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ABSTRACT: We study the spin correlations to probe time-reversal (T) asymmetries in
the decays of Ay, — AV (V = ¢, p°,w, K*°). The eigenstates of the T-odd operators are
obtained along with definite angular momenta. We obtain the T-odd spin correlations
from the complex phases among the helicity amplitudes. We give the angular distributions
of Ay = A(— pr~)V(— PP’) and show the corresponding spin correlations, where P)
are the pseudoscalar mesons. Due to the helicity conservation of the s quark in A, we
deduce that the polarization asymmetries of A are close to —1. Since the decay of A, — A¢
in the standard model (SM) is dictated by the single weak phase from the product of
CKM elements, VipVi%, the true T and CP asymmetries are suppressed, providing a clean
background to test the SM and search for new physics. In the factorization approach, as the
helicity amplitudes in the SM share the same complex phase, T-violating effects are absent.
Nonetheless, the experimental branching ratio of Br(A, — A¢) = (5.18 £ 1.29) x 1076
suggests that the nonfactorizable effects or some new physics play an important role. By
parametrizing the nonfactorizable contributions with the effective color number, we calculate
the branching ratios and direct CP asymmetries. We also explore the possible T-violating
effects from new physics.
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1 Introduction

The time-reversal (T) symmetry demands that physics shall be invariant under reversing
the motions, which corresponds to flipping time ¢ to —t and taking the complex conjugate
of the quantum states. Its anti-linear property makes T-violation and CP- violation become
synonyms, according to the CPT symmetry. In two or three-body decays, T-odd observables
can be constructed in the spin correlations among the particles [1-10]. Since the particle
spins could not be directly measured in the current high energy physics experiments, we
have to extract their effects through the angular distributions in the cascade decays [11-24].

There are more than forty naive T-odd observables, which have been measured in
the B meson decays [25], indicating the angular analyses have been well developed in the
experiments. Particularly, the longitudinally polarized fraction, fr(B° — ¢K*°) ~ 0.5,
measured by BarBar [26] and Belle [27], shows that the nonfactorizable (NF) effects play
an important role in the B decays with vector mesons in the final states. On the other
hand, the angular analyses in Ay, — J/¥A [28-30] from LHCb show that the polarization
fractions are consistent with zero. Furthermore, the Ay — Ay production asymmetry has
also been studied [31]. Recently, the branching ratios of A, — A¢ and Ay — Ay have been
measured to be (5.18 4-1.29) x 107¢ [32] and (7.1 4 1.7) x 107° [33], respectively. However,
there have been no complete angular analyses for Ay — AV(V = ¢, p°, w, K*0).

On the theoretical side, to deal with A decays, various approaches have been made [34—
38]. The most simple one is the naive factorization [18, 19, 39, 40], in which the mesons
are produced from weak vertices directly. In particular, the experimental branching ratio
of A, — pr~ can be explained by light-cone QCD sum rules [39], and the experimental



results in Ay, — J/9¥A are well compatible with those in the covariant confined quark
model [18, 30]. In refs. [41-44], the generalized factorization approach has been considered,
in which the renormalization dependence of the Wilson coefficients has been absorbed into
the effective ones in the next to leading log precision [45]. However, the effective color
number, found as N, = 2 in the decays of B mesons, has to be included to parametrize the
NF effects in the branching ratios. On the other hand, the NF amplitudes can be calculated
systematically based on the QCD factorization [46] and perturbative QCD [47] approaches,
in the heavy quark limit. Nevertheless, they suffer large uncertainties in the penguin
dominated decays, due to the unknown baryon wave functions. In this work, we adopt the
generalized factorization approach to estimate the results in the standard model (SM).
We will study T-violation systematically in Ay, — AV based on the group theory
approach. The T-violating observables are often given by the triple vector products

asymmetries, read as

Ar = [D(T'>0) - T(T' < 0)| /T, (1.1)

where I' corresponds to the decay width, T = (Uy X Up) - Ue, and T; represents either the
spin (8) or 3-momentum (p) of the particle labeled by i with i = a or b or c¢.! Under the T
transformation, T flips its sign, and therefore Ap are naively T-odd observables. However,
cares must be taken when one applies it on the vector products involving spins. For instance,
(§x ) - J is Hermitian, but (3% J) - 7 is not, with .J the angular momentum operator. The
Hermiticity can be understood by the commutation relation,

[(Ax B), Ji] =0, (1.2)
where A and B are arbitrary vectors. In contrast, the equality,

(AxJ)-B=—(Ax B)-J+2A-B, (1.3)

indicates that (§x J) - p'is not Hermitian. Hence, it clearly makes no sense to discuss the
case with 7, = J. Another issue arises from an incompatible set of observables, causing
inconsistent in the analyses, which will be discussed carefully.

This paper is organized as follows. In section 2, we study the angular distributions of
Ay = A(— pn)V(— PP'), where PU) are the pseudoscalar mesons in the cascade decays.
In section 3, we define the T-odd observables and identify their effects in terms of the angular
distributions. In section 4, we examine the decays in the SM based on the generalized
factorization approach. We also discuss possible right-handed current contributions to
T-violating observables from new physics. Finally, we give conclusions in section 5.

2 Angular distributions

The decay distributions in two body decays are often described by the helicity amplitudes [48].
In general, the decays amplitudes of Ay, — AV take the form,

(AVi{ApHHerr| M) (2.1)

1Since angular momentum is always conserved, the spin of Ay can be identified as the angular momentum
in the final state.



where Hcg is the effective Hamiltonian of weak transitions, and Ay correspond to physical
quantities to characterize the states properly. Often, Ay are chosen as the momenta and
spins of the particles, resulting in expanding the amplitudes with the Dirac spinors and
polarization vector, given as

Ao P,
£ [A1’7u+ 2" p
m

By P,
- (Bﬂp, + 2 M) ’Ys] UA, 5 (2.2)

Ap my,

where Ay, Ao, By and By are the effective couplings, £* represents the polarization vector of
V, Pt = pxb +p/y, and pK(b) (un,) are the four momenta (Dirac spinors) of A() . Expanding
the amplitudes in momenta and spins has the advantage in the dynamical aspect, for that
the amplitudes are easier to be parametrized in the calculations, such as the framework of
the factorization approach.

On the other hand, from the kinematical consideration, it is more preferable to describe
the states in terms of J? and J,. Since the values of J? and J, are always constrained
by the parent particle, one may eliminate the redundancies caused by the SO(3) rotation
group (SO(3)g), which are independent of the dynamical details. Nonetheless, J? and J, do
not specify the states unambiguously. We can choose a set of commuting SO(3) g scalars to
identify the states further. Concerning the angular distributions in the sequential decays, the
helicites can be a good choice. In the rest frames of A and V', the spins can be read directly.

In the center of the momentum frame of the AV system, the helicity and 3-momentum
states are related as [48, 49]

1 = i 1
Ndeid = 1/2, 0. = M) = — /dQ|p1, A, Ao)eMOgB (M (2.3)

where d? stands for the Wigner d-matrix for J = 1/2, A(9) represents the helicity of
A (V), and p) corresponds to the 3-momentum of A in the Ay rest frame. In eq. (2.3),
the left-hand side is the so-called helicitiy state, while the right-hand one is made of the
linear superposition of the 3-momenta. To have a nonzero value in d%, one must have
1/2 > |A\1 — A2|. The helicity states are given as

lax) = |£1/2,0), [bs) =|F1/2,F1), (2.4)

where the first and second entries correspond to A\; and Ag, respectively, with J = J, = 1/2.
In this work, unless explicitly stated, J and J, will not be written out explicitly. Here, a (b)
indicates the vector meson is longitudinally (transversely) polarized, while the subscripts
denote the angular momenta in the p; direction, read as J- P1 = A1 — Ay = £1/2. Under
the parity transformation, the helicities flip signs, given as

Isla(b)x) = a(b)%), (2.5)

where I is the parity transformation operator.
Consequently, the decays amplitudes are given by

a4 = Hi%,o = (ag; “out”|Hem|Ap) ,

b:t =H_1 <b:|:; “Out”|Heff’Ab> y (26)
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where “out” denotes t — 0o. If Heg respects the T symmetry, one has that? [49]
a(b)x = (Ap[Hegt|a(b)+; “in”), (2.7)

where “in” denotes t — —oo . Furthermore, if the final state interactions (FSIs) are absent,
we can interchange “in” and “out” freely, resulting in

a(b)+ = (Ap|Hem|a(b)+; “in”) = a™(b")+ . (2.8)

As a result, one concludes that a(b)+ are real. This is a common approach in analyzing the
T symmetry with complex phases.

The angular distributions are parametrized with five angles, 0,601 2 and ¢ 2, shown in
figure 1. In the following, we take Ay — A(— pr~)p%(— 777 ~) as a concrete example. In
this case, 0,01, and 0 are defined as the angles between (74, ,Pa), (Pa,Dp), and (Do , Prt ),
respectively, where 7iy, is the unit vector pointing toward the polarization of Ay, pjy 0 is the
3-momentum defined in the rest frame of Ay, and pj, (p,+) is defined in the helicity frame
of A (p¥). On the other hand, ¢1 (¢2) is the azimuthal angle between the decay planes of
fip, X Pa and pa X pp (Ppo X Pr+). The angular distributions are then given by

D) =+ oL - ! 2%
" T 0cos 00 cos 10 cos 020010¢2  |ay |2+ |a_ |2 + by |2 + [b—|? 872
2
1 1 .
Z PMM Z Hy, 2, A deg (9)M Mg d? (01)/\1 X, d: (02))\2 061(A1¢1+/\2¢>2)
A, M=+1/2 A1,A2
(2.9)

where T is the decay width of Ay — A(— pr~)p"(— 7777), paras are the density matrix
elements of Ay in the polarized direction, piy/9 +1/2 = (1 £ P)/2, with P, the polarized
fractions, and A4 are given by

1+«
2

1_
AP ==, (2.10)

AL =

with « the up-down asymmetry parameter for A — pr~ [50]. For the charge conjugate
decays, one has the same formula with @ = —a by assuming CP conserved in A — p7~—.
From the formalism, it is obvious that the complex phases of AL would not affect the
results. Here, we see the merit of the helicity formalism in which the angles are untangled
in the amplitudes, i.e., the helicities are independent of the A, polarization and each other.
In the next section, we will find that it is not the case, when the states are expanded with
the triple vector products.
For the practical purpose, D(ﬁ) is further written as

1 1

20
p Q\ - f7* G/j:,b:t D’L aA7Pb707017¢17927¢2 ) 2.11
) 32772\a+!2+\a—!2+\b+l2+]b_\2; (0:4,b2) Di ), (211)

2In practice, J, flip sign under the TR transformation. Nonetheless, since the angular momentum is
conserved, we can rotate both sides back without affecting the amplitudes.



Figure 1. The angles given in eq. (2.9), where 7, is the unit vector in the A, polarized direction.

where f; are made of the amplitudes related to Ay — Ap®, and D; depend on the angles, P,
and ap. The explicit forms are given in table 1, where we have used the Legendre polynomial
of Py = (3cos26y — 1)/2 for the later convenience. In general, D(€}) can be applied to
any sequential decay in the form of 1/2 — 1/2(— 1/2,0)1(— 0,0) with a straightforward
replacement. For instance, the distribution of Z — A(— pﬂ*)F*o(% 7T K™) can be given
by substituting =0 and & for Ay and p°, respectively [52].

In D(ﬁ), fi depend on 4 complex amplitudes, in which a real parameter and a complex
phase could be diminished by the normalization, resulting in 3 real parameters and 3 relative

complex phases left. Although the explicit forms are complicated, there have some rules

—

which D(Q2) follows:

e In the unpolarized case, P, = 0, D(ﬁ) shall only depend on 61, 03 and ¢1 + ¢2 (see
figure 1).

« Since p¥ decays strongly, D(Q) is invariant under interchanging 7* in the cascade
decay of pU. Therefore, it does not matter which pseudoscalar meson we choose
to define #>. Formally, it means that D; is invariant under the transformation of
(¢2,02) = (g2 +m,m —ba).

e On the other hand, A decays weakly, and hence it is important that 61 is chosen as the
polar angle between f5, and pj. Formally, D; is unaltered under the transformation

of (¢1,91,0¢) — ((251 + 7T, T — 91,—0[).

Even when A, is unpolarized, it is still possible to determine |a+|? and |b4|? with fa 34 and

the decay widths. Furthermore, the relative phase between by (b_) and ay (a—) can be
extracted from f5g.

To reduce the uncertainties caused by P,, one can sum over the degree of freedoms in
the Ay polarization. To this end, one defines that

X1 = ¢1+ @2, 0<x1<2m,

mz%(aﬁ—@), —T<x2<T. (2.12)



1 fi D;

| JarP +la P+ [or P+ P i

2 | 2ay?+2la 2 by2 = b2 P,

3| Jarl —Ja_2 = bal2+ b2 0 cos by

4 | 2ag? —2la_|* + by |* — |b_|? acos 01 P»

5 %S‘E(b#ﬂ; —b_a*) acsin 01 sin(262) cos(p1 + ¢2)

6 %%(Iuaj_ +b_a’) asin 6 sin(2605) sin(¢p1 + ¢2)

7| fas P = oo + by P = [o-|? Py cos

8 | 2ar)? —2la_|* — by >+ |b_|? PycosOP,

9 %%(aﬂ)ﬁ —a_b%) P, sin 0 sin(262) cos ¢

10 %%(a_,_bi +a_b}) P, sin 6 sin(263) sin ¢o

11| Jay]?+a_|? = |by]? —[b_|? Pyacos § cos 64

12 | 2ay >+ 2]a_|> + by |? + |b_|? Py cos 6 cos 61 Py

13 %%(lhrai +b_a*) Py cos 6 sin 0 sin(265) cos(¢1 + ¢2)
14 %S(bg@r —b_a*) Py cos 6 sin 0 sin(262) sin(¢1 + ¢2)
15 %%(aﬂ) +a_b%) Pyavsin 6 cos 0 sin(262) cos ¢2

16 % S(apdt —a_bl) Pyasin 0 cos 6 sin(263) sin ¢o

17 —2R(a—a%) Pyacsin 0sin 01 (1 4 2P,) cos ¢1

18 —2%(a—a?) Pyasin 0 sin 61 (1 4+ 2P,) sin ¢y

19 2R (b4 b%) Pyasinfsin01(1 — Py) cos(¢1 + 2¢9)
20 2%(b+b*,) Pba sin # sin 01(1 — Pg) Sin(¢1 + 2¢2)

Table 1. The parametrized angular distributions with the angles shown in figure 1, where P» is the
Legendre polynomial with P, = (3cos? 6 — 1) /2.

The unpolarized angular distribution is then given as

DoY) = / / DX(X)d cos Odxz , (2.13)
where only D; with i < 6 survive from the selection rule. In analogy to eq. (2.9), we have
1 5T,
() = ’
T, dcos 0,0 cos 020x1
1 1

i(at,bs) ,01,02, 2.14
T Sn e PP |22f we b Do 0 0 a), (21
which is clearly independent of P,. Here, DX(QX) and DY are obtained by changing
the parametrization of the azimuthal angles from (¢1,¢2) to (x1,x2) in D(Q) and D;,
respectively.



By integrating 65 and x1 in DO(QO), we obtain that

1 dr’..
I'. dcos b

= (1+ ay«acosb)/2, (2.15)

where

O _TOu=1/2 Ty =-1/2) _|asP+ b P—la =P
METON = 1/2) + D00 = —1/2)  [as 2+ [a_ [P+ [b4 P + o2

(2.16)

describing the polarization asymmetry of A. Likewise, we can integrate 61 and x1, given by

1 dI 1 P 3
il —_4+21Zp 2.1
I' dcos by 2+ 4 +4 202 (2.17)

where ) ) ) )
_ Jag]® +la|* = |by]* — o]

), = s
2 T ag P fac P+ b2+ b2

(2.18)

representing the asymmetry between the longitudinal and transverse polarizations of p°.
With eq. (2.5), it is straightforward to see that ay, and «y, are P-odd and P-even, respec-
tively. In addition, ay, , are independent of I, which is a reasonable result since A1 2 are
SO(3) R scalars and shall not be affected by the spin direction of A; alone.

The structures of the angular distributions can be traced back to the spin correlations
in A, — AV. In the next section, we will study the T-odd spin correlations and identify
their effects on D(€2).

In the near future, it is not likely that the experiments have enough data points to
reconstruct the full angular distributions in eq. (2.9). Nonetheless, the experiments at LHCb
are able to carry out the partial angular distribution analyses, which require a handful of
parameters to be fitted, such as the ones in egs. (2.14), (2.15) and (2.17) (see eq. (3.19)
also). In particular, aiming on probing T-violation, the partial angular analysis of Ay, — A¢
has been studied at LHCb. [32], although the effects of the FSIs have not been considered.

3 T-odd observables

In general, to observe T-violating effects, one should compare Ay, — AV to the time-reversed
processes, AV — Ay, which are difficult to prepare in the experiments. However, in the
first order of the weak interaction, it is possible to constrain the amplitudes with the T
symmetry as demonstrated in the helicity formalism (see eq. (2.8) and appendix A also).
Our goal in this section is to obtain naive T-odd observables with eq. (A.4) and subtract
the effects of the FSIs by comparing them with the charge conjugate ones. To this end, we
ought to find the eigenstates of the T-odd operators, Ty, in the AV systems, which satisfy

LIAV: My {0 )) = [AV =M {AF)) (3.1)

where I; is the T operator, )\, are the eigenvalues of Ti, {Ar} corresponds to a set of
compatible physical quantities to specify the states, and )\? represent the values after the T
transformation.



From eq. (A.2), if Heg respects the T symmetry, we have
[(AV; Ay, “out”, {A s HHest| B)|* — [(AV; =Xy, “in”, {\} }Heg| B)|* = 0. (3.2)

In our study, except for .J, which can always be flipped back by SO(3)g,® A 7 are chosen as
T-even. The naive T-violating observables are then given by

_ F(Ati) - F(_)\ti)
t F()\ti) + F(_)\ti) ’

where we always choose Ay, > 0 to fix the ambiguity. Notice that if “in” and “out” can be

Ay (3.3)

interchanged freely, the left-handed side of eq. (3.2) would be proportional to the numerator

of Ay,, resulting in that A;, are T-odd observables. Furthermore, since 7} involve more

than two spins in two-body decays, A, are also referred to as the T-odd spin correlations.
Nonetheless, | + \;,) could potentially oscillate, leading to

(—At;; “out”| Ay, “in”) # 0, (3.4)

for the rescattering from \¢; — —\¢,, due to the FSIs. To subtract the rescattering effects,
we have to compare them with their charge conjugates, as long as the FSIs are not tractable.
Accordingly, the true T-violating quantities can be given as

Ti. = (A, — (£)Ar)/2, (3.5)

where the overline denotes the charge conjugate, and the signs correspond to the parities
of T}. For example, if T] are the vector products of two spins and one 3-momentum, it is
P-odd with the minus sign for 7;,. Here, as we have used the CPT symmetry to relate the
charge conjugate processes, T;, are not only T-violating but also CP-violating observables.
To define the T-odd operators, we start with the definition of the spin, given by [51]

- . 1 o
=P J—px K———p(p-J 3.6
ms P x P0+mp(p ) (3.6)

where m is the particle’s mass, and K is the generator of the Lorentz boost. Despite
that the definition seems complicated, each term can be understood separately. On the
right-hand side of eq. (3.6), the first term describes that § shall be reduced to J at the rest
frame, the second one ensures [s;, p;] = 0, and the last one guarantees that the algebra is
closed, i.e., [s;, 5;] = i€ Sk As a result, we have [51]

s;LIf=0,J, = M) = LJ|g=0,J, = M), (3.7)

where L is an arbitrary Lorentz boost, indicating that § is treated as a 3-momentum state
of J in its rest frame.

In quantum mechanics, one should find a set of commuting operators to characterize
the states properly, which has often been mishandled in the studies concerning T-violation.
For instance, let us consider the most simple T-odd operator, given by

Tl = (§1 X gg) . ]51, (38)

3See the footnote followed by eq. (2.8).




where §; and S5 are the spins of A and V/, respectively, and p; is the normalized unit vector
of p1. In the literature, it is often examined in terms of the Dirac spinors and polarization
vector as eq. (2.2), which essentially expand the final states by (pi, 51 - 711) and (pa, §2 - i) ,
where 717 and 79 are arbitrary unit vectors in the three-dimensional space. However, the
approach is questionable since 57 - 7i; does not commute with Ty. Tt is odd (wrong) to study
any physical quantity with incompatible observables.

For each T-odd operator, one should find a set of compatible observables, in which .J?
and J, are always included, resulting in that only T-odd SO(3)g scalars are studied. These
T-odd scalars are classified into 4 categories, depending on the spins. First, we study T
defined in eq. (3.8), which can be sizable even when P, = 0, since it does not contain .J.
Second, we work out the case in which 5] is not involved, given as

Ty = (5o xpr1)-J, (3.9)
which can be large even when o = 0. Third, we discuss the case with 57, given as
Ts= (51 xp1)-J, (3.10)

which requires both P, # 0 and « # 0. Note that if we set a = 0, D; will be independent of
01 and ¢ as in the cascade decays of 1/2 — 1/2,0 shown in eq. (2.15). Finally, we examine
the cases in which all the spins are involved.

3.1 T-odd observables with 57 and 35

In this subsection, we consider the T-odd scalar operators made from 57, 52, p1 and J - D1.
Since p; commutes with each of them, the T-odd scalar operators must also commute with
J - p1. The most simple case is 77, given in eq. (3.8). By direct computation with eqs. (2.3)
and (3.7), the eigenstates are given by

1 1 1 .
A, = iﬁ,)\ = §> = ﬁ (lat) Filby)) ,
hy = £ A= =3) = = (la) £ i) (3.11)

N

where Ay, and A = A\; — A2 are the eigenvalues of T 1 and J- p1, respectively. Due to the
anti-linear property of I;, one can easily check that the eigenstates in eq. (3.11) satisfy the
criterion in eq. (3.1).

In addition, it is straightforward to see the helicities are entangled in |\, ). Nonetheless,
they are still independent of f,,. Since Ty commutes with J - p1, |ay) and |a_) share the
same 6 dependence with |b;) and |b_), respectively. For instance, from eq. (2.3), we have

1 1

Ay =t—=, A==
’tl \/57 2

Clearly, the helicities do not depend on ¢ and hence 7,, .

1 o - —iM¢ 3L M
)= 575 /dﬂ<rp1,1/2,o>¢z|p1,—1/2,¢1>>e 20, (3.12)



Notice the close relations between the opposite A\. The eigenstates in eq. (3.11) are
related by the parity, which can be seen from the following identity, read as*

LMy, A) = I — Aeys —A) = [Aey, =) (3.13)

Here, the first and second equalities are due to that A ) and A are P-odd and T-even,
respectively. In general, )¢, is degenerated as long as A # 0.
The naive T-odd observable, defined in eq. (3.3), is then given as
F()\tl) — F(_)\tl) 2%(a+b*+ - a_b’i)

Ay = = , 3.14
4= ) T An)  Jar Pt P+ s+ P (3:14)

which is also P-odd. Consequently, the true T-odd quantity is given by
7;1 = (Ah + Z151)/2 : (315)

From eq. (3.14), it is obvious that A;, vanishes if a4 and by are real. This is consistent
with eq. (2.8).
To construct a P-even and T-odd observable, we define

A

=T -pTh. (3.16)

By comparing eqs. (3.16) and (3.12), it is easy to see that the eigenstates of 77 are identical
to those of T} with the eigenvalues of )\Z = A, A. Accordingly, the naive T-odd observable

is then given as
2%(a+b*+ + Cl_b*,)

P _ , 3.17
"= Tar Pt a1 [osl? + o2 (3.17)

and the true one is
TP = (A? —A))/2. (3.18)

With the unpolarized Ay, there are only 3 independent observables in the decay
distributions, py , pp and p., where a,b and c¢ correspond to the particles after the cascade
decays. As a result, to manifest the T-odd quantity, it can only take the P-odd form,
(P X D) - Pe- Hence, one naively expects that A;, (P-odd) shows up in D°(01°), whereas
Af, (P-even) can not be observed. It is indeed the case in our previous work [10], in which
we consider B — V'V'. Interestingly, things go the other way round in Aj. We see that Ay,
appears in f14, which requires P, # 0, whereas Afl is found in fg, which is independent of
Py. The reason for this opposite behavior is that to manifest the helicities of A, « is always
needed (see eq. (2.15)), which is P-odd, and therefore inverts the argument.

Since the observation of Afl does not demand A to be polarized, the uncertainties
caused by P, can be eliminated. From D°(€), we find that

128+/2

3r2a

o 1 rl .
Afl = ; /1/1D0(Qo)dcos 01 (cos Oad cos B3) (sin x1dx1) - (3.19)

“In practice, J. flips the sign under I,. However, we can always rotate it back with Ry (—m) without
affecting Ay, and A, and therefore, the conclusion still holds.

~10 -



Note that in contrast to the ordinary integral, we have added the weight factors, cosfs
and sin y;. Here, cos s is designed to diminish the uncertainties, satisfying the orthogonal

relation, given as

1
/ D; cosfsdcosfy =0 for i=1,2,3,4, (3.20)
-1
while sin x1 corresponds to the familiar Fourier transformation.

3.2 T-odd observables with J and 5o

Similar to the previous subsection, we consider the T-odd scalar operators made of 83, p1,
J and §1 - p1. Since §1 - p; commutes with each of them, the T-odd operators commute with
§1 - p1. From eq. (3.13) with substituting \; for A\, we anticipate that the eigenvalues are
degenerated as A\; # 0. For the most simple case of Ty in eq. (3.9), we have that

N = £1/VE = 1/2) = = (las) £ ilb-))

dy = £1/V2 0 = =1/2) = () Filbe)) (3.21)

where A;, and \; are the eigenvalues of Tz and §p - p1, respectively, while the naive T-odd

observable is
2%(()41*Jr —bya)

ot la 2+ (b2 + [0 f2

where the spins correlations are handed down to fig. With the charge conjugate, the true

Ay, (3.22)

T-odd observable is then given as
Tio = (Ai, + Ay) /2. (3.23)

In analogy to the previous subsection, we define Tg =5 ﬁlfg, resulting in the naive
T-odd observable as

2 (b_a’ +bya*)
P + T 0+
= , 3.24
= JaxP +1a_P + a4 o_P (324
which can be found in fig, and the true T-odd observable is

TE = (A —A))/2. (3.25)
In section 4, we will see that A, — AV is predominant by a_ and by, making Ag’ ) a good

observable to test the SM.

3.3 T-odd observables with J and 51
We now expand the states in terms of 55-p; and Ts. The eigenstates with nonzero eigenvalues

are 1 1

Aty = ig) G (lat) £ila-)) (3.26)
where )¢, are the eigenvalues of T5. On the other hand, similar to eq. (3.13), we have

Tsbs) = 0. (3.27)
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The naive T- odd observable is

2% (a—at)
Ay, = + , 3.28
= JaxP o+ a ¥ P 329
which manifests itself in fig. The true T-odd observable is
Tis = (Arg — Aty)/2, (3.29)

which is also a CP-violating observable due to the CPT symmetry.

3.4 T-odd observables with triple spin correlations

—

Among the T-odd parameters in D(£2), only foo has not been discussed yet. The responsible
T-odd operator is quite complicated, read as

. A - 1 1 .
Ty=|T1 (8- J—=(52-p1)%) + —=T3| + hc 3.30
4 [1(82 2(2291))4‘\/53}4- c., (3.30)
where h.c. stands for the Hermitian conjugate. The eigenstates are

1
V2

where T} 1lax) = 0. The corresponding naive T-odd observable is then given as

Aes = £V2) = —= (b)) £ b)) , (3.31)

23(b_b%)

Ay, = ,
U e P a2 4 o 2+ o 2

(3.32)

which is proportional to the relative phase between b4, while the true T-odd observable is
Teys = (A, + A7154)/2' (3.33)

Here, the nonzero value of A, could be caused by the FSIs. However, to oscillate between
|by), the helicities of V must alter twice (A2 : 1 — 0 — —1), and therefore, the oscillations
are expected to be suppressed, as the case in B mesons decays [10]. Clearly, it is interesting
to see whether the suppression holds in the baryon systems or not.

Before ending this section, let us collect the results. We have found the T-odd spin
correlations in Ay, — AV, with their effects on the sequential decays identified. In particular,
we have shown that A, ,AY Ay, ,AY Ay and Ay, correspond to fia, f6, f10, f16, f18
and fog, respectively. Notably, all the relative phases among a1 and by can be described
by Ag,)m, ,» Which complete our study on all possible T-odd observables.

4 Numerical results

In the SM, the effective Hamiltonian responsible for b — d/s transitions, obtained from the
operator product expansions, is given by [53]

a 10
Mo = 7; 3 [Vubv;f (C10] + C20]) = VViy >- 0] ] : (4.1)
f=,d,s =3
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where G stands for the Fermi constant, C; represent the Wilson coefficients, V;, correspond
to the CKM matrix elements, and 0{710 are the operator products, given by [53]

Of = (tiaba) 1 (Fsus)rL O = (tiabg)L(F5ua)r »

04 = (Faba)r Y_(@s45)1. Of = (Fabp)r > (@s00)1 »

0f = (faba)LEZ:(qﬁ%)Ra Of = (Fubs)L i::(Q,BQa)Ry

of =Tt Sealdn, 0= 50 S ealdsan

of =Tt e, =30 Seallsulis (12

with L and R in the subscripts denoting the left and right-handed currents, respectively.
The amplitudes are given by sandwiching H.g between the initial and final states. Note
that both C; and O; depend on the renormalization schemes and energy scales.

In the following, we adopt the generalized factorization approach [45], in which the
quarks and antiquarks of vector mesons are created by weak vertices. The amplitudes are
simplified as [18, 46]

S ey (VIV#10) (AIED)£1A8) = SECy iy My €™ (A](3)13,b10) (43)
V2 V2 S |

where V*, fi/, My, and &* are the currents, decay constants, masses, and polarizations of
the vector mesons (V'), and Cy are given as

. 1 1 1
Co = ViV <a3 +as+as — sar — Sag — aw) ;

2 2 2
1T, 3,
Cpo = 7 |:Vusvubaf2 - 5‘/}5‘% (a7 + ag)] ;
1 N . 1
Co = NG {VusVubaz — VisVi {2% + 2a5 + 3 (a7 + 69)} } ,
. 1
CK*O = —thth <a4 — 20,10) s (4.4)

respectively, with a; = cfﬂ + Cff(,l)/Nc for ¢ =odd (even). Here, one has N, = 3 in
the absence of the NF contributions. In the numerical calculations, the Wolfenstein

parametrization is used for the CKM matrix elements in the SM, taken to be [25]
A = 0.22650 £ 0.00048, A = 0.79015015, p=0.14170018, 1 =0.357+0.011, (4.5)

and the effective Wilson coefficients are given in table 2 [43, 45].
The baryon transitions in eq. (4.3) can be parametrized by the form factors, defined by

(A[57"b|Ap) = T, <f1(q2)v“ A @iow-T 1 f3(?)-L ) U, »

My, My,

_ _ . q” q"
(AI37#4°bAp) = Ty | 91(a*)V" = 92(¢%)iop—— + g3(¢°) Yup,,  (4.6)

My, My,
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b—d b—d b—s b—3
5t 1.168 1.168 1.168 1.168
ST —0.365 —0.365 —0.365 —0.365
ST 2384147 254 +43i | 243+31i 241+ 32
St 497 — 427 545 —130i | —512 —94i —506 — 97i
& 1454+ 14¢  162+43i | 150 +31i 148 4 32
gt —633 —42i —682—130i | —649 — 94i —643 — 974
f —10-10i —-14-18 | -1.1-22 —1.1-1.3
gt 5.0 5.0 5.0 5.0
gt —112—-1i —112-3i | —112—-2i —112—2i
St 20 20 20 20

Table 2. The effective Wilson coefficients with the NDR and MS schemes at the energy scale of
i = 2.5GeV, where cﬁffz and c§ |, are in the units of 10° and 10~%, respectively.

f1 fa I3 9 g2 g3
¢ =m? 1.60 £0.09 0.0240.00 —0.18+0.00 1.60+0.09 0.05+0.00 —0.21=+0.00
¢ =mi. 1.62+0.09 0.0240.00 —0.194+0.01 1.6240.09 0.05+0.00 —0.22=+0.01
¢* =m} 1.63+£0.07 0.04+0.01 —0.1940.01 1.6440.08 0.05+£0.01 —0.22+0.00
¢ = (Mp, — Mp)? | 11.0£0.00 4.04+0.02 0.00+£0.13 11.5+£0.0 0.66+0.07 —3.05+0.11

Table 3. Form factors with the unit 107!, where the uncertainties come from the bag radius.

where gt = pib — px, and f123 and g1,23 are the form factors. In this study, we calculate
them with the modified MIT bag model [44], in which the center motions of the baryon
waves are removed. The hadrons parameters are given as [44, 54]

mp = 4.8 GeV, mgy=0.28 GeV, my, =mg=0.005GeV, R '=0.21+0.01GeV,
(4.7)
where R is the bag radius, and (fg, fu, f,) = (215 4+ 5,187 + 5,216 + 3) MeV [55]. The

numerical results of the form factors with the ¢? dependencies are given in table 3. The
uncertainties come mainly from the bag radius. We see that our results are consistent with
those having fi = g1 demanded by the heavy quark symmetry.

Finally, the helicity amplitudes are related to the form factors as [18]

at+ = ?/IiCVfVMV [\/Qf <f1 +f2 ) FVQO+ (91 M- _921\]\2;)] :
by = ?/{CvaMv [\/QQ ( fi— ) T V2Q+ ( 9 +92]]\\44Ab>] ;o (48)

where My = My, =My and Q+ = M3 — M‘% The decay widths and direct C'P asymmetries
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are given by

L Jp
Pasoony = gom s (1 P+ o+ )
b
L(Ap = AV)—T(Ay = AV
App = (Ap ) (As ) (4.9)

S T(Ay = AV)+T(Ay = AV)

The numerical results are shown in table 4, where the first and second uncertainties arise
from the bag radius and CKM matrix elements, respectively. We see that with N, = 3,
Ay — Aw is suppressed at the level of 1078 due to the cancellation of the effective Wilson
coefficients, which is also found in the framework of the QCD factorization [46]. To take
account the NF effects, we treat N, as a parameter in the decay branching ratios, which are
in general related to the decay processes. Nonetheless, in this work, we will assume that N,
is independent of the vector mesons. With the experimental branching ratio in Ay — Ag,
we find that N. = 2.0 £ 0.3, which is consistent with the B meson decays.

In the factorization approach, oy, and ), are independent of Cy as can be seen from
egs. (2.16), (2.18) and (4.8). In addition, we find that in the bag model, they also depend
little on the bag radius and the vector mesons. Explicitly, we have that

an, =—-099~ —1,  ay, =0.86, (4.10)

for Ay, — AV with V = {6, p°,w, K*°}. The values can be understood in the heavy quark
limit, in which the light quark chiralities are related to the helicities. In eq. (4.3), the s
quark in A is left-handed, and the quark and anti-quark in V have the same chiralities,
resulting in A\; = —1/2 and A2 = 0. We conclude that the amplitudes are dominated by a_
in the framework of the factorization in the SM.

On the other hand, once the NF contributions are considered, the arguments would not
hold. In the B meson decays with b — s transitions, we know that the NF contributions
are mainly found in the negative helicities [56-61], which lead to the so-called polarization
puzzles in B® — K*0¢ [26, 27, 62, 63]. In analogy, we assume that the NF effects attribute
solely to b in the b — s transitions of Ay decays. As a result, since by = 0 in the factorizable
amplitudes, the branching ratios increase along with the NF contributions, which meet well
with the results in table 4.

In the b — s transitions, we assume that a_ are totally factorizable, calculated with
N, =3, and |by|? can be obtained by subtracting the |a_|? contributions in the branching
ratios. The numerical values of ), remain unaltered, since |a_|? and |b,|? share the same
sign in eq. (2.16). In contrast, a), decrease along with N.. The results are given in table 4.
We see that a, are sensitive to N.. With N, = 2.0 £ 0.3, we get that

o =0.0+£0.3, -1, 0.6+£0.2 (4.11)

for Ay — (Ag, Aw, Ap®), where the superscript of “N” denotes the NF contribution in the
scenario of the effective color number. Here, we find that Ay — Aw is dictated by the NF
contribution, which is consistent with those in the literature [42, 46].

In the factorization approach, the relative phases of a+ and by would vanish (see
eq. (4.8)), and therefore, one predicts that Agf ) =0 fori= 1,2,3,4. Although it only holds
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v N.=1.7 N.=2.0 N.=2.3 N.=3 Exp
Br | 690+0.65+030 522+049+024 412+4039+0.18 267+0.25+0.12 5.18+1.29
¢ Acp| 1.14£0.00+0.00 1.16£0.00+0.00  1.18+0.00+0.00  1.21+0.00 % 0.00
ol —0.28 —0.05 0.21 0.86
Br | 030+£0.03+0.02 027+0.03+£0.02 025+003+£0.02  0.2440.03+0.01
r° Acp | —215£0.00+0.04 —1.61£0.00+0.01 —1.11+0.0040.01 —0.180.00 & 0.00
al, 0.43 0.59 0.71 0.86
Br | 298+035+015 1.36+0.16+0.07 0.57+0.06+0.03  0.01+0.00 £ 0.00
w  Acp | —1.884+0.00+0.07 —1.87+0.00+0.07 —1.86+0.00+0.07 —1.55+0.00 + 0.04
of) -1 —0.99 —0.98 0.86

Br 0.10 £ 0.01 £ 0.00 0.11+£0.01 £ 0.00 0.12 £ 0.02 £ 0.01 0.144+0.02£0.01
Acp | —1414+00£0.4 —13.5£0.0£0.3 —-13.1+0.0+0.3 —12.6 0.0+ 0.5

K*O

Table 4. Branching ratios and direct CP asymmetries in units of 1076 and % for A, — AV, where
the first and second uncertainties come from the bag radius and the CKM matrix elements in the
SM, respectively, while the experimental branching ratio of A, — A¢ is taken from ref. [32].

in the framework of the factorization, with the scenario that the NF effects attribute to
by solely, Ay, would remain suppressed. Furthermore, Ay, — A¢ is dominated by one weak
phase, ViVip, so that the effects of CP- and T-violation are highly suppressed. Explicitly,
we have

TP Ay = Ap) ~0, for i=1,2,34, (4.12)

which are independent of the factorization ansatz, providing a clean background to test the
SM and search for new physics.

We now explore the possible contributions from new physics to the T-violating observ-
ables. Note that in Ay, — Aw/p°, the s quark is essentially left-handed in the SM, and thus
the experimental results with a;y;, > 0 can be a smoking gun for new physics. Particularly,
Ay = Aw acquires large contributions from right-handed penguin operators. To illustrate

the effects, we concentrate on the possible effective Lagarangian from new physics, given
by [5, 64, 65]

N _ Gr. _
Lo = —%05(8045&)1% zq: (CngB)L ) (4.13)

which contributes mainly to a4 in the factorization approach, given as

M.,
My,

) = Gpés fuM. [\/Qi— <f1]\]\§+ + f2 My

) +VQ+ (glj\]é_ — gy )] . (4.14)
w

where ¢ is the effective coefficient and the superscript of A denotes new physics. With

& > 1072, new physics could potentially flip the sign of ay;.

On the other hand, due to the helicity conservation of the s quark, (a4 ,b_) and
(a—,by) receive contributions from L’é\fff and the SM, respectively, and the CP-violating
effects are suppressed due to the lack of the interferences. In contrast, 7?17, depending on
the complex phases between different helicities, can be sizable. With the assumption of
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la_| ~ |by| and |a!| = [bY], we find that

T ~ /1 — a3 singy, (4.15)

which can be large when the phase of ¢ from new physics is sizable. As a result, we conclude
that the T-violating observables are useful in testing the complex phases for new physics.

5 Conclusions

We have parametrized the helicity amplitudes in terms of the angular distributions and
systematically studied the T-violating observables in Ay, — A(— pr~)V(— PP’). We have
shown that all the relative complex phases among a+ and b4+ can be interpreted as the
T-odd correlations. By subtracting the effects from the FSIs, we have defined the true
T-violating observables, which could be measured in the experiments. In particular, we
recommend the experiments on A¥ , and T, which do not require Ay to be polarized. In
addition, the polarization asymmetries of A and V' have been defined and their effects on
the cascade decays have been given.

The decays of Ay — AV in the SM have been examined with the generalized factorization
approach, which leads to the domination of a_, resulting in that a), ~ —1. Since the
complex phases among a4 and by are identical, the factorization approach suggests that
T-violating observables in the decays can not be observed. Nonetheless, the measured
branching ratio of Ay — A¢ indicates that the NF effects play an important role, resulting
in that the nonzero values of Agf ) do not necessary contradict to the SM. However, as
Ay — A¢ is dominated by a single weak phase, the true T-violating effects are not expected
to be observed. In table 4, we have given the branching ratios and direct CP asymmetries
for the different values of the effective color number N.. We have found that «), depend
heavily on the NF contributions. Furthermore, the absolute value of Acp(Ay — AK*?) has
been expected to be larger than 10%. We have also explored the possible effects from new
physics. In particular, we have illustrated that the right-handed currents from new physics
can potentially flip the sign of ), from negative to positive, resulting in a possible large
T-violating effect. Finally, we recommend the future experiments on 7T (A, — A@) to test
the SM and search for new physics.

A T-transformation
If the system respects the T symmetry, one has that [49]
(f|U (00, —00)[i) = (i |U (00, —00)|fT), (A1)

for arbitrary initial and final states |i) and |f), respectively, where U(t,t9) is the time
evolution operator from ty to t, and the superscript T' denotes the time-reversed state.
Hence, in general, the T-transformation relates i — f to f1 — il instead of i — f7.

In the first order of the weak interaction, it is possible to relate the amplitudes between
i — fand i’ — fT. To do this, we adopt the interaction picture, in which the weak
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transition is described by Heg, and the unperturbed Hamiltonian corresponds to the strong
interaction. We have [49]

(f; “out”|Hegi) = (T | HIg| fT; “in”) = (iT [Heg| fT; “in”) (A.2)
where “in” and “out” denote ¢t — Foo, respectively. Here, the states are related as
Up (oo, —00)|f; “in”) = | f; “out”), (A.3)

where Uj represents the time evolution operator for the unperturbed Hamiltonian (strong
interaction). In eq. (A.2), we have taken |i) as a single particle state of a stable hadron,
having [i; “in”) = |i; “out”). Furthermore, in eq. (A.2), if |fT) is an eigenstate of the FSI,
we would have |fT;“in”) = e?f| fT; “out”) with ¢y the elastic rescattering phases, thereby
leading to

[(F: 5ot [t = | (it 73 “out™) 2. (A1)

As an application, for instance, after factorizing the pion decays, |f) corresponds to the
vacuum and eq. (A.4) demands the pion decay constants to be real.
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