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ABSTRACT: Solutions to Einstein’s vacuum equations in three dimensions are locally maxi-
mally symmetric. They are distinguished by their global properties and their investigation
often requires a choice of gauge. Although analyses of this sort have been performed
abundantly, several relevant questions remain. These questions include the interplay be-
tween the standard Bondi gauge and the Eddington-Finkelstein type of gauge used in
the fluid/gravity holographic reconstruction of these spacetimes, as well as the Fefferman-
Graham gauge, when available i.e. in anti de Sitter. The goal of the present work is to set
up a thorough dictionary for the available descriptions with emphasis on the relativistic or
Carrollian holographic fluids, which portray the bulk from the boundary in anti-de Sitter
or flat instances. A complete presentation of residual diffeomorphisms with a preliminary
study of their algebra accompanies the situations addressed here.
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1 Introduction

Three dimensions have been the playground for investigating various aspects of gravity.
Vacuum Einstein spacetimes are locally flat or locally anti-de Sitter (for zero or negative
cosmological constant). Hence, they are characterized by their global properties, encoded in
the asymptotic charges. These are computed after specifying a set of boundary conditions,
which shape the asymptotic symmetries. In order to implement the boundary conditions
and perform the subsequent analyses, it is customary to fix the gauge. Two gauges, called
Bondi and Fefferman-Graham, have played a distinguished role.

The Bondi gauge was introduced in [1-3] for four-dimensional asymptotically flat space-
times. It set the stage for the emergence of the celebrated Bondi-van der Burg-Metzner-
Sachs algebra and recently received revitalized interest from various perspectives [4-6], in-
cluding the potential implications of this symmetry in infrared physics (see e.g. the review
article [7]). The Bondi gauge features a null radial coordinate, and its defining conditions
are compatible with asymptotically anti-de Sitter spacetimes. It was extended in this di-
rection in ref. [8], while the corresponding flat limit for the three-dimensional case was
shown to be consistent in [9]. In refs. [10-12] (see also [13]) less stringent conditions were
considered, allowing for a unified formulation of four-dimensional asymptotically locally
anti-de Sitter and asymptotically locally flat spacetimes.

Fefferman and Graham proposed an alternative gauge in [14, 15], suitable for asymp-
totically anti-de Sitter spacetimes, but singular in the Ricci-flat limit. In this gauge the



radial coordinate is space-like. It defines a family of time-like hypersurfaces, which asymp-
totes to the conformal boundary. The role of the Fefferman-Graham gauge in holography
was recognized in the early developments of this field as a tool for unravelling the confor-
mal class of boundary metrics together with the boundary conformal energy-momentum
tensor [16, 17).!

Although, contrary to Fefferman-Graham, the Bondi gauge has not been significant in
holography, it has common features with the derivative expansion of fluid/gravity corre-
spondence: both are of the Eddington-Finkelstein type with one null radial coordinate and
a retarded time [19-27]. This intimate relationship holds in the conventional AdS/CFT
holography as well as in the more recent and embryonic Ricci-flat/Carrollian-field-theory
limit of the former, in its Ricci-flat-gravity /Carrollian-fluid emanation [28, 29].

This latter viewpoint arouses new challenges around the Bondi gauge. Not only should
we further delve into its rather novel anti-de Sitter side and understand the mass and
angular momentum aspects, the news tensor, the asymptotic symmetries etc., but also
translate the properties of the bulk in terms of the boundary geometric and hydrodynamical
data, irrespective of the situation — asymptotically AdS or flat. This last feature is utterly
unexplored, and three dimensions provide again a vast arena.

The motivations of the present work on three-dimensional Einstein gravity are multi-
ple, and concern evenly locally anti-de Sitter and locally flat spacetimes. At the first place
we would like to discuss the complete solution spaces, as they appear from fluid /gravity cor-
respondence, in Bondi, or in Fefferman-Graham gauge (when applicable). Our aim for such
an exhaustive analysis is bound to the fact that the solution spaces are the antechamber
for determining the asymptotic charges and their general algebras. According to [30-34],
these algebras are expected to be bigger than the standard double Virasoro or bmss, but

concrete realizations in terms of solutions are rather sparse.?

Prior to investigating the
algebras, we need to unveil the residual diffeomorphisms and this is our second task, which
goes along with setting the precise diffeomorphisms required to pass from one gauge to
another. This last step enables us to clarify the interplay between the Bondi gauge and the
derivative expansion of fluid/gravity, and describe Bondi data in terms of boundary fluid
variables, which is our third intent.

The general solution space emerging from fluid/gravity correspondence is analyzed in
section 2, grounded in two-dimensional hydrodynamics, which we recall for that purpose.
This study covers both relativistic and Carrollian fluids, together with their gravity-dual
anti-de Sitter or Minkowski spacetimes. Six arbitrary functions of two boundary coordi-
nates define the solution spaces, and the residual diffeomorphisms are generated by four
functions, for which we provide the variations and composition rules. The Bondi gauge
is introduced in section 3, accompanied with its solution space (five functions) and the
corresponding residual diffeomorphisms (three functions). Its relation to the fluid/gravity
gauge is also discussed there, and amounts to simply switching off one of the six functions

'Extend the Fefferman-Graham gauge so that Weyl covariance be manifest has been achieved only
recently in ref. [18].

In ref. [29], specific corners of the solution space were illustrated within fluid/gravity correspondence.
These exhibit indeed different subalgebras of the expected complete algebra of asymptotic charges.



present in the fluid/gravity description. This function is one component of the fluid veloc-
ity, and consequently the Bondi gauge amounts to choosing a specific hydrodynamic frame.
The coordinate transformation necessary to reach the Bondi gauge from any point of the
fluid /gravity solution space is a specific residual diffeomorphism of the latter, generating
a change of hydrodynamic frame, i.e. a local Lorentz or Carrollian boost. We exhibit ex-
plicitly this diffeomorphism. Finally, section 4 is devoted to the Fefferman-Graham gauge,
following the usual pattern: solution space (five functions), residual diffeomorphisms (three
functions) and the explicit coordinate transformation necessary to reach Fefferman-Graham
from Bondi. An appendix supplements our exposition with some detailed expressions for
the Bondi gauge (appendix A), and a note (appendix B) on the algebra of residual diffeo-
morphisms, as it emerges from our study in section 2.2, nicely fitting the results available
in the current literature. An alternative and complementary presentation, including a use-
ful Mathematica notebook and summarizing the current analysis is also available in the
conference contribution [35].

2 The fluid/gravity correspondence and its derivative expansion

2.1 From the boundary ...

The standard relativistic fluids. A relativistic fluid flows on a pseudo-Riemannian
spacetime along a congruence u with norm |[ul|> = —k? (k plays here the role of velocity
of light and will be related in the next section to the bulk cosmological constant). The
heat current q being transverse, it is aligned in two dimensions with the Hodge-dual?® su,
normalized as || * u? = k%

1
q=x*u with x= —at ut T u” (2.1)
the local heat density, appearing here as the magnetic dual of the energy density
1
€= ﬁTwu“u”. (2.2)

In these expressions, we have used the energy-momentum tensor T = T}, dz#dz”, which is
symmetric. The spacetime metric ds?> = guwdxtdx” can also be expressed in the Cartan

coframe {u, xu} as
1

ds? = 2 (—u2 + *u2) . (2.3)
The energy-momentum tensor takes the form:
1 2 2 1 2
T = 252 ((5+X)(u+*u) + (e — x) (u—*u) )+ﬁ(p—5+7')*u , (2.4)
where, 7 is the viscous stress scalar, unique component of the viscous stress tensor
1
Tuw = Thy  with  hy, = e * Uy, * Uy (2.5)

the projector onto the space transverse to the velocity field. The trace reads: T#, = p—e+7.

3Qur conventions are: *u, = u’n,, with 17,, = /|det g| €,, and o1 = +1 (there is a minus sign with
respect to [35]). Hence 71, = §%. The Hodge-dual of a vector is the Hodge-dual of the form with the
index raised. Vectors are spelled with plain text letters (u), while one-forms will be displayed in ordinary
boldface (u).



It is admitted — and extensively discussed in the literature (see e.g. [36-42]) — that
one can perform local Lorentz boosts on the velocity congruence, while keeping intact
the energy-momentum tensor and the entropy current. This freedom may be reduced by
setting some constraint, locking the fluid in a specific hydrodynamic frame. At this stage,
we wish to keep the freedom on the fluid velocity field complete: on the one hand, because
a hydrodynamic-frame transformation is not totally innocuous (see [40]), in particular
regarding global properties, as shown in [29]; on the other hand, because the core of the
present work relies on the control of the bulk gauge freedom, and a boundary velocity
transformation amounts to a specific bulk diffeomorphism, which we will exhibit in the
next section.

There is no shear or vorticity in two spacetime dimensions. The only non-vanishing
first-derivative tensors of the velocity are the expansion scalars © = V, u/ and ©* = V  *u*,

equivalently defined as the exterior derivatives of the velocity forms?
S} e*
d*u:ﬁ*u/\u and du:ﬁ*u/\u, (2.6)

or in the Lie bracket of the velocity vectors
[u, *u] = ©"u— O xu. (2.7)

All information about the Levi-Civita connection in the frame {u,*u} is encapsulated
in © and ©*. In particular, the acceleration is expressed as a, = u”V,u, = ©**u,. These
data can be combined into the Weyl connection one-form

1 1, .
A:ﬁ(a—@u):ﬁ(@ xu— Ou). (2.8)
The corresponding field strength is a two-form with a Hodge-dual scalar
1 *
e (*u(0) —u(0")). (2.9)

This scalar features the Weyl curvature of the two-dimensional geometry. The ordinary

F = «dA = 99,4, =

Christoffel-Riemann curvature is

R=2d'A = % (u(@) + 02 — su(0*) — @*2) : (2.10)

Under Weyl transformations ds? — ds®/s2 the velocity-form components u,, are mapped

to wu/B. The Weyl connection one-form transforms as A — A — dInB, and its scalar
field strength F' has weight 2 — as opposed to the Christoffel-Riemann scalar, which
has a weight-2 anomalous transformation. In order to preserve the Weyl transformation
properties of a conformal tensor, the ordinary covariant derivative V should be traded for

the Weyl-covariant combination 2 = V+w A, w being the conformal weight of the tensor.

4Some remarks on notation are necessary in order to avoid confusion. The hodge-dual of a scalar spells
with a suffix star and is a two-form; ©™ is just another scalar. For any vector v and a function h, v(h) stands
for v, h. We remind the following identities: dh = 5 (*u(h) * u — u(h)u), *dh = 7 (+u(h)u —u(h) * u),
d'w = xd*w = —V*w, and Oh = —d'dh = 7 (+u(*u(h)) + ©* x u(h) — u(u(h)) — Ou(h)). We quote also
* (U A xu) = k2



The dynamics of a relativistic fluid, subject to an external force of density f, is captured
by the equations
VT = fo, (2.11)

supplemented with an equation of state. In holographic systems, the local-equilibrium
equation of state is conformal, € = p, and the energy as well as heat densities have weight 2.
For non-vanishing viscous stress scalar, the fluid is conformal only when global equilibrium
is assumed.

Anticipating the analysis of section 2.2, we will here introduce a special class of fluids,
dubbed holographic, for which

_ kR 1 > o o2
= e T (u(©) + 6 — +u(6) - ©?) (2.12)

and
fv=-V¥D,, (2.13)

with D, the components of the following symmetric and traceless tensor:

1 k2
B3V — T *y _ v 2 2\ _
D,,dztdz” = eI ((u(@) + *u(0*) 5 R) (u + *u ) 4% u(O)u * u) . (2.14)

The force vanishes if and only if the boundary geometry is flat and Weyl-flat. Com-
bining (2.11), (2.12), (2.13) and (2.14), we find the longitudinal (energy) and transverse
(momentum) fluid equations:

{L = u(e) + 20¢ +xu(x) + 20X — g [Fu(F) +20°F] = 0 (2.15)

ET = xu(e) + 20*c +u(y) + 20x = 0.

These equations are Weyl-covariant of weight 3.

We conclude this rapid overview of the two-dimensional relativistic dynamics with a
generic parameterization of u and *u, in terms of four arbitrary functions, I', A, v® and
7, of two coordinates {u, ¢}. This will be useful, when dealing with a specific gauge, as in

section 3. The expressions for the forms are®

u= k2 (dvu T A (qu - v¢du)) . su=kD (d¢ - v¢du) : (2.16)
and equivalently for the vectors
w=7 (0 +0%0,), = % (99 + Ay (0 +v%05) ) - (2.17)

Among the four functions, v® and v have a clear physical meaning: the physical velocity
of the fluid and its Lorentz factor. The boundary metric (2.3) reads:
du? A 2
& =~k 4+ 2k =du (A — vPdu) + (12 - k2A%) (d¢ — v*du) . (2.18)
Y
SUsing eqs. (2.6) we obtain the relativistic expansions: ©* = % (—8¢ Iny+ 7 <8uA + 0¢ (Avd’))) and
0 = £ (0uT + 95 (Tv?)).

d




The more exotic Carrollian fluids. The Carrollian world emerged with the seminal
work of Lévy-Leblond [43]. Although kinematically restricted due to the vanishing veloc-
ity of light (here k), the corresponding symmetry is as big as for Galilean systems, and
provides a rich palette of mathematical [44-53, 55-57] and physical [58—-63] applications,
mostly in relation with asymptotic symmetries of Ricci-flat gravitational backgrounds, and
possibly with their holographic duals [64-69]. Assuming the latter exist, the study of their
hydrodynamic regime calls for a theory of Carrollian fluids. Discussions or attempts for
designing Carrollian (or generalized Galilean) hydrodynamics can be found in [70-77]. A
comprehensive study was performed in [78]. This is based on the systematic analysis of
relativistic hydrodynamics in the limit of vanishing light velocity. It has led to a set of
Carrollian fluid equations, proven successful when applied to the description of flat holog-
raphy [28, 29]. Going beyond the hydrodynamic regime requires a deeper understanding
of Carrollian field theory, yet at a primitive stage (see e.g. [79]).

Carrollian fluids “flow” on Carrollian manifolds. The intrinsic definition of a Carrollian
spacetime is very precise: it is a fiber bundle equipped with a degenerate metric of one-
dimensional kernel and an Ehresmann connection. What a Carrollian fluid is, from first
principles, is not so clear because motion is forbidden when the light cone shrinks. For this
reason we rather consider it as a limiting instance of a relativistic fluid. The zero-k limit
is not a priori well defined, and assumptions should be made both for the fluid and for the
metric of the original spacetime.

It is possible to choose a specific gauge (like the Papapetrou-Randers of [78], or the
light-cone coordinates introduced in [29]) so that, in the Carrollian limit, the fluid equations
are manifestly covariant under Carrollian diffeomorphisms i.e. coordinate transformations
such that v/ = v/(u,x) and 2’ = 2/(x). In these coordinates u is the time, and the vector
Oy defines the kernel of the Carrollian metric.% In the systems at hand, space has a single
direction, carried by d, (note that ¢ is not necessarily compact). We will nevertheless
refrain from locking the gauge at this stage. The equations will be less explicit but more
convenient for our purposes.

The kinematics of the fluid goes along with the geometry (it is encoded in the metric
— see (2.3)). We must therefore assume the appropriate behavior of the forms {u,x*u}
and vectors {u,*u} for the Carrollian limit to exist, and use this behavior to define their
Carrollian counterparts. This is inferred from the simplest example of a fluid at rest in
flat spacetime with metric ds?> = —k2du? + d¢?; hence the forms read u = —k?du and
xu = kd¢, whereas the corresponding vectors are u = 9, and *u = kdg. With this, we
define the Carrollian forms

im 2 — i Y
S T (219
so that”
df? = lim ds? = «p? (2.20)
k—0

SUsually time is spelled t. However, when the holographic map is realized in Eddington-Finkelstein
coordinates, the boundary time is associated with the bulk advanced time u, which should not be confused
with the boundary fluid velocity vector u or form u, the components of the latter being u*, u® and u., ug.

"Slanted bold fonts will be generally used to designate Carrollian forms. They will carry different names
since no map exists between tangent and cotangent spaces — the metric is degenerate.



is the Carrollian metric. Similarly, for the vectors, the prescription is

*U

= i = lim —. 2.21
vEm = 221
These obey

pv) = =1, spu(xv) =1, *pu(v) =0, p(xv)=0, (2:22)

so that the Carrollian-time direction v is the kernel of the degenerate metric (2.20) (i.e. the
vertical subbundle of the Carrollian manifold) — see also [53, 54]. Due to this degeneracy,
forms and vectors are not related to each other by lowering /raising indices, and this is why
we have assigned different symbols to them. Simultaneously, we have implicitly defined the
Hodge duality, that cannot be introduced with its usual definition because the determinant
of the metric vanishes.®

Using the scalings (2.19), (2.21), as well as the definitions (2.6), (2.7), we reach the
Carrollian expansions ¢ and 6* via

dxp=0xpuAp and du=0"*xpuAp, (2.23)

or with the Lie bracket of the Carrollian velocity vectors
[v,%v] = 0"V — 0 % v. (2.24)

These are related to the relativistic expansions through®

f=1lim0O, 6 =lim 6— (2.25)
k—0 k=0 k

Furthermore, the Carrollian spacetime defined with the forms p, *p, vectors v, v and
degenerate metric d¢? is naturally equipped with a Carrollian Weyl connection and its
descendent Carrollian curvature scalars. These are obtained using the vanishing-k limit of
the relativistic data, but everything could be defined from first Carrollian principles — and
will be ultimately expressed in terms of the above Carrollian building blocks. We obtain
the Carrollian Weyl connection

A=1lmA=0"xu—0p (2.26)
k—0
and its Carrollian curvature (the minus sign is conventional)

s=—lim kF = v(6*) — xv(0) = — x dA. (2.27)

k—0
The ordinary Riemann-Christoffel curvature R defined in (2.10) is singular, and allows to
define two Carrollian curvature scalars as the coefficients of the terms of order 1/x2 and
1 respectively: 7z = 2 (v(0) + 62) and ry = 2 (*v(6*) + 6*?), where the indices stand

8In order to make this definition complete, we should further require that g = **u as well as * (u A *u) =
1, and similarly for the vectors. We will not expand these formal issues here. We refer instead to the
appendix A of [54], where the Carrollian Hodge dual at hand was defined — eq. (A.41).

9The scalar 6 defined here is slightly more general than previously introduced in [28, 29, 78]. It accounts
for extra contributions, which were separately displayed in those references.



for longitudinal and transverse with respect to v (kernel of the Carrollian metric). These
scalars can also be defined from first Carrollian principles as pieces of a curvature introduced
in [78], or alternatively as parts of a torsion [54].

A Carrollian fluid has dynamical variables inherited from the ancestor relativistic hy-
drodynamics, namely energy and heat density. Following [29, 78], we will assume that in
the zero-k limit, the energy density is finite and non-vanishing. In order to avoid cluttering
of notation, we will keep the same symbol ¢ for the Carrollian variable. Regarding the heat
current, it must vanish linearly so that

¢=lim X (2.28)

will play the role of Carrollian heat density.!”

Given the above kinematical data w, g, v, *v and the dynamical variables e, { describ-
ing a Carrollian fluid flowing over a Carrollian manifold, the holographic fluid equations
are obtained as the Carrollian limit of the longitudinal £ and transverse 7T relativistic
equations'! given in (2.15):

limy,_0 £ = v(e) + 20 + 125 [*v(s) + 26*s] = 0,

(2.29)
limy_o T = *v(e) 4 260% + v(¢) + 26¢ = 0.

An alternative version of Carrollian fluid equations can be found in refs. [29, 78]. There,
the equations are displayed in the Papapetrou-Randers gauge, where the invariance under
Carrollian diffeomorphisms and conformal transformations is manifest.

Following the parameterization (2.16) and (2.17) for the relativistic data, we present

here their Carrollian relatives:!2
d
/J:—Tu—i—A(dgb—v(ﬁdu), *p:F(d¢—v¢du),
2.30
v =" ((% + v¢8¢) *U = l% + Ay (Gu + v¢8¢> . 2
’ r r

Among the four arbitrary functions I'(u, ¢), A(u, ¢), v®(u, ¢) and (u, ¢), only two pertain
to the Carrollian metric (2.20), which takes the form
2
de? =12 (dg — v’du) (2.31)
2.2 ...to the bulk

Locally anti-de Sitter spacetimes. The fluid/gravity correspondence maps relativistic
fluid configurations onto Einstein spacetimes. In this holographic duality, the fluid flows on
the conformal boundary of the asymptotically (locally) anti-de Sitter bulk. The metric of

10T his quantity was spelled . in [29], referring to a Carrollian heat current 7 introduced in that work.

"The factor k in the definition of 7~ (eq. (2.15)) is instrumental for delivering a sensible Carrollian limit
in the momentum equation. A similar precaution is necessary for dealing with the Galilean limit (see the
standard textbook [36], or [78] for a simultaneous and general treatment of Galilean and Carrollian limits).

2The Carrollian expansions are defined in eqs. (2.23). They read: 0" =
L (—0sny+75 (0uA + 05 (Av?))) and 0 = 2 (3ul + 0, (Tv?)).



the latter is obtained in the form of a derivative expansion [19-22], inspired from the fluid
homonymous expansion. The fluid derivative expansion consists in expressing the heat
current and the stress tensor as expansions in increasing derivatives of the fluid velocity
and temperature fields (and possibly chemical potentials — see [36-39]). Similarly, the
derivative expansion of the bulk metric is set up order by order in inverse powers of the
holographic coordinate r, which is a null radial coordinate.

The fluid/gravity correspondence is not bijective. Not every Einstein space is dual to
a relativistic fluid — a simple counting of degrees of freedom upholds this statement. This
reservation is lapsed the moment we allow for non-hydrodynamic modes, which bring about
extra contributions in the fluid and metric expansions, not captured in velocity derivatives.
It is customary to keep calling this a “fluid/gravity derivative expansion,” even though it
is, strictly speaking, neither fluid, nor derivative, and use it as a framework to describe any
Einstein spacetime. This direction has been pursued in a series of works [23-27], dealing
at the same time with the possibility of resumming the expansion (see below).

Concretely, the fluid/gravity derivative expansion appears in an Eddington-Finkelstein
form without complete gauge fixing — as opposed to Bondi or Fefferman-Graham (see
sections 3 and 4). At each order enter the boundary tensors of appropriate conformal
weight, ensuring the invariance of the bulk with respect to boundary Weyl transformations.
These tensors are usually, but not necessarily, derivatives of the velocity field. The radial-
evolution Einstein equations fix this expansion, whereas the constraint equations translate
into the boundary fluid dynamics.

In some general classes, the derivative expansion can be resummed. In those instances,
the heat current and the stress tensor are exactly determined by geometric tensors, hence
expressed as finite-order derivatives of elementary fields. This is expected to hold in arbi-
trary dimensions, and has been demonstrated in four-dimensional bulk, where the boundary
Cotton tensor is the fundamental geometric object that provides the fluid data.

Three dimensions are peculiar because most geometric and fluid tensors vanish (like
the shear or the vorticity). As a consequence, only a few quantities, compatible with
conformal invariance remain.'® These include the heat current, which enters freely and as
an independent function the derivative expansion. The latter terminates at finite order

and we find:
u r e
dshi iein = 2? (dr + yo) (O xu— @u)> + r2ds® + R (eu+ x *xu), (2.32)
€ = p and x being the energy and heat densities of the fluid, u and *u its velocity and dual
velocity form fields, and ds? the boundary metric expressed as in (2.3). When inserted in
Einstein’s equations with A = —k?, adopting the triad {dr,u,*u} as Cartan coframe, the

metric (2.32) solves
e the radial components, rr, ur and *ur;
e the transverse components, uu, *u*xu and *uu, provided the fluid energy-momentum

tensor (2.4) obeys
V" (T, + Dy) = 0, (2.33)

13Reminder: u, *u, r, € and x have weights —1, —1, 1, 2 and 2.



where D,,, are given in (2.14), and the viscous stress scalar 7 carries the conformal
anomaly (2.12). The covariant derivative in (2.33) is associated with the Levi-Civita
connection of the boundary metric ds?, and egs. (2.33) are equivalently spelled in the
form (2.15).

According to the method of ref. [16], the holographic energy-momentum tensor of the
bulk metric (2.32) turns out to be the sum

Ty =Ty + Dy (2.34)
Hence, an alternative for the holographic-fluid energy-momentum tensor could have been
T, w- Decomposed as in (2.4), the latter would have led to different energy and heat densities
than € and x, namely

1 . R
s (1(8) + 5u(6"))

5 1
X—X—m*u(@)a

E=c+ -,
167G (2.35)

whereas 7 = 7 because D, has vanishing trace. This option would have rendered the
expression for the bulk metric less natural, and somehow blurred its Carrollian limit (dis-
cussed in the next paragraph), because of divergences at vanishing k, occurring in the tilde
energy and heat densities (see [29] for details). It is nonetheless important for discussing
the boundary local Lorentz transformations i.e. the changes of holographic-fluid boundary
frame, and their translation into bulk diffeomorphisms.

A comment is worth making at this stage. Even though all relevant information carried
by the energy-momentum tensor (e, x, 7, u and *u) is used for the reconstruction of the
bulk metric (2.32), in the gauge at hand, the energy-momentum tensor does not appear in
the metric as a single piece of holographic boundary data. This is to be contrasted to what
happens in the Fefferman-Graham gauge, where the entire energy-momentum emerges at
a specific order in the radial, holographic expansion — see section 4.

Expression (2.32) is partly on-shell. It depends on six functions: e(u, ®), x(u, ¢), the
two components of u (u,(u,¢) and uy(u, ¢)) and those of su (xuy(u, ) and *uy(u, @))
— as displayed e.g. in egs. (2.16). It exhibits the most general locally AdS spacetime
in Eddington-Finkelstein coordinates, whenever these six functions obey (2.15). There is
one more function than in Bondi gauge, as we will see in section 3, precisely because the
derivative expansion is not constructed as a gauge, i.e. it ensures only a partial gauge
fixing. In fact, the extra degree of freedom corresponds to the (local) arbitrariness of
hydrodynamic frame, and is absent in Bondi gauge — where the fluid flows in a frame
dubbed Bondi hydrodynamic frame.

Given (2.32), it is legitimate to wonder what the residual diffeomorphisms are. These
are transformations, which keep (2.32) form-invariant, while modifying its building blocks,
u, *u, € and y. Our motivation for such an analysis is twofold. At the first place this will set
up the stage for the comparison with Bondi or Fefferman-Graham gauges. In addition, the
set of residual diffeomorphisms is a prerequisite for determining the asymptotic charges and
their algebra. With the universal form of the derivative expansion at hand, it is expected

~10 -



to recover the general algebra advertised in [30, 32], extending thereby the partial results
obtained in [29].

Since the derivative expansion is a partial gauge fixing, the residual diffeomorphisms
encompass an arbitrary function of all bulk coordinates [13]. These are generated by a bulk
vector field, expressed either in the natural bulk frame {0,,d,}, or in the Cartan frame
{0y, u, *xu} that can be adopted for the bulk:

uy, EF *u, EH

g = é.raT + Suaﬁt = gra’l‘ - k2 u k2

*, (2.36)

where all three components depend on r and z#. They can be expressed as an 1/r power
series. Inspired by the analysis performed in Bondi gauge, we make here the ansatz to
terminate this series at first order:

T T T 1 T 1
& =rfy o)+, &= €0yt ;ﬁﬁ)y (2.37)

where ) = 5&(% and &) = 56)8M are boundary vector fields, and 5(_1), 5(0) as well as
{(1) boundary scalars. The subsequent analysis is based on the Lie derivative of the bulk
metric along &; it is ultimately recast in boundary language.

The condition'* Ze¢Gyrr = 0 enforces transversality for §(;) with respect to u:

Z

with Z an arbitrary boundary scalar function. The conditions stemming out from .Z;G,,,

result in 4
T T ™
f(—l) = S, §<1) = —TXZ, (239)

where S is another arbitrary boundary function, while y is the boundary fluid heat density.
The treatment of .Z:G ), imposes

1
o) = —Vuby) = % (0"Z +*u(2)), (2.40)

whereas the boundary vector §) remains unconstraint and expressed in terms of two
arbitrary functions f and Y:

Y
So) = fut 2 *u. (2.41)
Summarizing, the residual diffeomorphisms are linearly encoded in four arbitrary func-
tions of the boundary coordinates: f, Y, S and Z. The components of their generating
vector fields are

1 e 1 A
€= (7‘5 ~ (077 ++u(2)) - ;XZ> O+ fut o <Y + r) £ . (2.42)

11 order to avoid any confusion, we will generically spell the bulk metric as
dstun = GundzMdz™ = G,.dr® 4 2G,drdz® 4 G, da*dz”,

where Gy are functions of all coordinates.
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The effect of these diffeomorphisms on the bulk metric (2.32) is reflected entirely in the
variation they produce on the boundary data, which uniquely define the bulk solution
space. These data are the velocity field and its dual form, for which'®

5§uM:—(S+®]:Y+u(f)> uu+k(2—ff+*u,if))*uu (2.43)
and ) v
e = o (K2 -0y +u(Y)) u, — <S+ of + *“; )) * Uy, (2.44)

as well as the energy and heat densities:

xu(e)
k

bee ==Y — fu(e) + 2S¢ —2kZx + b [kFZ — G*u]iZ) — u(*u(Z))] (2.45)

47 G

and

Sex = —Y *UISX) — fu(x) +2Sx — 2kZe + o+ 1) *u(*u(Z))} . (246)

1
4rG [ k + k
Under these transformations, the relativistic hydrodynamics equations (2.15), obeyed by
the boundary data, remain unaltered.
The variations of the velocity fields (2.43) and (2.44) are of the generic form including
a longitudinal and a transverse component

Sguy = —Yuy + " xwy, O *uy = wuy, — w sk uy, (2.47)

where ¢*, 1, w and w* are read off directly in egs. (2.43) and (2.44) (see also (B.1),
(B.2), (B.3), (B.4)). These four functions provide a choice for parameterizing a residual
diffeomorphism, alternative to f, Y, S and Z. The variations of the corresponding vectors
and of the boundary metric read simply'®

deut = put +wr kU, e xut = PTut 4w ut, (2.48)

and
2
Seds? = =2 <¢u2 —wxu 4+ (W =P ux u) . (2.49)

A boundary Weyl transformation is therefore induced with w* = ¥* and w = . Ultimately,
the boundary metric is invariant if furthermore w = 1 = 0; ¥ measures therefore the
change of scale in the metric (see appendix B for a more elaborate discussion). We will
now interpret ¢*.

A local Lorentz transformation is a one-parameter subset of the residual diffeomor-
phisms that leave the boundary metric invariant. It acts on the velocity fields as

opu \ ., (*u opu \ ., (*u
()-o () = () (D)

50ur convention for the variation J¢ is the opposite of that used in [35].
We also quote: §:0 = ¢0O + w*O* + xu(w*) — u(w) = SO —u(S) — fu(®) — Y@ +k(ZO* + xu(2))
and §:0* = O + wO* — *xu (Y)) + u (¢P*) = SO — *xu(S) — fu(6*) — Y%e*) +k(Z0 +u(Z)).
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where anticipating the output, we have used the parameter ¢* appearing in eqs. (2.47),
(2.48) and (2.49). This transfromation produces

5.0 = #u () + O ", 6LO° = u(y*) + OP*. (2.51)

By definition, this is the hydrodynamic-frame transformation, which keeps invariant the
boundary geometry (i.e. the metric (2.3) and its Riemann-Christoffel curvature R (2.10)),
together with the energy-momentum tensor TW given in (2.34). The latter requirement

sets (see [29])
< ) = —21&( (X) _ ”L/J < > (2 52)
6[ X 3 7]’ '

while d;,7 = 0 because 7 = 7 = B/sxG (see (2.12)). Applied to (2.35), the transformation
rules (2.50), (2.51) and (2.52) lead to the actual energy and heat-density variations

d
o L[ | su(su ()
X =—2'e+ = |0 — 5=+ — . (2.54)

Comparing (2.50), (2.53), (2.54) with the general expressions (2.47), (2.45), (2.46), we
conclude that the hydrodynamic-frame transformations of the boundary fluid correspond

to a subset of the bulk residual diffeomorphisms generated by a vector field (2.42) with
f=Y=5=0and ¢* =kZ:

b= —13 (079" +xu (¥")) 9 — — (k2 X0 — kg) : (2.55)
In the parameterization (2.16), the Lorentz transformation (2.50) acts as
¥ ky* kA
I = k*A A= ¢ — = . 2.
5L kw ’ 6L L’ 5LU ")/F ’ 6L’7 T ( 56)

Considering again the complete family of residual diffeomorphisms parameterized by
four functions f, Y, S and Z, one may wonder how these are composed. The answer to this
question requires the use of a modified Lie bracket (see e.g. [5]), which suitably accounts
for the effect that the geometry variation produces on the generators:

§3 = [€1;52]M = [51762] + 65152 - 55251' (2'57)

This bracket endows the family of generators (2.42) with the structure of a Lie algebra,
which in turn provides the composition rules of fi, Y7, S1, Z1 and fo, Yo, Sa, Zs:

f3=S1fa = Sofi + Z1Y2 — ZoY1 + % (Yifo = Yaf1) + d¢, fo — 6y f1, (2.58)
Y3 = 851Ya — oY1 + K (Z1fa — Zaf1) + © (f1Ya — fo¥1) + 0, Yo — 0, V1, (2.59)
S3 = fiu(S2) — fau(S1) + % (Y1 xu(S2) — Yoaxu(S1)) + 0¢, S2 — 0,51, (2.60)
Zs = fiu(Z2) = fau(Z1) + % (Y1 xu(Z2) = Ya*xu(Z1)) + 6, Z2 — ¢, Z1. (2.61)
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In these expressions, the last two terms (d¢, fo — dg, f1 etc.) vanish whenever f,, Y,, S, and
Z, are field-independent diffeomorphism parameters. This happens e.g. for the Lorentz
boosts discussed above (where furthermore Z3 = 0 as a manifestation of their abelian
nature), but needs not be so in general. We will not elaborate any longer on the above
algebra, some further information is available in appendix B. It is very general and allows
to recover some previous results [29-32, 34, 46] aiming at extending the standard Witt
(or BMS — see next paragraph) residual-symmetry algebras emerging in three spacetime
dimensions. This analysis is the starting point for the determination of the surface charges.

Locally Minkowskian spacetimes. In the conventional fluid/gravity holographic cor-
respondence, the relativistic fluid flows on the conformal boundary. In the limit of vanishing
cosmological constant, the conformal boundary is traded for null infinity, which is indeed
a Carrollian spacetime. Simultaneously, the relativistic fluid is mapped onto its Carrol-
lian limit, defined at null infinity. One therefore expects that, for well-behaved relativistic
fluid configurations, i.e. such that the limits (2.19), (2.21) hold, the Carrollian counter-
parts should provide the building blocks for reconstructing asymptotically flat spacetimes
with a Carrollian derivative expansion. This was successfully analysed in refs. [28, 29].
Indeed, under the assumptions recalled here, expression (2.32) is regular at vanishing k
with the limit

dsfy = 2p (dr +7 (0% * p — Op)) + r2dé® + 87Gu (sp + C * p) . (2.62)

The boundary (more precisely null-infinity) data are the Carrollian velocity forms p and
«p (their expansions 6 and 6* are defined in (2.23) or (2.24)), the energy density ¢ and the
Carrollian heat density ¢ (see (2.28)). The Carrollian degenerate metric d¢? is built on *u
(see (2.20)), and the Carrollian geometry is completed with the data v and *v, associated
with the Carrollian fluid velocity.

The metric (2.62), abusively called flat derivative expansion, has a finite number of
terms and it is not completely off-shell as it satisfies R,, = Ry, = Ry = 0 (we use
the Cartan triad {dr, p, *u}). However, the remaining components of the bulk Ricci tensor
Rup, Rypsy and R,y vanish if and only if the Carrollian fluid equations (2.29) are satisfied.

The above is a remarkable result, which provides the general expression of locally flat
spacetimes in Eddington-Finkelstein coordinates. Again, six functions of two boundary
coordinates describe the dynamics: p = i, (u, ¢)du + pg(u, @)de and *p = *p, (u, ¢)du +
/1 (u, ¢)deg (possibly parameterized following (2.30)), as well as e(u, ¢) and ((u, $). As in
AdS, this is one more than in Bondi gauge (see section 3).

The residual diffeomorphisms of the locally flat metric (2.62) are parameterized in
terms of the same functions as its anti-de Sitter counterpart (2.32). These are f, Y, S and
Z, and depend on the two boundary coordinates. They appear at the first place in the
variations of the holographic data w, *u, € and ¢, which in turn transform the bulk metric
in a form-invariant manner.

The generating vector fields for the residual diffeomorphisms are of the form (2.36),
and can be explicitly obtained through an analysis of the metric Lie derivatives, similar
to that performed in the anti-de Sitter case. The result coincides with the zero-k limit
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of (2.42), which can be spelled in the bulk vector frame {0,, v, xv}:
4G A
€= (7«5 —0*Z — 50(Z) — 7;<Z> O, + fu+ (Y + T) % . (2.63)

Again, these vectors depend on four arbitrary functions. Using (2.43) and (2.44)) together
with (2.19), (2.21) and (2.25), we find

Sett = — (S +6°Y + () p+ (Z = 0°f + +0(f)) *

(2.64)
e p = (V) = 0V ) — (S +0F +50(Y)) %,
as well as
dev=(S+0Y +u(f) v+ (vY)—=0Y)*v, (2.65)
dexv=(Z—0"f+*0(f))v+(S+0f+*(Y))*v. '
These relations enable us to write the transformation of the Carrollian metric:!?
6edl® =25 pbe xp = —2(S+0f ++0(Y))de® + 2 (v(Y) — 0Y) p * . (2.66)

The transformations at hand keep the Carrollian metric degenerate. They induce a Weyl
transformation under the condition v(Y) = 0Y (see appendix B for further details). If
furthermore S + 6f + *v(Y) = 0, the bulk diffeomorphisms do not affect the boundary
Carrollian metric; they include local Carrollian boosts, as we will see in a short while.

Finally, starting from (2.45) and (2.46), we obtain the Carrollian counterparts of the
energy and heat density transformations:

dee = =Y *xv(e) — fu(e) + 25 — ﬁ [sZ 4+ 0%v(Z)+v(xv(Z))] (2.67)

with s being the Carrollian Weyl curvature (2.27), and

0e( ==Y xv(¢) — fu () +25¢—2Ze + ﬁ 0" xv(Z) + *v (xv(Z))] . (2.68)
The transformations under consideration respect the Carrollian fluid equations (2.29).
Before ending this paragraph, we should discuss the fate of the boundary local Lorentz
transformations, i.e. the hydrodynamic-frame freedom in the Carrollian limit. Although
by essence this freedom is lost, requiring the scaling of the parameter ¥* as ka in the
transformation rules (2.50), enables us to recover a non-trivial Carrollian remnant as

dop=axp, ocxpu=0, dcv=0, Joc*v=au, (2.69)

resulting in

dcf =0, 6cf" =v(a)+ ba, (2.70)

"Following footnote 16, we find here: §¢6 = SO — v(S) — fu(0) — Y x v(0) and §¢60* = SO* — xv(S) —
fu@*) =Y xv(0")+ Z0 + v(Z).
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and keeping the Carrollian metric (2.20) invariant (see (2.66)). This is a local Carrollian
boost. Thanks to the scaling ¢¥* = ka, egs. (2.53) and (2.54) have a smooth vanish-
ing-k limit,

dce = —ﬁ [sa+ 0 xv(a) + v(xv(a))] (2.71)
and .
dcC = —2ae + P (0% % v(a) + *v(xv())] . (2.72)

We can compare (2.69), (2.71) and (2.72) with (2.64), (2.65), (2.67) and (2.68). We observe
that the Carrollian descendants of the hydrodynamic-frame transformations are a subset
of the bulk residual diffeomorphisms generated by (2.63) with f =Y =S =0and Z = «:

€0 = — (0% o+ *v(a)) O, — % (47 GCD, — #v). (2.73)

This is indeed the Carrollian limit of (2.55). Again, using the parameterization (2.30), the
transformation (2.69) results in

6 =0, dcA=al, 6cv®=0, dcy=0, (2.74)

which is the vanishing-£ limit of (2.56).

Finally, using the modified Lie bracket (2.57), the set of generators (2.63) acquires
the structure of an algebra with composition rules fitting the vanishing-k limit of (2.58),
(2.59), (2.60), (2.61):

f3=S1fo— Safi + Z1Yo — ZoY1 + 60" (Y1 f2 — Yaf1) + 0¢, f2 — 0¢, f1, (2.75)
Y3 = 51Y2 — SoV1 + 0 (f1Ya — foV1) + 6, Yo — O, Y1, (2.76)
Ss = fiv (S2) — fav (S1) + Y1 % v (S2) — Yo s v (S1) + d¢, S2 — 0¢,51, (2.77)
Zs = fiv(Z2) — fov (Z1) + Yr x v (Z2) — Yax v (Z1) + 6¢ Z2 — b, 2. (2.78)

Observe the different Y composition (2.76), compared to its anti-de Sitter counter-
part (2.59). It reflects the known differences among residual symmetries in flat and anti-de
Sitter spacetimes, as e.g. the BMS substituting the Witt algebra. The above result gener-
alizes and unifies previous discussions on this matter [29, 33, 46].

With the achievements collected in the current section, we are equipped for com-
paring the AdS or flat fluid/gravity Eddington-Finkelstein gauge with Bondi or Feffer-
man-Graham gauges.

3 The Bondi gauge and its hydrodynamic frame

3.1 Gauge fixing, solution space and residual diffeomorphisms

In Bondi gauge, the metric takes the form [1, 3, 5]

ds? = e%%du2 — 2e¥dudr + g (d¢ — Udu)?. (3.1)

~16 —



Four undetermined functions define a priori the three-dimensional metric: [B(u, ¢,r),
V(u,¢,7), g(u, ¢,r) and U(u, ¢,r). The gauge-fixing conditions are indeed

Grr =0, Gry=0, (3.2)

plus the determinant condition
Or <r2 ) =0, (3.3)

which leads to g = r2e?¥ with ¢ a function of (u, ¢).

Bondi gauge can be generalized in higher dimensions. In contrast with the fluid /gravity
derivative expansion, it is defined a priori off-shell, and accounts exactly for the local degrees
of freedom irrespective of the dynamics. It can be used for finding Einstein or Ricci-
flat spacetimes — or non-vacuum solutions. Generically, Bondi gauge possesses residual
diffeomorphisms generated by vectors &(u, ¢, ) = £0, + £“0y + £¢6¢, and obtained by
requiring (see e.g. [5])

LG =0, LiGry =0, 0, (G ZG) = 0. (3.4)

Solving the latter, we find

R (3.6)
— 5(0) ¢ - 7"’2 ’ :
& =1 |w+UdE" = 0,6% — 0500 — €"Dugp| (37)

where fﬁ)), 52%) and w are arbitrary functions of (u, ¢). It turns out that Gd’d’.i”gGw = 2w.

In order to compare (3.1) with the fluid/gravity expressions (2.32) or (2.62), we must
solve the rr, r¢ and ru components of Einstein’s equations with and without cosmological
constant. Since G,, = 0 irrespective of A = —k?, the radial equation is R,, = 0. This is
solved with 8 = fBy(u, ¢). Similarly, the r¢ equation is R,4 = 0 and leads to

2 N

U = U[) + *62(ﬂ0_¢)8¢ﬁo — 762(60_@) (3.8)
r r

with Up(u, @) and N(u,¢) two arbitrary functions. Finally, the ru equation depends ex-

plicitly on A, and so does its general solution, which reads:

% 4N N2
== —r2k2e?P0 — 2 (0,0 + OyUo + Updgp) + M + 7e2(ﬁﬁ0>a¢ﬁ0 - TTeQ(ﬁO*@ (3.9)
with M (u, ¢) yet another function. In summary, the metric is parameterized by five arbi-
trary functions of (u, ¢): ¢, Uy, By, M and N.

With these results, the Bondi metric (3.1), now partly on-shell, fits exactly the
fluid /gravity expressions (2.32) or (2.62), provided the boundary-fluid velocity field is
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chosen appropriately, namely with ug or ug frozen to zero. This defines a specific hy-
drodynamic frame, which will be referred to as Bondi frame.

e For relativistic fluids, uy = 0 amounts to setting A = 0 in egs. (2.16) and (2.17).
Thus, the Bondi-frame velocity forms are

d

u= —k‘Q—u, su = kT (dgb - v¢du) . (3.10)
Y

These expressions bear three arbitrary boundary functions, i.e. one less than for

generic velocity fields. With those, the boundary metric (2.18) reads:

o du?

2
ds? = —k r 2 (d¢ - v¢du> . (3.11)

e For Carrollian fluids, the equivalent objects are again expressed in terms of three
arbitrary functions, I'(u, ¢), v®(u, ¢) and y(u, ¢):

du
p=———, sp="(d¢—0v%du). 3.12
S ( ) (3.12)
The Carrollian degenerate metric (2.31) is now
2
de? =12 (d¢ - v¢du) . (3.13)

The fluid/gravity geometric and kinematic data T', v® and 7 are related to the partly

on-shell Bondi functions ¢, Uy and 3y as follows:'®

P=c? o*=Uy y=e P, (3.14)
Finally, the fluid energy and heat densities read:
87Ge = e 2P0 M + 4e727 (9y0)° (3.15)

and
ArGx = —ke PN or 4rG( = —e YN (3.16)

for the relativistic or Carrollian situation, respectively. These exhibit the expected rela-
tionship between the Bondi mass and the fluid energy density, as well as the remarkable
identification of the angular-momentum aspect with the fluid heat density.

The bulk metrics at hand solve all Einstein’s equations, provided the energy and heat
densities obey the hydrodynamic equations (2.15) or (2.29), respectively for the relativistic
and Carrollian case. Indeed, the remaining uu, u¢ and ¢¢ equations are the uu, *u*u and
xuu equations in the anti-de Sitter triad, or the pp, *p*p and xpp in the flat counterpart.

18Using the expressions for the expansions displayed in footnotes 5 and 12, we obtain %* = 0" =

—20sIny =2e ¥04P and © = 0 =~y (au InT 4+ %9, InT + 8¢v¢) = e 2% Dy + UpOypp + 05U0).
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The hydrodynamic equations can be expressed explicitly in terms of the functions ¢, Uy,
Bo, M and N, with non-vanishing or vanishing k. These are displayed in (A.1) and (A.2).

In section 2.2, we presented a detailed analysis of the residual diffeomorphisms. Irre-
spective of A, these were generated by four arbitrary functions f, Y, S and Z. For these
diffeomorphisms to respect the Bondi hydrodynamic frame, we must require that de¢ug = 0
or d¢ty = 0. Using eqgs. (2.43) or (2.64) and imposing uy = 0 or pg = 0 we find:

. _ _ 0" (/)
¢—0<:>Z—kf A

Z=0"f—xv(f), (3.17)
in anti de Sitter or Minkowski respectively. Using (3.14), this is recast as
1 _
Z = _Tra‘b(ﬁ) = —e 7 (9sf —2f0sP0) (3.18)

and the corresponding & (eq. (2.42) or (2.63)) fits the Bondi residual diffeomorphism gen-
erator found in (3.5), (3.6), (3.7) with

gy = e f, &y = e Y + e 1T, (3.19)
and v
w:S-i-@f—i-*u]({: ) or w=S+8f +xu(Y), (3.20)
fitting exactly the w introduced in eqgs. (2.47) as an auxiliary function (together with w*,
Y and ¥*).

The effect of these diffeomorphisms on the data defining the solutions (T, v?, ~,
g, and x versus (, or ¢, Uy, By, M and N) is inferred from the general expres-
sions (2.43), (2.44), (2.45) and (2.46), or (2.64), (2.67) (2.68), by setting uy =0 or py =0
and using Z as given in (3.17) or (3.18). We gather these formulas in appendix A and
carry out the algebra of Bondi residual diffeomorphisms (depending on three functions, f,
Y and S) in appendix B.

3.2 From an arbitrary hydrodynamic frame to the Bondi frame

We would like to close this section and investigate the class of diffeomorphisms connecting
the Bondi frame to arbitrary frames of the fluid/gravity Eddington-Finkelstein gauge. This
amounts to restoring (or removing) the sixth function of the solution space (ug or je) using
some appropriate (and non-unique) combination of the four functions labeling the general
residual diffeomorphism. Put differently, this specific combination will parameterize the
component ug Or fig.

To this end, we should perform an appropriate residual diffeomorphism, and the most
economical corresponds to a boundary local Lorentz or Carrollian boost. This family has
been identified in section 2.2 as generated by the vectors (2.55) or (2.73), labeled by a
unique arbitrary function of boundary coordinates, ¥* or a. We will provide a unified
treatment for anti-de Sitter or Minkowski, using Z = ¢"/k = a.

In the universal parameterization (2.16) or (2.30), the form components “s/k or pg
are identified with A, and the effect of the diffeomorphisms under consideration on the
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function A is precisely a shift (see egs. (2.56) or (2.74)):
SA = ZT. (3.21)

Hence, starting from a frame with non-vanishing A, i.e. laying outside the Bondi gauge,
we can reach the latter using a diffeomorphism generated by (2.55) or (2.73) with ¥*/k =
a = Z = —A/r, assuming A small. Keeping the lowest A-order in the components of the
generating vector field, we find the following coordinate transformation:

=71+ & owy + 0 (A%) =7 - %a(ﬁ Iny + %ad,% 4”GA4 0(A%),  (3.22)
up =u+ £y A)+O<A2> :u+O(A2), (3.23)
¢B=¢>+§¢\O(A +0(a?) = ¢——+O<A2) (3.24)

We have dropped the index L or C in the generating vectors (2.55) or (2.73) because,
expressed in terms of A (and ( instead of x), the latter do not depend on k. The infinitesi-
mal coordinate transformation (3.22), (3.23), (3.24) relating the Bondi frame to some more
general hydrodynamic frame is the same, irrespective of the bulk being AdS or Minkowski.
However, due to the explicit k-dependence of the variations produced by this generator
(see (2.43), (2.44), (2.45), (2.46)), their integrated, finite transformations will depend on
k, as we will shortly see.

In order to treat situations with arbitrary A, i.e. initially far from the Bondi gauge,
one should integrate the orbits of the above generating vector fields. This can be performed
in a series expansion in powers of 1/r, and at lowest order the diffeomorphism leads to

T v _ O (n2 g
== gy | S0 In o ey (A0A = KTOUT) 4 1 (a? - KT?)
1
_ 1/, :
TR (AD,A KI‘@uI‘)] + O(1/r), (3.25)
gy — 1 = —g +O(1)2) (3.26)
and 1A
o —¢=—- (I‘2 + 0K ) + O(1/r?). (3.27)
The function K(u,¢) is defined as
1 k2AZ2 1
K=S5\l+ % = (3.28)

and the coordinate transformation at hand is regular in the flat limit thanks to
AQ
lim K = —. 2
a5 = o (3.29)

The functions € and x (or ¢) will appear at higher order in the 1/r expansion.
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4 The Fefferman-Graham gauge for anti de Sitter

The mathematical foundations of holography rely on the existence of the Fefferman-Graham
expansion for asymptotically anti-de Sitter Einstein spacetimes [14, 15]. This expansion is
based on the following ansatz, which defines the Fefferman-Graham gauge:

d 2
ds? = kTppZ + Goplp, v)dz*da?, (4.1)
reflecting the gauge-fixing conditions
1
pp = k‘Tp2’ GPB =0. (42)

As for the Bondi gauge, there are residual gauge diffeomorphisms, which preserve the
gauge-fixing conditions (4.2). Their generators satisfy

LGy =0, %Goy=0. (4.3)

The explicit solutions to these equations are given by

d/
&= po, € =6y~ 500 [ ), (4.4)

where o and f(%) are three arbitrary functions of z¢.

In the gauge at hand, one can find the general three-dimensional solution to Einstein’s
equations in the form of a truncated series expansion in powers of p?. We impose the
preliminary boundary condition Gos = O(1/p?) — the conformal boundary is located at
p = 0. Solving the pp and pf Einstein’s equations we obtain

Gaplpo) = p 2 GO (x) + GO () + p?CL)(2), (4.5)

where Gglg) is determined by Ggoﬁ) and Ggg as

G\ = 7G< ey (4.6)

This simple computation illustrates the general Fefferman-Graham ambient metric con-
struction [80], according to which asymptotically locally anti-de Sitter spacetimes are de-

termined by a set of independent boundary data, here G&OB) and Gfg.

The first piece, G&Oﬁ), is interpreted as the boundary metric, generically spelled gqg.
2

It is not subject to any conditions. The second, Gaﬂ, appears as a boundary tensor,
the trace of which, computed with the boundary metric must be proportional to the

Riemann-Christoffel scalar of the latter: Tr {G(Q)} = %2 It is related to the holographic
energy-momentum tensor [16, 81] as®”
Tus = 2 (62) - gustr [6®]). @)
4rG

19We normalize the energy-momentum tensor with an extra factor 2k compared to the quoted literature.
This heterodox choice is made to comply with the normalizations used in the fluid/gravity approach of
section 2, based on the standard relativistic-fluid energy-momentum tensor (2.4).
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This tensor is tracefull with 7, = @—;R, where ¢ = 3/2kG is the three-dimensional Brown-
Henneaux central charge [82, 83]. In particular, the remaining «f field equations trans-
late into the covariant conservation of Tag with the boundary Levi-Civita connection:
V“Taﬂ = 0. This is a set of differential equations for the boundary data, encoded in five
arbitrary functions.

Owing to the solution (4.5), we can reconsider the residual diffeomorphisms of the
gauge at hand, eq. (4.4). These are given in a closed form, where the p dependence is

explicit. Expanding in powers of p we find

k2,02 k2p4 9
& =0p, € =€)~ 5 9"0p0 + TQMG%Q‘W 90 + 0 (p°). (4.8)
Under these residual gauge diffeomorphisms, the unconstrained part of the solution space
transforms as

O¢Jap = =Lty 9ap T 209as; (4.9)

while the constrained part transforms as

0G0 = ~ L, GO + 2—;23@0%6 (4.10)
with o = ¢g*» 0300,. Equation (4.9) provides the transformation of the boundary metric,
whereas the variation of the energy-momentum tensor (4.7) can be extracted from (4.10).

For the sake of completeness, we would like to mention a further restriction on the
boundary, often called in the literature Brown-Henneaux condition [82]: the boundary met-
ric is frozen to be the flat metric g, = 1,,. When imposing this condition we recover the
usual asymptotic symmetry group in AdSs, i.e. the conformal group. Indeed, (4.9) becomes

OeNuw = —.,2”5(0) N + 201, = 0. (4.11)

Therefore the symmetry algebra is uniquely specified by a boundary vector §(¢ that belongs
to the boundary conformal algebra. Using this phase space, one can compute the associated
surface charges and their algebra, and deduce the Brown-Henneaux central charge.

We would like to end this overview on the Fefferman-Graham approach, and relate it to
the Bondi gauge discussed in section 3. In both gauges, the solution space is spanned by five
functions, obeying a system of two conservation equations. Suppose we start with a locally
AdS spacetime in Bondi gauge, coordinatized with (r, u, ¢) and labelled by ¢(u, ¢), Up(u, ¢)
and Bo(u,d), as well as M (u,¢) and N(u,p). What is the explicit diffeomorphism that
achieves the mapping of the spacetime under consideration onto the Fefferman-Graham
gauge, and what are the fundamental data labelling the solution in this gauge?

In order to answer these questions, we follow [10, 11] and proceed in two steps. We
firstly move from Bondi to tortoise coordinates (r,u, ¢) — (r*,t*, ¢*):

kr=—cot (kr*), u=t"—1r* ¢"=0. (4.12)
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Fefferman-Graham coordinates (p, t, 1) are reached in the second step as series expansions:

r* = Ri(t,0)p + Ra(t, 9)p* + Rs(t,9)p° + O (p*), (4.13)
1=t Ti(19)p + Tolt, )0 + To(t,0)° + O () (1.14)
9" =0+ O1(t,0)p + Oa(t, ) + O3(t,9)p + O (p*). (4.15)

The functions T;(¢,9), Ri(t,¥) and O;(t,9) can be worked out explicitly. For the sake of
brevity, we report here only the first orders:

Ry(t,9) = 45, (4.16)
Ry(t,9) = — e % (0,Up + UnOpp + Orp) ,
T(t0) = 3z (1= 7). (@)
Ty(t,9) = — e 150 (2500, Uy + Uy (050 + €20 0,0) + 010 + €20 0y0] '
and

O1(t, ) = — He 2,
@Q(t, 19) = ﬁ [2672(’08(1550 + %67450 (atU(] + Uy (8¢U0 — 28tﬁo) — 2U38¢50>} .

(4.18)

In all these expressions, the functions ¢, Uy and [y have arguments (¢, ).

The transformations (4.12), (4.13), (4.14), (4.15), map the metric (3.1) with (3.8)
and (3.9) onto (4.1). In the latter Fefferman-Graham form, we read off the boundary data
G(aog an(jl G((fﬁ), equivalently cast as boundary metric g,g and boundary energy-momentum
tensor T,,3. We find

Jopdr®dz? = k%" dt? 4 % (d9 — Updt)?, (4.19)

which is precisely (A.3) with (u, ¢) replaced by (, 1), whereas T}, T}y and Tyy coincide with
Tu, Ty and Ty displayed in (A.4), (A.5), (A.6) with all arguments (u, ¢) traded for (¢, 9).
In the same vein, the transformations (4.12), (4.13), (4.14), (4.15), map the Bondi residual
diffeomorphisms (3.19), (3.20) onto the residual gauge diffeomorphisms found in (4.8) for
the Fefferman-Graham gauge with

Eoy =" €y =Y + e fUL,

(4.20)
0= —w+e POyY + e 20 f (8,0 + Updyp + dyUp) = —5.

The latter result is valid at leading order only, because the residual-diffeomorphism gen-
erators are field-dependent. In order to achieve the exact mapping, one has to take this
feature into account [84].

These results do not come as a surprise. The conformal boundary is located at
p = 0 in the Fefferman-Graham gauge, which corresponds to infinite r according to
the above diffeomorphism. This is in agreement with the analysis performed in the
fluid/gravity side (section 2), which includes the Bondi gauge (section 3). On the
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conformal boundary, the Fefferman-Graham/Bondi coordinate transformation trivializes
(see (4.12), (4.13), (4.14), (4.15)): u =t and ¢ = . Hence, the boundary metric and the
holographic energy-momentum tensor remain unaltered. This observation does not down-
play the present analysis. As already stressed in section 2.2, although the holographic
reconstruction of the bulk from the boundary is successfully conducted in the Eddington-
Finkelstein gauge of fluid /gravity correspondence, the holographic energy-momentum ten-
sor cannot be singled out in the derivative expansion — in dimension higher than three it is
actually scattered in many orders in the 1/r series. The information is present though, and
our observation here is that it can be recomposed by an appropriate diffeomorphism, which
does not alter the boundary. The radial coordinate is space-like for Fefferman-Graham and
light-like in Bondi gauge (and in more general hydrodynamic frames of the fluid/gravity
correspondence), but their complicated relationship simplifies on the boundary.

5 Conclusion

The salient features of the present work come as our response to two basic questions. What
is the solution space of the fluid/gravity derivative expansion viewed as a gauge, and what
are its residual diffeomorphisms? Where do the conventional Bondi and Fefferman-Graham
gauges stand regarding fluid/gravity, and how is this web woven?

The fluid/gravity derivative expansion is a sort of Eddington-Finkelstein gauge, where
the anti-de Sitter or flat bulk spacetimes are described in terms of six functions. These
account for all boundary data: geometry, fluid kinematics and fluid dynamics — relativistic
or Carrollian, i.e. for AdS or Minkowski, respectively. These data obey two evolution
equations, the energy and momentum conservation laws, which feature the two transverse
Einstein’s bulk equations.

The set of residual diffeomorphisms is generated by bulk vectors depending on four
arbitrary functions. These parameterize the variations produced in the bulk, reflecting
faithfully the variations of the boundary data, and mapping on-shell fluid configurations
onto each other. Of these transformations, one has a special status. It generates boundary
local boosts (Lorentz or Carrollian), which leave the geometry as well as the fluid dynamics
invariant, but modify its kinematics. This is the well-known hydrodynamic-frame freedom,
generically valid for relativistic fluids, which occasionally survives in specific Carrollian or
even Galilean instances.

One of the six defining functions can be used to lock the boundary-fluid velocity.
Equivalently one of the four residual diffeomorphisms provides the designated tool for
changing hydrodynamic frame. Remarkably, the Bondi gauge is part of the fluid/gravity
landscape with the mass identified to the fluid energy density, and the angular momentum
to the heat density. It corresponds to a specific hydrodynamic frame we have named Bondi
frame. This explains why, from the fluid side, the Bondi solution space is supported by
five arbitrary functions (obeying two equations), while it is form-invariant under a three-
parameter family of diffeomorphisms. It also makes the relationship of the Bondi to the
general fluid/gravity gauge straightforward: every general fluid/gravity configuration is
amenable to Bondi frame using a diffeomorphism associated with a boundary local boost.
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Integrating the generating vector into a finite transformation is challenging, and should be
considered as a noticeable achievement of the present work.

The Fefferman-Graham gauge stands somehow aside. It is valid exclusively in anti
de Sitter and its holographic coordinate is space-like. The holographic data, metric and
energy-momentum tensor, appear at precise leading and subleading orders. This is a key
feature of this gauge, to be opposed to what happens in Bondi or more generally in the
fluid /gravity derivative expansion, where the information stored in the energy-momentum
tensor is spread in various orders of the radial expansion. In the Fefferman-Graham gauge
the fluid is immaterial, no quantity such as a fluid velocity exists, and the solution space
is described by five arbitrary functions satisfying two equations. It has residual diffeo-
morphisms generated by three functions, as in Bondi gauge. Our original contribution
was to uncover explicitly the diffeomorphism relating them, mapping the fluid bound-
ary data in the Bondi frame onto the Fefferman-Graham holographic metric and ener-
gy-momentum tensor.

This work sets the stage for further investigation in several directions. The most
straightforward and appealing part of this program is definitely the determination of the
phase space and asymptotic charges. We unravelled here the algebra obeyed by the residual
diffeomorphisms of the fluid/gravity solution space. This is the first step towards a complete
understanding of asymptotic symmetries,?’ which are expected to be richer than the double
copy of Virasoro or bmss appearing in Feffermann-Graham or Bondi gauge. This fact has
been demonstrated in [29] with a circumscribed determination of charges, sufficient though
to unveil the role of the hydrodynamic-frame change, pointing towards an improper gauge
transformation.?! It echoes some previous works stipulating that a complete gauge fixing
should definitely eliminate this sort of transformations [32, 33]. We expect more general
algebras to be concretely realized in the complete three-dimensional flat and anti-de Sitter
spacetimes discussed here within the fluid/gravity gauge, as those anticipated in [30-34].

Extending the present approach to higher dimensions is important and challenging. At
the first place, the fluid/gravity bulk reconstruction is based on a genuine expansion, ex-
cept when special assumptions are made, which guarantee its resummation [28]. Secondly,
contrary to what happens in three dimensions, the Bondi gauge is intersecting with (rather
than embedded in) the fluid /gravity Eddington-Finkelstein framing. Thirdly, the group of
Lorentz boosts has more than one parameter. All this disports a severe accretion of diffi-
culty, which should not be discouraging since translating Bondi into fluid data, including
Ricci-flat and anti-de Sitter backgrounds, is expected to be physically rewarding.
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A Solutions, diffeomorphisms and variations in Bondi gauge

We assemble in this appendix some explicit formulas in Bondi gauge. These include the
solution space and the variations induced by residual diffeomorphisms.

The solution space of locally anti-de Sitter or locally Minkowski three-dimensional
spacetimes in Bondi gauge (3.1) is parameterized by five functions I, v?, v, €, and x or ,
in the boundary-fluid language, or equivalently by ¢, Uy, 5o, M and N. The map between
these two analogue sets is given in eqgs. (3.14), (3.15) and (3.16). The functions ¢ and x
obey the hydrodynamic equations (2.15) or (2.29), which can be recast for M (u,¢) and
N(u, ) as

0uM = —2Myyp + 2M 8, By — 2M Uy + 2MUyd, B0 — 2MUpdsp — Updy M
+ 2k2e40 720 (9N + N (40480 — D)) — 262P0~ 20
x {0500 [8 (960)” — 40500480 + (D9)” + 40380 — 2030] — B3Uo
+ U [0 (80380 — 2030 ) + Ossp (030 — 2020 ) + 20380 — 93|
+20,050 (40580 — D) + Dudyp (Dpp — 2000) + 20,0350 — udlp} (A1)

and

1
OuN + Naugp = §8¢M + M8¢50 — 2N3¢U0 ) (8¢N + Na¢4p)
+ 4620722 19.(9,80)° — Dt (9580)° + 0o (930) | . (A2)
Equations (A.1) and (A.2) coincide with (2.15) for generic k, corresponding to bulk anti-de
Sitter spacetimes i.e. relativistic holographic fluids. These are defined on the conformal
boundary equipped with metric (3.11)

ds? = —k2e*Poqy? + 2° (de — Uodu)2 ; (A.3)

and their dynamics (A.1) and (A.2) qualifies the conservation of T defined in (2.34).
We expicitely display the latter, putting together all available information ((2.4)
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and (2.14), (3.10), (3.14), (3.15) and (3.16)):

- 1 4,2 2.8 2 2

+ et0t22 (26200 (M — ANTp) — ((05U0)° + UG (403 — 80500pp + (9p0)° )

+ (De)? + 20,U0 (Up (3950 — 404f0) + Osp)

+2Uo (20300 + (050 — 40480) Oup + 20:05) ) |

+ 12U [0 M + k72 ((05U0)° + U§ (2030 — 40580060 + (990)°)

+ 204500:Un + 01p(Dup — 40180) + 205U0 (2Uo (Dt — 9B0) — 20180 + 01p)

+ 205 (93U0 — 205B00up + Dysp (Oup — 20:0) + 20,050

+2 (0000 + 00) )|} (A.4)
Typ = %e—% {22550 N — 264 [0,y (20480 — Dgp) — 3U0

+ Un (2046005 — 03¢) + 20500hp — Di0s¢|

— 20Uy [ M + k72 ((95U0)° + U§ (203 — 40580060 + (990)°)

+ 204500,U0 + Ohp (Brp — 40,B0) + 20500 (20U (D0 — DsB0) — 20480 + Orp)

+ 20 (93U0 — 205B00up + Dpip (Oup — 20,0) + 20,050

+2 (20U0 + 00) )|} (A.5)

and

Ty %6—45(#2%0 {290 M + k72 [(9,U0)” + UG (203 — 4050050 + (95¢)°)
+ 20400 Uq + Orp (Opp — 40B0) + 204Uo (2Uo (9pp — 0gB0) — 20:80 + Orp)
+ 20 ((ﬁUo — 205P00up + Opp (Orp — 20, 60) + 26ta¢>80)
+2 (8t8¢U0 + 83<p) } } . (A.6)

In the bulk flat limit, reached at boundary velocity of light k£ = 0, egs. (A.1) and (A.2)
fit (2.29). They describe the hydrodynamics of Carrollian fluids defined on a boundary
equipped with the degenerate metric (3.13):

A2 = % (dp — Updu)?. (A.7)

In Bondi gauge, the residual diffeomorphisms are generated by a vector £ with compo-
nents displayed in (3.7), U given in (3.8) and (3.19) in terms of three arbitrary functions
f, Y and w. The effect of these diffeomorphisms on the above data (¢, Uy, o, M and
N) defining the solutions is inferred from the general expressions (2.43), (2.44), (2.45)
and (2.46), or (2.64), (2.67) (2.68), by setting ug = 0 or pg = 0 and using Z as given
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in (3.17) or (3.18). We find:

dep = —w, (A.8)
5eUy = k2e2H0=9) (20,80 — Dy f)
— e ?Y (04Uo + UgOpyp + Oup) + Ug0yY + 0,Y], (A.9)
1
5efo = —3 + 5¢ % [Un (F0up = Dpf) = Ouf + £ (95U0 + 0up)]
4 %e*w (05Y — 20,50, (A.10)

as well as
6N =wN +e ¢ (YNOyp — YO,N — 2NOsY) + e 2% {9, N
— £ [Uo (05N + NOgp) + N (205U + up)] — M (95 — 2f040)}
+e720 L0, [2(050)? — 02 + 404Bod0 — 8 (DePo)? — 402 o]
+2f (2005 (9580)* + Do (030 — 20260 — 2 (050)%)
+ 3000380 + 4 (9550)° — 0380 — 305003 f + 031}, (A.11)

and

0eM = wM — e % (YOsM + MOyY) — e 2% { f (UgdyM + 8, M)
+ M [Uo (Opf + f (Opp — 20450)) + Ouf + [ (OgUo — 20480 + Oup)] }
+ 2072 {—zk%%N (Do f — 2fyB0) — 204 fOUoDsp + DpUad2f — D5 fO2Uo
+ Uo [@;&f (23¢503¢<P — 20380 — 205 — 4 (9s50)* + (@zﬂﬂ)z) — 2045003 f
+ O3f +2f (20660 — Dgsp) (Dpodpp — 2030 ) + 0 Bo030 — 30 ) |
+ 20, f05B00sp — 40 f (0580)% — 20 B0 + D f s pDup — Dup D3 f
— 05p0us | — 2051 0uDpip + 0O + 21 DsUoyB00p — 4f DU (9480)°
— 2f05U00380 + 41 (9450)* Dup — 21 05 P00 dusp + 2fDupd3 B0
+ 2f0pp0u04 0 + 2f 03 B00upp — 81 DpB00u0yB0 — 2f 05 B0
+ 26200, 800w + 2670720, B0 (000 Y — O3V ) }. (A.12)

Again these expressions are valid for non-vanishing or vanishing k, i.e. for locally AdS or
locally Minkowski. The corresponding algebras, however are distinct.

B On the algebra of residual diffeomorphisms

The most general three-dimensional Einstein or Ricci-flat solution in Eddington-Finkelstein
gauge of fluid/gravity correspondence has been worked out in section 2.2. It depends on
six arbitrary functions and possesses residual diffeomorphisms, generated by the vector &
given in (2.42) for anti de Sitter, and parameterized by four functions of the boundary
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coordinates: f, Y, S and Z. Four auxiliary functions have also been introduced:

=5+ +u(f) (1)
W =kZ — O*f + #u(f), (B.2)
w:S+@f+*u](€Y>, (B.3)
kw* = k*Z — OY +u(Y), (B.4)

as coefficients in the variations of the fundamental fields u, and *u, (egs. (2.47)).

With the modified Lie bracket introduced in (2.57), the generating vector fields form
an algebra, which obeys egs. (2.58), (2.59), (2.60), (2.61). We have already pointed out
that if f,, Yo, Sa, Z, are field-dependent, the last terms, like d¢, fo — d¢, f1 in (2.58), do
not vanish. This happens if we chose as fundamental parameters some of the auxiliary
functions introduced in (B.1), (B.2), (B.3), (B.4), or any combination thereof, in which
case the f,, Yy, Sa, Zo will depend on the boundary velocity fields and be sensitive to
another diffeomorphism. A standard paradigm stems out of the requirement that the
boundary vector §(g) (2.41), which packages conveniently two of the four functions (f and
Y') and is duplicated here for clarity

Y
5(0) = fu+ T * U, (B.5)

be a fundamental parameter i.e. field-independent. Demanding d¢, {(p)2 = 0 and using the
transformation rules (2.48), we find

Y-
5§1f2 = —T/Jlfg — wff, (551Y2 = —kwffg — W1Y2. (BG)

With those variations, eqgs. (2.58), (2.59) are recast as

*

f3 = fiu(fe) — fau(f1) + % (1Yo — foY1) + % (Y1 xu(fa) — Y2 xu(f1)),

(B.7)
1
Ys=o (xulz) - Yaxu)) + O (Y1f2 = Y2 f1) + fru(¥2) - fou(hr),
which are equivalent to
$0)3 = [5(0)175(0)2} : (B.8)
Equations (2.60), (2.61) can also be expressed using the boundary vector fields &),
S3 = &)1 (52) — §(0)2 (S1) + 8¢, S2 — b¢, 51, (B.9)
Zy = oy (Z2) — &oy2 (Z1) + 6, Za — 0¢, 21 (B.10)

The general structure of the algebra is a semi-direct product of the {f,Y} component
with two extra factors, S and Z. The final form of the latter depends on the variations
of S and Z.

e If S and/or Z are chosen as fundamental parameters the last two terms in egs. (B.9)
and/or (B.lO) dI‘Op: (551 SQ = 55251 =0 and/or (551 ZQ == 5§2Z1 =0.
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e It may be convenient to select alternatively ¢ and/or ¢* as fundamental parame-
ters, and thus demand ¢ 92 = dg, Y1 = 0 and/or 6¢, 95 = d¢,907 = 0, which, us-
ing (B.1), (B.2), (B.3), (B.4), make it possible to determine ¢, S2, d¢,S1, d¢, Z2 and
d¢, Z1. Putting everything together, we find

3 = hiw; — oy
*

— %(u(YQ) —OYs — kxu(fo) + kO fo)

Y

2 (u(Y1) - OY1 — kxu(fi) +kO" ), (B.11)

and/or

Yy =] (w2 — 2) — P35 (w1 — 1)
Yf

= = (u (Y) = ©'Y) — ku(f2) + kO f2)
_ % (+u (Y1) — ©*Y] — ku(f1) + kO f1), (B.12)

showing in passing that the directions 1 and 9* are inequivalent inside the algebra.

Possible combinations defining the full algebra, besides &, are {S,Z}, {¢, Z}, {S,¢*}
or {1, ¥*}.

The same pattern can be pursued for locally Minkowski three-dimensional spacetimes.
Again four functions f, Y, S and Z capture all information about the asymptotic Killing
vectors (2.63), which now obey (2.75), (2.76), (2.77) and (2.78). The boundary vector (B.5)
subsists as a tangent field over the Carrollian boundary spacetime

§o) = fo+Y*uv, (B.13)
and requiring its invariance as d¢, §(g)2 = 0, is equivalent to
0 fo = —th1fa —auYs, 6 Ya=—(v(Y)—=0Y) fo —wiYa. (B.14)

Observe that the auxiliary functions 1 and w, defined in (B.1) and (B.3), are well-defined
in the Carrollian limit, as is & = ¥"/k in (B.2):

Y=S+60Y +v(f), (B.15)
a=27—6f+xv(f), (B.16)
w=S4+0f+x*v(Y). (B.17)

However, kw* in (B.4) ceases depending on Z: its vanishing-k limit is v(Y) — Y, and
this is at the heart of the breakup between flat and anti-de Sitter asymptotic symmetry
algebras. Equations (2.75), (2.76) now read:

f3 = fiv(f2) = fav (f1) + 0" (1Yo — foY1) + Yi v (f2) — Yo x v (f1),

(B.18)
Y3 =Yi*xv(Ya) = Yaxv (Y1) + f1 (v (Y2) — 0Y2) — fo (v (Y1) — 0Y1),
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so that (B.8) still holds for the vectors (B.13), and the full algebra includes (B.9) and (B.10).
Again, we can chose 0g a9 = 0g,a1 = 0 and/or d¢, )2 = 0gY1 = 0, and express (B.9)
and (B.10) for ¢ and/or o using (B.16):

g =aq (v (Ya) — 0Y2) — az (v (Y1) — 6Y1), (B.19)
ag = a1 (w2 —2) — g (w1 — 1)
= a1 (xv (Y2) = 0"Y2 —v (f2) + 0f2)
—ag(xv (Y1) —0"Y1 —v (f1)+6f1). (B.20)

The option still exists to adopt S and/or Z as fundamental parameters, in which case
egs. (B.9) and/or (B.10) are in use, after discarding the last two terms.

At first glance, the asymptotic symmetries of three-dimensional locally flat or anti-
de Sitter spacetimes seem very similar (e.g. eqs. (B.7) vs. (B.18)). However, significant
differences turn up when investigating specific corners of the above algebras, as we perceive
for instance in comparing (B.11) and (B.19). This deserves a separate comprehensive study,
out of place here. We can nonetheless rapidly browse through a few illustrations.

1. Boundary Weyl transfromations. The variation of the boundary metric un-
der general residual diffeomorphisms of anti-de Sitter bulk solutions is captured in
eq. (2.49):

eds® = % (qu —wxu? + (W =) ux u) . (B.21)

We infer from the latter that a diffeomorphism generates a boundary Weyl trans-
formation under the conditions ¥ = w and ¥* = w*, which explicitly read (us-
ing (B.1), (B.2), (B.3) and (B.4)):

o* s«u(Y)

u(f)—&-?Y: .

+Of, uY)-06Y =kxu(f) - kO*f. (B.22)

These equations are equivalent to demanding that gy be a boundary conformal
Killing field.?? Indeed, the Lie derivative of ds? along &(0) evaluates to??

,2”5<0)d52 = % (— (Y —S)u+ (w—8)xu?+ (P* —w*)ux u) , (B.23)
which under the above Weyl conditions, simplifies to Zg(mdsz =2 (w — S)ds?. Hence,
the diffeomorphisms at hand are still characterized by four functions f, Y, ¢ and ¥*
(or S and Z), although the former two are not arbitrary, but must obey (B.22). Their
algebra is the product of the boundary conformal algebra (satisfying (B.8)) with two
extra factors (obeying (B.11) and (B.12)): the boundary local Lorentz boosts ¢* —
hydrodynamic-frame transformations — and the boundary rescalings ¢. Both are
abelian ideals due to the Weyl conditions: 13 = 0 and 3 = 0. The result for v is

*2Getting y =T = 1 and A = v® = 0 in the parameterization (2.16), conditions (B.22) translate into the
usual chirality requirements: 9, f = 93Y and 8,Y = k*0, f.

Z3We use result [5(0), u] =(S—¢Y)u+(kZ —w")*uand [5(0), *u] = (kZ — ™) u+ (S — w) *u, which has
a Carrollian counterpart: [5(0),0} =(S—yY)v+ (Y —v(Y)) *v and [-f(o), *v] =Z-a)v+(S—w)*v.
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in line with the analysis of [5]. We have more here with ¢* — vanishing in Bondi
gauge.

In locally flat bulk spacetimes, residual diffeomorphisms produce variations of the
form (2.66) on the Carrollian degenerate boundary metric,

0edl? = 2% pude * p = —2wdl* + 2 (v(Y) — 0Y ) p * p, (B.24)
which are Weyl transformations if
v(Y) =0Y (B.25)

with no further restriction on w or ¢. This is a generalization of the more familiar
requirement 9,Y = 0, reached for v = 9, (ie. v =T =1, A = v¥ = 0 in the
parameterization (2.30)), which confers Y the status of circle-diffeomorphism (or line,
more generally) generator. Condition (B.25) simplifies the ¥ component in (B.18):

Ys =Y xv(Ya) — Yoxv (Y1), (B.26)

giving the {f,Y} algebra the standard semi-direct-product structure of conformal
Carroll groups (see e.g. [48, 49]). The imprint of the conformal nature of the symme-
tries at hand is also visible in the Lie derivative of the Carrollian metric along §):

‘ng)dﬁ =2(w—9)d +2(v(Y) = 0Y) p* p. (B.27)

Summarizing, the residual diffeomorphisms of flat spacetimes that induce a Weyl
transformation on the Carrollian boundary are described in terms of four functions
f, Y, ¢ and a (or S and Z) subject to the constraint (B.25). The algebra has
three (semi-)direct factors, associated with Y, ¢ and « (or S and Z). Amongst
the last two, the former, corresponding to boundary rescalings, is abelian under the
requirement of induced boundary Weyl transformations because 13 = 0 (see (B.19)),
in agreement with [5, 46]. However, according to (B.20), ag # 0 so that local Carroll
boosts do not define an abelian ideal; this should be contrasted with the analogue
anti-de Sitter situation.

Bulk diffeomorphisms leaving the boundary metric invariant are the subset w = 0 of
those under consideration here. These include the Lorentz or Carroll boosts (1* or «)
studied in more detail in section 2.2, together with the boundary diffeomorphisms
generated by conformal Killing vector fields (f and Y'). For locally Minkowski solu-
tions, the fourth direction 1 remains unaffected, while it drops for anti de Sitter.

. Locking the hydrodynamic frame. The function ¢* (or equivalently Z) controls
the diffeomorphisms that produce a change in the boundary hydrodynamic frame
— see section 2.2. Firming-up ¢* disables those transformations. This occurs in
the Bondi gauge, and can be generalized by keeping ug or g non-zero but fixed, as
opposed to Bondi, where ug = 0 or pg = 0, realized with A = 0. Hence, imposing
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d¢uy = 0 or dgpp, = 0 in (2.47) or (2.64) with A # 0, we obtain a generalization
of (3.17):

A A
Y = kfz/z or a= Fw' (B.28)

The residual diffeomorphisms are parameterized by f, Y and . For anti de Sitter,
these diffeomorphisms obey the algebra (B.8) and (B.11), while (B.12) drops off:

3 = % % (u(Yz) —OY2 —k*xu(f2) +kO"f2)
P2 () - 0%k u(f) + k0| (B.29)

For locally Minkowski spacetimes the algebra is (B.18) and (B.19):
A
s = 3 [ (v (Y2) = 0Y2) — o2 (v (Y1) — OY1)]. (B.30)

In Bondi gauge, where A = 0, 1 supports an abelian ideal irrespective of k, which
completes the {f,Y} component of the residual-diffeomorphism algebra. This en-
hancement of the symmetry algebra was obtained in ref. [30]. The abelian ideal
survives for non-vanishing A = 0 if we further restrict the bulk diffeomorphisms to
those producing boundary Weyl transformations (we combine then (B.29) or (B.30)
with (B.22) or (B.25)). However, for generic locked-frame (i.e. ¢* = 0) residual
diffeomorphisms, this ideal is absent.

The next two situations are borrowed from ref. [29], where they were used to uncover that
different hydrodynamic frames describe fluids with distinct global properties, encoded in
their gravity duals.

3. Fluids without heat current. These are relativistic fluids with y = 0, or Car-
rollian fluids with ¢ = 0. They are dual to a narrowed space of anti-de Sitter or
Ricci-flat solutions with residual diffeomorphisms generically restricted to Z = 0, in
order to ensure d¢x = 0 or d:¢ = 0 (see egs. (2.46) and (2.68), respectively). The
algebra of these diffeomorphisms is spanned by f and Y, plus ¢ (or S, as a matter
of convenience).

4. Fluids at rest. This is an antipodal situation with respect to 3, moving the degrees
of freedom of the fluid from the velocity to the heat current. According to a cer-
tain interpretation of the hydrodynamic-frame invariance, this confers an alternative
perspective on the same physical system. From our analysis the systems are distin-
guishable by the algebra of bulk conserved charges, foreseen in the set of residual
diffeomorphisms.

A fluid at rest is a sort of dual to a Bondi fluid. It has u® = 0 or u® = 0, which in
the parameterization (2.17) or (2.30) amounts to setting v® = 0. Again, the solution
space has five functions subject to fluid equations, and the residual diffeomorphisms
must respect the defining condition. Using (2.48) or (2.65) we find w* = 0 i.e.

EZ =0Y —u(Y) or vu(Y)=0Y. (B.31)
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These conditions affect more the anti-de Sitter solutions, as the diffeomorphism al-
gebra contains now f, Y and v*, than the Minkowski spacetimes, where all f, Y, «
and 9 (or S) remain with a restriction on Y only.

Further limitations to the solution space (and consequently on the residual diffeomor-

phisms) can be imposed on the situations 3 or 4, such as boundary Weyl-flatness or flat-

ness — making the holographic fluids in 3 genuinely perfect (according to (2.12) or its

Carrollian relative).
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