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1 Introduction

Classical string theory restricted to backgrounds with d abelian isometries features a con-
tinuous O(d, d;R) symmetry [1, 2] which extends to all orders in α′ [3]. This symmetry is
closely related to T-duality. Double Field Theory (DFT) [4–6] is an attempt to formulate
the string effective action with an O(D,D) symmetry (D = 10 or 26), already before re-
stricting to backgrounds with isometries. In order to do this one has to double the number
of spacetime dimensions from D to 2D. An O(D,D) invariant “section condition” is then
imposed which reduces the number of physical coordinates down to D. While there is no
a priori reason why this should work in general, DFT does work at the supergravity level
and has proven to be a very useful tool.

Remarkably, Marques and Nunez were able to extend DFT beyond the supergravity
level by showing that a certain two-parameter modification of the transformation rules
leads to the first α′-correction to the bosonic and heterotic string effective actions [7], see
also [8, 9]. The modification of the transformation rules of DFT at order α′ leads to an
infinite series of α′-corrections. In [10] it was argued that these can all be captured by
enlarging the DFT gauge group and imposing a DFT version of a trick used by Bergshoeff
and de-Roo [11] to find α′-corrections to the heterotic string.1 They dubbed this idea the
“generalized Bergshoeff de-Roo identification”. The construction is somewhat formal since
it requires and infinite-dimensional gauge group, but nevertheless, the identification can be
solved recursively order-by-order in α′, leading to specific corrections to the DFT action
and transformation rules at each order. Unfortunately, the expressions found at order α′2

1This idea was previously used in [12] to find the heterotic α′2-correction in DFT.
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in [13] take a very complicated form and it was not possible to compare them to the known
corrections to the bosonic and heterotic string.

Here we will show that many of the terms in the α′2 corrected DFT action of [13] are
zero due to Bianchi identities, or can be removed by field redefinitions. In this way we are
able to show that their expressions give rise to a cubic Riemann term, plus quartic terms
which we don’t determine, in the bosonic string case and no cubic terms in the heterotic
case. This is in precise agreement with the known structure of the α′2-correction to the
bosonic and heterotic string (in the NS sector) [14], including the coefficient of the cubic
Riemann term.2

We should note that the fact that the DFT formalism seems to correctly capture all
the corrections up to order α′2 does not mean it can capture all α′-corrections. In fact,
at order α′3 all string theories have quartic Riemann terms with coefficient ζ(3). These
cannot be accounted for by the construction of [10], due to the ζ(3) coefficient. In fact,
a careful analysis [15] shows that they cannot be captured by the DFT formalism at all
(at least not without some drastic modification of the formalism). Therefore it seems like
the DFT formalism can account for the all-order T-duality completion of the Riemann
squared correction at order α′ (which in turn, in the heterotic case, is needed for the
Green-Schwarz anomaly cancellation mechanism [16]), but not for other α′-corrections. It
may seem strange that DFT can account for any α′-corrections at all, but in our point
of view this is because of the existence of the generalized Bergshoeff-de Roo identification
which allows the α′-corrections connected with Riemann squared to be generated for free
from an uncorrected (extended) DFT action.

The rest of this note is organized as follows. In section 2 we give a short summary
of the elements of the flux formulation of DFT which we will need. Then we describe the
main steps in the calculations at order α′2 in section 3. We end with some conclusions.
Details of the calculations are provided in the appendix.

2 Elements of the O(D,D) covariant formulation

Here we will introduce the elements of the O(D,D) covariant formulation of DFT which
we will need. We will use the so-called flux formulation of [7, 17], see also [18] for a recent
review.

The basic object is the generalized vielbein which we parametrize as

EA
M = 1√

2

(
e(+)a

m − e(+)anBnm e(+)am

−e(−)
am − e(−)

a
nBnm e

(−)
a

m

)
. (2.1)

The two sets of vielbeins e(±) for the metric Gmn transform independently as Λ(±)e(±)

under two copies of the Lorentz-group. The standard supergravity fields are recovered by
fixing the gauge e(+) = e(−) = e, leaving only the diagonal copy of the Lorentz-group. The
dilaton Φ is encoded in the generalized dilaton d defined as

e−2d = e−2Φ√−G . (2.2)
2The first correction to the type II string is at order α′3.
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There are two constant metrics, the O(D,D) metric ηAB and the generalized metric HAB,
which take the form

ηAB =
(
η̂ab 0
0 −η̂ab

)
, HAB =

(
η̂ab 0
0 η̂ab

)
, (2.3)

where η̂ = (−1, 1, . . . , 1) is the D-dimensional Minkowski metric. The O(D,D)-metric is
used to raise/lower indices. From these we build the projection operators

PAB
± = 1

2
(
ηAB ±HAB

)
. (2.4)

We denote projected indices by over/underlining them and use lower-case letters for non-
doubled indices, e.g.3

PAB
+ FB → F a , PAB

− FB → F a . (2.5)

We define the derivative with a “flat” index as

∂A = EA
M∂M , (2.6)

where the standard solution to the section condition is ∂M = (0, ∂m).
The diffeomorphism and B-field gauge transformation invariant information in the

generalized vielbein is encoded in the basic generalized diffeomorphism scalars

FABC = 3∂[AEB
MEC]M , FA = ∂BEB

MEAM + 2∂Ad . (2.7)

These “generalized fluxes” are manifestly O(D,D) invariant and they are the basic building
blocks from which to construct an O(D,D) invariant action. Indeed, the lowest order action
takes the form

S =
∫
dX e−2dR , (2.8)

where the generalized Ricci scalar is defined as

R = 4∂aFa − 2F aFa + FabcF
abc + 1

3FabcF
abc . (2.9)

By gauge-fixing e(+) = e(−) = e and imposing the standard solution to the section
condition,∂M = (0, ∂m), one recovers the low-energy effective action of bosonic string the-
ory, or the NS sector of the heterotic string. Note that O(D,D) symmetry and generalized
diffeomorphism symmetry are manifest in this formulation, but the (doubled) Lorentz sym-
metry is not manifest and must be checked by hand.

A sequence of higher order α′-corrections to the action (2.8) can be derived using
the “generalized Bergshoeff-de Roo identification”, i.e. extending the duality group and

3In expressions where the indices are suppressed we will use the notation

F
(±)
ABC = (P∓)A

D(P±)B
E(P±)C

FFDEF , F
(±±)
ABC = (P±)A

D(P±)B
E(P±)C

FFDEF .
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double Lorentz group and then identifying the new gauge vectors with the generalized spin
connection, as described in [13]. To the order we are interested in here it takes the form

S =
∫
dX e−2d

(
R(0,0) + aR(0,1) + bR(1,0) + a2R(0,2) + abR(1,1) + b2R(2,0)

)
. (2.10)

Here R(0,0) = R gives the lowest order action and a, b are parameters proportional to α′.
The bosonic string result is recovered by taking a = b = −α′ and the heterotic string result
by taking a = −α′ and b = 0. At the first order in α′ we have [19]

R(0,1) =− (∂a − F a)
[
(∂b − F b)

(
FacdFb

cd)]− 1
2RabcdR

abcd + ∂aF bFacdFb
cd (2.11)

+ F abCFa
de∂CFbde −

2
3F

abcFad
eFbe

fFcf
d +

(
F abcFabd + 1

2F
abcFabd

)
FcefF

def ,

while R(1,0) takes the same form, but with over and underlined indices exchanged. The first
term is a total derivative, while in the second term we have introduced the “generalized
Riemann tensor”4

Rabcd = 2∂[aFb]cd − FabeF
e
cd − 2F[a|c|

eFb]ed . (2.12)

The quotation marks are there to emphasize that unlike the usual Riemann tensor this
object does not transform covariantly under double Lorentz transformations. Indeed, going
to the usual supergravity fields one finds

Rabcd →
1
2
(
R(−)ab

cd + ω(+)eabω
(−)
ecd

)
, (2.13)

where we have defined the torsionful spin connections ω(±) = ω± 1
2H and R(−) is the cur-

vature of ω(−). This α′-correction to the action agrees with the more complicated original
expression found in [7], which was shown there to reproduce the known α′-correction to
the bosonic and heterotic string.

Expressions for R(0,2), R(1,1) and R(2,0) were found in [13], but the expressions are
very long indeed. Only R(0,2) and R(1,1) are relevant since R(2,0) is simply related to R(0,2)

by reversing all projections. They consist of about 280 and 190 terms respectively! For this
reason it is very difficult to compare the expressions of [13] with the known α′2-correction
to the bosonic and heterotic string. However, we will show here that many terms in these
complicated expressions vanish upon field redefinitions and using Bianchi identities so that
one eventually finds

R(0,2) ∼ R(2,0) ∼ O(F 4) , R(1,1) ∼ −1
3Ra

bdeRbcefR
caf

d +O(F 4) . (2.14)

Since only R(0,2) enters in the heterotic case one finds no cubic Riemann terms in that case.
This is in agreement with scattering amplitude calculations [14]. For the bosonic string on
the other hand we get a cubic Riemann term fromR(1,1), again in agreement with the known
structure of the α′2-correction to the bosonic string, including the coefficient [14, 20].5 This

4Reversing the projections we get the same object up to a sign, R
cdab

= −R
abcd

, due to Bianchi identities.
5The ∇H∇HR-terms can be removed by field redefinitions.
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provides strong evidence that the expressions derived using the generalized Bergshoeff-de
Roo identification indeed reproduce also the α′2-corrections to the bosonic and heterotic
string.

Before we describe the calculations, we give a summary of the identities needed.

2.1 Useful identities

The following identities are used throughout the calculation:

• The section condition
∂AY ∂

AZ = 0 . (2.15)

• Integration by parts ∫
e−2d∂AY Z = −

∫
e−2dY (∂A − FA)Z . (2.16)

• Commutation of derivatives

[∂A, ∂B] = FABC ∂
C . (2.17)

• Bianchi identities

4∂[AFBCD] = 3F[AB
EFCD]E , 2∂[AFB] = −(∂C − FC)FABC . (2.18)

• Equations of motion (terms involving these are removed by field redefinitions)6

4∂aFa − 2F aFa + FabcF
abc + 1

3FabcF
abc = 0 , (2.19)

∂aF b + (∂c − F c)F ab
c − F cdaFdc

b = 0 . (2.20)

It follows from these that, up to equations of motion terms,

∂aRabcd ∼ O(F 2) , ∂a∂aRbcde ∼ O(F 2) , (2.21)

or, equivalently,
∂a∂aF

bcd ∼ ∂a∂
bF acd +O(F 2) . (2.22)

3 Simplification of α′2 terms

Here we will describe the main steps in our calculations. We will use the expressions given
in [13], but it is important to remember that their action differs from ours by an overall
factor of 2. Therefore, to get the result in our conventions, we have to multiply their
expressions by 2. The details are relegated to the appendix.

6The same equations with over and underlined indices exchanged also hold.
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3.1 R(0,2) term

It is useful to split the complicated formula for R(0,2) from [13] into a number of pieces.
Firstly we split it into R(0,2)

Φ and R(0,2)
�Φ according to the dilaton dependence which is

encoded in the one index flux FA. Next we use a superscript in parenthesis to denote the
powers of F involved, dropping all terms of order F 4 and higher. Lastly, we use a subscript
to distinguish different types of terms mostly according to the projections involved.

Terms of second order in fields with no FA:[
R(0,2)
�Φ

](2)
=− 1

2∂
c∂dF bgh∂c∂dFbgh + ∂c∂bFc

ef∂d∂bFdef + 1
2∂

b∂bF def∂b∂bFdef

+ 1
2∂

bF bef∂d∂b∂bFdef + 3
2∂

bF aef∂a∂
d∂bFdef . (3.1)

Terms of third order in fields containing FA:[
R(0,2)

Φ

](3)
= −2∂bF def∂c∂bFcefFd − 2∂bF cef∂c∂bF

d
efFd − 2∂bF cef∂bF

d
ef∂cFd . (3.2)

Terms of third order in fields not containing FA and with the following projections (up to
the section condition) ∂(+)∂(+)∂(−)F (−)F (−)F (+):[
R(0,2)

�Φ

](3)

1
= −1

2∂
c∂e∂fFc

deF f
deFeff −

3
2∂

e∂c∂fFc
deF f

deFeff + 3
2∂

h∂cF cfg∂cF
d

fgFcdh

− 2∂c∂dFc
ef∂dFd

f
dFfef − ∂

b∂dF def∂bFd
f

dFfef − 2∂c∂fFc
de∂eF f

deFeff + ∂c∂fF bgh∂cFb
d

fFdgh

+ ∂c∂hF cfg∂cF
d

fgFcdh− ∂
b∂fF ede∂bF

f
deFeff −

1
2∂

dF bef∂d∂bFd
f

dFfef −
3
2∂

dF aef∂a∂
dFd

f
dFfef

− 1
2∂

fF bde∂e∂bF
f

deFeff −
3
2∂

fF ade∂a∂
eF f

deFeff − 2∂fF bde∂eF f
de∂bFeff

+ 2∂fF ade∂aF
e

de∂
fFeff . (3.3)

Terms of third order in fields not containing FA and with the following projections (up to
the section condition) ∂(+)∂(+)∂(+)F (−)F (−)F (−):[
R(0,2)

�Φ

](3)

2
= −1

2∂
c∂e∂cF

fceFec
fFfef + ∂d∂e∂fFd

ceFec
fFfef + 3∂e∂d∂fFd

ceFec
fFfef

− 3
2∂

e∂c∂cF
fceFec

fFfef + 3
2∂

c∂fF ece∂cFec
fFfef − ∂

c∂eF fce∂cFec
fFfef + 3

2∂
c∂dFd

ce∂cF
f

c
fFfef

+ 4∂d∂fFd
ce∂eFec

fFfef − 5∂d∂eFd
ce∂fFec

fFfef + 1
2∂

d∂cFd
ce∂cF

f
c

fFfef − 3∂e∂dFd
ce∂fFec

fFfef

+ 1
2∂

f∂cF ece∂cFec
fFfef − 2∂b∂bF

fce∂eFec
fFfef + 2∂b∂bF

ece∂fFec
fFfef + ∂b∂cF deg∂bFce

hFdgh

− 2∂b∂dF ceg∂bFce
hFdgh− 3∂bF cce∂cFfef∂bF

f
c

f + 4∂bF ceg∂d∂bFce
hFdgh− 4∂bF aeg∂a∂bF

d
e

hFdgh

+ 7∂bF aeg∂bF
d

e
h∂aFdgh . (3.4)

Terms of the same type as the previous ones, but which trivially cancel among themselves:[
R(0,2)
�Φ

](3)

3
= ∂e∂dF cce∂cFec

fFfef − ∂
d∂eF cce∂cFec

fFfef + 2∂gF cef∂d∂hFcefFdgh

− ∂gF aef∂a∂
hF d

efFdgh + 2∂gF aef∂hF d
ef∂aFdgh . (3.5)

– 6 –
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The only term with an F (++) projection:

[
R(0,2)
�Φ

](3)

4
= −1

2∂
bF def∂e∂bF

f
efFdef . (3.6)

Using the identities from section 2 one finds that the quadratic terms,
[
R(0,2)
�Φ

](2)
,

reduce to cubic terms upon suitable field redefinitions and integration by parts

[
R(0,2)
�Φ

](2)
∼ −∂dF bghF c∂c∂dFbgh + ∂bFb

efF b∂d∂bFdef + 1
2∂

bF befFb
dA∂A∂bFdef

+ ∂bF bef∂d
(
Fbb

A∂AFdef

)
+ 3∂bF bef∂d∂b

(
F[bd

EFef ]E
)

+ ∂bF bef∂d
(
FbdA∂

AFbef

)
+ ∂bF befF d

b
A∂ARbdef − 2∂bF bef∂b

(
F d

e
A∂AFfbd

)
+ ∂bF bef∂b

(
FefA∂

AFb

)
− 2∂bF bef∂b∂e

(
F cFfbc + FcdfF

dc
b

)
+O(F 4) . (3.7)

While for the cubic terms one finds

[
R(0,2)

Φ

](3)
∼
[
R(0,2)
�Φ

](3)

2
∼
[
R(0,2)
�Φ

](3)

3
∼ O(F 4) ,

[
R(0,2)
�Φ

](3)

1
∼ 3

2∂
h∂cF cfg∂cF

d
fgFcdh +O(F 4) .

(3.8)
Finally, one finds that

R(0,2) =
[
R(0,2)
�Φ

](2)
+
[
R(0,2)

Φ

](3)
+
[
R(0,2)
�Φ

](3)

1
+
[
R(0,2)
�Φ

](3)

2
+
[
R(0,2)
�Φ

](3)

3
+
[
R(0,2)
�Φ

](3)

4
+O(F 4)

∼O(F 4) . (3.9)

3.2 R(1,1) term

We do a similar splitting for the R(1,1) terms from [13]. There are no terms quadratic in
fields.

Terms of third order in fields without FA with projections of the type ∂(+)∂(+)∂(+)

· F (−)F (−)F (−):[
R(1,1)
�Φ

](3)

1
=4

3∂
eF cce∂cFfef∂

fFec
f − 4∂bF cce∂cF

f
ef∂bFfc

f . (3.10)

Terms of third order in fields without FA with projections of the type ∂(+)∂(+)∂(−) ·
F (−)F (−)F (+):
[
R(1,1)

�Φ

](3)

2
= 1

2∂
f∂d∂eF fdeFddeFeff + 1

2∂
d∂f∂eF fdeFddeFeff + ∂f∂bF be

b∂bFe
efFfef

+ 1
2∂

d∂dF eef∂fFdedFfef + ∂f∂cFc
de∂eF f

deFeff + ∂f∂eF fde∂dFddeFeff + ∂bF be
b∂

f∂bFe
efFfef

+ ∂bF ae
b∂aFe

ef∂fFfef + 1
2∂

fF ade∂a∂
eF f

deFeff + ∂fF bde∂eF f
de∂bFeff . (3.11)

– 7 –
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Terms of the same projection, but with a contraction between the derivatives:[
R(1,1)
�Φ

](3)

3
= 1

4∂
c∂h∂cF

cfgF d
fgFcdh + 3

4∂
h∂c∂cF

cfgF d
fgFcdh + 3

4∂
c∂dF cd

d∂cFc
ghFdgh

+ 1
4∂

d∂cF cd
d∂cFc

ghFdgh + 1
2∂

c∂fF bgh∂cFb
d

fFdgh + ∂b∂bF
bgh∂fFb

d
fFdgh

− 1
4∂

c∂hF cfg∂cF
d

fgFcdh + 1
4∂

h∂cF cfg∂cF
d

fgFcdh + ∂b∂bF
cfg∂hF d

fgFcdh

− 1
2∂

b∂dF def∂bFd
f

dFfef −
1
2∂

cF cfg∂hF d
fg∂cFcdh −

1
2∂

fF ede∂bF f
de∂bFeff . (3.12)

Using identities from section 2 one finds that[
R(1,1)
�Φ

](3)

1
∼ −2

3Ra
bdeRbcefR

caf
d +O(F 4) , (3.13)[

R(1,1)
�Φ

](3)

2
∼ 1

2Ra
bdeRbcefR

caf
d +O(F 4) , (3.14)[

R(1,1)
�Φ

](3)

3
∼ O(F 4) , (3.15)

so that finally

R(1,1) =
[
R(1,1)
�Φ

](3)

1
+
[
R(1,1)
�Φ

](3)

2
+
[
R(1,1)
�Φ

](3)

3
+O(F 4) ∼ −1

6Ra
bdeRbcefR

caf
d +O(F 4) .

(3.16)
Recall that due to the difference in conventions compared to [13] the expression in our
conventions should be twice this.

4 Conclusions

We have shown that the α′2 contributions to the DFT action (2.10) computed in [13]
simplify to (in our conventions)

R(0,2) ∼ R(2,0) ∼ O(F 4) , R(1,1) ∼ −1
3Ra

bdeRbcefR
caf

d +O(F 4) . (4.1)

Going to the usual supergravity description using (2.13) and retaining only terms involving
the Riemann tensor we get7

L = e−2Φ
(
R− a+ b

8 RabcdRabcd + ab

24Ra
bdeRbcefR

caf
d + . . .

)
. (4.2)

This agrees precisely with the known expressions [14] up to cubic order in fields, both
for the bosonic string (a = b = −α′) and the heterotic string (a = −α′, b = 0), since
the Gauss-Bonnet combination appearing there is a total derivative at this order. But we
glossed over an important point here. The supergravity fields G and B are related to those
coming from DFT, Ḡ and B̄, by non-covariant field redefinitions [7]. In particular we have

7To get the signs right one must take into account the extra signs coming from the lower right block of
ηAB in (2.3).
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Ḡ = G + α′G(1) + α′2G(2) plus higher order terms, where G(1) is quadratic in the spin
connection. However, this does not actually affect the result since these extra terms are
only there to make the end result covariant. To see explicitly that they go away we note
that under a variation of the metric the Riemann tensor changes as

δRijkl = −∇k∇[iδGj]l +∇l∇[iδGj]k − δGm
[iRj]mkl . (4.3)

It is easy to see from this that since G(1) is quadratic in fields there are no α′2-terms cubic
in fields generated from terms with two G(1)’s in the lowest order action. This leaves the
terms coming from the G(2) correction in the lowest order action and those coming from
the G(1) correction in the order α′ action. Since we ignore terms of fourth order or higher
the latter are just

α′δRijklR
ijkl = −2α′2∇k∇iG

(1)
jl R

ijkl + . . . ∼ 4α′2∇i∇jG
(1)
jl R

il + . . . , (4.4)

where the ellipsis denotes higher order terms. Since they are proportional to the Ricci
tensor these terms can be canceled by a term in G(2) of the form G

(2)
ij = ∇(i∇kG

(1)
j)k. In

fact, such a term must be present in G(2) since otherwise the action at order α′2 would not
be Lorentz invariant.

There is therefore little doubt that the expressions found in [13] will reproduce the
full α′2-corrections. In fact the latter has been shown to be uniquely fixed by requiring
invariance under T-duality on a circle [20]. However, to show this will require an enormous
amount of work due to the complicated form of the expressions in [13]. However, as we
have seen here, these expressions are highly redundant and we believe there should exist
much simpler expressions for the α′2-correction to the DFT action. We plan to report on
this in the near future.
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A Calculation

Here we give the details of the calculations described in section 3. Throughout this section
we use “∼” to mean equality up to total derivative terms, equation of motion terms and
terms quartic and higher in fields.

A.1 R(0,2) term

We start with showing how to eliminate O(F 2) contributions from
[
R(0,2)
�Φ

](2)
in (3.1).

Using the section condition we combine −1
2∂

c∂dF bgh∂c∂dFbgh + 1
2∂

b∂bF def∂b∂bFdef and
then integrate by parts and get

∂dF bgh∂c∂c∂dFbgh − ∂
dF bghF c∂c∂dFbgh . (A.1)
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The first term will combine with other terms from (3.1) and the second we keep for O(F 3)
terms. We have three terms left from (3.1)

∂c∂bFc
ef∂d∂bFdef + 1

2∂
bF bef∂d∂b∂bFdef + 3

2∂
bF bef∂b∂

d∂bFdef

∼ ∂bFc
efF c∂d∂bFdef + ∂bF bef

(
∂d∂b + 1

2Fb
dA∂A

)
∂bFdef . (A.2)

We rename dummy indices and we have now only two terms left at order O(F 2),

∂bF bef∂c∂c∂bFbef + ∂bF bef∂d∂b∂bFdef . (A.3)

We commute derivatives and use the Bianchi identity (2.18) in the second term to get

∂bF bef∂c∂c∂bFbef + ∂bF bef∂d∂d∂bFbef + ∂bF bef∂d∂bRbdef = ∂bF bef∂d∂bRbdef , (A.4)

by using the section condition. The last remaining term can be shown to be zero at leading
order as follows

∂b∂
dRbdef = −2∂b∂

d∂[eFf ]bd = −2∂b∂[e

(
∂f ]Fb + ∂dFf ]bd

)
+ 2∂b∂[e∂f ]Fb− 2∂b

(
F d

e
A∂AFfbd

)
.

(A.5)
Collecting all the O(F 3) terms generated so far we get the expression in (3.7). We now
want to simplify this and then compare with other terms of order O(F 3). First we can
notice that

3∂bF bef∂d∂b

(
F[bd

EFef ]E
)
∼ 3∂d∂b∂

bF bef
(
F[bd

EFef ]E
)
∼ 3

2∂b∂
bRdbef

(
F[bd

EFef ]E
)
∼ 0 ,
(A.6)

due to the fact that ∂2R ∼ 0, (2.21). Then we use equations of motion to eliminate all the
terms with FA, these are

−∂dF bghF c∂c∂dFbgh + ∂bFb
efF b∂d∂bFdef + ∂bF bef∂b

(
FefA∂

AFb

)
− 2∂bF bef∂b∂e

(
F cFfbc

)
.

(A.7)
The first term is zero after integration by parts and using the equations of motion ∂cF

c =
O(F 2). The other terms can be put into the following form

∂dF
def∂bFefa∂

cF a
bc + 2∂d∂bFd

ef∂aFe
c
aFfbc , (A.8)

using the identities (2.18), (2.20) and (2.22). Now we have eliminated all FA terms. We
split the remaining terms into types depending on their projections. First we can show
that the terms with projections ∂(+)∂(−)∂(−)F (−)F (−)F (−) vanish, these terms are

∂bF bef∂d
(
Fbb

a∂aFdef

)
+ ∂bF bef∂d

(
Fbda∂

aFbef

)
+ ∂bF befF d

b
a∂aRbdef

∼ −∂d∂bF befFbb
a∂aFdef + ∂bF befFbda∂

d∂aFbef + ∂bF befF d
b
a∂aRbdef

∼ ∂bF befFbda∂
aRdbef + ∂bF befF d

b
a∂aRbdef ∼ 0 . (A.9)
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The terms with projection ∂(+)∂(+)∂(+)F (−)F (+)F (+) also vanish,

2∂bF bef∂b

(
F d

[f
a∂aFe]bd

)
+ 2∂d∂bFd

ef∂aFe
c
aFfbc

∼ 2∂d∂bFd
efFe

ca∂aFfbc + 2∂d∂bFd
ef∂aFe

c
aFfbc ∼ −2∂d∂a∂

bFd
efFe

caFfbc ∼ 0 .
(A.10)

Now we have 9 terms left, but these are not as easy to simplify,

∂bF befFb
da∂a∂bFdef + 1

2∂
bF befFb

da∂a∂bFdef + ∂bF bef∂d
(
Fbb

a∂aFdef

)
+ ∂bF bef∂d

(
Fbda∂

aFbef

)
+ ∂bF befF d

b
a∂aRbdef + 2∂bF bef∂b

(
F d

[f
a∂aFe]bd

)
+ 2∂bF bef∂b∂f

(
FcdeF

dc
b

)
+ ∂dF

def∂bFefa∂
cF a

bc + 1
2∂

bF befFb
da∂a∂bFdef . (A.11)

Using Bianchi identities and integration by parts we can combine and simplify these into
the following form

−F bef∂aRad
ef∂bF

a
da + 1

2∂
bF befFb

da∂a∂bFdef − ∂
bRdbefFbb

aRadef + 1
2F

bef∂bR
ad

ef∂aF
a

da

+ ∂dF
def∂aFbef∂

cF a
bc−

1
2∂

bF befFb
da∂a∂bFdef . (A.12)

Now we turn to the O(F 3) terms and then combine the result with these six terms we have
left. The

[
R(0,2)

Φ

](3)
terms in (3.2) are quite simple,

− 2∂bF def∂c∂bFcefFd − 2∂bF cef∂c∂bF
d

efFd − 2∂bF cef∂bF
d

ef∂cFd

∼ 2∂bF cef∂bF
d

ef∂cFd − 2∂bF cef∂bF
d

ef∂cFd ∼ 0 . (A.13)

We have split the
[
R(0,2)
�Φ

](3)
fields into four. First we show that the

[
R(0,2)
�Φ

](3)

3
terms

in (3.5) actually vanish. The first two cancel after commutation of the derivatives. The
other three are

2∂gF aef∂d∂hFaefFdgh− 2∂gF aef∂a∂
hF d

efFdgh + 2∂gF aef∂hF d
ef∂aFdgh

∼ 2∂gF aef∂d∂hFaefFdgh− 2∂gF aef∂a∂
hF d

efFdgh ∼ ∂
gF aef∂hRdaefF

d
gh (A.14)

∼ −∂gF aefRdaef∂
hF d

gh ∼ ∂gF aefRdaef∂
dFg ∼ −∂g∂dF aefRdaefFg ∼

1
2∂

gRdaefRdaefFg ∼ 0 .

The last step gives zero via integration by parts and using the equations of motion ∂gFg =
O(F 2). Using integration by parts and commutation of derivatives we can reduce the[
R(0,2)
�Φ

](3)

1
terms in (3.3) down to three

2∂c∂c∂
fF fdeFf

e
fFede− 2∂f∂c∂bF

bdeFedeFcef + 3
2∂

h∂cF cfg∂cF
d

fgFcdh (A.15)

∼ 2FedeFcef

(
∂b∂

f∂bF cde− ∂b∂
f∂cF bde

)
+ 3

2∂
h∂cF cfg∂cF

d
fgFcdh ∼

3
2∂

h∂cF cfg∂cF
d

fgFcdh .

– 11 –



J
H
E
P
1
1
(
2
0
2
1
)
1
8
6

Analogously the
[
R(0,2)
�Φ

](3)

2
terms in (3.4) become, after using integration by parts and

commutation of derivatives,

8∂c∂fF ece∂cFec
fFfef − 16∂c∂eFfce∂cFec

fFfef + 12∂c∂dFd
ce∂cF

f
c

fFfef − 8∂d∂eFd
ce∂fFec

fFfef

∼ −8∂c∂eFfce∂cFec
fFfef + 4∂c∂dFd

ce∂cF
f

c
fFfef + 4∂d∂fFd

ce∂eFec
fFfef

∼ 8∂eFfce∂
c∂cFec

fFfef + 4∂c∂dFd
ce∂cF

f
c

fFfef + 4∂d∂fFd
ce∂eFec

fFfef

∼ −4∂c∂dFd
ce∂cF

f
c

fFfef + 4∂d∂fFd
ce∂eFec

fFfef

∼ −4∂dFd
ce∂e∂fFec

fFfef − 4∂c∂dFd
ce∂cF

f
c

fFfef

∼ −4∂dFd
ce∂e∂eF

f
c

fFfef − 4∂e∂dFd
ce∂eF

f
c

fFfef ∼ 4∂dFd
ce∂eF f

c
f∂eFfef ∼ 0 . (A.16)

Having simplified these let us combine them with the terms (A.12) from the previous cal-
culation. We have six terms left from O(F 2) and just two terms from

[
R(0,2)
�Φ

](3)
. We have

−F bef∂aRad
ef∂bF

a
da + 1

2∂
bF befFb

da∂a∂bFdef − ∂
bRdbefFbb

aRadef + 1
2F

bef∂bR
ad

ef∂aF
a

da

+ ∂dF
def∂aFbef∂

cF a
bc + 3

2∂
h∂cF cfg∂cF

d
fgFcdh∼−

1
2F

a
da∂bF

bef∂aRad
ef

+ 1
2F

bef∂bR
ad

ef∂aF
a

da−F
bef∂aRad

ef∂bF
a

da− ∂
bRdbefFbb

aRadef ∼−∂
bRdbefFbb

aRadef

− 1
2∂aF

bef∂bR
ad

efF
a

da−
1
2F

bef∂aRad
ef∂bF

a
da∼∂

bRdbef∂aFbb
aFdef − ∂

bRdbef∂dFbb
aFaef

+F bef∂aRbd
ef∂aF

a
da−

1
2F

bef∂aRad
ef∂bF

a
da∼∂

bRdbef∂aFbb
aFdef − ∂

bRdbef∂dFbb
aFaef

−F bef∂aRbd
ef

(
∂cF

c
da + 2∂[dFa]

)
− 1

2F
bef∂aRad

ef∂bF
a

da

∼ ∂bRdbef∂aFbb
aFdef −F

bef∂aRbd
ef∂cF

c
d

a− 1
2F

bef∂aRad
ef∂bF

a
da

∼ Rcbef∂aRbd
efFcd

a−F bef∂aRad
ef∂dF

a
ba− ∂

bRdbef∂dFbb
aFaef

∼ Rcbef∂aRbd
efFcd

a∼−1
2R

cbefRad
ef∂bFcda∼0 . (A.17)

The last step is due to the Bianchi identity (2.18). This completes the proof that
R(2,0) ∼ O(F 4).

A.2 R(1,1) term

We start with
[
R(1,1)
�Φ

](3)

3
in (3.12). We can use only commutation of derivatives and

integration by parts to simplify these as follows,

− ∂f∂dF ef
f∂dFe

deFfde − ∂
d∂fF ede∂dFe

f
fFfde ∼ ∂

dF ede∂dFe
f

f∂
fFfde

∼ −∂cF ede∂cFe
f

f∂
fFfde ∼ −

1
2∂

cF edeRcfef∂
fF f

de ∼ 0 . (A.18)
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Next we consider
[
R(1,1)
�Φ

](3)

1
in (3.10). We have

4
3∂

eF cce∂cFfef∂
fFec

f − 4∂bF cce∂cF
f

ef∂bFfc
f

∼ 4
3∂

eF cce∂cFfef

(
∂eF

f
c
f −Re

f
c
f
)
− 4∂bF cce∂cF

f
ef∂bFfc

f

∼ −8
3∂

eF cce∂cF
f

ef∂eFfc
f − 4

3∂
eF cce∂cF

f
efRef c

f

∼ 4
3∂

cF eceRefcf∂cF
f

e
f − 4

3∂
eF cce∂cF

f
efRef c

f

∼ 4
3Rfecf∂cF

f
e
f
(
∂eF cce − ∂cF ece

)
∼ 2

3R
ecceRcfefRf

ec
f . (A.19)

Lastly the
[
R(1,1)
�Φ

](3)

2
terms in (3.11) simplify to

∂d∂fF ef
f∂eFf

deFdde + 1
2∂

dF ef
f∂

f∂eFf
deFdde−

1
2Feff∂

d∂eF fde∂fFdde + ∂dF ef
f∂eFf

de∂fFdde

∼ −1
2∂

dF ef
f∂e∂

fFf
deFdde−

1
2Feff∂

d∂eF fde∂fFdde .

(A.20)
To show that these two terms are actually proportional to R3 it is simpler to work in
the opposite direction, by taking Ra

bdeRbcefR
caf

d and showing that it is equal to the two
terms at this order of fields. We have

1
2Ra

bdeRbcefR
caf

d ∼ ∂aFbcdR
aec

fRb
e
df ∼ −FbcdR

aec
f∂aRb

e
df

∼ 1
2Fbcd∂

cFf
ae∂bRae

df − 1
2Fbcd∂fF

cae∂bRae
df . (A.21)

Taking the first term here and integrating by parts we get

− 1
2∂

cFbcdFf
ae∂bRae

df − 1
2FbcdFf

ae∂b∂cRae
df . (A.22)

The the second term here is
1
4FbcdFf

ae∂b∂fRae
cd ∼ −1

4∂
bFbcdFf

ae∂fRae
cd − 1

4Fbcd∂
bFf

ae∂fRae
cd . (A.23)

The second term here is precisely one of the two that we wanted, and we have two terms
unaccounted for:

− 1
2∂

cFbcdFf
ae∂bRae

df − 1
4∂

bFbcdFf
ae∂fRae

cd . (A.24)

We also have

−1
2Fbcd∂fF

cae∂bRae
df ∼ 1

2∂fFbcdF
cae∂bRae

df ∼ 1
4∂bFfcdF

cae∂bRae
df − 1

4∂cFbdfF
cae∂bRae

df .

(A.25)
The second term here is the same as the second termwe wanted, namely− 1

2Feff
∂d∂eF fde∂fF

dde
.

However, we have three terms left over which have to cancel

− 1
2∂

cFbcdFf
ae∂bRae

df − 1
4∂

bFbcdFf
ae∂fRae

cd + 1
4∂bFfcdF

cae∂bRae
df . (A.26)
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The second term becomes after, using the Bianchi identity,

− 1
4∂

bFbcdFf
ae∂fRae

cd ∼ 1
4∂

bFbcdFf
ae∂fRae

cd + 1
2∂cFdFf

ae∂fRae
cd . (A.27)

The second term here combines with the first term from (A.26),

− 1
2∂

cFbcdFf
ae∂bRae

df + 1
2∂cFdFf

ae∂fRae
cd∼ 1

2∂cFdFf
ae∂cRae

df + 1
2∂cFdFf

ae∂fRae
cd

∼ 1
2∂cFdFf

ae∂c∂fF d
ae−

1
2∂cFdFf

ae∂c∂dF f
ae−

1
2∂cFdFf

ae∂f∂cF d
ae + 1

2∂cFdFf
ae∂f∂dF c

ae

∼ 1
2∂cFdFf

ae∂dRae
cf ∼−1

2Fd∂cFf
ae∂dRae

cf ∼−1
4FdRcf

ae∂dRae
cf ∼0 . (A.28)

And we have two terms which are left,

1
4∂

bFbcdFfae∂
fRaecd− 1

4∂
bFfcdF

c
ae∂bRaedf ∼−1

4Fbfd∂
bFcae∂

cRaefd + 1
4Ffcd∂bF

c
ae∂

bRaedf

∼−1
4Fbfd∂

bFcae∂
cRaefd + 1

4Fbfd∂cFbae∂
cRaefd∼ 1

8F
b
fdRcbae∂

cRaefd

∼−1
8∂

cF b
fdRcbaeRaefd =0 , (A.29)

where we used the Bianchi identity ∂[cFbfd] = O(F 2).
Putting this together we have shown that

R(1,1) ∼ −2
3Re

cceRcfefR
fef

c+
1
2Ra

bceRbcefR
caf

c+O(F 4) = −1
6Ra

bdeRbcefR
caf

d+O(F 4) .
(A.30)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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