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1 Introduction

The use of the Operator Product Expansion (OPE) has shown to be a very powerful tool to
study Conformal Field Theories (CFTs). Being convergent [1, 2], it allows for a reduction
of any m-point correlation function to a function depending solely on the kinematic and
three-point function data. In particular, the four-point function of scalar fields is expanded
in a series of so-called bosonic conformal blocks, depending only on conformal invariants.
These blocks satisfy a second order differential equation, the Casimir equation, from which
an explicit form of the blocks can be derived in even spacetime dimensions [3, 4].

With the advent of the numerical bootstrap [5], see [6-9] for reviews, there has been a
renewed interest in the study of conformal blocks. Recent progress built on earlier works
in two dimensions [10-18] and the associativity property of the OPE to find bounds on
the conformal data of given unitary theories. The case where the CFT is endowed with
extended supersymmetry is furthermore of particular interest: the possible superconformal
multiplets follow a strict classification [19, 20] and there exists a subset of these multiplets
whose conformal dimensions are fixed by unitarity. For such multiplets, the shortening



conditions greatly simplify the structure of the conformal blocks. With eight Poincaré
supercharges and an R-symmetry group containing SU(2) g, results are known for conformal
blocks of four-point functions involving half-BPS operators in 3D, N' = 4 [21, 22],4D, N =
2 (23, 24], 5D, N =1 [25] and 6D, N = (1,0) [26, 27].

One of the most commonly studied operators for theories with eight supercharges is
the momentum map, the short multiplet containing flavour currents.! This enables one to
find bounds on some of the conformal data for SCFTs with flavour [23, 25, 26], where there
are strong indications that the SCFTs saturating these bounds have known string theory
constructions. Therefore the conformal bootstrap might shed some light on the relation
between SCFTs and the compactification geometries. For applications to M-theory, see
e.g. [29, 30].

There are two main paths usually followed to find an explicit form of these blocks. The
first is to consider the supersymmetric Ward identity [31-33], which is the most commonly
used method. The second is to solve directly the supersymmetric version of the Casimir
differential equation [27, 34] in a fashion analogous to the method employed to find the
bosonic blocks. Both these methods allow one to formally treat the spacetime dimension
as a continuous parameter. In this work, we extend previous results about superconformal
blocks of four-point functions of scalar superconformal primaries falling in half-BPS, or
so-called D-type, multiplets to more general settings. We do so for theories with SU(2)
R-symmetry; without any a priori assumption on the particular R-charges of the external
scalars; and in a dimension-independent way, as long as 2 < d < 6.2

Our focus on theories with R-symmetry algebras isomorphic to su(2) lies in the fact that
it corresponds to that of six-dimensional A" = (1,0) SCFTs. These theories are quite spe-
cial: first thought not to exist, it was discovered that they were related to six-dimensional
tensionless strings [35, 36], and it has since been observed that they serve as “master theo-
ries” for a host of CFTs in lower dimensions, for example this is the ethos behind the class
S theories that appeared in [37]. While there is no reason why supersymmetry should be
imposed, there are no known interacting non-supersymmetric six-dimensional SCFTs and
none of them have a known Lagrangian description. Theories in six dimensions therefore
offer a very nice playground to study non-perturbative effects and relations to string theory,
for instance their connection to the swampland program [38].

As six is the largest dimension allowing for a superconformal algebra [39], N = (1,0)
representation theory provides an overarching language encompassing lower dimensions
via dimensional reduction.? Note that in lower than six dimensions the R-symmetry group
might enhance due to the transverse directions in the dimensional reduction, such as the
extra U(1) factor in four dimensions. We will focus here on multiplets that are uncharged

!Note that in four dimensions with A" = 2, there are additional subtleties due to a protected subsector
associated to a two-dimensional chiral algebra. [28]

2We exclude d < 2 as in that case some of the generators may decouple from the superconformal algebra,
see [27].

3We note that for d < 4, the nomenclature we are using here might not match the one the reader is
familiar with. For instance, in four dimensions, the classification of half-BPS multiplets is refined into
Higgs and Coulomb type, commonly denoted &, and Br respectively [40]. We refer to [20] for a dictionary
between the 6D notation and lower dimensions.



under possible additional groups so we can treat them homogenously across dimensions.
We refer the reader to [27, 34] for more details. Let us review the possible multiplets allowed
in theories with SU(2) r R-symmetry [19, 20]. There can exist states which are annihilated
by a subset of the supercharges. These null states must be absent in unitary theories,
and lead to what are referred as short multiplets, as opposed to long multiplets, which do
not have null states. It is standard to write long multiplets as L£[A, ¢, Jg|, where A is the
conformal dimension of the superconformal primary, ¢ denotes how the superconformal
primary transforms as a traceless-symmetric? representation of so(1,d — 1) rotations of the
Poincaré algebra, and Jg is the charge under SU(2)g.

The different short multiplets are denoted as the A-, B-, C-, and D-type multiplets.
Unitarity gives lower bounds on the allowed conformal dimensions, A, of the supercon-
formal primaries of long multiplets, and is moreover strong enough to completely fix the
conformal dimension of the short multiplets as a function of the other group theoretical
data and the spacetime dimension. The superconformal multiplets can be summarised

as follows:
LIA L TR : A>2eJgp+Ll+p,
All, Jr] A=2eJp+Ll+4e—2,
Blt,Jg) : A=2cJr+L+2e, (1.1)
ClJr] : A=2Jr+2,
D[Jr] : A =2eJp,

withe = (d—2)/2, p=2efor2 <d <4 and p =4e—2 for 4 < d < 6. We stress again that
this corresponds to the standard notation for d = 6. Indeed, A-type multiplets correspond
to the unitarity bound of long multiplets, which for d < 4 coincides with the bound of type
B. Type C is unique to six dimensions and can be traced back to the presence of self-dual
two-forms. Moreover, type C and D will appear only with ¢ = 0, since in this work we are
restricting ourselves, without loss of generality, to only multiplets in traceless-symmetric
representations of the Poincaré algebra.

Some of the short multiplets may already be familiar to the reader: D[1/2] and C[0]
correspond to free hyper- and tensor multiplets respectively, B0, 0] contains the energy
momentum tensor, while D[1] is the momentum map discussed above, containing the con-
served currents associated to possible flavour symmetries [19, 20].

This article is structured as follows: in section 2 we shortly review the decomposi-
tion of four-point functions as series of superconformal blocks written in terms of bosonic
blocks, differentiating between two possible approaches. One uses a decomposition in-
volving projectors onto irreducible representations of SU(2)g, while the other introduces
auxiliary variables for the R-symmetry. In section 3 we discuss constraints the blocks must
satisfy, and how one can extract selection rules for the allowed multiplets. More precisely,

“In this paper we will consider only multiplets that have a superconformal primary in a traceless-
symmetric representation of the Poincaré group as these will be the only contributions to the superconformal
blocks that we consider. For a general superconformal multiplet one should replace ¢ with an arbitrary
representation of so(1,d — 1).



we show how the Casimir equation encodes two different types of constraint; and how the
Ward identity has to be modified to take into account different external fields. We also
comment about the crossing symmetry these correlators must satisfy. Section 4 solves these
constraints and discusses some properties of the blocks and their coefficients. We give our
conclusions in section 5. In the appendices we discuss our conventions for the superconfor-
mal group, how to derive the SU(2) g harmonics and the Casimir differential operators. We
also review various relations satisfied by the Jack polynomials, and give a non-exhaustive
list of the coefficients of the superconformal blocks. In addition, we provide a Mathematica
file as supplementary material containing an exhaustive list of the coefficients for all the
superconformal blocks that appear in the four-point functions of %—BPS scalar operators.

2 Structure of four-point functions in (S)CFTs

In this section, we review the structure imposed by conformal invariance on four-point
functions of (super)conformal primaries. We start by recalling the non-supersymmetric
results to set our notation and conventions, and then move to the case of superconformal
primaries of D-type multiplets. In that case we will present two different — but equivalent
— approaches, namely a decomposition in terms of projectors of the R-symmetry, and one
involving an auxiliary variable.

In the non-supersymmetric case, the four-point functions of four a prior: different

conformal scalar primaries, ¢;, of conformal dimension, A;, is well known to admit a
Aq2,A34

decomposition in term of bosonic conformal blocks , g\’ , [3, 4, 41]
(@1(21)do(w2)d3(w3)da(wa)) = Ka > MiaoAsao gﬁ}f’AM (u,v). (2.1)
@]

The sum is taken over all conformal primaries, O, with conformal data, (A, {), allowed in
the OPEs, and \;jo corresponds to the coefficient of the three-point function, (¢;¢;0).
Moreover, the kinematic prefactor will depend on the conformal dimensions of the external
primaries, A;, and can be shown to take the general form

Ajo 34

1 5'3%4 2 $%4 2
Ky = INERN A3ty <2> <2 ) (2.2)
(235) "2 (23,) 2 T14 13

where

Tij = |zi — x5, and Ay = A A (2.3)

The blocks are invariant under conformal transformation and therefore depend on the two
independent invariant cross-ratios, defined by

2 .2 2 .2
T _ T4 T
12734 2Z, 1423

=(1-2)(1-2). (2.4)

2 .2 2 2
Ti3Lo4 L13To4

We have directly defined the two common variables, (z, Z), that will be convenient through-
out this work. We note that while in Euclidean space these are complex conjugate, they
are independent real variables for Lorentzian signature.



The conformal blocks satisfy various properties related to crossing symmetries of the
four-point function, and can be computed as the solution of a partial differential equation,
dubbed the Casimir equation. We delay a discussion of these properties to section 3, where
we will delve into more details.

Here, we are interested in superconformal theories, and imposing supersymmetry on
top of conformal invariance will act as selection rules for the OPE in two ways: first, the
R-symmetry plays the role of a flavour symmetry, restricting the possible representations
allowed in the OPE of the external primaries; second, the bosonic blocks will rearrange
themselves into superconformal blocks whose structure is compatible with superconformal
representation theory.

The remainder of this section is dedicated to outline the selection rules and struc-
ture of four-point functions of SCFTs with eight supercharges and a R-symmetry algebra
isomorphic to su(2)g.

2.1 Four-point functions of D-type superconformal primaries

Let us now focus on the four-point function of superconformal primaries of a D-type mul-
tiplet belonging to an SCFT with SU(2) R-symmetry. As reviewed in the introduction,
these multiplets, denoted D[Jg|, are half-BPS and fall into the spin-Jg representation of
the R-symmetry group.” These multiplets obey a shortening condition that relates the
conformal dimension of their superconformal primary to the R-charge [19, 20, 42]:

A:28JR, &“:%. (25)
The spacetime dimension, d, is left arbitrary and as we will see most of the expressions we
will deal with are valid for any d.

The spin-J representation of SU(2), with J € %N, is an irreducible representation that
can be constructed as the 2Jth symmetric tensor power of the fundamental representation,
2, that is

Sym?/2 =2J 41, (2.6)

where, as usual, boldface denotes an irreducible representation by its dimension. We can
realise an operator that transforms in this way by introducing 2J symmetric fundamental
indices

Ola2s)(p) - o =1,2, (2.7)

which are raised and lowered by the usual Levi-Civita tensor, e,8, and (o ... o) indicates
the symmetrisation of the indices. Alternatively, one can introduce an index, M, which
runs over the spins of the 2J 4 1 representation in which the operator is transforming.
The spins in the representation are M = J,J — 1,--- ,—J. We will prefer here the latter
notation, OM (x), when we consider a scalar transforming in the spin-.J representation of
the SU(2) R-symmetry.

5Notice that e.g. [19, 20] use Dynkin indices to label the R-charge, which are integer valued. We choose
to use the spin notation — half-integer labels — in order to unclutter many expressions.



Let (Z5Z]»W * be the superconformal primary of any half-BPS superconformal multiplet,
D[J;], with conformal dimension, A;, set by equation (2.5). The correlation function of
four of these primaries is severely constrained by symmetry. First, as we saw in the non-
supersymimetric case, conformal symmetry fixes the spacetime dependence up to a function
of the invariant cross-ratios, u,v, and a kinematic term that can be factored out:

(O (1) 83" (22) 63 (23) 0" (0) ) = Ky FAIMMMa oy ), (28)

Treating the R-symmetry as a flavour symmetry, the four-point function must be an invari-
ant tensor of SU(2), and therefore FMM2MsMa(y 4)) is an invariant under both conformal
symmetry and SU(2)g. Using the OPE, this function can be expanded into contributions
coming from each of the superconformal multiplets, x, allowed in the expansion,

FM1M2M3M4(U, ’U) _ Z /\IQX)\34XQ>J<\/[1M2M3M4 (’U,, ’U) . (2.9)

X

Inside of each superconformal multiplet there are primary operators that transform in
different representations of the SU(2) R-symmetry. By introducing projectors on the spin-
J representation, PylMQMgM‘*, in the superconformal block, Q)]ylMQM?)M‘*, we can further
split the four-point function into a sum over all allowed R-symmetry channels. Thus for
each superconformal multiplet we can expand as

g)](wlMQMBM4 — Z P}WIMQMSMAL gi(u’ 'U) , (210)
JeJg

where J is the set of all allowed propagating spins. By considering the s-channel for the
OPE one can see that the set of SU(2) representations that correspond to the propagating
spins is determined by the tensor products

((2J1 —+ ]_) &® (2J2 + 1)) N ((2J3 + 1) X <2J4 + 1)) . (211)

Recalling how SU(2) tensor products decompose, one can easily compute the set of prop-
agating spins J for any given Ji,--- ,Js. This can be written as

J = {Max(|J2 — J1|, |J4 — J3|), ceey MiD(Jl + Jo, J3 + J4)} R (212)

where we add the caveat that the set is empty if the start and end values different by n+ %
for some integer n — in such a case there are no propagating spins. To give an explicit
example, for coinciding representations, J = J;, then we have

J={2J,20—1,---,0}, (2.13)

as the propagating spins appearing in the sum in (2.10).

Finally, the superconformal blocks can be decomposed into bosonic blocks, where by
symmetry only the bosonic components of a superconformal multiplet can contribute to
the OPE. In fact, since we are considering OPEs of scalar fields, only fields that are
symmetric and traceless are allowed. Therefore the spin-J part of superconformal block,



QJ (u,v), associated to the superconformal multiplet can be written as a sum over bosonic

A”’AS‘* (u,v), and collects the contribution of all the constituent (non-

conformal blocks, g\
supersymmetric) prlmary fields of the superconformal multiplet that have the aforemen-
tioned spin, J:

gJ (u,v) Z fAégAm’A?"1 (u,v), (2.14)

(Af)ex

where (A, £) correspond to the data of the relevant superconformal descendants inside the
multiplet with fixed R-charge, J. Finding the explicit expression for a superconformal
block therefore reduces to determining the coefficients f i,l‘ In order to do so, we will use
both the Casimir equation and Ward identity to constrain them, and eventually fix them
all in terms of the data of the superconformal primary.

The full superconformal block associated to a multiplet, x, whose primary has con-
formal data (A, ¢, Jg) can therefore be decomposed into a sum over all g;c’ . We note that
throughout this paper the labelling (A, ¢, Jr) will always denote the data of the supercon-
formal primary of a given superconformal multiplet, y, while (A,g, J) will refer to that of
any of its states, including the primary. In the case of eight supercharges, one can show
that the allowed R-charges inside a multiplet are between Jr — 2 and Jgr + 2. Furthermore
each application of a supercharge will raise the conformal dimension by %, and possibly
change its Poincaré representation thus the superconformal block can be written as

Jr+2

MiMoMsMy __ M1 Mo Ms M. A19,A34
gx 1Mo MgMy Z Z Z P 1 M2 M3 4fA+m CnTa €+n( ) (2.15)
J=Jrp—2m=0n=-2

Of course, depending on the type of multiplet considered and its content, not all f i , are
non-vanishing, and some of them can be set to zero by group theoretical arguments. We
will further expand on the structure of superconformal multiplets in section 3.

2.2 R-symmetry variables

It is sometimes useful to introduce auxiliary variables, Y%, to encode R-symmetry trans-
formations in a more convenient way [32, 33]. These variables can be used to contract all
possible R-symmetry indices of a given operator,

O@,Y) = Yo, -+ Ya,, O%127 (z) (2.16)

such that if O(z) is a scalar primary of conformal dimension, A, in the spin-J representa-
tion, O(z,Y’) is a homogeneous function of degree (—A,2.J).

In the case of four-point functions of D-type primaries, the discussion at the beginning
of this section has to be modified to take into account auxiliary variables, and an additional
prefactor related to Y® can be extracted from the correlator,

(p1(21, Y1) 2 (w2, Ya) B3 (w3, Y3)da(24, Ya)) = Ky KTF (u,v;w). (2.17)

The quantity K is the usual kinematic prefactor given by equation (2.2), while K f takes
into account the homogeneity of the four-point function with respect to Y¢.

KF = (Yig) ™ (Yig) ™ (Yig) ~9 %4271 (Yog) ~01 -0zt /iaH s

X (Yaq) 272 (y3y) 1ot (2.18)



where we defined the quantity J;; = J; — J; and J;; = J; + Jj. The so-far undefined
function in the r.h.s. of (2.17) must be an invariant under both conformal and R-symmetry
transformations, and we must therefore find the analogue of the invariant cross-ratios u, v
for the R-symmetry. It can be shown that the unique candidate is given by

(Y1 - Y5) (Y3 - Ya)

YT M Y)Y, Ys) Yij =YY eas (2.19)

The coefficients, a1, as, in the prefactor are arbitrary constants that effectively rescale
F(u,v;w) by factors of w and 1+ w, respectively. A particular choice for these constants is
merely a choice of convention; for more details on the possible choices and how they relate
to previous works see appendix B.

In a similar fashion that was reviewed in the case of “uncontracted” fields, the invariant
function can be split into contributions from each superconformal multiplet, ¥,

F(u,v;w) = Z M2y A4y Gy (u, v;w) , (2.20)
X

and into contributions from the different R-symmetry channels given now by SU(2)gr
harmonics,
Gy (u,v;w) = P27 (w) GX(u,v). (2.21)
JeJg
The harmonics, Pj(w) are obtained by inserting the quadratic Casimir for SU(2) g in the
four-point function, in a similar way to what is usually done to obtain bosonic confor-
mal blocks,

—J—(a1—(J1+J2))

(14 w)e2

w

’P:{H’JP’A‘ (w) =cJ 2F1( — (J + Jlg), —(J + J34); —2J; —’LU) , (2.22)
and are related to the R-symmetry projectors, ijlMQMSM“, introduced in (2.10). Note
that the SU(2)r harmonics a priori depend on the combination J; + Jo. Our choice of
normalisation, a1 = J; + Jo,a9 = J34, absorbs it and leaves the dependence on external
data only on the difference J;; = J; — J;. The full four-point function does of course not
depend on this convention, but it will make some of the intermediate expressions easier.
We will comment as to possible differences between conventions when needed.

The hypergeometric function can, in principle, be recast into, perhaps more familiar,
Jacobi polynomials [33], but in practical computations we find the hypergeometric function
more convenient. We refer to appendix B for additional details on the derivation of (2.22)
and possible conventions.

The quantity c; is an arbitrary constant we choose to be

(-1)'T(2J +1)
(1—=Ji2); (L= J3),’

cy = (2.23)
such that the spin-J contribution to the superconformal blocks, Q?}, defined here agrees with
those of the “uncontracted” notation when using our choice of normalisation for the pro-
jectors (see later in equation (3.16)). Using the expansion (2.14) in terms of bosonic blocks



one finds the contribution to the four-point function of a superconformal multiplet, v, is

J JJ. A12,A
gx(u U3 w Z Z fAer ern " 34( ) gAfm,?in(”’ ’U) : (224)
JeJ mmn

As the set of different possible superconformal multiplets is known, we can further use
the structure of these multiplets as a selection rules for the possible multiplets appearing
in the OPE. As we will see in the following sections, the Casimir and Ward identities can
in general only be satisfied if all the non-zero bosonic blocks in the decomposition (2.14)
are present — in the case of coincident J; some of them are vanishing, but their absence
can be traced back to crossing symmetry.

This constrains further the allowed superconformal multiplets in the expansion. In-
deed, let us denote the largest spin in (2.12) by Jyax. A long multiplet whose supercon-
formal primary has R-charge Jgr = Jmax also contains states with J = Jyax + 1, Jmax + 2.
SU(2) g symmetry prohibits these states to appear in the OPE and, as we will see, the full
multiplet is either forbidden to participate, or the structure of the coefficients f J>Jm‘“‘ is
such that they precisely vanish. In fact, the information about possible null states e g. the
conservation of flavour currents inside short multiplets D[1], is also encoded in the struc-
ture of the coefficients. The case of D-type multiplets is not plagued by this constraint, as
the descendants have an R-charge smaller than that of the superconformal primary, but for
the B-type multiplet the presence of a state with R-charge Jr + 1 leads to reduced options.

The last two possible types of short multiplets, A and C can be shown to be incom-
patible with the Ward identity and do not contribute to the four-point function [26, 43].

Schematically, the block decomposition thus takes the form

Jmax_2 JIIldX_l Jmax
F(uviw) ~ Y LIALT+ > Ble,JJ+ > DL, (2.25)
J= Jmln J= L]rnm J= Jmin

where a sum over all possible A, ¢ allowed by unitarity (1.1) is understood. When the
R-symmetry group contains an extra factor, such as AN/ = 4 in three dimensions where it
is semi-simple, SU(2) x SU(2), this selection rule is modified. In particular, for N' = 2
in four dimensions, the presence of the abelian group, U(1), implies the existence of an
extra sector with contributions from superconformal multiplets with a primary in a non-
traceless-symmetric representation of the Lorentz group [23].

We end this section by noting that while subsection 2.1 is up to minor modifications
similar to the decomposition used in [34] to obtain the blocks of four momentum-map
operators, the decomposition with auxiliary variables gets more involved when considering
non-coincident operators, and depends heavily on Ji2 and J34. When setting them to zero,
the SU(2) g harmonic (2.22) reduces to Legendre polynomials and one recovers the familiar
expressions used in e.g. [23, 26].

3 Constraints on four-point functions of half-BPS primaries

Before delving into the constraints satisfied by blocks and, by extension, the coefficients
1 A7 let us recall some facts about the representation theory of the superconformal group



with extended supersymmetry that will prove useful when computing the superconfor-
mal blocks.

Unitary representations of these groups have been extensively studied, starting
with [44-46], and more recently with [19, 20, 31, 42, 47, 48]. In addition to the Poincaré
generators, there are additional fermionic generators, Qua, S®* — in our case eight of each
— which act in conjunction with P, and K, as ladder operators. Our convention for the
superconformal algebra is set in appendix A.

A superconformal primary, @ with conformal dimension, A, R-charge, Jr, and falling
into a traceless-symmetric representation of the Poincaré group,® ¢, is by definition anni-
hilated by all conformal supercharges, S*4|0) = 0, as well as by the special conformal
transformation generator, K, |O) = 0. Using combinations of all (Poincaré) supercharges,
Qaw, we can reach an additional set of states whose superconformal data are related to that
of the superconformal primary. More precisely, applying a supercharge to the superconfor-
mal primary will give rise to a state whose conformal dimension has been raised by %, and
whose R-charge and Poincaré representation are changed. Each multiplet contains primary
states with, at most, conformal dimension A 44, R-charge between Jg —2 and Jg+2, and,
focusing on traceless-symmetric representations, Poincaré representation between £ —2 and
¢+ 2 [19, 20].

Short multiplets are then multiplets for which some descendants are annihilated by
given combinations of the supercharges. In particular, the D-type multiplets that are
the focus of this work have a primary annihilated by half of the supercharges and are
therefore half-BPS states. This property reveals itself crucial when studying their four-
point functions, as it leads to simplifications that do not occur in the other cases.

This section is dedicated to the constraints satisfied by the superconformal blocks. We
will first work out the constraints from the Casimir equations. One will be a differential
equation while other will give a selection rule for the multiplets at the boundary of the
set of the SU(2)r representations, J, appearing in the OPE. We will then consider the
consequences of the Ward identity when considering the R-symmetry auxiliary variables.
This constraint will prove the strongest and will uniquely fix all possible superconformal
blocks. Lastly we will outline constraints from crossing symmetry.

3.1 The superconformal casimir equation

Having set up the decomposition of the four-point function of D-type superconformal mul-
tiplets into conformal blocks, we are now ready to find how to use the Casimir equation
to constrain the coefficients of the superconformal blocks and eventually fix some of them.
This technique has already been explored in [27, 34] for theories with four and eight su-
percharges, and this section generalises their results to arbitrary R-charge for SCFTs with
eight supercharges.

Before moving to the supersymmetric case, it is useful to recall how the Casimir equa-
tion has been used to find the bosonic blocks for arbitrary e.

SThere are of course multiplets in other representations of the Poincaré group, but these will not con-
tribute to the quantities computed in this work.

~10 -



The idea is to insert the completeness relation of projectors, Po», and the conformal
Casimir,” Cgos, into the correlator to obtain the contribution from every primary, O, and
its descendants,

Po= Y @@k t. 1=3Po. (3.1)
O

a,b=(Py,)"O,n>0

Letting C2__ act on ¢1¢2 as a first-order linear differential operator, one finds that the
bosonic blocks satisfy the differential equation [4],

Aq2,Ax = Aq2,Ax _
DbOS gA,lﬁm o (Zv Z) = CZCZ% gA,IE27 o (Zv Z) . (3'2)
The second-order differential operator, Dy, depends explicitly on the difference between
the conformal dimensions of the primaries,
zZ _
Dhes = D4 Ds 4 (1 0. — (1= 9 ). (3.3

Z—z

A12A34
—_—Z.

D, = 222(1 — 2)83 — (2 + Asgy — A12)2’2az + 5

(3.4)

Notice that we are considering bosonic blocks in terms of the variables z, z, rather that
the conformal cross-ratios u,v. This will make the various differential operators in this
section simpler.

The r.h.s. of equation (3.2) depends solely on the quadratic Casimir eigenvalue asso-
ciated to the bosonic primary with conformal data (A, ¢),

X% = A(A—=2(e+ 1)) + £(¢ +2¢). (3.5)

For even dimensions, equation (3.2) simplifies and an analytic expression can be found in
terms of hypergeometric functions [4]. For arbitrary € the solutions of the Casimir equation
are unknown, but there exists rapidly converging power series in terms of radial coordi-
nates [49, 50], as well as recursion relations by studying their analytic structure [51-53].
To obtain the supersymmetric version of (3.2) for superconformal blocks, g% EMQMSM“,
the conformal Casimir, its eigenvalue and projectors are replaced by their supersymmetric

cousins [27],
C? =Co + Ciysy + CF, (3.6)
CALJr = 02(12 +4A + 2€JR(JR + 1) .

The procedure to get the Casimir equation is the same as in the bosonic case, with the
exception that the additional generators have to be taken into account:

(Dbos + Dsusy + Dr) g>12/11M2M3M4 (2,2) = CA LT, g)lc\41M2M3M4 (2,%). (3.8)

The quadratic Casimir, acting as differential operator, will behave differently depending
on the values of M;. Note that for arbitrary values of M;, inserting the part of the Casimir

"See appendix (A) for a definition in terms of the generators, and appendix B for a derivation of a
Casimir equation in the case of SU(2)z harmonics.
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involving the supercharges, CgUsy, in the four-point function will produce four-point func-
tions involving mixed scalar and fermionic fields, and the resulting Casimir equations will
not be partial differential equations. This makes it challenging at best to compute the
Casimir equation in terms of well-defined quantities.

In the case of short D-type superconformal multiplets however, the primaries in the
highest and lowest weight representations of the R-symmetry are annihilated by half of the
supercharges, Qn4, respectively [19, 20, 42],

Qia¢’ =0,  Quaot"D =0, VA. (3.9)

Therefore when the superconformal block, giwlM?MSM‘l, involves highest and lowest weights
of the SU(2) g representations, we obtain a well-defined partial differential equation. With-
out loss of generality, we will henceforth assume that J; < Jo < J3 < Jy. This makes the
possible values of the set J more tractable and makes it easier to see when the projectors
are vanishing. As shown in appendix C, using the procedure introduced in [34], this leads
us to consider two types of correlation functions, which we dub type (I) and (II):

M s (o) @)ed (w2)08 (@s)e)™ (z0)) . () (6] (216" (2)0" (w5) 8} (1) )
(3.10)
The differential operator, Dsysy, acts differently on the conformal blocks depending on
the type of correlation function considered,

(I) : Dgusy = 4(A1 + AQ) , (3.11)
(H) : Dgysy = 42’(1 — 2)82 + 5(1 - 2)82 — 2(2’ + 2)A34 . (3.12)

In both cases, the differential operator associated to 0122 can be obtained simply by
applying it on the projector instead of ¢1¢o. It then gives the eigenvalue of the R-charge®

of the bosonic block considered,
Dr=—-2eJ(J+1). (3.13)

The different types of correlators will lead to two different types of constraints, which we
now outline.

Constraints from Type (I). For the first case, type (I), the only value of J leading
to a non-trivial projectors is J = J; + Jo. This can be seen by writing the projectors in
terms of Clebsch-Gordan coefficients. As there is only one contribution in equation (3.8),
the projector drops out of the Casimir equation and one obtains

(Dbos - 2€(J1 + JQ)(Jl + Jy — 3))95(]1*‘]2 = CA7€’JRg;(]1+J2 . (3.14)

Decomposing the multiplet in terms of bosonic blocks with conformal data shifted away
from the primary, (A,E) = (A +m,{+n), one finds the constraint

(m—=2)2A +m)+n(2l +n) + 2¢ (Jr(Jr + 1) — Jmax(Jmax —3) +n—m) =0. (3.15)

8Note that in the presence of an extra R-symmetry factor, the Casimir gets additional contributions,
changing the form of the blocks. In particular, abelian factors may allow for multiplets whose superconformal
primary is not in a traceless-symmetric representation of the Lorentz group, see e.g. [34].
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This constraint must be satisfied by any states in a given multiplet susceptible to have
J = Jmax, and one must check whether a state is allowed or not on a case-by-case basis.
We will do so in section 4.

Constraints from Type (II). For correlation functions of type (II), the part of the
Casimir associated to the supercharges no longer act as multiplication, but involves deriva-
tives with respect to the coordinates z, Z. Moreover the projectors are no longer vanishing
and we must consider a sum over all possible R-charges in the set J.

The canonical normalisation for projectors is usually fixed such that the trace of the
projector gives the dimension of the representation. Here, we have chosen a slightly dif-
ferent convention that will lead to a simpler expression for the Casimir equations. Indeed,
for type (II) correlators, M;,Ms are fixed to be the highest weights of their respective
representations. The remaining two can be parametrised as the deviation from the lowest
weights of Ji and J3, My = —J; +m, My = —J3 — m since, by SU(2) invariance, it is re-
quired that ), M; = 0. Note that for coincident external R-charges the only non-vanishing
possibility is m = 0.

As one can check, the four-point functions for any choice of m are proportional to
each other. Furthermore for all allowed intermediate R-charges, J € J, the projectors
are non-vanishing if m is chosen in the allowed range. We thus choose our normalisation
convention in such a way that all contributions from the projectors are one for m = 0,°

P:]]l (—=J1) J3 (—J3) =1, vJeJ. (316)

In this convention, the type (II) Casimir equation reduces to

> (Dbos + Dsusy —2eJ(J +1) - CA,Z,JR)Q;(](Zv z)=0. (3.17)
Jeg

Because of the derivative in (3.12), the blocks, superconformal or otherwise, are no
longer eigenfunctions of Dgysy, and constraints can no longer be solved block by block. To
overcome this, the usual strategy is to decompose the bosonic blocks in terms of orthogonal
Jack polynomials, P, ) [27, 34], which we will accomplish in section 4.

3.2 The Ward identity

In the previous subsection, we obtained constraints on the coefficients, f by letting the
Casimir operator act as a differential operator on the four-point functlon which differs
depending on the type of projectors considered. One can ask whether the same kinds of
constraints can be obtained using the auxiliary variables, Y%, reviewed in section 2.2. In
this case, the constraints are obtained through the Ward identity satisfied by the correla-
tors [32, 33]. For half-BPS multiplets in theories with Ng superPoincaré supercharges its
origin lies in the fact that in superspace, the four-point function depends on 4 x Ns — 9Ng
independent Grassmann variables. As 2Ng is also the total number of fermionic generators

9We note that, should the reader prefer using another, more canonical, convention, our results for the
superconformal blocks can be converted into any other convention for the projectors by rescaling all the

coefficients, fi ;» according to fi i 7 ~/PJ1 (=J1) I3 (=J3)
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of superconformal algebra, ) and S, there exists a frame in which all Grassmann variables
can be set to zero.

Vice versa this means that one can always find a superconformal completion from the
four-point function of the superconformal primaries and restore the full Grassmann variable
dependence. This completion should be well behaved as long as we keep the spacetime
coordinates apart. It turns out that the superconformal transformation of the coordinates
are singular, and for the four-point function to be well defined, these singularities needs to
be cured, leading to the so-called Ward identity.

Let us shortly recall the linearised superconformal transformations, 4, with Ng =
8 [32].1° In a frame parameterised by a pair of conformal coordinates, (x(z), X(2)) — see
appendix B for details — these transformations induce the following pole:

1 z
dgw = edgx ~ —— =
@ QX = X A

, (3.18)

where only the pole was kept for simplicity. We refer to the original work for more details.
A transformation of the full four-point function will therefore become singular as the

auxiliary invariant, w, approaches the conformal coordinate, x. It is then clear that physical

quantities should be free of such a singularity, which can be attained by demanding that

((ax +e0y) (1(x1, Y1)P2(22, Yo )P3(x3, Y3)h4(4, Yy)) ) ‘X:w =0. (3.19)
A similar Ward identity can also be obtained for the other variable, x(z) by exchanging
X <> X. A convenient choice of convention for the prefactor reduces it to a particularly
appealing form:

((BX n 68w)F(u,v;w))‘ —0, ai=Ji+Jp,a2=Js. (3.20)
X=w

In the case of arbitrary ai,as however, one must take particular care of the prefactors
Ky, K. Upon defining the variable o = (1 4+ w)/w, the superconformal Ward identity
takes the form

(— ze ((a1 — J1 — Jo) + z(ag — J34)) + (2 — 1) (220, — €0a) )F(Z,Z O‘)‘a:é =0. (3.21)
One can then plug in the expression of the superconformal blocks and their bosonic con-
tributions to get explicit constraints on the coefficients fi 7 After the dust settles, the
resulting identity depends only on z. As described in appendlx B the factor containing
a1, as actually cancels against factors contained in the harmonics. As a result all aj,as
dependence of the above Ward identity is merely a relic from the choice of K f and drops
out in actual computations. Furthermore the resulting Ward identity applied on a specific
superconformal block will factor out all contributions of the form (J; + J2), and all the
external data will boils down to the specific combinations Ji2 , J34.

10We would like to warn the reader than in [32], the use of z and x are exchanged. We use the present
notation as it has become the standard in the recent literature.
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3.3 Crossing symmetry constraints

Finally, we close this section on the superconformal blocks by giving the crossing symme-
tries that they must satisfy. Until here, we have tacitly assumed that the OPE leading
to the block decomposition was performed in the s-channel, that is to say by performing
an OPE on ¢; with ¢2 and on ¢3 with ¢4 respectively. The other two channels, v and s,
should be the same by the associativity properties of the OPE, and have been recently used
in the numerical bootstrap to obtain bounds on the conformal data, see [8] and references
therein for a review.

Let us begin by reviewing crossing symmetry in the case of bosonic blocks. First, in
the t-channel, obtained by exchanging (1 «+ 3), one can see that the cross-ratios (2.4) are
exchanged, u <> v, and that the kinematic prefactor gets rescaled by powers of the external
dimensions:

13 A1t+Ag _ Ag+Ag
2

K4 —u 2 v K4 . (3.22)

In the case of coincident external bosonic operators with the same conformal dimension, A,
crossing symmetry leads to the well-known sum rule function Fa ¢(u,v) = vBe ane(u,v) —
ule ga¢(v,u), omnipresent in bootstrap applications.

Considering the exchange 1 < 2 is also important, as it relates to the wu-channel
and can lead to important constraints. In that case, the cross-ratios change according to
(u,v) + (u/v,1/v), and it can be shown that the bosonic blocks themselves satisfy the
relation [3, 41],

212851 (0, 0) = (=1)f~ 3 g AR (/0 1 /), (3.23)
which in the coincident, non-supersymmetric case acts as a selection rule for the allowed
operators, where only multiplets with even £ may be exchanged.

While we have used methods involving explicit SU(2) g indices and auxiliary variables,
Y, throughout this work we will focus here on crossing symmetry constraints involving
auxiliary variables. This has the distinct advantage of making the expressions simpler,
with all the difficulty hidden in the details of the SU(2) g harmonics. The other case leads
to equivalent results, but involves so-called “Fierz”, or flavour matrices [54]. To simplify
expressions, we set without loss of generality the coefficients a1 = J1 + Jo, as = J34, and
take an ordering such that J; < Jo < J3 < Jy. Of course, as the full four-point function
does not depend on aq, as, the choice of convention does not matter in the end.

Now, under exchange (1 — 3), the SU(2)g cross-ratio is inverted, w — 1/w. Crossing
symmetry between s- and t-channels then imposes the relation

Ag+Ag

A+A 1
v 2 gx(u,v;w) — (71)J1+J2+J34w_(J1+J2)(1 + U))Jl—JSu 1; QQX <v,u; w) , (3.24)

The simplest strategy to obtain the crossing relations satisfied by the superconformal
blocks, Gy (u,v;w), is to remember that the harmonics are polynomials in w™! of degree
Ji + J2, and therefore so are the blocks. Matching both sides of (3.24) for given super-

L one obtains a certain number of relations and

conformal multiplet order by order in w™
supersymmetric versions of Fa ¢ can be defined in a form suitable for the bootstrap. For

coincident R-charges, J; = J, there are J + 1 such relations, and one can use the Ward
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identity to find J independent crossing equations [26]. We note that in the bootstrap,
using dependent crossing equations has been known to lead to numerical instabilities, see
e.g. [55].

Let us finish by checking the kind of constraints one obtains when considering the
exchange (1 <> 2). The SU(2)g cross ratio changing according to w — —w/(1 + w), and
using the standard Kummer relations for hypergeometric functions, one obtains

—J12,J34 —w _(_1\/ 2J34 pJ12,J34
P, <1 n w> (=17 (1 +w)=**+ Py (w). (3.25)

Together with the transformations of Ky, K f, and the bosonic blocks under the same

exchange (3.23), this gives additional constraints on the blocks. For instance, in the case
where J;; = 0, this leads to the selection rule

{+Jr €227, if Jja=0=Js3,. (3.26)

Notice that the same constraints also apply to descendants, 0+J € 2Z. As we will see when
solving the constraints discussed in this section, the superconformal block knows about it,
and the coefficient of a would-be violating descendant precisely vanishes in that case.

4 Superconformal blocks of mixed D-type four-point functions

We are now ready to solve the constraints derived in the last section, and find the explicit
form of the superconformal blocks associated to each of the superconformal multiplets. We
consider blocks appearing in the four-point function of four scalar superconformal primaries,
¢;, belonging to short superconformal multiplets, D[.J;]. Finding an explicit form for the
superconformal block involves determining the coefficients, f i i of the bosonic conformal
blocks in the expansion (2.25). These are determined by considering the type (II) Casimir
equation (3.17) and the superconformal Ward identity (3.21). As we will find below, while
the type (II) constraint fixes the coefficients, f i » for all of the contributing D-type blocks,
it is in general not strong enough to find unique solutions for all types of superconformal
multiplets. On the other hand, the Ward identity will be able to fix uniquely — or forbid
— all possible superconformal blocks.

In the general case, where we consider the superconformal blocks associated to e.g.
long multiplets, the expressions for the coefficients are given as ungainly rational functions
of the various conformal data. For the convenience of the reader who might want to use
them, they have been included in the supplementary material, and they are directed there
for the complete list of superconformal blocks. Here, we write the results for some of the
edge cases, such as the superconformal blocks for the short multiplets, or some of the more
manageable coefficients of the long superconformal multiplets.

Solving the constraints. As mentioned already, the constraints follow from applying
differential operators to the bosonic blocks. With the exception of Dy, the bosonic blocks
are not eigenfunctions of these operators, and this must be dealt with. To do so, we use
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introduce a decomposition in terms of Jack polynomials, Pﬁf) Ao of the bosonic blocks [4, 41],

Ara,A _ _
A=) = Y (B2 A AOP, (22 ()
m,n>0

The coefficients, 7, ,, of the infinite series depend solely on the conformal data, and can
be determined recursively by application of the bosonic Casimir operator (3.2),

1 1
Tmn (A2, Age, A, 0) = (2(A +4— A12)> (2(A +4+ A34)>

m

« (;(A—e—m)—s)n<;(A—5+A34)—5) AL (42)

n

where (a),, denotes the Pochhammer symbol. The quantity ﬁ%;ﬁ can be evaluated recur-
sively via the relation

(mm+A+€—1)+n(n+A—C—2 —1)) 7ot

C+m—n—1+42c Ay n l+m—n+1 Ay
= T T ,
l+m—-n—14+e ™ Vom—-n+14+e ™1

(4.3)

together with the initial condition 799 = 1. We note that a closed form of this recursion
relation is known in terms of a generalised hypergeometric function, 4F3, but it will not be
necessary here [4].

Using the properties of the Jack polynomials collected in appendix C, one can infer
the action of Dqysy as

&)~ (©) (As4+2M) (M — do +2¢) o)
Dsusy Py y, = 4\ +A2) Py, — 2 v )
(A= A2)(Asa +2X0 — 2¢) (e
- A=A +e A A2 41 (4.4)

This formula has no explicit dependence on z, Z and makes the Jack polynomials very good
candidates to deal with the full superconformal Casimir operator. Indeed, the action of
the Casimir operator on a conformal block gives a linear combination of Jack polynomials.
As there is no explicit dependence on spacetime coordinates, one can use the fact that
they form an orthogonal basis of symmetric polynomials to solve the constraints order by
order. This method has proven very efficient to find the form of the superconformal blocks
of momentum map operators in this context, see e.g. [27, 34].

In the case of the Ward identity, we have not determined a way to write the differential
operator (3.21) on a Jack polynomial in a closed form, i.e. in such a way that it involves only
a linear combination of Jack polynomials without explicit dependence on the coordinates.
In [26], the Ward identity associated to external momentum maps operators, D[1], was
solved using various inversion formulae [32]. While these formulae can be generalised for
higher external spins, we find the following procedure more convenient: use the properties
of Jack polynomials (see appendix C) and of hypergeometric functions to reduce the Ward
identity to a manageable, albeit long, form; perform an expansion in radial coordinates, in
the same spirit of [49]; and finally solve the constraints order by order.
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In all cases, the above procedures lead to a linear set of equations involving the super-
conformal block coefficients of the form

Yo ai; =0, (4.5)

JA

where the sum is taken over all possible non-supersymmetric conformal primaries inside
the multiplet under consideration, and aié is a function of the superconformal data,
possibly vanishing. It is then clear that one of two possibilities can occur: either all the
coeflicients are proportional to that of the superconformal primary — that we safely set to
one — or they all vanish and the multiplet does not appear in the block expansion. While
tedious, determining the set of constraints from the above procedure can be implemented
algorithmically in a straightforward manner, up to a given order. If a solution is found to
be valid up to some threshold, one can then easily check that it is satisfied to all orders by
reinjecting it in the original equation and using the recursion relations (4.2) and (4.3).

Let us now outline the result of this procedure and comment on some features for all
types of superconformal multiplets, going from simplest to most complex (i.e. largest size
of the) multiplets.

D-type multiplets. Let us apply both methods to the simplest class of multiplets, type
D[Jg]. In this case, the terms in the expansion (2.25) of the superconformal block are
particularly simple, making them a good stepping stone to the other, more complicated,
multiplets. Indeed, their primaries can only be scalars, and there are only three possible
states in the /-symmetric representation of the Lorentz group:

(A,0,J) € {(2¢Jr,0,JR),(2eJr+1,1,Jr — 1), (2eJr +2,0,Jr —2)} . (4.6)

The first entry of the list corresponds to the superconformal primary. Plugging in this
spectrum in both the Casimir and Ward identity equations, all constraints can be uniquely
solved and the following values for the coefficients of the superconformal blocks are found:

€(Jr + J12)(Jr + J34)

Jr—=1  _ 4.7

f2€JR+1’1 Jr(2eJr +1) ' (47)
Jr—2  _ 62(JR+J12)(JR+J34)(JR—|—J12—1)(JR+J34—1) (4.8)
2eJr+2,0 2(Jr —1)(2Jgp — 1)(2eJg + 1)(2¢Jg — e+ 1) ‘

These results generalise those found in four dimensions, [23, 33], and for external momen-
tum maps [26, 27].

Note that the structure of the blocks naturally encodes a lot of information about the
representation theory of the conformal group. For instance, the trivial multiplet, D]0],
corresponds to the identity operator, which has no superpartners and can only appear if
J1o2 = 0 = J34. In that case there is only one coefficient in the expansion of the supercon-
formal block, that of the lone primary, while the others vanish. Another example is that
of the momentum map, D[1], containing a null-state at level Jr — 2 corresponding to the
conservation of the flavour current, 9, J# = 0. When it is allowed in the OPE, the block
“knows” that there is no corresponding state at that level, and its coefficient vanishes. The
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same kind of remarks will also apply with different conserved quantities in other types of
multiplets.

We are left with one constraint still unchecked, that of the type (I) Casimir equa-
tion (3.15). For D-type multiplets, a quick inspection of all possibilities reveals that the
only state satisfying the constraint is the primary. This means that any such multiplet
with R-charge Jr € J is allowed as an exchanged operator in the decomposition.

B-type multiplets. For B-type multiplets, the states that can possibly appear in the
superconformal blocks are

(A, 4,7) € {(A, ¢, TR),
A+1,0+1,Jg—1),(A+1,0+1,Jr),(A+1,0+1,Jg + 1),
(A+2,0,Jp—2),(A+2,0,Jr — 1), (A+2,4,Jr),(A+2,0+2,Jr),
(A+3,0+1,Jg—1)}. (4.9)

In this case, the type (I) Casimir equation is never satisfied by the primary, which
excludes B[¢, Jg = Jmax] to appear in the block decomposition. The state with (Jg + 1)
is however the only one satisfying the constraints, which mean that the biggest R-charge
these multiplets can achieve is Jp = Jmax — 1.

The type (II) Casimir equation is no longer strong enough to fix all of the coefficients
due to an increased number of possible states. The linear system (4.5) is indeed underde-
termined and one cannot find a unique solution. Previous works [27, 34] looked at cases
where the type (II) Casimir equation was always enough to get a unique solution, but
this fails when considering more involved cases. This can be disheartening, but we have a
second set of constraints: the Ward identity. Such an approach does not suffer from this
drawback and is in fact able to find a unique solution for any multiplet. One can check
that the underdetermined system of the Casimir is satisfied by that solution. Due to the
lengthy expression of the results, we have tabulated them in appendix (D).

Note that in section 3.3, we have seen that if all external scalars have the same R-
charge, the states in equation (4.9) must satisfy J + { € 27. There are two states violating
this condition: (A,¢+1,Jg) and (A, ¢, Jgr — 1). As one can see from equation (D.2), the
superconformal blocks know about this selection rule and their coefficients automatically
vanish should the primary be allowed.

C- and A-type multiplets. As has been already mentioned in the introduction, the
C-type is special to six dimensions due to the presence of tensor multiplets. In that case,
both the Casimir equation and the Ward identity lead to solutions only if all coefficients,
including that of the primary, vanish. This indicates that the superconformal blocks for
these multiplets cannot appear in the block decomposition of the four-point function of
any half-BPS states. Again, this generalises the results of momentum map operators to
higher external R-charges [26, 43].

We find a similar behaviour in the case of type .A. While the Casimir equation again
fails to fix all coefficients uniquely, the Ward identity ultimately shows that the supercon-
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Jr—2 (A+2,0)
Jr—1 (A+1,04+1),(A+2,0),(A+3,0+1)
Jr | (A0, (A+1,0+1),(A+20+2),(A+2,0),(A+3,0+1),(A+4,0)
Jr+1 (A+1,04+1),(A+2,0),(A+3,0+1)
Jr+2 (A +2,0)

Table 1. /-symmetric states potentially appearing in a long superconformal multiplet.

formal block is trivial. From this, we conclude that both C- and A-type multiplets do not
appear in the block expansion.

Long superconformal multiplets. Finally, we arrive at a discussion of the long multi-
plets. Such multiplets contain a total of twenty-one different states in a traceless-symmetric
representation of the Poincaré group, which we summarise in table 1. An analysis of these
states against the type (I) Casimir equation reveals that none of them can satisfy it, except
for the lone state with R-charge J = Jg + 2, which implies that long multiplets can only
appear in the decomposition if they have Jg < Jpmax — 2, as was claimed in equation (2.25).

The type (II) Casimir equation is again not able to find a unique solution for the
full superconformal block, while the Ward identity fixes it completely. The procedure for
long multiplets remains completely the same as for short multiplets, albeit for much longer
expressions due to the fact that conformal dimensions are not fixed by unitarity. The
results, for all the allowed coefficients, f Nz quickly become long and unwieldy, and as such
we have included an exhaustive list of the coefficients in the supplementary material. We
however have written a selected list of the simplest coefficients in appendix D.

Interestingly, we find that — at least some of — the coefficients are related to one
another by linear shifts of the conformal data. For instance, if two states (A,Z, J£37)
both appear in the spectrum for a given j, they are related to one another by a linear
transformation of Jg in their respective expression. By looking at level one for instance,
equation (D.3), it is easy to convince oneself that

Jr—1 Jp+1 . 410
Fa1eer = FAN1 e Tn—(Jrt1) (4.10)

This behaviour between fixed conformal parameter and R-charge generalises to higher
levels, sometimes involving shifts of ¢ as well

Jr—2 Jr+2
fAI—?&-ZK fAI-?i-QZ

b
JR%—(JR“FI)
Jr—1 Jr+1 4.11
fA+2 0 — fA+2 0 Jr——(Jp+1) f——(£+2¢) ’ ( )
A+3 ¢ JAator Jr——(Jg+1)

Similar relations exist for fixed R-charge and shifted Poincaré representation:

1A 41 (fmz ) s (er2e) (4.12)
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This relation is valid for all fixed (A, J) with £+ 1 appearing in table 1. Those linear trans-
formations can be traced back to the four accidental Zs symmetries of the superconformal
Casimir (3.7),

(A 0) +— (= (£+1),—(A+1)) (4.13)
A+— —(A+D—4) (4.14)
{— —({+ (D —2)) (4.15)
Jp— —(Jr+1) (4.16)

While we were unable to find relations between states that are not shifted from the
data of the primary by the same increment, e.g. finding a transformation between ngZ

and fi{%ﬁl or the more complicated coefficients, they hint at a perhaps more fundamental
form of the superconformal blocks. It was indeed pointed out in [34, 56] that in four
dimensions, the superconformal Casimir equation for coincident external primaries in N-
extended supersymmetry is satisfied by ¢ = v/ 2g§fﬁ@34zN (u,v), although it is not
obvious that such that such an expression can be decomposed back into bosonic blocks with
A;; = 0. Our findings hint at a generalisation of this expression to arbitrary dimensions.
Finding such a fundamental form of the superconformal blocks could potentially enable
to find faster algorithms for the superconformal bootstrap, leading to stricter bounds, as
the form above is considerably simpler than that of equations (2.15) or (2.24) with the
coefficients as determined herein. We leave further analysis in this direction for future work.
We close this section by commenting on the blocks of long multiplets in the limit when
the external fields have the same R-charge. While this certainly makes the expressions sim-
pler, the coefficient fii&é remains particularly long. A simplification of note is that there
are six coefficients that vanish identically in that limit. As in the case of B-type multiplets,
this is traced back to the condition (3.26) that these states must satisfy (+.J=0 mod 2.

5 Conclusions

In this work we provide explicit expressions for the superconformal blocks associated to
each superconformal multiplet that appears inside of the four-point function of scalars
contained inside of D-type multiplets for theories with eight supercharges in arbitrary
dimensions 2 < d < 6. These results generalise previous work [21-27] on the topic to
arbitrary R-symmetry representations and to mixed correlators of primaries from different
D-type multiplets. In particular, we find that also for R-spin greater than one, only three
out of the five types of superconformal multiplets are allowed in the superconformal block
expansion of the four-point function of a priori distinct superconformal primaries of half-
BPS multiplets.

The Ward identity was, as expected, powerful enough to find a unique solution for
all the blocks, where such a computation was feasible to do, or else to exclude them from
the expansion altogether. On the other hand the Casimir equation was not able to fix the
form of the superconformal blocks completely, but only impose a set of relations between
the involved coefficients. One could think that other constraints might come from the
richer structure of the projectors that was not present in previous works, but even for
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coincident external primaries, where the form of the type (II) Casimir equation is unique,
we were not able to determine all coefficients. It may be the case that in order to find a
unique solution, one must resort to also studying the Casimir equations that arise when
considering correlation functions that do not involve states carrying the extremal weights
of the SU(2)r representations, i.e., to go beyond the conditions discussed in (3.9). One
would indeed expect that the Casimir equation contains the same amount of information
about the blocks as the Ward identity.

These solutions follow an intriguing web of transformation relating them, leading one
to think that there might be a more fundamental structure of the superconformal blocks.
It would be interesting to see if this is related to — or at least could help understand — the
algebraic structure of protected operators discovered in four-dimensional N = 2 SCFTs and
its generalisations [28]. Finding a more compact form for the blocks could also potentially
improve the rapidity of current numerical applications to the superconformal bootstrap.

The most obvious application of our results is indeed to the numerical bootstrap.
So far, most of the literature has focused on external primaries associated to half-BPS
multiplets containing flavour currents or the energy-momentum tensor, depending on the
number of supercharges. Our results enable a line of research going beyond this and
potentially allows for an extension of the known set of bounds. Furthermore we have not
made any special kind of assumption for the nature of the external primaries except that
they are of type D[J;]. The blocks also enable a study of mixed correlators, which have
led to strong bounds on conformal data and insights on possibly minimal supersymmetric
CFTs [24, 30, 52, 57-62].

Due to their independence of the dimension of spacetime, our results are also predis-
posed to studies on six-dimensional SCFTs, a field that has remained quite unexplored
compared to lower dimensions (see [26, 63| for the works that initiated the program). Fur-
thermore a conjecturally complete classification of these theories has been achieved using
string theory [64-66] (see [67] for a review). The relationship between conformal field the-
ory and the compactification geometry seems to indicate that the conformal data might
be tightly controlled by geometric invariants. As an example, the central charge of these
theories is related to intersection numbers of the underlying elliptic fibration via anomaly
polynomial relations. A natural question is then to ask whether the bootstrap can shed
some light on the nature of these invariants; this topic is the subject of work that will
appear in the near future [68].
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A The superconformal group

We are interested in superconformal field theories whose bosonic subalgebra is so(1,d +
1) x su(2)g. We follow the work of [42] and impose a reality constraint on the generators
compatible with unitarity in Lorentzian signature. Namely, we choose a basis of generators
satisfying the constraints

pt=-D, Mf,=M,. Pl=K,  Rl=R, (A1)
where: (P, ,M,,) are the usual generators of the Poincaré group; D and K are the gen-
erators of dilatations and special conformal transformations respectively; and R; the gen-

erators of the R-symmetry group. Chosen so, the generators satisfy the usual Euclidean
conformal algebra

[ Wv ] = (5MUMVP + 5VpM/w - 5#0 ‘5V<7Mup) ) (A'Q)
(M, P,| = 21P[M Vo s [MW,,K] QiK[Mdy]p, (A.3)
(D, Pu] = (D, K] = (A.4)

[P, Ku] = (5WD + M), [Ri, Rj] = %UkRk (A.5)

In addition to the bosonic charges, there are two sets of fermionic generators, Qqa , S4.
They satisfy the conjugation rule, S*4 = (Qqa). The anti-commutation relations satisfied
by these fermionic generators can be obtained by considering the six-dimensional SUSY
algebra and reducing to lower dimension. It was shown in [27] that to be closed under
Jacobi identities, they must take the form:

{Qaa, QsB} = €aply 5Py, {SO‘A7 S'BB} = eapltP K, (A.6)
{5°%,Qsp} = 055D — (d — 2)05RG + 05 (myu) 5 Mi; (A7)
with (my,) = —%f[#Fy} and R = R;(0;)§, where o; are the Pauli matrices. As we

are considering theories with eight supercharges, Ng = 8, one has 5gc§ﬁ = 8. This can
be generalised to a higher or lower number of supercharges by changing .3 — 4,5 to
the appropriate pairing. Moreover, the precise form of I'* ,f# depends on the considered
dimension, but it can be shown that they satisfy a Clifford-like identity, f(MFV) = 0w l.
This relation will be sufficient in this work, and we will not have to deal with particular
explicit expressions of the spinor matrices.

The mixed fermionic-bosonic identities can be determined via Jacobi identities:

(K, Qual = eapTh 55°8 [P, 8] = e TP Qgps, (A.8)

[ nz QaA] (mul/)BAQaB ’ [Mully SQA] (muu) BSQB (Ag)
1 (073 1 [0

[Ris Qaal = 5(0i)aQpa [Ri, $°1) = =5 (0:)557, (A-10)
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The quadratic Casimir is then given by!'!

C? = Cios + Cusy + Ck, (A.11)
1
2 v 2
C’bos = iM/WMH - D" = P(MKV) ’ (A12)
1 :
Clusy = 5[5(“1, Qaal, Ch = —2¢R;R". (A.13)

B Conformal frame and SU(2)g harmonics

When dealing with homogeneous function such as the four-point function, it is often useful
to go to a specific conformal frame, where the dependence on given coordinates is clearer.
In this work, we deal with three different sets of coordinates, related to the conformal
cross-ratios (2.4):

XX 1

u:zézm, vz(l—kz)(l-l—i)zm.

The coordinates u,v and z,z are by now standard in the literature, see e.g. [6-8] and

(B.1)

references therein. The third, y, can be obtained by going in the following Lorentzian frame.

x1:(1+;(x+x),;(xx),O,...,O) (B.2)

zy = (1,0,...,0), x3=(24)" 1 =0. (B.3)

The kinematic prefactor, K4 in the four-point function then turns into

—(A1+A9) —Asg

Ky— (0~ 2 ((x+D(x+1)2, (B.4)

where A;; = A; — Aj. These coordinates are quite useful, as explained in the main text,
as under a supersymmetric transformation in superspace, they acquire a pole

1
ox ~ ——, dw=c¢edx. (B.5)
w—=X
SU(2)r harmonics. We now derive the SU(2)r harmonics, (2.22), by inserting the
quadratic Casimir of SU(2) g into the four-point function. Let us start with the four-point

function of four — in general non-identical — primaries depending on the auxiliary variable,
Y introduced in section 2.2,

(1(21, Y1) b (22, Ya) h3(ws, Y3)pa(wa, Ya)) = KaK ;' F (u, v;w). (B.6)

From SU(2)gr invariance it is clear that the four-point function may depend on the Y;
through the SU(2) g invariant product

Yij =Y Y =YY s (B.7)

n order to make the Casimir and {S"‘A, Qg B} dimension independent, one needs to add contributions
from the transverse coordinates d < i < 6. As we are only interested in traceless-symmetric representations
of the Lorentz group in a given dimension, and therefore uncharged under extra R-symmetry factors in this
work, we will not take these additional pieces into account. We refer to [27] for more details.
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Furthermore the primaries, ¢;(x;, Y;), must be homogeneous functions of degree (—A;, 2.J;),
and the correlator (B.6) will depend on a single scale invariant cross ratio, w, satisfying a
completeness relation:

(Y1 -Y2)(Y3-Yy) (Y1 -Y3)(Ya - Yy)

TR AT R Ty A R AT A (B5)

The homogeneity property of (B.6) allows to separate the four-point function into a pref-
actor, K f‘, which has the correct scaling and a function of the invariant cross-ratio, w.
Enforcing this scaling behaviour in an ansatz, Kft = Y3 V{2V B Y5 Yo Yais, fixes four out
of six parameters, leading to the most general form,

Kf = (Y12) a1 (Y13) a2 (Y14) —a1—az+2J; (Ygg) —a1—az+Jiy+J3a

> (Y24) a2—J12—J34 (Y34) a1 —Ji+J5 7 (B.Q)

where we defined J;; = J; —J; and J;]f = J;+J;. Notice that two parameters ay, as are still
undetermined, and correspond to rescaling of the function F'(u,v;w) (see equation (2.17))
by factors of w and (1 + w). To better see this, it is instructive to go to a specific R-
symmetry frame, which is used in the derivation of the superconformal Ward identity. It
is defined as

Yi=Ly) = Yi=v—y,
yl:1+w) y2:]—) y3:yz;1:0’ (BlO)
KR 5w (1 + w)e

Therefore different choices of aj, as can be taken care of by absorbing w® (1 4+ w)“ into
the definition of F'(u,v;w).

We will now determine the w dependence of F'(u,v;w) by determining the harmonic
functions of SU(2)r by deriving the differential equation associated to the quadratic
Casimir C? = R;R'. The logic of the derivation is well known, but by the simplicity
of SU(2) allows to show an easy example that can then be applied mutatis mutandis to the
superconformal Casimir in section C.

The first step of the procedure is to insert a projector

PI‘OjJ = Z |J7 m> <J7m’ ’ (Bll)

and the R-symmetry Casimir in the middle of the four-point function to obtain the con-
tribution of single R-symmetry channel, F;(u,v;w). One has then two options: let the
Casimir act directly on the projector,

(p1p2Ca(Proj 1) dsds) = J(J + 1) Ky KE Fy(u,v;w), (B.12)
or to let it act on @12 — or ¢3¢y, leading to the same results — which is achieved by

letting the generators act as linear differential operators,

1 500

(B.13)
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where {0;} are the Pauli matrices. As the Casimir acts on both ¢; and ¢, the differential
operator is finally:

($102C2(Proj ;)p3da) = (D1 + D2)i(D1 + D2)" (K4 K¢ Fy(u,v;w)). (B.14)

Comparing equations (B.12), (B.14) and evaluating the differential operators leads to the
second order differential equation

a(w)02 Fy(u, v;w) + b(w)0pFr(u, v;w) + c(w)Fy(u,v;w) =0, (B.15)

where the coefficients are found to be

a(w) = w2(1 +w), b(w) =2w(l +w)(a; — Jfg) + w? (14 2ag — Jig — J34) ,
c(w) = —J(J+1) + <1fowa2(a2 — (Jia + J34)) + wia s + (1 + w)(ar — Ji5)?
+ (a1 — JH) (w(2a2 — Jia — J34) — 1)) . (B.16)
This differential equation can be recast into a more familiar form whose polynomial solution
involves a hypergeometric functions:'?
Fy(u,v;w) = PT2772 (0) 5 F(u,v). (B.17)

The function, F'(u,v), depending solely on conformal data is then identified to the contri-
bution of spin J to the superconformal blocks in equation (2.21), and the harmonics are
given by

phedsnTia () = oy =@ (1 4 w)=%2 3By (—(J + Jia), —(J + Jaa); —2J; —w) .
(B.18)
In the main text, we drop the superscript Jfg due to our choice of convention. Notice that
the dependence on aj, ay drops in the full four-point function due to (B.10).
Let us close this appendix by comparing two convenient choices of conventions that
have appeared in the literature:

e a1 = Ji + Jo, as = J34. In this case, the prefactor takes a form reminiscent of that
of the spacetime prefactor, Ky,

’v4

: Y; Y;
Kt = (Y12) ER (Y34) N ( 14) ( 13) . (B.19)
You Y14

In that case, the superconformal Ward identity takes the simple form (0y +
€0y)F|y=w = 0. This is the choice taken in this work and in the recent literature
that have computed the superconformal blocks of four momentum-map operators via
the Ward identity, e.g. [23, 26].

12Notice that the differential equation is second order and therefore has another solution, also in terms
of a hypergeometric function, which can in our case be disregarded as it is non-polynomial.
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e a1 =2F, ao =0 with 2F = J; + Jo + J3 — J4. With this choice, the hypergeometric
function involved in the harmonic (B.18) can be recast — up to a constant ¢; — into

. . . (a,8)

a very compact form in terms of a Jacobi polynomial, P, "/,

\_ p(2/1-2E2J,-2E) 2
F(u,v;w) = Py 2 <1 + w) X F(u,v). (B.20)

This is the choice used in [33], but comes at the cost of the Ward identity receiving
additional terms with respect to the other convention.

C Casimirs and Jack polynomials

Deriving the conformal Casimir equation (3.8) follows in spirit the same steps used in
appendix B to derive SU(2)r harmonics, replacing the R-symmetry Casimir by its super-
conformal counterpart, (3.8). We follow the method of [27, 34] throughout this appendix.

We look for a representation of the Casimir operator on scalar functions of spacetime.
In the case of the bosonic part, the differential operator can be inferred in a straight-
forward manner from the embedding formalism [4]. Acting on a bosonic block, the non-
supersymmetric Casimir equation is then:

A12,A3 _ A12,A: _
Dros gA}ZQ’ (z,2) = cgciz gA}ZQ’ (z,2), (C.1)

where the eigenvalue is given in equation (3.5) and the differential operator by

Dbos = Dz + Dg + 4e ZZ_ ((1 — z)@z — (1 — 2)0Z> s (CQ)

Z—z

D, = 222(1 — 2)8? — (2+ Azy — A12)220. + AHQA%. (C.3)

To obtain the differential operator associated to the part of the Casimir involving
fermionic generators, one needs to derive how supercharges act on fields at a point x.

Using O¢(x) = (O¢)(x) + iz*[P,, Ol¢(x) and Jacobi identities, one finds that on a
single scalar field,

S*Ag(x) = (5°49)(x) — ix*e""T 1% (Qpnd)(x) |
Qaad(z) = (Qand) (), (C.4)
Clusyd(x) = 4(z) — (QaaS*"9)(x).
The factor 4 in the last equation is related to traces over both su(2)r and spinor indices,
giving the total number of supercharges. A relation independent of the number of super-
charges can be obtained by replace this factor by Ng/2.
We now demand that the scalar is a superconformal primary, which by definition is

annihilated by any of the conformal supercharges, S®4¢ = 0. The Casimir operator acting
on two scalar superconformal primaries is then found to be

Clusy1(z1)d2(w2) =4(A1 + Ag) ¢y (z1)da(w2)
— i(212)"e*’T42 (Qand1) (21)(Qapd2) (z2) . (C.5)
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We see that the Casimir equation a priori looks like it will involve the correlation func-
tions of fermionic fields. However, simplifications occur when considering short supercon-
formal multiplets.

To see this, let us now reestablish the R-symmetry indices and focus on SU(2) . Using
standard SU(2) notation, consider that the scalar field is a superconformal primary of a
multiplet of type D[J], ¢* . This means that it transforms in the spin-J representation,
with —J < M < J. By definition, highest and lowest weight states are annihilated by half
of the supercharges [19, 20, 42],

Qiad? =0,  Qaap" =0, VA (C.6)

This leads us to consider two different classes of correlation functions, which we refer to as
type (I) and (II):

M s (6] @)ed (22)08" (@s)e)™ (za)) . () + (6] (216" (2)0" (w5) 8} (24) )
(C.7)
For correlation functions of type (I), the second term of equation (C.5) vanishes identically
and the Casimir reduces to an application of the dilatation operator. The action of Dsysy
on a superconformal block is just multiplication.

In type (II), one can use the fact that in the limit |z4] — oo conformal invariance
ensures that no information is lost, and the superconformal Ward identity (QO) = 0 allows
to relate the type (II) Casimir equation to a correlation function where supercharges are
only applied on the first field, (QaaQppd1(x1)---¢). Using the supersymmetry algebra,
the supercharges can be converted into a translation generator. Acting on the whole four-
point function decomposed into superconformal blocks, the differential operator will also
act on the prefactor, Ky, cancelling the term proportional to Aj + As.

In summary, we get that the contribution of the supersymmetric part of the Casimir
acts on a superconformal block as the following differential operators:

(I): Dsusy = 4(A1 + Ag), (C.8)

(H) . Dgusy = 42(1 — Z)az + 42(1 — 2)62 — 2(2 + Z)A34 . (Cg)

Finally, it is easy to see that when acting with (712% directly on the projector, the
associated differential operator will act simply as multiplication involving the R-charge of
the block element, J:

DRQ;(u, v) = —2eJ(J + 1)g§(u, v) . (C.10)

Jack polynomials. When attempting to solve the constraints coming from the Ward
identity of the Casimir equation, it is useful to decompose the bosonic blocks in terms of
Jack polynomials. We collect here a few properties needed to solve the constraints. The
Jack polynomials can be defined through the Gegenbauer polynomials, Cfla),

(e) o A=) ) A6 z2+z
P)\17)\2(Z’z) = m(zz)z( 1+ 2)0;;7)\2 W , (Cll)

~ 98 —



normalised such that P(E) ,(1,1) = 1. They satisfy a number of relations, compiled in

g. [32], following in part from the properties of the Gegenbauer polynomials. We note

that notation for the coordinates, z , x, in [32] and here is swapped, as we follow conventions
that have become common in the recent literature.
Under derivation, the Jack polynomial satisfy

) _ AL+ A2 () B 2—=2Z (A = A2)(A1 — Ao +2¢) (41 B
282P>(\i)\2 (2,2) = TP)(\?/\2 (2,2) + 17 T oz PA?,)\Q)‘F1<Z7 zZ).

(C.12)
Useful identities involving a Jack polynomial and the two variables are
(@) A=A+ 28 (o _ AL — Ag ()

(24 2P\, (5 8) = P (59 + P (52), (G13)

2pEtl), oy 2(1+2) (©) (©) _
(= 2PN e = e (PA;Q W (52) — P/\‘;L/\ﬁl(z,z)) . (C.14)

Notice that the second equation involves a Jack polynomial with argument (e + 1), which
allows for the derivative to be rewritten with expression involving only (),

29, AL+ A2 () (A1 — A2) (A1 — A2 + 2¢) () e
A T g AA2 T 2(22) (2 — 2) (M — Ao+ €) ( A+222+1 ’\1+1”\2+2>
(C.15)
Finally, defining the operator D) = 2", + "9, one finds
DOPY) (2,2) = (M + )P (2.2), (C.16)

Qo =)= Qo) pe)
(Al — Ao+ 5) Aot 1\ %)
(C.17)

() - )\1()\1 - /\2 + 26) (¢)
D )PA1 2 (22) = (M — da +e) M1 (

2,Z) +

D List of coefficients for superconformal blocks

We collect in this appendix the list of coefficients, f :’ -, of the superconformal blocks appear-
ing in the decomposition of four-point functions of four D-type multiplets. As commented
in section (4), multiplets of type A and C do not appear in the decomposition.

D-type multiplets. The D-type multiplets contain only three states that contribute to
the superconformal blocks. Setting the coefficient of the primary to one, the other two are

given by:
fJR 1 e(Jr + J12)(JR + J34)
QGJR-i-]. 1 JR(QEJR T 1) 9
J (Jr+ J12)(Jr + J3a)(Jr + Ji2 — 1)(Jr + J34 — 1) (D.1)
2¢Jr+20 — 2(Jp —1)(2Jr — 1)(2eJg + 1)(2eJg — € + 1) ’

B-type multiplets. B-type multiplets have fixed conformal dimension, A = 2eJg+{+2¢,
and the coefficients are found to be:

fJR 1 Lle(Jiz+ Jr)(J3a + JR)
AL 9 Jp(2Jre + 1) (0 +€)

fJR 1 (Jiz+ Jr)(J3a + Jr)(L + 2¢)(2Jpe + £ + 2¢)
A+LEL ™ 9 p(2Jrp + D) (U +e)(2Jge + L+ +1)
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fJR _ J12J34(€+2€)(2JR€+€+26)
AtLi+1 2Jr(Jr+ 1) (Jre + L+ e)(Jpe +L+e+1)’

fJR+1 _ (—Ji2+Jgp+1)(=Jsa + Jg + 1) (£ + 2¢)
At+16+1 2(Jp+1)(2Jp + 1)(£ + 1) '
Jr—2 e(Jio+Jr — D)(Ji2 + Jr)(J3a + Jr — 1)(J34 + JR)(2Jge + £ + 2¢)
fA-i-QZ - — — ’
’ 4(Jp —1)Jr(2Jr — 1)(2Jre + 1)(2Jpe + L+ + 1)
fJR*1 _ JiaJs4e(J12 + Jr)(J3a + Jr) (L + 2¢)(2Jge + £+ 1)(2Jge + £ + 2¢)

A2 4(Jgp — 1)JE(2Jre + 1)(Jpe + L+ ) (Jpe + L+ e+ 1)(2Jre + L+ + 1)
Jn e(JE = IB)(JE — J2)(Jsa + JR) (€ + 22)(2Jge + £ + 1)(2Jge + £ + 2¢)
Takoe = 4J2(2Jp —1)(2Jge + 1)({ + e+ 1)(2Jpe + L+ &) (2Jpe + L+ £+ 1)
Jr _ (l+2e)(+2e41)
Taba e = 4+ 1)l +e+1)
(Ame+ L4+ 1)(Ate+l+1)(B e+l +1)(Bte+0+1)(2(Jp+ 1)+ ¢)
(Jre+l+e+1)22Jge +L+e+1)2(Jp+ e +20+1)(2(Jrp+1)e +20+3)’
Jp—1 _ e(Jio+Jr)(Jsa+ Jp)(l +2e)(A e+ L+ 1)(ATe + (4 1)
Ta%sen = 8Jr(1+1)(2Jge + 1)(Jre + 1+ e+ 1)2(2Jre + L+ + 1)2
(B e+ L+1)(Bte+£+1)(2Jpe + L+ 2)(2(Jr + 1)e + £)(2(Jr + 1)e + £ + 1)
(2Jre +L+e+2)(2(Jp+1)e+ 20+ 1)(2(Jr+ 1)e + 20 + 3) ’
(D.2)

where we defined A* = Jp + 1+ Jig, B = Jg + 1+ J34 and set the coefficient of the
primary to one.

Long superconformal multiplets. Long multiplets have unconstrained conformal di-
mensions above the unitarity bound, and the superconformal blocks receive contributions
from 20 different states, in addition to the superconformal primary, whose coefficient we
set to one by convention.

At level one, the coefficients are given by

plrol £(J12 + Jr)(J34 + JR)(A — £ + 2eJp)
AL T 2 JR(2JR + 1) (L +€)(A — £+ 2+ 2(Jg — 1)e)

fJR_l _(J12—I—JR)(J34+JR)(5—|—25)(A+2(JR+1)6—!—3)
AtLel 2Jr(2Jr + 1)(€ + &) (A + 2Jge + £ + 2)

fJR —(—1) J12J34(A — £+ 2Jge) (A — £ — 2(Jr + 1)e)
A+1,6-1 2JrR(JR+ D)l +e)(A -0 —2e+2)(A -1 —2¢)’

e gyl 2) (AT = 2Re) (At (4 2T + 1)
At1,041 2Jr(Jr+1)(A+O)(A+L+2)(+e) 7
Jatl A"B7U(A — 0 —2¢(Jr + 1))

fafie = 2Jr+ DCIR+ ([l +)(A—(+2—2e(Jp+2))

fJR+1 _ A™B (£ +2¢)(A+ £ —2eJR) (D.3)
ALEL 7 o(Jp + 1)2Jr + DU+ €)(A+ L +2—2e(Jr+ 1)) .

At higher level, the expressions become increasingly complex. For instance, the sim-
plest expressions at level two are

plnc2 (Jiz+ Jp — 1)(J12 + JR)(J34 + Jp — 1)(J34 + JR)(A + 2Jge — £)(A + 2(Jp + 1)e + {)
At2t 4(Jp — 1)Jr(2Jp — 1)(2Jr + 1) (A + £+ 2+ 2eJR)(A — £ + 2 + 2e(Jg — 1)) ’
lt2 A=(A= 4+ 1)B= (B~ + 1)(A — 2Jre + £)(A — 2Jre — £ — 2¢)

_ . D.4
AT2E T 16(Jr+1)2 (Jr+ 3), (A — 2Jge — € — 4e + 2)(A — 2Jge + £ — 22 + 2) (D4)
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Note that many of them are related to one another by the relation explained in section 4. An

exhaustive list of the coefficients for the long multiplets can be found in the supplementary

material.
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