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1 Introduction

Links between the gauge and gravity theories first appeared in scattering amplitude com-
putations, as first shown within a string theory context by the Kawai-Lewellen-Tye iden-
tities [1] relating tree level closed and open string amplitudes, later extended to a cor-
respondence between S matrix elements in gauge theory and gravity [2]. More recently
the Bern-Carrasco-Johansson (BCJ) formalism [3] has provided a general mechanism for
viewing gravitons as double copies of gluons at perturbative level.

The BCJ relations state that squaring non-Abelian Yang-Mills amplitudes in generic
dimension d, and applying a set of rules to map color into kinematics degrees of freedom,
gravitational amplitudes are recovered, which however do not coincide with General Rel-
ativity but include a scalar, dilaton field and a 2-form gauge field Bµν . The BCJ double
copy has been verified in a variety of supersymmetric field theories, see [4, 5] for reviews.

A remarkable application of double copy to non-perturbative classical solutions in
Yang-Mills theory on one side, and Kerr-Schild black holes in General Relativity on the
other, was shown in [6, 7], and further development on the classical side were made in [8],
where the long-distance radiation gluon field emitted by a set of gauge charges has been
computed and mapped into asymptotic radiation field in a theory of gravity plus a dilaton.
This latter result has been extended in [9, 10] to the case of spinning particles, in [11] to
next-to-leading order in coupling (in the post-Minkowskian regime of gravity) and in [12]
to next-to-leading order with finite-size sources of non-zero spin, see also [13] for double
copy application to gravitational radiation and spin effects.
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For other relevant work on the classical double copy: see [14] for application to the two-
body effective gravitational potential in the post-Newtonian approximation, with possible
problems arising at O(G2

N ) with respect to leading order [15], and the seminal work [16, 17]
for the determination of the two-body potential at third post-Minkowskian order.

In the present work we show the computation of self-energy diagrams representing for-
ward scattering of non-relativistic sources described by their multipolar coupling to gauge
and gravity fields to next-to-leading order in the gauge/gravity coupling, by extending pre-
viously derived rules for gauge charge/kinematic variable duality. According to standard
post-Newtonian (PN) approximation to General Relativity [18], this processes contribute
to the conservative two-body dynamics starting at 4PN order.

In the post-Newtonian approach to the two-body dynamics it is customary to separate
the near from the far zone. In the former the interactions between the binary constituents
are mediated by the constrained, non-radiative longitudinal modes of gravity, in the latter
gravitational radiative degrees of freedom are also relevant and the source is modeled as
a single object with multipoles. The real part of self-energy diagram amplitudes in the
far zone complements the near zone derivation of the effective two-body dynamics [19, 20],
while the imaginary part relates via the optical theorem to the radiated energy, following
the now standard setup based on Non-Relativistic-General-Relativity (NRGR) [21].

The paper is structured as follows: in section 2 we introduce the double copy method
applied to source coupled to gauge fields and gravity in the multipole expansion. In sec-
tion 3 we give the details of the correspondence, verifying the matching of the “square”
of the gauge self-energy amplitude with the General Relativity plus dilatonic and axionic
amplitude, checking the correspondence at next-to-leading order in gauge/gravitational
coupling in section 4. We finally conclude in section 5.

2 Method

We show how the mapping between the square of gauge amplitudes and gravity ones work
in the case of multipole-expanded sources. On the gauge side we consider the bulk action1

S(gauge)
bulk = −

∫
dd+1x

[1
4F

a
µνF

aµν + 1
2 (∂µAaµ)2

]
(2.1)

in terms of the field strength F aµν with structure constant fabc, where we have displayed
explicitly the Feynman gauge fixing term in terms of the gauge field Aaµ (resulting in
the standard propagator P [Aaµ, Abν ] = −iδabηµν/

(
k2 − k2

0
)
, boldface character denoting 3-

vectors), and a system of classical, spinning Yang-Mills color charges coupled to gluons,
described by a trajectory xµ, a color charge ca and a spin Sµν (all three depending on the
world-line parameter τ), whose dynamics is described by the world-line action summed
over particles

S(gauge)
wl =

∑
p∈parts

g

∫
dxµcapAaµ −

κ

2

∫
dτcapSµνp F aµν

' g
∫

dt
(
qaA

a
0 + diaF

a
i0 + 1

2Q
ij
a F

a
i0,j −

1
2 (µak + κcaSk) εkijF aij + . . .

)
,

(2.2)

1We adopt the mostly plus signature for the metric, i.e. Minkowski metric ηµν = diag(−1, 1, . . . , 1).
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where in the second line we moved from the description in terms of fundamental con-
stituents to the one in terms of an extended object with multipoles.2 The spin anti-
symmetric tensor Sµν has 6 components, we then adopt a spin supplementary condition [22]
to reduce them to the three physical ones, implying that Si0 ∼ Sijvj (and Sk ≡ 1

2ε
kijSij

in eq. (2.2)).
On the gravity side we have that the degrees of freedom are represented by the metric

gµν , the dilaton ψ and the axion Bµν with field strength Hµνρ defined by

Hµνρ ≡ ∂µBνρ + ∂ρBµν + ∂νBρµ . (2.3)

The gauge-fixed bulk action is3

S(gda)
bulk =

∫
dd+1x

√
−g

[
2Λ2

(
R−1

2ΓµΓµ
)
−2(d−1)(∂ψ)2−1

6e
− 4ψ

Λ HµνρH
µνρ−(∂µBµν)2

]
,

(2.4)
where Λ ≡ (32πGN )−1/2 (it has dimension of

√
mass/length in d = 3) and Γµ ≡ Γµνρgνρ.

The world-line action is

Sgdawl =
∑

p∈parts
−mp

∫
p

dτ e
ψ
Λ − 1

2

∫
p

dτSµνΩµν + 1
4Λ

∫
p

dxρHρµνS
µν
p

'
∫

dt
{1

2Eh00 + 1
2ε

ijkLih0j,k + 1
2I

ijEij + 1
6I

ijkEij,k + 2
3J

ijBij + . . .

+ 1
Λ

[
−Eψ − 1

2
(
Iijψ,ij − Iψ̈

)
+ . . .+ 1

4S
ijH0ij −

1
3J

ijεiklH0jk,l + . . .

]}
,

(2.5)

where the world-line coupling (inclusive of the angular velocity tensor Ωµν [22]) have
been expanded in multipoles for an ensemble of particles or equivalently for a finite size
source with small internal velocities: hµν ≡ gµν − ηµν is the gravitational perturbation
around the Minkowski metric ηµν , E is the total energy of the source, Li ≡ εijkSjk its
total angular momentum (dual to the spin anti-symmetric tensor, whose mixed time-
space polarization S0i vanish in the source center of mass), Iij and Iijk are respec-
tively the traceless mass quadrupole and octupole, J ij the magnetic quadrupole J ij ≡
1
2
∫

ddxxkT 0l
(
εiklxj + εjklxi

)
, and the eletric Eij and magnetic Bij parts of the Riemann

tensor Rµνρσ in the source rest frame take, respectively, the form Eij = R0i0j , Bij =
1
2εiklR0jkl (see appendix A for details).

By generalizing the double copy rules to the coupling of gluons to source multipole
moments we will express the “square” of classical self-energy diagrams on the gauge side
as classical self-energy diagrams in the gravitational theory, to O(GN ) interactions beyond
the leading order diagrams.

2Greek indices run over d + 1 space-time dimensions, Latin indices i, j . . . over space coordinates
only, Latin indices a, b, . . . , h run gauge color indices, qa is the gauge charge qa ≡

∑
p
ca(τ(t)), dia the

electric dipole dia ≡
∑

p
cax

i
p, Qija ≡

∑
p
cax

i
px
j
p is the electric quadrupole, µak the magnetic dipole

µak ≡ 1
2 εkij

∑
p
ca
dxi

p

dt
xjp and κ is a numerical coefficient determining the strength of the chromomagnetic

interaction.
3Note that the dilaton is not canonical normalized here, it (and Bµν) has canonical dimensions, as the

metric fields φ,Ai, σij that will be introduced in eq. (3.1).
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I I

Figure 1. Self-energy diagram for a generic radiative multipole source I. The green wavy field
represents the gauge/gravity interaction, while the black double line stands for the composite source.

3 Self-energy diagrams at leading order

We compute in this section self-energy diagrams like the one in figure 1, with generic
multipole I insertion at the extended object world-line.

We will compute quantities in space-dimension d = 3 but it will be helpful to keep
d generic in the computations to check that explicit dependence on d cancels in the sum
of gravitational, dilatonic and axionic effective actions, as it happens in scattering ampli-
tudes [23, 24].

In our non-relativistic setup we find convenient to use the Kaluza-Klein parametriza-
tion of the metric [25]4

gµν = e2φ/Λ

−1 Ai
Λ

Aj
Λ e−cdφ/Λ

(
δij + σij

Λ
)
− AiAj

Λ2

 , (3.1)

where cd ≡ 2(d − 1)/(d − 2) and d is the number of purely space dimensions. Such
decomposition has the virtue to provide diagonal propagators for the gravity fields, which
we list below together with the dilaton and axion propagators

P [φ, φ] = − 1
2cd

P [Ai, Aj ] = δij
2

P [σij , σkl] = −1
2

(
δikδjl + δilδjk −

2
d− 2δijδkl

)
P [ψ,ψ] = − 1

4(d− 1)

P [Bµν , Bρσ] = −1
2 (ηµρηνσ − ηµσηνρ)



× i

k2 − k2
0 − iε

. (3.2)

The Lagrangian for the bulk fields up to cubic interactions is reported in eq. (A.9).
Below, we compute self-energy diagrams which, at leading order in GN (g), are due

to processes represented by the diagram in figure 1. As it will be clear in the following,
all such diagrams involve time derivatives of the source, hence the lowest non-vanishing

4We adopt the same symbol Aai for the gauge field and Ai for the mixed time-space component of gravity,
the former being accompanied by the gauge index should avoid confusion between the two.
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on the gravity (gauge) side involves electric quadrupole (dipole) moments. The Green’s
function involved in the process is the Feynman one, which is the correct prescription for
self-energy diagrams [26].

3.1 Electric moments

The lowest order non-vanishing self-energy diagram involve two quadrupole sources and in
the gravity side receives contributions from exchange of gravitational and dilatonic modes:5

S(I2)
GR = − 1

8Λ2

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k

1
k2 − k2

0

{
−1

8k
4
0

(
δikδjl + δilδjk −

2
d− 2δijδkl

)

+k2
0

4 (kikkδjl + kjklδik)−
1

2cd

(
kikj + k2

0δij
d− 2

)(
kkkl + k2

0δkl
d− 2

)}
,

(3.3)

S(I2)
ψ = 1

32(d− 1)Λ2

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k

1
k2 − k2

0

(
kikj − k2

0δij
) (
kkkl − k2

0δkl
)
,

(3.4)

and no contribution from the axion, as it does not couple to electric moments. Notably the
sum of gravitational (3.3) and dilatonic (3.4) amplitudes display a factorizable structure,
where terms explicitly dependent on the number of space dimensions d cancel

S(I2)
GR+ψ = 1

32Λ2

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k

1
k2 − k2

0

(
kikk − k2

0δik
) (
kjkl − k2

0δjl
)
. (3.5)

On the gauge side the electric dipole self-energy process gives

S(d2)
A = g2

2

∫ dk0
2π d

a,i(k0)db,k(−k0)
∫

k

1
k2 − k2

0
〈F ak0iF

b
−k0k〉′ , (3.6)

where primed brackets 〈· · · 〉′ stands for field Green’s functions stripped of factors −i/(k2−
k2

0) and delta functions for each propagator, e.g.
∫

q〈AakµAbqν〉 = −i/(k2 − k2
0)〈AakµAb−kν〉′.

Following standard procedure, we apply the substitutions6 g → 1/(2Λ) and promote
the gauge color indices to space index to “square” the integrand of eq. (3.6) according to
the rule

da,i → Iij

2 ,

〈F ak0iF
b
−k0k〉′ =

(
k2

0δik − kikk
)
δab → (k2

0δik − kikk)(k2
0δjl − kjkl) .

(3.7)

One then obtains

S(d2)
A → S(I2)

DC = 1
32Λ2

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k

1
k2 − k2

0

(
k2

0δik − kikk
) (
k2

0δjl − kjkl
)
,

(3.8)
which equals the sum of eqs. (3.3) and (3.4) given in eq. (3.5).

5We adopt the notation
∫

k ≡
∫ ddk

(2π)d .
6The g → 1/(2Λ) agrees with eq. (58) of [8], where d denotes the number of space-time dimensions.
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The above results can be straightforwardly generalized to higher order 2r+2-th electric
moments Iiji1...ir for gravity

S(I2
r+2)

GR = − 1
2 [(r + 2)!]2 Λ2

∫ dk0
2π I

iji1···ir(k0)Iklk1···kr(−k0)
∫

k

ki1 · · · kirkk1 · · · kkr
k2 − k2

0

×
{
− 1

8k
4
0

(
δikδjl + δilδjk −

2
d− 2δijδkl

)

+k2
0

4 (kikkδjl + kjklδik)−
1

2cd

(
kikj + k2

0δij
d− 2

)(
kkkl + k2

0δkl
d− 2

)}
,

(3.9)

for the dilaton

S(I2
r+2)

ψ = 1
8(d− 1) [(r + 2)!]2 Λ2

∫ dk0
2π I

iji1···ir(k0)Iklk1···kr(−k0)

×
∫

k

ki1 · · · kirkk1 · · · kkr
k2 − k2

0

(
kikj − k2

0δij
) (
kkkl − k2

0δkl
)
,

(3.10)

and for the gauge field coupling to the 2r+1 multipole da,ii1···ir

S(d2
r+1)

A = g2

2 [(r+1)!]2
∫ dk0

2π d
a,ii1...ir (k0)db,kk1...kr (−k0)

∫
k

ki1 . . . kirkk1 . . . kkr

k2−k2
0

(
k2

0δik−kikk

)
.

(3.11)
Applying previous rules (3.7) completed with

da,ii1...ir → 1
(r + 2)I

iji1...ir , (3.12)

the double copy of the gauge electric dipole self-energy can be derived to be

S(I2
r+2)

DC = 1
8 [(r + 2)!]2 Λ2

∫ dk0
2π I

iji1...ir(k0)Iklk1...kr(−k0)
∫

k

ki1 . . . kirkk1 . . . kkr
k2 − k2

0

×
(
kikk − k2

0δik
) (
kjkl − k2

0δjl
)
,

(3.13)

which much like in the electric quadrupole case (3.8) equates the sum of (3.9) and (3.10).

3.2 Magnetic moments

In the magnetic multipole moment case we have from GR

S(J2)
GR = εimnεkrs

36Λ2

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k

knks
k2 − k2

0

[
k2

0 (δjlδmr + δjrδlm)− kjklδmr
]
,

(3.14)
and from the axion

S(J2)
B = εimnεkrs

36Λ2

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k

knks
k2 − k2

0

[
k2

0 (δjlδmr − δjrδlm)− kjklδmr
]
,

(3.15)
with vanishing contribution from the dilaton. Note that in the sum of the gravitational and
axionic contributions the terms where the Levi-Civita tensors have no indices contracted
between themselves cancel, whereas the remaining ones add up.

– 6 –
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On the gauge side

S(µ2)
A = g2

8 εimnεkrs
∫ dk0

2π µ
ai(k0)µbk(−k0)

∫
k

1
k2 − k2

0
〈F akmnF b−krs〉′ , (3.16)

and making the substitutions

µai → 2
3J

ij ,

1
4εimnεkrs〈F

a
kmnF

b
−krs〉′ = εimnεkrskmkrδnsδ

ab

= (k2δik − kikk)δab →
(
k2δik − kikk

) (
k2

0δjl − kjkl
)
,

(3.17)

one has

Sµ
2

A → S
J2
DC = 1

18Λ2

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k

1
k2 − k2

0

(
k2δik − kikk

) (
k2

0δjl − kjkl
)
,

(3.18)
which equates the sum of eqs. (3.14) and (3.15). Note that to obtain the gravitational
magnetic result we did not “square” the gauge magnetic dipole result (3.16) but rather
combine it with the electric dipole (3.6), which, beside being justified a posteriori as it
gives the expected result, is the correct prescription for preserving magnetic parity.

Like for the self-energy electric dipole of subsection 3.1, this result can be generalized
to all magnetic multipole moments J iji1...ir , for standard gravity

S(J2
r+2)

GR = 1
9 [(r + 2)!]2 Λ2

∫ dk0
2π J

iji1...ir(k0) Jklk1···kr(−k0)
∫

k

ki1 · · · kirkk1 . . . kkr
k2 − k2

0[
(δikk2 − kikk)(δjlk2

0 − kjkl)− k2
0εiknεjlsknks

]
,

(3.19)

for the axion

S(J2
r+2)

B = 1
9 [(r + 2)!]2 Λ2

∫ dk0
2π J

iji1···ir(k0)Jklk1···kr(−k0)ki1 · · · kirkk1 · · · kkr
k2 − k2

0

×
[
(δikk2 − kikk)(δjlk2

0 − kjkl) + k2
0εiknεjlsknks

]
,

(3.20)

and vanishing contribution from the dilaton.
On the gauge side one has

S(µ2
r+1)

A = g2εimnεkrs

8 [(r + 1)!]2
∫ dk0

2π µ
a,ii1···irµb,kk1···kr

∫
k

ki1 · · · kirkk1 · · · kkr
k2 − k2

0

(
k2δik − kikk

)
δab,

(3.21)
which using the double copy rules (3.7) and (3.17), complemented with

µa,ii1...ir → 4
3 (r + 2)J

iji1···ir , (3.22)

one obtains

S(J2
r+2)

DC = 2
9 [(r + 2)!]2 Λ2

∫ dk0
2π J

iji1...ir(k0)Jklj1...jr(−k0)

×
∫

k

ki1 . . . kirkk1 . . . kkr
k2 − k2

0

(
k2δik − kikk

) (
k2

0δjl − kjkl
)
,

(3.23)

equalling the sum of (3.19) and (3.20) much like in the magnetic quadrupole case (3.18).
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I IM

Figure 2. Self-energy diagram of the next-to-leading order process involving the scattering of
modes emitted by a radiative multipole source I onto a mode generated by a generic multipole M .

4 Self-energy diagrams at next-to-leading order

Having succeeded in the warm-up exercise of double-copying the self-energy processes with-
out bulk interaction, we now move to the less trivial self-energy at next order in GN order,
i.e. O(G2

N ) which involves one cubic interaction in the bulk, see figure 2. One can distin-
guish two cases according to which type of source the third gravitational mode is attached
to: a conserved multipole (like energy and angular momentum) or a radiative multipole.
We will treat here the former case in which the additional world-line insertion has a to-
tal energy E vertex, also known as tail process [27], as the back-scattering induced by
the gravitational longitudinal mode sourced by the total energy induces radiation “tails”
propagating inside the light cone.

4.1 Tail diagrams with electric moments

The pure gravitational process involving electric quadrupoles gives an effective action [28]

S(EI2)
GR = E

16Λ4

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

×
{
k6

0
8

(
δikδjl + δilδjk −

2δijδkl
d− 1

)

+ k4
0

2

(
2δjlkiqk + 1

2(d− 1) {[(k + q)k(k + q)l + 2qkql] δij + δklkikj}
)

+ k2
0

2

( (d− 2)
2(d− 1)kikj [(k + q)k(k + q)l + 2qkql]

+ kj (k + q)l [kkqi − kiqk − k · (k + q)δik]
)}

,

(4.1)

and the dilaton contribution

S(EI2)
ψ = E

64(d− 1)Λ4

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

×
{
k6

0δijδkl − k4
0 {[(k + q)k(k + q)l + 2qkql] δij + δklkikj}

+k2
0kikj ((k + q)k (k + q)l + 2qkql)

}
,

(4.2)

– 8 –



J
H
E
P
1
1
(
2
0
2
0
)
1
6
5

with no contribution from the axion. The sum of the integrands of the gravitational and
dilatonic contributions, eqs. (4.1) and (4.2), turns out to be independent of d and can be
recast in a “perfect square” form with the addition of (non-trivially) vanishing terms

S(EI2)
GR+ψ = E

64Λ4

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k,q

1
k2−k2

0

1
(k+q)2−k2

0

1
q2

×k2
0

{(
k2

0δik−(k+q)i kk−qiqk
) (
k2

0δjl−(k+q)j kl−qjql
)

+δjl
[
2k2

0 (qikk+qk (k+q)i)−ki (k+q)k
((

k2−k2
0

)
+
(
(k+q)2−k2

0

)
−q2

)]
+[kikjqkql−qiqj (k+q)k (k+q)l]

}
,

(4.3)

which is suggestive of the double-copy structure, as the last two lines of eq. (4.3) can be
shown to identically vanish, see appendix B for details.

The analog process on the gauge side, i.e. electric dipole self-energy at O(g2) with
respect to leading order with conserved charge insertion, contributes to the effective action
according to

S(qd2)
A = i

g4

2 q
a
∫ dk0

2π d
b
i(k0)dck(−k0)

(
ifdef

) ∫
k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

〈
(
Aa0F

b
k0iF

c
−k−q0k

) (
∂µA

d
νA

e
ρA

f
σ

)
〉′ηµρηµσ

= −g4qa
∫ dk0

2π d
b
i(k0)dck(−k0)

(
ifabc

) ∫
k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

× k0
[
k2

0δik − (k + q)i kk − qiqk
]
,

(4.4)

where in the first passage Green’s functions are not to be taken between fields within the
same parenthesis and we adopted a mixed direct-Fourier space notation.

Using the gauge-gravity mapping rules derived in the previous section, completed
with [3]

ifabc → Γµνρ(k1, k2, k3) ≡ 1
2 [ηµν (k1 − k2)ρ + ηρµ (k3 − k1)ν + ηνρ (k2 − k3)µ] , (4.5)

and

〈F ak0iA
b
µ〉′ = i (k0ηiµ − kiη0µ) δab → − (k0ηiµ − kiη0µ)

(
k0ηkµ′ − kkη0µ′

)
,

〈Aa0Abµ〉′ = η0µδ
ab → η0µη0ρ

Ja0 → T 00 , qa → E ,

(4.6)

eq. (4.4) can be double-copied into

S(EI2)
DC = E

64Λ4

∫ dk0
2π I

ij(k0)Ikl(−k0)
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

× k2
0

[
k2

0δik − (k + q)i kk − qiqk
] [
k2

0δjl − (k + q)j kl − qjql
]
,

(4.7)
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which exactly matches the sum of gravitational (4.1) and dilatonic (4.2) electric quadrupole
tail self-energies at O(G2

N ).
The hereditary (non-local in time) structure of this diagram comes from the terms

∼ k6
0I

2
ij , which displays a divergence from the integration region q→ 0, k→∞. After the

k,q integration a logarithmic piece of the type
∫

dk0k
6
0 log(k0)I2

ij is obtained, that is local
in k0-space but translates in direct space into

∫∞
−∞ dt Iij(t)

∫∞
0

dτ
τ I

(6)
ij (t − τ) which is the

long-known hereditary term [27, 28].
Generalization to higher order electric multipole moment is straightforward and gives

for the gravity+dilaton process:

S(EI2
r+2)

GR+ψ = E

16 [(r+2)!]2 Λ4

∫ dk0
2π I

iji1···ir(k0)Iklk1···kr(−k0)

∫
k,q

ki1 · · · kir
k2−k2

0

(k+q)k1
· · · (k+q)kr

(k+q)2−k2
0

1
q2

×k2
0

{(
k2

0δik−(k+q)i kk−qiqk
) (
k2

0δjl−(k+q)j kl−qjql
)

+δjl
[
2k2

0 (qikk+qk (k+q)i)−ki (k+q)k
((

k2−k2
0

)
+
(
(k+q)2−k2

0

)
−q2

)]
+[kikjqkql−qiqj (k+q)k (k+q)l]

}
,

(4.8)

which matches the double copy of the gauge amplitude

S(qd2
r+1)

A = − g4qa

[(r + 1)!]2
∫ dk0

2π d
b,ii1···ir(k0)dc,kk1···kr(−k0)

(
ifabc

)
×
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

× ki1 · · · kir (k + q)k1
· · · (k + q)kr k0

[
k2

0δik − (k + q)i kk − qiqk
]
,

(4.9)

using the correspondence dictionary already established and the fact that the last two lines
of eq. (4.8) vanish, as demonstrated in appendix B.

4.2 Tail diagrams with magnetic moments

Analogously, for the tail of the magnetic quadrupole one can compute the contribution to
the self-energy at O(G2

N ) from the purely gravitational sector (no-dilaton involved at any
vertex) [26]

S(EJ2)
GR = E

9Λ4

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2×{

k4
0

8 [δjl (δikk · (k + q)− kk (k + q)i) + εilrεkjsk
r (k + q)s]

+ k2
0

4 kj [ql (δikk · (k + q)− kk (k + q)i)− εilnεkrsk
nkrqs]

− 1
8kj (k + q)l

[
k · (k + q) (δikk · (k + q)− kk (k + q)i) + εimnεkrsk

mqnkrqs
]}

,

(4.10)
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to which the axionic contribution only must be added. The axion couples to both the dila-
ton and the gravity field φ (coupling in the last two lines of eq. (A.9)), but the computation
can be simplified by observing that the process involving a ψ exactly cancels the process
involving the Lagrangian where φ couples to H2

µνρ, with the only contribution coming from
the coupling φH2

ij0, see eq. (A.9). In summary one gets

S(EJ2)
B = E

72Λ4

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k,q

1
k2−k2

0

1
(k+q)2−k2

0

1
q2

×
{
k4

0 [δjl (δikk·(k+q)−kk (k+q)i)−εilrεkjsk
r (k+q)s]

+k2
0

[
−
(
(k+q)j (k+q)l+kjkl

)
(δikk·(k+q)−kk (k+q)i)+2kjεilnεkrsknkrqs

]
+kj(k+q)l

[
k·(k+q) (δikk·(k+q)−kk (k+q)i)+εimnεkrsk

mqnkrqs
]}
.

(4.11)

For the magnetic quadrupole, like in the leading order self-energy, all terms with the Levi-
Civita tensors cancel when adding the gravity and axionic contributions, to give

S
(EJ2)
GR+B = E

36Λ4

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

×
{
k2

0

[
δikk · (k + q)− (k + q)i kk

] [
k2

0δjl − kl (k + q)j − qjql
]

+k2
0

2 [δikk · (k + q)− (k + q)i kk] [kjql + qj(k + q)l]
}
,

(4.12)

which indicates a factorizable structure, even though not a perfect square, by observing
that the integral of the last line vanishes, see explicit computations in appendix B.

Computing the magnetic dipole tail diagram on the gauge side one gets

S(qµ2)
A = i

qag4

8

∫ dk0
2π µ

bi(k0)µck(−k0)
(
ifdef

)
εimnεkrs

×
∫

k,q

1
k2 − k2

0

1
(k2 + q2)− k2

0

1
q2 〈

(
Aa0F

b
kmnF

c
−k−qrs

) (
∂µA

d
νA

e
ρA

f
σ

)
〉′ηµρηνσ

= −qag4
∫ dk0

2π µ
bi(k0)µck(−k0)

(
ifabc

) ∫
k,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2

× k0 (δikk · (k + q)− kk (k + q)i) .
(4.13)

Much like in the leading order self-energy for magnetic sources, to reproduce the gravi-
tational plus axionic magnetic quadrupole tail one should not square (4.13), but rather
combine it with the electric tail eq. (4.4), according to previously derived rules (3.7), (3.17)
and (4.6) complemented with

1
2εimn〈F

a
kmnA

b
µ〉′ = iεimµkmδ

ab → −εimµkm (kjη0ν − k0ηjν) , (4.14)
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which is consistent with replacing δab with a contraction between a gauge field and an
electric field ∼ 〈Fkj0Aν〉′. One then obtains

S(EJ2)
DC = E

36Λ4

∫ dk0
2π J

ij(k0)Jkl(−k0)
∫

k,q

1
k− k2

0

1
(k + q)2 − k2

0

1
q2×[

k2
0 (δikk · (k + q)− kk (k + q)i)

(
k2

0δjl − kl (k + q)j − qjql
)]

,

(4.15)

which matches (4.12).
Finally we give the formula for the double copy in the case of higher order magnetic

moments J iji1···ir for gravity+axion exchange:

S(EJ2
r+2)

DC = E

9 [(r + 2)!]2 Λ4

∫ dk0
2π J

iji1...ir(k0) Jklk1...kr(−k0)

∫
k ,q

1
k2 − k2

0

1
(k + q)2 − k2

0

1
q2ki1 · · · kir(k + q)k1 · · · (k + q)kr

×
[
k2

0 (δikk · (k + q)− kk (k + q)i)
(
k2

0δjl − kl (k + q)j − qjql
)]

.

(4.16)

5 Discussion

The question of how the classical two-body gravitational potential may be extracted from
quantum scattering amplitudes has a long history and investigation has been revived re-
cently by works extending the class of double-copy applications to perturbative solutions
of the equations of motions and to the effective action of a binary system. Our investiga-
tions aim at providing further evidence that the classical double copy can be applied to the
derivation of gravitational two-body potential, which is relevant for theoretical modeling
of gravitational wave sources.

In particular the post-Newtonian approach has been useful in constructing templates
for gravitational wave data analysis and it decomposes the problem into a near and a
far zone, the former involving longitudinal modes only, whereas the latter includes both
longitudinal and radiative gravitational modes. Focusing on the far zone, where the gravi-
tational wave source is defined as an extended object with multipoles, we have shown how
the next-to-leading order in the Newton’s constant responsible for tail terms in the effective
potential can be reproduced with a double-copy procedure, applied for the first time to the
multipolar post-Minkowskian expansion.

Classical bound states emitting radiation have been considered at leading order [29] and
at next-to-leading order in [11], where, differently from our approach, the 2-body system
is described in terms of individual binary constituent world-lines. A natural question that
may arise is if the maps (3.12), (3.22) between multipoles in the gauge and gravity theory
may be derived from the fundamental coupling of point particles. While one could expect
so, we have been unable so far to establish such correspondence, which however remains a
goal for the development of the specific double copy program started here.

Additional future applications to post-Newtonian, post-Minkowskian and multipolar
approximations include application to O(G2

N ) self-energy processes contributing to the
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effective action under the name of memory effect, and a systematization to higher order
will be necessary. Note however that care is needed when comparing GN order among
different approaches: in our case, for instance, we have terms G2

N

...
I

2
ij that when expressed in

terms of individual binary system constituent kinematic variables, involve acceleration and
higher derivatives which can be expressed in terms of position and velocity via equations
of motion. The tail term, studied in section 4, is e.g. a fourth post-Newtonian term giving
rise to G4

N terms in the equations of motion.
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A Computation details

A.1 Multipole expansion in dilaton-axion-gravity

The mutipole expansion is obtained by Taylor expanding the terms bilinear in the source
and the gravitational-dilatonic-axionic field, and collecting terms at the same order of v,
being v the typical internal velocity of the source.

Describing the source as a continuous extended body (instead of the equivalent de-
scription of a collection of point particle used in section 2), one can characterize the source
with its energy momentum tensor Tµν and spin density sµν extended over a volume V :

Ssource =
∫

dt
∫
V

d3x

(1
2T

µνhµν + T
ψ

Λ + 1
4Λ ẋ

ρsµνHµνρ

)
. (A.1)

Considering that the source is localized in a region or size r much smaller than the radiation
wavelength λr ∼ 2π/ω ∼ r/v one can Taylor expand Ssource to obtain

Smult '
∫

dt
{(∫

V
d3xT 00

)
h00 +

[
2
(∫

V
d3xT 0i

)
h0i +

(∫
V

d3xT 00xi
)
h00,i

]
+
[(∫

V
d3xT ij

)
hij +

(∫
V

d3xT 0ixj
)

(h0i,j + h0j,i) + 1
2

(∫
V

d3xT 00xixj
)
h00,ij

]
(∫

V
d3xT 0ixj

)
(h0i,j − h0j,i) +

(∫
V

d3xT ijxk
)
hij,k + . . .

}
.

(A.2)
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Note that this Taylor expansion is actually an expansion in r/λr ∼ v. Using repeatedly
the energy-momentum conservation in the form Ṫµ0 = −Tµi,i one can derive∫

V
d3xT ij = 1

2
d
dt

(∫
V

d3xT 00xixj
)
≡ 1

2 Ï
ij ,∫

V
d3xT 0i = − d

dt

(∫
V

d3xT 00xi
)
,∫

d3xT ijxk = 1
3

∫
d3x

(
T ijxk + T kixj + T jkxi

)
+ 1

3

∫
d3x

(
2T ijxk − T ikxj − T jkxi

)
,

= 1
6

d2

dt2
(∫

d3xT 00xixjxk
)

+ 1
3

d
dt

[∫
d3x

(
T 0ixkxj + T 0jxkxi − 2T 0kxixj

)]
.

(A.3)

Hence the electric quadrupole coupling T ijhij give rise to the 1
2Q̈

ijR0i0j term, where at
linear order in terms of the Kaluza-Klein fields φ,Ai, σij

R0i0j '
1
2

(
σ̈ij − Ȧi,j − Ȧj,i − 2φ,ij − 2δij

φ̈

d− 2

)
+O(h2) , (A.4)

and using (
T 0ixkxj − T 0kxixj

)
σij,k = T 0mxnxj

(
δlmδ

k
n − δkmδln

)
σlj,k

= −εimnxmT 0nxj
1
2ε

ikl (σkj,l − σlj,k)
(A.5)

one finds the gravitational magnetic quadrupole coupling eq. (2.5) using the definition of
the magnetic part of the Riemann tensor

Bij = 1
2εiklR0jkl '

1
4Λεikl

[
σ̇jk,l − σ̇jl,k +Al,jk −Ak,jl + 2

d− 2
(
φ̇,kδjl − φ̇,lδjk

)]
. (A.6)

Analogously for the axion field one has∫
dt
[(∫

V
d3xsij

)
H0ij +

(∫
V

d3xsijxk
)
H0ij,k +

(∫
V

d3xsijvk
)
Hijk +O(v2)

]
=
∫

dt
[(∫

V
d3xsij

)
H0ij +

(∫
V

d3xsijxk
)(

Hij0,k − Ḣijk

)
+O(v2)

]
,

(A.7)

where integration by part has been used and terms involving s0i ' sijvj have been neglected
since they enter at order v2 with respect to the leading one. Finally introducing the spin
density pseudo-vector s̃i dual to sij one has for the coupling of the first moment of the spin
coupling to the axion

1
2ε

ijl
∫
V

(
s̃lxk + s̃kxl + s̃lxk − s̃kxl

) (
Hij0,k − Ḣijk

)
= 4

3J
klεijl

(
B0i,k + Ḃik +Bk0,i

)
,j

+ 1
2ε

ijl
∫
V

(
s̃lxk − s̃kxl

) (
B0i,k + Ḃik

)
,

(A.8)

where it has been used that the leading spin contribution to the magnetic quadrupole is (the
traceless part of) 3

4

(
s̃lxk + s̃kxl

)
[30], thus recovering the magnetic quadrupole coupling

to the axion in eq. (2.5), beside a coupling to the antisymmetric first moment of the spin
which has no gravitational analog.

– 14 –



J
H
E
P
1
1
(
2
0
2
0
)
1
6
5

A.2 Graviton, dilaton, axion action up to cubic interaction

The bulk action is needed for the computations of this paper up to cubic interaction in
gravitational, dilatonic and axionic field and it is reported here explictly:

Sbulk ⊃
∫

dd+1x
√
−γ

{
1
4

[
(~∇σ)2−2(~∇σij)2−

(
σ̇2−2(σ̇ij)2

)
e
−cdφ

Λ

]
−cd

[
(~∇φ)2−φ̇2e−

cdφ

Λ

]

+
[
F 2
ij

2 +
(
~∇· ~A

)2
− ~̇A2e−

cdφ

Λ

]
e
cdφ

Λ + 2
Λ

[(
FijA

iȦj+ ~A· ~̇A(~∇· ~A)
)
−cdφ̇ ~A·~∇φ

]

− 1
Λ

(
σ

2 δ
ij−σij

)(
σik

,lσjl
,k−σik,kσjl,l+σ,iσjk,k−σik,jσ,k

)
+ σ̇ij

Λ
(
−δijAlΓ̂lkk+2AkΓ̂kij−2AiΓ̂jkk

)
+2(d−1)

[
e−cd

φ
Λ ψ̇2−(∇ψ)2− 2

Λ ψ̇
~A·~∇ψ

]

−1
6e

4ψ
Λ +2(cd−2) φΛ

(
H2
ijk−3e−cd

φ
ΛH2

ij0

)
−AiHijkH0jk+

1
2HijkHijlσ

kl

}
.

(A.9)

Contractions between explicit space (Latin) indices are done with flat metric, when
indices are understood contractions are made including the field σij in the metric, e.g.
~A · ∇φ = Aiφ,j

(
δij − σij + . . .

)
.

B Vanishing integrals

To recast the gravitational amplitudes in eqs. (4.3) and (4.8) into a double-copy struc-
ture, we now show that the pieces that do not fit the factorizable form vanish identically.
Performing the change of integration variables q→ − (k + k′) one immediately finds:

∫
k,q

ki1 · · · kin (k + q)k1
· · · (k + q)kn(

k2 − k2
0
) (

(k + q)2 − k2
0

)
q2

(qikk + qk (k + q)i)

= (−1)n
∫

k,k′

ki1 · · · kink′k1
· · · k′kn(

k2 − k2
0
) (

k′2 − k2
0

)
(k + k′)2

[
k′ik
′
k − kikk

]
,

(B.1)

which vanishes when contracted with δjlI
iji1···in(k0)Iklk1···kn(−k0), being antisymmetric

under swapping k ↔ k′.
Terms proportional to gravitational radiation propagators (k2 − k0) or [(k + q)2 − k2

0]
also vanish identically, given that ∫

q

qi1 · · · qin
q2 = 0 (B.2)

for any n.
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For terms proportional to q2 we observe that∫
k,k′

ki1 · · · ki2nk′k1
· · · k′k2m(

k2 − k2
0
) (

k′2 − k2
0

) ∝ δ(i1i2 · · · δi2n−1i2n)δ(k1k2 · · · δk2m−1k2m) (B.3)

vanish when contracted with traceless tensors, and also trivially vanish when an odd number
of momentum factors in the numerator is involved.

Finally by rearranging the last term as follows∫
k ,q

ki1 · · · kin (k + q)k1
· · · (k + q)kn(

k2 − k2
0
) (

(k + q)2 − k2
0

)
q2
× (kikjqkql − qiqj (k + q)k (k + q)l)

= (−1)n
∫

k,k′

ki1 · · · kink′k1
· · · k′kn(

k2 − k2
0
) (

k′2 − k2
0

)
(k + k′)2

×
[
kikjkkkl − k′ik′jk′kk′l + kik

′
l

(
kjkk − k′jk′k

)
+ kjk

′
k

(
kikl − k′ik′l

)]
,

(B.4)

one sees that it vanishes when contracted with Iiji1···inIklk1···kn because of the anti-sym-
metry under k ↔ k′. This concludes the demonstration that terms in eqs. (4.3) and (4.8)
that do not fit in the double copy structure vanish. Last line in eq. (4.12) can be shown to
vanish with the same reasoning, using momenta k and k′ ≡ −(k + q).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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