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1 Introduction

An interesting arena for exploring the AdS/CFT correspondence, both from the geometric
and the field theory points of view, is the class of supersymmetric AdS3 X Y7 solutions of
type IIB supergravity of [1] and AdSs x Yy solutions of D = 11 supergravity of [2]. These
solutions are dual to d = 2 SCFTs preserving (0,2) supersymmetry and an superconfor-
mal quantum mechanics preserving N' = 2 supersymmetry, respectively, both of which
have an abelian R-symmetry. The internal spaces of these supergravity solutions are low-
dimensional examples of a novel kind of geometry, called “GK geometry”, which is defined
on odd-dimensional manifolds Y2,11, n > 3 [3]. GK geometry consists of a Riemannian
metric, a scalar function B and a closed two-form F' which extremizes a particular action
and also admits a certain type of Killing spinor. Furthermore, motivated by the supergrav-
ity solutions, there is a natural flux quantization condition that can be imposed on cycles of
co-dimension two. The GK geometries have a canonical R-symmetry Killing vector which,
for the supergravity solutions, is precisely dual to the R-symmetry in the dual field theory.

It has been shown recently that the R-symmetry Killing vector in GK geometry can
be obtained via an interesting variational problem [4] that is analogous to the principle
of volume minimization in Sasaki-Einstein geometry [5, 6]. In the case of n = 3, i.e. Y7,
this variational problem is a geometric realisation of the c-extremization principle for the
dual (0,2) d = 2 SCFTs proposed in [7] and allows one to obtain, for example, the central
charge of the dual field theory without knowing the explicit AdSs; x Y7 solution. For the
case of n = 4, i.e. Yy, there is, in general, no analogous extremization principle in field
theory that one can compare with. However, for special subclasses of Yy it corresponds to
the I-extremization principle of [8], as shown in [9, 10]. Furthermore, when the AdSs x Yy
solution arises as the near horizon limit of a black hole, the geometric variational problem
also allows one to calculate the entropy of the black hole, again without knowing the
explicit supergravity solution [4]. In particular, for the class of such black hole solutions that
asymptotically approach AdSy, the connection with I-extremization provides a microscopic
derivation of the black hole entropy, substantially extending [8] (for other related work see,
for example, [11-15]).

In previous work [9, 16], the variational problem of [4] was utilised to study specific
classes of Y7 and Yy that arise as a fibration over a Riemann surface By = ¥, with toric
fibres X5 and X7, respectively. By taking the R-symmetry Killing vector field to be tangent
to the fibres it was shown that the general formulae in [4] can be recast in terms of a
master volume formula for the toric fibres which is a function of the toric data, a choice
of R-symmetry vector and an arbitrary transverse Kéahler class. It was shown that the
extremization problem can be implemented using the master volume formula combined
with a set of integers that determine the fibration of X5 or X7 over ¥, as well as a Kahler
class parameter for X,.

In this paper we substantially generalize these results. We will study the extremal
problem for GK geometry on Y, that arise as fibrations of the form X941 — Yo, 10541 —
Boy, withr > 1, k> 1and r+ k =n > 3. We will assume that the base manifold By
of the fibration is Kéahler, while the fibre is again taken to be toric. Remarkably, we will



show that the extremal problem of [4] can again be implemented using the master volume
formula for the toric fibres, as in the cases studied in [9, 16]. One new feature is that while
for k = 1 derivatives of the master volume with respect to the R-symmetry vector and
Kahler class parameters appear, for k > 1 we will also need to consider derivatives with
respect to the toric data. We will present explicit formulae for specific values of r, k that
are associated with interesting AdSs and AdSs solutions, but it is reasonably clear how
to extend to other values. A simple explicit expression for the master volume formula in
terms of the toric data was given for X5 and X7 in [9, 16], respectively. Here we will also
provide an analogous expression for the simpler case of X3.

For application to the AdS/CFT correspondence the main utility of our new results
is that one can calculate quantities of physical interest without knowing the explicit su-
pergravity solutions, just assuming that they exist. That being said, it is very satisfying
to be able to check the new formulae that we derive here against some explicitly known
solutions. We will carry out such checks for the class of AdS3; x Y7 solutions of type IIB
found in [17] with X3 < Y7 — By, i.e. r = 1,k = 2, with B4 having a Kéhler-Einstein
metric. We will also carry out a similar check for a class of AdSy x Yy solutions of D = 11
supergravity with X3 — Yy — Bg, i.e. » = 1,k = 3, with Bg having a Kéahler-Einstein
metric. These latter solutions were constructed in [18] and here we complete the analysis
of flux quantization.

The plan of the rest of the paper is as follows. In section 2 we summarize general
aspects of GK geometry and the associated extremal problem. In section 3 we discuss the
toric fibres and their master volume. In section 4, which contains our main new results, we
present the formulae for implementing the extremal problem in the fibred GK geometries
for Kéhler base manifolds of dimension k = 1,2,3. We illustrate the formulae considering
a variety of examples in section 5, focusing on the new cases of K = 2 and k£ = 3. In
addition to reproducing the results of some known explicit supergravity solutions, where
the bases B, and Bg are Kahler-Einstein manifolds, we also work out examples where the
base manifold is Kéhler, but not Einstein. In particular, we consider By = ¥, x X,,
the product of two Riemann surfaces of genus g1 and g, as well as By = F,,, the n-th
Hirzebruch surface. We conclude in section 6 with some discussion. The appendices A-D
contain the derivations of the various key identities involving the master volume, that we
use in the main part of the paper. We have also included an appendix E, which explains
how the formalism developed in [9, 16] and the present paper allows one to efficiently
compute the Sasakian volume function of [5, 6].

2 GK geometry and the extremal problem

We begin by briefly summarizing some aspects of GK geometry [3]. This is a geometry
defined on an odd-dimensional manifold, Ya,41, with n > 3, consisting of a metric, a scalar
function B and a closed two-form F, so that dF" = 0.

The existence of “supersymmetry”, by which we mean the existence of certain Killing
spinors given in [3], implies that the metric on Ya,4; has a unit norm Killing vector &,
called the R-symmetry vector field. Since § is nowhere vanishing it defines a foliation F



of Yo, 41. In local coordinates we may write
1
&= ;az , n=c(dz + P), (2.1)

where ¢ = (n —2)/2 and 7 is the Killing one-form dual to . The metric on Y3,,4+1 then has
the form

ds%n—l—l = 772 + eBdS%n ) (22)

where ds3,, is a Kéhler metric transverse to Fe. This Kahler metric, with transverse Kéahler
two-form J, Ricci two-form p = dP and Ricci scalar R, determines all of the remaining
fields. Specifically,

1
B = %R, F = _EJ+ d(e ). (2.3)

In particular, notice that we require positive scalar curvature, R > 0. These off-shell
“supersymmetric geometries” become on-shell GK geometries, or “supersymmetric solu-
tions”, provided that the transverse Kahler metric satisfies the non-linear partial differential
equation

1 .
DRziﬁ—RWW. (2.4)

For n = 3 and n = 4 these give rise to supersymmetric AdSs x Y7 and AdS; x Yy
solutions of type IIB and D = 11 supergravity, which we describe in more detail below.
For these cases we must impose a flux quantization condition for cycles of codimension
two, and this naturally generalizes to all n > 3. Specifically, if 34 are a basis for the free
part of Hoy,—1(Y2,41,7Z) we impose

1 c
ApAN——J" 24 = dR| =v,N 2.5
/EA[U PN ) + 5 *on vnNa, (25)
where N4 € Z and the non-zero, real constant v, is explicitly fixed only for the cases of
n =3 and n = 4, as given below.

We also recall that for an off-shell supersymmetric geometry (i.e. not imposing (2.4))
the real cone over Yo, 11, C'(Yon+1) = R X Ya,11, equipped with the conical metric

d53n+2 =do* + Q2d5§n+1 ) (2.6)

has some important properties. The cone C'(Y2,11) has an integrable complex structure,
and there exists a nowhere vanishing holomorphic (n + 1,0)-form ¥, which, furthermore,
is closed d¥ = 0. It follows that C(Y2,+1) has vanishing first Chern class. Additionally,
the R-symmetry vector £ is holomorphic, and moreover W has a fixed charge with respect
to the R-symmetry vector:

Q@:éw. (2.7)



We can now summarize the extremal problem for the off-shell supersymmetric geometry
that was presented in [4]. We fix a complex cone C'(Yay,+1) = Rs X Y241 with holomorphic
volume form ¥, and holomorphic U(1)® action. We then choose a fiducial holomorphic
R-symmetry vector £ and demand that the holomorphic volume form has fixed charge
1/c, as in (2.7). This choice of ¢ defines a foliation F¢, and we then further choose a
transverse Kéhler metric with basic cohomology class [J] € H}S’l(}}). We do not impose
the condition (2.4), as this would immediately put us on-shell. However, in order to
impose the flux quantization condition (2.5) we impose that the integral of (2.4) is satisfied.
Specifically, we impose the topological constraint

1
APP AN ——=J" 2 =0 2.8
/Y%Hn PN , (2.8)
and also impose the flux quantization conditions’
1 _
/E nAp/\mJn 2 :V'n,NA7 (29)
" !

with the basis of cycles {34} all tangent to . Finally, an on-shell geometry, with properly
quantized flux, extremizes the supersymmetric action

1 _
Ssusy = / NAPA — " (2.10)
Y2n+1 (n — 1)

For a given ¢, it is important to emphasize that the quantities (2.8), (2.9) and (2.10)
just depend on the basic cohomology class [J] € H}S’l(]:g), and not on J itself [4]. Thus,
for fixed [J], we are extremizing over the space of R-symmetry vectors. A GK geometry
with quantized flux is necessarily an extremal point, although as discussed in [4, 16] for
a given extremal point there may be obstructions to the existence of a corresponding GK
supergravity solution, satisfying (2.4).

For the case of n = 3, i.e. Y7, the above extremal problem is associated to supersym-
metric solutions of type 1IB supergravity of the form

ds?y = L2~ P/? (ds*(AdSs) + ds*(Y7)) |
Fy = .y (VO]AdS3 NF + *7F) ) (2'11)

where ds?(AdS3) has unit radius, and L > 0 is a constant. The five-form Fj is properly
quantized provided that we choose the constant v3 to be

2(27l4) 4 g,
BE T

where /; is the string length, and g5 is the constant string coupling. Furthermore, the value

(2.12)

of the on-shell action also determines the central charge, csugra, of the dual field theory.
Specifically, defining the “trial central charge”, &, via

3L8 12(27)?
= ———5=55Usy = ——5—55USY » (2.13)
(2m)5g208 v3

! As discussed in [4], this is equivalent to the flux quantization condition if H?(Yan41,R) = HE(Fe)/[p),
which holds in the classes of examples studied in this paper.



where Ssygy is the supersymmetric action (2.10) with n = 3, then we have

Qp’on—shell = Csugra - (2.14)

Similarly, when n = 4, i.e. Yy, the above extremal problem is associated to supersym-
metric solutions of D = 11 supergravity of the form
ds?, = L2e72B/3 (ds*(AdSs) + ds*(Yy)) .
Gy = L*volpgs, A F (2.15)

where ds?(AdS3) has unit radius. The four-form G4 (or more precisely the Hodge dual
seven-form %11GY) is properly quantized provided that we choose the constant v4 to be

(27tp)°
Ls -’

V4 =

(2.16)

where £, is the eleven-dimensional Planck length. For this case we can define a “trial
entropy”, ., via
9
S = (2477:)1;@ SSUSY s (2.17)

where Sgysy is the supersymmetric action (2.10) with n = 4. In the case that the D = 11
solution arises as the near-horizon limit of a supersymmetric black hole, it is expected
that |onshenn is the entropy of the black hole [4]. More generally, it is expected that
 |onshell 18 the logarithm of a supersymmetric partition function of the dual quantum
mechanical theory [4]. For the sub-class of solutions for which Yy is the total space of
a fibration of X7 over a Riemann surface there is also an established connection with
Z-extremization [9, 10], which provides a state counting interpretation of the entropy of
infinite classes of supersymmetric, asymptotically AdS, black hole solutions.

In the remainder of the paper we will be interested in implementing the above extremal
problem for geometries in which Ys,1 takes the fibred form

Xort1 = Yoryopt1 — Bog, (2.18)

where n = r 4+ k and By, is a Kéhler manifold. We will further restrict to the case that
the fibre manifold Xs,4; is toric, so that the cone metric over Xs,4; is invariant under
a holomorphic U(1)"*! isometry, and moreover we take the R-symmetry vector ¢ to be
tangent to the toric fibre. We describe this geometry in more detail in the next section.

3 Geometry of the toric X, fibre

In this section we describe the geometry of the fibres Xo,1; in (2.18), in particular intro-
ducing the so-called master volume V. Our discussion here summarizes and generalizes
section 3 of [16] from dimension r = 2 to arbitrary dimension, and in addition we derive
some new identities satisfied by the master volume that will be important later in the

paper.



3.1 Toric Kahler cones

We start by assuming that we have a toric Kéhler cone, C'(Xg2-41), in real dimension
2(r +1). By definition these are Kahler metrics of the conical form

dsé(X2T+1) = dQ2 + Q2d53r+1 ) (31)

that admit a U(1)"*! action. This action is taken to be generated by the holomorphic
Killing vectors 0,,, ¢ = 1,...,r + 1, with each ¢; having period 2w. Moreover, we take
C(Xar4+1) to be Gorenstein, meaning that it admits a global holomorphic (r + 1, 0)-form
W (,41,0)- For convenience we choose a basis so that this holomorphic volume form has unit
charge under 0,, and is uncharged under 9,,, i = 2,3,...,r + 1.

The manifold X5, is embedded at p = 1. The complex structure of the cone pairs the
radial vector o0, with the Killing vector field £ tangent to X9, 1, which we may write as

r+1

§=) bid,,. (3.2)
i=1

The vector b = (b1,...,br41) then parametrizes the choice of R-symmetry vector . Notice
that we then have

LeViri1,0) =101Y (110 - (3-3)

The complex structure likewise pairs the one-form 7 dual to £ with do/g. In particular
for Kahler cones

d77 = 2Wsasakian (34)

where wgagakian 18 the transverse Kahler form. Because dn is also a transverse symplectic
form in this case, by definition 7 is a contact one-form on Xa,41. The unique vector field
& satisfying €an = 1, £.dn = 0 is then also called the Reeb vector field. We may write the
(Sasakian) metric on Xo, 41 as

ds%r—&-l = 772 + ds%r (w), (3.5)

where ds%r(w) is the transverse Ké&hler metric with Kéahler form w = wgasakian. We note
that (3.3) implies that

Mﬂzimeﬂyﬁx (3.6)

where F¢ is the foliation of X5, 11 induced by the choice of Reeb vector £, and p denotes
the Ricci two-form of the transverse Kihler metric ds3, (w).

We may next define the moment map coordinates

1
yiz§g28 Sn, i1=1,...,7+1. (3.7)



These span the so-called moment map polyhedral cone C € R"!, where the i = (y1,...,
yr+1) are standard coordinates on R"™!. The polyhedral cone C, which is convex, may be
written as

C={geR™ | (4,0,)>0, a=1,...,d}, (3.8)

where ¥, € Z"t! are the inward pointing primitive normals to the facets of the polyhedral
cone, and the index a = 1,...,d > r + 1 labels the facets. Furthermore, v, = (1,w,),
where w, € Z", follows from the Gorenstein condition in the basis for U(1)"™! described
above.

As shown in [5], for a Kihler cone metric on C'(Xa,11) the R-symmetry vector b =
(b1,...,br4+1) lies in the interior of the Reeb cone, b e C; .. Here the Reeb cone C* is

defined to be the dual cone to C, with C;, being its open interior. Using {_n = 1, together

with (3.2) and (3.7), the image of Xo9,4; = {0 = 1} under the moment map is then the
compact, convex r-dimensional polytope

P=P0b)=CNH(D), (3.9)

where the Reeb hyperplane is by definition
~ - 1
H:H(b)z{g’eR’”“y(gj,b):z}. (3.10)

3.2 The master volume

Following [16], we first fix a choice of toric K&hler cone metric on the complex cone
C(X2r41). As described in the previous subsection, this allows us to introduce the moment
map coordinates ¢ in (3.7), together with the angular coordinates ¢;, ¢ = 1,...,r + 1, as
coordinates on C(Xg,41). Geometrically, C'(Xo,4+1) then fibres over the polyhedral cone
C: over the interior Ciy of C this is a trivial U(1)"*! fibration, with the normal vectors
o, € Z't! to each bounding facet {(¢,v,) = 0} C dC specifying which U(1) C U(1)"*! col-
lapses along that facet. Each such facet is also the image under the moment map of a toric
divisor in C(Xg,41) — that is, a complex codimension one submanifold that is invariant
under the torus U(1)" ™!, The index a = 1,...,d thus also labels the toric divisors.

For a fixed choice of such complex cone, with Reeb vector £ given by (3.2), we would
then like to study a more general class of transversely Kéhler metrics of the form (3.5). In
particular, we are interested in the “master volume” defined by

1
V= nAﬁwr, (3.11)

Xor1
as a function both of the vector &, and transverse Kihler class [w] € H%(F¢). Follow-
ing [16], if we take ¢, to be basic representatives in H%(F) that lift to integral classes in
H?(Xs,11,7), which are Poincaré dual to the restriction of the toric divisors on C(Xg,11),

then we can write

d
W] = =27y " Aaca € Hp(Fe) . (3.12)

a=1



The ¢, are not all independent and [w] in fact only depends on d — r of the d parameters
{Aa}, as we shall see shortly. It will also be useful to note that the first Chern class of the
foliation can be written in terms of the ¢, as

d
] =27 ca € Hp(Fe). (3.13)

a=1

In the special case in which
1

A = ——— =1,...d 3.14
a 2b1 ) a 9y 9 ( )
we recover the Sasakian Kéhler class [p] = 2b1[wsasakian] and the master volume (3.11)

reduces to the Sasakian volume.
Again following [16], the master volume (3.11) may be written as

Y= (27r2,r+1v01(73). (3.15)

0]
Here the factor of (27)"*! arises by integrating over the torus U(1)"+!, while vol(P) is the
Euclidean volume of the compact, convex r-dimensional polytope

P=Pb:{\}) = {7 HO) | G—70,0)>N\, a=1,....d}. (3.16)
Here
1
+0) —
i _<2b1,0,...,0>eH, (3.17)

which lies in the interior of P, while the {\,} parameters determine the transverse Kéhler
class. We next introduce the new coordinates

Notice that the inequalities defining the polytope P then become simply (Z,0,) > Aq,
a = 1,...,d, which is the usual way the moment polytope is presented in toric Kéhler
geometry. In this case x; is the Hamiltonian function for the ith U(1) Killing vector 0,
with respect to the (transverse) Kéhler form w, i.e. do; = —0,,0w. Using (3.18) we may
then also write the master volume (3.15) as an integral

d
V=VE b)) = ot [ [0 ) M@ ). @19
R

where the integration over R"*! uses the standard Euclidean measure dzj A --- A da,yy1.
Here we have emphasized in the notation that the master volume also depends on the
choice of polyhedral cone C, via its primitive normal vectors #, € Z"t!, as well as the
choice of R-symmetry vector b and Kihler class parameters {\,}. Using (3.19) it is shown
in appendix A that )V satisfies the identity

d —
b av
S j(ul— bl> =0 (3.20)




meaning that this equation holds for all b and {Aa} (for fixed polyhedral cone and hence
fixed {¥,}). It follows that the master volume is invariant under the “gauge” transforma-
tions

r+1
Ao = Aot Y yilvhbr —b), (3.21)
i=1
for arbitrary constants 7;, generalizing a result of [19]. For Xa, 1, noting that the trans-
formation parametrized by 7 is trivial, this explicitly shows that the master volume only
depends on d — r of the d parameters {\,}.
The master volume V is homogeneous of degree r in the \,, and we have

d
1 1
y = / nA—w" = (=2m)" E —lay..arAar - Aa, s (3.22)
Xort1 " ai,...,ar=1 "

where the “intersection numbers” I,, ,, are defined as

1 a"v
Ioya, = ACay N+ Neg, = . 3.23
p /YQTJrl 1 Car (=2m)" OAg, - - . OAa, ( )
We may then calculate
/ nAp° A ;wr—s =(=1)* Ed: v (3.24)
Xopi1 (r—s)! W ONgy - ONg, ’

We also are interested in integrating over S,, the (2r — 1)-cycle in Xs, 11 associated with
a toric divisor on the cone and Poincaré dual to ¢,. We have

1 1
/ nAp°sA 7‘5‘)”_‘9_1 = / nAp°A 7'wr_5_1 A ¢cq
: (r—s—1)! Yori1 (r—s—1)!

d
(_1)s+l OSHV
=~ . 2
o, Zb: DDy, O, (3:25)
1y--505=

In appendix A we also show that the master volume V' is homogeneous of degree —1 in
the bz

It is possible to obtain very explicit formulas for the master volume in low dimensions.
In dimensions r = 2 and r = 3 the relevant formulae for X5 and X; were derived in [16]
and [9], respectively. In the present paper we shall also be interested in the case r = 1,
with a three-dimensional toric fibre X3. In this case the toric data of a Gorenstein Kéahler
cone of complex dimension r 4+ 1 = 2 is given by the two inward pointing normal vectors
v1 = (1,0), vo = (1,p), where p € N. This describes an A,_; singularity, C(X3) = C%/Z,,

with the Z, action on C? given by (z1,22) — (wp21,w,

root of unity. As shown in appendix B, the master volume of X3 in this case is simply

z2), where w, is a primitive pth

Aa
[T, D]

2
V(b; A1, Aas T, Ta) = (27)° Z(—l)a

a=1

: (3.26)

,10,



where here [7,,b] denotes the determinant of the 2 x 2 matrix, i.e. [7,,b] = e;vib7. Later
in the paper we will also need the master volume in dimension r» = 2. In this case the
master volume of X5 is [16]

-, —.

T 2 3 d )\a— _‘aa _’a 7b _)\a _’a— 7_’11 ab )\a _’a— 7_’(175’
V() = CEE o, Aale Tons bl Mt B, D4 [ o)
a=1

2 [ﬁa—laﬁa;g][gmﬁa-l—lab] ’

where [-, -, -] denotes a 3 x 3 determinant. Here the facets are ordered anti-clockwise around
the polyhedral cone, and we cyclically identify vy = 91, th = Uy, and similarly A\g11 = Aj,
)\0 = >\d~

Finally, we note that the formulae in this section assume that the polyhedral cone C
is convex, since we started the section with a cone that admits a toric Kahler cone metric.
However, as discussed in [4, 16], this convexity condition is, in general, too restrictive for
applications to the classes of AdSs and AdSs solutions of interest. Indeed, many such
explicit supergravity solutions are associated with “non-convex toric cones”, as defined
in [4], which in particular have toric data which do not define a convex polyhedral cone.
As in the above papers and [9], we conjecture that the key formulae in this section are also
applicable to non-convex toric cones, and we will assume that this is the case in the sequel.
The consistent picture that emerges, combined with similar results in [4, 9, 16], strongly
supports the validity of this conjecture.

4 Fibred GK geometry

We would like to study GK geometries of the fibred form (2.18), where the fibres Xo, 1
take the toric form described in section 3. In particular, we would like to evaluate the
constraint, flux quantization condition and supersymmetric action (2.8), (2.9), (2.10) for
these fibred geometries, respectively. In this section we follow a similar analysis to that in
section 4 of [16], which studied the case of X5 fibred over a Riemann surface ¥, of genus
g. Extending this to Xy, fibred over a Kéhler base Bsy is relatively straightforward,
although for k > 1 various new features arise compared to the Riemann surface & = 1 case.

4.1 General set-up

The manifolds Xo,,1 by definition admit an isometric U(1)"*! action. We may use this
symmetry to fibre Xo, 1 over the Kéhler base By by picking r» + 1 U(1) gauge fields A;
on Bog,i=1,...,r+ 1, with curvatures F; = dA; given by

E; o
o an 2 (4.1)

Here ¢ € H 2( By, R) are closed two-forms that generate the free part of H?(Byy,Z), and
ng € Z. It will be convenient later to take the D eH 2(Ba, R) to be Poincaré duals
to a corresponding basis of (2p — 2)-cycles C&2p72) € Hy, 9(Bag, Z), which by definition

/ P = / ® A ) (4.2)
e Boy,

means that
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holds for all closed (2p — 2)-forms ® on Byi. Having chosen the curvatures in (4.1), which
amounts to a choice of the integers n$, one then uses the corresponding U(1)"*! transition
functions to fibre Xo,,1 over Bog, using the toric action of U(1)"*! on X, 1.2

More concretely, the above fibration amounts to a replacement

dp; — dy; + A; 1=1,...,r+1, (43)

where recall that ¢; are the (27)-periodic coordinates on the torus U(1)" 1. Asin [16], it is
important here to emphasize that the quantities (2.8), (2.9), (2.10) of interest on the total
space of the fibration depend only on basic cohomology classes in H%(]-'E). This means
that we may use any convenient representative of the various differential forms that enter
these quantities — we must only ensure that the representative we use has the correct basic
cohomology class.

With these comments in mind, after the fibration the contact one-form 7 on the fibres
Xop41 is effectively replaced by

r+1
1 — Ntwisted = 2 Z (3 (d(P’L + AZ) 3 (44)
i=1
where we have defined
1
w; = yz‘\g:1 = §3¢H77- (4.5)

Recall here that the y; are the moment map coordinates (3.7) on C(Xgy41), and Xopy1 =
{0 =1} C C(X2r+1). We then have

r+1 r+1
Awvisted = 2 Y dwi A (dpi + Ai) +2)_ wiF;. (4.6)
i=1 i=1

For the transverse Kéahler form .J we may write
J = Wiwisted + JB,, + basic exact, (4.7)

up to an irrelevant basic exact form, where Jp,, is a Kahler form on the base By and

r+1 r—+1
Wiwisted = Z dw; A (dei + Ai) + Z ziFy . (4.8)
i=1 i=1
Here we have identified
dz; = =0y, 1w, (4.9)

so that the x; are global Hamiltonian functions on the fibre X, 1, invariant under the torus
action, cf. the discussion after equation (3.18), where the same functions z; appear. Notice
that these are a priori defined only up to an additive constant, but that via equation (4.7)

2Notice that a choice of n® € Z only determines the principal U(1)"*! bundle up to a torsion class in
H?(Bay, 7), although this torsion data will not enter the formulae that follow.
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such a constant shift may be absorbed into a redefinition of the Kahler form Jp, . As
in (4.1) we may then similarly decompose this Kéhler form on the base as

Jsz = Z aacg) ’ (4'10)

where a, € R.
At the level of the formulae (2.8), (2.9), (2.10), which are expressed as integrals on the
total space of the fibration, we may then simply substitute

J—>w+xiFi+JB%,

n—mn,
dn — dn + 2w; F;, (4.11)

where on the right hand side, in a slight abuse of notation, w,n and dn are quantities on
the fibre Xs, 41, while the remaining terms are quantities on the base Baj.

The holomorphic (7 +1,0)-form W, ) on the cone C(Xa,41) over the fibre has unit
charge under 0,,, meaning there is an explicit ¢'¥* dependence, where recall that we have
chosen the basis for the torus action so that this is the case. On the other hand, the
holomorphic (n + 1,0)-form ¥ on C(Y3,41) is constructed by taking the wedge product
of the canonical holomorphic (k,0)-form on the Kéhler base By, with the (r + 1,0)-form
W (,41,0) on the fibre, twisting the latter using the r+ 1 line bundles over k with curvatures
F;, i = 1,...,7+ 1. The canonical (k,0)-form on the Kéahler base By is not globally
defined in general (unless the base is Calabi-Yau), being a section of the canonical line
bundle Kp,,. However, due to the twisting, el#1 is precisely a section of the line bundle
over By with first Chern class [Fy/2n] € H?(Bay,Z). Neither section exists globally in
general, but the wedge product does have a global nowhere zero section, and hence gives
rise to a global (n 4 1,0)-form ¥ on C(Y2,41), precisely if

B:ﬂ = —c1(KB,,) = c1(Bag) - (4.12)

When this condition holds, the cone C(Ya,41) has a global (n + 1,0)-form. The condi-
tion (4.12) generalizes the twist condition over a Riemann surface (where k = 1) presented
in [9, 16].

Finally, recalling (3.3) and (2.7), for Y2, 19,11 we need to take

2

by = ———.
YTt k—2

(4.13)
In the expressions given in the next subsections, it is important that this condition is only
imposed after taking any derivatives with respect to the b;.

In the remainder of this section we simply present the final formulae for various low-
dimensional cases of interest, referring to the appendices for further details of the calcula-
tions involved.
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4.2 X2T+1 — Y27,+3 — B>

Here r = 2 and r = 3 are relevant for the type IIB case and the D = 11 case, respectively.
In fact these two cases were already treated in [16] and [9], respectively. Generalizing the
calculations to general r > 2 is straightforward.

We begin by noting that the topological constraint (2.8) can be written in the form

d d rtl oy, oy
1 . — =0. 4.14
Z::m aAbVO (Bz) +b1;;ax b /BF ;ma/&ﬂ 0 (4.14)

Next we consider the flux quantization conditions given in (2.9). There are two classes of
(2r + 1)-cycles to consider. First, there is the distinguished (2r + 1)-cycle, X, obtained by
picking a point on the Kéahler base Bs. We find

—Zal:mN’ (4.15)

where we recall that v,y is a non-zero, real constant, fixed for the case of r = 2,3 as
n (2.12), (2.16), respectively, and N € Z. The second class of (2r + 1)-cycles are given by
the total spaces X, of the fibrations

So = ¥4 — Ba, (4.16)

where S, is a (2r — 1)-cycle in Xo,41 associated with a toric divisor on the associated cone
C(Xagr4+1). For these cycles we have

d r+1

1 9%y b1 0%V

or E B\ 8)\bV01 By) + — (9)\ an; Fi =vp1 Mg, (4.17)
b=1

with M, € Z. The S, are not linearly independent cycles in the fibre X5, 1, which leads
to the corresponding linear relations among the flux numbers [9, 16]:

d o
Zu;Ma:—N/ . i=1,...,r+1. (4.18)
B

2
a=1 2

In the above expressions, from (4.13), we should take

(4.19)

after taking derivatives with respect to b;. Finally, the supersymmetric action, given
n (2.10), can be cast in the form

2
Ssusy = Vr+1f7r (Vol (B2) — Z)\ M, ) (4.20)
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4.3 X2T+1 — Y2T+5 — By

Now r =1 is relevant for the type IIB case, while r = 2 is relevant for the D = 11 case.
The topological constraint condition (2.8) is given by

d 2 r+1 d aQV d av
§ j § j} : F, -3 F
B aAbV‘)l (By) + b1 ONOb; M b 0 Jp, N Ip,
r+1 2
Y,
2 ANF; =0. 4.21
+ b7 00 E ANF;=0 (4.21)

7]_

There are two types of flux integrals, corresponding to two types of (2r + 3)-cycles. The
first type of cycles have the fibred form

Xopi1 = Bq = CP (4.22)

with 0&2) C By a two-cycle. We find

d r+1
2% oy
_ ag_l 8)\(1 C((f) JB4 b1 E 8[) C(g?) Fz = VT+2Na , (423)

where v,49 is a non-zero, real constant, fixed for the case of r = 1,2 as in (2.12), (2.16),
respectively, and N, € Z. The second set of (2r + 3)-cycles have the fibred form

S, — X4 — By, (4.24)

where S, is a (2r — 1)-cycle in X9, associated with a toric divisor on the associated cone
C(X2r41). We find

d 92y r+1 2
1 b1 Y
— _L F
o bz 2 EM;,VOI Bt o 2 oneam Jy, 1P
b r41 2
~- L oV Fil A Fiy = vpyoM, (4.25)

Obi, Ovit Jp, 2

1121

with M, € Z. Again, the S, are not linearly independent cycles in the fibre: multi-
plying (4.25) by v} and summing over @ = 1,...,d, and using (4.21), (4.23) and the
identity (3.20), one can show that

d
D M, == Nang, (4.26)
a=1 «

where the twisting parameters n{ were introduced in (4.1). In the above expressions,
from (4.13), we should take

by ==, (4.27)
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after taking derivatives with respect to b;. Finally, the supersymmetric action (2.10) can
be written as

d
27 1,
Ssusy = Vria <27Ta Ny — Z)\QMG> : (4.28)

a=1
where recall that the a® were introduced in (4.10) and parametrize the Kéhler form, Jp,,,
on the base By.
4.4 X2r+1 — Y27»_|_7 — B6

Now r = 0 is relevant? for the type IIB case while r = 1 is relevant for the D = 11 case.
The topological constraint condition (2.8) is given by

r+1 d aQV
1(Bg) + b F F
meb“’ 6) + 1225»% " JBS Za s 2 JBG
r—+1
0%y
2 F F;
+b 2 8[7 6b A /\JB6
r+1 d
1 5%
a2’ —F, NF,, NF,, = 4.2
Zlab ob;, <7~+1Z;>‘ avg)/ TRREARRARL =0 (429)
$1,82,13 a=

There are two types of flux integrals, corresponding to two types of (2r + 5)-cycles. The
first type of cycles have the fibred form

Xorp1 < Bq — OP, (4.30)

with 0&4) C Bg a four-cycle. We find

r—+1

)%
_Za c<4>236 blzab C()Fi/\‘]Bﬁ
7"+1 2
% 1
r _|_ 1 Z Z ablgav (4) 2F11 A Flz - VT+3Na 5 (431)

a=111,i2=1

where v,43 is a non-zero, real constant, fixed for the case of r = 0,1 as in (2.12), (2.16),
respectively, and N, € Z. The second set of (2r + 5)-cycles are given by

Se — X, — Bs, (4.32)

3When 7 = 0 the fibre X is simply a circle: we have only one toric vector v; = 1, no Kahler parameters
Aa, and the master volume is simply V = 27 /b;. There is only one twisting U(1) bundle with curvature
Fi, and moreover from (4.12) we have [Fi] = [p]. In this case, the only terms which contribute are those
involving only derivatives of V with respect to b;. The formulae in this subsection then simply give rise to
the formulae (2.8)—(2.9) for the case of a regular U(1) fibration over Bg with n = 3(d¢1 + P).
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where S, is a (2r — 1)-cycle in Xy,41 associated with a divisor on the cone C(Xg,41).
We find

d r+1
1 2]} 82V 1
21 = ONONp vol(Bs) < N\, 0b i) 5 Be
- D E—— F' ANF;,, NJp (4‘33)
i1,ia= 181)1281121 Bg 2 " " ¢
r+1 d 9
0~V
Z)\fh% / —F;, NF;, NF;, = vy43M,
| u 22 13 r+34Vla 5
21712713 1 8[) (r+ 1) b1=1 8”12)1 g’ 3!

with M, € Z. Again, the S, are not linearly independent cycles in the fibre: multiply-
ing (4.25) by v} and summing over a = 1,...,d, and using (4.29), (4.31) one can show that

d
> wiMy ==Y Nanf, (4.34)
a=1 a

where the n{* were introduced in (4.1). In proving this, we have also used the identity (A.16)
in appendix A. In the above expressions, from (4.13), we should take

2
by = —— 4.35
YT (4.35)

after taking derivatives with respect to b;. Finally, the supersymmetric action (2.10) can
be written as

d
2 1
= Vr 50" Ny — MMy | 4.
Ssusy = Vre37— 5 <27Ta > XM ) (4.36)

a=1

where the a® were introduced in (4.10) and parametrize the Kéhler form, Jp,, on the
base Bg.

5 Examples

In this section we illustrate our general formalism and procedure in a variety of examples,
focusing on the cases where the base space Bsp has complex dimension k£ = 2 and k =
3.4 In addition to reproducing the results of some known explicit supergravity solutions
summarized in appendix D, where the bases By and Bg are Kéhler-Einstein manifolds, we
also work out examples where the base manifold is Kahler, but not Einstein. In particular,
we present the calculations for By = X, X Xg,, namely the product of two Riemann surfaces
of genus g1 and g9, as well as for By = [F,,, the nth Hirzebruch surface.

5.1 Type IIB

In this subsection we consider AdS3 x Y7 examples of the form X3 < Y7 — By, for a
variety of Kéhler cases Bjy.

*The Riemann surface case k = 1 has already been treated extensively in [9, 10, 16, 19].
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5.1.1 B4 = dP;

We begin with the case that By = dP;, the kth del Pezzo surface.> By definition this is
the complex projective space CP? blown up at k = 0,...,8 generic points. We let

k

¢ =3H-) FE (5.1)

denote the anti-canonical class, where H is the hyperplane class, and E; denote the excep-
tional divisors in the blow-up. We denote MF) = fde caNecp =9 —k.

For simplicity we will here only present the special case where the cohomology classes
of the Kéhler form Jp, and curvatures of the fibration F; in H?(dPg,R) are proportional
to the class ¢;. We thus write

Usl= AL, LR —n (5.2)

mi 2w my

where ¢ = 1,2 and A € R, n; € Z. Here my is the Fano index of dP.. By definition
this is the largest positive integer so that ci1/my € H?(dPy,7) is an integer class. This is
mo = 3 for CP2, but my, = 1 for the remaining del Pezzo surfaces dP, with k =1,...,8.
Furthermore, we note from (4.12) that we have ny = my. This case then has three flux
quantum numbers: N, M;, for i = 1,2. In particular the two-cycle C® for flux quantum
number N in (4.23) is taken to be the Poincaré dual to ¢;/my.

We first solve the constraint equation (4.21) for A to obtain

2w (n3A1(2p — ba)? + b3 Ao (mpp — n2)?)
bap(2p — b2)(2n2(p — b2) + mybap)

(5.3)

where here, as below, we have set by = 2 as required for an AdSs solution after taking

derivatives with respect to the b;. We then solve the expression for the preferred flux, N,

in (4.23) for one of the transverse Kéhler class parameters \,, specifically A;, to obtain
baAs mibQ [2n2(p — ba) + mybap]

A = — N. 5.4
L, — 2p 1673 M K)ng (myp — no) Vs (54)

We then find that the two remaining fluxes can be expressed as

ng — Mgp)

My = N, My=-"2N. (5.5)
p p

while the off-shell trial central charge function, given by (2.13) and (4.28), takes the form

3m3 [n% (4p2 — 6bap + Sb%) + mgbanap(2p — 3b2) + mzb%pz]

@ _
M®)ngyp(myp — na)

N%Z.  (5.6)

5In the rest of the paper the base space has been denoted Bag, of complex dimension k. In this section
this £ = 2, and in an abuse of notation instead in this subsection the integer k = 0, ..., 8 will label the del
Pezzo surface dP.
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Extremizing 2 over by we find

nop(3ng — myp)

by — : 5.7
2 mip? — 3mynep + 3n3 (5.7)
and hence cgugra = Z|on-shenl is given by
9minop(ng — myp
Csugra = k ( ) 2 (58)

M®) (m2p? — 3mgnap + 3n3)

We can now compare with the explicit AdS3 x ZP3(KE] ) supergravity solutions of [17],
which are briefly summarized in appendix D.1. For each choice of KEI these solutions are
specified by two positive, relatively prime integers p > 0,q > 0, as well as an overall flux
number n. We make the obvious identifications M = M®) and m = my, together with
p = —ng2,q=pand n = (mih/pM*))N, where h = hef(M®*) /m?2, p). We then notice that
the flux quantum numbers can be written as
M (F) M (k) M®)

—n, My=-n9——=n, N=
hm% ’ hmz ’ mi h

My = (ng — mgp) n. (5.9)
Each term in the products is manifestly an integer, provided that n is an integer, ensuring
that My, My, N € Z. Moreover, this ensures that all flux quantum numbers are integer.
To see this, recall from (5.2) that [Jp,] and [F;] are both proportional to the class ¢;.
From the general flux quantization condition (4.23), recalling that N is the flux through
the two-cycle Poincaré dual to ¢;/my, as well as the expression for N in (5.9), we may then
deduce that the flux associated to an arbitrary two-cycle C(S?) C dPy is

N, = %n /c}f) % cz. (5.10)
All flux quantum numbers are hence integer, provided that n is an (arbitrary) integer.
We find that the fluxes of the explicit supergravity solutions, summarized in (D.1), are
related to the M; via N(Dgy) = M; and N(Dg) = —M,. Finally, the expression for the
central charge, given in (5.8) precisely agrees with the expression obtained from the explicit
supergravity solution (D.2). We shall return to comment on the formula (5.8) for k = 1,2,
where no Kahler-Einstein metric exists, in subsection 5.1.3.

5.1.2 B, =3, X 3,

We next examine the case when By = ¥, x ¥4, is a product of two Riemann surfaces
of genus g1 and go. We introduce the normalized volume form classes voly, voly for each
Riemann surface, respectively, where fz volj =1= fz vols. We may then write

91 92

1

[JB,] = A1vol; + Aavoly, o

[Fz] = n;vol; + k;vols , (511)

where A1, Ay € R and n;, k; € Z, i = 1,2. We note from (4.12) that we have ny =2 — 2¢;,
k1 =2 — 2go. This case then has four flux quantum numbers: N;, M;, for i = 1,2.
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As in the previous subsection we first solve the constraint equation (4.21), where we
choose to eliminate the Kéhler class parameter A;. We then solve the expression for the
fluxes N; given by (4.23), where ¢ = 1,2 labels the Riemann surfaces, and eliminate As
and A\;. We then find that two remaining fluxes can be expressed as

2(g1 — 1)p +na]Na + [2(g2 — 1)p + ko] N1 _ kaN1 +naNy

M = L My=-—"21T T2 (519)
p p

while the off-shell trial entral charge function, given by (2.13) and (4.28), may be computed
as a function of be, and depends on the parameters p, g1, g2, no, ko, N1, No. This may then
be extremized over by and evaluated on-shell. Rather than give the general expressions,
which are rather unwieldy, we here present the special symmetric case where we choose
ko = ng =k and Ny = N1 = N. We then find that the extremal value of by is given by

kp [p(g1 + g2 — 2) + 3K]

by = : 5.13
27 3kp(gr + 92 — 2) + p2(g1 + g2 — 2)? + 3K? (5.13)
while the central charge is
18k —2)+ k
Cougra = plplgr + 92— 2) T K] 2 (5.14)

3kp(g1 + 92 — 2) + p*(g1 + g2 — 2)? + 3k?

Setting g1 = g2 = 0, which corresponds to By = S? x S?, we find that the central
charge (5.14) matches the explicit supergravity solution result in (D.2), where m = 2,
M = 8, and we identify parameters as p = —k, q = p and n = (h/p)N. In particular we
also then find that the fluxes of the explicit supergravity solutions, summarized in (D.1),
are related to the M; via N(Dg) = M; and N(Dg) = —Mo.

5.1.3 B4 =F,

Finally, we examine the case when B, = F,, is the nth Hirzebruch surface. This is the
complex surface defined as the total space of a CP! bundle over CP'. There are various
equivalent ways to describe the fibration. For example, one can take the complex line bundle
O(—n) over CP!, and add a point at infinity to each fibre to make the fibres Riemann
spheres CU{oc} =2 CP!. Alternatively, one can take the projectivization P(O(0)®O(—n)).
In the first description, we shall refer to the origin of the complex line fibre as the south pole
of the Riemann sphere, and the point at infinity that we add as the north pole. These give
rise to sections Sp, Sy of the CP! bundle over CP', respectively, which have intersection
numbers S; - S; =n, Sy -Sy = —n, S-Sy = 0. Another natural two-cycle is the class
F of the fibre, at a fixed point on the CP' base. This clearly has intersection numbers
F-S1=1=F-S, F-F=0. A convenient basis of two-cycles for Ho(FF,,,Z) = Z? is then
{F,S1}. With respect to this basis, the above formulae imply that the intersection form is

(1) (519
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We denote the Poincaré dual two-form basis for {F, S} as {e; = F,eg = S1}. These form
a dual basis for the cohomology H?(F,,,Z) = 72, where

/ eaNeg = Iqns, a,Bf=1,2. (5.16)
Fy

With this notation in hand, we may then write the cohomology classes of the Kéhler
form Jp, and curvature two-forms F; in H*(F,,R) as

2
1
[JB,] = Z Aata, %[Fz] = nje; +meg, (5.17)
a=1

where A, € R, n;,m; € Z and i = 1,2, o = 1,2. The anti-canonical class of I, is given by
c1(Fp) =2F + 81 4 S5 = (2—n)F 425, = (2 —n)es + 2es, (5.18)

where in the second step we have used the fact that nF' = S; — Sy, with the same linear
relation of course holding for the Poincaré duals. From equation (4.12) we thus deduce that

n=2-n, m =2. (5.19)

As in the previous subsection we first solve the constraint equation (4.21), where we
choose to eliminate the Kéhler class parameter A;. We then solve the expression for the
fluxes N, given by (4.23), where a = 1,2 labels the basis two-cycles in F,,, and eliminate
Ag and A;. We then find that two remaining fluxes can be expressed as

My = Ni[(n —2)p + na] + Na(mg — 2p) 7 M,y = - mN;p +mN, _

p p

(5.20)

The off-shell trial entral charge function, given by (2.13) and (4.28), may be computed
as a function of be, and depends on the parameters p,n,ns,mo, N1, No. This may then be
extremized over bs and evaluated on-shell, to obtain the central charge

Csugra = 3N1p(nNy — 2N2){m2 [TZQNlQ(p —my) + 2nN1(N2(m2 — 3p) + N1p)
+ 4N (Nip+ (2p — mz)Nz)] — 209N (manNy + 2N3(mg — p) + (n — 4)Nip)
- 4n§N12}/{N12 [m%nQ —mon(n + 2)p + 2menng + (n — 2)%p* + 2(n — 4)n9p
+ 411%] — 2N1N2(2p —m2)((n — 2)p — mon) + 4na N1 Na(mo — p)
+4N22(p—m2)2}. (5.21)

We may compare certain special cases of the rather unwieldy general result (5.21) with
our earlier results. First, taking n = 0 gives the product base By = CP! x CP! = 5% x 2,
which is the genus g1 = 0 = g9 case from subsection 5.1.2. Further specializing to the
symmetric case where we choose ny = mg = k, Ny = Ny = N, we find that (5.21) agrees
precisely with the product of Riemann surfaces central charge (5.14) with g = 0 = g9, as
it should do.
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Secondly, F; = dP;. Comparing to the notation of subsection 5.1.1, the north and
south pole sections of F; then have Poincaré duals S, =H , Sy = FE+, where recall that H
is the hyperplane class and Ej is the exceptional divisor class. The basis {e; = F , €y = 5’1}
we have used in this subsection is hence {e; = H — E,ea = H}. Moreover, the quantum
number N in subsection 5.1.1 is by definition the flux through the Poincaré dual of the
anti-canonical class 3H — E; = e; + 2eq, implying that N = N; + 2Ns5. Moreover, since
in (5.2) both [Jp,] and [F;] are proportional to the same class ¢; = 3H — B} = e1 + 2ea,
from the expression (4.23) for the flux quantum numbers { N1, N}, defined to be the flux
through the Poincaré duals to {e1, ea}, respectively, we deduce that

(@ o @ } @ | (5.22)

Thus No = 3N;/2. Combining this with N = N; + 2Ny above we deduce that N; =
N/4, No = 3N/8. Finally, the U(1) flavour twisting in (5.2) satisfies o-[Fb] = noc; and
comparing with (5.17), (5.19) we can identify

no = (2 —n)ng = ny my = 2no (5.23)

where we set n = 1 for the first Hirzebruch surface F;. Making these substitutions in (5.21)
one finds

9Inap(ng — p) 2
= N~. 5.24
Csugra 8 (p2 — 3ngp + Bn%) ( )

This agrees with the central charge (5.8) for dP; on setting m; =1, M) =9 —1 =8 for
the first del Pezzo surface. Of course, in this case dP; does not admit a Kéhler-Einstein
metric, and so we cannot compare with the explicit supergravity solution result (D.2).
However, it is natural to conjecture that a corresponding GK supergravity solution does
exist in this case, but simply outside the Kéhler-Einstein ansatz utilized in [17]. Similar
remarks apply to the central charge (5.8) for second del Pezzo surface k = 2, which is
also not Kahler-Einstein. Whether GK supergravity solutions exist for general Hirzebruch
surfaces F,,, for which the central charge is then given by (5.21), is an interesting open
problem.

52 D=11

In this subsection we consider an AdS> x Yy example of the form X3 < Yy — Bg, where
we take the Kahler base to be Bg = CP?

We let H generate the second cohomology H = 1 € H?(CP3,7Z) = Z of CP3, which
satisfies [ ps H 3 = 1. We may then write the cohomology classes of the Kihler form Jp,
and curvature two-forms F; in H?(CP3,R) as

1
2
where i = 1,2 and A € R, n; € Z. Furthermore, from (4.12) we then have n; = 4. This case
has three flux quantum numbers: N, M;, for i = 1, 2. In carrying out our general procedure

[JBe] = AH , [Fi] = n:H , (5.25)
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we will see that some ambiguities arise. We believe that it should be possible to fix these
ambiguities by imposing suitable positivity conditions on the Kéhler class parameters A
and A,, but we leave a general discussion of this for future work. Here we are content to
show that there is a solution that gives precisely the same value for the entropy as that
obtained from the explicit supergravity solutions discussed in appendix D.2.

We first solve the constraint equation (4.29) for A, finding two solutions. In continuing
the procedure, we find that one of these solutions ultimately gives rise to an action function
that, after setting by = 1 as required for an AdSs solution, only depends linearly on by and
hence we cannot solve for by after extremizing this action. We thus continue with the other
solution for A which, with b; = 1, and ny; = 4, is given by

_ 27 (4ba — ng) [b3A2(4p — n2) — Aina (b2 — p)?]
ba(p — ba)(—2bang + 4bap + nap) '

We next solve the expression for the preferred flux N, given in (4.31), for A1, again

A (5.26)

finding two solutions. These are rather lengthy and we do not record them here. For both
solutions the remaining two fluxes take the form

4
M, = WN, M, = —%N, (5.27)

which we note implies that IV is divisible by p. Furthermore, the two solutions for A; just
give rise to a change in sign of the action. We find that one of these solutions, which we
now continue with, leads to precisely the entropy of the explicit solutions in appendix D.2.
We then obtain an expression for the off-shell entropy function, and may set by = 1. After
varying with respect to the remaining R-symmetry direction by we find that there are
two extremal values for bg, one of which connects with the explicit supergravity solutions.
Assuming p > 0 and ns < 0, which we will see in a moment are conditions imposed from
the explicit solutions in appendix D.2, we find that this specific solution for bs is given by

n2 <\/—4n2p + n3 + 8p? +ny — 4p)
by = . 5.28
? 4y/—4nop + n + 8p? (5.28)
Furthermore, with this value of bg, the on-shell entropy ., given by (2.17) and (4.36),
takes the form

V2n <\/—4n2p +n3 +8p? +ny — QP) na(ng — 4p)
3p3/2
Having obtained this result from our general procedure, we may now compare with

the explicit AdSs x #PYKE]) solutions of D = 11 supergravity that are discussed in
appendix D.2. These solutions are labelled by two relatively prime integers p,q > 0, as

S = N3/2. (5.29)

well as an overall flux number n. The parameters are related by p = —n2, ¢ = p and
n = N/p. Notice that these imply p > 0 and ng < 0 which we used above, and also that
the identification on n is consistent with the fact that, as noted above, p divides N. We
then have that the fluxes of the D = 11 solution given in (D.19) are related to My, Ms via
N(Dg) = M, N(Dgy) = —Ms,. Finally, one can also check that the on-shell entropy given
in (5.29) precisely agrees with that given in (D.21).
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6 Discussion

We have studied the geometric extremal problem, introduced in [3], for GK manifolds
Yont1, n > 3, that are toric fibrations over a Kéhler base manifold Bsg. Our results extend
those of [9, 16], which studied the cases of Y7 and Yy torically fibred over a Riemann surface
By =3, respectively. Similar to [9, 16], we have shown that the relevant flux quantization
conditions and the constraint condition, as well as the action function that determines
the supersymmetric R-symmetry Killing vector, may all be written in terms of the master
volume of the toric fibre, together with certain global data associated with the Kéahler base.
We have also checked our new formulae using explicit classes of supergravity solutions of
the form AdSs x Y7 and AdSy x Yy, finding exact agreement.

When introducing the toric fibres our starting point was to consider them to be Sasaki.
Such fibres have toric data, specified by a set of inward pointing normal vectors v, that
are associated with convex polyhedral cones. However, we know from explicit examples
that this is too restrictive and we should also allow vectors 7, that are associated with
“non-convex” toric cones, as introduced in [16]. Further study of such novel toric geometry
is certainly warranted and this could also help to resolve the ambiguities in carrying out
the extremal problem that we saw in section 5.2 for certain examples. More generally, an
important outstanding topic is to determine the necessary and sufficient conditions for the
existence of the GK geometries, given the Kahler base and the toric fibre data.

A natural way in which the AdSs x Y7 and AdSs X Yy supergravity solutions arise
is to consider wrapping a stack of D3-branes or membranes on a holomorphic curve in a
Calabi-Yau four-fold or five-fold, respectively, as clarified in [20, 21]. These configurations
give rise to supersymmetric field theories in the unwrapped directions of the branes, and
when these flow to a conformal fixed point, the supergravity dual develops an AdS3 or
AdSs factor, respectively. This perspective should be helpful in further understanding the
geometries we have studied in this paper, as well as identifying the dual SCFTs.
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A Master volume identities

In this appendix we derive a number of identities satisfied by the master volume V), that
are used in the main text.
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(0)

As described in section 3.2, we begin by introducing the new coordinates x; = y; —y;
i=1,...,7+1, on R""! so that we may write the master volume as

d
v=artt [ ]85 - W5, (A1)

Here the integration uses the standard Euclidean measure dzj A - -+ Adx,41. Using Stokes’

/ v
Rr+1

where f(Z) is an arbitrary function. The boundary term at infinity here vanishes on

theorem we have

d
7) [ ] o0& %) — M)o((7,0))| =0, (A-2)
b=1

integrating by parts, because the term in square brackets is compactly supported (on a
compact polytope embedded in R"*!). Taking f = 1 to be constant, and then computing
the gradient, one obtains

— d —
+ b/ﬂw [To(@ ) — X8 ((2,6)) = 0. (A.3)

Note immediately that the integral on the first line is proportional to 9V/0\,. We next
need to deal with the derivative of the d-function on the second line. Using the chain rule
V = b0ds, where s = (Z,b0) is the argument of the J-function, and it follows that we may

write ¢'(s) = l"bgé (s). We then integrate the second line of (A.3) by parts to obtain

d
L. - va/ o L
> sy + ey T [ e 30 TIOG B - () <0,

b#a

which immediately gives

d —
—»b Ug \ OV
> ( T e ) =0 (A.4)

a=1 a

Notice this identity holds for arbitrary vectors {7, } and b. When v} = 1 foralla = 1,...,d,
which is true when C(Xg,41) is Gorenstein, one may take the ¢ = 1 component of (A.4),
and substituting this back in one immediately derives

d -
S (5o E) 22 _
<Ua - b1> 8)\a == 0, (A5)

a=1

which is equation (3.20) in the main text.

— 25 —



We next compute, from (A.1), that

% . a I
ob; = (2m) i /RTH I;E[llg((x,vb) — )0 ((Z,b))x" . (A.6)

Integrating the d-function by parts, as we did above, one finds

oV b- va o
— = — (2 r+1 / z, a _ 9 5((5,1))).1‘2
Obi = B2 Jerw bl;{
7" b’ - 7
+1|b|2 /W+1H9 A)S((2,5)). (A7)

But this simply reads

av:_zdjz?-ﬁaav b

— = - — A8
0b; — |2 Ovi  |b|2 (4-8)
Note that we can immediately deduce that
- JV
b- =0 =1,...,d A9
81—)»(1 ) a ) ) ) ( )

by computing the expression for 9V/dv’. Dotting (A.8) with b then implies that V is
homogeneous degree —1 in b;.
Next taking f = 27 in (A.2) and computing in a similar way, we derive

d

- OV b7 8]/ b;b;
0V + > vhi— — b § —— = 22V =0. A.10
’ a=1 9 é a=1 |b‘2 8U ‘b‘Q ( )

Combining this with (A.8) then gives the remarkably simple identity

d
8V 8V
Contracting indices implies that for Xo. 1, where recall i,7 =1,...,r 4+ 1, we have
d
L oV
> - 3 =0. (A12)
a=1

Differentiating (A.11) with respect to by then immediately gives

d

oV oV RV 0%V
Sii— + & b; o =0, A3
b, T O, Vi, abﬁ?” vl 0b A1)
or equivalently
oV b 02V 1., 0%V
Ay A i N = A4
ab; " 2 dbson, 2 ;U“ OuhOby | v A

ym(g,k)
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where Sym(j, k) denotes that we should symmetrize over the j, k indices. Equation (A.14)
is another identity used in deriving results in the main text. Notice that we may compute

2
OV _ (omy+ / S((#B) — Aa) [T &, ) — A)d'(&,5))ad ", (A.15)
8Uéabk Rrt+1 bta

where the right hand side is manifestly symmetric in j and k. Finally, using (A.13) one
easily derives the identity

d
o (1ov. b v 1
b 5 S Yy
[z:;A o} <2ab N TF T 3'Z "G 6bk>

—0, (A.16)
Sym(j,k,l)

where Sym(7j, k,[) denotes that we should symmetrize over the j, k,[ indices. Again, this
is another identity needed to obtain results in the main text.

B Master volume for X3

In this appendix we derive the formula (3.26) for the master volume of X3.

As in section 3 we take the fibre X3 to be the link of a Gorenstein Kéahler cone of
complex dimension r + 1 = 2. The toric data is then v; = (1,0), v2 = (1,p), p € N, which
describes an A,_; singularity, C(X3) = C?/Z,. Here the Z, action on C? is (21, 29) >
(wpz1,w, 125), where wy, is a primitive pth root of unity. The outward pointing normals to
the edges at the apex are u; = (0,1), ug = (p,—1). Recall also that the “origin” of the
polytope P is located at

1
~0) _ [ _~ ) B.1
J (261,0) (B.1)

Denoting by A1, Ao the Kéahler parameters associated to the two facets, as in the main text,
then the two vertices 9, a = 1,2, of the polytope P, which here is a line segment, satisfy
the equations

T —7D0)=0,  Gu—79%) =X, a=12. (B.2)

These are easily solved to give

Aa€i b7
7o— 0} = facu” B
(ya y >z EmnUT D" (B.3)
The master volume (3.15) is
92 2
y = ! |g|) vol(P), (B.4)
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where here the “volume” of the polytope P is simply the length of the line segment between
the two vertices in (B.4). But this is

- )\18ijb] )\2€ijb7 >€1kbk
o

vol(P) = ( (B.5)

EmnV"D"  Empuytb™
Here each of the two terms in the bracket is the vector from the origin to the corresponding
vertex. To compute the length we have then taken a two-dimensional cross product with
the unit normal b/]b|. A short computation then gives the simple formula

2
V= (2n)2 Z(—l)a [?7375] = (2n)? (221 + bzi2blp> : (B.6)

a=1

where here [, l;] is the determinant of the 2 x 2 matrix, i.e. [U,, l;] = Emn Uy b".

Notice that setting A\, = —i for a = 1,2, and then b; = 2, the extremum of the
corresponding volume function V occurs at by = p, with extremal volume V = 272 /p. This
is the correct volume of the Lens space L(1,p) = S/ Zy, equipped with its Sasaki-Einstein
metric.

C More on the master volume

In section 4 we presented formulae for the constraint (2.8), flux quantization conditions (2.9)
and supersymmetric action (2.10) for fibred GK geometries, where crucially the formulas
depend only on certain topological integrals over the Kahler base By, together with deriva-
tives of the master volume V of the fibres Xa,41. Here V = V(b; {\a}; {#.}) is a function
of the R-symmetry vector b, Kihler class parameters {\,}, and the toric data {7} of
the cone C(Xg,41). Derivatives of V with respect to all three appear. In section C.1 we
derive various formulae for these derivatives that we have used in deriving the results of
sections 4.2, 4.3 and 4.4. In section C.2 we explicitly explain how these have been used
to derive the expressions in section 4.3 — the results of sections 4.2 and 4.4 are obtained
similarly. As we have seen, there are various equivalent ways to write the master volume,
and some forms are more useful than others in deriving particular formulae. We have al-
ready presented a number of identities satisfied by the master volume and its derivatives
in appendix A.

C.1 Derivatives of the master volume
The master volume of the fibre X5, 1 can be written variously as

V= nA —‘wr
Xort1 T

_ (QT%IHVOI(P)

= (2m)"t1 /RM [T 00 7) — X)d((@,0)). (C.1)
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The first equality is the original definition (3.11), while the second writes this in terms
of the Euclidean volume of the moment map polytope P, where the latter is defined in
equation (3.16), while the third equality writes this Euclidean volume in terms of step
functions and a d-function integrated over R"*!. Recall here that R"*! is parametrized
by the shifted moment map variables x;, i = 1,...,r 4+ 1, defined in (3.18), where we
have suppressed the standard Euclidean measure dz; A --- Adz,41 in the notation, to keep
formulae uncluttered.
Using equation (3.25) with s = 0 we also have

_i v _/ A 1 wrfl
2T g San (r—1)!

=y [ a@a) -2 [I0@ 8 - Wa@ 5. (€
b#a

Recall here that S, C Xo,11 is the (2r — 1)-submanifold in Xy, associated with the ath
toric divisor on the cone C(Xa,1), which moreover is Poincaré dual to ¢,. Here the second
line of (C.2) follows immediately by differentiating the expression in the third line of (C.1)
with respect to A,.

Starting with the third line of (C.1), we compute®

2% . . L L -
5ol = (27) 1 /Rm 5((Z,7a) — o) ga((x,vb) — A)O((Z,6)

= (277)/ xm A & _1 1)!w’"_1 . (C.3)

In the second equality we have rewritten the expression as an integral over S, as in (C.2),
where in doing so notice that x; may be interpreted as a Hamiltonian function for the
transverse Kéhler two-form w, as introduced in (4.9). Using the first line of (C.3) we

also have
d d d
)% 0 =

)\a - )\a ) r+1/ 9 _»,_. WY _,’b .

azﬂ 8’03 ; O\ !( 71') Rr+1 bl_{ ((‘T vb) b) ((SU ))33]
1

— (1) [ amn e, (.4

Xort1 :

where the second equality comes from the fact that the quantity in square brackets is
homogeneous degree r + 1 in the \,. More generally, we may similarly deduce

S

d S
> IR (A (-1)* [H(r+m)

11 ls -
ovg ... 0vg, e

1
/ Tiy - i A —w" . (C.5)
Xory1 T

ai,...,as=1

5Tt is perhaps worth noting that one cannot use Poincaré duality to replace the integral over S, in the
expression on the second line of (C.3) as an integral over Xs,41, simply because the integrand is not a
closed form.
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From this, and similarly to (C.3), we also deduce that

d s+1
S om0V
at,...,as=1 avm cee a’l)assa’l)é
= (2m)(—1)° [H (r+m)

m=1

1 r—1
/Sa Tiy oo Ti TN A (r—l)!w ) (C.6)

Next we would like to obtain expressions for derivatives of ¥V with respect to the R-
symmetry vector b. These are obtained somewhat differently from the method above. First
recall from section 4.1 that

Op;m = 2wy, Op;adn = —2dw; , Op;w = —dx; . (C.7)

We may differentiate V', defined by the first equality in (C.1), with respect to the R-
symmetry vector by taking the derivative inside the integral, and computing the corre-
sponding first order variations of 17 and w. Using the fact that the R-symmetry vector is

r+1

§=) bidy,, (C.8)
i=1

together with £n =1, £ w = 0 and (C.7), following section 4.2 of [16] one finds the first
order variations

op;n = —2w;n + l/jT ,

op;w =n Adzj —z;dn + d’ij , (C.9)
where I/]T and ,y]:r are basic forms for the foliation F¢. Here in the variation of w we hold
the transverse Kéhler class fixed, as in section 4.2 of [16]. In computing second derivatives

of V we will also need the first order variations of x; and w;. From (C.7) and (C.9) we may
immediately deduce

1
5bjwz- = —Qwiwj -+ 58 i_ll/jT. (C.l())

Using the fact that the Lie derivatives of z; and «; with respect to 0, vanish, we simi-
larly find

Op; i = —2w;zj + O ,L-_I’}/;r. (C.11)

With these results to hand, using the first definition of V in (C.1) it is straightforward
to compute

oV w” w1l
b, /)<2T+ln/\[wr!+x(r—l)!/\ 1 (C.12)

82V (JJT w?“—]. wr_2
= Wi — rn—— Ad i A (dn)?
8b1~8bj /er+1 nA |:8w wj r! + 8w(1x1) (r—1)! ANdn + z;x; o —2) A (dn)
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We may similarly take the derivative of the expression for Zzzl 0V /0N, given by (3.24)
(with s = 1) to obtain

d
a?v / |: wr—l wr—2 )
=b NA [dwj—— ANdn+ z;—— A (dn
azzl Nl S (r—1)! (r—2)! (dn)
d
1 2%
di1— —_—, 1
+ 1b1 2 In (C.13)

where we have used [p] = bi[dn] € H3(F¢) from (3.6). We shall also need

0 1 1 1
_9 A= x = A Az wpy—w" + 2, L ad C.14
o, /X%Hn r!w T; /XQTHU [ z(zw])rlw + 2 r = 1)!w 77] ;o ( )

and taking another derivative

0? 1, 1, T,
m /XQTH nA ﬁw xT; = /prl nA [24w(iwjxk)r!w + 12wz j) = 1)!w Adn

+xixiT)

; E A (dn)Q] . (C.15)

Finally, we also have

0 1, 1,
- NA W Tt = n A 6w(z~xjxk)—'w
abk Xory1 r Yor+1 r

WA dn} . (C.16)

+z;x5T)

1
(r—1)!

Turning now to integrals over the toric codimension two submanifolds S, C Xo,41,
taking the derivative of the expression given in (3.25) we find

d
(=1)° 952y / . o
- A\ s A 12(1 g r—s
2 bh;bs:l ObiONONy, . .. ONp, A (1+s)w (e
d 1 e C.17

In particular for s = 0 we have

1 0%y 1 0 1 )
o b N, 2w " id e 1
27 Ob; O\, /;anA |: w (T—l)!w +x 77/\(T_2)‘w :| (C 8)

We similarly have

_3/ Alwrlx._/ Al dwpn— b1
ab; Js, " r = 1) I D (= 1)!

of—ﬂ , (C.19)

+$i$jd’l7 A (7“ — 2)'
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as well as

0 1 r—1 1 r—1
—8—bk i nA (r—l)!w T;Tj = nA 6w(ixjack)(7ﬂ71)!w

1
+x;xjoRdn A w2 (C.20)
T !

C.2 Formulae for X3,41 — Ya,45 — By

In this subsection we explain how to derive the formulae presented in section 4.3, starting
from the general expressions for the constraint (2.8), flux quantization conditions (2.9) and
supersymmetric action (2.10).

Starting with the supersymmetric action (2.10), making the substitutions in (4.11) and
recalling (3.6) immediately gives

1

Ssusy = / n A by (dT] + 2wiF¢) A (w + astj + JB4)n_
Yon+1

1
(n—1)!

1 1
= Abidn A ———— W B3 A=Jdp, AJ,
/YM” L o =g 97 Bs /N /B

w”?’] A F; A Jg,

1
(n —3)!

—2
+ by /y2"+1 nA |:4w(i$j) (n — 2)!w" + .%’ixde] VAN

1
+ by / nA [Qwi 'w"*Z + z;dn A
Yoni1 (Tl — 2)

1
n—3
N=F,AF;.
(n—3y” ] gt M

(C.21)

Here in the second equality we have simply collected terms together and written them as a

(2r + 1)-form on the fibre X9, 1 wedged with a four-form on the base By, where n = r+2.
This then leads to the elegant expression

d r+1

5% 192%
Ssusy = — 7V01(B4) — b —_— F; N Jp
a=1 6ACL ; abz By 4
d r+1 2
b1 0°V 1
+ E E A =———— —F; A Fj , (0.22)

r+1 po g ob;ov Jp, 2

where vol(Bs) = [5, +Jp, A Jp,. Here we have used equation (3.24) (with s = 1) for the
first term, equation (C.12) for the second term, and equation (C.14) for the third term.
The final form of the third term presented in (C.22) then further uses the expression (C.4)
for the left hand side of (C.14).

Next we turn to the constraint equation (2.8). Using (4.11) and (3.6) this similarly
expands as

(w + 2 FL + JB4)n_2

1
O—/ n A by (dn + 2w F;) A by (d?]+2ijj)/\ '
Y2n+1 (T'L — 2)

1 1
= AP AN ——— W AN =T, AJ
/)/2n+1n p (n74)|w 2 B4 B4

1
b? A |z (dn)? A =4 4 dw;dn A
+ 1/Y2n+177 [ﬂ( n) (n_4)!w + 4w;dn

W AF A Jp,

1
(n—3)!
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1 1
2 oy n—3
+ b7 /an+1 n A [8wzw] e 2)! 24 8w(Z )dn A 7( — 3)!0.1

1
w"_4] A-F;ANF;,  (C.23)

+xixj(d77)2 A 5

(n—4)!

where again n = r + 2. We may then use equation (3.24) (with s = 2) for the first
term, equation (C.13) for the second term, and equation (C.12) for the third term. This
immediately gives

d QV r+1 d 82V
1(By) F F
Eax o, OB +b1;;m ab; AJBa = Za L, 10
r+1 )
% 1
2
+ b2 JZ 3,0, SFAF; =0, (C.24)

which is the constraint equation (4.21) presented in the main text.

For the flux quantization condition there are two types of cycle. The first type has
the fibred form Xo, 41 — 3, — C’g), where C&Q) C By is a two-cycle. In this case the flux
quantization condition (2.9) reads

2

VnNa:/ n A by (dn + 2w F;) A (W-FIij—l-JBll)ni

1
(n—2)!

WA JB4

1
= Abidn A
/a77 14dmn (n—3)!

1 1
b A 2w, ————— " 2z,dn A n=3 AR C.25
“/a” {“’(n—m!“ wh A gy } (C.25)

Using equation (3.24) (with s = 1) for the first term, and equation (C.12) for the second
term then leads to

oV s av
I/nNa = /(2) By — ab 0(2 Fi, (026)

which is equation (4.23) in the main text. The second set of cycles have the fibred form
Sy < Y — By, where S, C Xo,41 is a toric codimension two submanifold in the fibre. In
this case the flux quantization condition (2.9) reads

v M, = / n A by (dn + 2w F;) A (w+z,Fj —I-JB4)n72
Ya

1
(n —2)!

1 woa 1
_bl/ 77/\d77/\( _4)!(,0 /\2JB4/\JB4
1
b A |xidn A =4 oy, SBIANEAJ
- 1/&” [“ e () } e
b d ! =ty L -3 1F F;, (C.27
+ by Ean/\ TiT; 17/\(n_4)!w + dw( )( —3) /\51-/\ j, (C.27)
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where the flux quantum number is denoted M, € Z. Using equation (3.25) (with s = 1)
for the first term, equation (C.18) for the second term, and combining equations (C.3)
and (C.19) for the third term then leads to

b O 0%V
Z X aAbVOI B+ 5r 2 aneb J, 1072
r—+1 )
2V 1
> B0 F»AFj, (C.28)

'J_

which is equation (4.25) in the main text.

Finally, the form of the supersymmetric action presented in (4.28) may be obtained
from (C.22) by first summing (C.28) over a = 1,...,d, and then using (C.26) together
with the fact that the master volume V is homogeneous degree r in the A,. The formulae
presented in sections 4.2 and 4.4 are obtained in an entirely analogous manner, in particular
using the equations we have so far not used in appendix C.1.

D Explicit solutions with Kahler-Einstein factors

In this appendix we present some explicit solutions of type IIB and D = 11 supergravity
where the Kéahler base By is Kéahler-Einstein with positive curvature. The results from
this section are compared with some of the results obtained using our general formalism in
section 5.

D.1 Type IIB: #P4(KE])

We first recall the class of explicit AdSs; x Y7 solutions of type IIB supergravity of the
form (2.11) that were constructed in [17]. The solutions, which we label Y7 = #ZP4(KE]),
are constructed using an arbitrary Kéahler-Einstein manifold with positive curvature, KEZf7
and are specified by two positive, relatively prime” integers, p,q > 0. As explained in detail
in [18], #PY4KE]) can be constructed as a circle fibration over a regular six-dimensional
manifold, which itself is obtained by constructing an S? bundle over KEI. Equivalently,
@P4(KE] ) can also be viewed as the total space of a Lens space L(q,1) = S3/Zq fibred
over KEI.

The analysis of the regularity of the solutions, flux quantization, and calculation of the
central charge was carried out in detail in [17]. In the notation of [17] the flux integrals
are given by

M
N(Dy) = —W(P +maq)n

~ M
N(Dy) = 3P

N(D,) = %nan, (D.1)

"This ensures Y is simply connected.
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while the central charge is given by

_ 9q’(pt+mq) M
C = n
3p? + 3mpq + m2q? m2h?

, (D:2)

where n is an arbitrary integer. In addition, the integers m and M depend on the specific
choice of KEI. If K is the canonical line bundle of the KEI then the Fano index m is
the largest positive integer m for which there is a line bundle A" with K = N™. If pkg is
the Ricci-form of the KE} then M = fKEI(%pKE)Q = fKEj[ 3. For S? x S? we then have
m =2, M = 8; for CP? we have m = 3, M = 9; and for the del Pezzo surfaces dP;, we
have m =1, M = 9 — k, where k = 3,...,8. Finally, h = hcf(M/m?,q).

D.2 D =11: #P4KEY)

We next discuss a class of explicit AdSs x Yy solutions of D = 11 supergravity of the
form (2.15), with Yy = ZP9(KE{). These solutions were first discussed in section 3.2
of [18], including determining the conditions required to obtain regular solutions, which
are labelled by two positive, relatively prime integers, p,q > 0. Here we will carry out
flux quantization and obtain an explicit expression for the entropy. This will enable us to
compare, successfully, with the general formalism of this paper in section 5.2.

The metric takes the form

4dy* q(y)(Dy)? 16

3

y° — 3y + 2a , .
T —ds*(KE D.3
a(y) (3 —3y+2a) T i (KEg) (D.3)

Dz* +
Y3

ds?(Y0)

where ds?(KE{) is an arbitrary six-dimensional Kihler-Einstein metric, normalized so that
pkE = 8JkE. Moreover, we have introduced the functions

a—y

T syt (D4)

aly) = y' —4y* +day —a®,  g(y)
and covariant derivatives
Dz=dz—g(y)Dvy, Dy =dy + 4B, (D.5)

where 4B is the natural connection on the canonical line bundle of KE{ (i.e. dB = 2Jkg).
The constant a, explicitly given in terms of p,q below, lies in the range 0 < a < 1. The
quartic ¢(y) then has four distinct roots, y1 < y2 < y3 < y4, and we choose the range of y
to be yo <y < y3 where

Yy =—1++V1+a, y3=1—+v1—-a. (D.6)

Potential conical singularities at y = yo,y3 are avoided by taking 1 to be a periodic
coordinate with period 27. Finally, as explained in [18], the coordinate z is periodic with
period 27l, with

9(ys) —g(y2) =la,  g(y2) =Ip/m, (D.7)
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where p,q > 0 are relatively prime® integers and the integer m is the Fano index of KEg.
These conditions are satisfied provided that
__ mq(2p+mq)
2p? + 2mpq + m2q?’
_ m[p? + mpq + (m*/2)q*]"/?

= p(p +maq) ' (D)

We now turn to flux quantization. We begin by noting that the two-form F, entering
into the expression for the four-form G in (2.15), is given by

3/2
F=2 (3y*dy A dz — 8aJkE) - (D.9)
After taking the D = 11 Hodge dual of G we obtain the seven-form given by
> 2! q(y) 1 2y —al
L% G =" TR ADY 4+ - J2e A D
i 32 y(y3 — 3y + 2a) 31" KP vt y  3I/KBNTE
a2t
Flux quantization requires that
o
— x11G=Nj €7, (D.11)
(2mlp)® Sa
over all seven-cycles ¥4 C Yy, where A =1,... rank H7(Yy,7Z) runs over an integral basis

for the free part of H7(Yy,Z), and ¢, denotes the eleven-dimensional Planck length.

To proceed further we need a basis for the free part of H7(Yy,7Z). Recall that Yy is the
total space of U(1) fibration, with fibre coordinate z, over an eight-dimensional manifold,
By, the latter being the total space of an S? bundle over KE(J{. A basis for the free part of
Hg(Bs,Z) is given by a section of the S? bundle over KEg, say at ys or ys3, together with
the total spaces of the S? fibrations over each basis four-cycle ¥, € Hy(KE{,Z). It will be
useful in a moment to write the Poincaré dual of the first Chern class of the mth root of
the canonical line bundle of KEg‘, denoted ¢ (N), as [c1(N)] = $4X4, where s, are a set of
co-prime integers.

Now, since the U(1) bundle over Bg is non-trivial, all non-trivial seven-cycles come from
the total space of the U(1) fibration over a six-cycle in Bg. Let us label these as follows:
Dy denotes the seven-cycle arising from the section y = ya, Dy is the cycle corresponding
to y = y3, and D, the cycle arising from ¥,. Note that these cycles are not independent.
From the S? fibration structure of Bg we have

Dy = Dy — msaD,, (D.12)
while the U(1) fibration is such that

0 = qDg + pseDq - (D.13)

8This condition ensures that Yy is simply connected.
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The flux integrals are then explicitly given by
N (Do) = 33 2 (

)
-5 (1) 22
6

p+ mq
22 m q
N(D D.14
(D) = 32 (&») p(p+mq) (D14
where
3
M= (pKE) = / e, (D.15)
KES \ 27 KE}
and we have also used
2
[, () = mne 19
for some co-prime integers n, = fEa c1(N)?2, which follows from
”QK—WE = c1 = mer(N), (D.17)
with m3s,nge = M. Thus we should choose
6
L\" _ 3372 p(p 4+ mq)n (D.18)
. 22 hm? ’ ’

where h = hef(M/m3,q) and n is an integer, so that
M
N(Do) = =55 (p +ma)n
~ M
N(Dy) = AP
= %nan, (D.19)

are all integers. Notice these are consistent with the homology relations (D.12) and (D.13).
With these ingredients to hand, and using [18]

R 3\%? 1

B

B="=(2) = D.20
2 <2) y3 (D-20)

where R is the Ricci scalar of the eight-dimensional transverse Kéahler metric, we may now

N(Da)

compute the “entropy” given by (2.17) (see equation (2.20) of [4])

1 /LY’
= () / e 3Bvolg,
25w fp Yy

21/2 96/ \?
= W?ﬁ? <€p> (?/5 - yZ)ZMv
277 M /p(mq + p) [\/(mq +2p)? +m?q? — (mq + 2p)

_ 3/2
= 35132 n°/<. (D.21)
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E Sasakian volume function

As originally pointed out in [3], GK geometry shares many similarities with Sasakian
geometry. In this appendix we point out that the formalism developed in [9, 16] and the
present paper allows one to efficiently compute the Sasakian volume function of [5, 6] in
many interesting cases.

Recall that a Sasakian manifold (Ya,,41,ds3, ) of real dimension 2n + 1 with n > 1,
may be defined as a Riemannian manifold whose metric cone (2.6) is Kéhler. Precisely
as for GK geometry in section 2, there is unit norm Killing vector £ on Ys, 1 with dual
one-form 7, so that the Sasakian metric may be written as

ds%n-{—l = 772 + ds%n ) (El)

where ds3, is a Kihler metric transverse to the foliation F¢ generated by &, cf. (2.2) for
GK geometry. In Sasakian geometry 7 is a contact one-form, satisfying dn = 2.J, where J
is the transverse Kéahler form.

If one is interested in Sasaki-Einstein metrics, where the metric cone (2.6) is Ricci-flat
Kahler, then there is necessarily a nowhere zero holomorphic (n+ 1, 0)-form ¥ on the cone
satisfying

LeU =i(n+1)T. (E.2)

Suppose that (E.2) holds on the Kéhler cone. As in section 3.1 we may write the Reeb
vector as

r+1

= bid,, (E.3)
=1

where by definition ¥ has unit charge under d,,, and is uncharged under 9,,, i = 2,3, ...,
r+ 1> 1. The condition (E.2) then implies that

@n] = ;- [6) € HH(Fe), (E.4)

precisely as in (3.6), except that for Sasakian geometry we should then set by = n + 1 so
that (E.2) holds.

If we now define the Sasakian volume

n

Vol(Yan41) = / nA o (E.5)

Yon+1

where dn = 2.J and (E.4) holds, then the above comments imply that

VOI(Y2+1) = 2n1blSSUSY (5, [J] = 211)1[/)]) s (EG)

where Sgygy is the supersymmetric action (2.10), and one should set by = n + 1.
With the general formula (E.6) in hand, we may now compute the Sasakian volume
function in the case that Ya,,1 is the total space of a toric Xo,41 fibration over a Kéhler
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base Bai, where n = r + k, and with the Reeb vector £ tangent to the fibres. We present
formulae for £ = 1 and k = 2 below, together with some illustrative examples. We also
note that the formulae are valid for Sasakian geometry on Ya,1 with n > 1 (even though
the analysis in the bulk of the paper was for GK geometry with n > 3).

Base Bs;. Taking £ = 1, the base By is a Riemann surface. However, in Sasakian
geometry where (E.2) holds the Kéhler class is a positive multiple of the anti-canonical
class, which implies that By = S? necessarily has genus zero. In this case the formalism in
section 4.2 (generalizing [9, 16]) gives the general formula

. (E7)

1 1 d r41
Vol(Yap41) = — by [bl T + 27hy an ]

Ag=— 217 ,bi=n+1

where n = r 4+ 1. Here as usual V denotes the master volume of the X9, fibres, and we
have defined

1
= — F; E.8
i 2 S2 v ( )
which describes the twisting of the fibres over the base By = S2. As for GK geometry, the
existence of a holomorphic (n + 1,0)-form ¥ on the metric cone over Ya,; implies that
ny = 2, which is the anti-canonical class of S? in Z = H?(S?,Z). On the right hand side
of (E.7) one should set all A,

to the A4, and also by = n + 1, after taking derivatives with respect to the b;. The former

= —ﬁ, a=1,...,d, after taking derivatives with respect

condition ensures that the Kéhler class of the fibres satisfies [w] = 2—%1[/)], as in (3.14).

To illustrate (E.7), let us consider the case of three-dimensional fibres, with r = 1.
In this case Y5 is the total space of a Lens space X3 = S3 /7y, fibration over 52, where
the master volume V of the fibres is given by (B.6). Using (E.7) we easily compute the
Sasakian volume

p[2b2(p — n2) + 3pns] 3
b%(bg — 3p>2

Vol(Ys) = (E.9)

Setting the twisting variable ny = p + ¢, with® p > ¢ > 0, extremizing (E.9) over by one
finds that the unique critical point inside the Reeb cone is

P (229 +3q — V/4p? — 3q2)
by = 5 . (E.10)

9The inequality comes from requiring the metric cone over Y to be an affine variety. This is perhaps
easiest to see using toric geometry, since Yy is here toric. In terms of the fibration picture described in
the present paper, recall that X3 2 S®/Z, is the link of the A,_1 singularity C(X3) = C?/Z,. The
corresponding A,_; fibration over S? is then a partial resolution of the affine cone C(Ys). The two divisors
z1 = 0 and 2o = 0in the fibre C2/Zp give rise to C/Z,, fibrations over 52, with Chern numbers —ny = —(p+q)
and —2p + n2 = —(p — ¢). Both should be negative, in order that the total spaces are holomorphically
convex. For more general examples there will be similar convexity conditions on the twisting parameters
that need to be imposed.
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The on-shell volume is then
q° <2p + +/4p? — 3q2>
3p? (—2192 + 3% + p\V/4p* — 3q2)

which agrees with the volume of the Y74 Sasaki-Einstein manifolds [22], as expected.

Vol(Y3) = w3, (E.11)

Base By4. Taking k = 2, the base By is now a Kahler surface. Again, this should be
Fano, having positive anti-canonical class. In this case we find

1 7T2 d 9V T+l
VOI(YQ"“):_% T@Zm / i+ Z FiACl
a=1 @
7“+1 2
o %
- N Fj E.12
(% ot / ’ ( )
= 7.7_ Aa=— bi=n-+1

2b’

where now n = r + 2. As in GK geometry we have [Fj] = 27c; € H?(By,R), where
c1 = ¢1(By) is the anti-canonical class of the base By.

Again, we illustrate (E.12) by taking three-dimensional fibres, with » = 1, and choose
the base to be By = CP?. In this case there is a single generator of the cohomology
H =1 € 7Z = H*(CP? Z), given by the hyperplane class, with fCPQ H? = 1. Writing
[F3] = 2nkH with k € Z, and using ¢; = 3H, we compute

P [Ii2 (16p2 — 12bop + 3b%) + 3bokp(4dp — 3be) + 9p2bg] 4

(E.13)

Extremizing over by, we find that the on-shell volume agrees with the Y?*(CP?) Sasaki-
Einstein manifolds of [23],'% as expected.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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