written as
the product of two Kéhler cone generators. For a general curve of the form C' = D - Da,
with Dy and Ds effective (but not necessarily movable) divisors, we can define the two
quantities

Qi=D?-Dy, Qy=D;-Dj, (2.26)

which only depend on the intersection numbers of D; and Ds. As we will see below, such
curves D1 - Dy on B3 can be nicely classified according to the value of

q=0(Q1)+06(Q2), (2.27)

where we defined the step-function

1, >0
O(x)=< 0, z=0. (2.28)
—1,z<0

Accordingly, ¢ takes values in ¢ € {0,£1,4+2} and is non-negative for movable curves
hosting (quasi-)primitive EFT strings since for these D; 2 are Kéhler cone generators. As
it turns out, the crucial properties of (quasi-)primitive EFT string only depend on the
value of the topological quantity ¢ which can therefore be used to classify (quasi-)primitive
EFT string. For instance for ¢ = 0 we can show the following
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(a) A ¢ = 0 EFT string curve C = J§, with J§ =0, (b) A ¢ = 1 EFT string curve C = Jp - J; lies in a
is a Pl-fiber. surface fiber of Bs.

Figure 2. Schematic representation of quasi-primitive EFT strings with ¢ = 0 (figure 2a) and
g = 1 (figure 2b). The limits correspond to expanding the base of the rational fibration (¢ = 0)
or of the surface fibration (¢ = 1). EFT string limits with ¢ = 2 correspond to a homogeneous
decompactification.

Proposition 3. A quasi-primitive EFT string limit for a string with ¢ = 0 is a primitive
EFT string limit.

The proof for this proposition can be found in appendix B. Like Proposition 2, Propo-
sition 3 assumes that there exists a co-scaling leading to the quasi-primitive EF'T string
limit. As we illustrate in the examples in appendix C, there may exist geometries where a
q = 0 curve of the form J3 as in Proposition 2 does in fact not give rise to a (quasi-)primitive
EFT string limit within a chosen chamber of Keyt.

It was shown in [30], that a curve with ¢ = 0 corresponds to the generic fiber of a
genus-one/rational fibration and the D3-brane wrapped on it is dual to a critical type
IT/heterotic string. The relation between the ¢ = 0 curve C, the generator of the Kéhler
cone Jy and the Mori cone generator C° is illustrated in figure 2a.

On the other hand, in order for a ¢ = 1 curve C to exist, there must exist at least
one generator Jy of the Kihler cone such that J2 = 0. This implies that Bs is a surface
fibration with generic fiber Jy. From Proposition 2, in order for the curve C' to have g = 1,
there must exist a second Kéhler cone generator J; with J2 - Jy # 0. This means that the
generator J; must be a vertical divisor with respect to the surface fibration. The curve C
is then a curve inside the surface fiber. Figure 2b provides an illustration of the relation

0

between Jy, C' and the curve C° with volume Vpo = v° associated to the (quasi-)primitive

EFT string limit.

2.3 A simple example

Let us illustrate our discussion so far, and in particular Proposition 2, in a simple example.
In appendix C, we discuss various variations of this geometry, exemplifying how in settings
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where Keyxt has multiple chambers, not all primitive EFT string limits can necessarily be
obtained in all chambers of Kays.

The example we would like to study corresponds to a P!-fibration over F,,. We denote
the generators of the Kéahler cone of IF,, by jo and j;, chosen such that the intersection
polynomial is

I(Fn) = njg + jo - j1 - (2.29)

The twist of the P!-fibration is encoded in a line bundle 7~ with
a(T) =sjo, s>0. (2.30)
The Kéhler cone of B = P! 7, F,, is generated by
Jo=p"jo, J1=p1, J3=5-+p'a(T), (2.31)

where S_ is the exceptional section of the fibration p : P* — F,.* The intersection ring
for Bg can be computed as

T(B3) =s*nJ3 +sndy-Ja+sJy- Jo4+nJs-Js+Jo-Ji - Js. (2.32)
For a P!-fibration the anticanonical class reads [45]
K =25_+pei(T) +p ei(Ba), (2.33)

which means that for the present example K = 2.J3 — (s — 2)Jo + (2 — n)J;. The cone of
effective divisors is generated by

Eff'(B3) = Cone (Dy, D1, D3) , (2.34)

where we have introduced the set of prime divisors D; that can be written in terms of the
J; Kéhler cone generators of B3 as

Do = J3 — SJo, D1 = Jo — nJ1 y D3 = Jl . (235)

These divisors can be obtained from the divisors in (C.9) for v = Jy = 0. Their respective
volumes are

1
VDo = ivo(nvo + 201),
Vp, = v, (2.36)
1
Vp, = 51)3(21)0 + 507).
From (2.34), we define the generators of the movable cone Mov(Bs) = ml<B3)v as

CO'=Jy-Jy, Cl=J1-J3, C3=Jy-J3, (2.37)

4We call the third generator Js instead of Jo to unify the notation with the example in appendix C.1,
where we will consider blow-ups of F,,.
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whose volumes are
VCO = ’03 ,
Ver =0 + sv? (2.38)

Ves = nv® +vb + snod.

Notice that we can write J3 = nC? and J3 = sC3.

Let us now discuss the (quasi-)primitive EFT string limits and the curves in Bj giving
rise to these limits when wrapped by a D3-brane.

Using Definition 2, we can consider the limits v® — 0 for some Mori cone generator
volume v® and then use co-scalings in order to arrive at an EFT string limit in the sense of
Definition 1. For instance, for v° ~ A — 0o we can obtain a primitive EFT string limit by
co-scaling v! ~ X and v3 — A~L. For this choice of scalings, Vp, — oo while the volume of
the other generators of Eff'(B3) remain finite. In this case, a curve C° giving rise to this
primitive EFT string limit is proportional to JZ in accordance with Proposition 2. Next, we
can consider the limit v! ~ X\ — oco. In this case, there are two co-scalings possible. First,
we can again take v° ~ X\ and v3 — A\~!, corresponding to the same primitive EFT string
limit as before. Another possible co-scaling is given by v ~ A~! and yields a primitive
EFT string limit in which only Vp, becomes large. Its dual curve C' = Jj - J3 yields a
q = 1 string in agreement with Proposition 2.

Finally, we can consider the limit v> ~ A — oo, which is sufficient in order to blow
up Vp, and realizes the last primitive EFT limit we were looking for. For s # 0, we can
summarize the curves giving rise to quasi-primitive EFT strings and the corresponding
limits as follows:

Movable curve | g factor Primitive EF'T limit Vp, —+ o0
CO=Jy-J =0 |0l 500, v2—0 D
0-J1 q 0 (2.39)
Ct=J, - Js g=1 | v' =00, =0, 03~ const. D4
C3 =Ty Js g=2 | v 500, 0°~const., o'~ const. Dg

The three EFT strings have ¢ = 0, 1, 2, respectively, and are precisely of the form required
by Proposition 2 (recall C° = nJg and C? = sJ?). Thus, in this example, the number of
(quasi-) primitive EFT strings agrees with the dimension of the scalar field space and all
the generators of Movy(Bs) give rise to a primitive EFT string.

In appendix C, we illustrate that some primitive EFT string limits may not be real-
izable in a given chamber of the K&ahler cone. Put differently, there may be a generator
of the effective cone which cannot acquire infinite volume in an EFT string limit without
any other effective cone generator becoming large. To realize the limit as an EFT string
limit, one must instead pass to a different chamber in the Kéhler cone by performing a flop
transition.

3 Non-critical EFT strings and the Weak Gravity Conjecture

We now build on the EFT string limits discussed in the previous section to investigate the
weak coupling regimes for gauge theories on 7-branes in F-theory. Our goal is to test the
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asymptotic tower Weak Gravity Conjecture at weak coupling. Our analysis proceeds in
three steps.

In the first step, we focus on weak coupling limits that can be obtained as primitive
EFT string limits.”> We therefore assume that a gauge theory with gauge group G is
realized on a divisor S containing a generator of Eff'(B3) which by itself is homogeneously
expandable (cf. Definition 1) within a given chamber of K. Using Propositions 1 and 2,
we can then identify a curve C on Bj giving rise to the EFT string that becomes weakly
coupled in the EFT string limit. By Proposition 2, this ensures that 2m =& -C > 0. As
a result, the N' = (0,2) supersymmetric worldsheet theory of the string has charged zero
modes, as explained microscopically in [46]. Due to these charged zero modes, some string
excitations are charged under the gauge theory, provided the — in general non-critical - EFT
string has particle-like excitations. One might then contemplate that these charged states
constitute a tower of super-extremal states required by the tower Weak Gravity Conjecture
along the lines of [39]. For critical strings becoming light in Emergent String limits, this
had previously been shown to be the case [28, 29, 33, 47].

As we will explain in section 3.1, in primitive EFT string limits corresponding to the
weak coupling limit for gauge theory, the effective action resembles that of a perturbative,
critical string. We can therefore evaluate the Repulsive Force Condition [48, 49] for possible
string excitations explicitly. We will show that in general the excitations of the primitive
EFT string cannot account for the states required by the tWGC due to a mismatch in the
O(1) factors. The only exception are primitive EFT strings with ¢ = 0, which precisely
correspond to the emergent strings in [28, 29, 33, 47].

In the second step, we analyze more general weak coupling limits realized as quasi-
primitive EFT string limits in section 3.2. We will show that for such weak coupling
limits, the tension of the relevant EFT string always lies at or above the species scale of a
KK-tower becoming light in the limit, again unless ¢ = 0.

This result is generalized, in step three (see section 3.3), to the most general weak
coupling limits for gauge theories on 7-branes which can not necessarily be obtained as
quasi-primitive EFT string limits or even as EFT string limits in the first place.

Based on these observations, we argue, in section 3.4, why it is consistent that we have
not found any tower of marginally super-extremal states for the gauge theories associated
to primitive EF'T strings with ¢ > 0 and why in general we do not even expect the tWGC
to be realized by marginally super-extremal excitations of quasi-primitive EFT strings
with ¢ > 0.

3.1 Repulsive force condition

In this section, we will test the tower WGC for gauge theories on 7-branes in F-theory that
become weakly coupled in a primitive EFT string limit in the sense of Definition 1.

5Since for each generator of Movy (Bs) there exists a chamber of Kext in which the corresponding primitive
EFT string limit can be attained, there exists a weak coupling limit of this kind for each gauge theory.

~ 18 —



To this end, we will first show that for such a primitive EFT string limit the relevant
part of the effective action has the general form

M2 dTy A +dTy kM2 9 .
= 1-— _ - Totr|F|? —iIm Ty tr(FAF)) +... .
10 =75 /<R* 5(To+To)2 8 (R tr|I* it Ty te(F A F)) +

(3.1)

Here the chiral field Ty denotes the complexified volume of a generator Dy of Effl(Bg)
with the property that ReTy — oo in the primitive EFT string limit. According to Def-
inition 1, Dy is the only generator of Eff'(Bs) which becomes large in the primitive EFT
limit. Furthermore, F' is the gauge field strength of any gauge theory becoming weakly
coupled in the primitive EFT string limit.

To derive (3.1), we first observe that the gauge kinetic function for any gauge theory
becoming weakly coupled in a primitive EFT string limit is asymptotically proportional
to Tp. To see this, note that such a gauge theory necessarily originates from a 7-brane
wrapping a divisor S that can be written as

S=kDg+... (32)

for some numerical constant k. In the primitive EFT string limit, where ReTy > 1, the
volume of § (and hence the inverse gauge coupling squared of the corresponding gauge
theory) is, to leading order, given by k Re Tp.

We now turn to the kinetic term for the complex scalar field Ty, which derives from
the Kéhler potential. In fact, we claim that, in the limit, the Kahler potential takes the
form

K:—flog{To—i-To}%—..., E=1+q, (3.3)

from which the kinetic term in (3.1) follows. Indeed, in our F-theory setup K is given
by (2.13), and we claim that in the primitive EFT string limit the volume Vp, factorizes
in such a way that K acquires the form (3.3). The reason for this factorization is that in
the primitive EFT string limit, Re Ty — oo while the volumes of all other divisors remain
finite, see (2.18). More precisely, for a primitive EFT string, we can show the following

Proposition 4. Given a primitive EFT string obtained in F-theory from a D3-brane
wrapped on a curve C° in Bs charged under an axion ImTy. Then in the correspond-
ing EFT string limit, the volume of B3 behaves as

Vg, = (ReTy) ™ Pr_q(ReTivo), (3.4)
where ReTy is the saxionic partner of the axion Im Ty, q is the topological quantity asso-
ciated to C° defined in (2.27), and P_, is a polynomial of degree 2 — q in the remaining

saxions. This implies that the parameter & appearing in (3.1) is given by

E=1+gq. (3.5)
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The proof of Proposition 4 is technical and is provided in appendix B. With this key
result, the effective action (3.1) indeed follows.

Notice that (3.1) resembles the effective action of the weakly coupled heterotic string
in 4d once we identify Ty with the heterotic axio-dilaton and F with the field strength
of the perturbative heterotic gauge group. In particular, this form of the action suggests
that the axion decay constant (and hence the 2-form gauge coupling for the 2-form under
which the string is charged) and the 1-form gauge couplings are all determined by a single
saxion. This saxion takes over the réle of the dilaton for the primitive EFT string. In
the special case ¢ = 0, i.e. £ = 1, the EFT string is the critical heterotic string, and the
above observations are part of the content of the Emergent String Conjecture [47]. The
excitations of the emergent heterotic string indeed contain a marginally super-extremal
tower, satisfying the tower WGC [28-30, 33].

Given this state of affairs, it is natural to speculate that the WGC in primitive weak
coupling limits for general values of ¢ is realized similarly. To show this, one would first
have to postulate that the primitive EFT string with ¢ > 0 can be treated as having a
spectrum of excitations similar to a critical string. Of course, this is a strong assumption,
but for the primitive EFT strings considered in this section one might motivate this by the
observed similarity between the effective action (3.1) and the action of a weakly coupled
heterotic string, apart from the numerical factor &.

From an EFT point of view, the relation between weak coupling limits of effective 4d
strings and the tWGC for the gauge symmetry has been analyzed in detail in [39]. As
a consequence of anomaly inflow on the string, the EFT string charged under § = Im T
needs to have excitations charged under the gauge group. It was then shown in [39] that
as a consequence of the WGC for the axion to which the string couples, these charged
excitations of the string must satisfy the relation

M, SJ gymuMpy , (3~6)

which is to be interpreted as a parametric relation up to O(1) coefficients. Here, My is
the mass of a charged string excitation at level k£ (assuming it exists), gyy is the gauge
coupling and Mp, the 4d Planck mass. Notice that this parametric scaling is a necessary
condition for the WGC for the gauge theory to be fulfilled by the tower of charged string
excitations. However, to decide whether the WGC is indeed satisfied by these states, the
O(1) coefficients must be determined.

We now turn to this question, assuming for simplicity a gauge group of the form
G = U(1).5 To be precise, the tWGC is fulfilled if the states in the tower of charged

excitations satisfy the relation
1M} M} M}
+ - Bgmso [ =R o | =R . 3.7
d=4 4 M;gl " <MF2’1 ’ MP21 ( )

5In this case, the gauge divisor S is to be identified with the height pairing of a rational section of the
elliptic fibration (see e.g. [50, 51] for reviews), but this technicality plays no essential role in the forthcoming

9\2(1v1qg> 1 d—3
Mg _]\43,1 d—2

discussion.
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Here, g is the charge of the k-th excitation, and we have included the effect of scalar fields
¢" in the second term with ¢ the inverse metric on the scalar field space. This relation
arises from the Repulsive Force Conjecture [48, 49] that requires that the super-extremal
state does not form bound states with itself, since its Coulomb repulsion is stronger than
the attractive gravitational and Yukawa forces. In its form (3.7), it is assumed that we
have a perturbative description for all three forces involved. In particular, the first term on
the r.h.s. arises from a Newton-like gravitational potential and therefore requires the scale
at which we evaluate (3.7) to correspond to weakly coupled gravity. It can be shown that
in weak coupling limits, the equality in the condition (3.7) corresponds to the extremality
bound of a dilatonic Reissner-Nordstrom black-hole (cf. [29] for the corresponding discus-
sion in 6d).

To test this relation for the putative excitations of a primitive EFT string, we assume,
as before, that the primitive EFT string is obtained from a D3-brane wrapping a curve C°
in Bs. The gauge divisor S is characterized by m = %CO -S§ > 0 (cf. Proposition 2). The
gauge coupling ¢2,, for the gauge group is given by

— = Vs, (3.8)

which in the primitive EFT string limit reduces to
Vs=r ReTp+.... (3.9)

From the modular properties of the elliptic genus of the effective string, one can infer the
existence of states at mass level nj and charge [30-33]

qi = 4mny, . (3.10)

As explained in [30-33], these are the candidates for the super-extremal states, and we
henceforth focus on them. As stressed before, via the action (3.1), the EFT string resembles
a perturbative string in the corresponding weak coupling limit. One may hence assume
that the quantization of the string proceeds similarly to the quantization of critical strings,
such that the mass of an excitation at level k is given by

where a is the vacuum energy of the string that can be calculated as a = %f( -CY [30]. Thus,
we can rewrite the Lh.s. of (3.7), in the limit of large ng, for the candidate super-extremal
states with the property (3.10) as

q]%g‘?(M _ m

(3.12)

On the other hand, the tension of the EFT string in the EFT string limit is given by the
linear multiplet

0K €eo (1 +q)
— 0= &0 -9 3.13
€0 29ReTy 2 Relp (3:.13)
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where we used Proposition 4 to infer the dependence of K on ReTj in the primitive EFT
string limit. Here, eg is the charge of the string under the 2-form dual to Im Ty. Since the
curve with eg = 1 corresponds to the string associated with the generator of the movable
cone dual to Dy, we find

2m = keg (3.14)

leading to

2 2
1
q];gYM2 _ ‘ (3.15)
Mg/ME 14¢q
Let us now turn to the r.h.s. of (3.7). Whereas the first term always yields a contribu-
tion of % in 4d, the second term is determined by how the mass scale, and hence the EFT

string tension, depends on the scalar fields in the theory. By (3.11) and (3.13) the mass of
the excitations only depends on a single scalar field L°. Hence

rs Ml? Ml? _ 2 00
9" 0s <]\JF2,1> Oy <M§1 = (8meg(nk —a))" g . (3.16)

We are thus left with evaluating the metric component ¢:

2 8(Re T0)2 O(Re To) 2 (Re TU)2 ' '

Putting things together, we obtain

L, (M) o, (ME) 1 (2R ve) 019

at? T\ g )\ w2 ) "1\ 1)) 2ReTn)?  2(1+4q) '
For a string with given ¢, the repulsive force condition then requires

gquz _ 1 ; 1 +% _|d=3 lMé’l s %}3 ) Ml? 1
2 2 - - + 4g T 2 S 2 ° (3 9)
Mg/M2 14+q  14¢ d—2{4—y 4 M, Mz Mz

We notice that the inequality in the above expression is only satisfied for —1 < ¢ < 0. Thus,
since for primitive EFT strings ¢ is restricted to 0, 1 or 2, we expect such strings to lead
to a tower of states satisfying the repulsive force condition (3.7) only for ¢ = 0. The result
for ¢ = 0, of course, matches with the computation in [33] for the (heterotic) emergent
string limit: in this case, one finds a marginally super-extremal tower of states, in the
sense that at higher and higher excitation level the super-extremal states asymptotically
become extremal.

Let us stress that still, as noticed in [39], the repulsive force condition is parametrically
satisfied in that any dependence on Re T drops out of the relation (3.7). This follows from
the dependence of K on ReTjy as given by Proposition 4 and the relation between the
string tension and ReTy, which in turn is a consequence of the BPS properties of the
string. Thus, indeed, the BPS property of the string ensures that (3.7) is parametrically
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satisfied. However, the O(1) coefficients do not match. These O(1) coefficients are sensitive
to the actual particle excitations of the string via (3.10) and (3.11).

One might contemplate whether the relation (3.11) receives corrections for non-critical
strings with ¢ > 1 which change the quantization condition to

Ml? = 8mn(q) Terr(nk — a) (3.20)

for some g-dependent factor n. Following the same steps as before, one finds that n would
have to be given by

2

n(q) = 214

(3.21)

in order to obtain a marginally asymptotic tower, as for the emergent string with ¢ = 0.
However, we actually do not expect that the tWGC is realized in this manner: first, the
simple rescaling (3.20) is not only completely ad hoc, but more importantly it does no
longer work for more general limits beyond the primitive strings considered in this section.

Furthermore, as we argue in the next section, we do not expect the (quasi-)primitive
EFT strings with ¢ > 1 to have particle-like excitations in 4d in the first place. In fact, we
will conclude from this, in section 3.4, that the limits with ¢ > 1 do not even motivate an
asymptotic WGC in the usual sense.

3.2 String scale vs. species scale for (quasi-)primitive EFT string limits

So far, we have treated the primitive EFT strings on similar grounds to a critical string in
four dimensions and assumed that it has particle-like excitations. However, for this to be
the case, we need to ensure that in the EFT string limit we can still consider the D3-brane
string as an effective string in four dimensions. In this section, we will assess the validity
of this assumption section by analyzing the relation between the KK-scale of the F-theory
compactification and the tension of the primitive EFT string. The consequences of this
analysis for the WGC will then be discussed in section 3.4.

We can in fact widen the scope of our analysis and focus on quasi-primitive EF'T string
limits in the sense of Definition 2, which include the primitive string limits studied in the
previous section as special cases.” As in [35], the relation between the KK-scale and the
EFT string tensions is governed by the so-called scaling weight w defined as
TEFT ) v
Mg )

m2 ~ A M2 ( (3.22)
where m, is the cut-off scale of the EFT, i.e., the mass scale of the lightest tower, and A
is some constant depending on the free parameters of the string flow. In our discussion
of EFT string limits in the Kéhler field space of F-theory, the lightest scale is always (at
least parametrically) the KK-scale. For our three cases ¢ = 0,1,2, we can calculate the
respective value of w and find

g=(0,1,2) +— w=(1,2,2). (3.23)

"In the next section, the restriction to EFT string limits will be dropped altogether.
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Thus, unless ¢ = 0, the tension of the string is always above the KK-scale. These limits
therefore correspond to decompactification limits, in agreement with the Emergent String
Conjecture. However, one might still be tempted to view the strings as effectively four-
dimensional objects as long as their tension remains below the species scale A, kx associated
to the tower of KK-modes.

We therefore should evaluate the species scale associated to the KK-tower with mass
scale Myx. When decompactifying n dimensions, the number N of KK states with mass
m? < k?M?2, for some k € N grows like

N ~ k™. (3.24)
On the other hand, the species scale in four dimensions is defined as [52]

M2
2
Asp — Nipl B (325)

sp

where N, is the number of species with masses A,,. Using (3.24) we find

2 2 2\ =
2 _ 12 2 ! Mg, A KK _ M
AG ki = Knax My = T = ]\231 = ( M§1> : (3.26)

Here knax is the maximal excitation level of the states with masses below the species scale.
As we show in the sequel, in terms of the type IIB string scale My the scale A, xx for the
different values of ¢ is given as follows:

20 I O
2 4/3

Asp,KK ~ <MI2IB> ~ M121B ~ MI2IB
Mg, Mg, M3, Mg,

Thus, for limits of type ¢ = 1,2 the KK species scale coincides with the Type IIB
string scale Mg, which turns out to be the higher dimensional Planck mass for the de-
compactification limits under consideration. However, in order for A, xx to correspond to
the actual species scale, we need to ensure that the tension of the EFT string giving rise to
the asymptotic limit does not lie between My and A, xx. If this was the case, the actual
species scale would be set by Tgrr [53, 54] and we could still consider the EFT string limit
as effectively four-dimensional.® As we show below, the relation between M and Typr
can be conveniently written as

g+1
Teer\ 2
M. P21 '

MI2IB ~ Mlgl < (3'27)

Therefore for ¢ > 0 the EF T-string tension sits at or above A, xx and hence the EFT string
should effectively be viewed as an object in a higher-dimensional theory. In particular, in

8Here we assume for the time being, as before, that it makes sense to speak of a tower of EFT string
excitations in four dimensions. The following considerations serve as a consistency check of this assumption,
and in fact will show that for ¢ > 0 this assumption is not justified.
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this case A, xx is the actual species scale since any other tower of states sits at or above
A, xx and should therefore not be taken into account when calculating the species scale.
On the other hand, for ¢ = 0 we have Typp 3 AEP,KK such that here the effective asymptotes
to a bona fide four-dimensional theory in the EFT string limit. Notice that for ¢ = 0, the
emergent critical string, the KK-species scale does not coincide with Mz as would be
expected for a decompactification limit. This discrepancy in fact already signals that the
q = 0 limit cannot be a decompactification and that consistency requires the presence of
an additional tower of states. Thus, for ¢ = 0 one could have inferred the existence of the
emergent string merely based on the scaling of the species scale associated to the KK-tower.

We will now show how to obtain the relation (3.27) between A, xx, Mup and Tgpr for
the different values of ¢:

q = 0: Recall that in a ¢ = 0 EFT string limit, the F-theory base B3 admits a rational or
genus-one fibration (see figure 2a) and in the limit the volume of the base of this fibration
is scaled up homogeneously as A> — oo, while the volume of the fiber C shrinks as A~!
(each in Type IIB string units). Here v ~ A — oo is the volume of a curve C in the base
of the fibration which becomes large. The ¢ = 0 string arises from a D3-brane wrapped
around the shrinking fiber. Altogether, the volume of Bj scales up as Vp, ~ A (cf. [33] and
the proof of Proposition 3 in appendix B). It follows that the KK scale is given by

M2 1
JWKET ~ 33 for g =0, (3.28)

where we used the standard relation between type IIB scale and My,

= 47V, . (3.29)

Since the base of the fibration expands while the fiber shrinks, the A\ — oo limit naively
resembles a decompactification to 8d, i.e., if we take into account the KK modes from the
expanding base in the computation of the KK species scales as in (3.26), we must set n = 4.
The species scale associated to the KK tower is then given by

A2 1\%/3 1 1 M2
SP ~ — ~N—— =<~ 115 f = . .
7] ()\2) B 2 orq=20 (3.30)

At the same time, if the theory actually decompactified to an effective theory in eight
dimensions, A, xx would have to coincide with the higher-dimensional Planck scale, which
would, up to order one factors, be set by the ten-dimensional string scale Mp.” The
parametric discrepancy between these two scales thus indicates that the ¢ = 0 limit cannot
correspond to a bona fide decompactification limit, but requires the excitations of the ¢ =0
EFT string for consistency. This is of course in precise agreement with the Emergent String
Conjecture, according to which this type of limit is an effectively four-dimensional weak
coupling limit, with the réle of the new fundamental string played by the ¢ = 0 EFT string.

In the putative eight-dimensional theory, no residual scaling limit is taken; the claim then follows from
the usual relation between the Planck scale in ten dimensions and the Planck scale after decompactification.
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By Proposition 3, all quasi-primitive EF'T string limits with ¢ = 0 are in fact primitive,
and we can therefore use Proposition 4 to find

NG

VB, ~ (ReTp)2 for ¢g=0. (3.31)

On the other hand, since the tension of the ¢ = 0 EFT string is given by

TEFT

2
Pl

~ ReTy)™! forqg=0, (3.32)

we arrive at
TEFT

1

2
M2, ~ M2 (M%) for g=0. (3.33)
Therefore, as expected, the EFT string scale is below the species scale for the KK tower,

as shown also in figure 1la.

q=1: For ¢ = 1, we know, from the discussion at the end of section 2.2, that for such
a curve to exist, B3 needs to admit a surface fibration (cf. figure 2b). In this case, the
quasi-primitive EFT string limit for the D3-brane on the curve C' with ¢ = 1 is given by
the limit where the base of this fibration blows up. Let us denote the volume of the base P!
by v? ~ X\ — oco. From the proof of Proposition 2 we know that the total volume scales as

Vg, ~A forg=1, (3.34)

because the surface fiber does not scale in the limit. All this points to a decompactification
limit to six dimensions, corresponding to the value n = 2 in (3.26). The KK scale is
given by

M 1
]\Z;: ~ 2 forg=1, (3.35)

leading to the species scale

A2 1\/2 2
LSS < > =B forg=1. (3.36)

Mg, A? Mg,

The result (3.36) confirms that indeed the ¢ = 1 limit corresponds to a decompactification
limit to 6d, and we arrive at a six-dimensional theory for which no particular scaling limit
is taken. If we do not take any scaling limit, the 6d Planck scale is indeed just set by Mz
(cf. [30] for a similar discussion of decompactification limits).

To find the relation between Mz and Tyrr we proceed as follows: let CY be the curve
associated to the ¢ = 1 quasi-primitive EFT string limit, such that v ~ A — oo in the
quasi-primitive EFT string limit. Then from Proposition 2, we have (3.34). On the other
hand, the same proposition tells us that the EFT string curve is given by Jy - J; for some
Ka&hler cone generator J;. Since the volume of all divisors intersecting Jy - J1 blow up in
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the EFT string, but no other divisors, the limit cannot involve any co-scaling v! — 00.!°
On the other hand, since Jy - J? # 0 we know that
Vigs, ~vb 4.0, (3.37)
where the dots stand for possibly sub-leading terms. Therefore, we find
2 2 Terr
MIIB ~ ]\4—1—_,1 W for q = 17 (338)
Pl

such that Tgpr is of the order of My;z. The scalings are shown in figure 1b.

q = 2: By Proposition 2, a quasi-primitive EFT string limit with ¢ = 2 corresponds to the
limit v® ~ A — oo for a Kihler cone generator Jy with J& # 0. Hence the base B3 blows-up
homogeneously and

Vi, ~ A3 forqg=2. (3.39)

We thus encounter a decompactification to 10d, corresponding to a value of n = 6 in (3.26).
The KK-scale is given by

Mg, 1
el ~ i for g =2, (3.40)

such that via (3.26) the species scale follows as

A2 1\3/4 2
DR < > 12 forg=2. (3.41)

Mg, At Mg,

Thus, the species scale coincides with Mz, the ten-dimensional Planck scale (recall that
the axio-dilaton is not scaled). On the other hand, to find the relation between Mg
and Tgpr we can use that, by Proposition 2, the volume of the curve giving rise to the
quasi-primitive EFT string scales like

Vagz ~ 0 4. v A (3.42)
Altogether, this leads to
T 3/2
M2, ~ M2, ( EFQT) for g =2, (3.43)
MPI

such that Tgpy is parametrically above Mys. The scalings are schematically shown in
figure 1c.

1075 see this, we notice that there needs to be a divisor for which the volume contains a term (v')? since
JE = 0. If this term would only be contained in the divisors intersecting Jo - J1, the EFT string limit could
equally be reached just by sending v! — oo with EFT string given by a D3-brane on aJ?. This would,
however, correspond to a g = 2 string.
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Consequences for the nature of the EFT strings and the weak coupling limits.
For ¢ > 1, the scale set by the tension of the EFT string is bounded from below by the
higher dimensional Planck scale. Therefore, these strings do not have excitations that
can be treated as particle-like excitations in a weakly-coupled theory of gravity. The two
cases ¢ = 1 and g = 2 are nonetheless considerably different: in the quasi-primitive EFT
string limit for a ¢ = 1 string, the theory decompactifies to 6d since the volume of the
P! base of a surface fibration ¥ — P! is scaled up. On the other hand, the divisor S on
which the weakly coupled gauge theory is realized must contain this P!. Therefore, the
EFT string limit effectively gives rise to a six-dimensional gauge theory coupled to gravity.
However, this six-dimensional gauge theory is, generically, not weakly coupled since after
decompactification no additional limit is taken in the six-dimensional field space, at least
not in the most general type of limits.'' On the other hand, the quasi-primitive EFT string
is obtained by wrapping a D3-brane on a movable curve C° C . Hence, the resulting 6d
theory still contains an effective string which, just as the gauge theory, is not weakly
coupled. In particular, the tension of this string can never drop below the six-dimensional
Planck scale since C° satisfies

c% .5 CY>0. (3.44)

In the resulting six-dimensional theory, this string is thus a supergravity string in the
language of [55] (see also [56]) whose tension is bounded by the six-dimensional Planck
scale. Notice that this is consistent with the estimate (3.27) that the tension of the ¢ =1
EFT string is always of the order of M.

The situation for the ¢ = 2 quasi-primitive EF'T string limit is different: here the theory
decompactifies all the way to ten dimensions. The weakly coupled gauge theory now flows
to an eight-dimensional defect theory within the full ten-dimensional gravitational bulk
theory, such that effectively the gauge and the gravity sector completely decouple. In
contrast to the ¢ = 1 EFT string, which remains an effective string in six dimensions, the
q = 2 string ceases to be an effective string in the full ten-dimensional theory since the limit
resolves the internal directions of the D3-brane. This is consistent with the relation (3.27)
telling us that for ¢ = 2 the tension of the EFT string is always parametrically above Mg
in the weak coupling limit. Whereas the ¢ = 1 string can be thought of as a version of a
six-dimensional supergravity string, the ¢ = 2 string does not have a higher-dimensional
analogue. As an effective string, it thus only exists in four dimensions.

The nature of the ¢ = 0 strings is notably different: here the limit results in a genuinely
four-dimensional gauge theory weakly coupled to gravity, which also satisfies the tWGC
through the excitations of the ¢ = 0 EFT string (see also [30, 33]). Notice that the ¢ =0
string also has a higher-dimensional analogue since it already exists in eight dimensions,
i.e., in F-theory compactified on an elliptic K3 surface. Moreover, in 8d the ¢ = 0 string
could be viewed as a genuine supergravity string since its tension cannot drop below the 8d
Planck scale (both, the tension of the D3-brane on the base of the K3 and the 8d Planck

1At the end of the next section, we will discuss situations in which an additional limit leads to a weak
coupling regime in six dimensions.
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scale are proportional to the volume of the base of the K3). We can summarize our findings

as follows:
4d effective string dimeg(gauge theory) Supergr.avit‘y string
for gym — 0 exists in:
qg=0 d=4 d<8
qg=1 d=06 d<6
qg=2 d=28 d=4

Let us stress that while the ¢ = 0 string already exists in eight dimensions, its EFT
limit does not lead to a decompactification for the associated gauge theories; by contrast the
q = 2 string only exists as a string in four dimensions, but its EFT string limit corresponds
to a decompactification to eight dimensions for the gauge sector within a ten-dimensional
gravitational bulk theory.

Comparison to supergravity strings in 5d. It is instructive to compare our clas-
sification of the four-dimensional supergravity strings in terms of the quantity ¢ to the
five-dimensional supergravity strings discussed in [57]. Therefore, consider the Coulomb
branch of a 5d supergravity theory with effective action

3
M,

Ssq = 5

1
(R* 1 — Gryd¢’ Axd¢” — G FP AxF7 — 6CUKAI AF7 A FK) . (3.45)
Here F! are the field strengths of the U(1) gauge fields A’ in the 5d vector multiplets, ¢!
the corresponding scalars, Gy the metric on the scalar fields space and C7 i the integer
coefficient of the cubic Chern-Simons term. The supergravity strings now arise as monopole
strings for the gauge fields A! carrying charge

T 1 I
P =or e A, (3.46)
where S? is a sphere encircling the string. According to [57], a string is a supergravity
string if all supersymmetrically compatible BPS-particles in the theory carry non-negative
electric charge under the Abelian gauge field A’. In [57], the worldsheet theory of these
monopole strings is investigated and the anomaly inflow on the string due to space-time
gauge theories is used to constrain the possible gauge theories in 5d supergravity theories.
In particular, [57] identifies a class of supergravity strings for which they conjecture that
the worldsheet theory flows to a N’ = (0,4) SCFT with SU(2) R-symmetry. This class of
supergravity strings is characterized by the condition Cryxp’p”’p® > 0. On the other hand,
supergravity strings that arise from higher dimensional supergravity strings (e.g., 6d) or
strings for which the worldsheet supersymmetry gets enhanced, can have Cyyxp’p’p = 0.
In view of our classification of supergravity string in 4d in terms of the parameter g we are
thus led to identify the ¢ = 2 strings as the 4d analogue of the Cryxp’p’p’ > 0 strings
as these strings do not arise from a higher dimensional supergravity string. On the other
hand, the ¢ = 0,1 strings should be viewed as being the analogues of the strings in the

Crixp'p’p® = 0 class. In this paper, we do not attempt to scrutinize this analogy further,
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e.g., by investigating the worldsheet theory on the different 4d supergravity strings, but
leave this task for future work.

We observe that whereas in six and five dimensions, the relevant scale to distinguish
different kinds of supergravity string is the respective Planck scale, the analysis in this
section shows that the relevant scale in four dimensions is the species scale associated to
the KK tower.'? In particular, we have the three options:

T T T
A;FT < 0(1), A;FT ~0O(1), or A;FT > 0(1), (3.47)
sp, KK sp, KK sp, KK

corresponding to ¢ = 0,1, and 2, respectively. Replacing A,, xx by Mp, in six dimensions,
the first case is the analogue of a string with charge vector ¢ satisfying ¢ - ¢ = 0 whereas
the second case corresponds to ¢ - ¢ > 0. The last case does not have an analogue in six
dimensions.

We will discuss the consequences of the findings of this section for the WGC in sec-
tion 3.4.

3.3 Non-EFT string weak coupling limits

So far, we have focused our discussion on weak coupling limits for gauge theories that can
be thought of as perturbative gauge theories for a quasi-primitive EFT string. We now
turn to gauge theories whose weak coupling limits cannot be achieved as quasi-primitive
EFT string limits in our chosen chamber of Koy. For these gauge theories, we can show
the following

Proposition 5. Given a generator Dy of Eff'(Bs) such that the limit Vp, — 0o cannot
be realized as a quasi-primitive EFT string limit. Then the weak coupling limit for a gauge
theory on any divisor S = kDo +. .. corresponds either to a limit in which the gauge theory
effectively becomes a defect theory in an 8d or 10d gravitational bulk theory, or to a limit
in which the gauge theory effectively becomes a generically non-weakly coupled 8d theory
coupled to gravity.

The proof is again provided in appendix B.

According to Proposition 5, weak coupling limits for gauge theories that do not cor-
respond to a quasi-primitive EFT string limit always lead to higher dimensional theories.
As for the quasi-primitive limits studied in the previous section, the asymptotic theory
cannot contain any non-critical EFT string whose tension lies between the scale of the
KK-tower and the associated KK species scale. By contrast, there can appear a critical
string between these two scales. This is possible if we take a ¢ = 1 EFT string limit,
leading to a decompactification to six dimensions, and on top of this an additional limit is
taken in the six-dimensional theory. The combined limit is then no longer a ¢ = 1 EFT
string limit. To allow for such a limit, B3 must be a surface fibration over P! (in order for a
decompactification limit to six dimensions to exist) and the surface fiber itself must admit

12T the case ¢ = 0 this is not the actual species scale, but just the would-be species scale if we did not
have an EFT string.
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for a P!-fibration (in order for a critical heterotic string to exist in the six-dimensional
effective theory).

To illustrate this point, we assume for simplicity that the F-theory base Bs admits a
simple fibration structure p : P§ — (P} — P3). In this case, the Mori cone is generated
by the curve classes of the three IF’%, i = 0,1,2, with volumes v’. In order to reach a
decompactification limit to six dimensions with a critical string below the species scale, we
can assume the general scaling

PRENVD ULV LI LRV L a,b,c>0. (3.48)

Here we have chosen a > 0 to engineer the relation Tj.., < M2, between the tension of the
heterotic string and the type IIB scale. In order for the limit A — oo to correspond to a
decompactification to six (rather than to eight or ten) dimensions, the parameters must lie
in the range where ¢ > b such that

~ Vp, ~ \Fema (3.49)

independently of the chosen twists. The KK-scale is given by

Mg -
~ AT, (3.50)
MI2IB
and, by (3.26), the species scale is
A2 a—b
e L END SR (3.51)
Mz,

Using Tye./M2, ~ A™% we find that T, < AfpﬁkK provided a + b > 0, which is the case by
assumption. However, if a = b = 0 the theory does not undergo any additional limit after
decompactifying to six dimensions. The simplest option to engineer an additional limit is
to take a = b # 0. In this case, the species scale coincides with Mg, signaling that the
six-dimensional Planck scale is constant in units of M. The resulting six-dimensional
limit then corresponds to the emergent string limits analyzed in [28, 29]. The volume of
the divisors scale as

Ve ~ X7 Vpupry ~ const.,  Vpi_pr ~ AT (3.52)

Notice that the condition ¢ > b = a ensures that no divisor is shrinking in the limit, which is
necessary to retain perturbative control [33]. We observe that a gauge theory on a 7-brane
wrapping the divisor P} — P31  the base By of the fibration p, becomes weakly-coupled
at the fastest rate, but unlike in the ¢ = 0 primitive EFT string limit, the gauge theory
becomes effectively six-dimensional in the asymptotic limit.

To summarize, there also exist certain limits in which the tension of a critical string
lies above the KK-scale but below the KK-induced species scale,

M2 < Ty < A2 . (3.53)
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As a result, the actual species scale is set by T... Since A, xx can be identified with
the Planck scale in the higher-dimensional, i.e., six-dimensional, theory, this implies that
the latter undergoes an additional infinite distance limit corresponding to a weak coupling
limit for the six-dimensional gauge theory on Bs. From this perspective it is not surprising
that a relation of the form (3.53) is only possible for critical, rather than general EFT,
strings since in six dimensions critical strings are the only strings which can become ten-
sionless, in Planck units, in weak coupling limits.!> Therefore, in four dimensions, there
cannot appear any other weakly coupled strings with a tension below AfpﬂKK, which in the
decompactification limit is the six-dimensional Planck scale.

3.4 Consequences for the four-dimensional WGC

Let us summarize our findings so far and discuss their consequences for the WGC.

We have studied weak coupling limits for four-dimensional gauge theories realized on a
stack of 7-branes in F-theory. Our goal was to identify a marginally super-extremal tower
of states as predicted by the asymptotic tWGC. A natural candidate for such states are the
excitations of a certain (solitonic) EFT string. The EFT string is obtained by wrapping a
D3-brane on a suitable curve on the base of the F-theory elliptic fibration such that the
EFT string tension Ty sits at the expected weak gravity scale

Awce ~ gymMp, . (3.54)

Contrary to expectations based on this parametric behavior alone, we have found that the
excitations of the EFT string satisfy the asymptotic tower WGC in its form (3.7) only if

a) the solitonic EFT string with Tepr = Awec is a heterotic string and

b) the gauge theory can be identified with a perturbative gauge theory in the dual het-
erotic string duality frame associated with the EFT string.

We arrived at this conclusion by classifying the weak coupling limits imposed by the back-
reaction of EFT strings. For these limits, we found that conditions a) and b) are necessary
and sufficient to ensure that the extremality bound (3.7) is satisfied by the hypothetical
excitations of the EFT string and that the theory can be treated as a four-dimensional the-
ory even in the weak coupling limit. The hallmark of such situations is that the relevant
scales satisfy the relation

MI%K ~ Tgprp ~ A%VGC < A?p, KK * (3~55)
Here, Awgc serves as the cut-off scale for the gauge theory required by the magnetic WGC.
The crucial point is that the first three scales in (3.55) lie below the would-be species scale
A, xk associated to the KK-tower of mass Myyx. This ensures that the EFT string and
its excitations can be viewed as genuinely four-dimensional and weakly coupled to gravity.

13Non-critical strings from D3-branes wrapping curves of negative self-intersection on the base of an
elliptic 3-fold become tensionless in the strongly coupled SCFT regime, while, as discussed around (3.44),
strings associated with curves of positive self-intersection cannot become tensionless in Planck units.
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On the other hand, the fact that Awee < A, kx indicates that also the gauge theory can
be treated as a weakly coupled gauge theory in a weakly coupled four-dimensional theory
of gravity even at the scale at which we expect to encounter the super-extremal states
required by the WGC. Note that the actual species scale in this limit is determined by the
excitations of the (critical) EFT string tension itself [53, 54], and hence lies slightly above
the WGC scale Awac.

In our classification of section 2.2, weak coupling limits of the above type correspond
to the so-called ¢ = 0 EFT string limits.!* Theses are the emergent string limits studied
in four dimensions in [30, 33].

The situation for the weak coupling limits that cannot (to leading order) be described
asa ¢ = 0 EFT string limit is different. We have found two possible asymptotic hierarchies:

Myx < Ay ~ Awee

(3.56)
or MKK < Asp,KK < AWGC .

The first type of hierarchies is realized in generic ¢ = 1 EFT string limits in the language
of section 2.2 and similar non-EFT string limits (as discussed in section 3.3). Since the
magnetic WGC cut-off Ayge of the gauge theory parametrically lies at the KK species
scale, the gauge theory should be viewed as a gauge theory in a higher-dimensional setting.
Without further specializations of the limit, the higher-dimensional gauge theory is not
weakly coupled. It is therefore not surprising that the naive tower of charged excitations
of, e.g., the ¢ = 1 string does not satisfy the repulsive force condition (3.7). On the one
hand, in order to formulate a condition such as (3.7), the gravitational and Coulomb force
must effectively be described by a Newton and Coulomb potential. In a strongly coupled
gauge and gravity theory, this assumption is certainly not valid. On the other hand,
in the higher-dimensional duality frame also the EFT string is strongly coupled. The
naive assumption of having a perturbative string spectrum, which underlies the analysis
of section 3.1, is therefore not justified. Notice that this does not mean that there is
no tower of super-extremal states at all, but that such a tower cannot come from the
excitations of a perturbative string and that the actual super-extremality condition might
differ significantly from (3.7).!> We will come back to this point in the next section.

The second type of hierarchies in (3.56) is different and corresponds to ¢ = 2 EFT
string limits and their analogous non-EFT string limit counterparts. Here, the gauge and
the gravitational theory decouple entirely, as is signaled by the relation A, ki /Awec > 1.
This is consistent with the fact that in such limits, the gauge theory asymptotically reduces
to a defect theory in a higher-dimensional gravity theory. Since gravity decouples from the
gauge sector, the WGC conjecture should become trivial in this limit. Indeed, consider the
charged states associated with (p,q)-strings with mass M? ~ kM2,. The charge-to-mass

M Notice that one could also modify the ¢ = 0 EFT string limit slightly and impose a non-homogeneous
scaling. As long as one can still interpret this limit as a ¢ = 0 EFT string limit plus small corrections, one
still expects the asymptotic tWGC to be fulfilled, see the discussion in [33].

5Note also that by specifying the limit further one can engineer a weak coupling limit in the effective
higher-dimensional theory such that the tWGC is satisfied by excitations of an emergent heterotic string
in the higher dimensional theory. See section 3.3 for a discussion.
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ratio for these states diverges asymptotically,

U, (3.57)

M /M, ’ ‘
such that the constraint from the WGC becomes trivial, as expected. There is hence no need
for an additional, marginally super-extremal tower of states coming from the excitations of
an EFT string. On the contrary, it would be surprising if there was such a tower of states
that marginally satisfies the WGC, since the gauge theory and the gravity theory decouple
at scales corresponding to Awgc.

Our analysis reveals that in order to test the asymptotic WGC in four dimensions
based on the properties of axionic or EFT strings, it is not enough to just consider the
weak coupling limit for a gauge theory in an EFT with some cut-off A = m,. Instead, one
also needs to know the nature of the lightest tower of states with mass of order, m, since
this determines the species scale. We have found that the WGC in its usual form (3.7) is
only satisfied by the tower of excitations of an axionic string if the latter sets the species
scale. Otherwise, the species scale associated with the KK tower per se is always at or
below the string scale and one either ends up with a (generically) strongly coupled theory
in higher dimensions or with a defect gauge theory from which gravity is decoupled.

4 Discussion

In this section, we would like to extend the conclusions of our analysis of weak coupling
limits beyond the concrete realization of the gauge sector via 7-branes in F-theory.

Quite generally, the nature of a weak coupling limit gy, — 0 of a four-dimensional
gauge theory coupled to quantum gravity is controlled by the ratio of the magnetic weak
gravity scale Awac ~ gymMp and the species scale A, of the quantum theory. There are
four possible conceivable regimes:

i) The WGC scale lies parametrically below the species scale, i.e.

A
—EE < 0(1). (4.1)
A,

This type of weak coupling limits characterizes decompactification limits in which
Awec can be identified with the scale of the KK tower and in which the latter furnishes
the super-extremal tower for a KK U(1): the species scale is set by A, xx, and (4.1)
follows from (3.26) by identifying Myx ~ Awce. By the Emergent String Conjecture,
decompactification limits should be the only type of limits falling into the class (4.1).
In particular, all limits in which the super-extremal tower is provided by BPS states
(not associated with a tower of string excitations) should have a (possibly dual)
interpretation of this type. Note that in string theory, the super-extremal states and
the gauge sector are realized in the closed sector.

11) The WGC scale lies marginally below the species scale, i.e.,

Awee < o), (4.2)

sp
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such that gravity remains weakly coupled at the WGC scale. This scenario is realized
in heterotic string theory and for theories which asymptote, up to duality, to a four-
dimensional heterotic theory in the weak coupling regime (emergent string limit).!
In such limits, the gauge theory is effectively weakly coupled in four dimensions and
the WGC predicts a tower of states satisfying the repulsive force condition (3.7).
Indeed, the emergent string tower contains an infinite tower of charged states which
are marginally super-extremal, as in figure 3. By the Emergent String Conjecture,
all weak coupling limits with the property (4.2) are of the emergent string type.

iii) The WGC scale is of the order of the species scale, i.e.,

Awae | o(1). (4.3)
A,

Hence gravity is strongly coupled at the WGC scale. As a consequence, the gauge the-
ory cannot be viewed as a weakly coupled theory in four dimensions, and one does not
expect a tower of perturbative states satisfying the four-dimensional repulsive force
condition as in (3.7). The EFT string limits with ¢ = 1 (and their generalizations)
are examples of this behavior. Further refinements of the limit may result in a weak
coupling limit of a higher-dimensional gauge theory coupled to gravity, in which the
relation (4.2) holds with respect to the higher dimensional weak gravity and species
scale.

iv) The WGC scale parametrically lies above the species scale, i.e.,

Avae o o). (4.4)
Asp

At the WGC scale, the gauge theory is effectively decoupled from the gravity sector,

as for example in the EFT string limits with ¢ = 2. In open string realizations, the

repulsive force condition is trivially satisfied by highly super-extremal open string

states. Any marginally asymptotic tower of states, even if present, would necessarily

decouple from the gauge theory.

Notice that the asymptotic decoupling of the gravitational and gauge sector does not need
to correspond to a geometric decompactification limit in which the gauge theory becomes
a defect theory in a higher dimension, even though this was the case for the corresponding
limits on 7-branes studied in this paper. As an example, consider a D3-brane gauge theory
in type IIB Calabi-Yau orientifolds. The gauge coupling strength is set by the string
coupling,

Gont ™~ s » (4.5)

such that the weak coupling limit corresponds to the regime where g; — 0 (with the other
moduli unchanged). In this case, the species scale can be identified with M, the tension

1Here the species scale is determined by the degeneracy of the heterotic string excitations and is thus
(slightly) above the heterotic string scale [53, 54] and the WGC scale.
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Figure 3. Super-extremal states for weakly coupled open (blue dots) versus heterotic strings (red
dots). For a fixed value of the dilaton, the open string only provides a finite number of super-
extremal states, while the heterotic string contains a marginally super-extremal tower of states.

of the fundamental type IIB string. Since M2 is suppressed with respect to M2 by one
additional power of g,
M,
M2

1IB

~ 957, (4.6)

one concludes that

2 2 2
AWGC  9vm My,

A2 " g;t = c0. (4.7)
sp IIB

This places the regime gs — 0 into the context of the weak coupling limits of v), and
effectively decouples the gauge theory on the D3-branes from the gravity sector. In the
present framework, this amounts to the well-known statement that for type I1IB orientifolds
in the limit g; — 0 the open and closed string sectors decouple. The WGC is now trivially
satisfied by the open type IIB string excitations that become infinitely super-extremal in
the limit g; — 0.

A key difference of such perturbative open string towers compared to their heterotic
counterparts is, of course, that the charges of the string states are only determined by the
Chan-Paton factors, and hence the highest charge per excitation level does not increase
with the level. Strictly speaking, then, the string excitations tower only provides a finite
number of super-extremal states for a fixed value of g; < 1. This is in contrast with the
marginally super-extremal tower of infinitely many states which arise in the weak coupling
limit of a heterotic string, even for a fixed value of the heterotic dilaton. See figure 3 for
an illustration.

One might wonder to what extent our results are in conflict with the WGC or its tower
version. First, our focus has been entirely on weak coupling limits of the gauge sector and
hence on the asymptotic WGC. It is in this regime where one has computational control and
therefore the best chances of reliably identifying a super-extremal tower. More importantly
perhaps, some of the original bottom-up arguments in favor of the WGC primarily hold
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in the weak coupling limit, and in fact in limits of type @) or ii): as was argued in [6], if
extremal black holes were not able to decay, this would be in tension with the covariant
entropy bound in the limit gy, — 0, in which an infinite number of extremal black holes
can be constructed with mass below every finite cutoff. Away from this asymptotic regime,
no immediate contradiction with entropy considerations arises. Clearly, this does not mean
that the WGC or its tower version does not hold also away from the weak coupling limit,
but it is less clear, from a bottom-up point of view, why this would have to be the case.

Indeed, examples where the tower WGC is satisfied even at strong coupling have been
studied in detail in [24], in the framework of M-theory compactifications to five dimensions
with eight supercharges: the asymptotic tower of states is formed by BPS states, at least
in favorable circumstances. As long as the WGC bound and the BPS bound coincide,
the appearance of a tower of exactly super-extremal states was found to be protected by
supersymmetry. Our focus in this paper, by contrast, is on minimally supersymmetric
settings in which the WGC states, if any, are not BPS. It is striking that in all bona fide
weak coupling limits coupled to gravity, a marginally super-extremal tower of states can
be identified beyond doubt, from the excitations of an (emergent) perturbative heterotic
string. In all other weak coupling limits, where no such tower is available among the
weakly coupled and hence well-controlled sets of states, the WGC is substantially less well
motivated also from a bottom-up perspective — either because the gauge theory is no
longer weakly coupled after passing to the emergent higher dimensional duality frame or
because the gauge and the gravity sector decouple.

While we do therefore not find any contradiction to the asymptotic tWGC (valid in the
limit gy — 0 for a gauge theory coupled to weakly coupled gravity), it would clearly be
interesting to continue analyzing other potential sources of super-extremal towers beyond
these regimes.

There are two qualitatively different situations to consider. The first would be a
gauge theory coupled to gravity away from the regime gy, — 0, but in situations where
the BPS condition does not protect the WGC tower.!” It is tempting to hypothesize
that traces of a marginally super-extremal tower should indeed be present whenever a
continuous deformation connects the strongly-coupled theory to a weakly coupled regime
without decoupling gravity, i.e., in situations where one can take a limit of type ). To
settle this question, one would have to follow the excitations of the emergent perturbative
heterotic string regime into the strongly coupled region of moduli space. First steps in
this direction were taken already in [33], where subleading corrections to the charge-to-
mass ratio were taken into account. Clearly, whether a full tower of super-extremal states
survives parametrically away from weak coupling, and without the protection of a BPS
condition, is a considerably more ambitious question.

The second type of challenges for the WGC is posed by those theories which are not
smoothly connected to a weak coupling limit of type i) and for which the weak coupling
limit of the gauge theory necessarily implies a decoupling from gravity. We have exem-

7This includes limits of type 117) after dualizing to the higher dimensional frame where the gauge theory
is — in general — not weakly coupled.
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plified one such instance in our discussion of the gauge theory on D3-branes in Type 1IB
orientifolds. To identify a tower of marginally super-extremal states, the only option seems
to be to resort to the D1-brane, or more generally to (p, q)-strings, either by hypothesiz-
ing about their potential excitations or by arguing for stretched, possibly multipronged
string networks giving rise to particle states in four dimensions:'® At the parametric level,
To1 ~ A%VGC, but in the limit g; — 0 under consideration, this implies that the D1-brane
theory becomes asymptotically strongly coupled and hence, by design, decouples from the
gauge theory because of (4.7). Again, not only does it not seem plausible to obtain a
marginally super-extremal tower of states from such strongly coupled objects, it appears
not even to be required in the limit in which (4.7) holds.

More generally, a gauge theory in F-theory can never become weakly coupled along a
direction compatible with i) if the base of the elliptic fibration does not admit a rational
fibration, or if the stack of gauge 7-branes does not intersect the rational fiber. As we
have shown, at least the (hypothetical) excitations of the weakly coupled EFT strings
sitting at the weak gravity scale do apparently not satisfy the perturbative repulsive force
condition and hence do not yield a marginally super-extremal asymptotic tower. Similarly
to the theory on the D3-branes, it is hard to imagine which other states could produce
a marginally super-extremal tower instead. At the same time, a highly super-extremal
pseudo-tower of states is provided by the open string sector in such situations; it comprises
only finitely many super-extremal states for fixed gyvy < 1, but infinitely many in the limit
gym — 0.

Upon circle compactification, these states will continue to act as the super-extremal
states for the original gauge group; however, taking into account the effect of the KK U(1)
as in [10], one might worry that the convex-hull condition will now be violated. Even if
this turned out to be the case, the gravity sector of the lower-dimensional theory continues
to decouple from the gauge theory, since the relation A2,/ ASQp — oo still holds. In this
sense, there is no immediate contradiction with the WGC even after circle compactification,
according to our more conservative interpretation of the WGC.

Barring these subtleties, it is fair to say that in all instances in which a marginally
super-extremal tower of states has been reliably confirmed in gauge theories coupled to
gravity in Minkowski space, this is either due to the BPS condition or an artifact of the
specific shape of the charge-to-excitation-level diagram of the perturbative heterotic string.
In fact, in all these cases, the tower WGC (in flat Minkowski space) follows from the
Emergent String Conjecture in the sense that the super-extremal tower either furnishes a
(dual) KK tower (in situations where the tower is BPS) or corresponds to the excitations of
an emergent heterotic string. In all other situations, in particular away from weak coupling
and amiss of a BPS protection, the tower WGC can in principle be violated and in fact
is not even required for bottom-up consistency of the theory. It will be interesting to find
a counter-example to this preliminary interpretation, or, if corroborated, to understand
further what it teaches us about the true rationale behind the WGC in general quantum
gravity theories.

18Tn F-theory, such multipronged string networks can lead to a proliferation of charges, but from all we
believe to know this requires strong coupling rather than weak string coupling.

— 38 —



Acknowledgments

We thank Rafael Alvarez-Garcfa, Daniel Klawer, Ben Heidenreich, Luis Ibafiez, Seung-Joo
Lee, Jacob Leedom, Wolfgang Lerche, Guglielmo Lockhart, Dieter Liist, Fernando March-
esano, Luca Martucci, Miguel Montero, Eran Palti, Nicole Righi, Cumrun Vafa, Irene
Valenzuela, and Jian Xiao for helpful discussions and correspondence. C. F. C., A. M.
and T. W. are supported in part by Deutsche Forschungsgemeinschaft under Germany’s
Excellence Strategy EXC 2121 Quantum Universe 390833306 and by Deutsche Forschungs-
gemeinschaft through a German-Israeli Project Cooperation (DIP) grant “Holography and
the Swampland”. M. W. is supported in part by a grant from the Simons Foundation
(602883, CV) and also by the NSF grant PHY-2013858.

A The geometry of EFT strings in F-theory

This appendix briefly covers the necessary algebraic geometrical notions for describing
EFT strings in F-theory [34-36]. Accordingly, we consider a compact Kéhler manifold B,
of dimension n as the base of an elliptically fibered Calabi-Yau. For further details on our
assertions and definitions in what follows, we refer the reader to [58].

As a starting point, let us introduce the Néron-Severi group, the set of divisors modulo
numerical equivalence, which in our case of interest is given by

NY(B,) = H“(B,) N H*(B,,Z)/torsion, (A1)

and its real extension N'(B,)r = N'(B,) ®z R. Similarly, we introduce its intersection
pairing counterpart, the set of curves modulo numerical equivalence, which is

Ni(B,) = H" """YB,) n H*"2(B,,, Z)/torsion (A.2)
and its real extension Ni(Bp)r = N1(B,) ®z R. In the following, we describe the convex
cones in N'(B,,)r and N1(B,)r that are relevant to us:

The pseudo-effective cone: the cone of effective divisors Eff'(B,) € N (B,)r is the
convex cone of all effective divisors, i.e., positive linear combinations of complex codimen-

sion-one cycles on B,,. The pseudo-effective cone Ef' (B,) € NY(B,)r is the closure of
EffY(B,).

The Kihler cone: the Kihler cone is the set K(B,) C H'(B,,R) of classes of Kihler
forms {J} on B,,. We identify

K(B,) = Amp(B,) € N*(B,)r, (A.3)

which is the convex cone of all ample divisors on By, as [}, J k> 0 for every J € K(B,,) and
all irreducible V' C B,, with k = dim(V') > 0 according to the Nakai-Moishezon criterion
for ampleness [58]. Similarly, we identify its closure to be

K(B,) = Nef(B,,) ¢ NY(B,)r, (A.4)

which is the convex cone of all nef divisors on B, as [i, J k>0 for every J € K(B,,) and
all irreducible V' C B,, with k = dim(V') > 0 following Kleiman’s theorem [58].
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The Mori cone: the cone of curves NE(B,,) C N;(B,,)r is the cone spanned by the classes
of all effective complex one-cycles on B,,. Its closure NE(B,) C N;(B,)r, also known as
the Mori cone, is dual to the nef cone, i.e

NE(B,) = {C € Ni(Bp)r | J-C >0 for all J € Nef(B,)}. (A.5)

The Movable cone: a movable curve is an irreducible complex one-cycle that is a member
of an analytic family {C;}es such that (J,cg Cr = Bp. We denote by ME(B,,) the convex
cone generated by movable curves. We call its closure Movy(B,) = ME(B,,) the movable
cone. If B, is projective, then the movable cone is dual to the pseudo-effective cone of
divisors [43], i.e.

Movy(B,) = {C € Ni(Bu)g | D-C > 0 for all D € Bff (B,) } . (A.6)

Finally, let us define the integral cones Eff' (B,,)z =Eff' (B, )NN(B,,) and Movi(B,,)z=
Movy(By,) N N1(By,). Based on the results of [35], we summarize the correspondence be-
tween EFT objects and geometry for a given compact Kéhler 3-fold Bs:

EFT data Geometric cone
Saxionic cone A ME(Bs)
EFT strings Copr Mov1(Bs)z
BPS instantons Cr Eff'(Bs3)z

B Proofs of Propositions 1-5

In this appendix, we provide the proofs of Propositions 1, 2, 3, 4 and 5.

Proof of Proposition 1. In order to achieve Vp — oo, we need to scale up the volume v°

of some curve C° inside the Mori cone contained in D.' Now, if CY is contained in another
divisor D ¢ I, also Vj, — oo unless we can compensate by shrinking another holomorphic
curve contained in ﬁ, i.e., we perform a co-scaling. In order for this to be possible, D
needs to be a genus-one or rational fibration over CV as follows from the results of [28] (see,
e.g., their section 2.2%0). O

Proof of Proposition 2. Consider a quasi-primitive EFT string associated to a Kahler
cone generator Jy. By Definition 2, the EFT string limit is given by the limit v% ~ XA — oo.
In general, we can now differentiate between the two cases Jg # 0 and J& = 0 which we
are going to discuss separately:

In case the Kihler cone is simplicial, C° is simply the volume of a Mori cone generator, see also
Footnote 3.

0Tn [28] only the case of a rational fibration is considered explicitly because of the extra requirement that
the infinite distance limits lead to a vanishing gauge coupling for a 7-brane; more generally, also genus-one
fibrations are compatible with infinite distance limits leaving the volume of a surface finite.
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J2 £ 0: In this case, there exists a non-empty set {D;};c7 of generators of Eff'(Bs), for
some index set 7, such that

Vb, = 20?2 4., (B.1)

for some integers x;. Since this is the highest possible power of v°, it is clear that D; € T
Vi € J. There may now also exist a different set {lA?Z} of generators whose volumes scale like

Vp = ﬂ)ovi + ..., (B.2)

for some v? and integers 7;. Since the scaling differs from Vp, we need to co-scale vl ~ % —0

in order to minimize |Z| in the sense of Definition 2 and keep V), constant.?!

All instantons with action Re S — oo are thus obtained from D3-branes wrapping
divisors containing at least one generator in {D;};c7. From (B.1), we infer that these
divisors thus have non-zero intersection with a curve C' = J3, whereas the divisors D ¢
{D;}ic7 have necessarily vanishing intersection with C. It is always possible to find a set
of curve classes C* s.t. D; - CJ = (517 22 Tn terms of these curves, we can expand C as

C=> k(. (B.3)
ieJ

Notice that the k; are the charges which the effective string carries w.r.t. the 2-forms dual
to Im 7;. Hence, an instanton is asymptotically suppressed precisely if it is charged under
the D3-brane string wrapped on C' = Jg. From the general form of the profile of an EFT
string (2.7), it is expected that these charges give the ratio between the saxions that blow
up in the EFT string limit. And indeed, from (B.1), we infer that the ratio between the
Vp, for i € J is precisely given by the x;. This ratio is not altered if we re-scale all charges
of the EFT string by the same factor. Therefore, in general an EFT string giving rise to the
EFT string limit in question only needs to wrap a curve C' proportional to C, i.e., C' = aC.
Here a € Q< has to be chosen such that all string charges are still integer quantized. Thus,
indeed a curve giving rise to the EF'T string associated to our limit satisfies Condition P2a.

J2 = 0: in this case there is no generator D of Eff'(B3) whose volume scales as in (B.1).
However, there will be a non-empty set {D;};cs of generators of Eff'(B3) with volume
scaling as

hl’l(Bg) '
VDi = Z Iiij?)o’l)] + ..., (B4)
j=1

where the omitted terms are independent of v°. In order to minimize |Z|, we can now
fix one jo # 0 and co-scale v* — 0 for jo # k € {1,...,h" (B3)}. Since by assumption

21 Ag stressed in the main text, to prevent a divisor from shrinking in the limit v* — 0, one might be
forced to scale up another v/7°. This is fine as long as it does not change |Z| by adding new expanding
divisors.

22In case Eff' (B3) is simplicial, these are simply the generators of Movy (Bs).
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the quasi-primitive EFT string limit exists, it is possible to find such a co-scaling without
taking the volumes of any additional generators of Eff'(B3) to infinity. Thus, an instanton
becomes irrelevant if and only if it is charged under the string obtained from a D3-brane
string on aJy - Jj,, a € Qp, since only the action of these instantons contains a term
v%90. Thus, in this case the EFT string is obtained from a D3-brane on C = a.Jp - Jj, as

in Condition P2b. O

Proof of Proposition 3. By Proposition 2, a quasi-primitive EF'T string is obtained from
a D3-brane wrapping a curve C? proportional Jg or, if Jg =0, to Jy - J1, where Jy and J;
are Kihler cone generators. In order for the string to have ¢ = 0, we need that J3 = 0.
From the analysis of [30], it follows that C? is the generic fiber of a rational or genus-one
fibration p : P* — By over some base Bs. For such a fibration, the cone of effective divisors
is generated by the exceptional section S_, divisors obtained by restricting the fibration p
to the generators of Eff! (By) as well as possible exceptional divisors obtained by blowing-up
B3.23 Except for S_ all generators of Eff'(B3) necessarily contain fibral curves. Hence, the
intersection of these divisors with C° vanishes. Thus, the curve C° only has non-vanishing
intersection with S_. Therefore, the EFT string limit has to correspond to a limit where
we scale up the volume of a curve contained in S_ which can be expanded in terms of some
of the Mori cone generators of By. Since the other generators of Eff'(B3) are fibrations
over curves containing these generators, by Proposition 1 we conclude that the ¢ = 0 EFT
string limit is primitive. Notice that in order to arrive at the actual primitive EFT string
limit, we need to shrink all curves in the fiber of Bs. In order for the generators of Eff'(B3)
other than Dy = S_ not to shrink to zero size, the base By must expand in a homogeneous
way. In fact, from this discussion, it follows that the limit v0 — oo for J3 = 0 and JZ # 0
can always be co-scaled to lead to a primitive EFT string limit. ]

Proof of Proposition 4. Since we restrict ourselves to primitive EFT strings, we can
invoke Proposition 2 and only consider curves C' satisfying either Condition P2a or P2b
and which are generators of the movable cone. If Eff'(Bs) is non-simplicial, we assume
that we have fixed a basis {D;} of generators of Eff'(B3) and in the following only deal
with those effective cone generators that are contained in this basis. We now treat the
cases ¢ = 0, 1, 2 separately:

q = 2: in this case, by Proposition 2 the curve C' has to be of the form
C=J, (B.5)

for some Jy satisfying J3 # 0. For simplicity, we set the parameter a appearing in Propo-
sition 2 to = 1 throughout this proof. On the other hand, since we assume a primitive
EFT string limit, we have a single generator, Dy, in our basis of Eff'(B3) such that

VD, ~ (v0)2 + ..., (B.6)

Z3In case the genus-one fibration does not have a section, the réle of the section is played by the multi-
section.
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with the EFT string limit corresponding to v° — co. By definition, the volume of all other
generators of Eff!(B3) remains constant in the primitive EFT string limit so that we find

Vg, — (09)° ~ (ReTp)?, (B.7)

since no other scalar Rel,, .o contains a term proportional to (v9)2. Thus, for ¢ = 2 we
indeed recover (3.4) in the asymptotic EFT string limit.

q = 1: the case of a ¢ = 1 primitive EFT string corresponds to the situation in Condi-
tion P2b, i.e., to a curve C given by

C=Jy-Jy, (B.8)

for some Kihler cone generator such that JZ = 0 and JZ # 0. The base B3 can be viewed
as surface fibration over P! with .Jy being the class of the generic fiber. In the following,
we assume that this fibration is non-trivial and that B3 does not allow for a second surface
fibration. The two special cases, corresponding to a trivial fibration or a second surface
fibration, will be discussed below. Since by assumption there exists a primitive EFT string
limit there also exists a single generator Dy of Eff'(B3) with non-zero intersection with C
whose volume receives a contribution

Vp, ~ v%vt 4. (B.9)

The volume of any other generators of the chosen basis of Eff'(B3) cannot contain such
a term proportional vv! as they would intersect Jy - J; otherwise. Since J3 = 0, there
cannot appear a term (v°)? in the volume of any divisor. The primitive EFT string limit
is given by v” — oo while keeping v! finite. Still, in order to find the behavior of Vg,, we
need to determine the scalings of the other parameters v%, 0,1 # a, in the limit v0 — oo.
To this end, we group the remaining elements of our basis of Kéhler cone generators into
two classes:

ped it Jp#0,

B.10
redgy if J2=0. (B.10)

First, consider the scaling of v" for r € J5. If J, - Jy # 0 we know from [30] that [J, - Jo] =
n[J?] for some n > 0. Notice that this assumes that J, - J, - Jo = 0, which is necessarily
the case if the surface fibration is non-trivial.?* Since by assumption J? is a curve different
from Jy - J1, we know that the volume of a generator D, of Efft(Bs) satisfying D, - J, # 0
cannot have a contribution proportional to v%v!. On the other hand, it will certainly have
a contribution

0

Vp, ~v ", (B.11)

since by assumption D, - J,. - Jy # 0. In order for this volume not to diverge in the limit
9 ~ X\ — 0o we need to scale v" ~ 1/A. If Jy - J, = 0 we do not have such a condition and
can keep the corresponding v" finite.

24To see this, notice that J7 is the fiber of a genus-one or rational fibration. J, - J, - Jo # 0 implies that
Jo is a section of this fibration. On the other hand, J§ = 0 implies that the genus-one/rational fibration is
trivial. This implies, however, that the surface fibration with Jy the generic fiber is also trivial.
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Let us now turn to the scaling of v¥ for 1 # v € J;. Let us split the set [J; into two
sets J1 = J{ U J{, according to:

vVeJg] if [Jo-Js] = nlJy-Ji] for somen, (B.12)
pledl it [Jo-Jy) # nlJy-Ji] forany n. ‘
Thus the volume of the divisor Dg contains a contribution
Vp, 2 0° Z ayv” 4 ... (B.13)

!
v'eJ]

Since Jo - J1 # J% # 0, there needs to be a generator of Eff!(Bs) other than Dy for which

the volume contains a term (v” /)2. In order for the volume of this generator to remain

constant in the ¢ = 1 primitive EFT string limit, we need v” " to remain at best constant

in the limit v* — 0. None of the generators Eff! (Bs3) different from Dy can further contain
o

a term proportional to v%v”" since this would require a non-trivial intersection with Jg - J.

For p € J{' we know that if Vp, contains a factor proportional to vv*”, then this
term needs to appear in the volume of at least one other generator, ﬁ, of Effl(Bg) since
otherwise [Jy - Jv] = n[Jo - J1] which by definition of J{" is not the case. In order for the
volume of this additional generator to remain finite in the limit v ~ A — oo, we need to
scale v ~ 1/

To conclude, we have the scalings

1
T for reJs if J.-Jy#0,

1 (B.14)
Y for vV eJg, pled’.

1/

!
v” = const., ovf

Using these scalings, the leading behavior of Vg, in this limit is set by

1 ro
VB, ~ Z *KOM/V/UO’UHUV.
wved,

(B.15)

Thus V1233 is a polynomial of degree-2 in v°

. On the other hand, V?BS is a polynomial of
degree-3 in the volumes of the generators of the effective cone. Since Jy - Jog = 0, none of
these volumes is proportional to (v°)? and therefore, in the limit determined by (B.14),
V%% needs to be proportional to the product of two divisor volumes each containing terms
proportional to v%v” " with o/ € Ji{. From our previous discussion, we know that the only
such divisor is Dy. Hence

Vi, ~ (ReTp)? Pi(ReTy), (B.16)
where we used that the remaining polynomial P; has to be independent of Re Tj.

It remains to be shown that (3.4) also holds if Bs is a trivial fibration ¥ x P! for some
surface X. In this case |J1| = 0. The Kahler cone is now generated by the class Jy = [X]
and J; = [P x j;], with j; the Kéhler cone generators. The cone of curves giving rise to

— 44 —



primitive EFT strings in this case agrees with the cone of movable curves and is similarly
generated by
Movy(B) = Cone (J2, Jo - Ji) , (B.17)

for some ig. Notice that the first curve class has ¢ = 0 whereas the second class of curves
has ¢ = 1 unless j2 = 0. The cone of effective divisors, on the other hand, is generated by

Eff'(By) = Cone (Do = Jo, Di = b (P! x ) ) | (B.18)
with ¢’ the Mori cone generators of ¥.. The volume of these effective cone generators are
given by

1 o ,
VDO = 577,']"011)] y VDi = (51“'1)01)37 (B.lg)

where 7;; is the intersection pairing on ¥. We are interested in the limit Vp, — oo while
keeping all other volumes finite. This is achieved for v0 ~ A — 0o, ¥/7% ~ 1/\ and v’ finite.
Since n;; # 0 by assumption Vp, remains finite in this limit. We then have

VE, = (0"0")*(v")? = VB Vp,, (B.20)

in accordance with (3.4). We can thus also confirm (3.4) for the case ¢ = 1. The case that
Bs allows for two surface fibrations corresponds to a ¢ = 0 case to which we turn now.

q = 0: in this case C' can either be as in Condition P2a, i.e., C = Jg with JS’ =0, or a
curve as in Condition P2b, i.e., C' = Jy - J; with Jg = J? = 0. In the latter case, the base
Bs has two independent surface fibrations with generic fibers Jy and J; which intersect
over a curve C' = Jy - J;. However, using Proposition 6 in [30], both fibrations have to be
trivial, and the base is the product P! x P! x P!, for which V%S is just a product of all
three divisor volumes and hence (3.4) is true in any limit. We can thus consider C' = Jg@
without losing generality. Notice that ¢ = 0 is the heterotic string case, and (3.4) follows
from the analysis of [30, 33]. To recover this result, let us first borrow the classification of
the Kihler cone generators other than Jy:2°

Ju-J§#£0 i peky,

5 (B.21)
Jr-Jy=0 and J,-Js-Jp=0 if r,s€ks.
We then observe that the volume of Dy is given by
1 1
VDo ~ 5(2)0)2 + no"° + inrsvrvs , (B.22)

for Dy the generator of Eff'(B3) dual to C, and r,s € Ko in the language of [30]. On the
other hand, we have

Vo = Koopv" <v0 + nrvr) , (B.23)
for ;1 € K. Since there is no term proportional to (v%)? it follows that
JO = ZQZDZ ) (B24)
i#0

#51n [30, 33], K1,2 are called T 3, respectively.
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for some a* and D; - C = 0. Since in the EFT string limit all VD, need to remain finite,
we need to have koo, v* — 0, which is precisely the heterotic emergent string limit [30, 33].
We then have

1 1 1 1
VB, ~ (G004 170 4 S0 ) (G002 4, 4 S ) () (B.25)

=Re T =P2(Re Tj0)

Notice that one might have been tempted to identify the first two factors as Vp,. However,
the last term goes to zero and therefore cannot correspond to a polynomial in the remaining
Vp, which are assumed to be constant in the limit. We thus can also confirm (3.4) for the
case ¢ = 0. O

Proof of Proposition 5. There are two ways in which the weak coupling limit for the
gauge theory on Dy can fail to be describable as a quasi-primitive EFT string limit: )
the weak coupling limit is an EFT string limit but not quasi-primitive or iz) the weak
coupling limit is not even an EFT string limit according to Definition 1. We can further
differentiate two cases: the volume of the divisor Dy contains a term (v%)? quadratic in
some curve volume v® which scales to infinity, or it does not. Let us start with the first
case, i.e., assume that the volume of Dy contains a term

Vo ~ ()2 +.... (B.26)

If the limit Vp, — oo cannot be realized as a quasi-primitive EFT string, this means
that Dy or some other generators of our basis of Eff'(Bs) contain also terms linear in v°,
but every co-scaling (performed in order that the scaling linear in A for v* ~ A — oo is
compensated) blows up some other v! ~ X and induces a large volume limit for some other
generator in our basis of Eff!(B3), or scales the volume of a divisor to zero so that we lose
perturbative control.

If J§ # 0, the volume of the base scales as Vp, ~ A3 — oo such that the limit
corresponds to an effective decompactification to 10d and any gauge theory on Dy reduces
to an 8d defect in 10d — irrespective of whether the limit is an EFT limit or not. However,
there is the possibility that Jg§ = 0 but still no (quasi-) primitive EFT string limit exists.26
In this case Vg, ~ A2 ~ Vp, and hence we decompactify effectively to 8d with the gauge
theory corresponding to a non-weakly coupled gauge theory in 8d coupled to gravity as
opposed to a defect theory. Thus, the weak coupling limits for gauge theories on Dy
obtained by blowing up Vp, ~ A? and not corresponding to a quasi-primitive EFT string
limit or not to an EFT string limit at all are either limits in which we obtain 8d defects
in a 10d gravitational bulk theory or non-weakly coupled gauge theories in 8d coupled to
gravity.

There is an alternative way to engineer a weak coupling limit for a gauge theory on
Dy provided Vp, contains a term

Vo, ~ %t +..., (B.27)

26In appendix C we discuss an example of this kind where any co-scaling necessary to get a set of
homogeneously expanding divisors forces some generator of Eff! (Bs) to shrink.
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but no term quadratic in v* and/or v!. Without loss of generality, let us assume that there
is no such term for v!. We can then try to reach the weak coupling limit for a gauge theory
on Dy by scaling v! ~ XA — oo without co-scaling v°.2” We can now differentiate the three
cases JE =0, J2 # 0 but J§ =0 and J} # 0.

J2 = 0: in this case v! appears at most linearly in the volume for all generators of Eff!(Bs).
Thus, the limit v! ~ A\ = oo is automatically a quasi-primitive EFT string limit for a ¢ = 1
string unless we super-impose it with another limit, as discussed in section 3.3.

J2 £ 0, J3 = 0: the proof of Proposition 3 shows that for such intersection numbers, there
exists a ¢ = 0 primitive EFT string limit for a D3-brane on the curve J? which takes
v! ~ X\ — co. In this ¢ = 0 limit, since J? # 0, there exists a divisor whose volume scales
to infinity as (v')? ~ A2. Since by assumption, Vp, only scales linearly in v! ~ \ and we
do not co-scale ©°, the weak coupling limit for Dy under consideration is certainly not the
q = 0 primitive EFT string limit associated with J2.

First, we observe that the weak coupling limit where Vp, ~ v%v! linearly in v! can

only exist if J? - Jy # 0: otherwise, it would follow from the intersection numbers that
Jo - J1 ~ J2, and hence any scaling with v! ~ X is necessarily quadratic in v!. If this were
the case, we would just be considering the primitive EFT string limit associated with the
q = 0 string on the curve J12, contrary to our assumption.

Now, as noted already, the difference between the weak coupling with linear scaling

in v! compared to the strict ¢ = 0 primitive EFT string limit is that we do not impose a

co-scaling on v". Combined with J?Z-.Jy # 0, this implies that the volume of B3 behaves as
Vi, ~ (01200 + ...~ A2, (B.28)

As J?-Jy # 0, the tension of the string on J? has a contribution proportional to v* ~ O(1).
The string scale for the ¢ = 0 string on the curve J is therefore of order of My;;. The scaling
of Vp, identifies the limit as a decompactification limit to 8d rather than an emergent string
limit. And indeed, using (3.26), we find that the species scale of the KK-tower signaling
the decompactification to 8d agrees with Mjz. Notice that since we have a Kéahler cone
generator with J§ = 0, the manifold B3 needs to admit a rational/genus-one fibration.
The decompactification to 8d corresponds to the limit where the base of this fibration
becomes large. Now, since a curve C? in the movable cone with non-zero intersection with
Dy cannot be proportional to J?, it cannot be just the fiber of the p-projection. Hence,
in the 8d limit, we resolve the internal directions of the D3-brane wrapping C°. Similarly,
since Dy - J12 = 0 the divisor Dy cannot contain the exceptional section of the fibration
p: B3 — Bs. Instead, Dy has to be a combination of p-vertical or exceptional divisors. In
the 8d theory, the gauge theory on the 7-brane stack wrapping Dy is thus a defect theory
in 8d.

2In case we also scale v° ~ X\ and v° appears quadratically in the volume of some generator in our basis

of Eff*(B3) we can apply the logic of the previous case to this generator. In case J§ = 0, v° only appears
at most linearly in all relevant volumes, and we have a decompactification to a non-weakly coupled gauge
theory in 8d since for J§ = 0, we have to leading order VB, ~ const. vi? ~ Vp, and if both vl ~ X and
v ~ X are scaled up, this leads to a quadratic expansion VBs ~ Vp, ~ 2.
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J3 # 0: in this case the volume of B3 again scales as Vp, ~ A3 indicating a decompactifi-
cation to 10d as in section 3.2. O

C Examples

In this appendix, we provide examples for F-theory bases Bs for which we analyze the
possible (quasi-)primitive EFT string limits. These example serve to illustrate the subtleties
of EFT string limits in the F-theory Kéhler field space in concrete setups. Based on the
example discussed in section 2.3, we explore different blow-ups of Bs = P! — F,,: first
in section C.1 the base Bs is replaced by a blow-up of [F,, and second in section C.2 an
example is discussed for which the fiber of B3 = P; — F; is blown-up. Notice that in all
the following examples the Kéhler cone is simplicial.

C.1 P!-fibrations over Bl(FFy)

Let us consider a P!-fibration over a base By that is F,, blown-up in a smooth point on its
base P1. We denote the resulting base by By = BI(F,). Due to the blow-up the Kihler
cone of BI(F,) has an additional generator compared to F,, which we call ja. The resulting
intersection polynomial is

I(B) = njg + jo - j1 + (n— 1)j3 + jo - j1 + njo - ja - (C.1)
The twist of the P!-fibration is encapsulated in a line bundle 7 with
ca(T) = sjo+tj1 +uja, s, t,u>0, (C.2)

where, compared to (2.30), we also allowed for a twist depending on the exceptional divisor

in By. The Kihler cone generators of By = P! 1, BI(F,,) are given by
Jo=p"jo, J1=pj1, Je=ph, Jz=5_+pa(T), (C.3)

where S_ is the zero section of the fibration p : P! — By. The intersection ring for Bs
reads

Z(B3) :(82n+23t+23un+2tu+u2(n—1)) T3+
+(sn4+t+un)Jy-JE4+ (sn+t+un—1)Jy  J2+ (s+u)J - J2+ (C4)
g T3+ (n—1)JE-Js+ndy-Jo-Js+Jo-Jy-Jz+Jy-Jo- J3.

Notice that for Jo = u = 0, one obtains the example discussed in section 2.3. In what
follows, we discuss toric constructions for these geometries when n = 2.
An explicit realization for By = Bl(F2) is encoded by the toric data

A2

d /0 —-1] 1 -2 0
db -1 -1 1 o0
ds [ -1 -2 -1 1 1]|- (C.5)
dl 1 o] o 1
ds \ 0 1] 0 0
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Here d, and ¢* denote the toric divisors and Mori cone generators for By respectively,
where the latter intersect with the Kéhler cone generators {jq}q—=0,12 in B as ¢® - j, = dj.
Notice that the toric divisor do is the exceptional divisor associated with the blow-up of
Fy. Moreover, we obtain that the first Chern class is ¢1(B2) = jo + Jo.

Now, we construct smooth P!-fibrations determined by the twist bundle ¢y (7)) = sjo +
uja for the toric projective bundle B3 = P(Op, & Op,(sjo + uj2)) — B2. Under this
consideration we obtain the following toric data for the choices of parameters s, u € {0,1}:

co ¢t oc* ¢’

Dy 0 0 1] —s 0 —u 1
D; 0 -1 s -2 0 O
Dy | -1 -1 0 1 0 -1 0
Ds|l-1 =2 ol-1 1 1 0 (C.6)
Dy 1 0 2s 0 1 0 O
Dy 0 1 U 0 0 1 0
Dg 0 0 -1 0 0 0 1
Here the anticanonical class reads
F(Bg) =2J3+ (1 — S)Jo + (1 — U)J2 . (C?)

The P|@ matrix (C.6) determines the linear equivalence relations among toric divisors,
which read

Dy~ Do+ D3, Ds~Di+ Dy+2D3,

C.8
D6 ND0—|—(S+U)D1+(2$+U)D2+2(S+U)D3. ( )

As each D, toric divisor is prime, an effective divisor in Bs has the form 3 ¢y, 1) ap[D)]
with all a, > 0, where (1) is the set of rays that span the fan ¥ for B3. From (C.8), we
determined [Dy], [Ds], and [Dg] to be positive linear combinations of {[D;]}i=0,1,2,3. Hence,
the latter set is a minimal basis that spans N'(Bs) and the cone of effective divisors is
Eff'(Bs)z = Cone({[D;]}). Taking into account the basis of Kihler divisors J; - C/ = &7,
we obtain the expressions

[D()] = J3 — SJ() — UJQ, [Dl] = J() — 2J1 s [Dg] = Jl — JQ, [Dg] = JQ + J3 — J().
(C.9)

By abuse of notation, we drop the [-] symbol from now on and refer to each effective divisor
[D;] by D;.

Before proceeding to discuss the physics for Bs, let us remark that we can perform the
blow-down BI(FF3) — Fo by removing the lattice point in the toric data that is associated
to the exceptional divisor D, and then, one proceeds with the same computation we used
to obtain (C.9). In this way, we can verify expression (2.35) in our constructed examples.?®
The same method can be applied for other values n # 2 for F,,.

28Upon blow-down the divisor class Do maps to Js — sJo, while D3 maps to Ji.
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Different twist parameters s,u € {0,1} in (C.6) give rise to inequivalent polytopes
with a different number of triangulations. For concreteness, in the following discussion
and subsections, we focus on the choice s = 1 and v = 0. In this case, the depicted
triangulation in (C.6) realizes a P!-fibration over BI(F2) with twist bundle ¢;(7) = jo.
The cone of effective divisors is

Eff'(B3) = Cone (Dg, D1, Do, D3) , (C.10)

whose expression in terms of the Kéhler cone generators of Bs follows from (C.9). The
volumes of the generators are given by

1
Vp, = 0" (vo + v1> 102 (21}0 Lol g 2v2> :

_ .31
Vp, =v'v,

3,2

(C.11)
Vp, = v°v°,

Vp, = %v?’ (21}0 + v3) .

We can easily identify the generators of the movable cone Mov;(Bs) = Eff' (Bs) as
CO'=Jy-Jy, Cl=g-J3, C*=Jy-J3, C3=Jy-Js, (C.12)
with volumes

Voo = v°,

Ver =00 + 0% + 03,

Ve = 200 +ub 402 + 203
Vs = 200 + vb + 207 4 203,

(C.13)

Note that Jg =2Jy-J1 and J32 =Jy- Js.

Let us identify those curves giving rise to the (quasi)-primitive EFT string limits for
the chosen B3. Compared to the example in section 2.3, we now have the additional
divisor Dy and the associated generator C? of the movable cone. We first notice that, by
Proposition 1, the limit Vp, — oo cannot be realized as a primitive EFT string limit within
the given Kahler cone. To see this, consider figure 4 where we show Bs and the topology
of the divisors. The divisors are expressed in terms of the fibral curve IP} of Bs, the base
P} of BI(F2) and the two fibral curves P} and P which together give the generic fiber of
F,. Figure 4 illustrates Proposition 1 since the two curves }P’} and P} contained in Dy are
also contained in other generators of Eff'(Bj3) as fibers of a non-trivial fibration. Hence,
blowing up either of the two curves will also blow up either Dy or D3 such that there is no
primitive EFT string limit associated to Vp, — oc.

On the other hand, the limit Vp, — oo cannot be realized as a quasi-primitive EF'T
string limit either. To see this, notice that we either need to blow-up v?> — oo or v® — oco.
However, in both limits we have another generator of Eff'(B3) blowing up at a faster rate
such that it is not an EFT string limit. For v> ~ A — oo one might try to co-scale
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Figure 4. We show the base B3 = P! — BI(F,,) (center) for u =t = 0 as well as the topology of
the divisors D;, i =0,...,3.

v3 ~ X to obtain an EFT string limit as defined in Definition 1. However, in this way
|Z| is not minimized such that v? — co with this co-scaling does not qualify as a quasi-
primitive EFT string limit according to Definition 2. Thus, in this example we only find
three (quasi)-primitive EFT string limits, despite the dimension of the field space being
four. In particular, a gauge theory on Ds is of the kind discussed in section 3.3. Thus,
the weak coupling limit for this gauge theory cannot necessarily be realized as an EFT
string limit within the given chamber of the K&hler cone. This is illustrated in figure 5.
There we show parts of the Kahler field space, including the directions corresponding to
the volumes of the divisors Do, Dy and Ds3 in the vicinity of Vp, = co. The red surface
corresponds to the boundary of the chosen chamber of the Kéhler cone embedded in the
saxionic field space. From our previous discussion, it is clear that the bulk of the gray
plane corresponding to Vp, = oo cannot be reached within this chamber of the Ké&hler
cone chamber, but we need to perform at least one flop transition in the base Bs. The
necessary flop transitions are discussed in the following. Notice, however, that the origin
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Figure 5. A sketch of part of the Kihler field space for By = P! — BI(F,,) with u = 0.

in figure 5 can be reached in a linear fashion corresponding to an EFT string obtained
by a D3-brane on agC® + asC? + a3C? for some coefficients a;. This is, however, not a
quasi-primitive EFT string.

To summarize, only the generators D; for ¢ = 0,1,3 are each individually homoge-
neously expandable. Hence, classically all three curves CY, C! and C? are expected to give
rise to primitive EFT strings with the following associated limits:

Movable curve | ¢ factor Primitive EFT limit Vp, — o0
CO'=Jy-J =0 |02 500, 30 D

0" J1 q 0 (C.14)
Ct=J, - Js g=1 | v! =00, 0%0v? =0, v3~const. D4
C3=Jy- Js g=2 | ¥ =00, vhv?2 =0, v°~const. D3

However, in the limit associated to C'!, we effectively blow-down D,. Hence, this limit
might be obstructed at the quantum level. On the other hand, co-scaling v — oo would
increase |Z| and therefore the EFT string limit would not be quasi-primitive anymore.
Thus, even though all curves C? with i = 0, 1,3 are as in Proposition 2 not all of them are
associated to quasi-primitive EF'T string limits. In total, we only have two primitive EF'T
strings, despite the dimension of the field space being four.

The associated polytope of this example — with s = 1 and u = 0 — allows for two ad-
ditional triangulations besides (C.6) that correspond to different chambers of the extended
Kéhler cone Kext(Bs). Thus, Bs relates via flop transitions to geometries that we call Bj
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and BY. In terms of toric data, we obtain

a ¢ ¢ ¢ i ChCh G

Do/ 0 0 1]-1 -1 0 1]-=2 0 1
Dy o -1 1]/-1 1 1 —-1] 0 1 -2 1
Dy|l-1 -1 o]l 1 0o 1 —-1] 1 1 o0 -1
Ds|l-1 =2 o] o o -1 1] 0o -1 1 of- (C.15)
Ds| 1 2/ 1 0o o ol 1 0o 1 -1
Dsl o 1 ol 0o 1 0o o0/ 1 0 0 O
Ds\ 0 0 -1/ 0 0 1 o0/ 0 1 0 0

Here C} are the Mori cone generators of Bj, while Cj; are the Mori cone generators of BY.
More explicitly, the flop map can be realized via the following curves’ basis transformation:

cf =c0+c! Ch=Cl+Cf =200 +Ct +C?
CZ — CO C2 CS — CS — CO CS
FlopI: { ! * , FlopIL: { U Lo * (C.16)
Gt =Cc+¢° Ch=C+¢f =t
CI4 = -C° C151 = —Cll =-C'-¢!
Nevertheless, notice that the linear equivalence relations among toric divisors are pre-
served, i.e.,
D4ND2+D3, D5ND1—|-D2—|-2D3, DGND0+D1—|-2D2+2D3, (Cl?)

which implies that, again, the effective cones Eff'(Bj) and Eff'(BY) are spanned by the
basis {D; }i=0,1,2,3 in each respective case.

C.1.1 Primitive EFT string limit of C*!

In order to find the primitive EFT string limits for the other two generators of Mov;(Bs3)
we first perform a flop transition on the base B3 to Bj. The geometry now corresponds
to a P!-fibration over Fy with twist bundle c1(7) = jo + j1 for which we blow-up the fiber
over a point in Bs leading to an additional fibral curve over By. The flop can thus be
understood by blowing-down a fibral curve of Bl(IF3) and replacing it by a fibral curve in
the P!-fiber over F;. The twist of the original curve over P} is reflected now in the change
of the twist bundle ¢1(7) = jo — jo + j1. The cone of effective divisors is spanned again
by (C.10), but now expressed in terms of the Kahler cone generators of Bj as

Dy=Jds—Jo—J1, Di=Jdo+JIs—Jy—J1, Do=J1+J3—Jy, Ds=J—Js. (C.18)

Here we introduced the new generators {J; }i=1,2,3, of the Kéhler cone to which we associate
the volume v* of the dual generators of the Mori cone {Cf}i:172,374.
The intersection ring compatible with the fibration structure of Bj and Bs is
I(BY) =2J3 +2Jp - J3+J1 - J3 +3Jy - J3 4+ J3 - J3+3JF - Js+ Jo- Jy - J3+
+2Jy-Jy - Jz+ Ty Jy Js+ 3T+ 20y JE+ - JE+ (C.19)
+J2 dy+Jo-J Ty
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The volume for the effective divisors read

1
Vp, = 57)2(1)2 + vl) ,

1
Vp, = 5(1)4)2 + 3ot + vt + vle?,

L 4o, .32, 43, 24 (C-20)
VDgzi(U) +v7v* +vTv” +vT,

1 3\2
VD3:§(U) .

The movable cone Movy (Bj) = ﬁfl(Bé)v is then spanned by the curves
CO=J-Jy, C'=J1-J3, C?*=Jy-Jy, C*=1J2. (C.21)

The volume for these curves are

Veo =03 + 0,

Ver =v? + 03 + ot

Ver = vl 4+ 02 + 20° 4+ 20,
Ves = v! 4 20% + 303 + 20

(C.22)

Notice the splitting of C° in terms of the Mori cone generators C3 and C*. We identify
CY as the heterotic curve since C° - K (Bj}) = 2. Using the adjunction formula, we obtain
g(C3) = 0 where we used K(Bj) = 2J3 + Jy. Also, note that C® = J? with J? = 0 holds.

In this chamber of the Kéhler cone, we can now realize the EFT string limit for the
D3-brane on C! as

Movable curve ‘ q factor ‘ Primitive EFT limit ‘ Vp; — 00

(C.23)

4 ~ const. ‘ Dy

Cl=J,-J3 ‘ qg=1 ‘ vl w00, vP—=0, v
without shrinking any additional divisor. This is, however, the only primitive EFT string
limit in this chamber that can be reached without leaving the perturbative regime. In
order to realize the primitive EFT string limit for the D3-brane on C? we need to perform
a second flop corresponding to yet another triangulation of the polytope.

C.1.2 Primitive EFT string limit of C?

To reach the third chamber of the Kéhler cone, we need to blow-down the curve Cf in Bj
and replace it by yet another fibral curve CI5I. The resulting manifold is a P!-fibration over
PP? for which the fiber splits into three curves CI?’I, CI41 and CI51. We realize the resulting base
BY as a third triangulation for the polytope underlying also Bs and Bj. The generators of
the cone of effective divisors (C.10) in terms of the Kéahler cone generators of Bj are

Dy=Js—2Jy, Di=Js+J5—2Jy, Do=J3s—Js+Jo, D3z=Jys—Js3. (0.24)
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Here we take {J;}i—2345 to be the Kiihler cone generators dual to {Cj;}. The intersection
ring compatible with the fibration structure of Bf and Bs reads

I(BY) =2J3 +4J5 - J2 +2Jo- J3 +3Jy- J3 +4J2 - J3+ J3 - J3 +3J7 - J3 +
4205 Jo-Js+ 45 Jy-Js+ 200 Jy - J3 +4AJE + 3T+ Jy - Ji+ (C.25)
+ 45 JE 2y JP 42T Ty 4T T+ I Ty 205 Ty Jy.

The volumes of the effective divisors are

Vb, = 5(“2)27
1
Vp, = 5(04)2 +o'?,
1 (C.26)
Vb, = 5(114)2 420305 + (v5)2 + 0302 + 090 4+ 030t 4 2000t + 020t
1 3\2
Vp, = 5(“ )

Moreover, here we have that K (BY) = 2.J3 + Jo. The movable cone Movy (BY) = ﬁfl(Bé’)V
is then spanned by the curves C* given by

CO=J2, Cl=J-(Ji—Jo), C*=J3-Jp, C3=J3. (C.27)
The volumes of such curves read

Ver =03 + ot +0°,
Ver = 203 + 405 + 20% 4 30,

C.28
Ves = 03+ 20° 402 + 0, (C.28)
Vea = 20% + 20° + 02 + 20,
In this case we again have a single primitive EFT string limit corresponding to
Movable curve ‘ q factor ‘ Primitive EFT limit ‘ Vp, — o0 (C.29)
C?=Jy Js ‘ q=2 ‘v5—>oo, vz,vg,v‘l:const.‘ Dy '

Note that in this chamber of the extended Kéhler cone we 2J3 - Jo = J2 such that the
curve C? is indeed of the form required by Proposition 2. Even though also the curve C°
and C?3 are of the required form, there are no primitive EFT string limits associated to
D3-branes wrapped on these curves in this chamber of the Kéhler cone, as we would leave
the perturbative regime while imposing such a limit.

C.2 Curve blow-up in a P!-fibration over F,

Another interesting example is blowing-up a curve in the base F,, of geometries in sec-
tion 2.3. Here, we will discuss the case that the blown-up curve is a generic fiber of F;
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with twist choices s = 1 for B3 = P! — Fy. The toric data for such a blow-up px : B3 — Bs
takes the form

o o¢ctocd ot o oo oo

Do/ 0 O 1|/-1 o 1 o0o]-1 1 o0

Do -1 1] 1 -1 0o o/ 1 0 -1 1

Dsl 1 0o 1] 0o o0 -1 1] 0 -1 1 0

Dyl 1 0o of o 1 1 —-1] 0 1 0 -1]f- (C.30)
Ds| o 1 ol 1 0o o o0/ 1 0 0 O

Dgl-1 -1 ol o 1 0o o] 0 0 1 -1

D;\o0o 0 -1/ 0 -1 0o 1/, 0 0 0 1

Here the polytope realizing Bs has another triangulation, whose associated geometry we
call BS. In (C.30), we denote by C* and C} the Mori cone curves for By and B} respectively.

In Bj, the toric divisor Dy is the exceptional divisor E that shrinks to the P!-fiber of
F; upon blow-down. Moreover, we notice the following linear equivalence relations among
toric divisors,

Ds~ D1+ Ds+ Dy, Dg~ D3+ Dy, D7~ Do+ D1+ Ds, (C.31)
which imply that the cone of effective divisors is spanned by the divisors
Eff'(B3) = Cone (Dy, Dy, D3, D) , (C.32)
which can be expressed in terms of the Kéahler cone generators {J;}i=0,1,34 of Bg as
Dy=Js—Jy, Di=Jo—J1, D3=Js—J3, Dy=Js—Js+J1. (C.33)

Before moving on, let us analyze the geometry in some detail, see also figure 6. Therefore,
we start with a P!'-fibration over F; with twist given by the section jo of Fy satisfying
j& = 1. The generic fiber of Bs is given by C3, the base of F; by C' and a generic fiber of
F; by C°. The blow-up now replaces C3 by C3 + C* along the exceptional fiber Cg of 1 at
one point in p € C'. Schematically, this is shown in figure 6. The blow-up is done in such
a way that the zero section Dy of Bs wraps C* over CS. Therefore, the divisor Dy should
be a connected sum made up by a copy of F; and Cg x C* glued together along Cg. We
therefore expect the volume of Dy to be given by

Vb, = VF, + W0t (0.34)

We can think of the fibration as a surface fibration over C! with one exceptional fiber. The
volume of a non-exceptional surface fiber corresponds to Vp, and is not affected by the
blow-up and hence simply given by

1
Vp, = 5(1)3)2 + 30V (C.35)
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Figure 6. We show the base Bs of a blow-up of the P'-fiber of a P!-fibration over F;. The zero
section is in the darker curves.

The exceptional divisor D, is contained in the exceptional surface fiber and its volume can
be calculated by taking the volume as

Vb, = % (v* +v4)2 +0° (v* 4+ 0*) - (%

:VJl :VD3

1
P s L con

Here, we notice that J; is the pull-back of the C° to the full fibration. Finally, we have the
volume associated to the pull-back D; of C!. Since p € C! the fiber over C! will contain
both C? and C*. Since the original Bs does not include a twist over C! for Vp, we need to
subtract a term proportional (v3)? such that we arrive at

Vp, =o' (v3 +0!) + % (0% +v*) = S P2 (C.37)
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The volumes for the generators of Eﬁl(Bg) can be calculated also straightforwardly
using the intersection ring, which reads

T(B3) =Js4+2J2 - Jy+ JoJo +J1 - J2 +2J5- J3 4+ J2 - Js+2Jy - J3 - Ju+
Sy Jy - Ja o Ji - 320+ JE T+ 20y Ji ATy - Ji (C.38)
+Jo-Jy - Jy.
Using (C.33) we can calculate

1

Vb, = 5(1)0)2 +vh® 4001
1
Vp, = 5(1)4)2 + vt 4 vt 4 vl
Lo 32 30 (C-39)
VD3:§(U) +viv,
1
Vp, = 5(114)2 + o3t 4ot

in agreement with our previous discussion.
In order to find the curves giving rise to (quasi-)primitive EFT string in this limit, let
us first consider the movable cone Movy(B3) = ﬁl(ég)v being generated by

CO'=Jy-Ji, C'=J1-J3, C3=Jy-J3, C'=J5-(Jy—J1). (C.40)

Let us note that, as in section 2.3, Jg = sJp-J1 and Jg = sJy - J3, where here we use s = 1.
The volumes for such curves are

Voo =02 + 0,
Ver =00 + 0% + 0t
Vs =00 4+ ot + 03 + 20,

Vea =00 + 0! + 03 + 0.

(C.41)

Notice the splitting of C? in terms of the Mori cone generators C3 and C*. Hence, we
identify C¥ as the heterotic curve since C° - K (B3) = 2 and using the adjunction formula
we obtain ¢(C°) = 0. Here we used that K(Bs) = Jy + J3 + Jy. Also, note that C° = JZ
with J§ = 0 holds. Compared to the previous example, we observe that here, one of the
generators of Movy (B3), C* is not of the form .J; - J; for two Kahler cone generators .J; and
Jj. Still, by Proposition 2 we expect that the curves giving rise to quasi-primitive EFT
strings to be of this form. And indeed, we find the primitive EFT limits:

Movable curve | g factor Primitive EFT limit Vp, — 00
CO'=Jy-J =0 |90 500, 030t =0 D

0 1 q ) 3 ) 0 (042)
Cl=J-Js g=1 | v =00, =0, v v?~const. Dy
C3 =y Js g=2 | ¥ =00, vhvt—=0, 0°~const. Ds
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There is a quasi-primitive limit obtained for

Movable curve ‘ q factor ‘ Quasi-primitive EFT limit ‘ Vp; — 00

=4 9 1 0 T 3 (C.43)
C*=Jj ‘ q=2 ‘v —o00, v —0, v,v :const.‘ D1, Dy

Let us also note that C* = C' 4+ C* = J? for this choice of twist. Hence, we again find
that all curves leading to (quasi-)primitive EFT strings are as in Proposition 2.

C.2.1 Primitive EFT string limit for C*

Let us now discuss the second chamber of the extended Kéhler cone in which we can
realize the primitive EFT string limit for the divisor D4. The corresponding base Bé can
be obtained by flopping the curve C'. More precisely, the flop map reads

) ="
G =c3

Flop I: i clict (C.44)
) = -t

Taking the Kéhler cone generators {J;}i—0 34,5 such that J; - C{ = 5? , the basis of effective
divisors in Bj can be expressed as

Dy=Js—Jo, Di=Js+Jo—Js, Ds=Jy—J3, Dy=Js—Js. (C.45)
The anticanonical class is K (Bj}) = Jo + J3 + Jy and the intersection ring of B} reads

I(Bé):J§)+J5-J§+Jo~J§+2J4-J§+Jg-J3+2JZ-J3+J5’J0-J3+
At Tsdy - J3+2Jo -y T3 4205 4 Js - JE A Ts - T34 2J0 - Ji A+ (C.46)
+ I Ju+ Ts - Jo- Jy

The volumes of the effective divisors follows as

1
VDO — 5(2}())2 + 1)0,04’
1
Vp, = 5(04)2 + vt
2 (C.47)
VDg — 5(US)Z + ’UO’U3,
1
Vp, = 5(04)2 + 0903 + 0700 4+ vOut + Bt 4+ 00t

We can compute that the movable cone Movy(B}) = Eff' (B%)Y is then spanned by the
curves C given by

CO=J2, Cl=J-(Ji—Js), C>*=J2, C'=1Js5-Js. (C.48)
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The volume for these curves read
Veo = v3 + ot +0°
Ver =00 + 03 + 0t 405,
Ves =00 + 03 + 20t 407

Vi =00 + 03 + 0.

(C.49)

From these expressions, we see that there only are two (quasi-)primitive EFT string limits
that can be realized in this chamber of the Kéhler cone corresponding to

Movable curve ‘ q factor ‘ Primitive EFT limit ‘ Vp; — 00
C3=J2 g=2 |[v¥ =00, vio® =0, v~ const. Ds (C.50)
C*=J5 - Js g=1 | v> =00, 0° 03 v*~ const. Dy

Notice that the first primitive EFT string limit can also be obtained in the Kéhler cone
chamber discussed previously whereas the second limit corresponds to the one we could
not realize in the other chamber of the Kéhler cone. Further, note that the curve C* gives
rise to a ¢ = 1 EFT string. Therefore, after flopping the curve C!, the resulting Bé allows
for a surface fibration over P! with the generic fiber corresponding to Js.
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