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1 Introduction and summary of results

While AdS/CFT [1-3] has provided a broad framework to understand quantum gravity,
most discussions are limited to perturbation theory around a fixed gravitational back-
ground. The difficulty of going beyond perturbation theory stems from our limited un-
derstanding of both sides of the duality: on the boundary side, it is difficult to compute
correlators in strongly coupled CFTs, while in the bulk there are no efficient ways of per-
forming computations beyond tree level in perturbation theory. 2D/1D holography [4-23]
provides one of the best frameworks to understand quantum gravity beyond perturbation
theory, partly because gravitons or gauge bosons in two dimensions have no dynamical
degrees of freedom. Nevertheless, many of the open questions from higher dimensional
holography, such as questions related to bulk reconstruction or the physics of black holes
and wormholes, persist in 2D /1D holography.

One of the simplest starting points to discuss 2D /1D holography is the two-dimensional
Jackiw-Teitelboim (JT) theory [24, 25], which, in the second-order formalism, involves a
dilaton field ® and the metric tensor g,,. The Euclidean action is given by

1
S 2 o A)— —— P K 1.1
e Ed:c\/g (R+A) e azdu\ﬁ( los) K, (1.1)

where we have placed the theory on a manifold ¥ with metric g,,, and where the boundary

SJT[(I)79] = -

of this manifold, 0%, is endowed with the induced metric v and the extrinsic curvature K.
The bulk equations of motion set

A
R=-A,  V,V,@=_gu®, (1.2)

and thus, on-shell, the bulk term in (1.1) vanishes. The remaining degrees of freedom are
thus all on the boundary of some connected patch of Euclidean AdSsy (or, equivalently, of
the Poincaré disk), where one can fix ®|s5; = C'/e and the boundary metric gy, = 1/€* to
be constant, such that the total boundary length is given by /e. Taking the limit ¢ — 0
is then equivalent to taking the patch to extend to the entire Poincaré disk. Consider p
and f as Poincaré disk coordinates (with ds® = dp? + sinh?(p) df?). Thus one can rewrite
the action (1.1) in terms of p(u) and f(u) on the boundary 9%, which we can parametrize
by the proper length u. In the limit € — 0, one finds that after imposing all the previously
specified boundary conditions, the boundary term in (1.1) is given (up to a divergent piece
removed by holographic renormalization) by the Schwarzian action [12-15, 17],

B " AN
Ssehwlf] = _C/o du {tan Wﬁf,u} , {F,u} = % — g <Z;> . (1.3)

While the equivalence between the JT-gravity action and the Schwarzian action is clear
on-shell [15], there are subtleties in quantizing and uncovering the global structure of the
gravitational theory.! Due to these subtleties, it is difficult to formally prove the equivalence
between JT-gravity and the Schwarzian theory in a path integral approach.?

1For example, it is unclear what measure and integration contour one should use in the gravitational
path integral.
2See, however, [20-23, 26] for progress in this direction.



An important tool that we use for quantizing the bulk gravitational theory is the
equivalence between its first order formulation and a 2D gauge theory. Specifically, the
frame e® and spin connection w associated to the manifolds which are summed over in
the gravitational path integral can be packaged together as a gauge field with an sl(2,R)
gauge algebra [27-32]. The bulk term in (1.1) is then captured by a topological BF theory
with this gauge algebra. This equivalence is analogous to the formulation of 3D Chern
Simons theory as a theory of 3D quantum gravity, where the gauge algebra is given by
various real forms of s0(2,2) [33, 34]. The quantization of JT gravity in the gauge the-
ory description was also explored recently by dimensionally reducing the Chern Simons
theory that describes 3D gravity [26, 35-39]. However, obtaining the possible boundary
terms and the exact gauge group that are needed in order to recover the dual of the
Schwarzian theory is, to our knowledge, still an open question that we hope to answer in
this work.?

When placing the gauge theory on a disk, the natural Dirichlet boundary conditions
are set by fixing the gauge field or, equivalently, the frame e* and spin connection w at
the boundary of the disk. In such a case, a boundary term like that in (1.1) does not
need to be added to the action in order for the theory to have a well-defined variational
principle. The resulting system can be shown to be a trivial topological theory which
does not capture the boundary dynamics of (1.1). Consequently, we introduce a boundary
condition changing defect whose role in the BF-theory is to switch the natural Dirichlet
boundary conditions to those needed in order to reproduce the Schwarzian dynamics. With
this boundary changing defect the first and second formulations of JT gravity give rise to
the same boundary theory. 4 See figure 1.

In order for the equivalence between the Schwarzian and the gauge theory to continue
to hold at the quantum level, we find that the gauge group needed to properly capture
the global properties of the gravitational theory is given by an extension of PSL(2,R)
by R. This extension is related to the universal cover of the group PSL(2,R), denoted
by gI:(2, R).> With this choice of gauge group, when placing the bulk theory in Euclidean
signature on a disk we find a match between its exact partition function and that computed

3 A priori it is unclear whether there even exists a gauge group for which the gauge theory would reproduce
observables in the Schwarzian, which in turn are expected to capture results in JT gravity. This is due
to the fact that there exist gauge field configurations where the frame is non-invertible and, consequently,
such configurations do not have a clear geometric meaning in JT gravity. Note that, in the Chern-Simons
description of 3D gravity, due to the non-invertibility of the frame, one does not expect to be able to capture
all the desired features of 3D pure quantum gravity [40]. For example, given that the Chern-Simons theory
is topological, and consequently has few degrees of freedom, one cannot expect to reproduce the great
degeneracy of BTZ black hole states from the gravitational theory [40]. In contrast, as we will discuss
in this paper, the 2D gauge theory formulation of JT gravity is able to reproduce all known Schwarzian
observables exactly.

4Possible boundary conditions for the gauge theory reformulation of JT-gravity were also discussed
in [31]. A concrete proposal for the rewriting of the boundary term in (1.1) was also discussed in [32],
however the quantization of the theory was not considered.

A similar observation was made in [41]. There it was shown that in order for gravitational diffeomor-
phisms to be mapped to gauge transformations in the BF-theory when placed on a cylinder, one needs to
consider a gauge group given by éi(Z, R), instead of the typically assumed PSL(2,R).
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Figure 1. Schematic representation showing that the dynamics on the defect in the gauge theory is
the same as that in the Schwarzian theory, which in turn describes the boundary degrees of freedom
of (1.1).

in the Schwarzian theory [10, 42, 43]. This match is obtained by demanding that the gauge
field component along the boundary should vanish.%

The first natural observable to consider beyond the partition function is given by
introducing probe matter in the gauge theory. On the gauge theory side, introducing probe
matter is equivalent to adding a Wilson line anchored at two points on the boundary.
In the Schwarzian theory we expect that this coupling is captured by bilocal operators
Ox(u1,u2). We indeed confirm that all the correlation functions of bi-local operators in
the Schwarzian theory [45] match the correlation functions of Wilson lines that intersect the
defect. More specifically, the time ordered correlators of bi-local operators in the boundary
theory are given by correlators of non-intersecting defect-cutting Wilson lines, while out-of-
time-ordered correlators are given by intersecting Wilson line configurations. Furthermore,
by computing the expectation value of bulk Wilson lines in the gauge theory, we provide a
clear representation theoretic meaning to their correlators and provide the combinatorial
toolkit needed to compute any such correlator. As we will show these Wilson lines also
have a gravitational interpretation: inserting such Wilson lines in the path integral is
equivalent to summing over all possible world-line paths for a particle moving between two
fixed points on the boundary of the AdSs patch. Furthermore, we discuss the existence of
further non-local gauge invariant operators which can potentially be used to computed the
amplitudes associated to a multitude of scattering problems in the bulk.

The remainder of this paper is organized as follows. In section 2 we show the on-shell
equivalence between the equations of motion of the Schwarzian theory and those in the
gauge theory description of JT gravity, when boundary conditions are set appropriately.
In section 3 we discuss the quantization of the gauge theory. In this process, in order to
match results in the Schwarzian theory, or, alternatively in the second order formulation of

5In a gauge-independent language, here we demand a trivial holonomy around the boundary of the disk.
For general boundary holonomy, the dual is given by a non-relativistic particle moving on H; in a magnetic
field, in the presence of an SL(2, R) background gauge field. As we point out in appendix A this is slightly
different than considering the Schwarzian with SL(2,R) twisted boundary conditions, which was considered
in [10, 44].



JT gravity, we determine a consistent global structure for the gauge group and determine
potential boundary conditions such that the partition function of the gauge theory agrees
with that of the Schwarzian. In section 4, we show the equivalence between Wilson lines in
the gauge theory and bi-local operators in the boundary theory. Furthermore, we discuss
the role of a new class of gauge invariant non-local operators and compute their expectation
value. Finally we discuss future directions of investigation in section 5. In appendix A,
we review various properties of the Schwarzian theory and derive at the level of the path
integral, its equivalence to a non-relativistic particle moving in hyperbolic space in the
presence of a magnetic field. For the readers interested in details, we suggest reading
appendix C and D where we provide a detailed description of harmonic analysis on the
éi(2,]R) group manifold and derive the fusion coefficients for various representations of
§f4(2, R). Finally, we revisit the gravitational interpretation of the gauge theory observables
in appendix E and we show that Wilson lines that intersect the defect are equivalent to
probe particles in JT-gravity propagating between different points on the boundary.

2 Classical analysis of s1(2,R) gauge theory

2.1 A rewriting of JT-gravity in the first-order formulation

As shown in [27, 28], JT gravity (1.1) can be equivalently written in the first-order formula-
tion, which involves the frame and spin-connection of the manifold, as a 2D BF theory with
gauge algebra sl(2,R).” Let us review this correspondence starting from the BF theory.®
To realize this equivalence on shell, we only need to rely on the gauge algebra of the BF
theory and not on the global structure of the gauge group. Thus, the gauge group could
be PSL(2,R) or any of its central extensions. For this reason, we will for now consider the
gauge group to be G and will specify the exact nature of G in section 3.
To set conventions, let us write the sl(2,R) algebra in terms of three generators Py,
Py, and P, obeying the commutation relations
[Po, PA] = P, [Po, Pb] = =P, [P, P = —Fy. (2.1)
For instance, in the two-dimensional representation the generators Py, P;, and P» can be
represented as the real matrices
iO'Q g3
Py=— pP=— Py=—.
0 5 1 5 2= 5

An arbitrary sl(2,R) algebra element consists of a linear combination of the generators

(2.2)

with real coefficients. The field content of the BF theory consists of the gauge field A,
and a scalar field ¢, both transforming in the adjoint representation of the gauge algebra.
Under infinitesimal gauge transformations with parameter e(z) € s((2,R), we have

d0p = [e, ], 0A, = Oue+[e, A, (2.3)

"Similarly, there is an equivalence between a different 2D gravitational model, the Callan-Giddings-
Harvey-Strominger model and a 2D BF-theory with the gauge algebra given by a central extension of
iso(1,1) [29, 46]. Similar to our work here, it would be interesting to explore exact quantizations of this
gauge theory.

8Unlike [27, 28], we will work in Euclidean signature.



Consequently, the covariant derivative is D,, = 9, — A,, (because then we have, for instance,
d(Dy¢) = [e, D)), and then the gauge field strength is F,, = —[D,, D,] = 0,A, —0, A, —
[A,, Ay]. In differential form notation, F' = dA — AN A.

Ignoring any potential boundary terms, the BF theory Euclidean action is

SBF = —i/tr(¢F) s (2.4)

where the trace is taken in the two-dimensional representation (2.2), such that tr¢pF =
0" ;Fj /2, where n"/ = diag(—1,1,1), with 4, j = 1, 2, 3. To show that the action (2.4) in
fact describes JT gravity, let us denote the components of A and ¢ as

Ar) = \/gea(x)Pa tw@Py, o) = ¢ (x)Pa+ ¢°(2) P, (2.5)

where the index a = 1,2 is being summed over, A > 0 is a constant, and e® and w are one-
forms while ¢® and ¢° are scalar functions. An explicit computation using F' = dA— AN A
and the commutation relations (2.1) gives

A A A
F:\/;[del—i—w/\eQ] P1+\/;[d62—w/\el] P+ [dw+2el/\62} P . (2.6)

The action (2.4) becomes

SBF_—/\/i (de* + w A €?) + ¢?(de? w/\el)] —¢° (dw+/;elA62> . (2.7)

The equations of motion obtained from varying ¢ yields F' = 0. Specifically, the variation
of ¢! and ¢? imply 7@ = de® +w% A e? = 0, with w's = —w?; = w, which are precisely the
zero torsion conditions for the frame e® with spin connection w%,. Plugging these equations
back into (2.7) and using the fact that for a 2d manifold dw = %el A €2, with R being the
Ricci scalar, we obtain

Spr = i/dzm\/ﬁqﬁo (R+A), (2.8)

which is precisely the bulk part of the JT action with dilaton ® = —i¢°/4.% Here, the 2d
metric is g, = e el + eieg, and de\/ﬁ = e! A e?. The equation of motion obtained from
varying ¢q imphes R = —A, and since A > 0, we find that the curvature is negative. Thus,
the on-shell gauge configurations of the BF theory parameterize a patch of hyperbolic space
(Euclidean AdS).

Note that the equations of motion obtained from varying the gauge field, namely

D¢ =0up—[Au, ¢l =0, (2.9)

9One might be puzzled by the fact that when ¢° is real, ® is imaginary. However, when viewing ® or

¢o as Lagrange multipliers, this is the natural choice for the reality of both fields. However, note that in
the second-order formulation of JT-gravity (1.1) one fixes the value of the dilaton (®) along the boundary
to be real. As we describe in section 2.2, we do not encounter such an issue in the first-order formulation,
since we will not fix the value of ¢ along the boundary.



can be written as

dtn =\ (=l + 201)
16t = —wi? + \/§€2¢0, (2.10)

dp? = wpt — \/§e1¢0.

It is straightforward to check that taking another derivative of the first equation and using
the other two gives the equation for ® in (1.2).

The spin connection w®, is a connection on the orthonormal frame bundle associated
to a principal SO(2) bundle. For a pair of functions € transforming as an SO(2) doublet,
the covariant differential acts by De® = de® 4+ w®e’. With this notation, we see that

the infinitesimal gauge transformations (2.3) in the BF theory with gauge parameter € =
V/A/2¢%P, + ® Py take the form

det = Det — %e?,

de? = De? + el | (2.11)
A
Sw = de® + 5(6261 —ele?).

The interpretation of these formulas is as follows. The parameters €’ act as local gauge
parameters for the SO(2) symmetry. When the gauge connection is flat with F = 0,
infinitesimal gauge transformation are related to infinitesimal diffeomorphisms generated
by a vector fields £* (via 69, = V& + Vi)

=it () = wu(@)E(x). (2.12)

The parameter € generates an infinitesimal frame rotation, and thus it leaves the 2d metric
invariant. Note that the gauge transformations in the BF theory preserve the zero-torsion
condition and the 2d curvature because these quantities appear in the expression for F
in (2.6) and the equation F' = 0 is gauge-invariant.

So far, we have solely focused on the on-shell equations of motion in the bulk. We have
not yet specified the crucial ingredients that are needed to provide an exact dual for the
Schwarzian theory: specifying the boundary condition along 9% in (2.4) or determining
the global structure of the gauge group. Thus, in the next subsection we discuss possible
boundary conditions and boundary terms such that the resulting theory has a well de-
fined variational principle, while later, in section 3, we discuss the global structure of the
gauge group.

2.2 Variational principle, boundary conditions, and string defects

Infinitesimal variations of the action (2.4) yield

0Spr = (bulk equations of motions) — z/ tr (poA;) , (2.13)
ox



where 7 is used to parametrize the boundary 0%. As is well-known [47] and can be easily
seen from the variation (2.13), the BF theory has a well-defined variational principle when
fixing the gauge field A, along the boundary 03%. In the first-order formulation of JT
gravity, this amounts to fixing the spin connection and the frame and no other boundary
term is necessary in order for the variational principle to be well defined.'? In fact, due to
gauge invariance, observables in the theory will depend on A; only through the holonomy
around the boundary,

§:73exp</82A>6Q, (2.14)

instead of depending on the local value of A,. However, solely fixing the gauge field around
the boundary yields a trivial topological theory (see more in section 3). Of course, such
a theory cannot be dual to the Schwarzian. In order to effectively modify the dynamics
of the theory we consider a defect along a loop I on X. A generic way of inserting such a
defect is by adding a term Sy, to the BF action,

B
Sg = Spr + 571, Sr= 6/0 duV(p(u)), (2.15)

where u is the proper length parametrization of the loop I, whose coordinates are given
by z7(u) and whose total length is 8 measured with the induced background metric from
the disk.!'!

Since, the overall action needs to be gauge invariant we should restrict V(¢) to be of
trace-class; as we will prove shortly in order to recover the Schwarzian on-shell we simply
set V(¢) = —tr ¢?/4, with the trace in the fundamental representation of s[(2, R).

Note that as a result of the Schwinger-Dyson equation

(dtr¢*(z)...) pp = —2i <tr <¢(x)5A6(x)> >BF =0 (2.16)

tr ¢? is a topological operator in the BF theory independent of its location on the spacetime
manifold, as long as the other insertions represented by ... above do not involve A.

As emphasized in figure 2, due to the fact that theory is topological away from I
and due to the appearance of the length form in (2.15) the action is invariant under
diffeomorphisms that preserve the local length element on I.'> Thus, one can modify the
metric on Y, away from I, in order to bring it arbitrarily close to the boundary 9%.. This
proves convenient for our discussion below since we fix the component A, of the gauge field
along the boundary and can thus easily use the equations of motion to solve for the value
of ¢ along I.

10This is in contrast with the second-order formulation of JT gravity (1.1), when fixing the metric and
the dilaton along the boundary. In such a case the boundary term in (1.1) needs to be added to the action
in order to have a well defined variational principle.

1 Consequently, the defect is not topological.

2Tn the sl(2,R) gravitational theory, — tr ¢ is usually interpreted as a black hole mass and its conserva-
tion law can be interpreted as an energy conservation law [32].

13This is similar to 2d Yang-Mills theory which is invariant under area preserving diffeomorphisms [48-50].
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Figure 2. Cartoon emphasizing the properties of the string defect. The resulting theory is invariant
under perimeter preserving defect diffeomorphisms and thus the defect can be brought arbitrarily
close to the boundary of the manifold. Furthermore, the degrees of freedom of the gauge theory
defect can be captured by those in the Schwarzian theory.

Specifically, we choose

A A
Ar =wly+/sep b+ el (2.17)
bdy 2 2
where
EoEZ'Po, €+E—P2—Z'P1, K,EPQ—ipl,
12 12
W= —iwy , ey = ¥or —Cr , o =lrter (2.18)
bdy. 2 bdy. 2 bdy.
The generators ¢y and ¢1 satisfy the commutation relations
[0y, b = £l , [0, 0_] =24. (2.19)

As previously discussed, all observables can only depend on the value of the holonomy,
thus without loss of generality we can set w and e+ to be constants whose value we discuss
in the next subsection. Fixing the value of the gauge field, in turn, sets the metric in the
JT-gravity interpretation along the boundary to be g, = —4e e_.

The equation of motion obtained by varying A, close to the boundary, D,¢ = 0,¢ —
[Ar|bdy, #] = 0, can be used to solve for the value of ¢ along I. It is convenient to
relate the two parametrizations of the defect I through the function u(7), choosing 7 in
such a way that e¢_(7) = VAe_/0.u(r), where ¢ = ¢l + ¢4l + ¢_{_. Instead of
solving the equation of motion for A, in terms of u(7) it is more convenient to perform a
reparametrization and rewrite the equation in terms of 7(u) using A, = A,7'(u), where
7'(u) = 9,7 (u). The solution to the equation of motion for the /_ and £y, components of
Dy¢ = 0 yields

"

6 (u) = VERe_t_~ 426y (wr'~ T ) 1 VaRE, (egry e ()
T Ae_(7)2 Ae_7" Ae_(7)3)"

(2.20)




where 7(u) is further constrained from the component of the D,¢ = 0 along ¢,
0 =4det A, (7)4" 4+ 3(7")3 — 4r'7"7" + (7)™, (2.21)

with det A, = (—w? + 2Ae_ey) /4 = (2w2 — Agr7)/8|bay- When considering configurations
with 7/(u) = 0 (and 7”7 # 0 or 7" #£ 0), ¢(u) becomes divergent and consequently the action
also diverges. Thus, we restrict to the space of configurations where 7(u) is monotonic,
and we can set 7(8) — 7(0) = L, where L is an arbitrary length whose meaning we discuss
shortly. Using this solution for ¢(u) we can now proceed to show that the dynamics on the
defect is described by the Schwarzian.

2.3 Recovering the Schwarzian action

We can now proceed to show that the Schwarzian action is a consistent truncation of the
theory (2.15). We start by integrating out ¢ inside the defect which sets F' = 0 and thus
the nonvanishing part of the action (2.15) comes purely from the region between (and
including) the defect and the boundary. Next we partially integrate out A, in this region
using the equations of motion of D,¢ = 0 along the /_ and ¢y directions, whose solution is
given by (2.20). Plugging (2.20) back into the action (2.15), we find that the total action

can be rewritten as'*
1 (B
Selr)= = [ du({r.u) +2r@Pdetd) . (9)-70)=L, (222
0

where the determinant is computed in the fundamental representation of sl(2,R). The
equation of motion obtained by infinitesimal variations 67(u) in (2.22) yields [15]

O [{7(u), u} + 27" (u)? det Al =0 (2.23)

which is equivalent to (2.21) that was obtained directly from varying all components of A,

in the original action (2.15). This provides a check that the dynamics on the boundary

condition changing defect in the gauge theory is consistent with that of the action (2.22).
Finally, performing a change of variables,

F(u) = tan (\/det A; T(u)) , (2.24)

we recover the Schwarzian action as written in (1.3),

B
SﬂFL——l/)mAFWLu} (2.25)

€ Jo

14This reproduces the result in [31, 32] where the Schwarzian action was obtained by adding a boundary
term similar to that in (2.15), by imposing a relation between the boundary value of the gauge field A,
and the zero-form field ¢ and by fixing the overall holonomy around the boundary. In our discussion, by
using the insertion of the defect, we greatly simplify the quantization of the theory. Our method is similar
in spirit to the derivation of the 2D Wess-Zumino-Witten action from 3D Chern-Simons action with the
appropriate choice of gauge group [51].



While we have found that the dynamics on the defect precisely matches that of the
Schwarzian we have not yet matched the boundary conditions for (2.25) with those typi-
cally obtained from the second-order formulation of JT gravity: 8 = L and F(0) = F(3).'°
The relation between L and 3 is obtained by requiring that the field configuration is reg-
ular inside of the defect I: this can be achieved by requiring that the holonomy around a
loop inside of I be trivial. In order to discuss regularity we thus need to address the exact
structure of the gauge group instead of only specifying the gauge algebra. To gain intuition
about the correct choice of gauge group it will prove useful to first discuss the quantization
of the gauge theory and that of the Schwarzian theory.

3 Quantization and choice of gauge group

So far we have focused on the classical equivalence between the sl(2,R) gauge theory for-
mulation of JT gravity and the Schwarzian theory. This discussion relied only on the gauge
algebra being s[(2,R), with the global structure of the gauge group not being important.
We will now extend this discussion to the quantum level, where, with a precise choice of
gauge group in the 2d gauge theory, we will reproduce exactly the partition function and
the expectation values of various operators in the Schwarzian theory.

3.1 Quantization with non-compact gauge group G

We would like to consider the theory with action (2.15) and (non-compact) gauge group
G (to be specified below), defined on a disk D with the defect inserted along the loop I
of total length 8. The quantization of gauge theories with non-compact gauge groups has
not been discussed much in the literature,'S although there is extensive literature on the
quantum 2d Yang-Mills theory with compact gauge group [48-50, 54-58].!7 Let us start
with a brief review of relevant results on the compact gauge group case, and then explain
how these results can be extended to the situation of interest to us.

What is commonly studied is the 2d Yang-Mills theory defined on a manifold M with
a compact gauge group G, with Euclidean action

1
SN A = i [ 6@F) =g [ FavaVie),  Vie)=jud. ()
M M 4
After integrating out ¢, this action reduces to the standard form —ﬁ J M d’x Vtr EFy FRY.
When quantizing this theory on a spatial circle, it can be argued that due to the Gauss law
constraint, the wave functions are simply functions ¥[g] of the holonomy g = P exp[§ AT,]

Instead the relation between F(0) and F(B) in (2.25), with the boundary conditions set by those
in (2.22), is given by,

cos(v/det A-L)F(0) + sin(v/det A, L)
—sin(v/det A, L)F(0) + cos(v/det A, L)

F(B) =

16See however, [52] and comments about non-unitarity in Yang-Mills with non-compact gauge group
in [53].

17See also the more recent discussion about the quantization of Yang-Mills theory when coupled to JT
gravity [59].
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around the circle that depend only on the conjugacy class of g. Here T'* are anti-Hermitian
generators of the group G. The generator T are normalized such that tr(T°T7) = Nn¥,
where for compact groups we set n”/ = diag(—1, ..., —1). Thus, the wavefunctions ¥|g]
are class functions on GG, and a natural basis for them is the “representation basis” given
by the characters xg(g) = trg g of all unitary irreducible representations R of G.

The partition function of the theory (3.1) when placed on a Euclidean manifold M
with a single boundary is given by the path integral,

24 i) = [ Do DA (3.2)

where we impose that overall G holonomy around the boundary of M be given by g. Note
that this partition function depends on the choice of metric for M only through the total
area A (as the notation in (3.2) indicates, it depends only on the dimensionless combination
g%MA). The partition function can be computed using the cutting and gluing axioms of
quantum field theory from two building blocks: the partition function on a small disk and
the partition function on a cylinder. For the disk partition function Z3%YM(g, g2,,A),
which in general depends on the boundary holonomy g and g3,;A, the small A limit is
identical to the small g2,; limit in which (3.1) becomes topological. In this limit, the

integral over ¢ imposes the condition that A is a flat connection, which gives g = 1, so [49]

Z3™M (g, g A) = 6(g) =Y _ dim Rxr(g). (3.3)
R

lim
A—0

Here, §(g) is the delta-function on the group G defined with respect to the Haar measure
on G, which enforces that [ dgd(g)z(g) = z(1).

To determine this partition functions at finite area, note that the action (3.1) implies
that the canonical momentum conjugate to the space component of the gauge field A% (z)

2 .
is ¢;(z), and thus the Hamiltonian density that follows from (3.1) is just £M tr(¢;7%)2.

In canonical quantization, one find that m; = —iN¢; and the Hamiltonian density be-
2 ..
comes H = —gf—]{}’[n” mim;. Using m; = 6%{’ each momentum acts on the wavefunctions

Xr(9) as mixr(9) = xr(T;g). It follows that the Hamiltonian density derived from the ac-
tion (3.1) acts on each basis element of the Hilbert space xr(g) diagonally with eigenvalue
30C2(R)/(4N) [50], where Ca(R) is the quadratic Casimir, with C2(R) > 0 for compact
groups. One then immediately finds

2
. _9YM
Z3M (g, gy A) = > dim Rxg(g)e™ an A% ) (3.4)
R

From these expressions, sticking with compact gauge groups for now, one can determine
the disk partition function of a modified theory

= —1 r —e U zlr2
S==i [ weR) e [ave).  Vie)=que, (35)

where [ is a loop of length 3 as in figure 2. Such an action can be obtained by modifying
the Hamiltonian of the theory to a time-dependent one and by choosing time-slices to be

- 11 -



concentric to the loop I.'® Applying such a quantization to the theory with a loop defect
we obtain
_eBCy(R)

Z(g,ef) =) dimRxg(g)e =~ . (3.6)
R

One modification that one can perform in the above discussion is to consider, either in (3.1)
or in (3.5) a more general V(¢) than 1 tr¢?. For example, if V(¢) = $tr¢? + La(tr¢?)?,
then one should replace Cy(R) by C2(R) + $Co(R)? in all the formulas above.

The discussion above assumed that G is compact, and thus the spectrum of unitary
irreps is discrete. The only modification required in the case of a non-compact gauge group
G is that the irreducible irreps are in general part of a continuous spectrum.'® To generalize
the proof above, we have to use the Plancherel formula associated with non-compact groups

in (3.3)

Sl9) = S dimRxalg) — dlg) = [ dRp(R) xalo). (3.7)
R

where p(R) is the Plancherel measure.?? Then, following the same logic that led to the disk
partition function in (3.4), by determining the Hamiltonian density and applying it to the
characters in (3.7), we find that the disk partition function of the theory (3.5) reduces to

_ eBCo(R)

Z(g,ef) = / dR p(R)xr(g)e " H" . (3.8)

where we normalize the generators P of the non-compact group by tr(P'P7) = Nn,
where 1% is diagonal with £1 entries. In these conventions we set the Casimir of the group
to be given by (72 = —n¥ P;P;. One may worry that if the gauge group is non-compact,
then it is possible for the quadratic Casimir Cy(R) to be unbounded from below, and then
the integral (3.8) would not converge. If this is the case, we should think of V(¢) in (3.5)
as a limit of a more complicated potential such that the integral (3.8) still converges. For
instance, we can add ta(tr ¢%)? to (3.5) and consequently aC5(R)? to the exponent of (3.8)
as described above.

In order to consider more complicated observables, we can glue together different
segments of the boundary of the disk. In general, the gluing of n disks, each containing a
defect I; of length 3;, onto a different manifold ¥ with a single boundary with holonomy
g, will formally be given by integrating over all group elements hq, ho, ..., h,, associated
to the Cy, ..., Cp, segments which need to be glued. Here, h; = P exp fCi A. The resulting

18 Alternatively, one can consider the gluing of a topological theory with g2,; = 0 in the regions inside
and outside I, and a theory of type (3.1) in a fattened region around I of a small width (so that the region
does not intersect with other operator insertions such as Wilson lines).

9For the case with non-compact gauge group we will continue to maintain the same sign convention in
Euclidean signature as that shown in (3.2).

20Tn the case in which the spectrum of irreps has both continuous and discrete components, p(R) will be
a distribution with delta-function support on the discrete components.
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Figure 3. Cartoon showing an example of gluing of three disk patches whose overall partition
function is given by the gluing rules in (3.9). Each segment has an associated group element h, and
each patch has an associated holonomy g;. In the case pictured above: g = hy h2h§17 go = h3h4h51
and g3 = h5h6h;1. We take all edges to be oriented in the counter-clockwise direction.

partition function is given by?!

1 m n 3 n
Z(g, ef, E)—W/<£[ldhi> jl;IlZ@j(ha)’eﬁj) oy 1j1;[19j(ha) , (3.9)

where the product ¢ runs over all m edges which need to be glued, while the product
j runs over the labels of the n disks. Each disk j comes with a total holonomy g;(ha)
depending on the group elements h, associated to each segment C, along the boundary of
disk j. Thus, for instance if the edge of the disk j consists of the segments Cy, ..., Cp,
(in counter-clockwise order), then g;(hs) = h1 - - hyy,. Furthermore, dh; denotes the Haar
measure on the group G, which is normalized by the group volume. The group J-function
imposes that the total holonomy around the boundary of ¥ is fixed to be g. An example
of the gluing of three patches is given in figure 3.

While for compact gauge groups (3.9) yields a convergent answer when considering
manifolds ¥ with higher genus or no boundary, when studying non-compact gauge theo-
ries on such manifolds divergences can appear. This is due to the fact that the unitary

representations of a non-compact group G are infinitely dimensional.??

2Various formulae useful for gluing in gauge theory are shown in appendix B, where results for compact
gauge groups and non-compact gauge groups are compared.

*2When setting G to be PSL(2,R) or one of its extensions, these divergences are in tension with the
expected answers in the gravitational theory (1.1). This is a reflection of the fact that while the moduli
space of Riemann surfaces has finite volume, the moduli space of flat PSL(2,R) (or other group extensions
of PSL(2,R)) connections does not. Thus, the techniques applied in this paper are only valid for manifolds
with the topology of a disk. See [23, 59-61] for a detailed discussion about a sum over all topologies.
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3.2 The Schwarzian theory and éi(2,]R) representations

In order to identify the gauge group G for which the theory (2.15) becomes equivalent to the
Schwarzian theory at the quantum level, let us first understand what group representations
are relevant in the quantization of the Schwarzian theory. Specifically, the partition function
of the Schwarzian theory at temperature (§ is given, up to a regularization dependent
proportionality constant, by

2

chhwarzian(ﬂ)cx/ dsssinh(QTrS)e_%S , (3.10)
0

(computed using fermionic localization in [10]), can be written as an integral of the form

1

ZSchwarzian(ﬁ) X /dRp(R)e_fC[CQ(R)_AL]’ (311)

over certain irreps of the universal cover SL(2, R).23

To identify the representations R needed to equate (3.10) to (3.11), let us first re-
view some basic aspects of éi(?, R) representation theory, following [62]. The irreducible
representations of SA'I/L(2,R) are labeled by two quantum numbers A and p. These can
be determined from the eigenvalue A(1 — ) of the quadratic Casimir Cy = —njid PP, =
P} —P?—P? =03+ ({_Lly+040_)/2, as well as the eigenvalue ™ under the generator
e~2m% of the Z center of the éi(2,R). Furthermore, states within each irreducible repre-
sentation are labeled by an additional quantum number m which represents the eigenvalue
under fy. Thus,

52’)"N’am> = )‘(1 - )‘)‘)" :uvm> )

(3.12)
Lo A, iy m) = —m|\, p, m) with meu+7.

One can go between states with different values of m using the raising and lowering oper-
ators:

N pm) = =/ (m = X)(m — 1+ N[\, p,m — 1), (3.13)
Colh pym) = =/ (m+ X (m+1 =N\ p,m+1).

where the generators satisfy the s[(2,R) algebra (2.19). Using these labels and requiring
the positivity of the matrix elements of the operators L, L_ and L_ L, one finds that there

are four types of irreducible unitary representations:*

o Trivial representation I: p =0 and m = 0;

23 As already discussed in [21, 22, 45] and as we explain in appendix A, we can interpret H =
(52 — 1/4) /C as the Hamiltonian of a quantum system and p(R) as the density of states. Such an
interpretation can be made precise after noticing that the Schwarzian theory is equivalent to the theory of
a non-relativistic particle in 2D hyperbolic space placed in a pure imaginary magnetic field.

?The two-dimensional representation (corresponding to A = —1/2 and p = £1/2) used in section 2 in
order to write down the Lagrangian is not a unitary representation and therefore does not appear in the
list below.
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o Principal unitary series C“_IH,S: A= % +is, m=p+n,neZ —1/2<pu<1/2;
=3

e Positive/negative discrete series Di[: A>0,A=xpu,m=NEn ncZ, pcR;
e Complementary series C{': |u| <A <1/2, m=p+n,nez?

Only the principal unitary series and the positive/negative discrete series admit a well
defined Hermitian inner-product, so for them one can define a density of states given by
the Plancherel measure (up to a proportionality constant given by the regularization of the
group’s volume).

As reviewed in appendix C, the principal unitary series has the Plancherel measure

given by
(27)~2ssinh(27s) ) 1 1
duds = dsd th —=<pu<= 3.14
Pl s) dpuds cosh(27s) + cos(2mp) e A g =H=39 (3.14)
and for the positive and negative discrete series
1 1
p(N)d\ = (2m) 2 <)\ — 2) d\, with A\ = £, Az, (3.15)
where A = pu for the positive discrete series and A = —u for the negative discrete series.

Matching (3.11) to (3.10) can be done in two steps:

1. We first restrict the set of R that appear in (3.11) to representations with fixed e2™,
As mentioned above, this quantity represents the eigenvalue under the generator of
the Z center of SL(2,R). After this step, (3.11) becomes

o (27)2ssinh(27s) 5 .2 WX 1 LY 8 [(un)(1—p—n)—1
/0 ds )e 2C +;2W2 p+n—=le sk H 4]’

cosh(27s) + cos(2mp 2
(3.16)
provided that we took p € [—31, 3). In writing (3.16) we imposed a cutoff nyax on the
discrete series representations. A different regularization could be achieved by adding
the square of the quadratic Casimir in the exponent, with a small coefficient. As a
function of u, eq. (3.16) can be extended to a periodic function of y with unit period.
2. We analytically continue the answer we obtained in the previous step to u — ioc.

5
When doing so, the sum in (3.16) coming from the discrete series goes as e~ ¢!

Im p1)?

)
and the integral coming from the continuous series goes as e 274l Thus, when
Im p — oo the continuous series dominates, and (3.16) becomes proportional to the

partition function of the Schwarzian.

As was already discussed in [12-14, 21, 22, 45] and we review in appendix A, fixing
1 — 100 can also be understood in deriving the equivalence between the Schwarzian and a

non-relativistic particle in 2D hyperbolic space, as fixing the magnetic field B to be pure
imaginary, B = —% = u, with B — 0o. As we shall see below, on the gauge theory side,

fixing the parameter y — t0o can be done with an appropriate choice of the gauge group
G and boundary conditions.

Z5Gince in the Plancherel inversion formula the complementary series does not appear, we will not include
it in any further discussion.
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3.3 PSL(2,R) extensions, one-form symmetries, and revisiting the boundary
condition

In section 3.2 we have gained some insight about the éi(Z,]R) representations that are
needed in order to write the Schwarzian partition function as in (3.11). We thus seek to
choose a gauge group and boundary conditions that automatically isolate precisely the
same representations as in Step 1 above. We then choose the defect potential for the 2D
gauge theory to achieve the desired analytically continued gauge theory partition function
presented in Step 2.

Choice of gauge group. In a pure gauge theory the center of the gauge group gives
rise to a one-form symmetry under which Wilson loops are charged [63]. Thus, since an
éi(Z,R) gauge group gives rise to a Z one-form symmetry, fixing the charge under the
center of the gauge group is equivalent to projecting down to states of a given one-form
symmetry charge. A well known way to restrict the one-form symmetry charges in the case
of a compact gauge group G is by introducing an extra generator in the gauge algebra and
embedding the group G into its central extension [63, 64].

In the case of non-compact groups we proceed in a similar fashion, and consider a new
gauge group which is given by the central extension of PSL(2,R) by R,%¢

SL(2,R) xR
Z ?
where the quotient, and, consequently, the definition of the group extension, is given by

OB = (3.17)

the identification
(§,0) ~ (hng,0 + Bn). (3.18)

Above, g € §i(2,R) and 6 € R, h,, is the n-th element of Z and B € R is the parameter
which defines the extension. The resulting irreducible representations of Gg can be obtained
from irreducible representation of S~L(2, R) x R which are restricted by the quotient (3.17).
The unitary representations of R are one-dimensional and are labeled by their eigenvalue
under the R generator, I|k) = k|k). In other words, the action of a general R group element
UR(6) = €% on the state |k) is given by multiplication by UK (6) = e®*9.

Considering the representation Uj of R and a representation U, of the SI(2,R),

evaluated on the group element (hy,#) we have Ufz(i’R)XR(hn,G) = Uy, (ha)UR0) =

e2mipn+iko k0 _

. We now impose the quotient identification ’(3.18) on the representations, e
e2miuntik(0+Bn) “which implies k = —2m (u — p) /B, with p € Z. Thus, R irreps labeled by
k restrict the label z of representations in (3.12) to be?”
Bk
p=—g- +p, withpe Z. (3.19)
i

26Such extensions are classified by the Cech cohomology group H*(SL(2,R),R) ~ Hom(m (SL(2,R) —
R) ~ Hom(Z — R) ~ R where Hom(Z — R) classifies the set of homomorphisms from Z to R. In other
words, all extensions by R will be given by a push-forward from the elements of Z center of SL(2,R) to

elements of R. A basis of homomorphisms from Z to (R, +) are given by fz(n) = Bn for B € R. Such a
homomorphism imposes the identification (3.17) for different elements of the group [65].

*"For B = 0 one simply finds the trivial extension of PSL(2,R) by R which does not contain §]:(27 R) as
a subgroup.
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Thus, by projecting down to a representation k£ of R in the 2D gauge theory partition
function, we can restrict to representations with a fixed eigenvalue e*™ for the center of
the gauge group Z.

In order to understand how to perform the projection to a fixed k (or €7*) in the BF
theory, it is useful to explicitly write down the Gg gauge theory action.

To start, we write the gauge algebra sl(2,R) & R,

- - - . BI = -
[lx,bo] = £l (64, 6] =26 — —, it — 1, [lo+,I]=0, (3.20)
where the condition 270 — 1, imposed on the group, enforces the representation re-

striction (3.19). Of course at the level of the algebra, we can perform the redefinition
o = fo— BI/(27) and f1 = [+ to still find that £y, + satisfy an s[(2, R) algebra (2.19) from
which we can once again define the set of generators P; using (2.18). Considering a theory
with gauge group Gp in (3.17), we can write the gauge field and zero-form field ¢ as®®

BQ
A=e"Py+wPy+ =A%, ¢ = ¢* P, + ¢"Py + "1, (3.21)
T

where a = 1, 2 and where « is the R gauge field. Thus, the gauge invariant action (2.15)
can be written as

. ¢°Fo+ ¢°Fy  mom 0 4+
SE——2/2<2+¢ F )—e/axdu V(g o). (3.22)

Since the sl(2,R) generators form a closed algebra, it is clear that under a general gauge
transformation the e® and w transform under the actions of s[(2,R), while a transforms
independently under the action of R. Thus one can fix the holonomy of the s[(2,R) gauge
components independently from that of R.%?

Revisiting the boundary condition. Since the two sectors are decoupled, we can
independently fix the holonomy g of the sl(2,R) components of the gauge field, as specified
in section 2, and fix the value of ¢® = kg on the boundary. In order to implement such
boundary conditions and in order for the overall action to have a well-defined variational
principle, one can add a boundary term

Shay. =i f PRAR (3.23)
()

Z8Note that the normalization for the R component of A is such that the BF-action in (3.22) is in a
standard form.

29We now briefly revisit the equivalence between the gauge theory and JT-gravity, as discussed in sec-
tion 2.1. One important motivation for this is that section 2.1 solely focused on an sl(2,R) gauge algebra
while Gp has an sl(2,R) ® R algebra. The equations of motion for the s[(2,R) components are independent
from those for the R components, namely F¥ = 0 and ¢* = constant. Thus, the sl(2,R) and R sectors
are fully decoupled and, since Fr = 0, the R sector does not contribute to the bulk term in the action.
Finally, note that Gp indeed has a two-dimensional representation with (A, u, k) = (=1/2,£1/2,Fn/B),
as discussed in section 2.3 when recovering the Schwarzian action. Since we will be considering the limit
B — oo throughout this paper, the contribution from the R component to tr ¢? in this two dimensional
representation is suppressed. Thus, the classical analysis in section 2 is unaffected by the extension of
the group.

17 -



to the action (3.22). The partition function when fixing this boundary condition can be
related to that in which the G holonomy g = (g, 6), is fixed, with § = §,. A*P; € SL(2,R)
and 0 = ¢, A® € R, as

Z1y(3. €8) = [ d62((3.6), eB)e . (3.24)

More generally, without relying on (3.24), following the decomposition of the partition
function into a sum of irreducible representation of Gp, fixing ¢® = ko, isolates the con-
tribution of the R representation labeled by kg, in the partition function, or equivalently
fixes e?™H with u = —% + integer. This achieves the goal of Step 1 in the previous
subsection 3.2.

To achieve Step 2, namely sending p — 900, or equivalently kB — ico, we can choose

G=Gg with B—oo, R=ko=—i. (3.25)

Note that all the groups G with B # 0 are isomorphic. Therefore, one can make different
choices when considering the limits in (3.25) as long as the invariant quantity kB — iocc.

Alternatively, instead of fixing the value of ¢® on the boundary, the change in boundary
condition (3.24) can be viewed as the introduction of a 1D complexified Chern-Simons term
for the R gauge field component «, Scg = ikg faz AR which is equivalent to the boundary
term in (3.23). By adding such a term to the action and by integrating over the R holonomy
we once again recover the partition function given by (3.24).

Thus, the choice of gauge group G (with B — 00) together with the boundary condition
for the field ¢® or through the addition of the boundary Chern-Simons discussed above,
will isolate the contribution of representations with k = kg in the partition function.?’
Finally, note that in order to perform the gluing procedure described in section 3.1, one
first computes all observables in the presence of an overall G holonomy. By using (3.24)
one can then fix ¢® = kg along the boundary and obtain the result with kg = —i by

analytic continuation.?!

Higher order corrections to the potential V(¢). Finally, as shown in section 2
in order to reproduce the Schwarzian on-shell the potential V(¢°, ¢*, ¢®) needed to be
quadratic to leading order. However, as we shall explain below, one option is to introduce
higher order terms, suppressed in O(1/B), in order to regularize the contribution of dis-
crete series representations whose energies (given by the quadratic Casimir) are arbitrarily
negative. Thus, we choose

1 1
V(¢’, o=, 6%) = 51 e-5 ¢°

4
+ higher order terms in ¢ suppressed in 1/B, (3.26)
where trig,_z) is the trace taken in the two-dimensional representation with k = —7, and

the shift in the potential is needed in order to reproduce the shift for the Casimir seen

30Note that in such a case the representations of R with k € C\ R are not é-function normalizable.
31This analytic continuation is analogous to the one needed in Chern-Simons gravity when describing
Euclidean quantum gravity [66].
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in (3.11). Note that in the limit B — oo, the trace only involves the s[(2,R) components
of ¢. While observables are unaffected by the exact form of these higher order terms, their

presence regularizes the contribution of such representations to the partition function.??

3.4 The partition function in the first-order formulation

Since we have proven that the degrees of freedom in the second-order formulation of JT-
gravity can be mapped to those in the first-order gauge theory formulation, we expect
that with the appropriate choice of measure and boundary conditions, the two path inte-
grals agree:

/ D¢ DA e 586 Al o / Dy, D 571891 (3.27)

Using all the ingredients in section 3.3, we can now show that the partition function
of the gravitational theory (3.27) matches that of the Schwarzian. We first compute the
partition function in the presence of a fixed G holonomy is given by

o > ssinh(2ms) _eBs?
Z dk d
(g, ef) o /OO /0 scosh(27rs) + cos(Bk)X(s»“:*%vk) (g)e™ =
+ discrete series contribution, (3.28)

where, we remind the reader that the generators P; satisfying the sl(2,R) algebra are
normalized by tre(P'P’) = —n¥ /2 with n¥/ = diag(—1, 1, 1). When using the symbol “oc”
in the computation of various observables in the gauge theory we mean that the result is
given up to a regularization dependent, but S-independent, proportionality constant.

Using this result, we can now understand the partition function in the presence of the
mixed boundary conditions discussed in the previous subsection. To leading order in B the
partition function with a fixed holonomy § and a fixed value of ¢® = ky = —i is dominated
by terms coming from the principal series representations,

Ziy (g, eB) eB/ ds s sinh(27s)x M,_%(f])ff 2 +0(e 2By, (3.29)
0

T 27

where x; () is the character of the §I/J(2, R) principal series representation labeled by (A =
1/2+1is, 1) evaluated on the group element g, which can be parametrized by exponentiating
the generators in (2.19) as § = e?P0efP1e=0, For ¢ —n € [2n(n — 1), 27n), the character
for the continuous series representation s is given by

. 1—2X\ —142X
p2mipn <w> , for § hyperbolic,

lz—a=1]

Xs,u(9) = (3.30)

0, for g elliptic.

Here, z (and 27 !) are the eigenvalues of the group element §, when expressed in the two-
dimensional representation (see appendix C). Note that for hyperbolic elements, x € R,

32An example for such a higher-order term is given by e(® (((]50)2 +2¢T¢ + i) /B where e® ~ 0(1)

is a new coupling constant in the potential.
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with |z| > 1, and the character is non-vanishing, while for elliptic elements, we have |z| =1
(with 2 ¢ R) and the character is always vanishing.3?

Note that since in the partition function only representations with a fixed value of p
contribute, when the holonomy is set to different center elements h,, of G, the partition
function will only differ by an overall constant e?™" as obtained from (3.30). For simplicity
we will consider g = 1. The character in such a case can be found by setting n = 0 and
taking the limit x — 17 from the hyperbolic side in (3.30). In this limit, the character is
divergent, yet the divergence is independent of the representation, s. Thus, as suggested in

section 3.3, we find that after setting kg = —i via analytic continuation in the limit B — oo,
o0 eﬁs2
Zy X 2 / dsp(s)e” 2z | p(s) = s sinh(27s), (3.31)
0

where = = lim,_,1+ ,,—0 Xs,.(g) is the divergent factor mentioned above, which comes from

summing over all states in each continuous series irrep A = 1/2 4+ is. Note that we have

absorbed the factor of e=% in (3.29) by redefining our regularization scheme, thus changing

the partition function by an overall proportionality constant. In the remainder of this

paper we will use this regularization scheme in order to compute all observables.
Performing the integral in (3.31) we find

3
2w\ 2 2«2
Iy =2 — | ee<?. 3.32

w==(3) (3:32)
Thus, up to an overall regularization dependent factor, we have constructed a bulk gauge
theory whose energies and density of states (3.31) match that of the Schwarzian the-
ory (3.10) for % = e, reproducing the relationship suggested in the classical analysis.

4 Wilson lines, bi-local operators and probe particles

An important class of observables in any gauge theory are Wilson lines and Wilson loops,

Wr(C) = va <’Pexp /C A) , (4.1)

where R is an irreducible representation of the gauge group, C denotes the underlying path
or loop, and xr(g) is the character of G. When placing the theory on a topologically trivial
manifold all Wilson loops that do not intersect the defect are contractible and therefore
have trivial expectation values. A more interesting class of non-trivial non-local operators
in the gauge theory are the Wilson lines that intersect the defect loop and are anchored on
the boundary.

To determine the duals of such operators, we start by focusing on Wilson lines in the
positive or negative discrete series irreducible representation of G, with R = (A, :F%)

33In appendix A we confirm the expectation that (3.29) reproduces the partition function in the
Schwarzian theory when twisting the boundary condition for the field F(u) by an SL(2,R) transforma-
tion §. We expect such configurations with non-trivial holonomy to correspond to singular gravitational
configurations.
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where the + superscripts distinguish between the positive and negative discrete series. In
the B — oo limit, this representation becomes R = ()\i, 0).3% As we will discuss in detail
below, in order to regularize the expectation value of these boundary-anchored Wilson lines,
we will replace the character xr(g) in (4.1) by a truncated sum Xp(g) over the diagonal
elements of the matrix associated to the infinite-dimensional representation R.

We propose the duality between such Wilson lines, “renormalized” by an overall con-
stant Np,

Wi = Wi(Couny) /N = X (P exp /C A) INg, (4.2)

and bi-local operators Oy(71,72) in the Schwarzian theory, defined in terms of the field
F(u) appearing in (1.3)

2X
F'(11)F'(12)
@) = t——— 4.3
)\(7—17 7—2> F(Tl) _ F(7.2) ( )
Our goal in this section will thus be to provide evidence that3?
Oxr,m2) <= Wi(Crm), (4.4)

for any boundary-anchored path C;, -, on the disk D that intersects I at points 71 and 7
(see the bottom-left diagram in figure 4).36

If imposing that gauge transformations are fixed to the identity along the boundary, the
group element g = P exp fc A is itself gauge invariant. While so far it was solely necessary to
fix the holonomy around the boundary, to make the boundary-anchored Wilson lines (4.2)
well-defined, we have to now specify the value of the gauge field on the boundary.3” For this
reason throughout this section we will set A, = 0. With this choice of boundary conditions,
we will perform the path integral with various Wilson line insertions and match with the
corresponding correlation functions of the bilocal operators computed using the equivalence
between the Schwarzian theory and a suitable large ¢ limit of 2D Virasoro CFT [45].

341f choosing the Wilson lines to be in the principal series representations, they would have imaginary
correlation functions whose meaning is not clear in the context of a physical theory where we expect the
expectation value of observables to be real. From the perspective of a particle moving on a worldline
discussed in section 4.1 and in appendix E, Wilson lines in the principal series representation are equivalent
to probe particles whose mass is imaginary.

35As we will elaborate on shortly, when using the proper normalization, both Wilson lines in the positive
or negative discrete series representation Df will be dual to insertions of Ox(71,72). For intersecting
Wilson-line insertions we will consider the associated representations to be either all positive discrete series
or all negative discrete series. Note that the gauge theory has a charge-conjugation symmetry due to the
Zs outer-automorphism of the sl(2,R) algebra that acts as (Po, P1, P2) — (—Fo, Pi, —P2). In particular,
the principal series representations are self-conjugate, but the positive and negative series representations
DAi are exchanged under this Zs. Since the boundary condition A, = 0 preserves the charge-conjugation
symmetry, the Wilson lines associated to the representations Df have equal expectation values.

36Similar Wilson lines have been previously considered for compact gauge group [67]. They have also
been considered in the context of a dimensional reduction from 3D Chern-Simons gravity [26, 37].

3"More precisely we have to specify the holonomy between any two points at which the Wilson lines
intersect the boundary.
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We then generalize our result to any configuration of Wilson lines and reproduce the
general diagrammatic ‘Feynman rules’ conjectured in [45] for correlation functions of bi-
local operators in the Schwarzian theory.

4.1 Gravitational interpretation of the Wilson line operators

The matching between correlation functions of the bilocal operator and of boundary-
anchored Wilson lines should not come as a surprise. On the boundary side, the bilocal
operator should be thought of as coupling the Schwarzian theory to matter. After rewriting
JT-gravity as the bulk gauge theory, the Wilson lines are described by coupling a point-
probe particle to gravity. A similar situation has been studied when describing 3D Einstein
gravity in terms of a 3D Chern-Simons theory with non-compact gauge group [35, 68-74],
and the relation is analogous in 2D, in the rewriting presented in section 2.1. Specifically,
as we present in detail in appendix E, the following two operator insertions are equivalent
in the gauge theory/gravitational theory:3

WA (Cryra) & / da] " Jeriry VIR (4.5)

paths ~Cryry

The right-hand side represents the functional integral over all paths z(s) diffeomorphic to
the curve C,,;, weighted with the standard point particle action (with & dg ). In turn,
this action is equal to the mass m times the proper length of the path, where the mass
m is determined by the representation A of the Wilson line, m? = —C3(\) = A(\ — 1).
In computing their expectation values, the mapping between the gauge theory and the

gravitational theory should schematically yield

/D¢DA —Sg[A]| XR\Y) XR /D MVD(P / [dJJ}B_SJT[g’ (I)}_me-rlTst V gapi®dh . (46)

paths ~ Cryry

Thus, the expectation value of Wilson lines does not only match the expectation value of
bi-local operators on the boundary, but it also offers the possibility to compute the exact
coupling to probe matter in JT-gravity (see [22] for an alternative perspective).

4.2 Two-point function

The correlation function for a single Wilson line that ends on two points on the boundary,
in a 2D gauge theory placed on a disk D, is given by the gluing procedure described in
section 3.1. Specifically, for the group G, the un-normalized expectation value is given by

Pt 4 (Cor )} () = / AhZ (b, er) it (W) Z (gh™Y em1a) (4.7)

where m91 = 1 — 71 is the length of I enclosed by the boundary-anchored Wilson line C, -,
and Tj9 = 8 — 1o + 71 is the complementary length of I. Here and below, Z(h,eT) is the

38Note that the discussion in appendix E shows the equivalence of the two insertions beyond the classical
level. Typically, in 3D Chern-Simons theory the equivalence has been shown to be on-shell. See for
instance [73].
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Figure 4. Several FEuclidean Wilson line configurations, equivalent to different finite tem-
perature correlation functions of the bi-local operator Ox(z1,z2): the top-left figure shows
(OA(m1,12))s = Wa(Cry 7)), the top-right figure yields the equality of the time-ordered corre-
lators (O, (71, 72)Ox, (73, 74)) g = Wi, (Cry 72 )Whs (Crsry ), the bottom-left figure shows a pair of
intersecting Wilson lines that can be disentangled to the top-right configuration, while the bottom-
right figure gives the out-of-time-ordered configurations. Note that the results are independent of
the trajectory of the Wilson line inside of the bulk and only depend on the location where the
Wilson lines intersect the defect.

partition function computed in (3.28) on a patch of the disk, in the presence of a defect
of length 7 inside the patch, when setting the holonomy to be h around the boundary
of the patch. The total G holonomy around the boundary holonomy of the disk is set
to g. Since we are interested in the case in which the gauge field along the boundary
is trivial, we will want to consider the limit § — 1 at the end of this computation. As
was previously mentioned, the Wilson line is in the positive or negative discrete series
representation ()\i,k = 0) of G, where k = :F% is the R representation mentioned in

section 3 that becomes 0 due to the B — oo limit. Expanding (4.7) in terms of characters
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by using (3.28), we find

_— Bk BE
s slCorle) = [ an [~ i [~ dsldsw(; >p<%)

N — _£ 82’7' 827'
N 28y TR s g i

S1,MH1=— X(527“‘27 27T )

+ discrete series contributions . (4.8)

As in the previous sections, we are interested in obtaining observables in the presence of
mixed boundary conditions in which we set & = ky = —i. This isolates the representations
with k1 = ko = —i and, the limit B — oo sets the R representation of the Wilson line
k= F2m)\/B — 0.3 However, an order of limits issue appears: since the G representation
of the Wilson line is infinite dimensional we have to consider the B — oo limit carefully.
Thus, instead of inserting the full character in (4.7) we truncate the number of states in
the positive or negative discrete series using the cut-off =, with = < B,

— +(Ak) [~
XA%,0 Z UA i —;Jrk) (4.9)
where g = (g,0) with g an element of éi( R) and 6 an element of R, U)\i i)\(j(i)k)() is the

éi(ZR) matrix element computed explicitly in appendix C.

Since the values of k; are fixed and the integral over the R component of & is trivial, we
are thus left with performing the integral over the éi(Q, R) components h of h. In order to
perform this integral, we use the §f4(2, R) fusion coefficients between two continuous series
representations and a discrete series representation that we computed in appendix D in the
limit p1, po — ico. When expanding the product of an C£ 7> continuous series and a Dy«
discrete series character into characters of the continuous series C/5 = CL7"° we find
the fusion coefficients between the three representations, N* s1,02 = N2 5 x. Specifically,
as we describe in great detail in appendix D,

/diLX(sl,ul—n'oo) (E)Y)\i (B)X(sg,ug—)ioo) (gﬁ_l) = N)\i N2 s1,A X(s2,12—i00) (f])
+ discrete series contributions, (4.10)
where N®2 g ) is given by

IT(A+is1 —iso)T(A+isy +iso)[> (A tisy +isg)

I'(2)) B I'(2)) ’
where 'zt y+t2) =T +y+ 2)'(x —y — 2)'(xr +y — 2)['(x — y + z). The fusion
coefficient has an overall normalization coefficient, N+, that appears in (4.10) and is

N*2 o\ = (4.11)

computed in appendix D and is independent of s; and s3. We can thus properly define the
“renormalized” Wilson line, as previously mentioned in (4.2),

W)\i,k—ﬂ)(cﬁ ,7'2)
N)\i

WA(CTLTz) = ) (4‘12)

39Tn this limit, all contributions appearing as sums over the discrete series representations in (4.8) once
again vanish.
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for which the associated fusion coefficient N®2,, y is independent of whether the discrete
series representation is given Dy+ or D,-. Furthermore, since all unitary discrete series
representations appearing in the partition function are suppressed in the B — oo limit,
they do not contribute in the thermal correlation function of any number of Wilson lines.
Consequently, plugging (4.10) and (3.29) into (4.8) we find

WA(Cry ) ko (G) X /d510(81)d82p(52)Ns2 s1A Xoa (§)e 2Lt (E-mtm)sd] (g 13)

where we have set the value of ¢® = —i along the boundary. When taking the limit § — 1,
one can evaluate the limit of the SL(2,R) characters to find the normalized expectation
value

3/2 72 e
WaCrim)li x <eﬁ> ¢ e /ds1p(31)dsgp(sg)N” S1,A e~ 5 [(=m)st+(B-matm)s]]

Ly 2m
eB\Y? a2 [, , (X +isy & isy)
x| 5. e <f [ dsjds;sinh(27sy) sinh(27s9) TN
« e~ 5 [(r2=m1)s}+(B—T2+1)s3] ’ (4.14)

where I'(A £ isy + is2) was defined after (4.11). Using the correspondence e = 1/C, the
result agrees precisely with the computation [45] of the expectation value of a single bi-
local operator (Oy(71,72)) in the Schwarzian theory. The result there was obtained using
the equivalence between the Schwarzian theory and a suitable large ¢ limit of 2D Virasoro
CFT and had no direct interpretation in terms of STJ(Q, R) representation theory.“C Here
we can generalize their result and study more complicated Wilson line configurations to
reproduce the conjectured Feynman rules [45] in the Schwarzian theory.

4.3 Time-ordered correlators

For instance, we can consider n non-intersecting Wilson lines inserted along the contours
Crirar ooy Crop170n With 7 < 79 < -+ < T9,. As an example, the Wilson line configuration
for the time-ordered correlator of two bi-local operators is represented in the top right
column of figure 4. The n-point function is given by,

<HW>\ii,ki <C7—2i—1a7'2i)> (g) = / (H dhz’) (Hz(hi, €724, 2i—>xi,k(hi)>
1=1 i=1

i=1
x Z (g(h1...hy) "t eTion) (4.15)
where To; 2,1 = T2; — T2;—1 is the length of an individual segment along I enclosed by the
contour Cr,; | 7,,, While 79,1 = 8 — 712 — ... — Top—1,2y, is the length of the segment along
I complementary to the union of C;| 7, ..., Cry, 1,7, Once again, all Wilson lines are in

the positive or negative discrete series representation ()\fc, k;) = lim B_>oo()\;-t, F27m\;i/B) =
()\Z:-t, 0). Following the procedure presented in the previous subsection, we set the overall

“OHowever, the recent paper of [26, 37] offer an interpretation in terms of representations of the semi-
group SLT(2,R).
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holonomy for the sl(2,R) components of the gauge field to § — 1 and isolate the represen-
tations with ky = ¢& = —i. We find

<H?=1W)\i(c7'2i—177'2i)>k0_ ep 372 *2:2 - ‘ S0
Zn, —<27T> e B/dsop(so) gd81p(81) HN sihi

i=1

XeXP{—; [(Zﬁ(m-m-ﬁ) +55 <B_Z(7—2i_7—27;—1))] } :
i=1 i=1

(4.16)

This result does not only agree with the time-ordered correlator of two bilocal operators
in the Schwarzian theory, but it also reproduces the conjectured Feynman rule for any
time-ordered bi-local correlator [45] and gives them an interpretation in terms of éi(2,R)
representation theory. Specifically, to each segment between two anchoring points on the
boundary we can associate an §Z)(2, R) principal series representation labeled by s;. Fur-
thermore, at each anchoring point of the Wilson line, or at each insertion point of the
bi-local operator, we associate the square-root of the fusion coefficient. Diagrammati-
cally [45],

S S1

TQ/—\Tl _ 6_82(T2_Tl)7 A — /N81527>\‘ (4‘17)

52

Finally, we integrate over all principal series representation labels s; associated to boundary
segments using the Plancherel measure p(sg) - -- p(s,). Since for time-ordered correlators,
both anchoring points of any Wilson line contributes the same fusion coefficient, we square
the contribution of the right vertex in (4.17), in agreement with our expression in (4.16).

4.4 Out-of-time-ordered correlators and intersecting Wilson lines

4 in order to

While for time-ordered correlators we have considered disjoint Wilson lines,
reproduce correlators of out-of-time-ordered correlators we have to discuss intersecting Wil-
son line configurations. As an example, we show the Wilson line configuration associated
to the correlator of two out-of-time-ordered bi-locals in figure 4 in the bottom-right. The
correlator of intersecting Wilson loops in Yang-Mills theory with a compact gauge group
has been determined in [49]. Using the gluing procedure, the expectation value of the
intersecting Wilson lines in the bottom-right of figure 4, when fixing the overall boundary

G holonomy, is given by??

o~ —~

Wit 0 (Cri )Wy o (Crs i) (9) = /dhlthdh3dh4Z (hihy', ers1) Z (hohy ', eTs2)
X Z (hghll, 67’42) Z (g h4hf1, 67'41)
X yAli,o(hlhgl)YAQi,o(Mth) ; (4.18)

4We will revisit this assumption shortly.
420nce again the =+ signs for the two discrete series representation of the two lines are uncorrelated.
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where we consider the ordering 0 < 71 < 13 < 7o < 7y < 8, with 741 = 8 — 74 + 71, and
we are once again interested in the limit § — 1. Using the formula (3.29) for the partition
function, one finds that performing the group integrals over hq, ..., hy gives eight Clebsch-
Gordan coefficients associated to the representations of the four areas separated by Wilson
lines and to the two representations of the Wilson lines themselves (see appendix D.3 for a
detailed account). Collecting the Clebsch-Gordan coefficients associated to the bulk vertex
one finds the 6-j symbol of 5/1(2, R), which we call R, s, [ &2 if], which can schematically
be represented as

S1

55 A2 A1 s4 _ R53s4 |:52 /\2:| . (419)

S1 A\

52

As we discuss in detail in appendix D.3, the 6-j symbol is given by [75, 76]

S1 A1

Rsasb |: 52 )‘2:| = W(Sa, Sp; )\1 + iSQ, )\1 — iSQ, )\2 — 181, )\2 + iSl) (4.20)

X \/F()\g + i81 + z'sa)l“()\l + iSQ + iSa)F()\l + isl + isb)r()\g + i82 + iSb) s

where W(sq, sp; A1 + is2, A1 — is2, Ao — is1, A2 + is1) denotes the Wilson function which
is defined by a linear combination of 4F3 functions. Thus, the expectation value of two
intersecting Wilson lines when setting the holonomy for the sl(2,R) components to § — 1
and setting ¢® = —i is given by

<W/\1 (CTl,Tz)Wx\z (673,7'4»160 (g) (8 /RSS S4 [ if i?] \/NS4>\1781N83A1,82N33>\2781Ns4/\2,82

€

4
X Xsp (g)e 2 [S%(73—71)+5§(T3—T2)+sg(74—72)+83(/3—T4+71)] H dsip(s;) (4.21)

=1

where the exponential factors are those associated to each disk partition function Z(h, et;;)
appearing in (4.18), while the factors N¥ ), ;, are the remainder from the fusion coefficients
after collecting all factors necessary for the 6-j symbol. Evaluating the correlator with a
A; = 0 on the boundary and dividing by the partition function, we find

272
W)\ S‘r T W/\ ST ,T. 6/6 3/2 el A
{Wa, (Sn gko 2(Srama)) (%) e b ngs4[zf )\?] \/NS4)\1,31NS3/\1752N83)\2,31N84>\2752

e 4
X675[S%(7—377'1)+S§(73772)+s§(7477—2)+s£(577-4+7—1)] Hds-p(s)
(2 1)
=1
(4.22)

which is in agreement with the result for the out-of-time order correlator for two bi-local
operators obtained in the Schwarzian theory in [45].
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The result (4.22) is easily generalizable to any intersecting Wilson line configuration

S92 )\2
S1 A1

} to any intersection.*® This
reproduces the conjectured Feynman rule for the Schwarzian bi-local operators,

as one simply needs to associated the symbol R3384[

S1 S1

S3 S4 = R8384 [g? i?:| S3 ~ S4 (423)

52 52

where one multiplies the diagram on the right by the 6-j symbol before performing the
integrals associated to the §f;(2, R) representation labels along the edges.**

Finally, as a consistency check we verify that correlation functions are insensitive to
Wilson lines intersections that can be uncrossed in the bulk, without touching the defect
loop I (as that in the bottom-left figure 4). Diagrammatically, we want to prove for instance
the Feynman rule

S1 S1

. ' s = sy : (4.24)

52 52

We will denote the contours of two such Wilson lines as CNTM2 and C~73,T4, where we assume
that 0 < 71 <1 <713 <14 < B. The expectation value in such a configuration is given by

— ~ —

Wy o (Cry ) Wi (Cry.ma)) (9)
- / dhydhadhdhadhsdhe Z (hihy ™, er) Z (hs thy thit, emia)

X 4 (halhg), 6’7’23) Z (g h2h4h6, 67’43) Z (hghzl, 0)
X Y)\io(h1h4h5)y)\;t70(h2h3h6) . (4.25)

Using (3.29), we will associate the representation labeled by s4, so, s3, s1, and s, in this or-
der, to the five disk partition functions in (4.25). Performing all the group integrals we once
again obtain a contracted sum of Clebsch-Gordan coefficients each of which is associated
to a Wilson line representation and the representations labelling two neighboring regions.
Performing the contractions for all of the Clebsch-Gordan coefficients we find two 6-j sym-

bol symbols, R, [ o if] and R, s [ o ﬁﬂ, each associated to the 6 representations that

43Note that in the compact case discussed in [49] the gauge group 6-j symbol appears squared. This is
due to the fact that when considering two Wilson loops which are not boundary-anchored they typically
intersect at two points in the bulk.

“Note that the right diagram in (4.23) is just a useful mnemonic for performing computations that
involve intersecting Wilson lines. It does not correspond to a configuration in the gauge theory since the
representations s3 and s4 are kept distinct even though they would correspond to the same bulk patch in
the gauge theory.
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go around each of the two vertices. The remaining sums over Clebsch-Gordan coefficients
yield the product of four fusion coefficients, /N34y, s, N52y, o, N3, o N5y, .

Using the orthogonality relation for the 6-j symbol that follows from properties of the
Wilson function (see [75, 76])

(5(83 — 84)

p(s3,p3) (4.26)

S1 A\ S1 A\

/dsp(s, 1) Rsys [ 52 ’\2} Rs,s [ o2 ’\2} + discrete series contribution =

where p(s, p) is the Plancherel measure defined in (3.14), we find that if there’s a bulk
region enclosed by intersecting Wilson that does not overlap with the defect loop, one can
always perform the integral over the corresponding representation label s to eliminate this
region. The integral over sz or s4 then becomes trivial due to the delta-function in (4.26)
and thus the remaining fusion coefficients reproduce those in (4.16) for two non-intersecting
Wilson lines.

Thus, putting together (4.24), (4.23), and (4.17), we have re-derived the diagrammatic
rules needed to compute the expectation value of any bi-local operator configuration. These
rules are simply reproduced combinatorially in the gauge theory starting from the basic
axioms presented in section 3.1.

4.5 Wilson lines and local observables

While one can recover the correlation functions of some local observables by considering the
zero length limit for various loop or line operators, it is informative to also independently
compute correlation functions of local operators. In this section, we consider the operator
tr ¢?(x) which is topological (see (2.16)). Consequently correlators of tr ¢?(x) are indepen-
dent of the location of insertion. Indeed they can be easily obtained by insertions of the
Hamiltonian operator at various points in the path integral, the un-normalized correlation
function is given by

(tr¢*(21) ... 00 6% (2n))iy = (e/4) " (H(21) ... H(xn))k,
x = / ds p(s)s2"e_ef382/2 , (4.27)

where we first evaluated the correlator for a generic value of the boundary G holonomy
and then fixed the value of the field ¢® on the boundary and send B — oo as described
in section 3. At separated points, the correlator (4.27) agrees with that of n insertions
of the Schwarzian operator [9, 45], thus showing that the Schwarzian operator and tr ¢2
are equivalent, as shown classically in section 2.3.%% This computation explains why the
correlators of the Schwarzian operator at separated points are given by moments of the
energy E computed with the probability distribution p(v/E/e), as first observed in [9].

In the presence of Wilson line insertions, the operator tr ¢ remains topological as long
as we do not move it across a Wilson line. Consequently the correlation functions of tr ¢?
depend only on the number of tr ¢? insertions within each patch separated by the Wilson

“5However, the contact terms associated with these correlators are different. We hope to determine the
exact bulk operator dual to the Schwarzian in future work.
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lines. For instance, we can consider the insertion of p = pg+pi+pa—+- - -+pn tr ¢ operators
in the non-intersecting Wilson lines correlator considered in section 4.3, as follows. Let us
put pg operators in the bulk and outside of the contour of any of the Wilson lines, together
with p; tr ¢2, operators enclosed by Cr1, 7, P2 such operators enclosed by Cr, -, and so on.
The separated point correlator is then

(( ?:1 tr ¢2<1'J)) (H?:l Wi, (Cm_hm)»ko _ <eﬁ) 3/2 - QZ; /dsop(SO) (ﬁ dsip(si)>
=1

L, 2m
n

> 51171 o Sﬁ"sgnﬂ (H NSOS¢,M> 6_%[(2?:1 52 (r2i—T2i-1) ) +53(B— 1 (T2i—T2i-1))] ] (4.28)
=1

In the Schwarzian theory, such a correlator is expected to reproduce the expectation value

< li[l{F,U}!u%j [ﬁOAi(TQi_l,TQi)] >, (4.29)

i=1

where 71 < 71 < ... < 7p, < T < .... Such a computation can also be performed using
the Virasoro CFT following the techniques outlined [45]. Following similar reasoning, one
can consider the correlators of the operator tr ¢? in the presence of any other Wilson
line configurations.

4.6 A network of non-local operators

While so far we have focused on Wilson lines that end on the boundary, we now compute the
expectation values of more complex non-local operators that are invariant under bulk gauge
transformations that approach the identity on the boundary. Such objects, together with
the previously discussed Wilson lines, serve as the basic building blocks for constructing
“networks” of Wilson lines that capture various scattering problems in the bulk. The
simplest such operator that includes a vertex in the bulk is given by the junction of three
Wilson lines

+ v+t + v+t
AP ,)\3+ ( AFA ,,\:3r e
o § : E : mi,m2,mi1+ma\~'ni,ne,n1+ns
C>\17)‘27>‘3 (gc‘rl,v7gc7'2,v7gc7'3,v) - N
AT AT
ml:)\1+ZzE’ n1:)\1+Z+, 1372973

— +
m2:>‘2+Z25 no=Aa+7Z

m1 mo mi+m2
% U()\T ’0)’ ni (gCTI v ) U()‘;i])y n2 (QCTQY’U ) U()\3+a0)> n1+n2 (gCTZﬂ"U ) ’
(4.30)

gc., ., = Pexp (/ A) , (4.31)
CT,L',’U

where C, , is a contour which starts on the boundary, intersects the defect at a point 7,

with

and ends at a bulk vertex point v. As indicated in (4.30), the sums over m; and mqy are
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Figure 5. An example of a three-particle bulk interaction vertex corresponding to the junction of
three Wilson lines defined by a Clebsch-Gordan coefficient at the vertex.

truncated by the cut-off Z. Such a non-local object is schematically represented in figure 5.
For simplicity, we assume 0 < 71 < 7o < 73 < [ and we consider A\j, Ao, A3 labelling
the Wilson lines to be positive discrete series representations. Once again, U(T/r\ﬁr 0) (9)

s
a4+ __
is the G matrix element for the discrete representation (AT, 0), {7\111,’,);?2’,)7;%3 is the SL(2,R)

(or, equivalently, G) Clebsch-Gordan coefficient for the representations Aj, A2, and A3, and
N, NS AT is a normalization coefficient for the Clebsch-Gordan coefficients discussed in
appendix D. Note that the operator (4.30) is invariant under bulk gauge transformations.
This follows from combining the fact that a gauge transformation changes ge,. , — gc., ,hw,
where h,, is an arbitrary G element, with the identity

AT AT AT AT AT

m m mi1+m _
Z U()\-IF70)7”1 (hv)U()\S",O),ng (hU)U()\i',O),inJrng(hv)le?m%ml"'m? - Cnl,ng,nl—‘rng . (432)

mi,m2

Using the gluing rules specified in section 3.1, the expectation value of the opera-
tor (4.30) with holonomy g between the defect intersection points 3 and 1, and trivial
holonomy between all other intersection points, is given by

(Cxyxans)(9) = /dhldhgdhgz(hlhzl, et12)Z(hah3', em12) Z(ghshi?, eTia)

X C>\17/\2,)\3(h1a h2a h3) . (433)

As before, we are interested in the case where we fix the éi(Z,R) component of G to
g — 1. Expanding (4.33) into G matrix elements we find the product of eight Clebsch-
Gordan coefficients. Summing up the Clebsch-Gordan coefficients that have unbounded
state indices (those that involve that n; indices instead of the m; indices in (4.30)) we obtain
the 6-j symbol with all representations associated to the bulk vertex, Ry, [ A2 AS], which

S2 83
is also related to the Wilson function as shown in [76]. Setting the boundary condition
#® = —i and take § — 1 we find that the 6-j symbol together with the sum over the
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remaining four Clebsch-Gordan coefficients yield

<C)\17A27)\3> — (elg)g/2e 272

B Nyt o+
Zy, 2 ALz A3

0

X /dSlP(Sl)dSQP(SZ)dS3P(83)\/NslA1,32N52A2,53N53A3,31
R (434

where in the limit in which all continuous representations have w1, po, g3 — 0o, N NEATA
is a normalization constant independent of the representations si, so or s3 that can be
absorbed in the definition of the operator Cy, x, ;-

We expect that the same reasoning as that applied for boundary-anchored Wilson lines
should show that such a non-local operator corresponds to inserting the world-line action
of three particles which intersect at a point in AdS, in the gravitational path integral (sum-
ming over all possible trajectories diffeomorphic to the initial paths shown in figure 5).46
Thus, such insertions of non-local operators should capture the amplitude corresponding
to a three-particle interaction in the bulk, at tree-level in the coupling constant between
the three particles, but exact in the gravitational coupling. Similarly, by inserting a po-
tentially more complex network of non-local gauge invariant operators in the path integral
of the BF theory one might hope to capture the amplitude associated to any other type of
interaction in the bulk.

5 Discussion and future directions

We have thus managed to formulate a comprehensive holographic dictionary between the
Schwarzian theory and the G gauge theory: we have shown that the dynamics of the
Schwarzian theory is equivalent to that of a defect loop in the G gauge theory. Specifically,
we have matched the partition function of the two theories, and have shown that bi-local
operators in the boundary theory are mapped to boundary-anchored defect-cutting Wilson
lines. The gluing methods used to compute the correlators of Wilson lines provide a
toolkit to compute the expectation value of any set of bi-local operators and reveal their
connections to é\fj(2, R) representation theory.

There are numerous directions that we wish to pursue in the future. As emphasized
in section 2, while the choice of gauge algebra was sufficient to understand the on-shell
equivalence between the gauge theory and JT-gravity, a careful analysis about the global
structure of the gauge group was necessary in order to formulate the exact duality between
the bulk and the boundary theories. While we have resorted to the gauge group G with a
simple boundary potential for the scalar field ¢, it is possible that there are other gauge
group choices which reproduce observables in the Schwarzian theory or in related theories.
For instance, it would be instructive to further study the reason for the apparent equivalence
between representations of the group G in the B — oo limit and representations of the non-
compact subsemigroup SLT(2,R) which was discussed in [26, 36, 37]. Both gauge theory

46Tt would be interesting to understand if this can be proven rigorously following an analogous approach
to that presented in appendix E.
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choices seemingly reproduce correlation functions in the Schwarzian theory. However, in
the latter case the exact formulation of a two-dimensional action seems, as of yet, unclear.
Another interesting direction is to study the role of g-deformations for the 2d gauge theory
associated to a non-compact group, which have played an important role in the case of
compact groups [77]. Such a deformation is also relevant from the boundary perspective,
where [78] have shown that correlation functions in the large- N double-scaled limit of the
SYK model can be described in terms of representations of g-deformed SU(1,1).

It is likely that one can generalize the 2D gauge theory /1D quantum mechanics duality
for different choice of gauge groups and scalar potentials [32]. A semi-classical example
was given in [6], where various 1D topological theories were shown to be semi-classically
equivalent to 2D Yang-Mills theories with more complicated potentials for the field strength.
It would be interesting to further understand the exact duality between such systems [79].

Finally, one would hope to generalize our analysis to the two other cases where the
BF-theory with an s[(2,R) gauge algebra is relevant: in understanding the quantization
of JT-gravity in Lorentzian AdSs and in dS,.*” By making appropriate choices of gauge
groups and boundary conditions in the two cases, one could once again hope to exactly
compute observables in the gravitational theory by first understanding their descriptions
and properties in the corresponding gauge theory. We hope to address some of these above
problems in the near future.
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A A review of the Schwarzian theory

In this section, we review the Schwarzian theory, its equivalence to the particle on the
hyperbolic plane H; placed in a magnetic field and the computation of observables in
both theories. The partition function for the Schwarzian theory on a FEuclidean time circle
of circumference f is given by

Dulf] /B 27° "2
ZSchw = TR c| d ) — , Al
Schw. (8) /felgifﬁﬁ)’ ST, &) °P | du {f,u} + 52 (f) (A1)
where C'is a coupling constant with units of length, {f,u} denotes the Schwarzian deriva-
tive, f' = O, f(u) and the path integral measure Du|[f] will be defined shortly. The field

47See [20, 80] for a recent analysis of the quantization of the two gravitational systems. Furthermore,
recently a set of gauge invariant operators was identified in the Schwarzian theory whose role is to move
the bulk matter in the two-sided wormhole geometry relative to the dynamical boundaries [81]. It would
be interesting to identify the existence of such operators in the gauge theory context.
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f(u) obeying f(u+ B8) = f(u) + B parameterizes the space Diff(S!) of diffeomorphisms of
the circle. By performing the field redefinition F'(u) = tan (7 f(u)/f) with the consequent
boundary condition F'(0) = F(8), as suggested in (1.3), one can rewrite (A.1) as

B
S[F| = —C/ du{F,u}. (A.2)
0
Classically, the action in (A.1) can be seen to be invariant under SL(2, R) transformations*®
aF' +b
. A.
~ ck+d (A.3)

In the path integral (1.3) one simply mods out by SL(2,R) transformations (1.3) which are
constant in time (the SL(2,R) zero-mode). As we will further discuss in section A.2, such a
quotient in the path integral is different from dynamically gauging the SL(2,R) symmetry.
An appropriate choice for the measure on diff(S')/SL(2,R) which can be derived from the
symplectic form of the Schwarzian theory is given by,

D _ df (u) _ dF(u) 7 A4
=TTy =1 (A1)
where the product is taken over a lattice that discretizes the Euclidean time circle.
Finally, the Hamiltonian associated to the action (A.2) is equal to the s[(2, R) quadratic
Casimir, H = 1/C [—€3+ ({_{1 4+ (,£_)/2], where {y and {4 are the s[(2,R) charges
associated to the transformation (A.3), which can be written in terms of F'(u) as

u

ZC 'F///F FF//2 F//
=757 2 T
’LC "FIIIFQ F/12F2 2FF// ,
E"‘:E_ Ja) B Jag) B fad +2F:|’
iC r F/// F// 2
= | G (/)3] (A.5)
V2 L(F)? (F)

The equality between the Hamiltonian and the Casimir suggests a useful connection be-
tween the Schwarzian theory and a non-relativistic particle on the hyperbolic upper-half
plane, H. 2+ , placed in a constant magnetic field B. In the latter the system, the Hamiltonian
is also given by an sl(2,R) quadratic Casimir. Below we discuss the equivalence of the two
models at the path integral level.

A.1 An equivalent description

The quantization of the non-relativistic particle on the hyperbolic plane, H2+ , placed
in a constant magnetic field B was performed in [82, 83]. Writing the H, metric as
ds® = d¢? + e 2?dF? where both ¢ and F take values in R, the non-relativistic action in

Lorentzian time??

Sp= /dt (i(dﬁf + %e‘z"b(F)2 +BFe ™ + B* + i) : (A.6)

48SL(2,R) is the naive symmetry when performing the transformation (A.3) at the level of the action.
We will discuss the exact symmetry at the level of the Hilbert space shortly.
“For convenience, we distinguish Lorentzian time derivative f from Euclidean time derivatives f’.
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The Hamiltonian written in terms of the canonical variables (¢, 74) and (F,7p), is given
by50

H % —2B ! AT

B—7T¢+7T€ — 2Bmpe? 1 (A7)

The thermal partition function at temperature T'= 1/ can be computed by analytically
continuing (A.6) to Euclidean signature by sending ¢ — —iu and computing the path
integral on a circle of circumference 8 with periodic boundary conditions ¢(0) = ¢(3) and
F(0) = F(B). At the level of the path integral, the partition function with such boundary
conditions is given by

Z5(8) = / DoDF e= I dulbo+ (e P —2iB)?) (A.8)
(0)=6(8),F(0)=F(8)
with the s[(2,R) invariant measure,
D¢Df= [ dé(w)dF(u)e ™ (A.9)
u€l0,4]

For the purpose of understanding the equivalence between this system and the
Schwarzian we will be interested in the analytic continuation to an imaginary background
magnetic field B = —i8 w1th B eR,

Zp(B) :/ DGDF e Jo du(567+5(e7F'=B/m)?)
(0)=¢(8),F(0)=F(B)

(A.10)
DoDF e du(307+ Erem e —e))

/¢(o>¢<ﬁ>,F<o>F< 5) ’
where we have shifted ¢ — ¢ —log g in the second line above and dropped an overall factor
that only depends on B.

The Schwarzian theory emerges as an effective description of this quantum mechanical
system in the limit B — oo. Indeed, we can apply a saddle point approximation in this
limit to integrate out ¢. This sets F' = e? and gives, after taking into account the one-loop
determinant for ¢ around the saddle,

Zg(B) N/ 11 ST o dUG(Fl) ) _/ Du[Fes 5 tFul (A1)
F0)=F(8) Fiu) © F(0)=F(8)

where to obtain the second equality we have shifted the action by a total derivative.

Thus, as promised, we recover the Schwarzian partition function with the same measure
for the field F(u) in the B — oo limit (and B — ico), when setting the coupling C' = 3.5
However, the space of integration for F'(u) in (A.11) is different from that in the Schwarman
path integral (1.3). This is most obvious after we transform to the other field variable
flu) = gtan_1 F(u) and

Z/ Dulf] o2 5 du({f,u}+25%2(f’)2) ‘ (A.12)

neL B)+np

50We have shifted both the Lagrangian and the Hamiltonian by a factor of £B? in order to set the zero

level for the energies of the particle on H; to be at the bottom of the continuum.

5INote that the meaningful dimensionless parameter g is unconstrained.
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While for the Schwarzian action f(u) € Diff(S'), obeying the boundary condition f(u +
B) = f(u) + S, the path integral (A.12) consists of multiple topological sectors labeled by
a winding number n € Z such that f(u+ ) = f(u)+ S n. In other words, the (Euclidean)
Schwarzian theory is an effective description of the quantum mechanical particle in the
n = 1 sector.

Reproducing the partition function of the Schwarzian theory from the particle of mag-
netic field thus depends on the choice of integration cycle for F'(u) (or f(u)). As we explain
below, the integration cycle needed in order for the partition function of the particle of
magnetic field to be convergent is given by B = iB — ico. In order to do this it is useful
to consider how the wave-functions in this theory transform as representations éi(Z, R).

When quantizing the particle on H; in the absence of a magnetic field, the eigen-
states of the Hamiltonian transform as irreducible representations of PSL(2, R) [83]. When
turning on a magnetic field, the Hamiltonian eigenstates transform as projective repre-
sentations of PSL(2,R), which are the proper representations of §i(2,}R) mentioned in
section 3.3 [83].°2 Specifically, the wavefunctions for the particle in magnetic field B € R
transform in a subset of irreducible representations of SA’E(Z R) with fixed eigenvalues under
the center of the group €™ = e2miB 53 Quch unitary representations admit a well-defined
associated Hermitian inner-product and the Hamiltonian is a Hermitian operator. Up to
a constant shift, their energies are real and are given by the SL(2,R) Casimir in (3.12),
Ey=—-(\—1/2)2

When making B € C\R the Hamiltonian is no longer Hermitian and the representations
of §I:(2,R) do not admit a well defined Hermitian inner-product. However, the partition
function defined by the path-integral (A.6) is convergent. As we explain in section 3.3, if
we analytically continue the Plancherel measure and Casimir to imaginary B — ico, the
thermal partition function in this limit reproduces that of the Schwarzian theory (3.10).
Thus, the theory makes sense in Euclidean signature where the correlation function of
different observables is convergent, but a more careful treatment is needed in Lorentzian

signature.’

A.2 An §I/1(2,R) chemical potential

While the classical computation performed in section 2.3 suggests the equivalence between
imposing a non-trivial PSL(2, R) twist for the Schwarzian field and the gauge theory (2.15)
with a non-trivial holonomy around its boundary this equivalence does not persist quantum

®2Note that not all unitary irreducible representations of éi(ZR) need to appear in the decomposition
of the Hilbert space under éi(Z,R). While there exist states transforming in any continuous series rep-
resentation of éi(Q,R), there are also states transforming in the discrete series representations as long as
A=—-B+nwithyn€Zand 0<n<|B|—1.

53The fact that states transform in projective representations of the classical global symmetry can be
understood as an anomaly of the global symmetry. An straightforward example of this phenomenon happens
when studying a charged particle on a circle with a 6-angle with § = 7 [64]. Note that when B =2 € Q
states transform in absolute irreps of the g-cover of PSL(2, R), which are also abolute irreps of SA‘E(Q, R). It
is only when B € R\ Q that these irreps are absolute for the univesal cover .5%(2 R).

54 A more detailed discussion about the properties of the Schwarzian and of JT gravity in Lorentzian
signature is forthcoming in [84].
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mechanically. Instead, in the presence of a non-trivial holonomy, the gauge theory is
equivalent to the non-relativistic particle in the magnetic field (A.6) with B — ico and
in the presence of an éi(2, R) chemical potential. Note that in the derivation performed
above, in order to prove the equivalence between the Schwarzian and the action (A.6) with
B — ico, we have assumed that the field F(u) is periodic: specifically, if one assumes a
PSL(2,R) twist around the thermal circle for the field F'(u), one can no longer use the
equality in (A.11). Specifically, (A.11) assumes that when adding a total derivative to the
action, the integral of that derivative around the thermal circle vanishes — this is no longer
true in the presence of a non-trivial twist for the Schwarzian field.

In order to study (A.6) with B — ico in the presence of an §£(2, R) chemical potential,
we start by considering the case of B € R and then we analytically continue to an imaginary
magnetic field B € iR. The partition function is given by

[e.e]
1 1
Zig(3g, 5)N/dsp3(s)e2€332 Z (§+is,m|§|§+is,m>+discrete series contributions
m=—o00
o B_ g2
:/ dspp(s)xs(g)e 2c® +disrete series contributions, (A.13)
0

where ys(§) = Trs(§) is the SL(2,R) character of the principal series representation la-
belled by A = 1/2 +is (see appendix C for the explicit character xs(g)). To recover the
partition function when B = —i8 —> 100 we again perform the analytic continuation used
to obtain (3.10). Once again the dlscrete series states have a contribution of O(Be=#B*/C)
and can be neglected. Thus, up to a proportionality factor

oo
~ o —B g2
Zip(g, B) oc/ dsp(s)xs(g)e” 2" (A.14)
0
This formula generalizes (3.10) for any g and matches up to an overall proportionality
factor, with the result obtained in the gauge theory in section 3.3 (see (3.29)).

B Comparison between compact and non-compact groups

For convenience, we review the schematic comparison between various formulae commonly
used for compact gauge groups (which we will denote by G) with finite dimensional uni-
tary irreducible representations and the analogous formulae that need to be used in the
non-compact case (which we denote by G) with infinite-dimensional unitary irreducible

representations:
d(g) = 2o g dim Rxr(g) 5(g9) = [ dRp(R) xr(g)
LU (DU (g7 = Safmmdunt | [ e ym (YUR | (g71) = L S
J s3=xr(9)xr (97") = Orpr [ 2 xr(g)xm(gt) = Eép(géf/)
J 53 xr(ghig™ he) = X0 S \ﬁfngR(ghlg_lhz) = xe(h)xn(hs)
J wotexm (gh)xny (97 h) = %}W fvgingXPq(ghl)XRg( “Lhy) = W
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where xg(g) are the characters of the group G or G, Uﬁ’m(g) are the associated matrix
elements and = is a divergent factor, which can be evaluated by considering the limit
limg1 xr(9) = Z. In the case of ETI?(ZR) and G the limit needs to be taken from the
direction of hyperbolic elements and for the group Gp we have shown that = is independent
of the representation R. We consider an in-depth discussion of the above formulae and their
consequences in 2D gauge theories with the non-compact gauge group Gp below.

C Harmonic analysis on §i(2,R) and Ggp

We next describe how to work with the characters of éi(2, R) and its R extension, Gp (and
consequently the group G = Gp when taking the limit B — 00). In order to get there we
first need to discuss the meaning of the Fourier transform on the group manifold of éi(Z, R)
or Gp. Given a finite function z(g) with g € éi(2,R),55 for every unitary representation
Up of the continuous and discrete series we can associate an operator

Un(z) = / 2(§)Ur(§)d3 (1)

The operator Ugr(z) is called the Fourier transform of z(g). Just like in Fourier analysis on
R, our goal will be to find the inversion formula for (C.1) and express z(§) in terms of its
Fourier transform. To start, we can express the Delta-function 6(g) on the group manifold,
in terms of its Fourier components

5(3) = / p(R)r(Ur(3))dR, (c2)

where as we will see later in the subsection that p(R) is the Plancherel measure on the group
and xr(g) = tr(Ur(g)) will define the character of the representation R. The integral over
R is schematic here (see later section for explicit definitions) and represents the integral
over the principal and discrete series of the group. The Delta-function is defined such that,

/ £(550)5(5)dg = z(do) - (C3)

Multiplying (C.2) by x(ggo) and integrating over the group manifold we find that

#(§o) = / p(R)x(Un(x)Un(Gy ) dR. (C.4)

We will review the calculation of the matrix elements U’ (g), characters xg(g) and of the
Plancherel measure p(R) in the next subsections.
C.1 Evaluation of the matrix elements and characters

As explained in [62], one can parameterize 5*1(2,]1%) using the coordinates (&, ¢,n), where
we can restrict ¢ +n € [0,47). The SL(2,R) element § takes the form § = e?foetP1enf0,
where the generators P; are given by (2.19). In this parameterization, the metric is

ds® = de? — dp? — dn? + 2 cosh Edegdn (C.5)

55Here finite means that it is infinitely differentiable if the group manifold is connected and is constant
in a sufficiently small domain if the group manifold is disconnected.
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and the Haar measure is
dp =sinh&dédodn. (C.6)

For the full group Gp, we normalize the measure by,
dg = dudf (C.7)

As shown in [62], the matrix elements in the representation with quantum numbers A
and p are given by

T(n—A+1)(n+A)
T(m—A+1)T(m+A)

Uy, (9) = ei(”‘ﬁ_m”)(l—u))‘un;ﬂ\/ F(A—m,n+\, —m+n+1;u),
(C.8)

where, F(a,b,c,z) = T'(c)"'9F(a,b,¢;2), u = tanh?®(¢/2) and m,n € u+ Z. We can
similarly parametrize elements Gg by g = (0, g) where x is an element of R. The matrix

element for the representation (A, pu = —% + ¢, k) in Gp is thus given by,
ik ~
Ul e B g 19, (9) = € URL(9) (C.9)

Once again, this expression depends on p only in that m, n, k € u + Z. The diagonal
elements are thus given by

U iy m(9) = (1= u) ™ O=e*? o By (X —m, X m; 15u) (C.10)

The characters of the various representations are obtained by summing (C.10) over m.

Because the characters are class functions, they must be functions of the eigenvalues z, z~!

of the §f;(2, R) matrix g, when g is expressed in the two-dimensional representation. = can
be obtained from the angles ¢, n and ¢ for any representation to be®®

cos?:l:\/u—siﬁ% o
if u > sin? 251,

1_ )

z= Vi (C.11)
cos?iisin% 1——

s ——

VvV1i—u ’

where one of the solutions represents  and the other x~!. Note that for hyperbolic
2 6-1
2

ifu<sin2?,

elements, x € R, which happens whenever u > sin . Simple examples of hyperbolic

elements have ¢ = n = 0, and in this case z = e*¢/2

. For elliptic elements, we have |z| =1
(with = ¢ R), which happens whenever u < sin? ? Simple examples of elliptic elements
have v = n = 0, and in this case z = eFio/2, Lastly, for parabolic elements, we have
xz = +1, and in this case u = sin? % For convenience, from now on we choose = such
that |#| > 1 and |2~!| < 1 for hyperbolic elements. For elliptic elements, we choose x to

be associated with the negative sign in the 2nd equation of (C.11).

We wrote two distinct formulas depending on whether w is greater or smaller than sin? 2= in order

56(
2

to make explicit the choice of branch cut we use for the square root.)
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Continuous series. To obtain the characters for the continuous series, we should set
A= % + s and sum over all values of m = pu + p with p € Z. The sum is given by

1. 1
Xs,ﬂ,k(g) (1 - u —HS ko Z i(ptp)(¢=n) o FY <2 +is—pu—p, =

5 +is+u+p;1;u> ,
PEL

(C.12)
where we consider ¢ —n € [2w(n — 1),27n), with n € Z. This sum can be evaluated using
the generating formula for the o F) hypergeometric function. Evaluating the sum defined
in (C.11) yields, in terms of the eigenvalue x associated to g group element, the R element

f and the branch number, n, for the angle ¢ — 7,

) ) 1-2) —1+2)
ik0 2mipm (%) , for g hyperbolic,
Xs,uk(9) = el (C.13)

0, for g elliptic,

where A = % + ¢s and, we remind the reader about the restriction that p = 72—?;’“ + Z.

Discrete series. For the positive discrete series, we have ;n = A and the sum over m goes
over values equal to A\ + p with p € ZT:

— k0 Z Uiiﬁp (1— u)/\ez‘kéez’/\(qﬁ—n) Z eP(¢—n) P}§072>\—1)(1 —2u), (C.14)
p=0

where P,(La’ﬁ ) (z) are the Jacobi polynomials. We can once again evaluate the sum using the
generating formula for the Jacobi polynomial to find that in terms of the eigenvalue x, the

character is given by
ik0.,1-2)

X;,,\(g) I (C.15)
for both hyperbolic and elliptic elements. This expression is identical to the first term
n (C.13). For the negative discrete series, we have y = —\ and so we should take m =
—\ —p, with p € ZT, and sum over p:

o0

Xial9) = (1= w0 O\ = miw(omn plO2A=1 (1 — 2y, (C.16)

p=0

Comparing (C.16) with (C.14), we conclude that
1-2X N\ *

o) =M (@) = (2 ) (©17)

[

This expression is identical to the second term in (C.13).
Before we end this subsection, we summarize a few identities satisfied by the characters
above. We have

xr(9) = xr(g™") (C.18)

which follows from the unitarity of the representations. We also have

Xk (971) = Xsun(9);, XEA(67") = xZp(9)- (C.19)
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C.2 The Plancherel inversion formula

The normalization of the matrix elements Ur given by (C.8)—(C.10) can be computed
following [62]. For the continuous series one finds that,

/

’ - -1
< g+is7u7k)7n’U(,rg+i8l7/“’l/7k/)7nl> - /dg U@+ZS7M7I{:)7’,’L(g)U(L%+ZSI7M/7k/)7m/ (g )
cosh(2ms) + cos(Bk)

et 4 2B 5 _ /5 _ 15 l6 /6 ,
m SSil’lh(Q’ﬂ'S) (S S) (/’L /’L) kk'Onn’O9mm/’
ith s, s >0 ;1< <1
W ) 5 9 7M727
2 Z
bk € _W(HBH’ m, n, m', n' € ' + 7. (C.20)

Similarly, for the positive/negative discrete series one finds that,

m ' 8128
<U()\,k),n)|U()\’,k’),n’> = 2)\7_15()\ - )\/)5kk’5mm’5nn' (C.21)
1 2m (N + 7Z
with A, \' > 2 k, k' ¢ —W(BH, m,n,m',n € £AN+7Z").

Given the orthogonality of the matrix elements one can then write the d-function in (C.2) as,

1 [ dkds ssinh(2ms
0= [ (279)

T ) o (27)2 cosh(27s)+cos(Bk)

> dA 1\ < _
+), Gpm (*-3) > (%krgﬂ(gq)))<g>+x<kvk:_2w(_g+q)><g>>. (c.22)

q=—

X(s,u=— L% k) (9)+

For the purpose of evaluating the partition function of the gauge theory in section 2 it is
more convenient to write all the terms in (C.22) under a single k-integral. To do this one
can perform a contour deformation [85] to find that d(g) can also be expressed as

. . & > Bk . %er ~
5(g) = —z%/w dk /OO ds <2ﬁ —l—p—i—zs) tanh(ms) U(%HHS%%HM%W(@,
p

(C.23)

with ¢ € Z. Using d(g) from (C.22), the Plancherel inversion formula for SL(2,R) can be
generalized to functions acting on the group Gp,

(1) = 1/°° dkds ssinh(27s) ()4
21 J_o (2m)2 cosh(2ms) +cos(27k) X(s.u=—5E k)
> dA I\ — [ + _
—|—/§ (27)2B <)\_2> q:ZOO <X<)\,k=2"(;;q>))(x)+x()\,k:2”(_;+‘”) (.I')) , (C.24)
with

B
Xr(z) = / di / d62(g)x (g ™). (C.25)
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In practice, in order to keep track of divergences evaluating the characters on a trivial

we introduce the divergent factor Z, for which X (s,p=— BE k) () = Z. One can check this
9. - 27T b

s-independent divergence by taking the limit

eike ins 4 x—Qis 1

— =lm ——— =E. (C.26)

l 0 0) =l b o

z—1,60—0 Tr— T

Similarly, for n € Z,

) 1 )
. ~\ 27r7,y,n . _ 27T7,/J,7’L’:‘
sy Xean () = Tl gy = TS (€21

Another operation that proves necessary for the computations performed in section 2
is performing the group integral

1
VOlg B

_ 1
/ngs,k:i(ghlg 'ha) = =Xsk=i(h1)Xsp=i(h2), (C.28)

for principal series representation s and for group elements h; and hs. The normalization
of this formula is set by taking the limit hy — e and ho — e and using the normalization
for the matrix elements Ug, (C.20) and (C.21).

C.3 An example: isolating the principal series representation

The goal of this appendix is to use the techniques presented in the previous subsections to
show that we can isolate the contribution of principal series representations in the partition
function. Specifically, we want to show that the regularization procedure suggested in
section 3.3 by adding higher powers of the quadratic Casimir leads to suppression of the
discrete series. Using the rewriting of 6(g) as in (C.23) we find that the partition function
with an overall G holonomy g is given by,

. o o Bk . ~Bky .
Z(g, eB) ~ —zz / dk:/ ds (_27r +p+ zs) tanh (7s) U—%—i—;})—i—is—i-l _%ﬂ)(g)

2

pEZL ¥
% eikGe%[(pHS)Qf = ’ (C.29)
where g = (g, 0) and --- captures the contribution of higher powers of the quadratic

Casimir. Setting the boundary condition ¢® = ky = —i, we find that the partition func-
tion becomes

. , > , B\ 2+ .
Zro(G,€B) ~ =i / ds (p + is) tanh (WS - 2) U;LSL Bi ()

pGZ — 2’27
« e[~ -] (C.30)
where, in order to obtain (C.30), we have also performed the contour re-parametrization
5 —= 85— %. The form of higher order terms captured by --- is given by higher powers

of the quadratic Casimir: thus, for instance the first correction given by the square of
the quadratic Casimir is given by ~ (p + is)?/B. For each term in the sum, we can now
deform the contour as s — s — ip. Such a deformation only picks up poles located at
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Sy = %B - w with n € Z and 2n 4+ 1 < p.°” The residue of each such pole gives

rise to the contribution of the discrete series representations to the partition function.

However, by choosing the negative sign for the fourth order and higher order terms in the

potential the resulting contribution is suppressed as O(Be~ 2 ). This is the reason why

the partition function is finite and is solely given by the contribution of principal unitary
series representations.
2

Bi eBs? e
Z1 (g, €B) ~ Z/ ds s tanh <7TS — > U”—thZ (g)e” 5 +0 <Be_ o7 > . (C.31)

ZS—‘r*,*-‘rp
pGZ 2721

Note that the integral is even in s and that tanh(rs—2) = (sinh(27s) —
sinh(B))/(cosh(27ws) + cosh(B)). Thus, when considering the B — oo limit the Plancherel
measure becomes dsssinh(27s)/e” . Thus, summing up all matrix coefficients in (C.31)
we recover the fact that the partition function only depends on characters, and we recover

the result in section 3.4.

D Clebsch-Gordan coefficients, fusion coefficients and 6-j symbols

The purpose of this section is to derive the fusion coefficients and the 6-j symbols needed
in the main text. To do so, we find it convenient to represent the states in the unitary
representation (u, A) of §I:(2,R) as functions f(¢) on the unit circle obeying the twisted
periodicity condition

flo+2m) = > f(9), (D.1)

with the rule that under a diffeomorphisms V' € ﬁi?h(s 1Y of the unit circle, these functions
transform as

(VA@) = 0,V (9) (V7 (9). (D-2)
Such a transformation property can be thought of arising from a “u-twisted A-form,”
namely an object formally written as f(¢)(d¢)*. We denote the space of such forms as
FY. In infinitesimal form, a diffeomorphism is described by a vector field v(¢) = v?(¢)dy,
which acts on f via the infinitesimal from of (D.2):

vf = —v?0uf — AOypv®)f . (D.3)

To see why the space F}' is isomorphic with the representation (u, ) of SNL(Q,R),
note that (D.3) implies that the vector fields LY = —ie™® with n = —1,0,1 obey the
commutation relations

[Li1,Lo) = +L41, [L1,L_1] =2Lg (D.4)

so the transformations (D.3) corresponding to them generate an éi(Q,R) subalgebra of
Diff, (S'). By comparison with (2.19), we can identify o = Lg, £y = L1, /- = L_1 when
acting on F}. From (D.3), we can also determine the action of the quadratic Casimir

LWLy +L 14
2

@f:(—%+ )f:AO—Aﬁ. (D.5)

*"The only poles in (C.30) come from the measure factor tanh(ws — B/2).
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This fact, together with e=27L0 f(¢) = €27% f(¢) = f(¢+2m) = e*™# f(¢) implies that F}
should be identified with the representation (A, ) (or with the isomorphic representation
(1— A, p)) of SL(2,R).

Let us now identify the function corresponding to the basis element |m) in the (u, \)
representation. This basis element has the property that Lo|m) = —m|m), which becomes
i0yf = —mf, so it should be proportional to f, = e"™® . (Recall that m € p + Z for the
irrep (i, A), so fam obeys the twisted periodicity (D.1).) In other words

|m) corresponds to amam (@) = (¢|m) (D.6)
for some constant c) ,,. To determine cj ,,, note that from (D.3), we obtain
Lnf)\,m = _(m + n)‘)f)\,m-‘rn' (D7)

By comparison with the action (3.13) of the raising and lowering operators on the states
|m), we conclude that ¢, » obeys the recursion relation

(A +m)
Cr.m+1 = Cam D.8
Gl & \/()\+m)(1f)\+m) (D-8)
with the solution®® .
CAm = A+ m) (D.9)

VIO +m)T(1 =X +m)
Note that this expression holds both for the continuous series which we will denote as cy ,,
and for the positive discrete series c/\ . For negative discrete series we have instead

_ o (m—\)
c)\,mfl - c)\,m \/(m — )\)(m 1+ )\) ) (DlO)
which leads to
Com = (1) \/F(llf(fl__;_ﬂ;(g —m) (D.11)

form=-X\-A—1,-X—2,....
From these expressions and (m|n) = d,,,,, we can infer the inner product on the space
F )‘\L . Indeed, any two functions f and g obeying (D.1) can be expanded in Fourier series as

F(@) =) ame™? — — / dpe”™? f(¢
i A (D.12)
90) =D bue™ = b= e

Then we can write

(flo) = 32 0y = 3 Ol (D.13)

%8The recursion formula only fixes cx ., (similarly for ¢y in (D.11)) up to an m independent constant
that could depend on A. Here we have chosen a particular normalization for convenience. The physical
observables we compute are however independent of such normalizations.
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Writing a,,, and b, in terms of f; and fs using the Fourier series inversion formula, we

obtain
(F1g) = [ dén dos £(61)" s(62)G(61 — ) (D.14)
where G(¢) given by
Glo) = — em? D.15
=S (D.15)

For the continuous series, \c,\7m\2 =1, and the sum is over m € u + Z. We obtain

1 . —
continuous series: G(¢) = ﬁewwl_@)D <¢12¢2> , (D.16)
T T

where D(x) = Y, ., 0(x — k) is a Dirac comb with unit period. For the positive discrete
series, m € A+ Z4 and = A > 0. We find that (D.15) evaluates to

MO, (1,1,2), e
positive discrete series: G(9) = — 4;(21:(27)\) =

(D.17)

To obtain the fusion coefficients, we need to consider tensor products of representations.
As a warm-up, let us consider the tensor product

C:

Lhisn @ Cligs y (D.18)

and identify the state corresponding to the identity representation. This state is

> (=1)™Mm)| - m), (D.19)

meu+7Z

and it can be obtained as the unique state invariant under Lq(ll) + Lg), where the Lgf)
(with n = —1,0,1 and ¢ = 1,2) are the éE(ZR) generator acting on the ith factor of the
tensor product.

The state (D.19) can also be found in a more indirect way by first constructing the
two-variable function Y (e!®1, ¢??) representing it. This function obeys the conditions

2 2
S0, (e ) =0, N (et F A ) V(e ) =0, (D20)
i=1 =1

(with A\ = % + is) representing the invariance under the éi(2,IR{) generators, as well as
the periodicity conditions (D.1) in ¢1 and ¢9 individually. When 0 < ¢1 — ¢o < 27, the
solution of the equations (D.20) is

—2X
Y (e, ¢%?) = C'sin <¢1 ; ¢2> (D.21)

for some constant C. Away from this interval, the expression (D.21) should be extended
using the periodicity condition (D.1). The state corresponding to this function is generally
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of the form > 7> . c iz COmimslmi)|me), with coefficients Cp, m, obtained by
taking the inner product with the basis elements:

1 .. o . . ,
Cm17m2 = 477r2 /d¢1 /d¢2 o Crms € imi¢ , zm2¢2y(61¢1’€z¢2) (D.22)
Because Y depends only on ¢; — ¢2, the only non-zero C,, m, are those with m; = —ma.
Using
27 —2A i .
L ) —2e~ " gin(mm)I'(1 — 2A) T (A — m)

d imaeo A — D.23
/0 g (sz T(1—\—m) ’ (D.23)

and A = % + is, the expression (D.22) with m; = —mg = m evaluates to

» sin(mp) \/cos(27ru) + cosh(27s)

Cromm =€ ™C . D.24
m,—m = € 2ssin(m (i — A)) sinh(27s)T(2is) 2 (D-24)

We see that up to an m-independent constant, Cy, _, o (—1)", so (D.24) agrees
with (D.19).

: . o + M
D.1 Clebsch-Gordan coefficients: c)q:%—l—isl (%] ’D)\2 — CA:%—HS
In [62] a general recipe was outlined for obtaining the “Clebsch-Gordan” coefficients for
SL(2,R).% and, in particular, ref. [62] constructed the decomposition of the tensor products
D;\rl ® DL and Dj\rl ® Dy,. Here we follow the same recipe to determine the Clebsch-
Gordan coefficients and fusion coefficients between two continuous series representations
and a positive/negative discrete series representation:

ch ® Dy, = C\_, (D.25)

1=3+is1 =5+is’
with g = p1 £ A. The state |s,m) that is part of Ci‘zlﬂ,s in the tensor product (D.25)

2
must take the form

+
s,my = > Cpt L Im— ma) ma) (D.26)

m—mz2,m2,m
ma=t(A+Z+)

+
where C;i’_/)%”imm is the Clebsch-Gordan coefficient and the range of mg depends on
whether it comes from the positive or negative discrete series.

+
Cs1,>\2,s

m1mg.ma.m 11 & Tather indirect way by first

As in the previous section, we determine
constructing the functions Y, (€1, e???) that represent the state (D.26). This function

can be found using the conditions that

LoYsm = —mYsm,
(D.27)

LiL 1+ L 1L
<—L3+1 1 141

) Vi = AL Yo,

%9 Alternatively, see [86] and [87] for a more mathematical approach.
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where L, = L,(ll) + Lg) and A = % + 5. Let us first solve these equations for 0 < ¢ < 27
and 0 < ¢1 — ¢2 < 2m. (The expression for Y can then be continued away from this range
using the appropriate periodicity condition (D.1) in both ¢; and ¢s.)

The first equation in (D.27) implies that Y5, equals /™! times a function of ¢ — ¢s.
The second condition gives a second order differential equation for this function of ¢1 — ¢9
with two linearly independent solutions

Y;,—m(ei%,eitﬁz) _ B;meim¢1 €i>\2(¢1—¢2) (1 _ ei(¢1—¢2)))\ A1z (D_Qg)
X oF1 (A=A + Ao, A+ m, 14+ m — A + A, e/ (91792))

and

i ; 3 ] . /\—/\1—>\2
y+ z¢>17 ip2) — Bt imé2 i(A2—m)(p2—¢1) (1 _ z(¢2—¢1)>
am(€?, €)= By et e ‘ | (D.29)
X oFL (A= A1+ A, A —m, 1 —m — A + Ag, e/(92791))

for some constant B;fm. Both of the solutions are linearly dependent under s — —s, thus
from now on, we will restrict to s > 0. As suggested by the notation, this specific basis of
solutions correspond precisely to the generating functions for Clebsch-Gordon coefficients
for the tensor product Cf\“ ® Di. This is fixed by requiring that Y;@n(z,w)w_A2

1 .
1=5+1s1
and Yy, (2,1/ w)w™*? to be holomorphic inside the unit disk |w| < 1, as suggested by the
one-side bounded sum in my in (D.26), with ma = £(\o + Z7) [62].

The dependence of B, on m is fixed by requiring Y, to transform appropriately

under the action of the raising and lowering operators. Explicit computation shows that

_ B-
LY, = — A+m)A=r+m) Fom - (D.30)

l+m—XM+X B, "

Comparing with the desired relation L1Y,,, = —/(A+m)(1 — A + m)Y; 11, We obtain
the recursion formula

_ VO+m) A —=XA+m)

B = . D.31
s,m—+1 1 +m— )\1 + )\2 s,m ( )
Up to an overall constant which we denote by B, this recursion is solved by
_ \/F()\+m)F(1—/\+m) _
B, = B, . D.32
sm F(l — A+ Ao+ m) 5 ( )
Similarly we can determine B;:m by recursion relations
¥ Bim ot
Lann = —()\1 - )\2 + m) ¥ }/s,erl . (D33)
s,m—+1
to be O
Bt M—detm) po (D.34)

T T+ m)D(1 - A+ m)
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Normalization. We would like to compute the normalization constant N (s) for the inner
product of states (D.26),

(s,m|s’,m") = N(5)8(s — 8" )mm (D.35)
For this purpose, it is sufficient to consider m = m/, and take the inner product of the
functions representing the Lh.s. of (D.35). Using (D.26), we can write this inner product as

+ +
(s,mls';my =S (Cpl2 O (D.36)

m—ma,ma,m m—ma,mz,m
ma

(The answer should be independent of m.) The expected delta functions in (D.35) arise
from the large mo terms in the sum. Thus, let us compute

s 7)\:‘:,5 +
Cn’i—’rﬁlz,mz,m = <m - m2|<m27 |S7 m>
_ vt 1 * i(mema)eryE (b1 i (D-37)
- Ci\t N cimada % /dgbl Cxi,m—ms€ }/s,m(e € )
2,12

at large mo.
We first start by considering As in the negative discrete series. After plugging in the
expression for Y and writing ¢1 = ¢9 + ¢, we obtain

oras g Aum=my VTA+m)T(1—A+m) /27r dp ¢t irad (1 - ew) AT
memz,me,m 27C5, e F(l—=X+X+m) 0
><QFl()\—)\1+)\2,)\—|—m,1—|—m—)\1+)\2,€i¢). (D.38)

The large mo behavior of the ¢ integral comes from the regions where the integrand is
singular or non-analytic (because the ¢ integral extracts a Fourier coefficient, and in general,
Fourier coefficients with large momenta come from singularities in position space). In this
case, the singularities of the integrand are at ¢® = 1, where the integrand is approximately

. oy, DA =20)T(1 +m — A + o)
i(m2+X2)¢ | (1 _ i)\ A= A1—A2 Ae>1-=X)N. (D.
¢ [( ¢) T +m— = r—m it ) )| - (D39)

The integral fo% dp e~ (1 — €'?)® has the same large k asymptotics as the integral

00 0
/ d¢e“f¢(—i)a|¢|“+/ dgp e "% |g|* . (D.40)
0

—0o0

Using the formula fooo dp pte ko=t = %, the integral in (D.38) gives, approxi-

mately at large meo,
— 2|m2|)‘1+)‘2_>‘_1 Sinﬂ'()\ — A — )\g)r()\ — A1 — Ao+ 1)
r{a-2nr( — D.41
(2T em=htd) o (DD
F(I+m—MT(1=X—=X + X\o)

The prefactor in (D.38) gives

Bgcil,mmee_iﬂ(m2+A2) \/F()\ +m)D(L = X+m)
27 F(l—)\1+)\2+m)
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In total, we have

. 518 5\ m—m I . P()\_)\l_)\2+1)
1 Csla>\27 _ A1, QB im(ma+A2) A=A — )
m21—>Hioo m—m2,m2,m iy s € SlH?T( ! 2) P(l — A= )\1 + )\2)
I'(A
x T(1—2)) (At m) Mo 4+ (A 1 — )\)> (D.43)
I1—X+m)

— — o
Csl,)\z,s )*Csl,)\Q,s
m—mg,ma,m m—mg,ma,m

2 S — —S
() ow

where we kept s # s’ only in the power of ms, anticipating that the sum over ms gives a term
—1+ia

Thus, the large mo asymptotics of the product ( are,

T(—2is)
[(isy —is+ Ao)['(—is —is1 + A2)

|Bs|2 |:|m2|i(8—5’)_1

proportional to d(s — s"). To see why the sum ) (mz2) gives a delta function, note
that we can regularize the sum by taking € > 0, thus writing » mQHm*e =C((1—-ia—c¢e).

Close to a = 0, this becomes afrk — PL 4+ 75(c) as € — 0. The PL cancels from the final

answer. We finally find

I(—2is) 2

T(—is +is1 + A2)

.=2|B;|? (D.45)

517A;7

n
Similarly, we compute Nt by focusing on the large mo limit of (Csl’)‘”s )*

m—ma,ma,m
+
51,05, 8 .
Cm—mg,mg,m with

C’ﬁ,,\j,s — B+ Ci\l,m*mz F()‘l - )‘2 + m) /27r de ei(Az—m2)¢ (1 — ei¢> ATA—A
m—mz2,mz,m s 271'61271”2 \/F()\ T m)F(l ) T m) 0
X oF1 (A=A + Ao, A—m, 1 —m — Ap + Ag, €). (D.46)

We find after similar manipulations that when fixing Ao to be in the positive discrete series,

D(=2is)  sin(r(pu1 + Ao+ \)|?

—is£is1+ A2)  sin(m(pr + A1)

(D.47)

s

Nldj,s =2 ‘B:E P(

Clebsch-Gordan coefficients in the p; — 200 limit. In order to compute the ex-
pectation of Wilson lines value once fixing the value of & = —i along the boundary we
are interested in analytically continuing the product of Clebsch-Gordan coefficients for
imaginary values of u;. Specifically, we would like to compute

+ * *
181,)\2,8 = (N N )—1051»’\275 (031,/\2,8 )* (D48)

m—mz2,m2,m 81,05, 8 m—mz2,m2,M\~ m—m2,m2,m

in the limit u; — dc0, with m — mo = py + Z. Note that in the above expression we will
first take conjugate, and then take the limit pu; — 700.
We start with (D.38) and (D.46) and use

li_>m oFi(a,b+z,c+z,2)=(1—2)"7, (D.49)
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which holds away from z = 1. In this limit the Clebsch-Gordan coefficients become

* 2 _
0817)\575 B~ Cxi,m—msy \/F()‘+m)r(1_/\+m) / d¢eim2¢6i)\2¢ (1_€l¢> 22 ,

m—mz,mz,mN S 27“:;2 - F(17A1+A2+m)

0
2m
51,05 ,8 £ (p-yk_Cumemy  VT+mM)T(1-A+m) —imag —i) ¢>< _ —i¢>)_2A2
(Cm—mg,mz,m) ( s ) 271—(6;\2,7712)* TOu+ e tm) ; d¢6 20o71A20 (1 e ,
(D.50)
Now using
27 ) \b (1 — 2mia T T 1 2 m'aF 1
/ dge? (1- i) = LU NC)) NOR Y B i S Ch R ) 3Y
0 I'l+a+0) I'l—a)l(14+a+b)
valid by analytic continuation in b, and
. —2z 2z 27
lim T(z)~e 2%/ —(1+0(1/z2)), (D.52)
z—00,2¢R_ 4
we have that in the limit @1 — 00, and consequently in the limit m — ioo,
0517A575 ~ B; m—>\2€7ri(m2+)\2) F(l — 2)\2)
T, s P = dadmy)” (D.53)
(0317)\;,5 )* ~ (B;)* m—)\gewi(m2+>\2) F(l — 2A2) ) ‘
e, (Crpimy)” I'(1 — Xy £ mp)
Putting this together, we obtain
Isl,)\;,s o 2N F(l —ma — )\2) F(l — 2)\2)2
m—mz2,mz,m 1231 F()\z _ m2) F(l _ )\2 + m2)2 (D 54)
_ M*2A2(_1)m2+>\2 F(l — 2)‘2>
! L(2X)T(1 — Ao £ mo) ™’
with )
1|0 (—is £ is1 + A2) ssinh(27s) o
I=- = [(+is + A2) . D.55
2 T(—2is) - (Fis & is1 4+ o) (D-55)
Similarly we have in this limit
0817>\§rvs ~ Bt Cihm—mz LA — A2 +m) /27r do ei(Aa—m2)é (1 _ ez‘d)) —2
TR 2 my /TN m)L(1 — X +m) Jo ’
(D.56)
which, together with the conjugate relation, yields in the limit p; — t00 and m—meo — 00,
oo L B it T 2%)
2,2 Chy,ma F(l — )\2 + TTLQ) (D 57)
(0317)‘;»3 )* ~ (B;_)*mngeﬂi(mgf)\g) F(l - 2>\2) ‘
mTma,me,m Ciz,mg F(l — )\2 + mg)
and
Isl,)\;r,s N ,U,_2/\2F(m2+1 —)\2) F(l —2)\2)2 T
momamam [(ma+A2) T(1— Az £mp)? (D.58)
I'(1-2Xg) '

_ = 2X2  qyma—A2
=m =Y L(2A2)T(1 — Ay & ma)

C . A,
which is identical to I, +T22,im27m-
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D.2 Fusion coefficient as yu — 100
We are interested in generalizing the simple Clebsch-Gordan decomposition of the product
of matrix element for some group element g (given by Ug'  (g) gfll (9)) for compact

groups, to the case of é\fJ(Q, R). To do this we start by inserting two complete set of states
to re-express the product of two SL(2,R) matrix elements

unt <g>Um2 (g):<(>\1>M1)am1§/\§t7m2’9’()\17,u1)7n13)\étvn2>

()\1:%+i81,,u1)7nl /\zivm

ds ds’ N
"IN LN (A1, 1), m1s Ay, ma| (A, 1 EX2), my+ma)
81,)\275 31,)\2,8’

X (A1, 1), 13 NE 2| (N A A2), my +n2)* (A ma +mag| N ny +n2)

+ discrete series contributions. (D.59)

Thus, the product of two matrix elements is given by

m m
U(/\11=%+isl,,u1),nl (g)UAQ?TLZ (g)

ds 517)\2i73 Sl,)\§:78 * Trmi1+mo
= Cm1,m2,m1+m2 (Cnl,ng,nlJrng) U()\:l+is puAA2), n14ng (g)
sl,A;,s 2 ’ ’

+ discrete series contributions . (D.60)

In the limit 3 — ‘0o we are interested in computing the fusion between the regular
character X (s, ,,;)(g) and the truncated character Xat (g) defined in (4.9). Thus, the product
of characters is given by

— S1,A2, 8
X(s1u1) (9)Xnz (9) = /ds <kz_0 IM;;i(A2+k)7m+,&(A2+k)> X(s,41+22) (9)

+ discrete series contributions, (D.61)

where we identify my = uy + k and mo = +(Ag + k) with k € Z and k € Z*. We note that
the sum over k yields a result that is independent of k, therefore leading to the separation
of the sums in (D.60). Alternatively, the results above can be recasted as the group integral
of three matrix elements given by

m m ni+n —1
/dg U(i811,u1),n1 (g)UAz?TQ(g)U(Sl,,ulfAQ),mlerQ(hg )

081:)\;,5 (0517)\;75 )*Un+n’ (h)
mi,mg,mi+ma\~'ni,nz,ni+n2 ()\:%—i—is,u-l—)\g),m—i-m’ (D 62)
= 5 .
p(s, 1+ X2)N, AL

S

where p(s, u+12) is the é\ﬁ(Q, R) Plancherel measure in (C.24), and where we note that the
product p(s, i+ A2)N. s ALy s is symmetric under the exchange of s; and s. Consequently,
the product of two regular continuous series characters and a regularized discrete series

character is given by

_ 1 X(s,p14+A )(h) st AE s
/dg X(s1, 1) (9 X0 (9 X (s,1420) (R ™) = m Z L imy - (D.63)

mi1—ma2

~ 51 —



Using eq. (D.54) and (D.58) we thus find that by taking the y; — ioo limit and truncating
the sum over mi — mo,
N A N ssl,g

lim [ dg X(s1, ) (D X0 (DXL pisn gy (BT = P

_ < h D.64
1 —300 57u1+>\2)x(8,#1+>\2)( )7 ( 6 )

where we define the fusion coefficient N51*1 in the p; — oo limit,

_ ‘F()\Q + 181 — iS)F()\Q + 151 + iS)’Q

Nssl,)\ét - F(2)\2) ; (D65)
up to a )\gc dependent normalization constant,
= = —2X2
Nyt = ;0“1%(_1)%(1 T 11;>(111(1 ?;)_ 220) ( é)'r/(EE E(QAQQ)AZ) (D-66)
As we take the cut-off, = — oo, the normalization constant becomes
u1—2)\252)\2
N N m (D.67)

Using the fusion coefficient, together with the normalization factor, we compute the expec-
tation value of the Wilson lines in section 4.

D.3 6-j symbols

To obtain the OTO-correlator in section 4.4 we need to consider the integral of six charac-
ters in (4.18),

b/}uudhedhgdh4xm(hahglrxw(hzhgls)x%(hshzlxxm(gh4h{*)xk¢(hlhglxxA;<hzh;1)

_ / dhidhadhsdhy Z Um, (h)U, (haYUR2, (ha) U2, (hy YU, (hs)
M ,N;i,qi My
XUsma (U3 (U, (ha) Uy (T U L (ROUSE L (hg YUTE . (ha) U2

? h
53,M3 54,T4 54,44 54,14 A5, A AT, AT o by an( 4)’

(D.68)

where, for the case of interest in section 4.4, si, So, s3, and s4 label continuous series
representations, and )\% and )\2i label representations in the positive/negative discrete
series. As in the case of computing the time-ordered correlators of the Wilson lines we first
consider the result when p; € R and only afterwards analytically continue the final result
to py — 100.

The sums over m; and nj, as well as that over mo and no are truncated according to
the regularization prescription for the characters associated to the Wilson lines. Evaluating
the integrals we find

Tsriy)‘;v&km (021:2#754 )* erf,)\g,L’Slm (0227);?7': )*
Z [m4 (g> 1,M1, Mg 1,711,494 1, M2, M1 2,11, N1
S p(s4, pa) N, p(s1, p1)N,

— + 4
MMM, T G4 S1,A7 584 s2, A5, 81

0837>\1i782 (0837)\it752 )* 0847/\§t783 (084,>\§E783 )*
ms, M1, M2\~ N3, ni,ne n4, N2, Mg\~ q4,M2,Nn3 (D 69)

p(s2, ’uz)NSs,AI‘L,& p(ss, M3)N’S4,>\2i,83

~52 -



Performing the sums over the ny, na, ng, n; and no states we obtain the 6-j symbol
associated to the six representations si, So, S3, S4, )\f, and )\Qi. Furthermore, the sum
also imposes the constraint m4 = g4. The remaining sum over four Clebsch-Gordan co-
efficient yields the square root for the factor present in (D.64). Specifically, we obtain
that (D.69) equals

A
Ny Ny s (9) /N, N NN Rt 23] (D.70)
The 6-j symbol for SL(2,R) is given by [76]

R, {52 ’\2} =W(s3,s4; \1+1is2,\1 —is2, A2 — 151, Aa+1i51) (D.71)

S1 A1

X \/P()\Q :I:iSl :I:ng)F()\l :|:i82 ﬂ:ng)T()\l :|:i81 iz‘34)F(A2 :tiSQ :i:iS4) s
where the Wilson function W(sg, sp; A1 + is2, A1 — @S2, Ay — 151, Ao + 1) is given by [75]
D(d—a)afs | oy o o i e
T(a+b)T(a+ c)I(d £ if)[(d + ia)

W(a, B,a,b,¢,d) = + (a + d), (D.72)
with @ = (a+b+c—d)/2 and d = (b+ ¢+ d — a) /2. The normalization for the 6-j symbol
in (D.71) is obtained by imposing the orthogonality relation (4.26) using the orthogonality
properties of the Wilson function [75, 76]. Such an orthogonality condition on the 6-j
symbol follows from its definition in terms of a sum of Clebsch-Gordan coefficients as that
shown in (D.69).

Firstly we note that the result is the same when considering A; or Ao in the posi-
tive or negative discrete series. Furthermore, since the result is explicitly independent of
11, to, 3 and pg one can easily perform the analytic continuation to pq, po, ps, fta — 100
as required by our boundary conditions on the field ¢®. Putting this together with the
analytic continuation of the fusion coefficients presented in the previous sub-section we find
the final results from section 4.

E Wilson lines as probe particles in JT gravity

As mentioned in section 4, the insertion of a Wilson loop in 3D Chern-Simons theory with
gauge algebra s0(2,2) (or an isomorphic algebra) can be interpreted as the effective action
of a massive probe in AdSs (or other spaces with an isomorphic symmetry algebra) [68—
73]. In this appendix we extend this interpretation to 2D. Specifically, we outline the
proof of the equivalence, as stated in section 4.1, between the boundary-anchored Wilson
line observables Wy (Cr,) in the G = Gp BF theory formulation, and the boundary-to-
boundary propagator of a massive particle in the metric formulation of JT gravity. The
latter is given by the functional integral over all paths z(s) diffeomorphic to the curve Cr,-,

weighted with the standard point particle action (here &# = d;—:)

S|z, guw] =m ds \/Ggu v . (E.1)

C7—17—2
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Concretely, we would like to demonstrate that

WA,k:O(CnTz) = tr)\7k=0 (73 exp/ A) = / [dl’] e—S[a:,gm,}’ (E2)

C
2 paths ~Cryr,

where the mass of the particle is determined by the Gp representation (A, k = —27\/B) as
m? = A\ —1) = —C3()).%° From now on we assume |A| > 1 in order for m? > 0. In the
equation above, we have taken the limit B — oo thus set £ = 0. Consequently the Wilson
line )7\/\)\7k:0(CﬁT2) only couples to the s[(2,R)-components of the Gp gauge field. In the
rest of this appendix, we will implicitly assume that A take values in s[(2,R). For notation
convenience, we will refer to these Wilson lines as W) (Cryry) from now on.5*

The congruence symbol 2 in (E.2) indicates that we want to prove an operator equiv-
alence inside the functional integral of JT gravity. Indeed, the right-hand side of (E.2)
depends only on the diffeomorphism class of the path C,,, whereas the Wilson line op-
erator 17V\,\(C7172) on the left-hand side follows some given path. So in writing (E.2), we
implicitly assume that VV\A(CTM) is evaluated inside the functional integral of a diffeomor-
phism invariant BF' gauge theory.

To start proving (E.2), following [88, 89], we rewrite the Wilson line WA(CTW) around
a given space-time contour Cr,, parametrized by an auxiliary variable s, as a functional
integral over paths g(s) € PSL(2,R) via%?

try (P exp% A> :/ [dg)q e Sel94] (E.3)
Crimy Crimy
where Sulg, A] denotes the (first order) coadjoint orbit action of the representation A,
coupled to a background sl(2,R) gauge field A,(s) = A, (x(s))zH(s)
Salg, A] = / ds tr (g ' Dag) = / ds (tr(ag'0sg9) — tr(Asgag™)). (E.4)
CTITQ CTITQ

Here @ = a; P’ € s5l(2,R) denotes some fired Lie algebra element with specified length
squared equal to the second Casimir

tr(a?) = —Cy(\) = —A\(A — 1) (E.5)
The classical phase space in (E.4) is over the (co)adjoint orbit of the Lie algebra element a
O = {9ag~'|g € PSL(2,R)} (E.6)

Consequently the path integral is over maps from Cr ;, — O which can be equivalently
described by their lift g : C;, -, — PSL(2,R) up to an identification due to local right group

59For notational simplicity, we take all Wilson lines to be in the positive discrete series representations
in this section. We also emphasize that the Wilson line in the representation (A, k) is a defect operator
(external probe), thus k is not constrained to be ko.

61 Equivalently, one can think of the boundary-anchored Wilson lines Wi (Cr,r, ) as PSL(2,R) Wilson lines
in the discrete series representation A (projective for A ¢ Z) of PSL(2, R).

52Note that coadjoint orbits of a connected semisimple Lie group are identical with those of the universal
cover groups, as evident from the definition (E.6) for the PSL(2,R) case and its coverings.
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action by the stabilizer of @ on g. This is the meaning of path integral measure [dglq
in (E.3).
Let us briefly recall why equation (E.3) holds. Expanding g around a base-point, with
g = e*"Pag(s), we find from (E.4) that the canonical momenta associated to z%(s) are
give by
T = tr(Plgag™), (E.7)

xt

which are in fact the generators of the PSL(2, R) symmetry which acts by left multiplication
on g, as ¢ — Ug. The Casimir associated to s[(2,R) component of Gp is given by 6;[(2’R) =
—n¥n,im, = —tr(a?). The Hilbert space of the theory is spanned by functions on the
group Gp which are invariant under right group actions that stabilize a. The Hilbert space
of the quantum mechanics model on O thus forms an irreducible (projective) PSL(2,R)
representation A. Since the functional integral around a closed path g(s) € PSL(2,R)
amounts to taking the trace over the Hilbert space, we arrive at the identity (E.3).53
Since the identity (E.3) holds for any choice of Lie algebra element a with length
squared given by (E.5), we are free to include in the definition of Wy(Cr,) a functional

integral over all Lie algebra elements of the form
a(s) = aq(s)P* = ai(s) P! + ay(s)P? (E.8)

subject to the constraint (E.5). This leads to the identity (up to an overall factor that does
not depend on A)

W (Criry) ~ / [dovy 2dgd@)] e~ %al9:0:4] (E.9)
with
Salg, 0, 4] = 7{ ds (tr (a g_lDAg) +i0(nPagop — mz)) . (E.10)
Crimy

Here m? = A(A—1) and © denotes a Lagrange multiplier that enforces the constraint (E.5).
This already looks closely analogous to the world line action of a point particle of mass m.

So far we have considered a general background gauge field A in the bulk. In the
context in which we make A dynamical and perform the path integral in the BF-theory in
the presence of a defect (2.15), the path integral (after integrating out the adjoint scalar
@) localizes to configurations of flat A, away from the defect. Similarly, on the JT gravity
side (in the metric formulation), integrating out the dilaton ® forces the ambient metric
on the disk to be that of AdSy. Thus for the purpose of proving (E.2), we can take A to
be flat on the BF theory side, and the metric to be AdSy on the JT gravity side.

The action (E.10) is invariant under gauge transformations U(s) for which g — U(s)g,
together with the corresponding gauge transformation of A which leaves the connection flat.
Note however the gauge transformation mixes the components of A associated to the frames
and spin connection. We can always (partially) gauge fix by setting ¢ = 1 by choosing

53This is because we are considering a boundary condition with A, = 0. Consequently, the boundary-
anchored Wilson line has the same expectation value as a Wilson loop that touches the boundary.
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U(s) = g~ !(s) along the curve C,,, and smoothly extending this gauge transformation
onto the entire disk.%* After such a gauge fixing, the action (E.10) simply becomes,

Silx, k, N\ g = / ds(kyat +i0(g" k,k, —m?)) (E.11)
Crimy

- / ds (nua®d), it + 00 aeap —m?)) |
c

7172

where g, = nabeZel,j is the AdSse metric associated to the background flat connection A
and ky, = agef,. The action (E.11) agrees with the first order action for a particle moving
on the world-line C;,-,. To finish the proof, we need to show that the path integral over
flat A in the BF theory reproduces the integral over paths diffeomorphic to C;,,, for the
particle in the JT gravity.

As mentioned in section 2.1, space-time diffeomorphisms can be identified with field
dependent gauge transformations in the BF theory when the gauge field is flat

g = ganee (E.12)

where the vector field £#(x) generating the diffeomorphism transformation and the in-
finitesimal gauge transformation parameter €¢%(x) (vanish on the boundary) are related by

el(x) = ef(x)€(x),  (2) = wul@)EH (@) (E.13)

Since flat connections A are generated by gauge transformations, the equivalence (E.12)
acting on éz implies that,

/ ds (naba“(éZ)e9&”+i@(nabaaab—m2)) :/ ds (nabaaéz i”—l—i@(nabaaab—mQ))
C C

3
T172 7172

where (éZ)e denotes the finite gauge transformation of éz generated by €, and C%TZ denotes
a path diffeomorphic to C;,, generated by displacement vector field £. Consequently
integrating over flat connections A of the BF theory in the presence of the Wilson line
insertion is equivalent to integrating over all paths diffeomorphic to the curve C;,,, which
precisely gives the first order form of (E.1) that describes a particle propagating between
boundary points in AdS.%

Alternatively, to get the second order formulation for the world-line action we can
directly perform the Gaussian integration over ¢, in (E.10) and then integrate out the
Lagrange multipler ©. The world-line path integral (E.9) becomes (up to an A indepen-
dent factor),

Wa(Criry) ~ / [dg] e~ 5210AT (E.14)

%4There’s no obstruction for such extensions since Gp is simply connected.
5 Note that in the world-line action (E.11), the fields (x¥,k,(x)) take values in the co-tangent bundle
T*X. The path integration measure is the natural one induced by the symplectic structure of T*X.
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where the action Sa[g, A] is specified by

Sag, A] = m/c ds \/nab(g_lDAg)a(g—lDAg)b. (E.15)
7172
Due to the integration over g(s), this is a gauge invariant observable as expected. Note
that while (E.15) is exact on-shell in order for the path-integral (E.14) to agree with (E.3)
one has to appropriately modify the measure [dg] in (E.14).
Once again performing the gauge transformation with U(s) = g~!(s) along the curve
Crr, to gauge fix g(s) = 1 and smoothly extending the gauge transformation onto the
entire disk, the action (E.15) simply becomes,

Salg, Al =m ds /nabege%fv%ﬁ = m/c ds \/gapt@i?, (E.16)

CTl T2 T1T2

which agrees with the 2nd order action (E.1) for a particle moving on the world-line C,,.
Following the same reasoning as before, the gauge transformation can be mapped to a
diffeomorphism, and integrating over flat connections in the BF theory path integral with
the Wilson line insertion, is once again equivalent to integrating over all paths diffeomorphic
to the curve Cr ,,. Using this, we finally arrive at the desired equality between the Wilson
line observable and the worldline representation of the boundary-to-boundary propagator
given by (E.2).56
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