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1 Introduction

Holography, and in particular the AdS/CFT correspondence [1], has become a dominant
theme in quantum gravity, but nonetheless its precise formulation and explanation remains
controversial. The purpose of this paper is to more carefully examine possible properties of a
holographic correspondence, and in particular to investigate the role of gravitational effects.

Gravity has been argued to play an essential role in holography [2–6], via gauge in-
variance and the gravitational constraints. This question can be examined systematically,
beginning with scattering of states with weak gravitational fields, in large radius AdS.
Specifically, for such states, we expect to be able to study properties of the correspondence
in an expansion in small Newton’s constant G. One interesting point of comparison, to in-
fer the possible structure of holography, is the G = 0 limit, which we expect to correspond
to ordinary local quantum field theory (QFT) and not be holographic. Then, the structure
of gravitational effects can be investigated to higher orders in non-zero G. Such study in
fact suggests properties of the all-orders theory.

In addition to raising some puzzles, this analysis leads to two interesting conclusions.
The first is that in order to construct the candidate holographic map from Marolf’s ar-
gument [2–4], which relies on the equality between bulk and boundary hamiltonians, one
apparently needs to solve the all-orders gravitational constraints, which is tantamount to
knowing the bulk evolution. Second, when one examines the candidate boundary algebra
that follows from commutators of the boundary gravitational hamiltonian with operators
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near the boundary, it does not exhibit the closure properties that are expected for con-
structing a holographic map to a boundary theory.

This paper begins with some attention to setting up the basic framework; the next
section proposes a definition of a holographic correspondence as a bijective isometry be-
tween the “bulk” and “boundary” Hilbert spaces, formalizing common beliefs, reviews
other features of the correspondence, and raises some questions. Section three outlines
some expected properties of quantum gravity in AdS, particularly in the limit of weak
gravitational fields. Section four describes the G = 0 QFT limit of the correspondence,
and discusses properties that reinforce the expectation that this limit, with no gravity, is
not holographic. Finally, section five investigates the correspondence beginning with a per-
turbative expansion in G, but also inferring more general properties. In particular, a key
equation of holography, equality of the bulk and boundary hamiltonians, requires solution
of the gravitational constraints, which in turn requires gravitational dressing of states and
operators. All-orders solution of the constraints appears to be needed to give the argu-
ments for gravitational holography. One can then inquire whether the resulting dressed
operators have the desired properties; in particular, one finds that the candidate boundary
algebra doesn’t close in the fashion expected for a holographic description. Similar issues
are argued to arise in entanglement wedge reconstruction, which is briefly discussed.

2 What is holography? (Formalizing beliefs, and some questions)

We begin by stating some expected features of a holographic correspondence, such as that
between gravity (or string theory) in AdS5 and N = 4 super-Yang Mills; this is largely a
summary, but also sets up a proposed precise statement of the correspondence.

Specifically, the correspondence is commonly believed to be an equivalence between
quantum theories. The “boundary” theory is an ordinary quantum field theory (QFT),
with conformal invariance, and so should have a Hilbert space H∂ and operator algebra
A∂ with standard QFT properties. The “bulk” theory is quantum gravity; if it is indeed a
quantum theory, it is also expected to have a Hilbert space, HB. We also expect additional
mathematical structure on HB, e.g. an algebra of observables AB, etc., that is appropriate
for describing gravity, although the precise form of this structure is still unknown.1

An equivalence between these quantum theories is expected to be described by a map
between bulk and boundary states

HB
M−→H∂ (2.1)

that is one-to-one, onto, and preserves inner products, that is, M should be a bijective
isometry (sometimes called a global isometry). M therefore also has an inverse map. M
and its inverse also induce a map between the operator algebras acting on the two Hilbert
spaces; for example given an operator OB ∈ AB, the corresponding boundary operator is

O∂ =M(OB) = MOBM−1 . (2.2)
1We thus approach quantum gravity from a “quantum-first” perspective; for some recent discussion of

progress on these questions, see [7].
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Alternately, such an operator mapM, together with an identification of the vacuum states,
|0〉B → |0〉∂ , can be thought of as defining a map M .

One also expects equivalent global symmetry group SO(d, 2) acting on the two Hilbert
spaces, in the case of gravity in asymptotically AdSd+1, and an equivalence between hamil-
tonians HB and H∂ via (2.2). In the standard correspondence involving N = 4 super-Yang
Mills one of course expects the bulk spacetime to be AdS5 × S5, but we follow common
practice of ignoring the S5 as nontrivial dependence on these directions is expected to be
handled by standard Kaluza-Klein methods.

The parameters of the bulk theory are the D = d + 1-dimensional Newton’s constant
GD and the AdS radius R determined by the cosmological constant. The parameters
of a boundary SU(N) CFT are the coupling gYM, and N . For the correspondence with
AdS5 × S5 the parameters are related by

R4

l4p
= N (2.3)

where lp ∼ G1/8
10 is the Planck length. If the bulk is a string theory, one also has the string

length parameter ls = lp/
√
gYM; we will primarily focus on gravitational effects, for which

this is not relevant.
This discussion leaves us with a number of questions. A first question is, what is

the map M? This is of course closely connected with a second question of describing
HB and AB. Specifically, as we will outline in the next section, we expect to have an
approximate description of the bulk Hilbert space and algebra in a “correspondence” limit
of weak gravity. But, the problem of quantum gravity can be viewed as that of finding the
complete mathematical structure underlying bulk physics, which matches onto such a weak
gravity description in this limit [7, 8]. Obviously, if we did have a complete specification
of M , that could furnish such structure. (Conversely, if we understood HB and AB, we
might think of that as defining a boundary theory with Hilbert space H∂ .)

A more recent thread in the study of holography considers whether ensembles of the-
ories, with different values for the couplings, are relevant (see e.g. [9]). The simplest
possibility is that an ensemble of boundary theories corresponds to an ensemble of bulk
theories, through an ensemble of maps such as (2.1). However, it is also possible that a
bulk theory with an enlarged Hilbert space, due to topology-changing processes, induces
an effective ensemble of theories [10–13], and there is significant current discussion about
the exact role of such ensembles. This paper will focus on the traditional view of hologra-
phy, as a map between single theories, but is also expected to contain lessons for the case
of ensembles.

3 Expectations for bulk quantum gravity

While we don’t presently understand the complete mathematical structure on the bulk
HB, we do expect that we have a good approximate description of its structure in a weak
gravity limit. Specifically, assume that R � lp, so N � 1. Then, for example, we expect
that there are states with bulk energies E � 1/lp which behave just like QFT states on a
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background AdS spacetime, and in particular induce very small gravitational perturbations
to the geometry;2 moreover, there are such states with E � 1/R which are well-localized
compared to R. Since some SO(d, 2) transformations act like boosts, this symmetry also
implies that there are equivalent states that have superplanckian energies. The space of
such low-energy states, and their SO(d, 2) images, will be called HLE ⊂ HB.

There are additional states for which we expect a weak gravity description to be valid.
For example, the gravitational scattering of Oumuamua with our solar system certainly had
center-of-mass (CM) energy ECM � 1/lp, yet is expected to be well described within weak
gravity, and equally so if we lived in an AdS universe with R � 1010ly. Specifically, we
expect a valid description of physics via weak gravity and local QFT to hold in scattering
where CM energies of any subprocess (including multi-particle subprocesses) don’t exceed
a “locality bound [14–16],” given in terms of the CM separation between particles ∆x

E<∼
∆xD−3

GD
(3.1)

(for multiparticle subprocesses, we take ∆x to be the bounding distance for the collection of
particles). For energies violating the locality bound (3.1), we expect strong gravity effects
to be important, and a description via local QFT likely fails. Notice that this criterion also
allows ultraplanckian high-energy collisions, at sufficiently large impact parameter. The
space of states respecting such a locality bound, and their SO(d, 2) images, will be called
HLB ⊂ HB. Elsewhere in the literature, the terminology [17] “code subspace” is sometimes
used to describe a similarly-defined space of states.

In either HLE or HLB, one expects that gravitational effects in amplitudes are ac-
counted for via perturbative gravity, incorporating graviton exchange and radiation; in the
case of HLB, exchange of multiple gravitons (hence, loops) is relevant, but can be, e.g.,
treated as eikonalized single graviton exchange, so that strong gravity effects are not rele-
vant. This can be explained in terms of the small momentum transfer carried by any single
graviton line (due to “momentum fractionation”); for further discussion, see, e.g., [18].
This weak approximation fails when the locality bound (3.1) is violated.

We moreover expect that there are subspaces of HLE or HLB in which gravity is
completely negligible; one can consider states where lpE is negligible, or in the latter case,
those in which collision energies yield negligible GDE/∆xD−3. One can also formally say
that these states arise from taking the limit GD → 0, though the characterization in terms
of energy is more accurate since GD is a dimensionful parameter. Such states and their
evolution can be thought of as being accurately described entirely within QFT.

4 What holography isn’t

Holography has been believed to be a property of theories that are gravitational, or string
theories, and so it is conversely not an expected property of non-gravitational local QFTs,

2To avoid string scale effects, one also may require R � ls, or g2
YMN � 1, and a corresponding condition

on energies.

– 4 –



J
H
E
P
1
1
(
2
0
2
0
)
0
5
6

Figure 1. Shown is a small causal diamond D0 near the center of AdS, and a causal domain D1
near its boundary.

including those on an AdS background. This section will briefly explore properties of such
theories that support the latter expectation.

Consider a QFT on a background spacetime; for concreteness, one could think of a
scalar field theory with lagrangian L(φ), or generalize to include other fields. Such a theory
is expected to define a Hilbert space HB with algebra of observables AB. In a local QFT,
this algebra has additional structure, corresponding to the background spacetime. Namely,
in the algebraic approach3 one studies the net of subalgebras of AB that are associated to
open spatial regions, or to corresponding causal diamonds. Via inclusion, intersection, etc.
relationships, these “mirror” the topological structure of the spacetime manifold. They also
capture the local/causal structure; locality is the statement that subalgebras associated to
spacelike separated regions commute.

Consider specifically a background AdS spacetime. It has been expected that in holo-
graphic theories, the operators of the boundary theory correspond to limits of bulk op-
erators as they approach the boundary, as was described for example in [20, 21] (the
“extrapolate dictionary”).4 This is, however, at odds with the locality property of QFT.
Consider a small causal diamond D0 near the center of AdS. For example, suppose we
work in the global coordinates where AdS takes the form

ds2 = R2

cos2 ρ

(
−dτ2 + dρ2 + sin2 ρdΩ2

D−2

)
, (4.1)

and let D0 be centered on τ = ρ = 0. Consider also the domain of dependence5 D1 of
the annular region ρ > ρ1 < π/2, as in figure 1; the union of diamonds contained in this
domain corresponds to a subalgebra, which one therefore expects to contain a subalgebra

3See, for example, [19] for a review.
4The expectation that boundary operators arise from limits of bulk operators extends to nonlocal bound-

ary operators; for example, in string theory, Wilson loops have been argued to correspond to operators that
create corresponding long bulk strings.

5Given a closed spatial region this is the union of the future and past Cauchy development; for such an
AdS region extending to the boundary, one also needs data on the boundary of AdS.
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equivalent to the boundary algebra A∂ via (2.2). However, there are states in HB which
are indistinguishable from |0〉B via such a subalgebra A∂ . Concretely, if one considers a
bulk scalar field φ(x), and a c-number source J(x) with support only in D0, then the state

|J〉 = ei
∫
dDx
√
−gJ(x)φ(x)|0〉B (4.2)

has the property that
〈J |A′|J〉 = B〈0|A′|0〉B (4.3)

for any operator A′ ∈ AD1 . No operators (including composite nonlocal operators) defined
from a boundary limit of bulk operators in the region D1 register the nontrivial state |J〉.
Put differently, the operator exp{i

∫
Jφ} in (4.2) doesn’t obey the time slice axiom with

respect to the hypothesized boundary algebra — it commutes with boundary operators,
but is nontrivial.

In other words, locality implies that there is bulk information that is not present in
any such “boundary theory.” One expects to also be able to explain this by construction
of a split vacuum,6 which is a bulk state |UD0〉 such that

〈UD0 |AA′|UD0〉 = B〈0|A|0〉B B〈0|A′|0〉B (4.4)

for any A ∈ AD0 and A′ ∈ AD1 ; thus any two states A1|UD0〉, A2|UD0〉, with A1, A2 ∈ AD0 ,
are also indistinguishable in the boundary algebra.

While these statements are expected to capture the essential contrast between holog-
raphy and locality, it is also worth examining other kinds of statements made about holo-
graphic theories, in this non-holographic context.

One approach to holography is to consider evolution to the boundary. For example,
once the causal future of D0 intersects the AdS boundary, one expects that it is possible
for near-boundary operators to distinguish the state |J〉 of (4.2) from the vacuum. Then, if
there are corresponding boundary operators in a boundary theory, one might also naïvely
expect that the boundary evolution could be used to evolve the pertinent boundary oper-
ators back in time to construct boundary operators at time τ = 0 that register the state
|J〉, in contrast to the preceding discussion.

However, this fails in QFT because the bulk hamiltonian HB does not map to a bound-
ary hamiltonian H∂ ∈ A∂ that preserves the boundary algebra. A simplified version of this,
capturing the essential point, can be illustrated by considering a free scalar hamiltonian in
flat 3d space,

HB = 1
2

∫
d3x[π2 + (∇φ)2] , (4.5)

and, say, a boundary given by the plane z = 0. Here, we do not expect a holographic
description of the theory at z < 0. Indeed, suppose that φ(t, x, y, 0) is in a bound-
ary algebra. Then [HB, φ(t, x, y, 0)] = −iπ(t, x, y, 0), and so [HB, [HB, φ(t, x, y, 0)]] =
−
∑
i ∂

2
i φ(t, x, y, 0). While x and y derivatives of φ of course lie in the boundary alge-

bra, iteration shows that commutators with H do not close on any finite number of z
6See [19], and references therein; we assume such constructions extend to nontrivial spacetimes such

as AdS.
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Figure 2. A boundary region A∂ , and its corresponding Ryu-Takayanagi surface χ(A∂) and bulk
domain AB .

derivatives at the boundary. This reflects the fact that information can reach z = 0 from
z < 0. Similar statements hold for QFT in an AdS background.

Of course a simple contrast to this is a situation where there is a bona-fide (2+1)-d
hamiltonian, for example

H = 1
2

∫
d2x[π2 + (∂xφ)2 + (∂yφ)2] . (4.6)

Then [H,φ(t, x, y)] = −iπ(t, x, y) and [H, [H,φ(t, x, y)]] = −∂2
xφ(t, x, y)− ∂2

yφ(t, x, y), and
so the algebra closes — commutators are determined in terms of elements of the algebra.
This is just a different way of saying that (2+1)-d evolution with hamiltonian (4.6) is a
well-defined Cauchy problem. We would expect a general boundary theory to behave this
way, and this provides a criterion for closure of the boundary algebra.

Another approach to holography is that of entanglement wedge reconstruction
(EWR) [22–24], and so an obvious question is what this might say in the case of a non-
holographic theory. As discussed in [22], EWR is based on the key equation relating en-
tropies,

S(ρA∂ ) = S(ρAB ) + 1
4GD

Tr[ρABArea(χA∂ ) + · · · ] , (4.7)

where A∂ is a boundary spatial region, and AB is the bulk spatial region bounded by
A∂ and the Ryu-Takayanagi surface [25] χ(A∂) of A∂ ; see figure 2. The density matrices
are supposed to be calculated by tracing out degrees of freedom in the complementary
regions, in some fiducial state. A first question is what (4.7) states in the QFT limit of
GD → 0. If S(ρAB ) is defined with a distance cutoff ε � lp, the second term on the right
dominates, and gives an infinite entropy for ρA∂ . Then the bulk QFT entropy of AB is
a small, relative O(GD) → 0 correction. So, we don’t seem to find a particularly useful
statement at GD = 0. We return to the question of the nonzero GD version of EWR below.
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5 Holography at nonzero GD?

Already the preceding discussion raises a puzzle. If the holographic map M of (2.1) exists
for arbitrary GD, we might expect it to exist in the limit GD → 0. But we have just seen
that such a map is not expected in this limit, unless the behavior changes qualitatively at
GD = 0. More precisely, for any GD, and for sufficiently large R, we expect to be able to
define the low energy subspaces where gravity is irrelevant and all bulk physics is described
by local QFT, as described in section 3. The holographic map M of (2.1) must act on these
subspaces, yet we have no candidate definition of a holographic boundary theory dual to
the resulting QFT.

In order to investigate this puzzle more closely, as well as expand on the discussion of
EWR, this section will begin by considering the case of “small but nonzero GD,” which
we have seen is really a condition specifying a subsector of states of the R/lp � 1 theory.
In fact, Marolf [2–4] (for further discussion, see also [5, 6]) has argued that holography
arises from specific features unique to gravity; we can explore the validity of this proposal,
beginning with the small GD limit.

Marolf’s proposed explanation of holography can be thought of as a gravitational
upgrade of the argument involving propagation to the boundary described in the preceding
section. Schematically, we argued that a state like |J〉 of (4.2) could be registered by
boundary operators in the causal future of the support of the source J . However, in
gravity, the hamiltonian is known to be a surface term, and thus is expected to lie in the
boundary algebra. This suggests that the boundary operators that register |J〉 can now
be evolved back to boundary operators at τ = 0, giving operators that can detect the
nontrivial structure of the state outside the causal future of the source.

5.1 Bulk and boundary hamiltonians

It is important to examine this argument more closely. First, the general relation between
the bulk and boundary hamiltonians in AdS is given by [26]

HB = H∂ +
∫

Σ
dΣ Cξ (5.1)

(for an explicit derivation, see [27]). Here Σ is a constant-τ slice, and dΣ and nµ are its
volume element and unit normal. Cξ is a projection of the constraints

Cµ =
(
Tµν −

Λ
8πGD

gµν −
1

8πGD
Gµν

)
nν (5.2)

into ξ = (1,~0), Cξ = Cµξ
µ. Here Tµν is the matter stress tensor, Gµν the Einstein tensor

and Λ is the cosmological constant. Note that here H∂ is a boundary limit of a bulk
operator; the question of its map to A∂ will be considered below. The bulk and boundary
hamiltonians are equal only on states annihilated7 by the constraint Cξ; for operators, the
equality of their commutators with HB or H∂ follows if the operators commute with the

7In a perturbative quantization, it appears that the correct statement is that they be weakly annihi-
lated [28].
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constraints.8 Since the constraints generate gauge transformations (diffeomorphisms that
vanish at infinity), this condition specifies gauge-invariant operators; examples of these
are gravitationally dressed versions of operators of the underlying QFT that is coupled
to gravity.

5.2 Dressed operators

Specifically, in a theory describing some matter coupled to gravity, we expect the con-
straints (5.2) to follow from the more complete theory, in the weak-gravity regime appro-
priate to HLE or HLB. One can work perturbatively in κ2 = 32πGD, and construct dressed
operators. In particular, to leading order, explicit expressions have been found in [29, 27, 8]
(for earlier related discussion see [30, 31]). Considering the case of a scalar φ(x) coupled
to gravity, a dressed version takes the form

Φ(x̄) = φ(Xg(x̄)) . (5.3)

Here Xµ
g (x̄) are functionals of the metric, which also depend on gauge-invariant parameters

x̄ that specify the location of the operator. Under a diffeomorphism f(x), φ→ φ(f−1(x));
for an infinitesimal diffeomorphism f(x) = x+ κξ(x),

δκξφ = −κξµ∂µφ . (5.4)

In order for Φ(x̄) to be gauge invariant, we need the transformation Xg(x̄)→ f(Xg(x̄)), or
infinitesimally,

δκξXg(x̄) = κξµ(x̄) . (5.5)

For example, such dressings, which we write as Xg(x̄) = x̄ + V (x̄), may be explicitly
constructed for metrics that are perturbations about flat space,

gµν = g0
µν + κhµν , (5.6)

with g0 = η (the power of κ is introduced so that h and its commutators are canonically
normalized). An example is the gravitational line dressing of [29, 8], which for a general
curve Γ connecting x̄ to infinity, takes the form

V µ
Γ (x̄) = κ

2

∫ ∞
x̄

dxν
{
hµν(x) +

∫ ∞
x

dx′λ
[
∂µhνλ(x′)− ∂νhµλ(x′)

]}
+O(κ2) . (5.7)

Using the transformation for h,

δκξhµν = −∂µξν − ∂νξµ , (5.8)

V µ
Γ is easily seen to satisfy (5.5), and, when Φ acts on a state to create a φ particle, creates a

corresponding line-like gravitational field. Another such dressing [29] is found by taking an
angular average of V µ

Γ over straight lines to infinity, and creates a “Coulomb” configuration
that behaves like a linearized Schwarzschild field of a particle created by φ(x). There are

8Eq. (5.1) involves only the temporal constraint Cτ = 0, but SO(d, 2) symmetry relates different time
evolutions, and so in general one must also solve the spatial constraints Ci = 0.
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an infinity of such perturbative dressings, which create gravitational fields differing by
radiation (sourceless) gravitational fields.

Analogous expressions for dressings perturbing about AdS are explicitly constructed
in [27]. There, for a simple form of the line-dressing, the curve Γ should be a geodesic to
infinity. Averaging over such curves gives Coulomb or more general dressings. The resulting
dressed operators ΦV (x̄) = φ(x̄+ V (x̄)) then commute with the constraints, implying

[HB,ΦV (x̄)] = [H∂ ,ΦV (x̄)] . (5.9)

5.3 Exploring gravitational holography

With this preparation, we can explicitly study the arguments for gravitational hologra-
phy [2–6]. When we do so, various questions are encountered.9

A first question regards the structure of the extrapolate map, namely the form of
the mapM(ΦV (x̄)) of (2.2), as x̄ approaches the boundary. For a given underlying QFT
operator φ(x), there are many (infinitely many, at the perturbative level) corresponding
dressed operators ΦV (x̄), which create inequivalent physical states. In general these should
correspond to different boundary operators, differing at order GD, or in N−2 in the case of
AdS5. For example, the dressing V could connect to the boundary point that x̄ limits to,
or to a different one. The details of such a correspondence remain to be worked out. But,
suppose we grant that in general there is a map (2.2) between such dressed operators as they
approach the boundary, collectively denoted Oi(b), and a collection of possibly nonlocal
boundary operators O∂i (b) ∈ A∂ . Here boundary points bα = (τ, ê) are parameterized using
a unit vector ê on SD−2.

If such a map is assumed, the next question regards how to invert it to determine
ΦV (x̄) for an x̄ that locates the operator near the center of AdS, in terms of boundary
operators. The Heisenberg picture operators evolve according to

ΦV (τ, xi) = eiHBτΦV (0, xi)e−iHBτ ; (5.10)

indeed, as an alternative to (5.1), HB can be equivalently written in the usual form

HB =
∫

Σ
dΣnτ (Tττ + tττ ) (5.11)

where tττ is an effective stress tensor for the gravitational field. The evolution (5.10) implies
Heisenberg equations

Φ̇V = i[HB,ΦV ] , Φ̈V = −[HB, [HB,ΦV ]] . (5.12)

Suppose, now, that we can find appropriate Green functions that solve these and express
ΦV (x̄), for x̄ ≈ 0, in terms of the boundary limits Oi(b) of the bulk operators. At the linear
level, such maps were proposed by [32], and a proposed nonlinear generalization [33] takes
the form

ΦV (x̄) =
∫
dbKi(x̄, b)Oi(b) +

∫
db1db2Kij(x̄, b1, b2)Oi(b1)Oj(b2) + · · · (5.13)

9For earlier discussion of some of these, see [27].
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(with summation convention used). There are various questions about the actual construc-
tion of such expressions, but suppose we assume the existence of such expressions (and
defer these questions for separate work).

We stress that the operators Oi are boundary limits of bulk operators, i.e., Oi ∈ AB
(up to possible normalization issues). Thus, these, too, evolve according to

Oi(τ, ê) = eiHBτOi(0, ê)e−iHBτ . (5.14)

At this point, the structure of the expressions, with HB given by (5.11), is the same as
the (non-holographic) case of QFT, described in section 4. What is supposed to make it
holographic, according to Marolf [2–4] is the equality HB = H∂ , and the identification of
the boundary limits with a boundary algebra. We consider these points in turn.

5.4 Holography and unitary evolution

First, from (5.1), we recall that the equality HB = H∂ requires solving the constraints. So,
the constraints must be satisfied for any states for which we would like to have a holographic
description — or for the operators creating such states.10 Consider, for example, a state
with two particles scattering at superplanckian CM energy. Initially , at τ = 0, these
particles may have separations ∆x respecting the locality bound (3.1), and thus be expected
to have a good weak gravity description. But, suppose they then collide at an impact
parameter violating the locality bound, and make a quantum black hole. Furthermore,
suppose that this black hole then evaporates, with the formation and evaporation taking
place on a time scale � R. A holographic description of this process then appears to
require solution of the full nonperturbative generalization of the constraints Cµ = 0.

This is tantamount to having a description of the bulk unitary evolution. This can be
illustrated as in figure 3, which shows a “Wheeler-DeWitt” patch corresponding to a fixed
boundary time, e.g. τ = 0. We can associate to this time either the spacelike slice Σ1 or
Σ2, and a single holographic description of the state would indicate that the states on these
slices are equivalent. Indeed, evolution between the slices is generated by the constraints.
For the process of black hole formation and decay, this must unitarily relate the incoming
particles to the outgoing radiation, as indicated.

The conclusion of this discussion is that one needs to first have a description of unitary
bulk evolution, as input in order to construct the gravitational holographic map. There is
apparently not such a holographic map that exists independent of unitary bulk evolution,
so that unitary bulk evolution can be derived purely from the boundary evolution.

To see why this is important, suppose that we want to use the holographic correspon-
dence to provide a unitary description of black hole evolution. If there is a boundary theory
we expect to have a description of unitary evolution in that theory, so if we are given the
holographic map, that would determine the bulk evolution. However, the preceding ar-
gument tells us that finding the holographic map requires solving the problem we hoped
holography plus boundary evolution would solve for us, namely first solving the problem
of unitary bulk evolution.

10Since the required time evolution in (5.13) is over ∆τ ∼ 1 (corresponding to a proper time ∼ R), we
require HB −H∂ � 1 for an accurate match.
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Figure 3. Shown is a “Wheeler-DeWitt” patch associated with a given boundary time. Since
evolution between the slices Σ1 and Σ2 occurs at fixed boundary time, it should be generated
by the constraints. This evolution could include non-perturbative processes, such as black hole
formation and evaporation.

5.5 A boundary algebra?

The next question is that of the boundary algebra. We have assumed that limits Oi of
bulk operators can be identified with boundary operators O∂i via the holographic map. An
important question is how this works for H∂ , which we recall is in AB, and the role this
plays in commutators. We first note that an explicit expression for H∂ in terms of the
metric perturbation hµν was derived in [27], using covariant canonical methods:

H∂ = 2RD−4

κ

∮
dΩ ξτ lim

ρ→π/2
(tan ρ)D−3

[
cot ρ ∇̂ahaρ + (D − 2)hρρ

+
(

2− cos2 ρ

1− cos2 ρ
+ ∂

∂ ln cos ρ

)
ĝabhab

]
, (5.15)

where a, b denote components along the SD−2, and ĝab and ∇̂a are its metric and covariant
derivative. For metric perturbations with the naïve asymptotic behavior [34]

hαβ → cosD−3 ρ h̄αβ(bγ) , hρρ → cosD−3 ρ h̄ρρ(bα) , hρα → cosD−2 ρ h̄ρα(bβ) ,
(5.16)

this simplifies to

H∂ = 2
κ

∮
dΩξτ RD−4[(D − 2)h̄ρρ + (D − 1)ĝabh̄ab] . (5.17)

However, dressings such as the AdS generalization of (5.7), and its averaged Coulomb
form, create metric perturbations with slower falloff than (5.16); nonetheless, these have
the correct commutators with the more general expression (5.15), as shown in [27].

Note that a common view is that one can work in an approximation where the backreac-
tion of bulk operators on the metric is neglected — that is, dressing is neglected. However,
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the preceding discussion shows that this leads to violation of the equation identifying the
bulk and boundary hamiltonians, HB = H∂ . For example, neglecting the dressing reduces
ΦV to the operator φ(x), and the canonical commutators yield

[H∂ , φ(x)] = 0 6= [HB, φ(x)] . (5.18)

While the complete dressing of an operator ΦV may require solution of the nonper-
turbative constraints, the asymptotic form of V near the AdS boundary is expected to be
dominated by the leading perturbative structure. One can investigate the commutator of
H∂ with the AdS analog of the line V of (5.7), or with an averaged version, and using
canonical commutators for hµν , one finds [27]

[H∂ , V
µ(x̄)] = −iδµτ +O(κ) (5.19)

the O(κ) term comes from higher-order contributions to the dressing, and for consistency
should describe time translation of the argument of V [35]. Then, the explicit commutators
of H∂ with the dressed operators ΦV (x̄) = φ(x̄+ V (x̄)) yield

[H∂ ,ΦV (x̄)] = −i∂τ̄ΦV (x̄) , [H∂ , [H∂ ,ΦV (x̄)]] = −∂2
τ̄ΦV (x̄) , etc. (5.20)

In the boundary limit x̄→ ∂, and using the mapM of (2.2), the commutators (5.20)
should map to corresponding commutators of operators in the boundary algebra A∂ . But,
the form of these commutators can be contrasted with what is expected for commutators
with the hamiltonian in a boundary theory. For example, in the simple case of a scalar
boundary theory, with hamiltonian (4.6), the commutators of the hamiltonian with the
boundary operators gave equations of motion that determined the t > 0 operators in terms
of operators at t = 0. Specifically, these gave Cauchy evolution where the t > 0 operators
are determined by φ and ∂tφ at t = 0. Likewise, if the boundary theory is a Yang Mills
theory, we expect the same behavior. Specifically, one can consider either gauge invariant
operators, or consider the Yang-Mills fields and momenta in a specific gauge. The time
evolution of such operators is determined by a non-trivial equation

∂τO∂ = i[H∂ ,O∂ ] , (5.21)

which, together with its iterations, determines all time derivatives in terms of τ = 0
operators with one or zero time derivatives. That is, Yang Mills theory also has a standard
canonical structure and Cauchy evolution.

However, using the commutators (5.20), the Heisenberg equations (5.21) imply

∂τO∂ = ∂τO∂ : (5.22)

that is, correct but trivial equations which provide no information and do not determine
subsequent evolution of the operators in the absence of other information. In this sense,
the commutators (5.20) do not match boundary commutators that close in the expected
fashion for a boundary theory.
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There is an apparent logic to the failure of the boundary commutators arising
from (5.20) to give an evolution equation that is independent of the bulk evolution. The
time evolution of operators has already been determined by solving the constraints, as
described in the preceding subsection. If there were a separate equation for boundary evo-
lution, there is no a priori reason for the evolutions to agree. The gravitational theory can
escape this potential conflict by giving the trivial equations (5.22).

5.6 Entanglement wedge reconstruction

As noted above, a related approach to defining holography is that of entanglement wedge
reconstruction [22–24]. A simple example of this considers a boundary spatial region A∂ ,
that defines a Rindler wedge D(AB) with spatial base AB in the bulk. (See figure 2.) A
bulk operator in D(AB) is written in the form of (5.13), where the boundary integrals are
over D(A∂) (see, e.g., [24]). Then, once again the relations HB = H∂ and between bulk
and boundary algebras are argued to give an equal-time representation of the operator, in
terms of boundary operators on A∂ . This argument thus relies on the same assumptions,
namely bulk unitary evolution and appropriate closure of a boundary algebra, that have
been critically examined above.

Specifically, the general arguments of [22] for EWR rely on the relation (4.7). This can
likewise be seen to rest on solving the constraints. Specifically, [36] arrive at (4.7) from an
underlying relation between modular hamiltonians,

K∂ = A

4GD
+KB , (5.23)

where this expression is supposed to generalize to more general boundary regions A∂ , and
the area A is that of the Ryu-Takayanagi surface [25]. In the Rindler case, the modular
hamiltonians can be written in the form K =

∫
ξµTµνn

ν , where now ξµ is the vector
generating the Rindler flow. The equality of the modular hamiltonians in (5.23) thus
arises, in analogy to (5.1), from the vanishing of the bulk constraints (Einstein’s equations
are indeed used in deriving (5.23) in section 4 of [36]). This, and the analogous issue of
the algebraic structure, suggests that EWR does not evade the arguments discussed in the
preceding subsection.
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