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1 Introduction

The Standard Model (SM) despite its many successes leaves the flavour puzzle unanswered.
The low energy quark and lepton masses may be expressed approximately as [1]

mt ∼ v, mc ∼ λ3.3v, mu ∼ λ7.5v (1.1)
mb ∼ λ2.5v, ms ∼ λ5.0v, md ∼ λ7.0v (1.2)
mτ ∼ λ3.0v, mµ ∼ λ4.9v, me ∼ λ8.4v, (1.3)
mν3 ∼ λ19.1v, mν2 ∼ λ20.3v, mν1 � mν2 (1.4)

with v = vSM/
√

2 and vSM = 246GeV, where we have assumed the neutrino masses to
be hierarchical and in a normal ordered mass pattern as preferred by recent data, while
λ = 0.22 is the Wolfenstein parameter which parametrises the CKM matrix as [2],

Vus = λ, Vcb ∼ λ2, Vub ∼ λ3, (1.5)

while the PMNS lepton mixing angles satisfy the approximate relations [3],

tan θ23 ∼ 1, tan θ12 ∼
1√
2
, θ13 ∼

λ√
2
. (1.6)

The above pattern of masses and mixing angles is a complete mystery in the SM, and the
origin of the tiny neutrino masses and large lepton mixing angles requires new physics
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beyond the Standard Model (BSM). The flavour puzzle is not just the number of free
parameters, it is the lack of any dynamical understanding of their values, with Yukawa
couplings expressed as powers of λ above. Naively, we might have expected all Yukawa
couplings to be of order unity, like the gauge couplings, but empirically they are not.

The wealth of data of quark and lepton masses and mixing angles can provide some
hints concerning possible BSM theories of flavour. For example, from the above data we
observe the empirical quark relation discussed by Gatto, Satori and Tonin (GST) [4],

Vus ∼
√
md

ms
, (1.7)

which hints at the CKM mixing originating from the down type quark mass matrix, with
an approximate zero in the first element. Such a “texture zero” was also suggested by
Georgi and Jarlskog (GJ) [5] to understand the relation between the down quark mass and
the electron mass. It is also invoked in the sequential dominance (SD) [6–10] mechanism
for achieving natural hierarchical neutrino masses and mixings arising from the type I
seesaw mechanism [11–14]. It seems as though the texture zero is well motivated on
phenomenological grounds from the quark, charged lepton and neutrino sectors, and this
suggests that the first family is distinguished by some quantum number.1

Recently new evidence for the experimental anomaly in the semi-leptonic B decay
ratio RK(∗) , which violates µ − e universality in b → s decays, has been presented [17].
Also the semi-leptonic B decay ratio RD(∗) violates τ universality in b→ c decays. These
anomalies motivate new theories of flavour involving leptoquarks, for example the single
vector leptoquark Uµ1 (3, 1, 2/3) has been shown to address all the B physics anomalies [18–
37] with contributions to the muon aµ = (g − 2)µ/2 [38], while the scalar leptoquarks
S2(3, 2, 7/6), S̃2(3, 2, 1/6), and S3(3, 3, 1/3) could also play a role for RK(∗) [39].

Although a vector leptoquark is predicted by Pati-Salam theory (PS) [40], its mass
is generally expected to lie above the PeV scale, too heavy to explain the anomalies.
Nevertheless, such a vector leptoquark could arise from a low energy PS gauge group2 as
discussed in several works [42–49]. However, the ultraviolet completion of such theories
remains challenging, and motivates further model building in this direction, in particular
models which can simultaneously explain the origin of quark and lepton masses. In this
way, the recent anomalies can provide additional experimental hints which can help to shed
light on the path towards finding the correct BSM theory of flavour.

In this paper we propose a twin PS theory of flavour capable of explaining some of
the anomalies, for natural values of the parameters, as well as providing a theory quark
and lepton (including neutrino) masses and mixings. At high energies, the theory involves
two copies of the PS gauge group, G422 [40], with the usual three chiral fermion families
transforming under GII422. A fourth vector-like (VL) family, which mediates the second and

1For example the Froggatt-Nielsen (FN) mechanism [15], where U(1)FN symmetry, broken by the vacuum
expectation value (VEV) of a “flavon”, distinguishes the families. Alternatively, modular weights of fermion
fields can play the role of FN charges, and SM singlet fields with non-zero modular weight called “weightons”
can play the role of flavons [16]. While a simple Z2 symmetry is sufficient to distinguish the first family,
here we shall use a Z6 symmetry which leads to the correct right-handed neutrino hierarchy.

2A low energy PS gauge group has also been considered from a different perspective [41].
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Figure 1. The model is based on two copies of the PS gauge group SU(4)PS × SU(2)L × SU(2)R.
The circles represent the gauge groups with the indicated symmetry breaking as in eq. (1.8).

third family masses, transforms under GI422. The twin PS gauge groups are broken in stages
first to G4321 then to the SM gauge group G321, as in figure 1,

GI422 ×GII422
Mhigh−→ G4321

Mlow−→ G321 (1.8)

The explanation of the anomalies involves the vector leptoquark Uµ1 (3, 1, 2/3) from the
SU(4)IPS, broken at Mlow ∼ 1TeV, while the origin of quark and lepton masses depends on
the full theory, including the high scale PS symmetry, broken at Mhigh & 1 PeV, the latter
limit being due to the non-observation of KL → µe [50], although we later find it to be near
the conventional scale of Grand Unified Theories (GUTs). The first family fermion masses
are mediated by a fifth family of VL fermions which transform under SU(4)IIPS, and neutrino
masses are further suppressed by the type I [11–14] seesaw mechanism. In order to achieve
the texture zero in the first element of the mass matrices and hierarchical right-handed
neutrino masses we shall assume a Z6 family symmetry, although we shall not use it to
explain the charged fermion mass hierarchies. Apart from the Z6, no additional symmetries
are introduced. The model involves “personal” Higgs doublets for the second and third
family fermion masses, where the origin and nature of these fields is very different from
the “private” Higgs doublets envisaged in [51–54] (although in an appendix we show how
the model can be recast as a conventional type II two Higgs doublet model (2HDM)). The
twin PS theory of flavour successfully accounts for all quark and lepton (including neutrino)
masses and mixings, and predicts a dominant coupling of Uµ1 (3, 1, 2/3) to the third family
left-handed doublets. However the predicted mass matrices, assuming natural values of
the parameters, are not consistent with the single vector leptoquark solution to the RD(∗)

anomaly, given its current value.
The layout of the remainder of the paper is as follows. In section 2 we define the high

energy theory consisting of a twin PS gauge group, together with a Z6 family symmetry, and
discuss the effective operators which will be responsible for the quark and lepton masses and
mixings. In section 3 we discuss the low energy theory consisting of G4321 resulting from the
breaking of the twin PS theory, and show how the effective Yukawa operators decompose
into separate mass matrix structures for quarks and leptons controlled by personal Higgs
fields. We also discuss the breaking of G4321 to the SM gauge group and the EW symmetry
breaking via the personal Higgs doublets, before investigating if some of the leptoquarks
predicted by the model could help to explain RD(∗) . In section 4 we summarise and discuss
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the predictions for the quark and lepton mass matrices, including the neutrino masses and
mixings via the type I seesaw mechanism. Finally in section 5 we present our conclusions.
In appendix A we describe a large mixing angle formalism which may be used to go beyond
the mass insertion approximation. In appendix B we show how the model may be recast as
a 2HDM by removing the personal Higgs doublets, introducing additional fields instead.

2 Twin Pati-Salam theory of flavour

2.1 The high energy model

It is well known that quarks and leptons may be unified into the Pati-Salam (PS) gauge
group [40],

G422 = SU(4)PS × SU(2)L × SU(2)R (2.1)

In traditional PS, the left-handed (LH) chiral quarks and leptons are unified into SU(4)PS
multiplets with leptons as the fourth colour (red, blue, green, lepton),

ψi(4, 2, 1) =
(
ur ub ug ν

dr db dg e
−

)
i

≡ (Qi, Li) (2.2)

ψcj(4̄, 1, 2̄) =
(
ucr u

c
b u

c
g ν

c

dcr d
c
b d

c
g e

c

)
j

≡ (ucj , dcj , νcj , ecj) (2.3)

where ψcj are the CP conjugated RH quarks and leptons (so that they become LH) forming
SU(2)R doublets and i, j = 1 . . . 3 are family indices. Three right-handed neutrinos (actually
their CP conjugates νcj ) are predicted as part of the gauge multiplets.

The proposed twin PS model in table 1 is based on two copies of the PS gauge group,
together with a Z6 family symmetry,

GI422 ×GII422 × Z6 (2.4)

which undergoes the breaking in eq. (1.8), where SU(4)I is broken at the low scale. In the
proposed model, the usual three chiral fermion families originate from the second PS group
GII422, broken at the high scale, and transform under eq. (2.4) as

ψ1,2,3(1, 1, 1; 4, 2, 1)(α2,1,1), ψc1,2,3(1, 1, 1; 4̄, 1, 2̄)(α2,α5,1) (2.5)

where powers of the Z6 charge α = ei2π/6 distinguish the families, apart from ψ2,3 being
indistinguishable leading to large atmospheric mixing. There are no standard Higgs fields
under GII422, hence no standard Yukawa couplings involving the chiral fermions. These will
be generated effectively via mixing with vector-like (VL) fermions.

We assume high energy Higgs fields which transforms under eq. (2.4) as

H ′(1, 1, 1; 4, 1, 2)1, H
′(1, 1, 1; 4̄, 1, 2̄)1, (2.6)

whose VEVs will break the second PS group at a high scale, leaving the first unbroken. We
also assume further Higgs fields Φ,Φ′,Φ, detailed in table 1, which break the two left-right
gauge groups into their diagonal subgroup.
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The theory also includes a VL fermion family which transforms under eq. (2.4) as

ψ4(4, 2, 1; 1, 1, 1)1, ψ4(4̄, 2̄, 1; 1, 1, 1)1, ψc4(4̄, 1, 2̄; 1, 1, 1)1, ψc4(4, 1, 2; 1, 1, 1)1 (2.7)

carrying quantum numbers under the first PS group, GI422, whose SU(4)I is broken at the
low scale. The theory also involves the scalars φ, φ, φ′, H,H in table 1, with the couplings,

Lren4 = yψi4Hψiψ
c
4+yψ43Hψ4ψ

c
3+xψi4φψiψ4+xψ

c

43ψ
c
4φψ

c
3+xψ

c

42ψ
c
4φ
′ψc2+Mψ

4 ψ4ψ4+Mψc

4 ψc4ψ
c
4

(2.8)
where i = 2, 3 (i = 1 term forbidden by Z6), x, y are dimensionless coupling constants and
M4 are the VL masses. These couplings mix the chiral fermions with the VL fermions, and
will be responsible for generating effective Yukawa couplings of the second and third families.
Since the VL fermions will mix only with the second and third chiral families, they lead to
effective couplings to TeV scale SU(4)I gauge bosons which violate lepton universality.

The theory also includes a fifth VL fermion family ψ5, ψ5, ψ
c
5, ψ

c
5 split across both PS

groups, and a non-standard Higgs field h, as shown in table 1, which couple as,

Lren5 = yψ15hψ1ψ
c
5+yψ51hψ5ψ

c
1+xψi5Φψiψ5+xψ

c

53ψ
c
5Φψc3+xψ

c

52ψ
c
5Φ′ψc2+Mψ

5 ψ5ψ5+Mψc

5 ψc5ψ
c
5

(2.9)
where i = 2, 3 (i = 1 being forbidden by Z6), x, y are dimensionless coupling constants and
M5 are the VL masses. These VL fermions do not couple to the TeV scale SU(4)I gauge
bosons, however they are responsible for effective first family Yukawa couplings. There are
no renormalisable couplings involving a mixture of fourth and fifth VL fermions to any
Higgs fields.

2.2 Effective Yukawa operators

We have already remarked that the usual Yukawa couplings involving purely chiral fermions
are absent. In this subsection we show how they may be generated effectively once the
vector-like fermions are integrated out.

It is instructive to first consider only the fourth VL family, then later consider the fifth
one, assuming it to be much heavier than the fourth. In this case we may write the masses
and couplings in eq. (2.8) as a 5× 5 matrix in flavour space

Mψ =



ψc1 ψc2 ψc3 ψ4 ψc4
ψ1| 0 0 0 0 0
ψ2| 0 0 0 0 yψ24H

ψ3| 0 0 0 xψ34φ y
ψ
34H

ψ4| 0 0 yψ43H Mψ
4 0

ψc4| 0 xψ
c

42φ
′ xψ

c

43φ 0 Mψc

4


, (2.10)

where the extra zeroes are achieved by (ψ2, ψ3) rotations, where such rotations leave the
upper 3× 3 block of zeroes unchanged, so the form of eq. (2.10) is just a choice of basis.3

3Note that even without the Z6 symmetry the form of eq. (2.10) could be achieved by 3 × 3 rotations
which preserve the zeroes in the upper block. Note that a simple Z2 symmetry is sufficient to achieve the
texture zero in first entry of the effective mass matrices once the fifth VL family is introduced. However the
choice of Z6 symmetry is to enforce the correct hierarchy of right-handed neutrino masses, which would not
be possible for ZN with N < 6.
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Field SU(4)IPS SU(2)IL SU(2)IR SU(4)IIPS SU(2)IIL SU(2)IIR Z6

ψ1,2,3 1 1 1 4 2 1 α2, 1, 1
ψc1,2,3 1 1 1 4 1 2 α2, α5, 1
H ′ 1 1 1 4 1 2 1
H
′ 1 1 1 4 1 2 1

Φ, Φ′ 1 2 1 1 2 1 1, α
Φ 1 1 2 1 1 2 1
h 1 2 1 1 1 2 α2

ξ 1 1 1 1 1 1 α

ψ4 4 2 1 1 1 1 1
ψ4 4 2 1 1 1 1 1
ψc4 4 1 2 1 1 1 1
ψc4 4 1 2 1 1 1 1
ψ5 1 2 1 4 1 1 1
ψ5 1 2 1 4 1 1 1
ψc5 1 2 1 4 2 2 1
ψc5 1 2 1 4 2 2 1
φ 4 2 1 4 2 1 1
φ, φ′ 4 1 2 4 1 2 1, α

H 4 2 1 4 1 2 1
H 4 1 2 4 2 1 1

Table 1. The twin PS theory based on GI422 × GII422. The model consists of three left-handed
chiral fermion families ψ1,2,3, ψ

c
1,2,3 under the second PS group, plus a VL fourth and fifth fermion

family ψ4,5, ψ
c
4,5 and their conjugates. The symmetry is broken by the scalars H ′,Φ, etc. Two Higgs

doublets are contained in h. Additional personal Higgs doublets are contained in H,H. A Z6 family
symmetry is broken by the Majoron scalar ξ.

There are several distinct mass scales in this matrix: the Higgs VEVs 〈H〉, 〈H〉, the
Yukon VEVs 〈φ〉, 〈φ〉 and the VL fourth family masses Mψ

4 , Mψc

4 . Assuming the latter are
heavier than all the VEVs, we may integrate out the fourth family, to generate effective
Yukawa couplings of the quarks and leptons which originate from the diagrams in figure 2.

The two diagrams in figure 2 lead to effective Yukawa operators (up to an irrelevant
minus sign), after integrating out VL fermions,

LY uk4eff = xψ34φy
ψ
43H

Mψ
4

ψ3ψ
c
3 + yψi4Hx

ψc

42φ
′

Mψc

4
ψiψ

c
2 + yψi4Hx

ψc

43φ

Mψc

4
ψiψ

c
3 +H.c. (2.11)

where i = 2, 3. After Pati-Salam breaking, these terms will lead to Yukawa matrices for
each of the four charged sectors ψ = u, d, e, ν, as we discuss later.
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 i  c
j

 c
4  c

4

H �

M c

4
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H�

 3  c
3

 4  4

 i  c
j

 c
4  c

4

H �

M c

4

--
H �

Figure 2. Diagrams which lead to the effective Yukawa couplings of the third family (left panel)
and second family (right panel) where i, j = 2, 3 are the only non-zero values. In the right panel, we
have dropped the distinction between φ and φ′ for simplicity.

In the case of neutrinos, eq. (2.11) leads to the Dirac Yukawa matrix. There will be a
further Majorana mass matrix for the singlet neutrinos Mνc

ij ν
c
i ν
c
j , arising from a symmetric

matrix of operators involving traditional PS fields in the first sector of table 1, in the basis
(ψc1, ψc2, ψc3),  ξ̃

2 ξ̃5 ξ̃4

ξ̃5 ξ̃2 ξ̃

ξ̃4 ξ̃ 1

 H ′H ′

Λ (2.12)

where we have written ξ̃ = ξ/Λ, and dropped the independent dimensionless coefficients
yψ

c

ij which multiply each entry of the matrix and will play a role in breaking the degeneracy
of the lightest two right-handed neutrinos. After the H ′ scalars get their VEVs, the terms
in eq. (2.12) result in Majorana masses for the right-handed neutrinos, leading to small
physical neutrino masses from the type I seesaw mechanism [11–14].

The reason we have gone to the basis in eq. (2.10), with more zeros in the ψ4, ψ4 entries,
is that the effective Yukawa operators in eq. (2.11) have the suggestive matrix form,

LY uk4eff =


ψc1 ψ

c
2 ψc3

ψ1| 0 0 0
ψ2| 0 0 0
ψ3| 0 0 xψ34y

ψ
43

 φ

Mψ
4
H +


ψc1 ψc2 ψc3

ψ1| 0 0 0
ψ2| 0 yψ24x

ψc

42 yψ24x
ψc

43
ψ3| 0 yψ34x

ψc

42 yψ34x
ψc

43

 φ

Mψc

4
H (2.13)

where the dimensionless couplings x, y in the matrices are expected to be of order unity,
and we have dropped the distinction between φ and φ′ for simplicity. If we assume that
φ, φ fields develop vacuum expectation values (VEVs) with a hierarchy of scales,

〈φ〉
Mψc

4
� 〈φ〉

Mψ
4

. 1 (2.14)

then the first matrix in eq. (2.13) generates larger effective third family Yukawa couplings,
while the second matrix generates suppressed second family Yukawa couplings and mixings.
Since the sum of the two matrices has rank 1, the first family will be massless, assuming
only the fourth VL family. Indeed the first family masses are protected by an approximate
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M 
5

 5 5

h

 c
1  i  c

j

 c
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4
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4
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 c
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5
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5
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 1

Figure 3. Diagrams which contribute effectively to the first column (left panel) and first row (right
panel) of the Yukawa matrices, where i, j = 2, 3 are the only non-zero values. In the right panel, we
have dropped the distinction between Φ and Φ′ for simplicity.

U(1) family symmetry which emerges accidentally as a result of the special rank 1 nature
of the effective Yukawa matrices and the fact that so far only a fourth VL family has
been considered. The second mild inequality in eq. (2.14) means that the mass insertion
approximation breaks down for the third family Yukawa couplings, so strictly speaking
we should use a large angle mixing formalism as discussed in appendix A. However in the
interests of clarity, we shall continue to use the mass insertion approximation even for the
third family.

The first family masses depend on the fifth VL family and related fields in table 1.
Including both fourth and fifth VL families, the masses and couplings in eqs. (2.8) and (2.9)
can be written as a 7× 7 matrix in flavour space, in the basis of eq. (2.10),

Mψ =



ψc1 ψc2 ψc3 ψ4 ψc4 ψ5 ψc5
ψ1| 0 0 0 0 0 0 yψ15h

ψ2| 0 0 0 0 yψ24H xψ25Φ 0
ψ3| 0 0 0 xψ34φ y

ψ
34H xψ35Φ 0

ψ4| 0 0 yψ43H Mψ
4 0 0 0

ψc4| 0 xψ
c

42φ
′ xψ

c

43φ 0 Mψc

4 0 0
ψ5| yψ51h 0 0 0 0 Mψ

5 0
ψc5| 0 xψ

c

52 Φ′ xψ
c

53 Φ 0 0 0 Mψc

5


. (2.15)

The first family couplings involving the fifth VL family will yield non-zero masses
involving the first family from the diagrams in figure 3. The diagrams in figure 3 lead
to effective Yukawa operators (up to an irrelevant minus sign), after integrating out VL
fermions,

LY uk5eff = xψi5Φyψ51h

Mψ
5

ψiψ
c
1 + yψ15hx

ψc

52 Φ′

Mψc

5
ψ1ψ

c
2 + yψ15hx

ψc

53 Φ
Mψc

5
ψ1ψ

c
3 +H.c. (2.16)

which contribute to the first column and row of the Yukawa matrices, with the (1, 1) texture
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zero enforced. The effective Yukawa operators in eq. (2.16) have the matrix form,

LY uk5eff =


ψc1 ψc2 ψ

c
3

ψ1| 0 0 0
ψ2| xψ25y

ψ
51 0 0

ψ3| xψ35y
ψ
51 0 0

 Φ
Mψ

5
h+


ψc1 ψc2 ψc3

ψ1| 0 yψ15x
ψc

52 yψ15x
ψc

53
ψ2| 0 0 0
ψ3| 0 0 0

 Φ
Mψc

5
h (2.17)

where the dimensionless couplings x, y in the matrices are expected to be of order unity,
and in the right term we have dropped the distinction between Φ and Φ′ for simplicity.

Including both the fourth and fifth VL families, the matrix of operators responsible for
the effective Yukawa matrix can be written using eqs. (2.13) and (2.17) as,

Mψ
ij = Aij

φH

Mψ
4

+Bij
Hφ

Mψc

4
+ Cij

Φh
Mψ

5
+Dij

hΦ
Mψc

5
(2.18)

where

Aij = xψi4y
ψ
4jδi3δj3, Bij = yψi4x

ψc

4j (1− δi1)(1− δ1j), (2.19)

Cij = xψi5y
ψ
5j(1− δi1)δj1, Dij = yψi5x

ψc

5j δi1(1− δ1j) (2.20)

If we assume a hierarchy of scales, extending eq. (2.14) to the fifth family,

〈Φ〉
Mψ

5
,
〈Φ〉
Mψc

5
� 〈φ〉

Mψc

4
� 〈φ〉

Mψ
4

. 1 (2.21)

then the term proportional to Aij dominates the third family masses, the term proportional
to Bij dominates the second family masses, while the terms proportional to Cij and Dij

contribute to the first column and row, respectively, with both terms maintaining the
texture zero in the first entry of the mass matrix. The hierarchy of quark and lepton masses
in the SM Yukawa couplings is re-expressed as the hierarchy of scales in eq. (2.21). This is
not just a reparameterisation of the hierarchy, since it involves extra dynamics and testable
experimental predictions, such as the VL fermion spectrum with Mψ

4 ∼ 1TeV. It also leads
to connections with B physics as we shall see.

3 The low energy G4321 theory

3.1 High scale symmetry breaking to G4321

In this subsection we shall discuss the high scale symmetry breaking

GI422 ×GII422
Mhigh−→ G4321 (3.1)

We can think of this as a two part symmetry breaking: (i) the two pairs of left-right
groups break down to a diagonal left-right subgroup, (ii) the second PS group is broken.
However the scales of these two parts of breaking, and their order, is not yet specified.

(i) To achieve the two pairs of left-right groups breaking to their diagonal left-right
subgroup we shall assume the VEVs

〈Φ〉 ∼ vΦ, 〈Φ〉 ∼ vΦ (3.2)
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Field SU(4)IPS SU(4)IIPS SU(2)I+IIL SU(2)I+IIR Z6

ψ1,2,3 1 4 2 1 α2, 1, 1
ψc1,2,3 1 4 1 2 α2, α5, 1
H ′ 1 4 1 2 1
H
′ 1 4 1 2 1

Φ, Φ′ 1 1 1 + 3 1 1, α
Φ 1 1 1 1 + 3 1
h 1 1 2 2 α2

ξ 1 1 1 1 α

ψ4 4 1 2 1 1
ψ4 4 1 2 1 1
ψc4 4 1 1 2 1
ψc4 4 1 1 2 1
ψ5 1 4 2 1 1
ψ5 1 4 2 1 1
ψc5 1 4 1 + 3 2 1
ψc5 1 4 1 + 3 2 1
φ 4 4 1 + 3 1 1
φ, φ′ 4 4 1 1 + 3 1, α

H 4 4 2 2 1
H 4 4 2 2 1

Table 2. Under the subgroup G4422 the fields in table 1 transform as shown.

which lead to the symmetry breakings, respectively,

SU(2)IL × SU(2)IIL → SU(2)I+IIL , SU(2)IR × SU(2)IIR → SU(2)I+IIR (3.3)

Since the two SU(4)PS groups remain intact, the above symmetry breaking corresponds
to

GI422 ×GII422 → G4422 (3.4)

where
G4422 ≡ SU(4)IPS × SU(4)IIPS × SU(2)I+IIL × SU(2)I+IIR (3.5)

We summarise the transformation of the fields under G4422 in table 2.

(ii) Then we assume the high scale PS group is broken via the Higgs H ′, H ′ in table 2,

H ′(1, 4, 1, 2) =
(
urH′ u

b
H′ u

g
H′ νH′

drH′ d
b
H′ d

g
H′ e

−
H′

)
(3.6)
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and
H̄ ′(1, 4̄, 1, 2̄) =

(
d̄rH′ d̄

b
H′ d̄

g
H′ e

+
H′

ūrH′ ū
b
H′ ū

g
H′ ν̄H′

)
, (3.7)

which develop VEVs in their right-handed neutrino components,

〈νH′〉 ∼ 〈ν̄H′〉 & 1 PeV (3.8)

leading to the further symmetry breaking of the gauge group,

G4422 → G4321 ≡ SU(4)IPS × SU(3)IIc × SU(2)I+IIL ×U(1)Y ′ (3.9)

where SU(4)IIPS is broken to SU(3)IIc ×U(1)IIB−L (4→ 31/6 + 1−1/2), while SU(2)R is
broken to U(1)T3R and the Abelian generators are broken to U(1)Y ′ where

Y ′ = T IIB−L + T I+II3R (3.10)

The broken SU(4)IIPS generators are associated with gauge bosons which will mediate
various processes at acceptable rates. The non-observance of KL → µe is responsible
for the limit in eq. (3.8), which is why we refer to this as high scale symmetry breaking.

The combined symmetry breakings (i) and (ii) in eqs. (3.4) and (3.9) are equivalent to
that in eq. (2), with the fields transforming under G4321 as shown in table 3. In particular,
the Higgs scalars H,H decompose under G4422 → G4321 as,

H(4̄, 4, 2̄, 2)→ Ht(4̄, 3, 2̄, 2/3), Hb(4̄, 3, 2̄,−1/3), Hτ (4̄, 1, 2̄,−1), Hντ (4̄, 1, 2̄, 0) (3.11)
H(4, 4̄, 2̄, 2)→ Hc(4, 3̄, 2̄, 1/3), Hs(4, 3̄, 2̄,−2/3), Hµ(4, 1, 2̄, 0), Hνµ(4, 1, 2̄, 1) (3.12)

where the notation anticipates that a separate personal Higgs field contributes to each of
the second and third family quark and lepton masses as shown below.

The effective operator matrix in eqs. (2.18) decomposes under the gauge group G4321
into separate quark and lepton operator matrices (which yield mass matrices after the
scalars get their VEVs),

Mu = A
φ3

Mψ
4
Ht +B

φ3

Mψc

4
Hc + C

Φ
Mψ

5
hu +D

Φ
Mψc

5
hu (3.13)

Md = A
φ3

Mψ
4
Hb +B

φ3

Mψc

4
Hs + C

Φ
Mψ

5
hd +D

Φ
Mψc

5
hd (3.14)

Me = A
φ1

Mψ
4
Hτ +B

φ1

Mψc

4
Hµ + C

Φ
Mψ

5
hd +D

Φ
Mψc

5
hd (3.15)

MD
ν = A

φ1

Mψ
4
Hντ +B

φ1

Mψc

4
Hνµ + C

Φ
Mψ

5
hu +D

Φ
Mψc

5
hu (3.16)

where A,B,C,D are the universal matrices in eq. (2.20) with dimensionless elements of
order unity which preserve the unified structure. The diagrams responsible for these
operators given in figure 4, show that A only has a non-zero (3,3) element, B only has
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Field SU(4)IPS SU(3)IIc SU(2)I+IIL U(1)Y ′ Z6

Q1,2,3 1 3 2 1/6 α2, 1, 1
uc1,2,3 1 3 1 −2/3 α2, α5, 1
dc1,2,3 1 3 1 1/3 α2, α5, 1
L1,2,3 1 1 2 −1/2 α2, 1, 1
ec1,2,3 1 1 1 1 α2, α5, 1
νc1,2,3 1 1 1 0 α2, α5, 1
Φ, Φ′ 1 1 1 + 3 0 1, α
Φ 1 1 1 0 1
hu 1 1 2 1/2 α2

hd 1 1 2 −1/2 α2

ξ 1 1 1 0 α

ψ4 4 1 2 0 1
ψ4 4 1 2 0 1
ψc4uν 4 1 1 −1/2 1
ψc4de 4 1 1 1/2 1
ψc4uν 4 1 1 1/2 1
ψc4ed 4 1 1 −1/2 1
Q5 1 3 2 1/6 1
Q5 1 3 2 −1/6 1
uc5 1 3 1 + 3 −2/3 1
uc5 1 3 1 + 3 2/3 1
dc5 1 3 1 + 3 1/3 1
dc5 1 3 1 + 3 −1/3 1
L5 1 1 2 −1/2 1
L5 1 1 2 1/2 1
ec5 1 1 1 + 3 1 1
ec5 1 1 1 + 3 −1 1
νc5 1 1 1 + 3 0 1
νc5 1 1 1 + 3 0 1
φ3 4 3 1 + 3 −1/6 1
φ1 4 1 1 + 3 1/2 1
φ3, φ

′
3 4 3 1 1/6 1, α

φ1, φ
′
1 4 1 1 −1/2 1, α

Ht 4 3 2 2/3 1
Hb 4 3 2 −1/3 1
Hτ 4 1 2 −1 1
Hντ 4 1 2 0 1
Hc 4 3 2 1/3 1
Hs 4 3 2 −2/3 1
Hµ 4 1 2 0 1
Hνµ 4 1 2 1 1

Table 3. Under the subgroup G4321, the fields of tables 1, 2 decompose as shown. We have
dropped the Higgs H ′, H ′, and the φ3 states with Y ′ = (7/6, 1/6,−5/6), φ1 states with Y ′ =
(1/2,−1/2,−3/2), and Φ states with Y ′ = (1, 0,−1), coming from the SU(2)R triplets. We have
labelled the Higgs fields arising from the decomposition of H and H in a suggestive personal Higgs
notation, Ht,b,τ,ντ and Hc,s,µ,νµ , according to the fermion to which it gives mass.
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Figure 4. Diagrams which yield the mass matrices for all quarks and leptons in the low energy
G4321 theory, arising from the decomposition of figures 2, 3. The couplings respect G4321 according
to the assignments in table 3. Each row of diagrams represents a particular charged fermion, u, d, e, ν,
generating the effective mass matrices in eqs. (3.13), (3.14), (3.15), (3.16), respectively, The columns
of diagrams generate the entries in the mass matrix proportional to A,B,C,D, respectively. Note
the 8 independent personal Higgs fields Ht, . . . ,Hνµ in the first two columns of diagrams, associated
with the 3rd and 2nd familes.

non-zero elements in the (2,3) block, while C and D only contribute to the first column
and row, whilst maintaining a zero in the (1,1) element of the mass matrices. Consequently,
as discussed further below eq. (2.21), the A and B terms are mainly responsible for the
third and second family quark and lepton masses, respectively, while the C,D terms are
responsible for the first family masses, which vanish without them. Hence we observe from
eqs. (3.13)–(3.16) that there are eight personal Higgs scalar doublets associated with each
of the fermion masses of the third and second families:

mt ↔ Ht, mb ↔ Hb, mτ ↔ Hτ , mD
ντ ↔ Hντ , (3.17)

mc ↔ Hc, ms ↔ Hs, mµ ↔ Hµ, mD
νµ ↔ Hντ , (3.18)

where the neutrino masses shown above are the Dirac (D) masses, not the physical neutrino
masses (MD

ν in eq. (3.16) being the Dirac mass matrix). As regards the first family masses,
the situation is similar to a 2HDM of type II, with hu contributing to the up quark mass
and first family neutrino Dirac mass, while hd contributes to the down quark mass and the
electron mass.
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The high energy gauge group only allows two different VL masses Mψ
4 , Mψc

4 , according
to eq. (2.8), even after the Higgs H,H each split into 4 multiplets, and the VL fermions
ψc4, ψ

c
4 each split into two multiplets. In principle, SU(2)R symmetry breaking effects could

split the Mψc

4 masses into separate masses for Mψc

4uν and Mψc

4ed, however such splitting does
not happen due to the fact that H ′, H ′ do not couple to them, since the fourth family
transforms under the first PS group, while H ′, H ′ transform under the second PS group.
Furthermore the low energy PS group SU(4)IPS strictly ensures that the quark and lepton
components of the fourth family masses remain equal.

However, the fifth family masses Mψ
5 , M

ψc

5 can be split below the high energy PS
breaking scale by couplings to H ′, H ′, which share the second SU(4)IIPS gauge group, as seen
in table 1.4 Thus we may consider the following operators, with SU(4)IIPS indices shown
explicitly,

(H ′H ′)βα
Λ (ψ5)α(ψ5)β + (H ′H ′)βα

Λ (ψc5)α(ψc5)β (3.19)

where Λ is a high scale cut-off above the high scale PS breaking scale. If we assume that
two Higgs fields combine into an adjoint of SU(4)IIPS, as discussed in [55],

(H ′H ′)βα ∼ H ′αH ′
β − 1

4H
′γH ′γδ

β
α (3.20)

then after the Higgs fields receive the VEVs in eq. (3.8), this results in quark-lepton mass
splittings proportional to the generator T IIB−L = (1/

√
6)diag(1, 1, 1,−3) leading to different

contributions to the fifth family quarks and leptons [55],

〈νH′〉〈ν̄H′〉
Λ (Q5Q5 − 3L5L5) + 〈νH

′〉〈ν̄H′〉
Λ (uc5uc5 + dc5d

c
5 − 3νc5νc5 − 3ec5ec5) (3.21)

If the mass terms in eq. (3.21) dominate over the original mass terms, then they can be
responsible for the smallness of the electron mass compared to the down quark mass, which
otherwise would be degenerate since their C,D terms in eqs. (3.14), (3.15) share the same
Higgs fields and are otherwise identical. As discussed earlier, we also have a texture zero in
the first element of the fermion mass matrices, as motivated by the observed quark mixing
relation in eq. (1.7).

3.2 Low scale symmetry breaking of G4321 to the SM

In this subsection we shall discuss the low scale symmetry breaking

G4321
Mlow−→ G321 (3.22)

To achieve this symmetry breaking we shall use the scalar field φ(4, 4̄, 1, 1) in table 2 which
decomposes to φ3(4, 3̄, 1,−1/6) and φ1(4, 1, 1, 1/2) in table 3, and similarly for φ, φ′. These

4Note that there is no SU(2)R splitting since the fifth family transforms under SU(2)IR while H ′, H ′

transform under SU(2)IIR .
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fields are assumed to develop low scale VEVs,

〈φ3〉 =


v3√

2 0 0
0 v3√

2 0
0 0 v3√

2
0 0 0

 , 〈φ1〉 =


0
0
0
v1√

2

 , (3.23)

and analogously for φ1,3, φ′1,3 where we assume relatively low scale VEVs,

v1 ∼ v3 . 1 TeV, (3.24)

and similarly for v̄1, v̄3, v̄′1, v̄′3, leading to the symmetry breaking of G4321 down to the SM
gauge group G321,

SU(4)IPS × SU(3)IIc × SU(2)I+IIL ×U(1)Y ′ → SU(3)c × SU(2)L ×U(1)Y (3.25)

The SU(4)IPS is broken to SU(3)Ic × U(1)IB−L (4 → 31/6 + 1−1/2), with SU(3)Ic × SU(3)IIc
broken to the diagonal subgroup SU(3)I+IIc identified as SM QCD SU(3)c. We identify
SU(2)I+IIL as the SM EW group SU(2)L. The Abelian generators are broken to SM
hypercharge U(1)Y where

Y = T IB−L + Y ′ = T IB−L + T IIB−L + T3R (3.26)

The physical massive scalar spectrum includes a real color octet, three SM singlets
and a complex scalar transforming as (3, 1, 2/3). The heavy gauge bosons include a vector
leptoquark Uµ1 = (3, 1, 2/3) from SU(4)I → SU(3)I ×U(1)IB−L, a heavy gluon g′µ = (8, 1, 0)
from SU(3)I × SU(3)II → SU(3)I+II and a Z ′µ = (1, 1, 0) from U(1)IB−L ×U(1)Y ′ → U(1)Y .

The heavy gauge boson masses resulting from the symmetry breaking in eq. (3.22) are
generalisations of the results in [56],

MU1 = 1
2g4

√
v2

1 + v̄2
1 + v̄′

2
1 + v2

3 + v̄2
3 + v̄′

2
3 , (3.27)

Mg′ = 1√
2

√
g2

4 + g2
3

√
v2

3 + v̄2
3 + v̄′

2
3 , (3.28)

MZ′ = 1
2

√
3
2

√
g2

4 + 2
3g

2
1

√
v2

1 + v̄2
1 + v̄′

2
1 + 1

3v
2
3 + 1

3 v̄
2
3 + 1

3 v̄
′2
3 . (3.29)

Under the breaking in eq. (3.22) to the SM gauge group, the fourth VL family in table 3
decomposes into fermions with the usual SM quantum numbers of the chiral quarks and
leptons in eq. (2.2), (2.3), but including partners in conjugate representations,

ψ4 → (Q4, L4) ≡ (QL4, LL4), ψ4 → (Q4, L4) CP→ (QR4, LR4), (3.30)

ψc4uν → (uc4, νc4) CP→ (uR4, νR4), ψc4uν → (uc4, νc4) ≡ (uL4, νL4), (3.31)

ψc4ed → (dc4, ec4) CP→ (dR4, eR4), ψc4ed → (dc4, ec4) ≡ (dL4, eL4), (3.32)

where we have converted to left (L) and right (R) convention in the last step, either by
a simple equivalence, or using a CP transformation where applicable. Similarly we shall
write the three chiral familes of quarks and leptons in L, R convention as,

Qi, Li ≡ QLi, , LLi, ucj , d
c
j , e

c
j , ν

c
j
CP→ uRj , dRj , eRj , νRj , (i, j = 1, 2, 3) (3.33)
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The heavy gauge bosons U1, g
′, Z ′ couple to the chiral fermions and VL fourth family

fermions with left-handed interactions [42],

g4√
2

(
Q̄L4γ

µLL4 + H.c.
)
U1µ

+ g4gs
g3

(
Q̄L4γ

µT aQL4 −
g2

3
g2

4
Q̄Liγ

µT aQLi

)
g′aµ (3.34)

+
√

3 g4gY√
2 g1

(
1
6Q̄L4γ

µQL4 −
1
2 L̄L4γ

µLL4 −
g2

1
9g2

4
Q̄Liγ

µQLi + g2
1

3g2
4
L̄Liγ

µLLi

)
Z ′µ

and right-handed interactions,

g4√
2

(
Q̄R4γ

µLR4 +H.c.
)
U1µ

+ g4gs
g3

(
Q̄R4γ

µT aQR4−
g2

3
g2

4

(
ūRjγ

µT auRj + d̄Rjγ
µT adRj

))
g′aµ (3.35)

+
√

3g4gY√
2g1

(
1
6Q̄R4γ

µQR4−
1
2 L̄R4γ

µLR4−
2g2

1
9g2

4

(
2ūRjγµuRj− d̄RjγµdRj−3ēRjγµeRj

))
Z ′µ

where the SM gauge couplings of SU(3)c and U(1)Y are given by [42],

gs = g4g3√
g2

4 + g2
3

, gY = g4g1√
g2

4 + 2
3g

2
1

, (3.36)

where g4,3,2,1 are the gauge couplings of G4321. In the above expressions we have ignored
the mixing between the chiral fermions and the VL fermions, and dropped the right-handed
neutrino couplings. We have also dropped the EW singlet VL fourth family couplings,
assuming them to be much heavier that the EW doublets, Mψc

4 �Mψ
4 .

In the present model, all flavour changing is generated from eq. (3.34) after making the
rotation as in eq. (A.1),(

QL3
QL4

)
→
(
cQ34 sQ34
−sQ34 c

Q
34

)(
QL3
QL4

)
,

(
LL3
LL4

)
→
(
cL34 sL34
−sL34 c

L
34

)(
LL3
LL4

)
(3.37)

where the large mixing angles sQ34, s
L
34 were introduced in eq. (A.2), beyond the mass insertion

approximation, and all other mixing with the fourth VL family is suppressed by small
mixing angles in this model. The transformation in eq. (3.37) leads to non-universal third
family terms in eq. (3.34). The further CKM type transformations required to diagonalise
the quark and lepton mass matrices predicted by the model (see later), then lead to flavour
changing operators originating from the non-universal third family terms.

The key feature of the heavy gauge boson couplings is that, while the heavy gluon g′µ
and the Z ′µ couple to all chiral and VL quarks and leptons, the heavy vector leptoquark Uµ1
only couples to the fourth family VL fermions in the original basis of eqs. (3.34) and (3.35).
The reason is that Uµ1 originates entirely from SU(4)I , which remains unbroken to low
scales, and under which the chiral quarks and leptons are singlets. In the present model,
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Figure 5. Diagrams in the model which leads to the effective U1 vector leptoquark couplings to
quarks to leptons in the mass insertion approximation. The left (right) panels show the left (right)
handed couplings. The diagram in the left-panel will dominate since Mψ

4 �Mψc

4 , leading to the
approximate effective operator in eq. (3.38).

effective Uµ1 vector leptoquark couplings to chiral quarks and leptons can be generated from
eq. (3.34), after the rotations in eq. (3.37), leading to the effective operator,

g4√
2
Q̄L4γ

µLL4 →
g4√

2
sQ34s

L
34Q̄L3γ

µLL3 U1µ ≈
g4√

2
xψ34〈φ1〉
Mψ

4

xψ34〈φ3〉
Mψ

4
Q̄L3γ

µLL3 U1µ (3.38)

plus H.c., where we have also shown the result in mass insertion approximation from
the diagrams in figure 5, with the left-hand diagram dominating due to Mψ

4 � Mψc

4
from eq. (2.21). Equivalently, the dominance of this operator follows from the large third
family quark and lepton masses which imply large mixing angles sQ34, s

L
34. Similar operators

involving right-handed couplings to the second family, arising from the right-hand diagram
in figure 5, will be suppressed. Since the first family quarks and leptons only couple to fifth
family VL fermions, which do not interact at all with Uµ1 , similar operators involving the
first family will be absent.

The operator in eq. (3.38) has the right structure of vector leptoquark Uµ1 couplings
to account for the B-physics anomalies in RK(∗) and RD(∗) as discussed in many papers
mentioned in the Introduction. For example, according to the analysis in [22], a single
operator as in eq. (3.38), involving only the third family doublets, can account for both
the anomalies simultaneously, once the further transformations required to diagonalise the
quark and lepton mass matrices are taken into account, leading to, in the notation of [22],

g4√
2
sQ34s

L
34Q̄L3γ

µLL3 U1µ ≡ gU Q̄L3γ
µLL3 U1µ → gUβiαQ̄Liγ

µLLα U1µ (3.39)

In the effective field theory analysis of [22] these further transformations were regarded as
relatively free parameters with good global fits obtained for βsτ ≈ 4|Vcb|, with βbµ < 0.5
and βsµ < 5|Vcb| constrained to lie on narrow contours [22]. However in the present model
the quark and lepton mass matrices are predicted, and the natural expectation is that these
mixing parameters are of order |Vcb|, as we shall discuss later. The values of gU and MU1

are also constrained by the global fit to the B physics anomalies [22], for example gU ≈ 1.1
and MU1 ≈ 1.6TeV provides a good fit consistent with LHC searches, and corresponds to
the benchmark point discussed in the next subsection for sQ34 ≈ sL34 ≈ 1/

√
2.
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3.3 Flavour changing neutral currents (FCNCs)

The heavy gauge bosons g′, Z ′ will generate FCNCs from the couplings in eq. (3.34), after
the rotation in eq. (3.37) followed by the rotations required to diagonalise the quark and
lepton mass matrices. A detailed analysis of FCNCs in the G4321 model has been recently
performed in [36], but here in this subsection we summarise the key issues which are relevant
for the twin PS model.

The first observation is that in eqs. (3.34), (3.35) the first three families of quarks and
leptons all couple equally to g′, Z ′ for the three families of a given charge. This means
that the rotations used to go to the basis in eq. (2.15) will not induce any flavour violation.
However, the couplings of the fourth vector-like fermions to g′, Z ′ are non-universal, so any
mixing of the three families with the fourth family will induce non-universality in the light
states. In the twin PS model, there is only significant mixing of the third left-handed chiral
family with the fourth family, and it is a good approximation to only consider the rotation
in eq. (3.37).

After the rotations in eq. (3.37), the Lagrangian in eq. (3.34) will generate non-universal
g′, Z ′ couplings to the third family quark and lepton doublets, while the first two families
continue to have universal couplings to good approximation. This is equivalent to an
approximate U(2)5 global symmetry which will protect against the most dangerous FCNCs
involving the first two families. However the non-universal third family doublet couplings
will lead to FCNCs once the quark and lepton mass matrices (considered in detail in the next
section) are diagonalised. Fortunately these matrices turn out to have small off-diagonal
elements, so FCNCs are suppressed. For example, there will be tree-level FCNCs arising in
Bs mixing suppressed by Vts ∼ 0.04.

Consider the example of benchmark parameters [42]: v1 ≈ v̄1 ≈ v̄′1 ≈ 312GeV,
v3 ≈ v̄3 ≈ v̄′3 ≈ 488GeV, g4 ≈ 3, g3 ≈ gs ≈ 1, g1 ≈ gY ≈ 0.36, which leads toMZ′ ≈ 1.4TeV,
MU1 ≈ 1.6TeV, and Mg′ ≈ 2.0TeV. This set of parameters has the typical feature that
g4 � g3, g1 so that the heavy gauge bosons g′, Z ′ have suppressed couplings to light quarks
and leptons, according to eqs. (3.34), (3.35), which will inhibit the direct production of
these states at the LHC.

As discussed above, the fourth family doublets with large couplings to g′, Z ′ will
generate non-universal third family couplings to these gauge bosons, after the replacements
in eq. (3.37). These non-universal third family couplings to g′, Z ′ will subsequently lead to
tree-level FCNCs following the transformations required to diagonalise the 3× 3 quark and
lepton mass matrices. The typical constraint from Bs mixing [57] has the parametric form

(sQ34)2Vts
M

.
1

220 TeV (3.40)

where M represents the g′, Z ′ masses, whose benchmark values are M ∼ 1TeV. With
Vts ∼ 0.04, this constraint is satisfied providing that (sQ34)2 . 0.1, ignoring the other
dimensionless couplings which are of order unity.

In addition to the couplings in eq. (3.38), the rotations in eq. (3.37) will generate vector
leptoquark U1 interactions which couple the third and fourth family doublets,

g4√
2
Q̄L4γ

µLL4 →
g4√

2
sQ34Q̄L3γ

µLL4 U1µ (3.41)
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Such couplings allow a one loop box diagram contribution to Bs mixing proportional to
the internal vector-like lepton mass squared [58]. The mass of the vector-like lepton can
be lowered by including an additional scalar Ω15 which transforms under SU(4)IPS in the
adjoint representation, whose VEV contributes to the fourth family masses [58].

3.4 Electroweak symmetry breaking

In this subsection we discuss electroweak (EW) symmetry breaking in this model. The low
energy Higgs fields originate from multiplets which transforms under G4422 as

H(4̄, 4, 2, 2̄), H(4, 4̄, 2̄, 2) (3.42)

Under G4422 → G4321 these decompose into the personal Higgs scalar doublets as in
eq. (3.11), (3.12) and table 3. Under the breaking to the SM gauge group G4321 → G321,
the personal Higgs scalar doublets further decompose into personal Higgs EW doublets,
plus other colour and charge exotic doublets,

Ht(4̄, 3, 2̄, 2/3)→ Ht(1, 2̄, 1/2) +Ht(8, 2̄, 1/2) +Ht(3, 2̄, 7/6) (3.43)
Hb(4̄, 3, 2̄,−1/3)→ Hb(1, 2̄,−1/2) +Hb(8, 2̄,−1/2) +Hb(3, 2̄, 1/6) (3.44)
Hτ (4̄, 1, 2̄,−1)→ Hτ (1, 2̄,−1/2) +Hτ (3̄, 2̄,−7/6) (3.45)
Hντ (4̄, 1, 2̄, 0)→ Hντ (1, 2̄, 1/2) +Hντ (3̄, 2̄,−1/6) (3.46)
Hc(4, 3̄, 2̄, 1/3)→ Hc(1, 2̄, 1/2) +Hc(8, 2̄, 1/2) +Hc(3̄, 2̄,−1/6) (3.47)

Hs(4, 3̄, 2̄,−2/3)→ Hs(1, 2̄,−1/2) +Hs(8, 2̄,−1/2) +Hs(3̄, 2̄,−7/6) (3.48)
Hµ(4, 1, 2̄, 0)→ Hµ(1, 2̄,−1/2) +Hµ(3, 2̄, 1/6) (3.49)
Hνµ(4, 1, 2̄, 1)→ Hνµ(1, 2̄, 1/2) +Hνµ(3, 2̄, 7/6) (3.50)

where the SM gauge group G321 reps are shown. Higgs VEVs may appear in the first
eight EW doublets in eqs. (3.43)–(3.50) which are both colour singlets and have electrically
neutral components, together with the two EW doublets hu, hd in table 3, leading to the
familiar electroweak symmetry breaking G321 → G31,

SU(3)c × SU(2)L ×U(1)Y → SU(3)c ×U(1)Q (3.51)

where the electric charge generator is given by the familiar result

Q = T3L + Y (3.52)

eqs. (3.43)–(3.50) predict 8 Higgs EW doublets, 4 colour octet scalar EW doublets, and 8
scalar EW doublets identified as leptoquarks, the physical implications of the latter being
briefly discussed in the next subsection.

Models with multiple light Higgs doublets face the phenomenological challenge of
FCNCs arising from tree-level exchange of the EW scalar doublets in the Higgs basis.
Therefore we need to assume that only one pair of Higgs doublets Hu and Hd are light,
given by linear combinations of the EW doublets,

Hu = α̃uHt + β̃uHc + γ̃uHντ + δ̃uHνµ + ε̃uhu

Hd = α̃dHb + β̃dHs + γ̃dHτ + δ̃dHµ + ε̃dhd (3.53)
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where α̃u,d, β̃u,d, . . . are complex elements of two unitary Higgs mixing matrices, UHu and
UHd . The orthogonal linear combinations are assumed to be very heavy, well above the
TeV scale in order to sufficiently suppress the FCNCs. The situation is familiar from
SO(10) models [59] where there are 6 Higgs doublets arising from the 10, 120 and 126
representations, denoted as H10, H120, H126, two from each, but below the SO(10) breaking
scale only two Higgs doublets are assumed to be light, similar to Hu and Hd above.

We further assume that only the light Higgs doublet states get VEVs,

〈Hu〉 = vu, 〈Hd〉 = vd, (3.54)

while the heavy linear combinations do not, i.e. we assume that in the Higgs basis the
linear combinations which do not get VEVs are very heavy. We shall not discuss the Higgs
potential which is responsible for this, however we note that, as in SO(10), the general
requirement is that the Higgs mass squared matrix of doublets must have an approximately
zero determinant analogous to the case of SO(10) with H10, H120, H126 [59]. Of course the
requirement is not so severe as in SO(10) due to the smaller hierarchy of mass scales required
for acceptable FCNCs. Although the discussion of the Higgs potential is beyond the scope of
this paper, we note that this would probably involve the following three features: additional
Higgs fields; a discussion of renormalisation group (RG) effects; and fine-tuning. We also
note that a similar assumption was made in the three-site PS model [46] which was also
proposed to explain the anomalies via a low scale PS breaking, where the Higgs doublets
from (15, 2, 2) and (1, 2, 2) were assumed to give rise to one set of light Higgs doublets.

Assuming that the above conditions are met, one may invert the unitary transformations
in eq. (3.53), and hence express each of the personal Higgs doublets in terms of the light
EW doublets Hu, Hd,

Ht(1, 2̄, 1/2) ≡ αuHu(1, 2̄, 1/2) + . . . (3.55)
Hb(1, 2̄,−1/2) ≡ αdHd(1, 2̄,−1/2) + . . . (3.56)
Hτ (1, 2̄,−1/2) ≡ γdHd(1, 2̄,−1/2) + . . . (3.57)
Hντ (1, 2̄, 1/2) ≡ γuHu(1, 2̄, 1/2) + . . . (3.58)
Hc(1, 2̄, 1/2) ≡ βuHu(1, 2̄, 1/2) + . . . (3.59)

Hs(1, 2̄,−1/2) ≡ βdHd(1, 2̄,−1/2) + . . . (3.60)
Hµ(1, 2̄,−1/2) ≡ δdHd(1, 2̄,−1/2) + . . . (3.61)
Hνµ(1, 2̄, 1/2) ≡ δuHu(1, 2̄, 1/2) + . . . (3.62)
hu(1, 2̄, 1/2) ≡ εuHu(1, 2̄, 1/2) + . . . (3.63)

hd(1, 2̄,−1/2) ≡ εdHd(1, 2̄,−1/2) + . . . (3.64)

ignoring the heavy states indicated by dots.
When the light Higgs Hu, Hd gain their VEVs in eq. (3.54), the personal Higgs in the

original basis can be thought of as gaining VEVs 〈Ht〉 = αuvu, etc.. This approach will be
used in the next section, when constructing the low energy quark and lepton mass matrices.
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Figure 6. Diagrams which lead to the S2 leptoquark effective couplings relevant for RD(∗) .

3.5 Scalar Leptoquarks and RD(∗)

We have seen that the scalar fields H and H of the twin PS model decompose into
various states as shown in eqs. (3.43)–(3.50). Amongst these scalars are scalar EW doublet
leptoquarks, identified as the well studied types S2(3, 2, 7/6) and S̃2(3, 2, 1/6) (4 copies of
each), which could play a role in RK(∗) [39]. In this subsection we briefly investigate if S2
could accommodate the RD(∗) anomaly as suggested in [60].

We also note that the 4321 model [42] predicts the scalar leptoquark S1(3, 1, 2/3),
arising from the symmetry breaking scalars Ω3 and Ω1 (which correspond to φ3 and φ1 in
the twin PS model). The S1 could also accommodate the RD(∗) anomaly if sufficiently large
couplings to the relevant quarks and leptons can be generated [60]. However this does not
appear to be possible in the 4321 model [58]. Note that the 4321 model does not involve
the scalar fields H, H so leptoquarks S2, S̃2 are not predicted.

Although a detailed discussion of the phenomenology of the scalar leptoquarks predicted
by the twin PS model are beyond the scope of the present paper, here we briefly discuss if
the scalar leptoquark S2 predicted by the twin PS model could contribute significantly to
the RD(∗) anomaly. The dominant couplings of the leptoquark S2 are due to the diagrams in
figure 6 which arise from decomposition of the left panel of figure 2 which is also responsible
for the third family Yukawa couplings.

The two diagrams in figure 6 lead to effective operators (up to an irrelevant minus
sign), after integrating out VL fermions, of similar structure to the third family Yukawa
couplings,

LS2
4eff = xψ34y

ψ
43〈φ3〉
Mψ

4
S2Q3e

c
3 + xψ34y

ψ
43〈φ1〉
Mψ

4
S2L3u

c
3 ≈ ytS2Q3e

c
3 + yτS2L3u

c
3 (3.65)

plus H.c., where the effective couplings are approximately equal to those of the top quark
and tau lepton, both of which are expected to be of order unity.5 Converting to more
familiar LR notation, the effective couplings in eq. (3.65) may be written as,

LS2
4eff ≈ S2(ytQ3iσ2τR + yτθ

uR
23 cRL3L) + H.c. (3.66)

5The mixing angle formalism in appendix A is required for an accurate treatment, however the result
that the leptoquark couplings are approximately those of the top quark and tau lepton remains valid.
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where we have inserted a mixing angle of θuR23 arising from the up type quark mass matrix
in going from uc3 to cR. According to [60], S2 could accommodate the RD(∗) anomaly if
the product of the couplings in eq. (3.66) is imaginary and somewhat larger than unity
in magnitude, neither of which seems possible in this model, where we expect the mixing
angle to be very small, θuR23 ∼ mc/mt, according to the up type quark mass matrix in the
next section. We conclude that it seems unlikely that S2 could contribute significantly to
the RD(∗) anomaly in the twin PS model.

4 Quark and lepton masses and mixings

In this section we summarise and discuss the quark and lepton masses and mixings, including
the neutrino sector and the seesaw mechanism.

4.1 Dirac mass matrices

The fermion mass matrices from eqs. (3.13), (3.14), (3.15), (3.16) may be written as,

Mu = Am0
t +Bm0

c + Cm0
u +Dm̄0

u (4.1)
Md = Am0

b +Bm0
s + Cm0

d +Dm̄0
d (4.2)

Me = Am0
τ +Bm0

µ + Cm0
e +Dm̄0

e (4.3)
MD
ν = AmD

ντ +BmD
νµ + CmD

νe +Dm̄D
νe (4.4)

where A,B,C,D are universal (same for u, d, e, ν) dimensionless matrices,

A =

 0 0 0
0 0 0
0 0 xψ34y

ψ
43

 , B =

 0 0 0
0 yψ24x

ψc

42 yψ24x
ψc

43
0 yψ34x

ψc

42 yψ34x
ψc

43

 , (4.5)

C =

 0 0 0
xψ25y

ψ
51 0 0

xψ35y
ψ
51 0 0

 , D =

 0 yψ15x
ψc

52 yψ15x
ψc

53
0 0 0
0 0 0

 , (4.6)

while x, y are complex dimensionless order unity coefficients, and we have defined,

m0
t = 〈φ3〉

Mψ
4
αuvu, m0

c = 〈φ3〉
Mψc

4
βuvu, m0

u = 〈Φ〉
Mψ

5
εuvu, m̄0

u = 〈Φ〉
Mψc

5
εuvu, (4.7)

m0
b = 〈φ3〉

Mψ
4
αdvd, m0

s = 〈φ3〉
Mψc

4
βdvd, m0

d = 〈Φ〉
Mψ

5
εdvd, m̄0

d = 〈Φ〉
Mψc

5
εdvd, (4.8)

m0
τ = 〈φ1〉

Mψ
4
γdvd, m0

µ = 〈φ1〉
Mψc

4
δdvd, m0

e = 〈Φ〉
3Mψ

5
εdvd, m̄0

e = 〈Φ〉
3Mψc

5
εdvd, (4.9)

mD
ντ = 〈φ1〉

Mψ
4
γuvu, mD

νµ = 〈φ1〉
Mψc

4
δuvu, mD

νe = 〈Φ〉
3Mψ

5
εuvu, m̄D

νe = 〈Φ〉
3Mψc

5
εuvu, (4.10)

where we have expressed the personal Higgs fields in terms of the light Higgs doublets using
eqs. (3.55)–(3.64), with VEVs in eq. (3.54), and taken the fifth family lepton masses to
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be three times larger than the fifth family quark masses, according to eq. (3.21). Since
we have assumed the hierarchy in eq. (2.21), it is natural to assume that each term in
eqs. (4.7), (4.8), (4.9) roughly corresponds to a particular charged fermion mass of the second
and third family, as the notation suggests (the neutrinos will be discussed separately), with
each fermion mass controlled by its own personal Higgs as discussed below eqs. (3.13)–(3.16).
However, unlike private Higgs models [51–54], the fermion mass hierarchies are controlled
by the heavy fourth and fifth family messenger masses, rather than requiring a hierarchy of
Higgs VEVs, which do not need to be very small, as discussed below. Eq. (4.10) refers to
the Dirac neutrino masses, where the Dirac neutrino mass matrix in eq. (4.4) enters the
type I seesaw mechanism and will be discussed in the following subsection.

By comparing eqs. (4.7), (4.8), (4.9) to eqs. (1.1), (1.2), (1.3), a number of requirements
emerge to achieve a correct description of the charged fermion masses of the second and
third families:

• The dominant VEV is 〈Ht〉 = αuvu ∼ v = 175GeV for the correct top mass

• Also the large top mass requires 〈φ3〉 ∼Mψ
4

• mb/mt ∼ 〈Hb〉/〈Ht〉 ∼ λ2.5 implies 〈Hb〉 = αdvd ∼ λ2.5v ∼ 5GeV

• ms/mc ∼ 〈Hs〉/〈Hc〉 = (βdvd)/(βuvu) ∼ λ1.7 ∼ 1/13

• ms/mµ ∼ 〈φ3〉〈Hs〉
〈φ1〉〈Hµ〉

∼ 1

We conclude that all second and third family masses can be accommodated with the above
conditions satisfied. As claimed, the personal Higgs VEVs here are not very small and
could be around 1–10GeV, apart from that associated with the top quark whose VEV is
approximately that of the SM Higgs doublet, recalling that we have absorbed the factor of√

2 into the VEVs according to v = vSM/
√

2 and vSM = 246GeV.
Approximate forms of eqs. (4.1), (4.2), (4.3), (4.4) can also be useful for analytic

estimates as follows,

Mu ∼

 0 m̄0
u m̄

0
u

m0
u mc mc

m0
u mc mt

 , Md ∼

 0 m̄0
d m̄

0
d

m0
d ms ms

m0
d ms mb

 (4.11)

MD
ν ∼

 0 m̄D
νe m̄

D
νe

mD
νe m

D
νµ m

D
νµ

mD
νe m

D
νµ m

D
ντ

 , Me ∼

 0 m̄0
e m̄

0
e

m0
e mµ mµ

m0
e mµ mτ

 (4.12)

assuming m0
f ∼ mf for the second and third family charged fermions and dropping the

dimensionless coefficients. If Mψ
5 ∼M

ψc

5 , then the matrices are approximately symmetric,
up to order unity dimensionless coefficients x, y which we have dropped here, hence,

m0
u ∼ m̄0

u ∼
√
mumc, m0

d ∼ m̄0
d ∼
√
mdms, m0

e ∼ m̄0
e ∼
√
memµ (4.13)

which follows from the perturbative diagonalisations mu ≈ m̄0
um

0
u/mc, etc.. The crude

approximations made in writing eqs. (4.11), (4.12) are useful in giving insight into the Higgs
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VEVs 〈hu〉, 〈hd〉 in eq. (4.13) associated with the up and down quarks, which are related to
the first family mass parameters via eqs. (4.7), (4.8), (4.9). These Higgs VEVs need not
be very small, partly because they are associated with the geometric mean of the first and
second family masses, and partly because there is additional suppression coming from the
ratio of scales 〈Φ〉/Mψ

5 and 〈Φ〉/Mψc

5 . From eq. (4.13) and eqs. (4.7), (4.8), (4.9), we find
√
mumc

mdms
∼ 〈hu〉
〈hd〉

= εuvu
εdvd

∼ 2.5,
√
memµ

mdms
∼
√
me

md
∼ 1

3 (4.14)

using the observed masses in eqs. (1.1), (1.2), (1.3), and assuming ms ∼ mµ which implies
me/md ∼ 1/9 consistent with eq. (1.3). We conclude that all first family masses can all be
accommodated.

We may estimate the angles involved in diagonalising the quark mass matrices in
eq. (4.11),

θd12 ∼
√
md

ms
∼ λ, θd23 ∼

ms

mb
∼ λ2.5, θd13 ∼

√
mdms

mb
∼ λ3.5, (4.15)

θu12 ∼
√
mu

mc
∼ λ2.1, θu23 ∼

mc

mt
∼ λ3.3, θu13 ∼

√
mumc

mt
∼ λ5.3, (4.16)

assuming eq. (4.13) and using the observed masses in eqs. (1.1), (1.2), (1.3). We see that
the up type mixing angles are smaller than the down type mixing angles in this model,
leading to

Vus ∼
√
md

ms
∼ λ, Vcb ∼

ms

mb
∼ λ2.5, Vub ∼

√
mdms

mb
∼ λ3.5, (4.17)

which may be compared to eq. (1.5) and includes the successful quark relation in eq. (1.7).
These relations are encouraging, given that we have ignored the order unity coefficients
and made the symmetric approximation. We conclude that all charged fermion masses and
quark mixing angles can be accommodated in the region of parameter space where there is
an approximate universal texture zero in the first element of the mass matrices.

Returning to the question of the global fits of RK(∗) and RD(∗) , discussed below eq. (3.39),
we can see that the natural expectation for the mixing parameters from eqs. (4.15), (4.16),
(4.17) is

βsτ ∼ θd23 ∼ |Vcb|, βbµ ∼ θe23, βsµ ∼ θd23θ
e
23 ∼ |Vcb|θe23 (4.18)

Compared with the requirements from the global fits to the B physics anomalies [22],
βsτ ≈ 4|Vcb|, with βbµ < 0.5 and βsµ < 5|Vcb|, it seems that the values of mixing in
eq. (4.18) are somewhat smaller than required, especially since we might expect that
θe23 ∼ mµ/mτ ∼ |Vcb|. Of course the mass matrices are not predicted to be symmetric in the
present model, so it is certainly possible to choose the dimensionless coefficients in eq. (4.5)
so as to enhance these parameters. However this would then imply that the up type quark
mass matrix plays a significant role in the CKM mixing, which goes against the natural
predictions of the model, and more generally violates the GST relation.
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4.2 Neutrino masses and mixing

In the type I seesaw mechanism for neutrino masses [11–14], we need to consider both the
Dirac mass matrix MD

ν and the heavy Majorana mass matrix MM
ν . We may write Dirac

mass matrix MD
ν in eq. (4.4) in a simplified notation as,

MD
ν ≡

 0 a a′

e b b′

f c c′

 ∼
 0 m̄D

νe m̄
D
νe

mD
νe m

D
νµ m

D
νµ

mD
νe m

D
νµ m

D
ντ

 . (4.19)

The heavy Majorana mass matrix, follows from eq. (2.12),

MM
ν ∼

 ξ̃
2 ξ̃5 ξ̃4

ξ̃5 ξ̃2 ξ̃

ξ̃4 ξ̃ 1

 〈H ′〉〈H ′〉Λ ∼

M
M
1 0 0
0 MM

2 0
0 0 MM

3

 (4.20)

where we have written ξ̃ = 〈ξ̃〉 � 1 and dropped the small off-diagonal elements with,

MM
1 ∼MM

2 ∼ ξ̃2MM
3 , MM

3 ∼
〈H ′〉〈H ′〉

Λ (4.21)

Note that MM
1 and MM

2 are not expected to be degenerate due to the dimensionless
coefficients multiplying each element of eq. (4.20) which we have dropped. We shall first
give a short qualitative discussion of the neutrino mass and mixing, and the scales involved,
before constructing the physical neutrino mass matrix using the seesaw formula.

We assume that the first right-handed neutrino νc1 dominates the seesaw mechanism,
as in single right-handed neutrino dominance (SRHND) [6, 7]. Although the second right-
handed neutrino mass has a similar scale, we shall assume that it is several times larger than
the first, which is not unreasonable given that the higher dimensional operators in eq. (4.20)
may result from a product of several Yukawa couplings, each of which may differ by a small
factor. Ignoring the other right-handed neutrinos, then, we have just a single right-handed
neutrino νc1 with couplings given by the first column of the Dirac mass matrix in eq. (4.19),
where there is a texture zero, and the second and third elements having similar entries
due to L2 and L3 being indistinguishable under the Z6 symmetry. Thus the dominant
right-handed neutrino couples as νc1(νµ + ντ ), with similar couplings to νµ and ντ , and a
zero coupling to νe due to the texture zero, naturally leading to large atmospheric neutrino
mixing. After the single right-handed neutrino νc1 is integrated out (i.e. applying the seesaw
mechanism) there is only one massive neutrino ν3 ∼ νµ + ντ with light Majorana mass,

mν3 ∼ 2
(mD

νe)2

MM
1
∼ 0.05 eV (4.22)

while νe and the orthogonal linear combination ν3 ∼ νµ − ντ remain massless. This scheme
will therefore predict a normal mass hierarchy when the other smaller neutrino masses
are included. The lightest right-handed neutrino mass may be estimated by assuming
mD
νe ∼

√
mumc/3, motivated by the up quark matrix in the previous subsection, hence

MM
1 ∼ 3× 107 GeV (4.23)
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The condition for the heaviest right-handed neutrino to decouple from the seesaw
mechanism is

(mD
ντ )2

MM
3
� m3 ∼ 0.05 eV →MM

3 ∼MM � 6× 1014 GeV (4.24)

assuming that mD
ντ ∼ mt, as motivated in the previous subsection. The high value of

MM
3 ∼MM in eq. (4.24) suggests from eq. (4.21) that the VEV 〈H ′〉 should be close to the

conventional scale of Grand Unified Theories (GUTs), MGUT , which sets the high symmetry
breaking scale of the twin PS theory Mhigh in eq. (1.8). A set of possible scales is,

MM
3 ∼MM ∼ 3× 1015 GeV , 〈H ′〉 ∼MGUT ∼ 3× 1016 GeV , Λ ∼ 3× 1017 GeV (4.25)

This leads to a characteristic spectrum of right-handed neutrino masses in which the lightest
right-handed neutrino has a mass from eq. (4.23) of about 30 PeV, the second one being
several times heavier, while the heaviest right-handed neutrinos νc3 has masses from eq. (4.25)
an order of magnitude below the GUT scale. The extreme hierarchy of right-handed neutrino
masses, of order 10−8, fixes ξ̃ ∼ 10−4, from eqs. (4.21), (4.23) and (4.25). Note that such a
pattern of right-handed neutrino masses is typical of models based on family symmetry and
Pati-Salam [61, 62]. Leptogenesis in this model will be highly non-standard and deserves a
separate study.

The light physical effective Majorana neutrino mass matrix follows from the type I
seesaw formula [11–14],

mν = MD
ν (MM

ν )−1(MD
ν )T (4.26)

In the SRHND approximation, the low energy neutrino mass matrix takes the form,

mν ≈

 0 0 0
0 e2 ef

0 ef f2

 1
MM

1
(4.27)

with a vanishing sub-determinant and hence only one non-zero eigenvalue and a large
atmospheric neutrino mixing angle θ23 [6–10],

mν3 ∼
e2 + f2

MM
11

, tan θ23 ∼
e

f
∼ xψ25

xψ35
∼ 1 (4.28)

where atmospheric neutrino mixing is expected to be large since it is given by a ratio of
dimensionless coefficients of order unity.

The subdominant contribution to the seesaw mechanism comes from the second right-
handed neutrino which has a similar mass to the lightest right-handed neutrino, and couples
to the second column of the Dirac mass matrix in eq. (4.19). Including also the contribution
from the third right-handed neutrino, the seesaw formula eq. (4.26) including all three
right-handed neutrinos with eqs. (4.19), (4.20) leads to the neutrino mass matrix,

mν ≈

 0 0 0
0 e2 ef

0 ef f2

 1
MM

1
+

 a
2 ab ac

ab b2 bc

ac bc c2

 1
MM

2
+

 0 0 0
0 0 0
0 0 c′2

 1
MM

3
(4.29)
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where each of the three matrices is responsible for a particular neutrino mass, yielding
a normal ordered mass pattern described by eq. (4.28) plus the additional sequential
dominance (SD) results [6–10],

mν1 ∼
c′2

MM
3
, mν2 ∼

a2

MM
2 s2

12
, tan θ12 ∼

√
2a

b− c
, θ13 .

mν2

mν3
(4.30)

To achieve the observed solar mixing in eq. (1.6) we need a ∼ (b − c)/2, where from
eqs. (4.19), (4.10) and the previous assumptions,

a ∼ m̄D
νe ∼ m

D
νe ∼

√
mumc

3 , b ∼ c ∼ mD
νµ ∼

〈φ1〉δu
〈φ3〉βu

mc (4.31)

which suggests that we need the pre-factor 〈φ1〉δu
〈φ3〉βu

� 1. The partial cancellation between b
and c in eq. (4.30) can also help to achieve the desired value of tan θ12.

5 Conclusions

The main motivation for the present work was find a realistic model with the correct
ingredients for explaining the B anomalies, as well as providing a theory quark and lepton
(including neutrino) masses and mixings. Indeed the two endeavours have a natural synergy,
since on the one hand theories which only attempt to explain the quark and lepton masses
and mixings are far from unique and cannot be readily tested, while on the other hand
theories which only attempt to explain the B anomalies, although testable, inevitably involve
input parameters which depend on the unknown quark and lepton mass matrices. The
anomalies provide a stimulus for novel model building approaches to the flavour problem,
while upgrading the low energy phenomenological models of B physics anomalies to include
a realistic explanation of the quark and lepton masses provides welcome constraints on the
input parameters. Therefore searching for a realistic model of quark and lepton masses and
mixings, with the correct ingredients to explain the B anomalies, in an all-encompassing
theory of flavour seems to be very well justified.

In this paper we have proposed a twin PS theory of flavour broken to the G4321 gauge
group at high energies, then to the Standard Model at low energies, as in figure 1 and
eq. (1.8). The motivation for a theory of this particular kind was to yield a TeV scale
vector leptoquark Uµ1 (3, 1, 2/3) which enables the RK(∗) and RD(∗) anomalies in B decays
to be addressed simultaneously, where the couplings of such a vector leptoquark could be
predicted by the same theory which also explains the quark and lepton masses and mixings.
In the present model we found that the twin PS theory of flavour successfully accounts for
all quark and lepton (including neutrino) masses and mixings, and predicts a dominant
coupling of Uµ1 (3, 1, 2/3) to the third family left-handed doublets, which generates flavour
changing due to CKM-like mixing. However the predicted mass matrices are not consistent
with the single vector leptoquark solution to the B anomalies, given the current value
of RD(∗) .

It is worth emphasising that the predicted mass matrices satisfy rather generic conditions
found in many models of quark and lepton masses, for example they involve a texture zero
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in the first entry of the mass matrices, and most of the CKM mixing comes from the down
quark sector, where both features are consistent with the phenomenologically successful GST
relation. This reinforces the view that the single vector leptoquark combined explanation
of the RK(∗) and RD(∗) anomalies in B decays, which involves regions of parameter space
where the (2,3) mixings required greatly exceed |Vcb|, are not well motivated from the point
of view of more general flavour models, not just the considered model.

The twin PS theory of flavour, as an ultraviolet completion of the low energy 4321
theories, addresses the question of the origin of quark and lepton masses and mixings, and
predicts a much richer low energy spectrum, beyond the heavy gauge bosons, including
many extra scalars and fermions. Therefore the twin PS theory here and the low energy
4321 models are easily distinguishable experimentally. However the precise predictions will
depend on whether the personal Higgs fields are retained or replaced by the 2HDM and the
associated fields.

Although the personal Higgs doublets for the second and third families are suggested
by the twin PS structure, they come with the challenges of Higgs mixing and alignment,
which depend on the Higgs potential which we have not considered in this paper. In the low
energy theory with the personal Higgs, there is a rich spectrum of scalar fields including 10
Higgs EW doublets, 4 colour octet scalar EW doublets, and 8 scalar EW doublets identified
as leptoquarks S2 and S̃2. We have shown that the leptoquarks S2 do not contribute
significantly to RD(∗) .

In appendix B we considered replacing the personal Higgs model by a type II 2HDM
where the Higgs potential is well studied. In such a 2HDM version of the model, a
plethora of scalar EW singlets and triplets are predicted, including colour octets and
additional leptoquarks S3. It would be interesting, in a future publication, to study in
detail the phenomenology of the scalars in either version of the model, in particular the
scalar leptoquarks, which could also contribute to the B anomalies along with the vector
leptoquark. It would also be interesting to study the lightest VL fermion doublets and
singlets with TeV scale masses accessible to colliders in a simplified model framework.

In conclusion, we have proposed a twin PS theory of flavour with a Z6 family symmetry,
capable of describing the quark and lepton masses and mixing, while addressing the B
physics anomalies. It is also possible to consider twin PS models based on other discrete or
continuous Abelian or non-Abelian family symmetries. The general approach is to generate
fermion masses by the same mixing with the VL fermions as that which controls the effective
vector leptoquark couplings to quarks and leptons, providing a predictive framework. In
the present model, the single vector leptoquark approach to the RK(∗) and RD(∗) anomalies
in B decays, constrained by the mixing parameters from the predicted quark and lepton
mass matrices, assuming natural values of the parameters, cannot easily satisfy the global
fits, given the current value of RD(∗) .
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A Mixing angle formalism

Since the top quark Yukawa coupling is order unity, strictly speaking we need to return
to the full mass matrix in eq. (2.10). For present purposes (i.e. extracting the quark and
lepton mass matrices) it is not necessary to diagonalise the full mass matrix in eq. (2.10).
It is sufficient to remove the largest off-diagonal elements, namely the φ and φ terms
whose VEVs are much larger than the Higgs H,H VEVs. After this is done, the remaining
transformations required to block diagonalise the mass matrix, so that only the upper 3× 3
block is off-diagonal, will only involve small angles of order v/Mψ

4 , or less, where v is the
SM Higgs VEV, which we ignore here.

The large off-diagonal φ terms in eq. (2.10) may be removed by the following large
angle transformation [63, 64], (

ψ′3
ψ′4

)
=
(
cψ34 sψ34
−sψ34 c

ψ
34

)(
ψ3
ψ4

)
(A.1)

This large angle transformation is an important step towards diagonalising the matrix in
eq. (2.10), replacing the off-diagonal φ term by a zero, where the fields with primes are in
the original basis [65]. Such large mixing will not induce any flavour violation in the SM W

and Z couplings since ψ3 and ψ4 will have the same quantum numbers when decomposed
under the SM gauge group (see later).

Beyond the mass insertion approximation, the couplings in the first matrix in eq. (2.13)
should then be replaced by the above large mixing angle as follows,

xψ34φ

Mψ
4
→ sψ34 = xψ34φ√

(xψ34φ)2 + (Mψ
4 )2

(A.2)

where sψ34 = sin θψ34, c
ψ
34 = cos θψ34. Similarly, we can remove the large (compared to the

Higgs VEVs) off-diagonal φ terms in eq. (2.10), replacing them by zeros by the following
approximate transformations, [63, 64],

ψc
′

1
ψc
′

2
ψc
′

3
ψc
′

4

 =


1 0 0 0
0 1 0 θψ

c

42
0 0 1 θψ

c

43
0 −θψ

c

42 −θ
ψc

43 1



ψc1
ψc2
ψc3
ψc4

 (A.3)

where,

θψ
c

42 ≈
xψ

c

42φ

Mψc

4
, θψ

c

43 ≈
xψ

c

43φ

Mψc

4
(A.4)

which are just the combinations of couplings which appear in the second matrix in eq. (2.13).
Thus the small angle approximation is equivalent to the mass insertion approximation
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Qi
<latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit> Lj

<latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit>

Q4
<latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit>

Q4
<latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit>

MQ
4

<latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit>

L4
<latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit>

L4
<latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit>

ML
4<latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit>
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�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

S3
<latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit>

Qi
<latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit> Lj

<latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit>

Q4
<latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit>

Q4
<latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit><latexit sha1_base64="GKq9Xd9PCWVYcrG0rYiJoqxgvZo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST+7nfeeLaiEQ94jTlQUxHSkSCUbSSn7cG17NBtebW3QXIOvEKUoMCzUH1qz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZRjdBrlQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy+ukfVX33LrXuq417oo4ynAG53AJHtxAAx6gCT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AmWOOiA==</latexit>

MQ
4

<latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit>
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Figure 7. Diagrams in the 2HDM version which lead to the effective Yukawa couplings of the third
family (left panel) and second family (right panel) where i, j = 2, 3 are the only non-zero values.
These arise from figure 2, with H replaced by (h⊗ ρ), and H replaced by (h⊗ σ).

in this case, being valid for the second family Yukawa couplings due to the hierarchy in
eq. (2.14). Hence for the second family, and first family discussed below, we may continue
to use the mass insertion approximation. Even for the third family, we shall continue to
use the mass insertion approximation in the main body of the paper, since it has a simple
diagrammatic interpretation, bearing in mind that we can readily use the more exact results
here if required using the replacement in eq. (A.2).

B From personal Higgs to the 2HDM

In this appendix we show that the personal Higgs model of the main body of the paper
can be recast as a conventional type II 2HDM [66] involving only the Higgs h already
introduced table 1, together with extra scalars and fermions. This avoids the possible
FCNCs due to having multiple Higgs doublets, and hence the discussion about the Higgs
basis in section 3.4 can be avoided.

In order to do this, the H and H fields are removed from table 1 and replaced by two
new scalar fields ρ and σ, which transform under GI422 ×GII422 × Z6 as,

ρ(4, 1, 1; 4, 1, 1)α2 , σ(4, 2, 2; 4, 2, 2)α2 (B.1)

together with new VL fermions which transform as,

ψ6(4, 2, 2; 1, 1, 2)α2 , ψ6(4, 2, 2; 1, 1, 2)α4 , (B.2)
ψc6(4, 1, 1; 1, 1, 2)α2 , ψc6(4, 1, 1; 1, 1, 2)α4 (B.3)

The new diagrams responsible for the third and second family fermion masses are then
shown in figure 7, which replace those in figure 2.

By comparing figure 7 to figure 2, it is apparent that the effect of the original H,H
fields is reproduced by combining the quantum numbers of ρ, σ with the original h field,

H(4, 2, 1; 4, 1, 2)1 ≡ h(1, 2, 1; 1, 1, 2)α4 ⊗ ρ̃(4, 1, 1; 4, 1, 1)α2 , (B.4)
H(4, 1, 2; 4, 2, 1)1 ≡ h(1, 2, 1; 1, 1, 2)α4 ⊗ σ̃(4, 2, 2; 4, 2, 2)α2 (B.5)
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where ρ̃ = ρ/Mψ
6 and σ̃ = σ/Mψc

6 are the fields in eq. (B.1), scaled by the masses Mψ
6 and

Mψc

6 of the heavy VL fermions in eqs. (B.2) and (B.3) which mediate figure 7.
Now that the Higgs fields H,H are no longer present, being replaced by combinations

of fields in eqs. (B.4), (B.5), the only Higgs doublets required are those contained in h,
which are the same Higgs fields responsible for the first family masses, since we retain the
same mechanism for first family masses as before, as in figure 3. Fermions of a given charge
receive mass from the same Higgs doublet, either hu or hd, as in the type II 2HDM.

To see how this works in detail, we must consider the decomposition of the fields under
the various symmetry breakings, as follows, noting that the extra fields which we have
introduced to replace H,H in eqs. (B.4), (B.5), (B.2), (B.3) are summarised in table 4, and
their decompositions under G4422 and G4321 are shown in tables 5 and 6.

(i) Under G4422 the Higgs equivalences in eqs. (B.4), (B.5) become,

H(4, 4, 2, 2)1 ≡ h(1, 1, 2, 2)α4 ⊗ ρ̃(4, 4, 1, 1)α2 , (B.6)
H(4, 4, 2, 2)1 ≡ h(1, 1, 2, 2)α4 ⊗ σ̃(4, 4, 1, 1)α2 (B.7)

where in the σ decomposition we have shown only the singlet parts of SU(2)I+IIL

and SU(2)I+IIR for simplicity, bearing in mind that the triplet parts of σ can also
appear and give rise to SU(2)I+IIR splitting effects after the VEVs appear in the triplet
components.

(ii) Under G4321 the personal Higgs in eqs. (3.43)–(3.50) have equivalences given from the
decompositions of eqs. (B.6), (B.7), dropping the Z6 assignments for simplicity,

Ht(4̄, 3, 2̄, 2/3) ≡ hu(1, 1, 2, 1/2)⊗ ρ̃q(4, 3, 1, 1/6), (B.8)
Hb(4̄, 3, 2̄,−1/3) ≡ hd(1, 1, 2,−1/2)⊗ ρ̃q(4, 3, 1, 1/6), (B.9)
Hτ (4̄, 1, 2̄,−1) ≡ hd(1, 1, 2,−1/2)⊗ ρ̃l(4, 1, 1,−1/2), (B.10)
Hντ (4̄, 1, 2̄, 0) ≡ hu(1, 1, 2, 1/2)⊗ ρ̃l(4, 1, 1,−1/2), (B.11)
Hc(4, 3̄, 2̄, 1/3) ≡ hu(1, 1, 2, 1/2)⊗ σ̃q(4, 3, 1,−1/6), (B.12)

Hs(4, 3̄, 2̄,−2/3) ≡ hd(1, 1, 2,−1/2)⊗ σ̃q(4, 3, 1,−1/6), (B.13)
Hµ(4, 1, 2̄, 0) ≡ hd(1, 1, 2,−1/2)⊗ σ̃l(4, 1, 1, 1/2), (B.14)
Hνµ(4, 1, 2̄, 1) ≡ hu(1, 1, 2, 1/2)⊗ σ̃l(4, 1, 1, 1/2) (B.15)

(iii) Under the breaking G4321 → G321 to the SM gauge group the ρ, σ scalar fields above
decompose as,

ρq(4, 3, 1, 1/6)→ ρq(1, 1, 0) + ρq(8, 1, 0) + ρq(3, 1, 2/3) (B.16)
ρl(4, 1, 1,−1/2)→ ρl(1, 1, 0) + ρl(3, 1,−2/3) (B.17)
σq(4, 3, 1,−1/6)→ σq(1, 1, 0) + σq(8, 1, 0) + σq(3, 1,−2/3) (B.18)
σl(4, 1, 1, 1/2)→ σl(1, 1, 0) + σl(3, 1, 2/3) (B.19)
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where each field gets a VEV in their SM singlet components. These SM singlet VEVs
reproduce the effective personal Higgs doublets once eqs. (B.8)–(B.15) are decomposed
under the symmetry breaking G4321 → G321 to the SM gauge group,

Ht(1, 2̄, 1/2) ≡ 〈ρ̃q〉hu(1, 2, 1/2), (B.20)
Hb(1, 2̄,−1/2) ≡ 〈ρ̃q〉hd(1, 2,−1/2), (B.21)
Hτ (1, 2̄,−1/2) ≡ 〈ρ̃l〉hd(1, 2,−1/2), (B.22)
Hντ (1, 2̄, 1/2) ≡ 〈ρ̃l〉hu(1, 2, 1/2), (B.23)
Hc(1, 2̄, 1/2) ≡ 〈σ̃u〉hu(1, 2, 1/2), (B.24)

Hs(1, 2̄,−1/2) ≡ 〈σ̃d〉hd(1, 2,−1/2), (B.25)
Hµ(1, 2̄,−1/2) ≡ 〈σ̃e〉hd(1, 2,−1/2), (B.26)
Hνµ(1, 2̄, 1/2) ≡ 〈σ̃ν〉hu(1, 2, 1/2) (B.27)

where we have written the subscripts u, d and e, ν on σ̃ to remind us that the SU(2)I+IIR

triplet parts of σ can also appear and give rise to splitting effects between the c, s
quark masses and µ, νµ lepton masses.

Since the VEVs of the ρ and σ fields break the SU(4)IPS, this means that they must
have low scale values, which in turn implies that at least some of the sixth family of VL
fermions, in particular the EW singlets ψc6 associated with the third family fermions in
the left-hand panel of figure 7, along with the EW doublets ψ4, must have masses around
the TeV scale. We note that the combination of the EW doublets from ψ4 and the EW
singlets from ψc6, might resemble a complete VL family of fermions near the TeV scale, but
in this model they would originate from different VL families, with different couplings to
quarks and leptons. The prediction of such VL fermions near the TeV scale is a crucial
prediction of this model and deserves a dedicated phenomenological study, along the lines
of the simplified model framework of [65].

Comparing eqs. (B.20)–(B.27) to eqs. (3.55)–(3.62), we identify hu ≡ Hu, hd ≡ Hd, and
the coefficients,

αu = αd ≡ 〈ρ̃q〉, γu = γd ≡ 〈ρ̃l〉, (B.28)
βu ≡ 〈σ̃u〉, βd ≡ 〈σ̃d〉, δu ≡ 〈σ̃ν〉, (B.29)
εu = εd ≡ 1 (B.30)

The interpretation of the coefficients is quite different however: they are no longer elements
of a unitary matrix, instead they represent scaled fields whose singlet components get VEVs,
apart from εu and εd which are simply set equal to unity once we identify hu ≡ Hu, hd ≡ Hd

as the light Higgs doublets.
The discussion of the quark and lepton masses and mixings then follows that given

below eqs. (4.7), (4.8), (4.9), with the identifications in eqs. (B.28), (B.29), (B.30), so we
do not need to repeat it. The relation αu = αd implies that mt/mb = vu/vd = tan β which
implies large tan β. Otherwise the discussion is the same as given previously, including the
neutrino masses and mixing.
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Field SU(4)IPS SU(2)IL SU(2)IR SU(4)IIPS SU(2)IIL SU(2)IIR Z6

ρ 4 1 1 4 1 1 α2

σ 4 2 2 4 2 2 α2

ψ6 4 2 2 1 1 2 α2

ψ6 4 2 2 1 1 2 α4

ψc6 4 1 1 1 1 2 α2

ψc6 4 1 1 1 1 2 α4

Table 4. The additional fields which replace the personal Higgs H,H in table 1. All the other fields
are required above the double lines in table 1.

We emphasise that since the SM fermions of a given charge couple to the same Higgs
doublet, there is natural flavour conservation, as in the type II 2HDM, without any FCNCs
from the Higgs doublet sector. The key observation is that the personal Higgs doublets
involved in the second and third family masses are replaced in eqs. (B.20)–(B.27) by the
same two Higgs doublets, namely hu and hd, involved in the first family masses.

In addition the SU(2)L triplet σ scalar fields have similar decompositions,

σq(4, 3, 3,−1/6)→ σq(1, 3, 0) + σq(8, 3, 0) + σq(3, 3,−2/3) (B.31)
σl(4, 1, 3, 1/2)→ σl(1, 3, 0) + σl(3, 3, 2/3) (B.32)

The σ′q and σ′l scalar fields have the same decompositions as the σq and σl scalar fields in
eqs. (B.31), (B.32), but with the additional hypercharges ∆Y ,

σ′q(4, 3, 3,−1/6 + ∆Y )→ σq(1, 3,∆Y ) + σq(8, 3,∆Y ) + σq(3, 3,−2/3 + ∆Y ) (B.33)
σ′l(4, 1, 3, 1/2 + ∆Y )→ σl(1, 3,+∆Y ) + σl(3, 3, 2/3 + ∆Y ) (B.34)

where ∆Y = (1, 0,−1) corresponds to the SU(2)R triplet, plus similar decompositions for the
SU(2)L singlets. There is clearly a rich spectrum of ρ, σ scalar fields, which, like the personal
Higgs, can also lead to FCNCs. However, unlike the personal Higgs fields, these scalars
are associated with larger VEVs at least an order of magnitude larger than the EW scale,
therefore we naturally expect these scalars to have masses in the multi-TeV region. Indeed,
they can lead to an interesting flavour changing phenomenology, for example the σ′q(3, 3, 1/3)
scalar leptoquark, in eq. (B.33) with ∆Y = 1, identified as S3(3, 3, 1/3) [39, 67, 68], could
contribute a left-handed operator of the correct form for RK(∗) , without violating the
bounds on Bs mixing or τ → µµµ. However the phenomenology of such scalar leptoquarks
is beyond the scope of the present paper.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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Field SU(4)IPS SU(4)IIPS SU(2)I+IIL SU(2)I+IIR Z6

ρ 4 4 1 1 α2

σ 4 4 1 + 3 1 + 3 α2

ψ6 4 1 2 1 + 3 α2

ψ6 4 1 2 1 + 3 α4

ψc6 4 1 1 2 α2

ψc6 4 1 1 2 α6

Table 5. The extra fields in table 4 decompose under G4422 as shown.

Field SU(4)IPS SU(3)IIc SU(2)I+IIL U(1)Y ′ Z6

ρq 4 3 1 1
6 α2

ρl 4 1 1 −1
2 α2

σq 4 3 1 + 3 −1
6 α2

σ′q 4 3 1 + 3 (5
6 ,−

1
6 ,−

7
6) α2

σl 4 1 1 + 3 1
2 α2

σ′l 4 1 1 + 3 (3
2 ,

1
2 ,−

1
2) α2

ψ6 4 1 2 0 α2

ψ6 4 1 2 0 α4

ψ′6 4 1 2 (1, 0,−1) α2

ψ
′
6 4 1 2 (1, 0,−1) α4

ψc6uν 4 1 1 −1
2 α2

ψc6de 4 1 1 1
2 α2

ψc6uν 4 1 1 1
2 α4

ψc6ed 4 1 1 −1
2 α4

Table 6. Under the subgroup G4321, the extra fields of tables 4, 5 decompose as shown.
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