PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 8, 2020
ACCEPTED: September 25, 2020
PUBLISHED: November 9, 2020

Extremal black hole scattering at O(G®): graviton
dominance, eikonal exponentiation, and differential
equations

Julio Parra-Martinez,” Michael S. Ruf’ and Mao Zeng®

@ Mani L. Bhaumik Institute for Theoretical Physics, UCLA Department of Physics and Astronomy,
Los Angeles, CA 90095, U.S.A.

b Physikalisches Institut, Albert-Ludwigs Universitit Freiburg,
D-7910/ Freiburg, Germany

¢Institut fiir Theoretische Physik, Fidgendssische Technische Hochschule Ziirich,
Wolfgang-Pauli-Strasse 27, 8093 Zirich, Switzerland
E-mail: jparra@physics.ucla.edu, michael.ruf@physik.uni-freiburg.de,
mzeng@phys.ethz.ch

ABSTRACT: We use N' = 8 supergravity as a toy model for understanding the dynamics
of black hole binary systems via the scattering amplitudes approach. We compute the
conservative part of the classical scattering angle of two extremal (half-BPS) black holes
with minimal charge misalignment at O(G?) using the eikonal approximation and effective
field theory, finding agreement between both methods. We construct the massive loop
integrands by Kaluza-Klein reduction of the known D-dimensional massless integrands. To
carry out integration we formulate a novel method for calculating the post-Minkowskian
expansion with exact velocity dependence, by solving velocity differential equations for
the Feynman integrals subject to modified boundary conditions that isolate conservative
contributions from the potential region. Motivated by a recent result for universality in
massless scattering, we compare the scattering angle to the result found by Bern et. al. in
Einstein gravity and find that they coincide in the high-energy limit, suggesting graviton
dominance at this order.
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1 Introduction

The direct detection of gravitational waves at LIGO/VIRGO [1, 2| has started an exciting
new age of gravitational wave astronomy. Scattering amplitudes have emerged as the latest

tool in computing the gravitational dynamics of binary systems in the perturbative regime.

In contrast to the traditional post-Newtonian expansion, which is a simultaneous expansion

in the Newton constant, G, and a relative velocity, v, relativistic scattering amplitudes can

naturally lead to results up to a fixed order in G but to all orders in velocity, known as
the post-Minkowskian (PM) expansion [3-23]. A recent highlight is the result of Bern et
al. [19, 20] for the conservative dynamics of black hole binary systems at O(G?), i.e. the

third-post-Minkowskian (3PM) order. The result points to many interesting questions,

some of which are explored in the present paper.

1. The scattering angle for massive particles in refs. [19, 20] contains a term that di-

verges in the high-energy limit. Ref. [24] recently found that the high-energy limit
of massless scattering is universal at O(G?), i.e., it is independent of the number
of supersymmetries and dominated by graviton exchange. Does the aforementioned
term in the massive scattering angle appear in the presence of supersymmetry, and
does it exhibit universality in the high-energy limit?

. The computation of the scattering angle in refs. [19, 20] proceeds by first extracting

a classical potential using a non-relativistic effective field theory (EFT) [16], then
calculating the scattering trajectory by solving the classical equations of motion.
However, there is a well-known alternative method: the eikonal approximation [23—
43], which calculates the classical scattering angle from suitable Fourier transforms
of quantum scattering amplitudes. Do the two methods give equivalent results at
O(G3) for the scattering of massive scalar particles?

. Refs. [19, 20] resum the velocity dependence of the O(G?) result by first calculating

the velocity expansion to the Tth-post-Newtonian order, i.e. O(G3v'?) around the
static limit, then fitting the series to an ansatz, which is shown to be unique. Can we
instead directly obtain exact velocity dependence, as is common in the calculation of
relativistic scattering amplitudes?

The answers to the above three questions are all yes, as we will show using a calculation
of two-loop, i.e. O(G?), scattering of extremal black holes in A/ = 8 supergravity [44-46].



The last question about exact velocity dependence is especially of current interest due
to two reasons. First, a direct calculation without a series expansion to high orders can
be computationally more efficient. Second, ref. [47] raised questions about the velocity
resummation of refs. [19, 20] in the case of Einstein gravity. Since then, the correctness
of the latter result has been verified at high orders in the velocity expansion [48, 49], an
alternative method for resummation of the velocity series has been used with identical
results [50], and the unitarity cut construction of the loop integrand has been checked
against direct Feynman diagram computations [51]. Still, a direct relativistic calculation
that bypasses velocity resummation will be a valuable additional confirmation of the result,
and will provide a way to streamline future calculations at O(G?) and beyond.

The study of classical gravitational scattering in N' = 8 supergravity was initiated in
a beautiful paper by Caron-Huot and Zahraee [52], which we build upon. The large set
of symmetries of this theory provides important simplifications, which make it the perfect
theoretical laboratory to study various conceptual questions and test the technology to be
applied at higher orders in perturbation theory. This is familiar to how precision QCD
practitioners have often sharpened their axes with simpler calculations in N/ = 4 super-
Yang-Mills theory before honing in on the beast. A lot is known about A = 8 supergravity,
in particular the complete loop integrands for the quantum four-point amplitude are avail-
able through five loops [53-61]. These were constructed using the unitarity method [62-66]
and the different incarnations of the double copy [67-70]. These results, being valid in
D-dimensions, can be used to easily obtain massive integrands via Kaluza-Klein reduction,
as we will do in this paper.!

Moving on to integration, we will obtain the part of the amplitude relevant for classical
conservative dynamics using the method of regions [71]. In particular, integration in the
“soft region” produces the correct small momentum transfer expansion of the amplitude [23,
72], up to contact terms that are irrelevant for long-range classical physics at any order in G.
However, conservative classical dynamics actually arises from the “potential region” which
is a sub-region contained in the soft region [16]. Strictly speaking, the potential region
is defined in the near-static limit and produces an expansion of the Feynman integrals as
a series in small velocity. But since the velocity series can be resummed to all orders,
the resummed result will be also referred to as the amplitude evaluated in the potential
region. In addition to isolating conservative effects, evaluating in the potential region also
simplifies the integrals considerably.

Refs. [19, 20] exploits the fact that infrared (IR) divergences cancel when matching the
EFT against full theory, and circumvents the evaluation of IR divergent integrals. In this
paper, all IR divergent integrals will be evaluated explicitly in dimensional regularization
(which serves as both UV and IR regulators). This will allows us to check against the
predictions from eikonal exponentiation, which expresses the divergent amplitude in an
exponentiated form. Additionally, we will evaluate all integrals relativistically with full
dependence on velocity, without constructing and resumming a velocity series. This is made
possible by employing the method of differential equations for Feynman integrals [73-76],

1See also [22] for a recent application of KK reduction in the context of the eikonal approximation.



with a crucial new ingredient being the use of modified boundary conditions that isolate the
contributions from the potential region. While ref. [20] already presented a precursor of our
differential equations method as an alternative to the “expansion-resummation method”,
it was only successfully applied to a subset of the needed integrals that do not involve
infrared divergences due to “iteration” of graviton exchanges. This paper will use a finer
control of boundary conditions to evaluate all integrals using differential equations. We
also perform soft expansions prior to the construction of differential equations, resulting
in dramatic speedups in computation. Another improvement is that we transform the
differential equations into Henn’s canonical form [77, 78]. In this form, the differential
equations have a simple analytic structure, and can be easily solved to higher orders in
the € expansion. (See also [79] for advances in automated solution of generic univariate
differential equations that are solvable by iterated integrals.)

In the context of N' = 8 supergravity, ref. [52] put forward a tantalizing conjecture:
that the energy levels of a pair of black holes in such theory retain hydrogen-like degen-
eracies to all orders in perturbation theory. This is tantamount to the classical black hole
binary orbits being integrable and showing no precession. Two pieces of evidence were
provided in support of this conjecture: first, the absence of precession for the full O(G?)
dynamics, which directly follows from an analog of the “no-triangle” hypothesis [80-85]
for massive scattering; and second, various all-orders-in-G calculations in the probe limit
for different charge configurations. It is known that O(G®) (or any odd power of G) cor-
rections to the conservative dynamics cannot yield precession [86, 87]. Instead we will use
the scattering angle at O(G?) to test this conjecture, and see that it deviates from the
integrable Newtonian result at this order. We will extract the scattering angle both from
appropriate derivatives of the “eikonal phase” and via the EFT techniques of refs. [19, 20],
finding agreement between both methods.

Although we perform our calculations in N/ = 8 supergravity, we expect the techniques
here developed to be directly applicable to Einstein gravity as well. Such application is
beyond the scope of the present paper and we leave it for future work.

This paper is organized as follows: in section 2 we setup our conventions, we review
some basic features of extremal black holes in N/ = 8 supergravity, and discuss the different
limits that will be used in the paper. In section 3 we construct the tree-level four-point
amplitude, as well as the one- and two-loop massive integrands from the known massless
integrands via Kaluza-Klein reduction and truncation to the appropriate sector. In sec-
tion 4 we briefly discuss the integration regions involved in our problem, and introduce our
new integration method based on differential equations, which is applied to calculate the
full one- and two-loop amplitudes in the potential region. In section 5 we assemble the
scattering amplitudes. In section 6 we review the eikonal method, and use it to calculate
the order G"<3 eikonal phase, while checking exponentiation. Then we use the eikonal
phase to calculate the gravitational scattering angle and we compare its high-energy limit
with the result of refs. [19, 20] in Einstein gravity. In section 7 we cross check our results
via the EFT method of ref. [16], and we comment on the advantages of this approach.
We calculate the conservative Hamiltonian by matching, and find the scattering angle by
solving the classical equations of motion. In section 8 we present our conclusions. We in-



clude two appendices: appendix A contains some technical details about the computation
of integrals in the near-static limit and appendix B collects the solution to our two-loop
differential equations. The results are provided in computer-readable format as supple-
mentary material (see comments at the beginning of each file for detailed descriptions).

2 Kinematics and setup

We model the dynamics of two half-BPS black holes in N/ = 8 supergravity [88, 89] by
considering the scattering of two massive point particles in half-BPS multiplets, which
interact via the massless supergravity multiplet. We use an all-outgoing convention for the
external momenta p;, and the masses of the particles are

pi=pi=m}, p3=pj=mj. (2.1)

We will parametrize the scattering amplitudes in terms of the usual invariants s = (p;+p2)?,
t = (p1 +p4)? = ¢® and u = (p1 + p3)?, where we introduced the four-momentum transfer
q = p1 + p4 for later convenience. As is common in the study of scattering amplitudes we
will cross the incoming particles to the final state, so that all particles are outgoing. The
physical scattering configuration corresponds to the region s > (m1 + mg2)%,t = ¢> < 0
and u < 0.2

The half-BPS multiplet in A/ = 8 supergravity contains massive states with spin 0 <
S < 2. In this work we will focus on particular scalar components, ¢ and ¢, with S = 0
and leave the study of spinning states for later work. The interactions between different
half-BPS particles are mediated by the massless supergraviton multiplet. In addition to
gravitons the N’ = 8 supergraviton multiplet contains 28 (vector) graviphotons, A;;, and
70 scalars ¢y, as well as fermions which will not be important for our discussion. Black
holes in A/ = 8 supergravity interact with the graviphotons and scalars with charges C7
given by an 8 x 8 matrix. Here I,J,... are SU(8) R-symmetry indices and the vectors a
scalars are in SU(8) representations of the appropriate dimension. We will not print the
Lagrangian here, because it is lengthy. For our purposes, however, all scattering amplitudes
could be built from the three-particle amplitudes:

MY (1,25, 3) = 167G (e3 - 1)°. (2.2)
M?Eree(ldn 2&7 3AIJ) = 877G\/§ (53 ’ pl) CIJ’
Mgt,ree(l(z;u 2(1_)’ 3¢”KL) = 167G (CIJ CKL — C[K CJL + CIL CJK) 5

using factorization and unitarity, as done in ref. [52]. Here € are polarization vectors.

In general the charges, Cry are complex and the black holes are dyonic. The charges
are also central charges of the supersymmetry algebra, and the BPS condition requires
their magnitude to be equal to the mass

CIKCKJ = 'm2 5IJ. (2.5)

2We use a mostly minus metric.



When studying a pair of black holes we need only consider the relative phases in their
BPS charges. These are parameterized by three angles along which the charges might be

0  1laxa 0 @
Cr = . o= , 2.6
1 =m (_14X4 0 > 1= mp <_q> 0) (2.6)

with & = diag(ei¢1,ei¢2,ei¢3,ei¢4) and ) ,¢; = 0. For the two- and one-angle cases,
however, there always exist a duality frame where the magnetic charges are zero. We point

misaligned

the reader to ref. [52] for a more detailed discussion of the charges.

Although we will construct the full (quantum) loop integrands for the scattering am-
plitudes of these black holes, we are ultimately interested in their classical conservative
dynamics. In the classical limit of hyperbolic scattering, the orbital angular momentum
of the black hole binary system is much larger than A. Thus, the classical limit of the
scattering amplitudes simply corresponds to the large angular momentum limit J > 1 (in
natural units), which establishes a hierarchy of scales

s, |ul,m¥,m3 ~ J2|t] > |t| = |qf” . (2.7)

As a result, we are interested in calculating scattering amplitudes in the limit of small ¢, or
more precisely as an expansion in small g. From a heuristic calculation in the Newtonian
limit, the leading-order scattering angle 6 is of the order Gm/(vr) ~ Gmg/v, where m and
r are the total mass and relative transverse distance of the system. So for generic values of
v, the quantity Gmgq is of order 6, and for each additional order of G, we need to expand
the amplitude up to one additional power of ¢ to obtain corrections to the scattering angle
of order 0%, where L is the loop order. Terms that are more subleading in ¢ at the same
power of G are quantum corrections that vanish classically. In summary, at O(G"), we
only need to expand the scattering amplitude of massive particles up to O(|q|"~2) in the
small-g expansion [72], in order to extract the classical dynamics. In practice this will
imply, among other things, that when we calculate an amplitude some loop integrals can
be discarded before any calculation, if they are beyond the classical order.

Furthermore, we will only be interested in the conservative dynamics, so we will restrict
the components of the momentum transfer ¢ = (¢°, q) to scale as

| > ¢°, (2.8)

so that the graviton multiplet mediates instantaneous long-range interactions. Note that
the latter expansion involves an additional small parameter, a velocity |v| = ¢°/|q| < 1,
on top of the classical limit J > 1. We will refer to this expansion as the near-static limit,
and we delay a more detailed discussion to section 4.

Finally, in comparing our results to Einstein gravity, it will be useful to take the high-
energy or ultra-relativistic limit in which the black holes are highly boosted. This simply
makes the hierarchy of scales in eq. (2.7) more strict

s, |u| > m3,m3 ~ J2t| > |t]. (2.9)



In this context, it will be useful to introduce the variable

U:coshnzs_m%_m%:pl'pQ7 (2.10)
2m1m2 m11Mmsy

which is simply the relativistic factor of particle 1 in the rest-frame of particle 2 (or vice
versa). In terms of this variable the high-energy limit simply corresponds to taking o > 1.
Note that in our setup it is important that we take the classical limit first, before taking
the high-energy limit, so that J > ¢. This is equivalent to having the hierarchy of scales
in eq. (2.9). The opposite limit, J < o, is closely connected to the regime of massless
high-energy scattering considered in ref. [24].

In summary, we will be interested in the three limits

Generic classical limit: J>1, (2.11)
near-static classical limit: J>1, |v|<g1, (2.12)
high-energy classical limit: J>1 then o>1, (2.13)

expressed here in terms of their corresponding dimensionless expansion parameters.

3 Integrands from Kaluza-Klein reduction

In this section we construct the tree amplitude and loop integrands for the scattering of the
two black holes via Kaluza-Klein (KK) reduction. Ref. [52] studied the case of three-angle
misalignment in the BPS charges. While such case is the most rich and interesting, we
will focus on the single-angle misalignment case, which is the one we can access via KK
reduction from the existing integrands. Let us explain this in more detail: we consider Type
ITA supergravity in D = 10 and perform KK reduction on a six-torus of radius R. When
dimensionally reducing the massless integrand we will identify the massive black holes with
KK gravitons, with ten-dimensional momenta k; and masses arising from the components
of momenta outside of D = 4. The supersymmetry algebra in higher dimensions, upon
reduction, identifies the extra-dimensional momenta as BPS charges (see e.g. appendix B
of ref. [52]). There is only one relative angle between the extra dimensional momenta, so
the dimensional reduction only provides the result for one-angle misalignment. Because of
this, one might perform a rotation to set the momenta along all but two directions to zero
and effectively reduce from D = 6. Henceforth, for simplicity, we shall then pretend we are
reducing from six dimensions. Then we can write the momenta of the four particles as

P P2 p3 P4
k=101, ko = | magsing | , ks =1 —mgsing | , ky = 0
mi M9 COS P —mo COoS ¢ —my

(3.1)

The compactness of the extra dimensions requires the extra dimensional momenta to be
discrete and of order ~ R™'. We will choose the masses m; and ms to correspond to the
two lightest KK modes, ¢1, ¢2. Depending on the momentum in the extra dimensions the
massless six-dimensional scalar, ¢, will reduce to either of these.
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Figure 1. Example of KK reduction with massless exchange. The diagram in (a) reduces to the
pair of diagrams in (b) and (c¢). The thin and thick lines denote massless and massive momenta
respectively.

We will see momentarily that the massless integrands for maximal supergravity, have
two simplifying features which imply that we just need a few basic rules to perform the KK
reduction. First, the loop integrands are proportional to the tree amplitude to all orders.
This follows from the supersymmetry Ward identity [54], and implies that the polarization
dependence is trivial and factors out of the integrand. Second, through two loops, the
integrands are composed only of scalar loop integrals, so we only need to understand how
to KK reduce propagators.

Let us first discuss the rules for reducing the massless loop integrand. The integration
over loop momentum reduces as

1
6 4
50 — R N die, (3.2)
04 05€2nRZ.

where the factors of (27rR)? simply relate the D = 6 and D = 4 Newton’s constant
G = G%P (27 R)2, and the sum is over all possible ways to assign a KK momentum to each
leg in a given diagram, subject to the constraint of momentum conservation in the extra
dimensions. Since we are choosing our external legs to be two particular KK modes, this
means in practice that we should sum over all the ways the external massive particles could
route inside the diagram. We are interested in the diagrams that feature the exchange of
massless particle in the graviton multiplet, so we will truncate the full massive integrand
to this sector. We delay a discussion about the consistency of this truncation to the end of
this section. The truncation to massless exchange, together with momentum conservation
imposes an additional rule when routing the external particles through the diagram, namely
that lines corresponding to different KK modes cannot cross at a three-point vertex.

As an example, consider the massless non-planar double-box integral in figure 1(a).
It is easy to see that there are two alternative ways to route the mass/extra-dimensional
momenta through the diagram, shown in figure 1(b) and (c). So this massless integral will
yield two contributions to the massive integrand. In contrast, there are also examples in
which there is no way to route the masses. We will find several of these when constructing
the two loop integrand.

Finally, using the identifications in eq. (3.1) we find that the reduction of the external
invariants is given by the following simple replacement rules

s — 5 — |my + mgel?|?, t—t, U — u — |my — mae'?|?, (3.3)



2 3 2 3
(a) Box: Iyp (b) Non-planar box: Ix

Figure 2. One-loop topologies.

and similarly for loop momenta
(£+ ki) = (04 pi)2 —m?, (3.4)

which follows from the orthogonality of the four-dimensional loop momentum and the

extra-dimensional components of the external momentum.

3.1 Tree level amplitude

As a warmup let’s start with the tree level amplitude. We will write it as

K
Mtee(1,2.3 4) = g GP — 3.5
4 ( 9 Ay Iy ) 7T stu’ ( )

where K is the four point matrix element of the supersymmetric tgtg R* operator (see e.g.
ref. [90], eq. (9.A.18)). In four dimensions K = [34]* /(12)* 6(16)(Q), where Q is the
on-shell super-momentum [91]. For simplicity we choose the incoming and outgoing states
to be complex conjugate scalars ¢ and ¢ in the graviton multiplet. The corresponding
component of K is simply s* and the D-dimensional scalar amplitude is

3
Mie(1,,2,,35,45) = 87GP 2 3.6
4 ( @) “hr P ¢)) a tu ( )
Using our rules for dimensional reduction we find the result

(s — [m1 + mae?|?)3

. o
My (1,52, 35,04,) = STy E———rT

(3.7)

Although this is the full amplitude we want to restrict to the massless exchange sector. We
can partial fraction (3.7) as

(s — |my + moe?|?)?
—t

Miree(lm,%z, 35,0 45,) = 81G + massive exchange, (3.8)

which using s — |m1 + m2el?|2 = 2mima(coshn — cos ¢), where 7 is the relative rapidity,
n = arccosh(c), agrees with eq. (3.18) of ref. [52], restricted to the one-angle case.

3.2 One-loop integrand

The one-loop massless integrand was constructed long ago in refs. [53, 54],

M7 (1,2,3,4) = —i8nGOPstuM{™(1,2,3,4) (I{yy + Lighy + Lids) . (3.9)
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(a) Double box: 11(3?35 (b) Non-planar double-box: IS%?P

Figure 3. Massless two-loop topologies.

where all the integrals are one-loop boxes with the specified ordering of the external legs.
Using the reduction rules described above

stuMy™(1,,24,35,45) = 87G(s — [m1 + mae'?*)* (3.10)
and KK reduction maps the massless integrals to massive integrals as follows,
i, —n, I3, -0, I8, Ix. (3.11)

Where the integrals are shown in figure 2, and 0 indicates that there is no way to route the
momenta so the reduction yields zero. Putting all together we find the one-loop integrand

M41_100p(1¢1,2¢2,3$2, 4(1‘)1) = fi(SWG)2 (s —|mi+ m261¢|2)4 (IH +1Ix), (3.12)
where we have truncated to the massless exchange sector. This matches the result in
egs. (3.33) and (3.34) of ref. [52].

3.3 Two-loop integrand

The massless two loop integrand was constructed in ref. [54] using the unitarity method.

It takes the remarkably simple form
MPP(1,2,3,4) = — (87GP)2stuM (1,2, 3,4) (3.15)
x (s? ]g;}: + 5* Iéi); + 5* Ig?sfp + 5* Iéi%i\m + cyclic) , ‘

where ¢ 4+ cyclic” means adding the two other cyclic permutations of (2,3,4) and the
integrals, which are all scalar, are shown in figure 3. It is easy to find how the integrals
map under the dimensional reduction. The planar integrals reduce as follows

p p p
1@54 — I, 1@12 — 0, 18)23 - Ig+Izg+1g, (3.14)
DY =0, Iy = I IS » i+ Ia+Is,

where Ii1 is the double-box integral in figure 4(a), Iy is the H integral in figure 5(a),
Ia, Iy are the self-energy diagrams in figure 6(a-b), and the integrals with a bar denote
their crossed versions, obtained by exchanging ps <> —ps, which are also shown in the
same figures. It is interesting to note that the H and self-energy diagrams come from the
dimensional reduction of the same massless diagrams. The non-planar integrals reduce

as follows
2) NP 2) NP 2) NP
I£2?°,4 — Ix1, 1{3212 — Ixt, I£4)23 = Ig + I, (3.15)
2) NP 2) NP 2) NP :
1254)21 — Ix, Iiz?n — Irx 153211 = Iy + Ity
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Figure 4. Two loop integrals that are of the double-box type.
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\
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1 ~ _—1 1 ~— ey 1 ~ _—1
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Figure 5. Two loop integrals that are not of the double-box type.

where we will refer to Itx and Ixr as non-planar double-boxes, and the rest of the integrals

are shown in figures 4 and 5. The KK reduced two-loop integrand is then given by

2-1 i
M4 Oop(1¢1’2¢2’ 352’4@_51) = (SWG)?’(S - ’ml + m261¢|2)4

x| (s — |m1 + mae|?)? (I + Ixt + Iix)
+ (u = my — mee ) (I + Igg + Ig)

+t*(ln+Ia+ T+ Iy + Iix+ Ig+ g+ g+ Iy + Irx) | -

3.4 Comments on the consistency of the integrands

Finally, let us make some brief comments about the consistency of the integrands we have
constructed in this section. We have focused on the sector of the theory where KK modes

~10 -
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Figure 6. Two-loop integrals that include a self-interaction.

with masses mi, my of order R~! exchange massless particles. This is not a consistent
truncation, however, since there is no parametric separation between the masses of the KK
modes which are all of order R~!.2 This manifests itself in various ways. For instance, the
tree amplitude in eq. 3.7, features the exchange of massive particle of mass ~ m; — mao,
which is required by crossing symmetry. Similarly, at loop-level, it is known that the sum of
the box and crossed-box integrals contains a mass singularity (see e.g. [92]). Consequently,
the amplitude in eq. (3.12) has collinear divergences in violation of the theorem of ref. [93]
which precludes them in quantum gravity.® All of these issues are manifestations of the
well known fact that there is no consistent quantum theory of a finite number of massive
particles coupled to maximal supergravity. In attempting to fix these problems, one is
bound to discover the tower of KK modes, which arise from a consistent massless theory
in higher dimensions. In spite of these comments, our truncated theory has a well-defined
classical Lagrangian and is a useful toy model to explore the questions we are interested
in this paper, so we will ignore all of these issues henceforth.

4 Integration via velocity differential equations

In the previous section we have constructed the full quantum integrand for the four-point
amplitude through two loops. In this section we will calculate the integrals using the
method of regions [71, 94] to extract the contributions which are relevant for the con-
servative dynamics. After briefly reviewing the various regions involved the problem, we
introduce a new method to calculate the integrals in the potential region, using single-scale
fully relativistic differential equations with modified boundary conditions. We illustrate
the method using several examples at one and two loops.

3We thank Chia-Hsien Shen for discussions related to this point.
4This stands in contrast to Einstein gravity, whose quantum one-loop amplitude was shown in ref. [20]
to lack collinear divergences
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4.1 Regions and power counting

Following the discussion in ref. [20], we consider an internal graviton line with four-
momentum ¢ = (w, £), whose components can scale as

m),

gl lal) ~ T~ (m|v],m|v]),

hard: (w,£) ~ 4.1

=
o

w, £

=~
o

potential : lgllv].|al) ~ I~ (m|v]*, m|v])

~

(w,€)
soft :  (w,€) ~

(w,£)

(w,£) 4.4

(m (4.1)
( (4.2)
( (4.3)
radiation :  (w, €) ~ (lgl|v], lg||v]) ~ I~ (m|v[*, m|v[?), (4.4)

where we take as reference scale m = mj + mg, and each scaling defines a region. Note
that the four different regions are defined using two small parameters |q| (or J~!) and the
velocity |v|, which define the classical and non-relativistic limit respectively. Of the four
regions, only the potential region contains off-shell modes, which can be integrated out
and yield the conservative part of the dynamics. Their contributions can be captured by a
non-relativistic EFT which was introduced and put to use in refs. [16, 19, 20], and we will
utilize in section 7.

The method of regions [71, 94] instructs us to expand the integrand using the scaling
corresponding to a given region, and then integrate over the whole space of loop momenta
in dimensional regularization. Our goal is to calculate the contributions from the poten-
tial region.

4.2 Outline of the new method

Ref. [19] introduced a “non-relativistic integration” method by which one must first expand
in velocity before expanding in |g|. This produces simple integrals akin to those appearing
in NRGR [95, 96] at the cost of breaking manifest relativistic invariance in the first step. As
explained above the potential region is defined by a double expansion, and we might chose to
expand in the opposite order, first in small |g|, and then in velocity. The expansion in small
|g| is just the expansion in the soft region where all graviton momentum components are
uniformly small (of order |g|). The result of this expansion is a power series in |g| truncated
at an appropriate order, with each term in the expansion given by fully relativistic soft
integrals with linearized matter propagators. To simplify the expressions, we will apply
the well-known method of integration-by-parts reduction [97] to these soft integrals to
rewrite them as a linear combination of master integrals. Then we will construct differential
equations [73-76] in the canonical form [77, 78] for these master integrals. The choice of
a basis of the master integrals will be an important technical point to be discussed later.
The selection of pure basis integrals is also facilitated by automated tools [98, 99].

The upside of the soft expansion is that it keeps the integrals fully relativistic, but here
we are only interested in the contributions from the potential region. Thus, in a second
step we should re-expand the integrals in the potential region where graviton momenta are
dominated by spatial components, since the potential region isolates conservative classical
effects [16, 19, 20]. After the expansion in the potential region, each term in the previous
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P1—q/2 P1+q/2
tq

P2 +q/2 P2 —q/2

Figure 7. Kinematic setup with special variables.

small-q expansion would be rewritten as a Taylor series in the velocity (ratio of spatial to
time components) of external momenta. Unlike the first step, which gives the expansion in
small |g| to some finite order, in the second step the velocity expansion can be performed
to all orders by using method of differential equations for the soft master integrals. A key
observation is that we can construct differential equations for the soft integrals directly
before re-expanding in the potential region, as the re-expansion does not change the dif-
ferential equations, but changes the boundary conditions near the static limit. Thus, it
suffices to expand the soft master integrals to leading order in velocity in the potential
region, to obtain the boundary conditions that allow us to uniquely solve the differential
equations and determine the integrals to all orders in velocity.”
Let us now explain each of these steps in more detail.

4.2.1 Soft expansion using special variables
In order to carry out the procedure outline above, it will be useful to parametrize the

external kinematics as®

p1=—(P1—4/2), pa=p1+4q/2, (4.5)
p2=—(p2+4q/2), p3s=p2—14q/2,

as displayed in figure 7. Note that s = (p1 + p2)? = (p1 + p2)?, so the physical region is
still given by s > (my + m2)2. By construction the p;’s are orthogonal to the momentum
transfer ¢ = (p1 + pa),
pi—pi=-2p1-¢=0, (4.7)
Py —p3=2p2-q=0.
We would like expand the full topologies in the soft region, which in these variables is

characterized by the following hierarchy of scales

4] ~ |al < 1Bil,mi, Vs, (4.9)

5The true values of the soft integrals, which will be useful for future calculations beyond conservative
classical dynamics, can be obtained by solving differential equations subject to the boundary conditions of
the “full” soft integrals near the static limit or another suitable kinematic limit.

5To our knowledge this parameterization was introduced in [100]. Notice that in our convention all
external p!' are outgoing, but p; can be either incoming or outgoing.
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where ¢ stands for any combination of graviton momenta ({1, l2, {1 +/0s, - - -), or equivalently

(P, Pi) ~ m(1,1), (4.10)
(@*,a) ~ (lql:1q)), (4.11)
(€, 0) ~ (ql, ql)- (4.12)
The massless graviton propagators typically take the form
1 1
R V) 4.13
2 (t—q2’ ( )

so they have uniform power counting |¢|~2 in the small-|g| limit, without further expansion
terms. Meanwhile, the momentum of each matter propagator is the sum of an external
matter momentum p; £ %q and the momentum ¢ injected by gravitons (here ¢ is generally
some linear combination of one or more graviton momenta). We have to expand these
matter propagators in the soft region,

1 1 P+r-q

= - (4.14)
(C+pi+ig)’—mz 2L (2pi-0)?

so all massive propagators are replaced by “eikonal” propagators that are linear in loop
momenta. We can further define normalized external momenta,

— —
pv_ P1 p_ Pa
ut = 2L b= 22 4.15
1 ml’ 2 m2a ( )
with
_2 _2 2 4 _ 9 _2 2 q2
m1:P1:m1—Za m2:p2:m2—z- (4.16)

We can then rewrite the denominators of eq. (4.14) by following eq. (4.15) and factoring
out the scale associated to p; from the propagators,

1 1 1 1 2 3¢*

where the relevant kinematic factor is again expanded in small |g|. This choice of variables,
has the advantage that each order in the expansion is homogeneous in |g|, due to the
absence of products between external and graviton momenta in the numerators.

In summary, in the soft region the graviton propagators remain unexpanded, while the
matter propagators have the form 1/(2u; - £), generally raised to higher powers when we
look at terms beyond the leading order in the expansion. Thus, we can write down the
following power counting rules applicable at any loop order, before we actually carry out
the expansion in the soft region,

. 1
Graviton propagator:  ~ T3
lqi
1
Matter propagator: ~ m, (4.18)

Integration measure per loop: d*¢ ~ |¢|*.
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At successively higher orders in the expansion eq. (4.14), we encounter integrals with
propagators raised to higher powers as well as higher-degree polynomials in the numerators.
Fortunately, all such integrals can be reduced to a finite number of master integrals via
integration by parts [97] automated by the Laporta algorithm [101, 102], and we use the
FIRE6 software package [103] to perform the calculation. This allows the soft expansion
result to be expressed in terms of a small number of master integrals, whose values will be
calculated by the method of differential equations.

4.2.2 Velocity differential equations for soft integrals
Next we want to integrate the master integrals, which we will do by the method of differ-
ential equations. Importantly, by virtue of the normalization (4.15) we have

ut=ui=1, w-q=uy-q=0. (4.19)

Hence, after the soft expansion, the only dimensionful scale of the integrals is ¢?. The
dependence on ¢? of each integral can be easily fixed by dimensional analysis, and the
integrals only depend non-trivially on the following dimensionless parameter,

Y = up- u. (4.20)

Hence our differential equations will depend on this single variable, y, which is related to
the relativistic Lorentz factor in eq. (2.10),

o(m? +m2) + 2mims
(it ) + 2072 02 | o). (421)

Yy=0+
8m%m2

We give this relation to the next-to-leading order in ¢? since it will be used later to convert
amplitude results in y to results in o.

We will construct the differential equations by taking derivatives of the master in-
tegrals. The choice of a basis master integrals is not unique; we choose a pure basis in
which each master integral has an e expansion where each term is a generalized polyloga-
rithms [104-106] of uniform transcendentality. This is largely just a technical point, because
at the order of € expansion needed, the integrals in this paper do not contain any functions
more complicated than logarithms (which are a special case of generalized polylogarithms).
However, this will yield simple differential equations. A possible form of the differential
operator dy, rewritten as derivatives against normalized external momenta uf’, is

d 1 " 0

d_ 1wy 2
dy y2—-1 1 2 ouyf

(4.22)
The original form d/dy is fine for differentiating the explicit y-dependent factors in the
normalization of the master integrals, but the r.h.s. of eq. (4.22) is needed to differentiate
the propagators and numerators expressed in terms of external and internal momenta.
After differentiating any of the pure integrals with respect to y, the result can be IBP-
reduced back to the basis of master integrals. We will rationalize the square root y/y2 — 1
using the change of variable

2

1+ 22 1-—
y = ;x Vi—1= 2“7, y>1, 0<z<l, (4.23)
X X
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under which
d 222 d

dy 22—-1dz’
In terms of these variables, the physical region in our scattering processes is given by
l<y<oo,ie 0<a <.
Our differential equations will take the canonical form [77, 78]

df = Z A; dlog oi(z) f (4.25)

(4.24)

where A; are numerical matrices and each «;(x), called a symbol letter, is a rational func-
tions in z, and € = (4 — D)/2 is the dimensional regularization parameter.” The set of the
«a; is called the symbol alphabet, in the formalism of ref. [105] which uses “symbols” to
elucidate functional identities between generalized polylogarithms.

These differential equations can be easily solved, given appropriate boundary condi-
tions. While we could use them to calculate the full soft integrals, we will use them to
directly extract the values of the integrals evaluated in the potential region. By expanding
in the potential region and summing the expansion to all orders, we have localized the loop
integration on the poles of matter propagators. We are essentially dealing with a version of
cut integrals (see e.g. refs. [109-114]), which satisfy the same IBP relation and differential
equations as original uncut integrals. This is the reason why the only changes are in the
boundary conditions, obtained in the near-static limit y — 1 by re-expanding the master

integrals in the potential region.

4.2.3 Static boundary conditions from re-expansion in the potential region

We are ready to write down the power counting of momentum components in the potential
region, in terms of a small velocity parameter v. Since we have first expanded in the soft
region and transitioned to normalized external momenta in eq. (4.17), we will write down
the power counting for u}' instead of p{’, and for graviton momenta ¢+,

wf = (uf,ui) ~ (1, ]v)), (4.26)

" = (w,€) ~ |q|(Jv], 1). (4.27)
The factor of |¢| is unimportant in our two-step expansion procedure, where the integrals
are already homogeneous in ¢? (i.e. proportional to a definite power of ¢? without further
corrections) after the soft expansion is carried out.

Now we can expand graviton and matter propagators. Recall that graviton propagators
~ 1/£% are unchanged in the soft expansion. Their expansion in the potential region is

1 1 1 w? w
peme=-(atwptap) (429

On the other hand, matter propagators of the form (4.17) are homogeneous in v and the

expansion consists of a single term,

1 1
= . 4.2
2u; -4 2(u,?w—u,-£) (4.29)

"Henn’s canonical form can also be used for finite integrals without a dimensional regulator, see [107, 108].
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Figure 8. Top level topology at one-loop. Indices correspond to the propagators listed in eq. (4.34).

The power counting rules for propagators and integration measure in the potential re-
gion are

Graviton propagator: ~ 1, (4.30)
1

Matter propagator: -~ ﬂ’ (4.31)
v

Integration measure: d*¢ ~ |v|. (4.32)

We will only need to expand to leading order in |v|, since we only wish to obtain the value
of the integrals at one point, to supply a boundary condition.

The expanded integrals can be evaluated by residues by performing contour integration
over the graviton energies w. Such energy integrals can be ambiguous until one applies a
proper prescription [16, 20]. Such a prescription is effectively part of the definition of the
potential region which separates it from the larger soft region. Refs. [16, 20] presented the
prescription in the absence of double poles, i.e. squared matter propagators, but we will
show in our examples that when the energy integral prescription is formulated in terms
of residues, double poles can be treated in a natural manner and cause no difficulty. As
explained in ref. [20], this prescription generally implies that an integral in the potential
region with less than one massive propagators per loop is necessarily zero. Finally, the
resulting D — 1-dimensional integrals can be easily evaluated using traditional methods,
and provide the desired boundary conditions to solve our soft integrals in the potential
region.

4.3 One-loop integrals

Next we will illustrate the method above with some simple one-loop examples. We will
evaluate all the box-type integrals, which appear in the one-loop N' = 8 integrand in
eq. (3.12) with scalar numerator.

4.3.1 Box integral

The box integral with two opposite masses has been evaluated in ref. [92] in dimensional
regularization up to order €. It has also been discussed in detail in ref. [20]. As shown in
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figure 8, a generic integral in the box topology is of the form

dPe 1
Ii17i27i37i4 = / (27T)D ﬁ?ﬁ?ﬁ?ﬁ? ’ (433)

where the propagator denominators are explicitly
pr=0—p)*—mi, pa=+p)’—ms, p3=10, pu=(—q)7, (4.34)

and the scalar box integral is It1 = I1.1.1.1. The crossed box integral topologies are related

Lyt

to the box integral (X) by the replacement u; — w1, ug — —us.

Integration-by-parts reduction of soft integrals. Using the soft power counting
rules explained in the previous section we see that the box integrals are O(|¢|=2). Thus,
classical power counting requires expanding the integral to subleading powers. The box
propagators reduce in the soft expansion to

pr=2u1-£, py=—2us-L, p3s=1~>, py=(L—q)*, (4.35)

which upon expansion of the integral will generally appear raised to integer powers. The
numerators appearing in the expansion are polynomials in p;, so each order in the soft
expansion is a sum of integrals of the form

dPy eee 1
Gy i isia = / (4.36)

i D/2 11 12 13 14’
irD/ P1 P2 P3 Py

with each such integral multiplied by a rational function of the external kinematic vari-

ables m?, ¢?, and y. As we already mentioned, ¢ is the only dimensionful scale in such
integrals. Whenever i; or iy is non-positive, the integral will become scaleless and vanish
in dimensional regularization.® Here and in the following, when writing such soft integrals
we adopt the convention of ref. [115], in which we remove an overall factor of

g
a2 ") = Gy

(4meEp?)" (4.37)

per loop, where ¢ = (4 — D)/2 and p is the dimensional regularization scale. In other
words, we write the integration measure for each loop as d”¢/(ir? / 2), and multiply by a
factor of eq. (4.37) per loop in the end to recover results defined with the more common
normalization dP¢/(27)P.

Using integration-by-parts reduction, all such integrals are rewritten as linear combi-
nations of the following three master integrals®

fi=e(—¢*) Gooa1, fo=EV—-2Gio11, f3=EVY2—1(—¢*)Gri11. (4.38)

whose corresponding topologies are depicted in figure 9. So all integrals given by eq. (4.36)
span not an infinite-dimensional, but a three-dimensional vector space. The above integrals
are all proportional to (—¢?)~¢ times a g-independent function of the dimensionless param-
eter y. The basis does not involve the other triangle integral G 11,1 with a (linearized)

8Physically speaking, this is because the soft expansion only captures the part of the amplitude that is
non-analytic in ¢* and relevant for long-range classical physics.
In contrast the full box system has 10 master integrals, see e.g. ref. [20].
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Figure 9. Topologies for the box master integrals.

matter propagator on the bottom — this is because with the linearized propagator denom-
inators 2u; - £ the two triangle integrals are identical and we may freely choose either one
as part of the basis of master integrals.

Starting from the original box integral eq. (4.33) with ax = 1, we expand the propaga-
tors as in eqs. (4.14) and (4.17), and perform integration-by-parts reduction to obtain the
small-g expansion of the box integral in terms of the three master integrals in eq. (4.38),

1
(47)2( e2mimay/y? — 1 <—q2)f3

e,
emimy(y —1) /—¢2
(14 2¢) (2mgmyy 4+ mi + m3) (14 2¢) [(m3 +m3) y + 2my1mg)
o semdmd (2 - 1) s 8emimi(y? — 1) gk

(4.39)

where the 1st, 2nd, and 3rd lines are of order |q|72, |g|~!, and |q|°, respectively.!® The
bubble integral f; will be eventually set to zero because we will evaluate the integrals in
the potential region.

Differential equations for soft integrals. Now we will construct differential equations
for the three pure master integrals in eq. (4.38). The original form of the differential
operator d/dy is used for differentiating the explicit y-dependent factors in eq. (4.38),
such as \/y? — 1, and the r.h.s. of eq. (4.22) is used to differentiate the propagators in
egs. (4.35) and (4.36). After differentiating any of the three pure integrals with respect
to y, the result is a sum of integrals of the form eq. (4.36), and can be IBP-reduced back
to the basis eq. (4.38). After IBP-reduction we use the change of variables from y to z in
eq. (4.23), to rationalize the square roots. The resulting differential equation is
af A

i e;f, (4.40)

where the matrix A is explicitly given by

000
A=1|o000]. (4.41)
100

!0This is true up to the factors of |¢| hidden in the definition of y and ;.
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This can be written in the form (4.25)
df = eA; dlog(z) f, (4.42)
so we recognize x as the only symbol letter for the integrals relevant at one loop.

Static boundary conditions from re-expansion in the potential region. Finally,
we need to obtain the appropriate boundary conditions to solve the differential equa-
tion (4.42) in the potential region. As explained above, we proceed by expanding the pure
basis of master integrals eq. (4.38) in the near-static limit |v| < 1, using the rules in sec-
tion 4.2.3. After expanding in |v|, each order in the series consists of a sum of integrals of
the form

o) 0 ..
/lee/ duw . . Nw b, ui) -,
—oo (g2 —i0) [(e—q)2—io} (26— 209 w—i0)" (—2uz8+2ud w—i0)™
(4.43)

with some polynomial numerator N.

These integrals can be evaluated by performing integration over energy w by residues.
We work in a frame where the momentum transfer ¢* has no energy component, so the
energy of the two graviton lines are w and —w, respectively. For convenience, we can further

tll

boost our frame so that particle 1 is at rest™ and us moves in z-direction

uy = (1,0,0,0), wus=(v1402,0,0,0). (4.44)

The y variable defined in eq. (4.20) is related to the above parametrization by v = y/y? — 1.
We symmetrize over the energy components of the two graviton lines, and rewrite
eq. (4.43) using the transformation

*° & 1
/ dw Z(w) — / o 3 [Z(w) + Z(~w)] - (4.45)
—00 —0oQ

Then we perform the w integral by closing the contour either in the upper half plane or
the lower half plane, and pick up contributions from poles at finite values of w, discarding
poles at infinity, i.e. neglecting possible non-zero contributions from the arc of a semi-circle
contour whose radius tends to infinity. After the w integral in eq. (4.43) is carried out in
this way, we are left with the spatial integral d”~1£, and the only denominators left are
massless quadratic propagators in three dimensions and linear propagators

1 1 1
230" (£—q)?—i0" —20—i0"

(4.46)

The resulting spatial integrals only depend on a single scale g2, and are related to standard
propagator integrals.

The bubble integral f; in eq. (4.38) trivially vanishes in the potential region, because
there are no poles at finite values of w and poles at infinity are discarded in our integration

1T be precise, particle 1 is only at rest up to (’)(qz), as uy only coincides with the four-velocity of
particle 1 at leading order in gq.
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prescription. Using the power counting rules in the potential region, eqgs. (4.30) to (4.32), we
can see that fo and f3, i.e. triangle and box integrals with appropriate prefactors that ensure
a canonical form of differential equations, both start at O(v°) in the velocity expansion.
For example, f3 has a prefactor y/y? — 1 = v, two matter propagators giving O(1/v?),
and an integration measure of O(v), so overall f3 is of O(v?). This is not surprising, since
it is well known that integrals of unit leading singularity can have at most logarithmic
singularities in any kinematic limit. To obtain fs and f3 evaluated in the potential region
at the leading order in v, we keep only the leading term in eq. (4.28) for each graviton
propagator, and then use eq. (4.45) to perform the energy integral, leaving spatial integrals

p)|

1= (4.47)

\/> dD 16 YEE 1
fép)‘y:l — \/ —q / B 16/2 7 io) [(E — q)2 — io] , (4.48)
(p) _ dP—1geree 1 1
37,21 = \/7?62(—q2)/ ~O-02 (2 —10)[(€— )7 —10] (=26 —i0) " (4.49)

The bubble integral vanishes as the propagator does not have any energy dependence in

the potential limit. The (D — 1)-dimensional integrals are calculated in appendix A and
given in egs. (A.4) and (A.5). The result for the static limit is then

P, =0, (4.50)
1 2 1
(p) . 2(_2\—¢€ ’YEE\/%F(E_E) F(6+§)
£, = —€(=a*) e T =29 , (4.51)
2
(p) _ 22 e pelm D(=€)T(1+¢)
3 o =€) S g (4.52)

Solving the differential equation (4.42) shows that egs. (4.50)—(4.52) in fact are correct to
all orders in v, i.e. for any values of y > 1, so they are the final expressions for the pure
basis eq. (4.38) as evaluated in the potential regions to all orders in velocity,

fl(p) _ fl(p)‘yzl’ 2(10) _ 2(p)’y:17 fép) _ fép)|

Looking forward to the next sections, we will find the solutions to differential equations to

_t (4.53)

be more non-trivial for two-loop integrals.

Result. Substituting the results egs. (4.50)—(4.52) into eq. (4.39) and taking into account
egs. (4.16) and (4.21), we obtain the box integral evaluated in the potential region to all
order in velocity, given as a small-|g| expansion,

o) _ | (—q2)6 { 1 im eEL (—€)?T(1 + €)
N SEAE (—¢%) 2mymave? — 1 I'(—2e)
1 e(mi+mg) VmeTED (1 —6)2F(6+%)
V=2 mim3(o — 1) 2I'(1 — 2e¢)
ire (m$ + m3 + 2mimao) VeI (—e)?T(
)

sm3m3 (02 — 1)3/? I'(—2e

1+¢€)
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+O(\/—T12>}, o>1. (4.54)

4.3.2 Crossed box integral

We end with a discussion of the crossed box integrals. As mentioned above, the unexpanded
crossed integral is related to the box integral by the crossing replacement u; — ui, us —
—ugy. Therefore, the same soft differential equations (4.42) are satisfied by these integrals,
and one only needs to be careful about the boundary conditions.

The specific choice of reference frame eq. (4.44) is changed by crossing into

up = (1,0,0,0), wue=(—V1+v%0,0,—v). (4.55)

In terms of Lorentz invariants, this is y — —y. However, our results for the box integral at
y > 1 cannot be analytically continued to negative values of y, because the energy integra-
tion prescription produces non-analytic behavior in y. For example, when performing the
energy integration for f3 in eq. (4.38) in the potential region, the two poles lie on the same
side of the contour when y < 0, and the contour integration gives zero. The correct result
for crossed integrals in the static limit (analogous to egs. (4.50)—(4.52) for the box) is

e =0 (4.56)
1 2 1
) :—2—2*€VE6\/7?F(§_6)F(6+§) 4
f2 ‘y:—l e(—q7) ‘e oT(1 — 2¢) ) (4.57)
Wi =0 (4.58)

Again, the above equations are derived from the static limit but are actually valid to
all orders in velocity, because the velocity differential equations have trivial solutions at
one loop.

Result. To obtain the small-|g| expansion of the crossed box, we also need to make the
y — —y replacement in the coefficients of f; master integrals in eq. (4.39). The end result
for the small-|g| expansion of the crossed box integral is

7P i <—q2>€{ 1 e(mi+mg) \/EGEVEF(%—G)QF(GJr%)
V=

(4m)2 \ a2 J—@mimd(o +1) 20(1 — 2e)

[i2
+o(\/—72)}, o>1. (4.59)

4.4 Two-loop integrals

Next we will evaluate the two-loop integrals needed for the two-loop integrand in eq. (3.16).
A simple application of the soft power-counting rules in eq. (4.18) reveals that all the
double-box-type integrals in the second line of eq. (3.16) contribute in the classical limit
with leading power O(g~2) so they need to be expanded to subleading powers. On the other
hand, of the integrals in the third line of eq. (3.16), only the H and H integrals at leading
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Figure 10. III topology. Indices correspond to the propagators listed in eq. (4.61).

power survive the (¢?)? suppression of the numerator, and the rest do not contribute in
the classical limit.!?

We will describe in detail the computation of the double-box (IIT) and H-type integrals,
and present results for the rest of the integrals. As usual we will strip from our integrals a

factor of (4.37) per loop in intermediate steps, to be restored at the end.

4.4.1 Double-box (IIT)

We first consider generic integrals of the form

L. / dPe, / b 1 (4.60)
izendo = [ omyD | @mD Gipe g '

Where the propagators are

ﬁl:(gl_pl)Q_m%’ 152:(£1+p2)2_m%a 53:(52—104)2_7”%»
pa = (b2 +p3)* —mj3, ps =02, jo = 2,
pr= (b1 + 0y —q)?, ps = (41 — q)?, po = (L2 — q)*. (4.61)

The double-box (III) topology can be embedded in this family of integrals, as shown in
figure 10, so that the scalar box integral is given by Itir = 111111.1.1

sty Lytyly Lyt

0,0- Later we will see
that the H topology can also be embedded in the same family. We note that the equal-mass
double-box integral has been evaluated in refs. [116, 117] without expansion in the soft or
potential region, but the case of generic masses has not been discussed in the literature.

Soft expansion and differential equations. In the soft region, we construct an ex-
pansion of the integrand around small |¢;| ~ |¢g|. In the expansion, only the leading order
parts of p;, denoted by p; and given by

p1 =241 -uy, p2 = =201 -ug, p3 = —24y-uy,
ps =20 -ug, ps =13, pe =13,
pr = (01 + 02 — q)?, ps = (t1 —q)?, po = (2 —q)*. (4.62)

12The “mushroom” integrals Iz and I vanish identically when evaluated in the potential region [19, 20],
so cannot contribute even without the (q2)2 suppression from the integrand numerator.
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2 3 2 3 2 3
(a) frm,1 (b) firr,2, fi11,3, fir4 (c) fis
2 3 2 3
(d) fre (e) frm,7

Figure 11. Even-|q| topologies relevant for the double-box master integrals.

appear in the denominators (possibly with raised powers), and subleading corrections all
appear in numerators. Such numerators are in turn written as linear combinations p;. The
small-|g| expansion consists of integrals of the form

dPey evee [ dPey evee 1
Gil,i2,...,i9 = / . ;/2 / . 3)/2 i1 g ig (463)
i i P ps - Py

where negative indices represent numerators rather than denominators. Note that, as in
the previous subsection, we have removed a factor of (4.37) per loop in the soft integrals.
There are a total of 10 master integrals for the III topology'® as shown in figures 11 and 12.
A pure basis is given by

fir = €(—¢%)G0.00012200

fire = VY2 — 1Go1,1,01,1,1,00 5
fins =€ (=*)Vy? — 1Go1.1,021,1,00

2 2
f111,4 —€ (—q )G0,2,2,0,1,1,1,0,0 + e3y (—q2)G0,1,1,0,2,1,1,0,0,

(
(
(
(
fis = €Vy? = 1(—=¢*)G1,1.00.1,1,2.00 5 (4.68
(
(
(
(
(

fie = €3(1 — 6¢) G1,0,1,01.1,1.00 »

Sz =€ (¥ = 1) (=¢*)G1,1,1,1,1,1,1,00
fis = €V —42G1,00,0,1,1,2,0,0
fime = 63\/—7q2G0,2,1,0,1,1,1,0,0 ,
fimio = VY2 — 1V =¢2G11.101.1,1,00

where all the master integrals are normalized to be proportional to (—¢?)~2¢. The corre-
sponding topologies are depicted in figures 11 and 12, where we have separated the integrals
which are even and odd in |g|.

13For reference, in the full equal-mass problem there are 23 master integrals [117].
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1 4 1 4 1~ -1

2 3 2 3 ) — Co——3
(a) fims (b) frrro (¢) fimr10

Figure 12. Odd-|q| topologies relevant for the double-box master integrals.

We perform soft expansion and use IBP-reduction to write the results in terms of the
master integrals. The double-box integral is given as the following small-|¢| expansion,

I = — - 26{ ! = Jin,7
(4m)t | (—¢?) mim3 (y? — 1) et
n 1 2(mq + ma)
V- ey -1

furio
Wy — L}
md (3 (s + 1) e+ 1) + 03 (3 (y +1) €+ 1) + 2y(6e + Lmarmy
24 (y2 — 1)* 3mimi !
y (m? +m3) + 2mms
- I11,2
(v = 1) 2mim]
y (i 4 m3) + 2mms
- 11,3
8(y2 —1)%? eSmims
mi (3(y*+1)e+1)+m3 (3(y*+1) e+ 1)+ 2y(6e + 1)momy
12 (y2 — 1)* Smimi
L (2e+3) (y (m3 +m3) + 2mimy)
12 (y2 — 1)*? Smimi

B+ ) e+ 1) +md(3(yP+1) e+ 1) +2y(6e + 1)m2m1f
12 (2 — 1)2 Smimi 1o
- 2 | =9
_ (4e+3) (2ymarm +_m1 + m3) f111,7} | (4.74)

2 _
12 (y2 — 1)° ebinims

fii1,4

11,5

where the first line is of order 1/¢?, the second line is of order 1/|g|, and the remaining
lines are of order |¢|°, Since integration-by-parts will only produce analytic coefficients for
master integrals, e.g. polynomials in ¢ but not \/Tf, the master integrals fir1 to frm,z
appear in terms that are even in |g| in the small-|g| expansion of the amplitude, while firg
to fir,10 appear in expansion terms that are odd in |g/|.

The differential equations for the master integrals are

dfin = € [Armo dlog(z) + Aqy, 41 dlog(z — 1) + Aqy,_y dlog(z + 1)] fir - (4.75)

The even- and odd-|g| systems decouple and we can write

A9 0
AHI,i-( mbi o (4.76)
0 AR,
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where the matrices are given by

0 000 000 0000000
~160-1000 06 00000
~302-2000 00-20000

Af =1 01220 000, Al =10000000]|. (477
~3000 000 0000000
0 000 000 0000000
0 010 —200 0000000
000 000 0 00

AR o=1o-—20|, A% =[360]. Af, =] -3-20]. (4.78)
010 000 0 00

We make a technical observation here. Previously we found that at one loop z, is the only
symbol letter. As a consequence only powers of log x will appear in the solutions to the
differential equations. In contrast, at two loops, there are multiple symbol letters appearing
in the differential equations in eq. (4.75): {z,1 £ z}, so the symbol alphabet is larger.
This generically results in the solution of the differential equations being (harmonic [118,
119]) polylogarithms, but we will see that at leading order in € all two-loop integrals only
contain logarithms.

Re-expansion in the potential region. As described in section 4, we obtain boundary
conditions for the pure basis of soft integrals by re-expanding the integrals in the potential
region following eqgs. (4.28) and (4.29), and then integrate over energy components of loop
momenta using an appropriate prescription [20]. The energy components of /1 and ¢ are
written as wy and wy, while the spatial components are written as £ and £5.

For the double-box integral and non-planar variants with exactly three graviton prop-
agators, we follow the prescription of ref. [20], but with slight modifications to simplify the
presentation. First, we symmetrize over 3! permutations of the energy components of the
three gravitons, in a way that directly extends the one-loop prescription eq. (4.45),

00 [ 00 00 1
/_OO dw1 /_Oo dWQI(UJl,WQ) — /_Oo dw1 /_oo d(ng Z I(wn(l),wn(g)), (4.79)

nESs

with the definition ws = —(w; + w2), and then proceed as usual, i.e. perform the w;
and we contour integrals one by one, closing the contour either above or below the real
axis and always neglecting poles at infinity. As an example, we calculate the static limit of
G1,0,1,0,1,1,1,0,0, which appears in fi1 6 in eq. (4.69) and is shown in figure 11(d). Inthey =1
i.e. static limit, the graviton propagators are turned into (D — 1)-dimensional propagators,

/dD—llﬁ eA’Ee/dD_l‘fz e 1 1 1
2DJ2 irD/2 03 —i0 £3—i0 (£1+L2+4£3)%> —i0

G1,0,1,0,1,1,1,0,0|y:1 = -

X d d .
/_Oo 1 /_OO “2 (28, -1 — 20100 —10) (—2€3 - wg + 2wpud —i0)
(4.80)
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Again adopting the frame choice eq. (4.44) with u; = (w1,u1) = (1,0), the second line of
the above equation becomes

1 [ oo 1 1
S a d : 4.81
4/00 wl/oo Y2l — 10 wa — 0 (4.81)

By the prescription eq. (4.79), this divergent integral is turned into

1 1 [ /°° 1 1 1 1
E— dw, dwo ; — + : :
4 3/ oo —wy; —10 wg —10 —wy —10 —wy — w9 — 10
1 1 1 1 1 1
—wg — 10 —w1 —wg — 110 —wy —i0 w1 —i10  wy +wo —i0 wy —1i0

! ! ) . (4.82)

+

w1 +wo —1i0 wo —i0

Now let us perform the wy integral by picking up residues in the upper half plane. Only the
4th, 5th, and 6th terms in the bracket of eq. (4.82) have w; poles in the upper half plane,
and in fact the 5th term contributes two poles whose residues add to zero. The result of

1 1 . > 1 1
L em /Oodng (_wz_io+w2_m> . (4.83)

Now we integrate over wy by picking up residues in either the upper or lower half plane,

w1 integration is

obtaining the same result

11, . w2
Putting it back into eq. (4.80), we obtain
o L, = T / dP=1g dP—1ey (e7m6)2 1 1 1

(4.85)
Now we check that the final result is also independent of the contour choice for wq. If
instead we perform the wy integral in eq. (4.82) by picking up residues in the lower half
plane, we obtain a result identical to eq. (4.83), so the subsequent wy integration also gives
the same result as eq. (4.84). In conclusion, we have verified in this example that once the
S3 symmetrization over graviton energies are performed, the subsequent energy integration
has no dependence on contour choice (in the sense of closing above or below the real axis).
Adopting the frame choice eq. (4.44), and following this prescription, we find that in
the static limit, the only non-vanishing master integrals are equal fl(ﬁ)A, fl(ﬁ)ﬁ, fl(ﬁ)J and
fl(ﬁ)’w. The computation of these integrals can be carried out by ordinary methods and
is explained in appendix A. By expanding up to O(e*) they yield the following vector of
boundary conditions

2.2 2.2 2.2
7(p) — (_42\"2€.2_2 0001_771-6 _1 771—761_2
|, (Q) 6”(7773 8 6+ 36 2 12
ire  imlog(2)e? T
0,0,4—%) +O>Ed). (4.86)
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Figure 13. H topology. Indices correspond to the propagators listed in eq. (4.61).

Result. The solution of the differential equations (4.75) with the boundary condi-
tions (4.86) and (4.110) is presented in egs. (B.1)-(B.6) in appendix B. Here we just note
that all functions have an overall factor of 72€2 and therefore the transcendental weight of
the solutions is effectively reduced by two. Consequently at the order considered, the only
polylogarithmic function relevant is log(x) related to the arcsinh function characteristic of
3PM scattering [19, 20] by the change of variable eq. (4.23),

log(z) = —log (y + VY2 - 1) = —2arcsinh ( y;1> = —2arcsinh (\/ 02_1> +0(¢?).

(4.87)
Going to O(e*) we find an additional weight-two function

Liy(1 — z?) (4.88)

which has no singularity in the entire range 0 < = < 1, so has no singularity in either the
static limit y — 1 or the high-energy limit y — oco. Barring cancellations, it is natural to
expect that this function will be relevant at O(G*) (i.e. at the 4PM order).

Finally, inserting in eq. (4.74) the values of the master integrals evaluated in the po-
tential region, egs. (B.1)—(B.6), and changing variables according to egs. (4.16) and (4.21),
the end result for the double-box integrals is

2\ —2€ 2 2
(») 1 —q 1 m 1 = 2. 4
_[ = —_-— _ _—— — 71
I (4m)4 ( fi? ) {(qQ) 2m2m3 (o2 — 1) |:62 6 + 3 og”(x) + O(¢)

1 ir?
b | ot
—q% | 2mimy(oc — 1)Vo? -1
2 (9 2 2
n {_ ™ ( momio + mj +2m2)1_'_0(60)} ' (4.89)
8mimj (02 — 1) €

4.4.2 H and crossed H (H)

Next we will consider the H topology, which can also be embedded in the family of indices
in egs. (4.61) and (4.62) as shown in figure 13, so that the scalar H integral is Iy =
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In1,1,0,1,1,1,1,1- We note that the case of equal masses has been evaluated in ref. [120]
without expansion in the soft or potential region. For this topology we only need the
leading contribution in |g|, which is even in |g|. Therefore we only give the pure basis of

ten master integrals needed to express the even-|q| terms,'*
fi1 = (=% G0,000,001,22 » (4.90)
firo = €(1 —4€) Go,0201,01.1,0 5 (4.91)
fis = €(=%)?Go,0,0,021,01,2 (4.92)
fioa=€(=¢*)G01.1.01101.1 5 (4.93)
fus= Vy? -1 G0,1,1,0,0,0,1,1,1 5 (4.94)
fius = VY2 —1(=¢%G01.1,00021.1 (4.95)
fiur= —(=¢*)Go220001,1,1 + €Y (=33 G0,1,1.000.2.1,1 » (4.96)
2
€“(4e — 1
fug = \}Z/Qf_l) [(2¢ = 1)G0,1,1,0,0,1,1,0,1 + ¥ G0,2,0,0,0,1,1,0,1) » (4.97)
fuo = eVy2 —1(=¢*)*Go1101,1,1,1,1 5 (4.98)
1
fuio= —€(—=¢*)G111-1111,11 + 562(26 — 1) G0,0,0,0,1,1,0,1,1

+ 26"y (—¢*)G0,1,1,01,1,01,1 + €(3¢ — 2)(3e — 1) (—¢°) ' Go0001,1,100-  (4.99)

The corresponding topologies are shown in figure 14. In terms of these the soft expansion
of the H integral is simply given by

1 1\ % 1 1 _3/9_9
=~ () {<—q2>2 =+ O (e >} S

The differential equations for these master integrals are

dfir = e {Agi)o dlog(z) + AS,)H dlog(z — 1) + Aﬁll dlog(z + 1)] fir, (4.101)

where we have only kept the even-|q| sector and the matrices are given by

00 00000000 00000000 00
00 00000000 00000000 00
00 0000O0O000OD 00000000 00
00 0000O0O000OD 00000000 00
4@ _ [ -2 0 00-60-1000 4@ _ [00006000 00
H,0 -2 0 0002-2000 | °~H 0000 0-200 00
0 0 00122000 0 00000000 00
02 00000200 0000000-200
2 ~40004242-2 0000 0-40-4-20
-1 0 -10128 0 82 -2 10140000 0 2

(4.102)

MFor reference, in the full equal-mass problem there are 25 master integrals [120].
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2 3 2 3 2 3
(a) fa (b) fu,2 (c) fuzs
1 4 1 4 1 4
2 3 2 3 2 3
(d) fH,4 (e) fH,57fH,67fH,7 (f) fH,s
1 4
2 3

(g) fm,9, fu10

Figure 14. Topologies relevant for the H master integrals.

We also need to consider the crossed H, or H, integral, in figure 5(b), which is just a
crossing of the H integral by ps <> —p3. We note, however, that the H and H integrals
appear together in the amplitude, with the same coefficient.!® Thus we can directly evaluate
their sum. Since the crossing p1 <> —p4 is equivalent to ps <> —ps3, this can be written in
the symmetrized form
+ I

+ I (4.103)

p2$>—p3 P1$>—pa

1
In+ Iy = 2 (IH + IH‘ p2<—>—p3,p1<—>—P4) ’
As mentioned above, we only need to perform the soft expansion of H and H to the leading
order, due to the suppression by t2 = ¢* factor in the numerator, and subleading corrections
are not relevant classically. The leading soft expansion of eq. (4.103) can be obtained from
that of the H integral itself by the replacements

1 1 1
= — + — = (—2mi)é(p2), 4.104
70 a0 Tyt (T2e) (4.104)

1 1 1
= (—2mi)d(p3), (4.105)

— — — + =
p3+1i0  p3+1i0  —p3+1i0

followed by multiplying the resulting expression by 1/2. Effectively we have “cut” the
matter propagators and turned them into delta functions. However, we still need to define
how to “cut” matter propagators raised to higher powers, because integrals with squared

15This is even true for the pure gravity amplitude [19, 20] with an appropriate alignment of loop momen-
tum labels across the two different diagrams, up to differences that only give quantum corrections.
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matter propagators appear when we construct differential equations, and also appear in our
choice of a pure basis of master integrals egs. (4.90)—(4.99). An appropriate prescription is

Giyinigosio = Giyipibiia,... io 1 (4.106)

with the definition
o 1 [ dPey [ dPe 1
11,5h,15 14,009 2 | ixD/2 17rD/2 11 14 .

1 1 1
ka+ww’wmmw]hm+mw‘wmmw (107

i9

Here G, .4 vanishes whenever the integer i or i3 is non-positive, because the

eyl
i0 prescription is of no relevance in the numerator, and the terms in one of the square
brackets of eq. (4.107) add to zero. The advantage of this prescription is that it preserves
IBP relations and the differential equations eq. (4.101). In particular, the pure basis of

master integrals for the H topology, eqs. (4.90)—(4.99) can be mapped to the “cut” version
fan = fen, 1 <n <10, (4.108)

using egs. (4.106) and (4.107), and the resulting integrals satisfy differential equations
dferr = €[Aemro dlog(z) + Aerr 11 dlog(z — 1) + Acu 1 dlog(z + 1)] fer , (4.109)

where the matrices, A;cn, are identical to the ones in egs. (4.101) and (4.102) for the
differential equations of the original uncut H topology. Hence the solution of the “cut H”
differential equations will only differ from the full H in the boundary conditions.

In order to obtain the boundary conditions for the “cut H” integrals, we follow a
prescription for performing the energy integrals similar to that in the previous section.
In this case, the prescription is simply to carry out the w; integral by residues, and then
performing the wy integral by residues too. Each of the two integration steps is done by
closing the contour either above or below the real axis, picking up residues from poles at
finite values and discarding poles at infinity. We ﬁnd that the only non-vanishing master
integrals in the static limit are f CH.A» fc(ﬁ)7 and ch 10- The computation of these integrals
is explained in appendix A. By expanding up to (9( 4) they yield the following vector of

boundary condition
; 2¢2 1 72 ’
FOL = (232272 (0,0,0,-,0,0,— = + —— " 0, 0,72¢2) +O(&).  (4.110)
ly=1 2 2 12
The result of solving the differential equation in eq. (4.109) with the boundary con-
ditions in eq. (4.110) is given in eqs. (B.7)-(B.12) in appendix B. The sum of H and H is

given by eq. (4.100) with the replacement frg — fcm,9, which using the solution of the
differential equation yields

1 2 2 1 9n2 arcsinh
(%) 2 YT o)| + o0

(4m)* 2 (—¢%)? € mimavo® —

Iy+Ig=— -
H H M2

(4.111)
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2 4

/

(a) Non-planar double-box topology.

Figure 15. Top-level topologies at two-loops. Indices correspond to the propagators listed in
eq. (4.113).

The part of eq. (4.111), proportional to log(—¢?), which due to the ¢* suppression in the
numerator is the only piece relevant for the classical dynamics, agrees with the result in
refs. [19, 20].

4.4.3 Non-planar double-box (IX)

Next we discuss the non-planar double-box topology. We only consider the IX topology,
noting that the integral XI is identical. The full integral has been discussed in the equal
mass case in ref. [121]. We first consider generic integrals of the form

aPe dP¢ 1
Ly sig,...sig = : 2 _ (4.112)
e @emP ) (2m)P phapiz ... pio

Where the propagators are, as depicted in figure 15

pr=(br—p1)® —mi, p2 = (1 +p2)* —m3, p3 = (la — pa)? —mi,
pa=(l1+ € —q—p3)* —m3, ps =12, e = 2, (4.113)
pr=(l1+ Ll —q)*, ps = (1 — q)?, fo = (ls — q)2,

and the scalar non-planar double-box integral is Irx = I1,1,1,1,1,1,1,0,0- The small-|q| expan-

yhy bty sty

sion consists of integrals of the form

del eee dDEQ eee 1

pLpY - Py

where the leading order parts of the propagators are

p1 =201 -uy, p2 = —241 - u2, p3 = —24y-uy,
p4:72(€1+€2)'u2, p5:€%7 pﬁzfgv
pr=(l1+ 02— q)?, ps = (1 —q)*, po = (b — q)*. (4.115)

A pure basis of master integrals is given by

fixa = €(—¢*)Go,0,0,0221,00 (4.116)
fixe = VY2 —1G00111.1.1.005 (4.117)
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fixs =(=*)Vy? = 1Go0,1,1.2,1,1,00

fixa = €(—¢%)Go0221,1.1,00 + € (—=¢*)yG0,01,1.2,1.1,00 »
fixs =€"Vy? = 1Go1,1,0,1,1,1,00

fixe =€ VY2 —1G01,1,01,1,200

Jix7 = $)G02201.1,1.00 — € (—¢*)y Go.11,01.1,2,00

VY2 —1G1,1,00,1,1,2,0,0 »
fix,10 = H(y* = 1)G11.11.1.1.1.00 5
fixn = €V —2G1,0,0,0,1,1,2,00

fixa2 = vV =¢2Go21011.1.00,

fixis = €V —¢2Go021.1,1.1,00

fixa = €V —=2Vy? — 1G10,1,11,1,1,00 »
fixs = €V =Vy? — 1G11,1,01,1,1,00 »

(¢
€(—q

fixs =€ (1— 66)G1 0,1,0,1,1,1,0,0 »
fixo = €*(—q
(g

where the corresponding topologies are shown in figure 16 and figure 17. The functions

fix1 to fix 10 are even in |g|, while fix 11 to fix15 are odd. The soft expansion of the IX

integral and subsequent IBP reduction gives

—=2\2¢€ 1 1
IIX:—(M)4 4_2_2f1x10
(Am)* | = (y* = 1) e*m
1 |: —m1 2
+— - f1X12
m —|—m
+ ! E — f1x,13

2(y? — 1) mims
" (m1 4+ me) (dye + y + 2¢)
2 (y? — 1)3/2 e*m3ms
—m] — My
+ 5 fix.15
(y + 1)/y? — 1e3mim3
emy (3(y —|—1)6+1) + em3 (3(y +1)6+1) +4y(662+7e+1)m2m1
48 (y2 — 1) edmdmi
—yem? — yem3 — 4(e + 1)mamy f
IX,2
4(y2 — )3/2 Smimi
y (12€% + 4e — 1) mi + y (12€% + 4e — 1) m3 + 2(2€ — 1)maimy
16 (y2 — 1)*? €3(2e — 1)mmi

J1x,14

_|_

IX,3

1
+
48 (y2 — 1)% €4(2¢ — 1)mims

+m7 ((12—24y%) € +4€°+e) —dy (126> +86* —5e—1) QOl)fIXA

(em3 (12— 24) € + 4 + 1)

N yemi + yem3 + 4(e + 1)momy

fIX,S
(2 = ) Smim
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1 4 1~ 4 1 ~~_ )

2 3 9 = ~3 9 w— T~
(a) frx,1 (b) fix,2, fix,3, fix .4 (c) fix,5, fix6, fix,7
1 4 1~ 4 1 ~— 4
2 3 9= T~ 9 =" 3
(d) fix.s (e) fix,o (f) fix,10

Figure 16. Even |¢| master integrals relevant for the non-planar double-box topology.

1 1 1 1 |~ 4
P 3 P 3 9 =" 3
(a) fix,11 (b) fix 12 (c) fix.13
1 ~_ -4 1~ !

(d) fix,1a (e) fix,is

Figure 17. Odd |g| master integrals relevant for the non-planar double-box topology.

1

_|_
48 (y2 — 1) €4(2¢ — 1)mim}
+emd (12 (y2—2) @+ (652 —2) e+1) —4y (1263 +8¢2—5¢—1) m2m1>flx77
emi (6 (y*> —2) e—1) +em3 (6 (y> —2) e — 1) — 4y (6€> + Te + 1) Moy
48 (y2 — 1)2 etmimsg
N —y(2€ + 3)m3 — y(2¢ + 3)m3 + 2(2e — 1)mamy

24 (2 — 1)%/? e3mims
4y(e + 1)mamy + (4e + 3)m32 + (4e + 3)m3
_ Ay(e + 1)mamy + ( I )74174( ) 2f1x,1o}. (4.131)
12 (y? — 1)" etmims

The differential equations are

)
(em? (12 (s~ 2) & + (69— 2) e +1)

_l’_

Jix8

f1x,9

dﬁx =€ [AIX,O dlog(:r) =+ A1X7+1 dlog(x — 1) =+ A1X7_1 dlog(x =+ 1)} ﬁx. (4.132)
The even- and odd-|g| systems decouple and we can write
A(e) 0
Arxi = Xy (0) ) (4.133)
0 Ay
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where the matrices for the even integrals are given by

00 0 0 0 00000 0000000000
1 =60 -10 00000 06 00000000
502 -20 00000 00-200 00000
0122 0 0 00000 0000000000
4© _ =20 00 601000 q© _ [0000600000
1X,0 -30 0 0 0 22000 °~H 000 00-20000
00 0 0 —-12-20000 0000000000
00 00 0 00000 0000000000
-3 0 0 0 0 00000 0000000000
0 0-20 0 -10010 0000000000
(4.134)
The matrices for the odd integrals are
00 000 00000 0 0000
0-20 00 36000 -3-2000
ARo=100 200, AQ_ =] -30-200]|, AY, = 3 0600
0-1100 00000 0 0000
01 000 00000 0 0000
(4.135)

We proceed by computing the boundary condition in the static limit analogously to the
planar double-box discussed above. As before the integrals in this limit are evaluated using
the residue method, yielding three-dimensional integrals tabulated in appendix A. Only the
functions fy, f7, fs and fi5 are non-vanishing on the boundary and we have

2.2 2.2 2.2
=(p) 2\—2€¢ 2_2 1 Tmée 1 Tme 1 Trée
= (- 0,0,0,—= + =< 0,0, — ——+ % 0,0, (4136
fIX y:1 (q) 67T<777 6+ 367773 18; 6+ 36,,, ( )
i irlog(2)e2\ "
07 07 07 07 17;6 - mogQ(k) + 0(65) . (4137)

Solving the differential equation (4.132) with the boundary conditions (4.137) up to O(e?)
gives the results in egs. (B.13)-(B.21) in appendix B. Using these results in eq. (4.131)
yields the following result for the non-planar double-box integral Irx,

P P 1 —?\ 1 7 5
Y =14 = T @n)d (;é) {(_qz) omZm2(o? — 1) [—Glogz(x) +0(9
1 B im3 (mq + mo) .
[ [ 2o + Doz 1T O
oo} 158
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4.4.4 Crossed integrals

In order to evaluate the integrand (3.16) we also need the integrals that are obtained from
I and IX by ps — p3 crossing (denoted IIT and IX). Since the energy integration step
produces non-analytic behavior, these integrals cannot be directly obtained from analytic
continuation, and we have to solve the differential equations again. From eq. (4.23), we can
see that © — —x corresponds to the change y — —y, Vy2 — 1 — —y/y2 — 1. The differ-
ential equations for the crossed integrals are thus obtained from the differential equations
for the original integrals, eqs. (4.75) and (4.132), when we change the L.h.s. by

fr— f%, uf =l uh = —uhy = -y, V-1 =2 -1, (4.139)
where T € III, IX denotes the topology, and change the r.h.s. by
log(z) — log(x), log(l—z)—log(l+x), log(l+z)—log(l—=x). (4.140)

The static boundary conditions for III and IX integrals are obtained by the same energy
integration method covered before, and are explicitly given by

2.2 2.2 T
@)‘ 2222 (g 0.0 LT o L T 00 01
fIH y=1 (q) 671-(”7 6+ 3677 6+ 367777 + (6)7
(4.141)
2.2 2.2 2.2
*(p)‘ Cay222 (000l T g L e 1 T
IX y:l ( q) e <7 Y 73 18 9 9 ) 6+ 36 ) 6+ 36 ) ) )
T
0,0,0,0,0) + O(e°). (4.142)

Solving the differential equations obtained by crossing of eqs. (4.75) and (4.132) with the
boundary conditions (4.141) and (4.142) gives the result in egs. (B.22)-(B.26) and (B.22)-
(B.26) in appendix B. These can be used in the soft expansion of the crossed double-box
and non-planar double-box integrals provided in the supplementary material, which gives
especially simple final results,

. 1 2 —2¢ 1 7T2 1
II(TI) = L ( _(‘; > {( —glog2(x) + O(e)

[ —q*) 2mim3(o® — 1)
4 ti 0+ O(e)]
+(=¢%)° {0 + 0(60)} } : (4.143)
and
W_ w1 (=1 -
W= = (55) A mmmer s oo
[0+ 0()
—q
+=ePforoe] ). (4.144)
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5 Scattering amplitudes in the potential region

In the previous section we calculated the integrals necessary to evaluate the one- and two-
loop conservative amplitudes in the potential region, which we will denote by M} (). In
this section we will put together the integrals to construct such scattering amplitudes.
5.1 Tree-level amplitude

For completeness, let us start by considering the tree-level amplitude in eq. (3.8). In this

case the restriction to the potential region is trivial and we simply have

ree 1
Mi,(p) = 32nrGmim3(o — cos (;5)2? , (5.1)

which we have written in a form which will be convenient later.

5.2 One-loop amplitude

The one-loop integrand for the conservative black-hole amplitude in N' = 8 supergravity is
given in terms of the sum of the box and crossed box integrals in the potential region,

MU = —i(87G)? (s — [m1 +mae2) (1§ + 10, (52)

From the results in eqgs. (4.54) and (4.59) we find

1941 - <q2> h { ! im e (—e)*I'(1 + ¢)
(4m)? \ [ (—¢?) 2mimavo? — 1 I'(—2e¢)
L m(matmg) e7PT (3 —°T(c+3)
V=g mim3(o? —1) (1 - 2¢)
im (m3 +m3 + 2mimao) e®T(—€)?T(1 + ¢)
8m3m3 (02 — 1)3/2 I'(—2¢)

+o(V=7) } (5.3)

Note that this formula is valid in arbitrary dimension. In particular it agrees with the
soft-integrals in egs. (B.36) and (B.40) of ref. [23]. This reference also calculated the
contribution in the potential region at leading order in velocity, which, as expected, did
not match the full soft integrals away from the static limit. It is well known that the
contributions of soft and potential region coincide at one loop in D = 4, up to differences
that are suppressed in the classical limit. Our result shows that this is also true in arbitrary
dimensions. As a cross-check we have also calculated the result directly in the soft region,
by solving the differential equations for the soft integrals subject to their full boundary
conditions without restricting to the potential region, and found agreement to O(e?) for
both the 1/(—¢?) coefficient and the 1/+/—¢2 coefficient. Details will be given elsewhere.
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With the sum of the boxes at hand we can evaluate the one-loop amplitude (3.12) with
the result

_2\ ~€ : €y )2
Ml 100p—64G2m1m2(a—c0s¢) (q> {( 1 17T e EF( 6) F(1+6)

) 2 —®)2v/o? — 1 I'(—2¢)
B 1 @(my 4 my) €T (3 _G)QF(6+%)
€ _q2 m1m2(02 — 1) F(l - 26)
. 2 2 €
B 6177 (ml +m35 + 2m1m20) e ’YEF(—e)QF(l + 6) +0 ( _q2> . (5,4)
8m2ms2 (o2 — 1)%/2 ['(—2e¢)

5.3 Two-loop amplitude

Next we use the integrals in section 4.4 to assemble the two-loop amplitude. The two-loop
amplitude in the potential region is given by
M 2P = (87G)? (s — |m + mael? ) (5.5)

i ( (p) (»)
X [(8— Imy 4 mae'?|?)?(I I(H) IXpI) + Ix +II(11) I)Tpl +II(7)];))

+ (=P + 1))

where the remaining integrals are suppressed in the classical limit. Naively, the double-
boxes and crossed double-boxes appear with different prefactor in (3.16). We have

u—|my — mgei¢|2 =—s+|mi+ m26i¢\2 -, (5.6)

so the O(|q|?) mismatch could in principle combine with the leading order of the
crossed double-boxes which are of O(|q|~2). The explicit results for this integrals in
egs. (4.143) and (4.144) shows however that these do not contribute to the classical part
of the amplitude and all the double-boxes contribute with the same coefficient. Using
eqs. (4.89), (4.138), (4.143), and (4.144) the relevant combination of double-box integrals
is then

i)+ 1) + 1% + 12 4 12 4 1)

- (%) {commmge [5- 5 o)

N 1 im3(my + ma)
q m3m3(02 )3

8m§‘m§1(02 —1)2

+0 (\/ —q2> } + analytic terms, (5.7)

where “analytic terms” stand for terms with polynomial (including constant) dependence

[1+0(h)]

on ¢°, with or without poles in e. Such analytic terms give contact terms after Fourier
transform to impact parameter space, and are irrelevant for long-range classical physics.
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Note that the classical log(—q?) arises from the Taylor expansion of (—¢?)~2¢. With these,
together with the H-type integrals in eq. (4.111), we can evaluate the conservative two-loop

amplitude
2\ —2€ 2 2
2-loop 3 4 4 4 —4 1 2(0’ — COS ¢) 1 ™
M47(p) P _ _ 327G mlmg(a — COS Qb) </]2) { (_qz) (0_2 — 1) ? - E
L1 4im(my + mg) (o — cos ¢)
w/—q2 m1m2(02 — 1)3/2
1 (m? +m2 + 20mima) (o — cos ¢)? B 2arcsinh (V=)
€ 2m2m3 (o2 — 1)2 mimovo? —1
+ 0O ( —q2) } + analytic terms . (5.8)

6 Eikonal phase, scattering angle and graviton dominance

In this section we will study eikonal exponentiation of the conservative amplitudes directly
in momentum space. We will check the exponentiation of the leading and subleading
eikonal in the two-loop amplitude. Then we will use the eikonal phase to evaluate the
scattering angle in N = 8 supergravity. Finally we will compare the high-energy limit of
our result to that of Einstein gravity.

6.1 The eikonal phase in N/ = 8 supergravity

In traditional treatments of eikonal exponentiation, it is customary to Fourier transform
the scattering amplitudes to impact parameter space in order to extract the eikonal phase.
Here we will take a slightly different approach and study eikonal exponentiation directly
in momentum space. There is a simple reason why we prefer this approach: first, in the
presence of a Coulomb-like tree-level interaction, such as graviton exchange, the Fourier
transform has the side effect of introducing an additional infrared divergence, which in di-
mensional regularization gives the appearance that one needs to carefully analyze the scat-
tering amplitude at O(e) and keep track of €/e contributions to extract the eikonal phase
at a fixed order. The momentum space approach has the advantage that the Coulomb-like
singularities directly cancel, making clear that the O(e) pieces of the L-loop amplitude
cannot contribute to the L-loop phase.'® Working in momentum space comes at a cost
nevertheless: simple products in impact parameter space become convolutions in momen-
tum space. However, all convolutions can be easily evaluated as they are equivalent to
iterated bubble integrals.

As usual in the eikonal approach, we will consider the amplitude as a function of a D—2-
dimensional vector, q |, transverse to the scattering plane, which has the same magnitude
as the four-momentum exchange, i.e., qi = —¢° (see e.g. ref. [32]). The conservative
amplitude only depends on powers of ¢, so this poses no problem. The statement of eikonal

1Unfortunately, one still needs to calculate O(e) parts of the lower loop amplitudes to extract the phase
at a given order.
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exponentiation is that one can write the scattering amplitude in the potential region as a
convolutional exponential of the eikonal phase

iMp)(0,q1) =cexp (i0(0,q1)) — 1 (6.1)

L 5(0,q1) ©8(0,q1) — im:0(0, 1) © 8(5,q1) @ 6(,q1) + -+

2! 3!

where we defined the convolution as integral over the D — 2 dimensional transverse space

=1i0(o,q1) —

dD 2el

fi(qL) ® fa(qy) N/ — f1(€1) f2(qL —€1), (6.2)

with a normalization factor N = 4mimsov/o? — 1. Equivalently, one can write the inverse
relation,

5(0’, qL) = —iclog(l + iM(p)(O', qL))

1
= M)(0,q1) = 5 M) (0,91) © M)(0,q1) (6.3)
1
_ *M(p)(0'7 QJ_) X M(p)(o', qJ_) X ]\J(p)(a7 QJ_) + ...
3

We expand ¢ perturbatively
§ =00 450 5@ ... (6.4)

where §(5) is O(GE+1). Then, from the discussion above we can write the phase in terms
of the amplitudes

60 = MG (6.5)
1) _ 1-loop 1 tr tree
6 = M,y = 5 MG © MiG (6.6)
1
2) 2-loo tr 1-loop tr tr tr
5( ) — M4,(p) P _ M (ee) ® M (P) - §M47(e;) ® M47(e;) ® M47(€;) . (67)

Looking at egs. (5.1)—(5.8), we see that to calculate the right-hand side of these equations
we need the following convolutions

1 1 1 1 2N\ e B (—€) (1 + ¢
111 @ﬁ (-o’T(+e) 6.8)
9] q] N47TQJ_ fi? I'(—2e)
—2€ €
1 1 1 qi> <eVE> [ 1 3 ]
5 O = | = - + O(e) (6.9)
qi (qf_)lJrE N (/ﬂ A € 87qu_
—2€
1 1 1 1 qi> [1 3 1 }
-5 05 =5 ="|= -5 - +0(e) | , (6.10
@ @ ¢ N? <M2 e?16m%q7 3247 )

e <i:>€ [_1 1 log(2) +O(€)} 7 (6.11)

edn|qr|  7|qy|

|
B @] e
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which can all be evaluated by using eq. (A.2) in appendix A with ¢ =0 and € — ¢ — 1/2.
Using the first convolution, eq. (6.8), we find

(ﬁ) - 1 (0 —cos @) BT (—€)?T(1 + €)
2) b Vo?-1 I'(—2e)

which exactly cancels the O(|q|2) of the one-loop amplitude in eq. (5.4) to all orders in e.
Similarly, using eqgs. (6.9) and (6.10) we find'”

, (6.13)

- %Mf&f) ®Mf(e;) = —i32nG*mim3 <

i ftree 1-loop L tree tree tree
~ M) O M) -2y 3Maw) © Mi) © Mig) (6.14)
4 /a2 T2 2
- 111 «
G GPmima 0 o8 (a1 L
mGomymy 5 — 2 Pl P + O(e)
Using eq. (6.11), we find
: ree -loo .
—iMS ® Mi(p) P ot = " 128im2G3mdm3 (my + my) (6.15)
—2¢
(0 — cos )b <qi> 1 [ ]
X ———=75 | =5 — |14+ 0(€)] .
1 @) fal O
Using eq. (6.12), we find
—iMYTE @ My P ot = 167G3m3m3(2mimao +m? +m3) (6.16)

o—cosd)b g2\ 1
S (5) o]

These expressions respectively cancel the O(|q|~2), the O(|q|™!) and the O(|q|®) contribu-
tions to the two-loop amplitude eq. (5.8), which arise from the double-box-type diagrams.
Therefore, the double-box-type diagrams at two loops give exactly zero contribution to
the eikonal exponent, up to the order of ¢ relevant for classical dynamics at O(G?3). This
cancellation is a check of the exponentiation of the leading and subleading eikonal phase in
the two-loop amplitude. Henceforth we will assume exponentiation of the two-loop phase
and leave a proof for further work. We note that this zero result relies on delicate can-
cellations between all siz double-box diagrams which leave only the contributions of the
H-type diagrams to the two-loop eikonal phase.

In summary, putting together egs. (5.1)—(5.8) and (6.13)—(6.16) in (6.5)—(6.7) the result
of calculation our of the eikonal phase is

1
690, q.) = 32rGm3m3(o — cos ¢)2q—2 , (6.17)
1
0 (0,q1) =0+ O(elqL|”), (6.18)
- 4 [o—11 g2\ ™
5(2) (O‘, QJ_) — —64W(Gm1m2)3m3rcﬁnh g - <%> + O(eo\qﬂ) .
2 — 1 2 e\p
(6.19)

i tree tree

= g M (5 ® My (), so the first line can

"Note that exponentiation at one loop implies M loop o)
O(lql=2)

4,(p)

also be written as 3 Mg'65) @ M5 @ M'Cs).
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Note that 6 includes an O(e|q,|) which we have not calculated. This however goes
beyond the classical power counting and so is a quantum correction to the phase. Finally,
we can readily perform the Fourier transform to obtain the more familiar eikonal phase in
impact parameter space

dD 2 b
(0, be) N/ 2] D 2 e §(o,q, ), (6.20)
with the result
60 (0,b,) = _2Gm1m2(<7—(230s<;1§) ( + log b2> (6.21)
02 —
W (0,b) =0, (6.22)
- 4 —11
6@ (o, be) = —326‘3m%m%(a2cosl(marcsinh UT? , (6.23)
o2 —

where we have dropped O(e) and quantum parts. As a cross-check we have verified that
the same result is obtained by using the more common approach in which one directly
transforms the amplitudes to impact parameter space.

Soft vs. potential and exponentiation. Let us stress that it was very important that
we evaluated the amplitude in the potential region to extract the conservative piece. For
the one-loop amplitude, the expansion in the soft region differs from that of the potential
region at O(e|q|®), which, in addition to the e suppression, is a quantum correction since
the classical dynamics arises from O(1/|qg|) terms. For the two-loop amplitude, however,
the two expansions still differ from each other at O(|g|?), which is at the same order
as the terms responsible for the classical dynamics at two loops, and the difference is
also no longer suppressed by €. In fact, when we directly evaluate the integrals in the soft
region at two loops we find non-exponentiating effects which cause infrared divergences that
are not canceled by either matching to non-relativistic EFT or by extracting the eikonal
exponent, signaling the appearance of contributions that cannot be interpreted as arising
from a conservative potential.'® The evaluation of the soft integrals using the differential
equations above and a detailed discussion of this point will be presented elsewhere.

6.2 Scattering angle from eikonal phase

Let us now calculate the gravitational scattering angle from the eikonal phase. The formula
relating the two can be derived from the stationary phase approximation of the Fourier
transform of the exponentiated impact-parameter amplitude back to momentum space [30],
which yields the relation

0
- __ o) . .24

8This is reminiscent of the situation in the EFT formulation of the Regge limit of massless scatter-
ing [122], where contributions from the Glauber region exponentiate while the full soft regions contain
non-exponentiating effects.
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The magnitude of q is related to the scattering angle x and the magnitude of the three-
momentum p in the center of mass by

X
lal = 2|p|sin 7, (6.25)
where in terms of the center of mass energy E = /s and/or o
| mimavo? — 1 mimgvo? —1 (6.26)
p = = . .
E Vm? +m3 + 2mymao
From egs. (6.24) and (6.25) we can derive the formula for the scattering angle
X 1 0
sinS = —————0(0,b) . 6.27
>~ appl . %20
Using this formula we find the following result for the scattering angle
2o — 2 3m3m3 32 _ 4 1
sin X _ Gmimg 2(0 —cos¢)® G lemg 3 2mlm22(a cos ¢) aresinhy ] 2L (6.29)
> " Jpllbl  Ver 1 [pPIbeP md + m3 + 2mymao 2
or separating the different orders
Gmima 4(o — cos ¢)?
Xeik | = ( - r (6.29)
‘pre’ os—1
Y2EM g, (6.30)
G3mim3 (0 —cos$)®  dmima(o — cos¢)? o—1
3PM 113 11M2 ]
K = ——= 16| — hy/——|. (6.31
Xeik |p|?|be? 6(c2 —1)3/2 + m? +m3 + 2m1m20arcsm 2 (6-31)

Looking ahead, in order to more easily to compare with the results from EFT in the next
section, we will write the formula in terms of the angular momentum, J. The angular
momentum is defined as

J =|bxp|=1blp|, (6.32)

where b is an impact parameter perpendicular the incoming center of mass momentum
p. This is however not the impact parameter, b,, which arises naturally from the eikonal
phase. Eq. (6.24) shows that b, points in the direction of the momentum transfer. The
magnitude of b and b, are then related by

1b| = ybe|cos§, (6.33)
so that the angular momentum is
J = |be||p| cos g . (6.34)

For small angle scattering |b| ~ |be|, and the difference is unimportant at leading order.
Our results, however, go beyond the leading order and the difference matters. Using the
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relation (6.34) we find the scattering angle in terms of the angular momentum

iy Gmamg 4(o — cos ¢)?

PM _ , 6.35
Xeik J o2 _ 1 ( )
YEM = 0 (6.36)
G3mim3 (0 —cosp)®  4myma(c — cosg)? o—1
3PM 111 1M L
= — 16 hy/——|. 6.37
Xeik J3 3(02 — 1)3/2 * m? +m32 + omimao 2 (6:37)

For later convenience we can rewrite this in terms of the total mass, m, and symmetric
mass ratio, v,

mimsa

m=m;+mg, V=-—-—""—- 6.38
! 2 (m1 + mg)? (6.38)
as follows,
Gm?v 4(o — cos ¢)?
1PM
PM _ , 6.39
eik J 52 — 1 ( )
YEM — 0, (6.40)
G3mbv3 (0 — cos ¢)® 4(o — cos ¢)* o—1

3PM _ :

Xoik = 73 307 — 1) V2(U "+ 1alrcsmh 5 |- (6.41)

Probe limit. As a cross-check we can compare the probe limit v — 0 of our result with
the scattering angle of a particle of mass p moving along geodesics in the background of the
half-BPS black hole of mass M [88, 89]. Ref. [52] studied the precession of the periastron,
which is given by

1 Tmax dX Tmax dT'
A@:/ dr-—==1J _ 6.42
2 Tmin dr Tmin T2 V p'f' (T)Q ( )
where p, is the radial momentum of the probe particle, related to its three-momentum by
pf, = p? + J?/r2. The scattering angle is given by the same integral with different limits
1 o dr
—(x+m)=J _ (6.43)
2 Tmin T.Q \/ p’I‘(T)2
so their calculation can be easily adapted to obtain this quantity. Let us spare the details
to the reader and just give the result

1
oXp = arctan

(6.44)

GM?v, 2(0p — cos ¢p)?
J (O'g —1)1/2

GM?v, 4(op — cos dp)® GP M3 16(0p, — cos ¢p)°
J (02 —1)1/2 J3 302 —1)32 7

where o}, and ¢, are the relativistic factor and charge misalignment of the probe particle
respectively, and v, = /M. Interestingly the structure of the result is the same of that for
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a Newtonian potential (see e.g ref. [86], eq. (4.34)), which could be expected from the fact
that ref. [52] found no precession. Finally, it is easy to check that with the identifications

oo, &Py, MEm, Ve, (6.45)

this matches egs. (6.39)—(6.41) in the limit v — 0, in which the term with the arcsinh is
suppressed by its coefficient, thus providing a check of our result.

6.3 High-energy limit and graviton dominance

At this point we would like to compare our result for the scattering angle with that of
Einstein gravity obtained in refs. [19, 20]. Famously, the high-energy limit of scattering
amplitudes in a theory with gravity is dominated by the exchange of gravitons [28]. This is
proven at leading order in Gmimg/J but not beyond that. Recently, in ref. [24], a similar
result was found by explicit calculation at order G for the case of massless scattering.
Although a general proof of graviton dominance at this order is lacking, this reference
calculated from first principles the scattering angle for N' < 4 supergravity and Einstein
gravity using eikonal and partial wave techniques, and found that it coincides in all such
theories.! In addition, the result for Einstein gravity was found to agree with an earlier
result by Amati, Ciafaloni and Veneziano [32] and contradicts a modified proposal by
Damour [47].

Motivated by the universality in the massless case, we will study the high-energy limit
of our result by taking o — oo in our result for the scattering angle at order G, which yields

16G3 6,,3 31
gy oz 16Gm o g(9) | ... (6.46)

This can be compared with the high-energy limit of the Einstein gravity result in eq. (11.32)
of ref. [20],

(EPM o200 16G3m61j3a3 log(o) T (6.47)
finding perfect agreement. This strongly suggests that the coefficient of the arcsinh term
features graviton dominance, and universality also holds in the case of massive scattering.
Note that this result does not trivially follow from the massless one since here we impose
the limits J > 1 and then ¢ > 1 in this order (or equivalently |g| < m). The limits do
not commute, so the high energy limit of classical massive scattering is distinct from the
Regge limit of massless scattering. Admittedly, our calculation provides is only one point
of comparison with Einstein gravity, so the question of graviton dominance merits further
investigation, either by calculating the scattering angle in other supergravity theories or
by directly proving universality. We leave this for future work.

7 Consistency check from effective field theory

In this section we will calculate the conservative amplitudes using the non-relativistic in-
tegration method of refs. [16, 19, 20], which is optimized for EFT matching. This method

19Tn massless theories the classical limit and the high-energy limit are not distinct, so the full classical
angle agrees.
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avoids explicit computation of infrared divergent integrals in dimensional regularization,
by canceling such integrals between the full theory and the effective field theory using a
four-dimensional matching procedure. We will use the EFT Hamiltonian to calculate the
scattering angle solving the classical dynamics. Finally, we will compare to our predictions
for the amplitude and the angle from the previous section.

The EFT is defined in the center of mass frame

P1 = (_Elup)v D2 = (_E27 _p)a p3 = (E27p/)a Pa = (Ela _p,)v (71)

where the magnitude of the three-momenta, |p| = |p/|, is unchanged in the scattering and

the energies are E; = \/m? + p2. In this frame the momentum transfer is purely spatial
and given by ¢ = p — p’, and the usual Mandelstam invariants are

s=(p1+p)’ = (F1+ Ep)? = E?, (7.2)
1 —cosy L9 X

t= (i +p) = —(p—p) = —a* = ~4pP— X — it S (1)

u=(p1+p3)? = (B — E2)?— (p+p)? = E*(1—4¢) — 4p° cos® % ; (7.4)

where x is the scattering angle and we introduced the total center of mass energy, E, and
the symmetric energy ratio, &, defined as

E1Ey

E = FE1 + E, f:m-

(7.5)

We will use these variables throughout this section.

7.1 Scattering amplitude with IR subtractions optimized for EFT matching

Here we will use the method of refs. [19, 20], which first expand in the small-velocity limit
in the potential region to produce three-dimensional integrals, and then expand in the
limit of small ¢q. Divergent integrals will be kept unevaluated, to be canceled against EFT
amplitudes in the matching procedure.

First let us calculate the scattering amplitudes optimized for EFT matching. At tree
level the relevant piece comes from the 1/t pole

_ 87Gmim3 (o — cos ¢)?

M= EEs q’ ’

(7.6)

where we have divided by the non-relativistic normalization 4 F1 F>. We will use the nota-
tion in refs. [19, 20] and denote the conservative amplitudes in this section with calligraphic
M to distinguish them from those evaluated in dimensional regularization in previous sec-
tions. The one-loop amplitude can be easily obtained from the one-loop integrand in
eq. (3.12). As explained in ref. [20], section 7.2.2 and 7.3.3, the scalar crossed box gives
a vanishing contribution in the potential region (in strictly four dimensions), and the box
yields the following three dimensional integral

P = / v ! + evanescent terms (7.7)
) (2m)P-1 2B£2(£ + q)%(£2 + 2p¥) ' '
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Here evanescent terms refer to two classes of terms: (1) terms that are suppressed in € or
lq| after loop integration, (2) terms that arise from EFT diagrams with insertions of EFT
operators suppressed by € or |¢g| omitted from eq. (7.17). Due to divergences associated
with loop integration, terms of class (2) may be naively of the same order of € and |¢]
as terms that directly correspond to four-dimensional classical dynamics, but nevertheless
such evanescent terms cancel in the EFT matching procedure and do not contribute to the
final results. The one-loop amplitude optimized for EFT matching is then

1 2,,4,,4 D-1 1
My = (167G)"mymy (a—cosd))4/ d Di 5 575
2E1 Ey(Er + Es) (2m)P—1 £2(£ + q)* (£ + 2p¥)

+ evanescent terms. (7.8)

Finally, we extract the two-loop conservative amplitude optimized for EFT matching
from the two-loop integrand in eq. (3.16). Let us first consider the integrals in the first line
of such an equation. As explained in ref. [20], when using the non-relativistic integration
method all the non-planar scalar double-boxes vanish. Intuitively this is because the energy
flow would require the propagation of an antiparticle, which is not allowed, so only the
planar double-box contributes in the potential region as [20]

g _ 1 / dPley dPle, 1
UL 4p2 | (2m)P-1 (2m)P-1 02 (g — £1)2(€2 + q)2(€3 + 2ply) (€3 + 2pls)
+ evanescent terms . (7.9)

We must note that the vanishing of the non-planar integrals is a consequence of the loop-
by-loop integration procedure used in ref. [20], which at every stage drops evanescent
contributions. In a two-loop integral these can hit at 1/e or 1/|¢| pole coming from a
different loop and generate finite contributions with classical power-counting such as those
calculated in section 4.4. These contributions arising from evanescent terms are scheme
dependent, and, as mentioned above, their ultimate fate is to cancel in the EFT matching
procedure. In particular, they will not affect any physical quantity. Thus, as long as the
integration in full theory and EFT is done consistently one might drop such evanescent
terms. This effectively gives us a four-dimensional regularization method which, in contrast
to our eikonal calculation based on dimensional regularization, does not need quantum
corrections of O(|¢|°), and O(e) contributions at one-loop in order to extract the classical
dynamics at two loops.

Next we consider the integrals in the second line of eq. (3.16). As explained in previous
sections only Iy and I contribute with value given by eq. (4.111), which we reprint here

arcsinh

-1
| 9 o—1
ogq 12 + evanescent terms, (7.10)

n Tlm 64m2mimog* /o2

where we dropped 1/e pole terms that do not generate non-analytic dependence on g2.
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Putting the pieces together we find the full two-loop amplitude optimized for EF'T matching

1
arcsmh\/j 64m2m3m3 (o — cos ¢)?

321G3mim3 (o — cos ¢)?

W= 1
s EEs 024" (Eq + E»)?
/ dD_1£1 dD‘1£2 1
(27T)D_1 (27T)D_1 f%(fg — £1)2(E2 + q)Q(E% + 2p€1)(£§ + 2p£2>

+ evanescent terms. (7.11)

For later convenience we rewrite the conservative amplitudes in terms of the total
energy, mass and cross ratios as

8rGv2m* (o — cos ¢)?

My = JoRT: o ; (7.12)
(167G)?v*m8 4 [ APl 1
My = E—%( —cos ¢) @01 (6 + )2 (2 + 2p) + evanescent terms,
(7.13)
Mo — 321G313mS (o — cos ¢)? o Zarcsinhv =t n 647%13mO (o — cos ¢)?
3 — §E2 24 m E2

/ dD_lfl dD_lﬁg 1
(27T)D_1 (27T)D_1 f%(ﬁg — £1)2<£2 + q)2(£% + 2p£1)(£% + 2p£2)

+ evanescent terms. (7.14)

7.2 EFT matching and classical Hamiltonian

Following ref. [16], we want to match the amplitudes above to an EFT with an ordinary
Hamiltonian with a potential, which we later will use to solve for the classical dynamics.
The EFT describes two massive scalars interacting with momentum space Lagrangian

e / dDDl gl )(@-W)@( )
+/(‘21D);pl¢2( )(i&t—\/m>¢2(p)

D—-1 D—1.1
- [ Gt V@A) @)@k —p)ep). (713

given by

where the form of the kinetic term manifests the absence of anti-particles. The potential

is given by
r)(P-1)/2 —1-n
Vip,p—q) = Z (G/2|)q|(51 1) — 2 [i/2] P2 p?) (7.16)
n=1
2,2
_ 425 a(p?) + qu!G co(p?) — 27Glog * es(p®) + -+, (7.17)
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where for conciseness we have put the external legs on-shell. As in the full theory, here we
have also dropped evanescent terms suppressed by € or ¢? at each order in G, which can
affect the scattering amplitudes but do not have physical effects. If we Fourier transform q
back to position space this yields the more familiar potential with an expansion in G/|r|.

The EFT amplitudes calculated with the Lagrangian above are very simple. Due to
the absence of anti-particles they are given by iterated bubble diagrams. The results up to
order G? are given by ref. [20],

47Ge
EFT _ 1
Ml - q2 )
2m2G2cy  T2G2
MEFT = + [ 1—36)c? + 462 E%¢, (!
? q] g Ll )i !

/ dP-1g 32E¢m? G el

(2m)P-1 02(L + q)2(€% + 2pL) ’

7G3 log q°
B¢

+ 4€2 E3coc) + 462 B3 iy — 2(3 — 9€)EE% A, +2E(1 — 35)0102}

N / dP=1e 1673G3¢1 [2E&cs — (1 — 38)cf — 462 E%e1 )]
(2m)P—1 22 + q|(£2 + 2p8)

B / dP-1e; dP~1e, 256 B3GR e}
(2m)P=1 (2m)P=1 £3(€1 + £2)2 (€2 + q)2(£3 + 2ply) (€3 + 2pls)’

MEFT —27G3log q*cs — [(1 —46)c? — 863 Feid)? — 43 Fd

(7.18)

where ¢; = ¢;(p?) and the primes denote derivatives. The EFT matching is performed by
requiring M,, = MEFT | which yields the following coefficients for the potential

miv?

c1(p?) = _E72§2<U — cos ¢)?, (7.19)
6,3 o b4
e (p?) = g?’; [—8(0 — cos ) + W] , (7.20)
mby3 [16(0 — cos ¢)*arcsinhy / 251 40m2v (o — cos ¢)*
C3(p ) = E2£ 0_2 1 - E2£2
8mA2(3 —4€) (o —cos ¢)®  4mSu3(1 — 2¢) (0 — cos ¢)8
Biew - Foet . (7.21)

A simple check is that for ¢ = 0 the potential should vanish in the static limit, o — 1
because the black holes are extremal. At higher loops this will continue to hold because
the amplitude is proportional stuM™®®, which vanishes as (1 — cos ¢)*. Note that at one
loop there are no triangles so the result is pure iteration
2y _ [ (1 =3¢ 22

ca(p?) = T + E&0p2 | c1(p”)”. (7.22)
We note that in the high-energy limit ¢ — oo, the potential also matches the result from
Einstein gravity in refs. [19, 20].
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7.3 Scattering angle from the classical Hamiltonian

The scattering angle can be calculated from the Hamiltonian

H(p,7r) = \/p2+m%+\/p2+m%+V(p,r), (7.23)

by solving the classical equations of motion. As shown in ref. [19], this yields a formula that
expresses the scattering angle directly in terms the IR finite part of the PM amplitudes,
M, which are defined by dropping the unevaluated integrals in the expressions above

dy  do 1 dyds d3
2nx = —+ — + = | —4ds + —- — .24
™ J+J2+J3( 3T T g2 ) (7:24)
where d; are defined in terms of M/ as
di = E¢q* M /|p|, dy = E¢|qIMj, ds = E¢|p| M3/ log ¢*. (7.25)
Using our results for ' = 8 supergravity we find
_ 2
iy = SmGm?y T =0 dy =0, (7.26)
o?—1
321G3mOvi (o — cos ¢)* o—1
ds = inh 2
3 o111 arcsin 5 (7.27)
so the scattering angle calculated from the EFT is
IPM _ Gm?v 4(o — cos ¢)* ’ (7.28)
J o?—1
M=o, (7.29)
G3mSu3 (0 — cos ¢)8 4(o — cos ¢)* o—1
3PM .
= — hy/—— .
J3 3(02 —1)3/2 + V2(a -1+ e 2 |’ (7.30)

which precisely matches our results in eqgs. (6.39)—(6.41) from the eikonal analysis.

One might be tempted to use the Hamiltonian to also calculate the precession of the
periastron, A®, but as explained in refs. [86, 87|, there is a simple relation between this
quantity and the scattering angle

AD = x(J)+ x(—J), (7.31)

which implies that odd orders in G (i.e. odd PM orders), which are also odd in J, do not
produce a precession, which can be confirmed by explicit calculation using the Hamiltonian.
This means that the absence of precession observed in ref. [52] extends to O(G®), although
for trivial reasons, and a calculation at the next order will be needed to test their conjecture
of no precession to all orders. The precise statement of the conjecture in ref. [52] is that
the quantum energy levels of the bound system, which we have not explored in this work,
remain exactly degenerate. However, the fact that there is a correction to the classical
scattering angle at O(G®), although suppressed in the probe limit, makes us less optimistic
about the possibility of the orbits remaining integrable at this and higher orders.
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8 Conclusion

In this paper we computed the conservative classical dynamics of scattering of two spinless
extremal black holes in A = 8 supergravity at O(G?). In refs. [19, 20] the O(G?) (or
3rd-post-Minkowskian) conservative potential in Einstein gravity was calculated using an
EFT matching procedure that avoids evaluation of infrared divergent integrals and pro-
vides a velocity expansion to high orders. Here, in contrast, we have directly calculated
the IR-divergent scattering amplitude in dimensional regularization, and have directly ob-
tained exact velocity dependence using differential equations, without the need to resum a
series expansion.

This has allowed us to probe the delicate IR structure of eikonal exponentiation, where
terms that vanish in four dimensions or vanish in the classical limit have to be evaluated
explicitly at one loop, in order to construct IR subtraction terms at two loops to isolate
genuine classical contributions at O(G?). Our novel integration method paves the way to a
rigorous verification of the velocity resummation of refs. [19, 20], and to streamline further
calculations. The ability to evaluate the divergent two-loop amplitudes in dimensional
regularization also opens the door to applying the method of refs. [17, 18] which computes
classical observables directly from appropriate phase space integrations of the S-matrix.
Our differential equations method is highly flexible as the only difference between the
soft region and the potential region is in the boundary conditions. The evaluation of the
amplitude in the soft region at two loops and the emergence of non-exponentiating terms
will be discussed elsewhere.

By computing the classical gravitational scattering angle in both the eikonal approxi-
mation and EFT formalism, we have explicitly established their equivalence at O(G?) for
the scattering of massive particles for the first time. While the EFT formalism gives a
more direct connection to the classical Hamiltonian, the eikonal approximation provides a
more direct relation between two gauge-invariant quantities, the scattering amplitude and
the scattering angle. It would be interesting to prove the all-order eikonal exponentiation
structure for massive scattering from first principles beyond the one-loop case [13], perhaps
by generalizing the partially massive case studied at two loops in ref. [93], and to prove the
validity of the eikonal angle formula beyond two loops.

Remarkably, we found that the classical scattering angle of two extremal black holes
in N = 8 supergravity coincides in the limit of high energy with that of two Schwarzschild
black holes in Einstein gravity [19, 20]. Since the classical limit satisfies |g| < M and does
not commute with the massless limit M — 0, our result is reminiscent of, but not a direct
consequence of, the universality of massless gravitational scattering in the Regge limit
recently unveiled in ref. [24], and strongly suggests graviton dominance, whose mechanism
still needs to be understood, is generic at this order.

Beyond universality, several aspects of the scattering of black holes in N' = 8 super-
gravity deserve further study. For instance, it would be very interesting to re-analyze the
two-loop calculation for dyonic black holes with generic charge misalignments. This might
require an improved understanding of the structure of the S-matrix for mutually non-local
particles. Furthermore, it would be interesting to calculate the exact quantum energy levels

~ 51 —



of the bound system and their decay rates to explore the precise integrability conjecture of
ref. [52]. More generally, this conjecture should be investigated at the next order, where
precession can arise. Given the simplicity of loop integrands in A = 8 supergravity, we ex-
pect this highly symmetric theory to be an excellent theoretical laboratory for other aspects
of black hole binary dynamics, such as spin-dependent scattering at O(G?3) and spinless
scattering at O(G*), both of which are unexplored frontiers in post-Minkowskian expansion
of black hole binary dynamics, but are amenable to treatment by our techniques.?’ We
hope to explore some of these questions in the near future.
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A Dimensionally regularized integrals for the potential region

In this appendix we present results for dimensionally regularized Feynman integrals in
D — 1 = 3 — 2¢ spatial dimensions, needed for re-expanding the “soft integrals” in the
potential region. All of these integrals are the result of evaluating the energy integrals
using the residue prescriptions explained in the main text.

Following widely used conventions in the literature on Feynman integrals, the integrals
are presented with the following normalization,

dP-1¢
@mD-D

dP—1le

m = 87('3/2 (471')76

(A.1)
In the frame chosen the external three-momentum transfer g is in the transverse (z,y)
direction, while some integrals have linear propagators of the form 1/¢, = 1/(£-n,), where
n, is the unit vector in the z-direction. The final results are fully relativistic and functions
of g> = —¢%. Unless otherwise shown, we will consider the —i0 prescription to be implicitly
present in every propagator.

A.1 One-loop integrals

At one loop we need to evaluate the linearized triangle and bubble integrals in eqs. (4.49)
and (4.48). These can evaluated using traditional methods. Concrete the general linearized

20Sce refs. [49, 123, 124] for some related recent results in the post-Newtonian expansion. Also see
refs. [18, 43, 125-133] for spin-dependence in the post-Minkowskian expansion up to O(G?).
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triangle integral is given by [115]

/ dP-1p 1
x(D=1)/2 (£2 —i0)a[(£ — q)2 — i0]®(2¢% — i0)¢
—b—5—¢)T

(A.2)

(a+b+5+e—3)

_ emTc<q2)%—a—b—£—eF (%) r (% —a- % B 6) r (%
T (a)T(b)T(c)

The usual bubble integrals with ¢ = 0 can be recovered by

L T(e/2)
c—0 2F(C)

In particular, for a =b=1, ¢ — 0, eq. (A.2) gives

I'B—a—b—c—2e¢)

dP~1e 1 . oy
TD-D202(¢ — q)2 (—a%)

Setting a =b=c=1in eq. (A.2) gives

—q2 I'(1 —2e¢)

€)’T'(1 +e)

L P(3-9'T(3+9

/ dP-1le 1 B 1 iy7l(—
m(D=1)/2 g2(£ — q)2(2¢7) —q? 2I'(—2¢)

(A.3)

(A.5)

Another way to evaluate this integral is by using symmetrization over the possible assign-

ments of loop momenta

/ db-1e 1
7(D-1/2 2(¢ — q)2(2; — i0)

(A.6)

:/md]}_le?(w i0) [T, £2 (ZEZ)‘S(D ” (ZeL )

Where the £ and gt

respectively. Now we symmetrize over the two loop momenta, using

21![2@1—1 } <Z€>

07)6(43) .

Using ¢* = 0, we can trivially preform the z-integration to obtain a (D —

bubble integral

1\/>/ dD 2@1 1
i0)

/ dP-1g 1
w(D=1)/2 02(£ — q)2(20; — (D-2)/2 p2(¢ — q)?

+1)

are the components of £; and q in the plane orthogonal to n,,

(A7)

2)-dimensional

2y L VAP
—q? 2I"(—2¢)

= (¢

in agreement with eq. (A.5).
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A.2 Two-loop integrals

Double box (IIT). Adopting the frame choice eq. (4.44), and after energy integration,
we find that in the static limit, the pure basis of master integrals, eqs. (4.64)—(4.73), for
the double-box family are equal to

D—-1p 3D-1 €)2
) Ty ) dP=1edP =14, (e75)
2] 1 90)(— A9
fHI,4|y:1 6° (1+2¢)(—q )/(jW(D—l)ﬂ)? (€2)%3 (L1 + £y — q)? —
D-1p. 3D-1 €\2
) o dP—1e;dP—1e, (e7€)
flﬁ,6|y:1 = 663(1 B 66)/(17T(D1)/2)2 0203 (8 + £y — )%’ (410
D-1p 1D-1 €)2
() 402 A7 d7 £y (e7) A
_ 11
fHI,7|y:1 me'(—q )/(jW(Dl)/Q)Q 0203 (81 + £y — q)%(205)(—203) ( )

D-1p, qD—1 €)2
(p) ) d Eld EQ (GVE )
fIII,10|y=1 / im(D=1)/2)2 0202 (01 + €y — q)%(203) (A-12)

where we have omitted the other integrals in the basis which vanish in the static limit. The
first, second and fourth of these integrals can be evaluated by first performing a sub-loop
integral over £y using eq. (A.2), and then evaluating the resulting £; integral again using
eq. (A.2) with non-integer propagator powers,

dD_lfl dD_lgg 1
7(D-D/2 (D172 (£2)202(£ + €5 — q)°

s 1 (e DL 9 Tee
iy ’ (A.13)
(=) =) I (3 —3e)
dP—le; dP—le, 1
/F(D—l)/Q m(D=1)/2 0202(81 + £y — q)?
3
o —2¢ T (3 —€)°T(2¢)
_ A.14
/dD1£1 dP=1ey 1
m(D=1)/2 7(D=1)/2 0202(0y + £y — q)2(2(%)
2 1
o T(z—2)T (2 — I'(—e)I' (2 5
g L WAL TG T e y)

2 2T (3 — 3¢) [(1 — 2¢)

The evaluation of the remaining integral follows closely the evaluation of the one-loop
triangle integral by symmetrization. We first rewrite

/dD_lfl dD_1£2 1 (A 16)
r(D=1)/2 £ (D=1)/2 £202(£1 + €5 — q)2(265 — i0)(—2¢5 — i0) ‘
) aD-1/2 g(D-1)/2 (202 —10)(—2¢; — 10) IL; ¢
X 5(2@)5@—2)(2@ - qJ‘) .

Symmetrizing over all loop momenta, results in the identity similar to eq. (A.7),

1 1 w2

— ) ) = ——6(05)5(45)0(43) . Al

. [(2@% o525 perms} 5 (Z el) —O(E)3(63)6(65) (A.17)
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Using ¢ = 0, we can trivially preform the z-integration to obtain a (D — 2)-dimensional

integral
dP—te; aP-le 1
/ (D—l)/12 (D—l)/22 202 20z _ FR (A.18)
T s LiL5 (L1 + £y — q)? (205 —i0)(—205 — i0)
T dD*2£1 dDiQEQ 1
T 76 ) 20272 10272 020306 + £ — q)
7 (—q2)_26 1 T(—€)?T(2e+1)
6 (=¢*)  T(=3¢)
Therefore, the integrals with nonzero values in the static limit are
1 3
(p) _ (») _ 2T 3 91 9c oypel (3 —¢) (2
fIH,4’y:l - 2fHI,6|y:1 -y (=q7) e r(l—3) (A.19)
2 3
() T 4 9v—2e 29l (—€)°T (26 + 1)
fIﬁ,?‘y:l - Eﬁ (_q ) e e F<—3€) ’ (AQO)
(p) _ i€47T3/2 (_ 2)726627}361—‘ (% _ 26) r (% _ 6)2 F(_G)F (% + 26) (A 21)
,10ly=1 = g 1 T (3 —36)T(1 - 2¢) ‘

By expanding in € one can check that such boundary conditions (A.27)—(A.20) are of
uniform transcendental weight, and yield the boundary vector (4.86) used in the text.

H and H. The integrals for the sum of H and H topologies with non-vanishing static

limits are
- - €\2
1l = = 340 [ e (A
f§§>77’y:1 - _ %62(1 + 2) / = D_dll:ﬂ;f(lj;?;;? éff;j mpel (A.23)
f(ffﬂm!y:l — —rel(—¢?) / (iﬂ(D?52)12%(21;@11@_(;‘222 o (A.24)

The second integral has already been evaluated, and equals to

3
féﬁ{?‘yﬂ = - §fI(IpI),4‘y:1 . (A.25)

The remaining integrals are proportional to a two-loop double-bubble integral which fac-
torizes and is trivially the square of the one-loop bubble integral (A.4)

1 F(%—e)4f(%+e)2

TO-D2 2 DDEEGE — ¢k —q? ) () (-2
(A.26)
In summary we find the following result for the static integrals
1 2 NE
(p) ) T4 avoe appe |[L(5—6) T (e+3)
Fettaly—1 = 3 H10ly—1 = 5€ (=a7) e [ (1= 2¢) ; (A.27)
f - T (L—¢)’r(2)

PR = = med(—g?) e (3 (A.28)

I'(3-3)
which yields the boundary vector in eq. (4.110).
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IX and crossed integrals. The evaluation of the boundary vector for the IX and crossed
integrals proceeds analogously to the computations in the previous subsections.?! In par-
ticular all three-dimensional integrals necessary have already been computed therein.

B Solution of the differential equations

Having the canonical form of the differential equations at hand the systems can be straight-
forwardly solved order-by-order in ¢, yielding harmonic polylogarithms. In this appendix
we present the solution of the differential equations for two-loop master integrals in the
potential region up to O(e*). All the functions not shown vanish. The solution of the dif-
ferential equations in eq. (4.75) with the matrices in egs. (4.77) and (4.78) and boundary
conditions in eq. (4.86) is

I(ﬁ),z = (—¢*) " *en? _—;elog(x) + € (Lia(1 — 2%) + logQ(x))} , (B.1)
By = oty en | Zelonlo) - 26 (Ll - ) + o) | . (B2)
1(1124 = (=) *e*n? il)) + %62 (—7n? — 48 log2(x))] : (B.3)
e 5.4
1(1131)77 _ (_qz)—26627r2 ; _ %62 (4log2(x) + 7Tz)] : (B.5)
fI(ﬁ),IO = (—¢%) e n? 17;6 - 17710g2(2)2] (B.6)

The solution of the differential equations in eq. (4.101) with the matrices in eq. (4.102) and
boundary conditions in eq. (4.110) is

- e [22] @
1y = (a2 [ Letogto) - 6 Ui -9+ log?(a) B
Jifte = (~) e [ log(x) + € (Liz(1 — 2%) + log*(2))] , (B.9)
FH = (—¢) e -—; +é (7122 + 4log?(x ))} , (B.10)
[8y = (—¢?) e [_—elog(fﬂ) + €% (Lig(1 — 2®) + log*(z))] | (B.11)
810 = (—a®) %02 [ (n? + 6log?(2))] - (B.12)

21The explicit values for the boundary conditions can be obtained from the solutions inside the supple-
mentary material accompanying this paper.
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The solution of the differential equations in eq. (4.132) with the matrices in eqs. (4.134)
and (4.135) boundary conditions in eq. (4.137) is

8 = by [ Setogte) ~ 32 (a1 —a?) vt . 1y
£y = () 2e? | elog(a) + L2 (Lin(1 — 2?) + log2<x>)] C (B
sz()zz)’4 . __é n %62 (7n? +4810g2(x))] ’ (B.15)

&?5 = (—¢*) ¥ _;Glog(l') — ¢ (Lip(1 — 2%) + 1Og2(x))] ) (B.16)
fBs = (—¢?) e -gelog(x) + 262 (Lin(1 - 22) + logg(f@)] . (Ba)
fI()I;?? — (—g?)22n? zl)) _ %62 (772 + 48 logQ(x))} : (B.18)
f&),g = (=¢) ¥’ —é + 77;2662] ; (B.19)
fl(gm = (—¢*) ¥ ——15262 108;2(56)} ) (B-20)
fl()l?,m = (—¢*)*en IZE B mlog2(2)e2] ' (B21)

The differential equation for the III topology is obtained by crossing from the differential
equation for the III topology in eq. (4.75) with the matrices in egs. (4.77) and (4.78). Using
the boundary conditions in eq. (4.141), we find the solutions

f%{g = (—¢?) %2 ——éelog(a:) - %8 (Liz(1 — 2?) + 1og2(x))} : (B.22)
fl(%),4 — (—g?) % _—;elog(x) _ %62 (Lig(1 — 22) + 10g2(x>)} 7 (B.23)
fl(%)’5 — (—g?) % __é i %62 (7r2 + 48 logZ(:E))] 7 (B.24)
AR = (=) e —_é + 76;7; 2] ’ (B25)
= oy [ Lerogw] (.20

The differential equation for the IX topology is obtained by crossing from the differential
equation for the IX topology in eq. (4.75) with the matrices in eqs. (4.134) and (4.135).
Using the boundary conditions in eq. (4.142), we find the solutions

12, = (—=¢%) e [—;elog(x) + € (Lig(1 — 2?) + 1og2(x))] , (B.27)
fl%?) = (—¢%) %2 [—gelog(x) - %62 (Lig(1 — z?) + logQ(x))] , (B.28)
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]01(712)74 — (—g?) % ?1) _ %62 (77r2 148 log2($))] ’ (B.29)
5 = ) e [ etogto) + 36 (- o) o) (B30
f%?ﬁ — ()22 :—;elog(x) - %62 (Lia(1 — 2®) + 1og2(a:))] , (B.31)
]01%7 — (—g?) % _é n %62 (7772 148 logQ(x))} : (B.32)
£, = (e :_(15 N 77;262} 7 (B.33)
f%?m _ (_q2)—2662ﬂ2 :;62 logQ(x)] ) (B.34)
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