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1 Introduction

In this paper we will consider the partition functions of five-dimensional N' = 1 gauge
theories with an SU(2) R-symmetry on M,y x S!, partially topologically twisted on the
toric Kéhler manifold My [1, 2], with a view to holography. In particular, we are interested
in evaluating through localization [3] the topologically twisted index of a five-dimensional
theory on My x S', which is defined as the equivariant Witten index

Zptaxsi(s1,91) = Teag, (1) e A T Ty, (1.1)
T

of the topologically twisted theory on My, where s; are magnetic fluxes on M, that
explicitly enter in the Hamiltonian and y; complexified fugacities for the flavor symmetries
Jr of the theory.

In three and four dimensions, the topologically twisted index has proven useful in check-
ing dualities and in the microscopic counting for the entropy of a class of asymptotically
AdS, 5 black holes/strings [4, 5]. Since one of the goals of this work is to extend the above
analyses to higher dimensions, let us briefly review what is known in lower dimensions.

1.1 The three- and four-dimensional indices

The topologically twisted index of three-dimensional N = 2 and four-dimensional ' = 1
gauge theories with an R-symmetry is the supersymmetric partition function on g, X T,
partially topologically A-twisted along the genus g; Riemann surface ¥g,, where T is a
torus with d = 1,2, respectively. The index can be computed in two different ways. It
has been first derived by topological field theory arguments in [6-9]. In this approach,
further discussed and generalized in [10-17], the index is written as a sum of contributions



coming from the Bethe vacua, the critical points of the twisted superpotential of the two-
dimensional theory obtained by compactifying on T¢. The index has been also derived
using localization in [4, 18] and can be written as the contour integral

Z(sryn) = jézmt(m’x;ﬁf,yf)a (1.2)

mth

of a meromorphic differential form in variables x parameterizing the Cartan subgroup and
subalgebra of the gauge group, summed over the lattice of gauge magnetic fluxes m on X, .
Here s; and y; = el®! are, respectively, fluxes and fugacities for the global symmetries of
the theory.

One remarkable application of the topologically twisted index is to understand the mi-
croscopic origin of the Bekenstein-Hawking entropy of asymptotically anti de Sitter (AdS)
black holes. In particular, the microscopic entropy of certain four-dimensional static, dy-
onic, BPS black holes [19-23], which can be embedded in AdS x S7, has been calculated
in this manner [5, 24|, by showing that the ABJM [25] twisted index, in the large N limit,
agrees with the area law for the black hole entropy — Spg = A/(4Gn) with A being the
horizon area and Gn the Newton’s constant. Specifically, the statistical entropy Spp as a
function of the magnetic and electric charges (s, q) is given by the Legendre transform of
the field theory twisted index Z(s, A), evaluated at its critical point Aj:

I(s,A) =log Z(s,A) =i q1A; = Spn(s,q). (1.3)
I

This procedure was dubbed Z-extremization in [5]. These results have been generalized
to black strings in five dimensions [26-28], black holes with hyperbolic horizons [18, 29],
universal black holes [30],! black holes in massive type ITA supergravity [31, 32], M-theory
black holes in the presence of hypermultiplets [33], Taub-NUT-AdS/Taub-Bolt-AdS so-
lutions [34], and N Mb5-branes wrapped on hyperbolic three-manifolds [35].2 Another
interesting general result is the Cardy behaviour of the topologically twisted index of four-
dimensional N' = 1 gauge theories that flow to an infrared (IR) two-dimensional " = (0, 2)
superconformal field theory (SCFT) upon twisted compactification on Xg, [26]:
im

(s A), (1.4)

log Zs, x12 ~ 15

where ¢, (s,A) is the trial right-moving central charge of the N = (0,2) SCFT [45] and
7 is the modular parameter of the torus 72.> This result is valid at high temperature,

!These can be embedded in all M-theory and massive type IIA compactifications, thus explaining the
name universal.

2QOther interesting progresses in this context include: computing the logarithmic correction to AdSy x
S7 black holes [36] (see also [37, 38]), evaluating the on-shell supergravity action for the latter black
holes [39, 40], localization in gauged supergravity [41] (see also [42]), relation between anomaly polynomial
of N' = 4 super Yang-Mills (6D N = (2,0) theory) and rotating, electrically charged, AdS black holes in
five (seven) dimensions [43, 44].

3Here we use the chemical potentials A; /7 to parameterize a trial R-symmetry of the theory.



7 — 10T, and is a consequence of the fact that the index computes the elliptic genus of the
two-dimensional CFT.

Furthermore, it has been shown in [5, 26] that, in the large N limit, one particular
Bethe vacuum dominates the partition function. It has also been found in [26, 46] (see [47]
for examples) that the topologically twisted index of three- and four-dimensional field
theories, at large N or high temperature, can be compactly written as

OWa(Ar) _ Fes(Ap), for d =1
logZ d ~ SI—F=~ Wd(AI) X , (15)
gy xT 2[: 8A1 a(AI)’ for d — 2

where Wd(A 1) is the effective twisted superpotential, evaluated on the dominant Bethe
vacuum, Fgs(Aj) is the S? free energy of 3D A = 2 theories, computed for example
n [48-50], and a(Ay) is the conformal anomaly coefficient of 4D N = 1 theories. Here
(and throughout the paper) ~ denotes the equality at large N.* Based on (1.5) it has been
conjectured in [46] that

Wd(A 1) X Fugra(X Ay Z-extremization = attractor mechanism , (1.6)

where Fiugra(X?) is the prepotential of the effective N' = 2 gauged supergravity in four
dimensions describing the horizon of the black hole or black string. We refer the reader to
section 4.1 for details on the attractor mechanism in gauged supergravity.

1.2 The five-dimensional index

In this paper we take the first few steps in generalizing the above analysis to five dimensions.

We will consider the case of a generic AV = 1 gauge theory on My x S', where My
is a toric Kihler manifold and S* a circle of length 3.° One main complication compared
to three and four dimensions is that, in the localization computation for five-dimensional
gauge theories, there are non-perturbative contributions due to the presence of instantons.
The topologically twisted index is still given by the contour integral

k-instant
Zpmyxsi(a:81,91) Z > ¢ Z8 ) (m s g, 57, yr) (L.7)
k=0 {m}|semi-stable

of a meromorphic form in the complex variable a, which parameterizes the Coulomb branch
of the four-dimensional theory obtained by compactifying on S'. Here ¢ = e~ 87 B/9%n is
the instanton counting parameter with gyy being the gauge coupling constant, and m are
a set of gauge magnetic fluxes that depend on the toric data of My.

We find it useful to work first on an (2-deformed background specified by equivariant
parameters €; and ey for the toric (C*)? action on My, for which we write explicitly

“The relation (1.5) is only valid when we use a set of chemical potentials such that Wd(AI) is
a homogeneous function of the A; (and a similar parameterization for the fluxes), which is always
possible [26, 46]. Otherwise, (1.5) should be replaced by log Zy, . ra ~ (1 — gl)Qél)Wd(AI), where

o) =@t | ( - ﬂ)% for g1 # 1.

1—g1 T
®See [51, 52] for another localization computation on P? x S*.



the supersymmetry background, the Lagrangian and the one-loop determinant around the
classical saddle point configurations. The non-perturbative contribution is given by contact
instantons that, with the equivariant parameters turned on, are localized at the fixed point
of the toric action on My and wrap S*. There are x(My) fixed points and each of these
contributes a copy of the five-dimensional Nekrasov’s partition function dekrisov(a, €1,€2)
on C? x S!, so that the partition function on My x S is given by the gluing formula

Zmxst = ), pda H S (0., (18)

{m}|semi-stable C

() @

where a®), €, and €y’ are determined by the toric data near each fixed point and encode
the dependence on the fluxes m. For brevity, we suppressed the dependence on the flavor
fluxes and fugacities s; and y; that can be easily reinstated by considering them as compo-
nents of a background vector multiplet. This formula is the five-dimensional analogue of a
similar four-dimensional expression that has been successfully used to evaluate equivariant
Donaldson invariants [53-56].

In this paper we will be interested in the non-equivariant limit €1, eo — 0. Despite the
fact that Zl(\cleerisov(a’ €1, €2) is singular in the non-equivariant limit, Z,ys1 is perfectly
smooth. Moreover, with an eye to holography, we will be mostly interested in the large
N limit and therefore we will neglect instanton contributions, since they are exponentially
suppressed in this limit. As we will see, the classical and one-loop contributions to the
non-equivariant partition function still yield a non-trivial and complicated matrix model.
As for the topologically twisted index in three dimensions, we can interpret the result as
the Witten index of the quantum mechanics obtained by reducing the N' = 1 gauge theory
on My in the presence of background magnetic fluxes s;. This index receives contributions
from infinitely many topological sectors specified by the gauge magnetic fluxes m.

We will also initiate the study of the large N limit of the topologically twisted index
in five dimensions and of other related quantities, leaving a more complete analysis for the
future. We will focus on two five-dimensional N' = 1 field theories. The first is the USp(2NV)
theory with Ny flavors and an antisymmetric matter field, which has a 5D ultraviolet (UV)
fixed point with enhanced E, 1 global symmetry [57]. The theory is dual to AdSg XS4 in
massive type ITA supergravity [58]. The second theory is N/ = 2 super Yang-Mills (SYM),
which we consider as the compactification of the N' = (2,0) theory in six dimensions on a
circle of radius Rg = g%,;/(87%) [59-61].5 Using this interpretation, the index of N’ = 2
SYM can be considered as the partition function of the N' = (2,0) theory on My x T2.
The topologically twisted index at large N for the USp(2/V) theory should then contain
information about black holes with horizons AdS, x My in massive type ITA supergravity,
while the index for A/ = 2 SYM should contain information about AdS; x S* black strings
in M-theory.

An interesting object to study in the large N limit is the Seiberg-Witten (SW) pre-
potential F(a) of the four-dimensional theory obtained by compactifying on S!, which

5 An analogous argument has been used in [51, 52, 62] in order to study the superconformal index of the
6D N = (2,0) theory.



receives contributions from all the Kaluza-Klein (KK) modes on S! [63]. F(a) is expected
to play a role similar to the twisted superpotential W in three and four dimensions. We
therefore study the distribution of its critical points in the large N limit and we find that
its critical value, as a function of the chemical potentials A, (¢ = 1,2),” is given by

F(A¢) x Fgs (A), (1.9)

where Fgs(A.) is the free energy on S° of the corresponding N' = 1 theory, in perfect
analogy with (1.5). One of the reasons for analysing the critical points of F(a) is the
expectation that they play a role similar to the Bethe vacua for the five-dimensional par-
tition function, and, in particular, one such critical point dominates the large N limit of
the index. We have no real evidence that this is the case but we will see that working
under this assumption leads to interesting results. Some motivations for this conjecture
are discussed in section 3.

We will consider the particular example of an N' = 1 field theory on P! x P! x ST,
With no effort, we can generalize all results to the non-toric manifold ¥4, x £y, x S, where
Yy, and Xy, are two Riemann surfaces of genus g; and go, respectively. We denote by s¢
and t; (¢ = 1,2) the background magnetic fluxes on 3;, and Xg,. We will be able to define
an effective twisted superpotential W for the three-dimensional theory that we obtain by
compactifying the five-dimensional N' = 1 theory on ¥,,. We refer for details to section 3.
We will find that the value of )7\//, evaluated at the combined critical points of F and )7\;,
as a function of the chemical potentials A. and fluxes t., satisfies

2 aFS5(A<)O({szxsa(tg,Aq), for USp(2N). 1.10)

WMk A ;tg 0A alte, A,) for N = (2,0)
Here Fy, . g3 (t;, A.) is the S? free energy of the three-dimensional N' = 2 theory obtained
by compactifying the USp(2N) theory on X,, recently computed holographically in [64],
and a(t;, A.) is the conformal anomaly coefficient of the four-dimensional N' = 1 theory
obtained by compactifying the A" = (2,0) theory on Xg,, computed in [65, 66]. We verified
the statement for the USp(2N) theory only upon extremization with respect to A, but we
expect it to be true for all values of the chemical potentials.®

We shall also consider the large N limit of the topologically twisted index itself. The
matrix model is too hard to compute directly even in the large N limit. The main difficulty
compared to the three- and four-dimensional cases is the quadratic dependence on the gauge
and background fluxes that do not allow for a simple resummation in (1.8). The case of
P! x P! x S! is technically simpler, since there are two sets of gauge fluxes, one for each
P!, but still too hard to attack directly. By resumming one set of gauge magnetic fluxes

"The A. parameterize the Cartan of the SU(2) R-symmetry and the SU(2) flavor symmetry of the
USp(2N) theory and the Cartan of the SO(5) R-symmetry of the N' = (2,0) theory, respectively. They
satisfy the constraint Z?:l A = 2. Similarly, in the case of %y, x X4, x S* discussed below, the fluxes
fulfill the constraints 23:1 5¢ = 2(1 — g1), Zle te = 2(1 — g2). With such a choice, all expressions
in (1.9), (1.10) and (1.11) are homogeneous functions of A, s¢ and t.. Details are given in section 3.

This was confirmed in [67] that appeared after the completion of this work.



(call them m), we obtain a set of Bethe equations for the eigenvalues a; (these are just the
Bethe vacua of the effective twisted superpotential W of the compactification on Xg,). The
result still depends on the second set of gauge magnetic fluxes (call them n). We expect
that, in the large IV limit, one single distribution of eigenvalues a; and one single set of
fluxes n; dominate the partition function. At this point we shall pose the conjecture that
the extremization of F(a) provides the missing condition for determining both a; and n;.
Under this conjecture we obtain

2

2
(9W t ,A 0?Fgs (A
log ZZM><292><51 (&8 ZEQ > Z Q aASaA ) (111)
s=1 :

where we generalized the result to X4, x $g, x SL.

It is remarkable that (1.11), which is based on a conjecture, is completely analogous to
the three- and four-dimensional result (1.5). Even more remarkably, we can compare (1.11)
with the existing results for the twisted compactification of the 6D N = (2,0) theory on
291
7 — 10T, of the elliptic genus of the two-dimensional CFT obtained by the twisted com-
pactification. We find that (1.11) indeed leads to the correct Cardy behaviour

X g, [68]. Eq. (1.11) is expected to compute the leading behaviour, in the limit

i
log ZEglemxsl ~ 507(59{9 Aq), (1.12)

where ¢, (s, tc, Ac) precisely coincides with the trial central charge of the two-dimensional
CFT computed in [68]. Moreover, we will show in section 4 that (1.11) is equivalent to the
attractor mechanism for the corresponding black strings in AdS7. All this is in complete
analogy with the four-dimensional results (1.4) and (1.6). It would be very interesting to
see if the conjectured result for the USp(2/V) theory matches the entropy of magnetically
charged AdSg x,, S* black holes in massive type IIA supergravity, which are still to be
found. Work in this direction is in progress [69].

1.3 Overview

The structure of this paper is as follows. In section 2 we analyse the conditions of super-
symmetry and the Lagrangian for a five-dimensional N” = 1 gauge theory on My x St
where My is a toric manifold, in a -background for the torus action (C*)2. We determine
the classical saddle points and compute explicitly the one-loop determinants. We finally
write an expression for the (equivariant) topologically twisted index as a gluing of various
copies of the K-theoretic Nekrasov’s partition function, one for each fixed point of the toric
action. We then study in detail the non-equivariant limit in the sector with no instantons.
We also write explicitly the SW prepotential F(a) that will play an important role in the
rest of the paper.

In section 3 we discuss the large N limit of the topologically twisted index and of
related quantities. We first motivate the importance of finding the critical points of F(a).
Then we consider the partition function on g, x g, x St of two theories, NV = 2 SYM,
which decompactify to the N' = (2,0) theory in six dimensions and the USp(2N) theory



with Ny flavors and an antisymmetric matter field, corresponding to a 5D UV fixed point.
Under some assumptions, we will derive (1.9), (1.10) and (1.11).

Special attention will be devoted to the 6D N = (2,0) theory where we can compare
the results with the existing holographic literature about domain walls and black strings.
For this theory, in section 4 we will be able to interpret our results as the counterpart of
the attractor mechanism in four-dimensional N' = 2 gauged supergravity.

We conclude in section 5 with discussions and future problems to explore. Some
details regarding toric varieties, conventions, computation of anomaly coeflicients in twisted

compactifications, and polylogarithms are collected in four appendices.

Note added: while we were writing this work, we became aware of [67] which has some
overlaps with the results presented here.

2 Localization on M, x S*

In this section we evaluate the twisted indices of five-dimensional N' > 1 theories, i.e. the
partition function on My x S', using localization. We begin in section 2.1 by describing the
geometry of the toric Kéahler manifold M,. Although the twisted theory is semi-topological,
i.e. does not depend on the metric on My, we find it useful to have a canonical set of coordi-
nates and a canonical metric. In section 2.3, we describe the rigid supergravity background
to which we couple the theory in order to produce the twist and the -deformation. We
describe the relevant supersymmetry algebra and supersymmetric actions in section 2.4.
The localization procedure is carried out in section 2.5. In section 2.6 we present the rel-
evant expression for the K-theoretic Nekrasov’s partition function. Finally, in section 2.7
we present the complete partition function on My x S*.

2.1 Geometry of My

We review the construction of a canonical invariant metric for a toric Kahler manifold My
in symplectic coordinates [70, 71].
A Kaihler manifold M?" is a complex manifold of real dimension 2n with an integrable
almost complex structure
J? = —1g,. (2.1)

It is also a symplectic manifold with symplectic form w, satisfying a compatibility condition
on the metric defined by the bilinear form

g=w(J), (2.2)

which states that ¢ is symmetric and positive definite.

A toric Kéhler manifold is a Kéhler manifold with an effective (faithful), Hamiltonian,
and holomorphic action of a real n-torus T". Given a Hamiltonian action, there exists
a vector field © for each element of the Lie algebra of T™ and a smooth function u, the
moment map, such that

b =w ldu. (2.3)



The moment map should be thought of as an equivariant map from the Lie algebra of T” to
the space of smooth functions on M?". It is defined only up to the addition of a constant.
The image of the moment map, the orbit space

A= M"/T", (2.4)
is a convex n-dimensional polytope called the moment polytope. It can be written as
A={zxeR"(z,u;) =\ >0,ie{l,...,d}}, (2.5)

for an appropriate set of data
u; € Zn, Ai>0. (2.6)

Its vertices are located at the fixed points of the torus action and A is the convex hull. The
moment polytope is related to the combinatorial description of M?™ as a toric variety with
an associated toric fan, dual to A, which constructed out of the vectors n; (see appendix A).
It will be important in the following that the number of vertices d of the polytope, or
equivalently the number of vectors n; of the fan, is equal to the number of fixed points of
the toric action. It is also equal to the Euler characteristic of M?", d = y(M?>").

One may describe all three structures appearing in the definition of M?" explicitly
using symplectic coordinates: z* for A and v for T". Define the functions

Lo (z) = (zyup) — A, (2.7)

and an auxiliary potential function

d
p(x)=gp(x)+h(x), gp = % Z ly (z)logl, (x) Gij () = 0,:0,5p (x) . (2.8)

r=1

The function h (z) must be such that there exists a smooth, strictly positive function ¢ (x)

satisfying
1 d
—— =9 l . 2.9
The complex structure, symplectic (Kéhler) form, and T" invariant K&ahler metric are then
given by
0 -G i il 1 (G-1\"
J = a0 ) w =dz" ANdy;, g = Gjjdx"dx’ + (G ) dy;dy; . (2.10)

Note that det g = 1.

All smooth symplectic toric manifolds are simply connected [72]. Compact simply
connected topological four-manifolds are mostly classified by their intersection form. Note,
in particular, that

by =1, (2.11)

for any symplectic toric four-manifold. One can check with the metric above that?

*W=wW. (2.12)

9The orientation for which this is true is such that 5117!1””292 =1.



2.2 Nekrasov’s conjecture

There is a standard way, reviewed in the next section, of putting any four-dimensional N =
2 Lagrangian field theory on a smooth four-manifold while preserving supersymmetry. This
is done using the Witten twist [1]. The resulting computations are insensitive to, or at least
piece-wise constant under, variations of the metric. This is an example of a cohomological
topological quantum field theory (TQFT), usually called the Donaldson-Witten TQFT.
The relevant observables reside in the cohomology of the preserved supercharge.

Nekrasov has introduced a generalization of this TQFT which is valid when the four-
manifold admits a metric with an isometry [53].1° The toric manifolds described in the
previous section are prime examples of this construction. The construction can be seen as
a generalization of the computation of the equivariant partition function for theories on
R*, that can be used to recover the exact effective prepotential [73, 74]. The latter can be
defined as [73]

Fo(h,a) = lm 16108 Zfouson (@0 e1,€2), g — AP (OH, (2.13)
1,2
where ngrasov is the so-called Nekrasov’s partition function, coinciding with the partition

function on R* in the presence of the Q deformation with parameter € = (e1,€2). A is
the dynamically generated scale, and a represents the vacuum expectation value for the
scalar field in the vector multiplet at a specific point on the Coulomb branch. Moreover,
hY(G) is the dual Coxeter number of the gauge group G and k(fR) is the quadratic Casimir
normalized such that it is 2" (G) for the adjoint representation.

It has been argued in [53] that the analogous partition function on a compact toric
manifold My takes the form

x(Ma)
ZM4 = Z % da H Zl([\ikrasov (a + egl)pl + 6g)pl+17 egl)ﬂ 650; q) . (214)
pezN 7€ =1

In the equation above we have chosen to disregard insertions of operators and the depen-
dence on characteristic classes for non-simply connected gauge groups, both of which are
not relevant for our purposes. The main new ingredient in this formula, in comparison to
the formula on R?, is the appearance of a sum over a set of fluxes p;. These are associated
with equivariant divisors on My, and thus with vectors in the toric fan. The deformation
parameters egl), eg) are also given by the data in the fan. Note that the modulus a is now
integrated over, as should be the case on a compact space. The result presented in [53] is
a conjecture. Specifically, the exact form of the sum over the integers p; and the contour
for the integral over the modulus a are not known.

It is expected that the results for the Donaldson-Witten theory are recovered in the
non-equivariant limit, €1 2 — 0. Nekrasov conjectured that this limit is given by !

Zm, = Z %daexp[/ Fo (a + Zé(i)cl(Li)> +c1(My)H (a + Zé(i)cl(Li)>
() egzN ¢ Ma i : i

X (Ma)Fia) + (30(Ma) + 2x(Ma)) g1<a>]. (2.15)

°Tn this section we restrict ourselves to describing the U(N) theory.
"'We correct a misprint in [53] here.



The L; are line bundles supported on two-cycles of My, which do not have a flat space
analogue, and c¢1(L;) their first Chern class. x(My) is the Euler characteristic of My and
o(My) its signature. The additional terms in the exponential, relative to the usual effective

. . . 2
action on R*, come from subleading terms in Zlg

ekrasov*
C? 1 €1 + €2 (1 + €2)?
log ZNekrasov (a7 €1, €2; Q) = fO + Hl + fl + 791 + ... (216)
€1€2 €1€2 2 €1€2

The authors of [54-56] have began to verify (2.14) using localization. Our twisted
indices are a generalization of the partition functions on My, and we will follow closely the
arguments used in these papers. We will not have anything to add regarding the part of
the calculation involving the sum over fluxes. However, we will comment on the similarities
between the present setup and the calculation using localization of the twisted indices in
three and four dimensions, in which a similar contour integral arises and is given by an
explicit prescription.

2.3 Supersymmetry on My x S?!

Supersymmetric theories can sometimes be coupled to a curved background while preserv-
ing some supersymmetry. This was originally achieved by twisting the theory — identify-
ing a new euclidean rotation group with a diagonal subgroup of rotations and R-symmetry
transformations. A subset of the supercharges become scalars under the new rotation
group, and are conserved on an arbitrary curved manifold, as long as the coupling to the
metric is implemented using this new group. As a bonus, the energy momentum tensor
turns out to be the supersymmetry variation of a scalar supercharge ). The twisted the-
ory, where observables are restricted to be )-closed operators, then becomes a TQFT of
cohomological type [1].

A more general procedure for preserving supersymmetry, initiated in [75] and continued
for four dimensions in [76, 77], is to couple the theory to rigid supergravity and to search
for backgrounds which are fixed points of the supersymmetry transformations. Technically,
this means choosing a configuration for the bosonic fields in the supergravity multiplet such
that the supersymmetry variation of the gravitino vanishes for some spinor. The vanishing
of the gravitino variation yields a linear differential equation known as a generalized Killing
spinor equation whose solutions are known as generalized Killing spinors. A variation using
these spinors constitutes a rigid supersymmetry.

One can expand the scope of this construction by considering superconformal tensor
calculus instead of a specific Poincare supergravity [77, 78]. In superconformal tensor
calculus, the gravitino is part of the Weyl multiplet which includes another fermion, the
dilatino, whose supersymmetry variation must also vanish. The resulting solutions are
generalized Killing spinors which generate an action of a subalgebra of the superconformal
algebra on the dynamical fields. In order to use this algebra to localize, one should avoid
including transformations which are not true symmetries of the theory such as dilatations.
To the best of our knowledge, this is the most general context in which this program of
preserving rigid supersymmetry on curved backgrounds has been pursued.
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A five-dimensional N' = 1 theory with R-symmetry group SU(2) can be formulated
while preserving supersymmetry on any five-manifold as long as the holonomy group is
contained in SO(4). The necessary supergravity background is simply a twist. We derive
the rigid 5D N = 1 supergravity background corresponding to the 2-background on a man-
ifold with topology My x S, where My is a toric Kihler four-manifold. Supersymmetry
is preserved using a five-dimensional uplift of the Witten twist on M4 augmented to in-
clude the Q-deformation. The rigid supergravity background for a twisted four-dimensional
N = 2 theory, with the background corresponding to the Q-deformation, was explicitly con-
structed for any toric Ké&hler manifold in [79]. These backgrounds can be lifted to the 5D
N =1 theory on My x S! in a straightforward manner, implicitly described in [80, 81].
We review this below. Our spinor and metric conventions are spelled out in appendix B.

We consider X = My x S and choose coordinates such that the S' is parameterized
by x5 € [0, ). The construction of a T? invariant Kéhler metric g for M4 was reviewed in
section 2.1. Let us define

U= ez-(‘)yi , To =1, T4 =1yo, (2.17)
and let
e, a€{l,2,3,4}, m € {1,2,3,4}, (2.18)
be a vielbein for g. We define the metric on X by augmenting e, with
e =", e’ =1. (2.19)

The associated spin connection still has U(2) holonomy.

The Weyl multiplet of five-dimensional superconformal tensor calculus is described, for
instance, in [82]. Along with the vielbein, it contains the following independent bosonic
fields: an SU(2) R-symmetry gauge field which we denote Ag} ), and an anti-symmetric
tensor Ty, a vector b,,, and a scalar D. The remaining bosonic fields are determined in
terms of these, and of the fermions, by constraints. We will turn off 7}, and b,,. After

some renaming, the variation of the gravitino in the remaining background can be written

as
5¢Im = Dmé[ - Fm7717 (2-20)
where!? . 5
Dinér = Oés + qunTaés + (A5 " & (2.21)
We perform the twist by setting
1
AR — Zwm“baab. (2.22)

One can easily check that the spinor

1 (72
fz—ﬁ<0>, n=20, (2.23)

12Throughout this paper, D, will denote a generic covariant derivative. The covariance is with respect

to the spin, R-symmetry, gauge, and background flavor symmetry connections. We will specify the concrete
form of the derivative when appropriate.
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is a solution. Note that the components of both w and A® in the x5 direction vanish in
the non-equivariant limit, €; o — 0. One may verify explicitly that { satisfies the dilatino
equation with an appropriate value of D.

2.4 Supersymmetry transformations and Lagrangian

We record the supersymmetry transformations for the vector and hypermultiplets, following
the conventions of [83, 84]. For the purposes of localization it is simpler to use twisted fields
defined using the Killing spinor £. Note that & satisfies

el =1, V" =1, V" Oy = ET™E 0y, = €103 + €204 + 05 . (2.24)
For consistency of notation with [85], we define
Fm = gmnt"" . (2.25)
Note that x = dz® is not a contact form for My x S1.

2.4.1 Vector multiplet

The five-dimensional N/ = 1 vector multiplet has 8 + 8 off-shell components. It comprises
a connection A,,, a real scalar o, an SU(2) Majorana spinor A%;, and a triplet of auxiliary
fields Dy satisfying the reality condition

(D) = e™e’l Dy, (2.26)

all in the adjoint representation of the Lie algebra g. We use the physics convention where
all gauge fields are hermitian. We define the gauge covariant derivative acting on fields in
the adjoint representation and the field strength as

Dy, = 0 — 1A, ], Fon = 0mAp — OnAp — i1[Anm, Ay . (2.27)
A gauge transformation with parameter o reads
Gq = 1lo, ], GoApy = Do (2.28)

In order to ensure convergence of the actions in section 2.4.3, we will preemptively rotate
both Dy and o into the imaginary plane

Dry —1Dyy, o — —io. (2.29)
The new reality conditions are such that
(D = —e! KTl pyep (2.30)
The supersymmetry transformations read [83]
6A,, = 1& DAL, do = =&
SA = —%anan& —iD,,0T™¢; — 1Dy €7 — 2ié10, (2.31)
0Dry = =& DAy — ET" DinAp — [0, 6107 + EaM1] + Eh g + E5Ar
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The spinor ¢ is defined as

£= %rmpmg, (2.32)

and therefore vanishes in the present context.
Following [86], we define the twisted fields'

\I]m = g[rmAI; Hmn = 2F7J7§n + ﬁglrmngJDIJ ;
(2.33)
Xmn = glrmn)\l + Unglrm)\l - Umé‘[rn)\l )
where )
Ft = 3 (1+iyx) (1 — K Ady) F. (2.34)

The two projection operators appearing in the definition of F'* split the two-forms on
My x St into vertical and horizontal forms. The latter are further split into self-dual and
anti-self-dual forms on My:
F=Fg+Fy=(1—krANiy) F+(kNiy) F,
Lo 1 , 1 , (2.35)
FHIFH+F 25(1+ZU*)FH+§(1*ZU*)FH.

The supersymmetry algebra now takes the standard cohomological form, up to the addition
of the equivariant deformation

0A,, =1¥,,, oo = —v"¥,,, ov,, =i, F —1D,,0,

A . (2.36)
5an =Hpp, O0H = ch Xmn + 1 [07 an] .

The square of the transformation ¢ contains a translation and a gauge transformation
6* =1L, + Go, (2.37)
where L is the Lie derivative on forms and
d=0— Ay, LA=L,—i[™A,,]. (2.38)
Note that 6® = 0.

2.4.2 Hypermultiplet

A hypermultiplet comprises a pair of complex scalars q}4 and a fermion ¥ satisfying
(a)" = Qapeqft, ()" =QapCy”, (2.39)

where

-1y O

Qup = < ’ 1N> , (2.40)

!3The orientation here is the opposite of that used in [86], and corresponds with the one used in [85].
Due to this choice, some forms which were anti-self-dual in [86] are now self-dual.
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is the invariant tensor of USp(2N), which is a symmetry group of N free hypermultiplets.
A,B,C,... indices are raised and lowered using 2. The gauge group is a subgroup of
USp(2N) whose indices we sometimes suppress.

The supersymmetry transformations read

0qr = —2i&r¢p, 6 =T"EDimg’ +i&roq” (2.41)

where D,, is covariant with respect to A,, and SU(2)g, and both A,, and o act in the
appropriate representation

(cq) = o?54". (2.42)
After twisting, the field qu‘ becomes a spinor
q= &gt (2.43)
This spinor is actually pseudo-real, and contains only 4 degrees of freedom
(¢*)" = QaBCq”. (2.44)
Its variation includes only the part of ¢ given by the projection
1 1
Ve =5 (Latoal™) ¢ =5 (14 +T%) 9. (2.45)
The supersymmetry transformations can be closed off-shell by introducing a superpartner
F for the component!'*
1
Yo =5 (la- %) 4. (2.46)
The twisted supersymmetry transformations are then given by
(5 =1 , (5 - E - HG )
q =iy (oa (. v ®)q (2.47)
oy =1, OF = AL, + Go) ¥ .

2.4.3 Supersymmetric actions on My, x S?!
The action for twisted theories is a covariantized version of the flat space action. This is in
contrast to the additional terms which appear, for instance, in the superconformal index,
on the five sphere, and on a general contact manifold. Such actions are still supersymmetric
because the Killing spinor is covariantly constant.

The flat space Yang-Mills term is given by [83]

1 1 1
SBy=—— [ Tr <2Fm"an — D™gDyo — 5D”DU + AT DA = A [0, Af]> ,

2
Iym
(2.48)
where D,, is the covariant derivative with respect to the connection A,,, see (2.27). The
action on My x S can be written as

1 1
R e — \/§Tr<2Fm”an — D"oDy0
9ym

1
— 5D”DU +INT" DA = Ap [0, N] > (2.49)

where D,, is covariant with respect to A,,, the spin connection and the SU(2) R-symmetry.

HSee [87, section 4.2] for a more complete explanation.
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In order to evaluate the Euclidean path integral with action

exp (— %/‘fxsl> , (2.50)

we must choose a contour for the bosonic fields. An appropriate contour which ensures
convergence of the integral reads

Al =A,, ot=-0, (DN =KDy, (2.51)

Integration of fermionic fields is an algebraic procedure and does not require such a choice
of contour. Note the change in reality conditions for the auxiliary field Dy;. In the rotated
variables, appearing in the supersymmetry transformations and in the rest of the paper,

1 1
SMaxSt e \/§Tr<2Fm"an + D6 Dy,0

1
+ 5D”DU +IAT" Dy A+ 1Af [0, A ] > (2.52)

The action for a hypermultiplet is similarly given by
! .
Sy, = / NG, (qu}“qufx + ¢ oapoPCql — 20 T Db a

(2.53)
+ 2ip o app? — 4 AaprgB + Qleﬂqul),

where the matrices UAB,)\IAB, and DAp act in the representation 9. This action is
convergent with the contour implied by the reality condition (2.39).

2.5 Localization onto the fixed points

The actions in the previous section are invariant under the fermionic transformation 6.
By a standard argument, expectation values of d-closed observables, and in particular the
partition function, are invariant under d-exact deformations of the action

Stotal = S + t5V, (254)

provided we choose the fermionic functional V in such a way that 6%V|posonic = 0,
0V |bosonic > 0, and all configurations which yield a finite result when evaluated using

Stotal also yield a finite result when evaluated using S. In order to localize the theory with
Euclidean measure

€xXp (_Stotal) ) (255)

we take the limit ¢ — oco. All configurations with dV|posonic 7 0 have infinite action in
this limit and the theory localizes onto the moduli space 6V |posonic = 0. The semi-classical
approximation around this moduli space yields the exact result for the functional integral.

In order to localize the five-dimensional N/ = 1 twisted theories, we can add the
following localizing terms

Vgauge = 5/Tr <21’1x AxFT 4+ %\Il A *(5@)*) )
(2.56)
Viaser =8 [ V3 (6 (005 + 02 (30205 + ¥AT" D).
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The bosonic parts of which are
1 %
8 Visauge | bosonic = /Tr <21’1H A*FT 4+ 3 (iyF' —1Do) A\ * (i, F — 1Do) ) ,

5Vmatter|bosonic = /\/§ ([(EU - HG@) Q]A (Ev + flG<I>*) qa + FAFA + FAFmDmQA> .

2.57
The field H acts as a Lagrange multiplier, setting ( )
Ft=0. (2.58)
The rest of the condition ¢Vgauge|bosonic = 0, then requires
Ft =0, iwF =0, Do =0. (2.59)
A similar procedure for the hypermultiplet localizing term yields

Ly,q=0, Goq=0, I“D;g=0, (2.60)

where in the last term we have made explicit use of the fact that
FT5V5¢ =0, (2.61)
by summing ¢ € {1,...,4}. These equations may admit solutions for certain representations

of the gauge group, which would indicate that there are moduli coming from the hyper-
multiplets. However, we will consider the situation in which the hypermultiplets are also
coupled to background vector multiplets frozen to supersymmetric configurations which
effectively give all hypermultiplets a generic mass. In this situation, there are no solutions
to (2.60). In what follow, we consider only solutions of the vector multiplet equations.

2.5.1 Bulk solutions
An obvious set of solutions to (2.59) is given by flat connections and covariantly constant
o. The topology of our spacetime satisfies

(Mg x S ~7Z. (2.62)

Flat connections are therefore parameterized by the holonomies around the S' factor,
restricted only by large gauge transformations. Using an appropriate gauge transformation,
these can be brought to the form of a constant Cartan subalgebra valued connection A©:

A9 =0, ie{1,2,34, AY e Cartan(g). (2.63)

Large gauge transformations identify
27

where j is an index in the Cartan subalgebra. At generic values of the holonomy, a covari-

(457), ~ (45")

J

antly constant scalar is then also constant and Cartan valued, i.e.

Omo® =0, [a“’),Ag,} ~0. (2.65)
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We denote

2
a=-10©0 = A" 350 ga+ %Z. (2.66)
Note that the equivariant action acts as
62 =1(L,+ Ga). (2.67)

In principle, the localization calculation includes an integral over the rank g cylinders
parameterized by a. Later on we will find it more convenient to move to exponentiated

coordinates on this space, whereby the integration region becomes ((C*)rk(g).

2.5.2 Fermionic zero modes

The quadratic approximation of dVgauge around a bulk configuration specified by a allows
fermionic zero modes for both x and W. In the presence of such zero modes the functional
integral naively vanishes. However, following [54-56], we will take this as an indication
that the localizing term needs to be improved to include a fermion mass term which will
soak up the zero modes. Since the additional term is by definition d-exact, the value of the
coeflicient with which it is added, as long as it is nonzero, does not change the final result.
The ¥ zero mode can be read off from the ¥ kinetic term which is proportional to

/Tr (UAX(Ly —Ggx) V) . (2.68)
The zero mode is a constant profile for the Cartan part of ¥ given by
TO) o vy, o \Iféo) . (2.69)

It is the superpartner of the holonomy.
The zero mode for x is also Cartan valued and can be identified using the projection
operator
7T My x St My, (2.70)

with a multiple of the pullback of the Kéhler form on My:
Y o 7w . (2.71)

Indeed, one can check that
Lox9 =G ¥ =0. (2.72)

We can construct a nowhere vanishing off-diagonal mass term by pairing the two sets
of zero modes using

YO = /Tr (0(0) A xx @ A W*w) , (2.73)
such that
sV = / Tr (m:“’) Axy© A rw + 0@ A% HO A W*w) , (2.74)
where we have defined
HO =550 (2.75)
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Note that the mass is nowhere vanishing due to the property

Trw Axmrw £ 0. (2.76)
We add to the localizing V the term —isV(©). Note that the reality conditions on H and o
require s to be real.
2.5.3 Fluxes

As shown in [55], the four-dimensional equations defined on My
iz =dg, (2.77)

admit Abelian solutions corresponding to equivariant line bundles supported on H? (My).
Specifically, the flux is viewed now as a symplectic form for the torus action represented
by ¥, and ¢ represents the moment map for the symplectic action.

The addition of 6V to the localizing action relaxes the constraint imposed by the
Lagrange multiplier in (2.59) from F™ =0 to

FT =jr*w 2.78
j ,

where j is some element of the Cartan subalgebra. The combined equations

iwF =0, Ft =jr*w, (2.79)
are five-dimensional versions of those analyzed in [55], with A5 playing the role of ¢. To
make the connection, use indices 1, 7, ... for M, and write the equation

1, =0, (2.80)

for an Abelian field strength in 4+1 notation as
ZNJiFij + 35Aj — ajA5 =0, ’DiaiAg, — QNJi85Ai =0. (2.81)

If we set 05A; = 0, then the first equation is the symplectic moment map condition. The
second equation follows from the first after applying ;.

The solutions above correspond to solutions of the moment map equation (2.77) and
define equivariant cohomology classes. The resulting equivariant line bundles are associ-
ated to the equivariant divisors on My. The relationship between these divisors and the
description of My using the toric fan is explained in appendix A. In particular, there is
an equivariant divisor D; for each vector in the fan, and therefore for each fixed point of
the torus action. The total flux is then associated with a linear combination of divisors
Z;izl p; Dy, where p; lives in the Cartan subalgebra. We denote the resulting field strengths
F©_ Note that

FO = 7+ (2.82)

for some two-form F4(O)0n May.
Notice that, due to (2.81), the field a acquires a nonzero profile on the manifold M.
Near the fixed points of the torus action, the field becomes

oV =a+ep+ e pri (2.83)
(OO

where the identification of the parameters €;”, €, is given in appendix A.
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2.5.4 Instantons

Near the fixed circles of v, the complex determined in section 2.4 coincides with the one
considered by Nekrasov [73]. We therefore conjecture, in the spirit of [3, 83, 86], that these
points support point-like instantons which are accounted for by the five-dimensional or
K-theoretic version of the Nekrasov’s partition function

Zi(iztxsl (gym, k,a, A eq,€2,8) , (2.84)
described in section 2.6. The parameters appearing in this partition function can be read
off from the classical action, the toric geometry, the metric, the fluxes, and the mass param-
eters. Specifically, the identification of the parameters €1, €5 and a is given in appendix A
and corresponds to the values appearing in (2.83).

The authors of [86] identified a class of solutions to the equations

Ft =0, iwF =0, ok =1, (2.85)

on any contact five-manifolds with contact structure determined by a one-form k. These
solutions were dubbed contact instantons. Although the one-form « defined in (2.25) is not
a contact form, the instantons appearing in our partition function are the same solutions.

2.5.5 Gauge fixing

As discussed in [3], one can add a BRST-closed term to the action in order to gauge fix
without disturbing the localization procedure. A convenient gauge for our calculation is
the background gauge

dhyA=0, (2.86)

where A represents the value of A at a point in moduli space. This gauge is part of the
definition of the Atiyah-Hitchin-Singer complex for the instanton moduli space [88]. We
will, in addition, gauge fix the scalar moduli such that their non-Cartan elements vanish.
The modulus a will be Cartan valued

at, iel,...,1k(G). (2.87)

Doing so incurs a determinant in the matrix model which is, however, already taken into
account in the one-loop determinant described below. An additional factor of the inverse
volume of the Weyl group, yﬁnrl, is also present.

2.5.6 Integration

Localization takes effect when the coefficient ¢ of the localizing action is taken to be very
large. The value of s is up to us. Following [55], we choose to take a limit

s — 00. (2.88)

In order to keep the moduli finite, we rescale

SONNEWOE (2.89)
S
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In taking the limit, the fermion zero modes acquire a large mass can be trivially integrated
out. In addition, ¢(°) drops out of all terms except (2.74). Following [55], we write the
remaining integral over the scalar moduli as
0 [dHy ,;
/ dada— | =2 eHo x (@ independent terms), (2.90)
8@ Ho

where we have used Hj to mean
/*H(O) ATHw . (2.91)

The fact that the integrand is a total derivative in @ should also follow from the algebra of
supersymmetry of the zero mode supermultiplet [4, 89].

The integral, being a total derivative in a, reduces to a contour integral. After the
integral over Hg, which takes the residue at Hy = 0, we will be left with the contour
integral of a meromorphic function of a. Following [4, 89-91] we expect that the interplay
between a proper regularization of the integrand and the use of the zero mode H° as a
regulator will lead to the determination of the correct contour of integration. We also
expect that the appropriate contour is given by some Jeffrey-Kirwan prescription [92]. In
related contexts, this prescription appears in the calculation of the instanton partition
function [91, 93]. It also makes an appearance in the calculation of the partition functions
of the two-dimensional A-model [4, 89] and the three- and four-dimensional topologically
twisted indices [4], which are lower-dimensional analogues of the partition function on My
and the five-dimensional twisted index. We postpone to future work the determination of
the correct contour of integration.

2.5.7 Classical contribution

Classical contributions to the localization calculation come from evaluating (2.52)
and (2.53) on the moduli space identified above. Since all hypermultiplet fields vanish
on the moduli space, there is no contribution from (2.53). Moreover, the bulk moduli do
not contribute even to (2.52). This is in contrast to the contact manifold case [85]. The
contribution of instantons will be discussed when we discuss the Nekrasov’s partition func-
tion. All that is left is the contribution of the fluxes and the auxiliary field to (2.52). Recall
that the evaluation of the classical action is on the configurations such that the right hand
side of the fermion transformations vanish. Specifically, this implies that H = 0, regard-
less of the reality conditions of D;y. In fact, H appears alone on the right hand side of
the transformation of y, see (2.36), meaning that we are free to add an arbitrarily large
quadratic term for it in the localizing action. The equation H = 0 imposes the relation

FlO+ — —%gf Ty’ DY) . (2.92)

mn

Similar relations involving fluxes appear in the three-dimensional computations of the
twisted indices [4, 18]. The relevant part of the classical action is

exp |:—1/ <F(0) /\*F(O) + ED(O)IJ /\*D(O)>:|
2 9 1J
IyMm
1

= exp [ —— <F‘(,O) ARED + FOF A xm DY (2.93)

Iym

+ Y7 AFYT + %D(O)” A *D{’})] .
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Due to the properties of F(©), we can rewrite this as

1
exp [_f / <F4<0> N O 2D<o>uDgg>)]
9ym I My

_ _ 1
— oxp [_ 25 / <F4(0)+ A FiOH B Féo) A F4(0) n 2D(0)IJD§(?>:|
IvyMm J My

(2.94)

1

~ exp [_ f / (2 FO+ o O _ 5O ) 5O 4 L DO Dg)ﬂ
9ym I My

where F(©) = 7T*F4(0) and we have used (2.92).
Given the relationship between the field strength and the differential representative of
the first Chern class
c1(A) = ——WF, (2.95)

the classical contribution can be written as

25 (v ) =es [ 52 ([ et natoh)] =es (52w,

. d
c(p) = <;sz> : <;sz>-

The factor ¢ (p) can be evaluated for any given fan and choice of p; using the techniques in

appendix A. We will give explicit examples in section 2.7.

2.5.8 Omne-loop determinants via index theorem

We can compute the one-loop determinant from the equivariant index theorem. We fol-
low the derivation in [3, 94]. The fields appearing in the supersymmetry algebra (2.36)
and (2.47) can be put into the canonical form

0Pe,0 = Pose s 0Poe = Repe,o - (2.97)

where ., p. are bosonic and ¢,, Y, are fermionic. The expression above is meant to
represent the d-complex linearized around a point in the moduli space. We can identify

R =1(Ly, + Gg) . (2.98)
The localizing functional contains a term of the form
V = 0o Docipe (2.99)
According to [94], the result of the Gaussian integral around a point in moduli space is
given by

detcoker Doe 7—\)f|o

‘ 2.100
detyer Doe 72*|e ( )

Z 1-loop =
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Using (2.56) and the supersymmetry algebra, we can identify
vector _ (1+ip%) (1 — K Ady)da, Dhyper _ FiDz' = 7 DDbirac - (2.101)

The operator D! is the projection of the covariantized exterior derivative operator on
My, acting on one-forms, to the self-dual two-forms. One should take into account the
gauge fixing. Together with DVe°t°r this forms the self-dual complex

Dgp : Q0 4 ot I g2+ (2.102)

tensored with the adjoint representation. D™P®' is simply the Dirac operator on My. The
relevant complex is the Dirac complex

Dbpirac : ST — 57, (2.103)

tensored with the representation of the gauge and flavor groups. The bundles ST are the
positive and negative chirality spin bundles on M,. If My is not spin, these should be
replaced by an appropriate bundle associated with a spin® structure. Neither of these com-
plexes are elliptic. However, both are transversely elliptic with respect to the action of R.

The data entering (2.100) can be extracted from the computation of the R-equivariant
index for the operator D,e:

ind Doe = Trier p,. €~ — Treoker Dy € - (2.104)

The computation of this index is described in [95]. We will follow the exposition in [96]. Let
& be a G-equivariant complex of linear differential operators acting on sections of vector
bundles E; over X:

£:T(Ey) 25 1(B) 25 T(By) — ...,  DiDifq=0. (2.105)

The equivariant index of the complex &£ is the virtual character of the G action on the
cohomology classes H*(E):

indeD(g) = Y (1) Tryneyg, 9g€G. (2.106)
k

If the set of fixed points of G is discrete, the index can be determined by examining the
action of G at those points, denoted X©:

ChG(gE"lf)‘ (2.107)

dgD =
indg Z detTm )

The numerator in this expression encodes the action of G on the bundles, while the de-
nominator is the action on the tangent space of X. We refer the reader to [94] for more
information, and to [95] for a complete treatment.

The index and the one-loop determinant can be computed using the equivariant index
theorem on My. There is one fixed point at the origin of every cone in the fan which
determines My. The copy of C? associated to the cone is acted upon by the equivariant
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parameters, and feels the flux from equivariant divisors associated to the two neighboring
vectors, as determined in appendix A. All that is needed to construct the character for My
is to add up the contributions. The subtleties in the calculation involve the use of the right
complex for the index theorem, and the necessity of regularizing the infinite products that
it yields.

The complex identified above for the vector multiplet is the self-dual complex. Follow-
ing the discussion in [97], we use the Dolbeault complex (the “holomorphic projection of
the vector multiplet”) and find a match to the gluing calculation in section 2.7. The two
complexes are related on a Kéhler manifold (see e.g. of [98, section2.3.1]). The relevant
index for the twisted Dolbeault operator 0 on C? x S' is given by

iIld’RTF |(C2><Sl = Z Z

aeGn=—00

6 13 e ia(p1)er 61101()32)6261104@)
1 — 6_1161) (1 _ 6—1162) ’

(2.108)

where we have incorporated the free action of the rotation on S' and denoted by p1,2 the
coefficients of the two divisors. Here, o are the roots of the gauge group G and the €12
are arbitrary complex deformation parameters, which we will take to zero at the end. The
complete index reads

indR 7" (9)| p, x5t = ZdeM Ne2xst (2.109)

where d is the number of cones in the fan determining M, and R signifies the use of the
coefficients and equivariant parameters relevant to that cone.

We will explicitly evaluate the one-loop determinant resulting from (2.109) only in the
non-equivariant limit. Define the degeneracy

d gap)e gialpri)es
d(p) = lim

Z - (1) (1)
€1,2—0 = (1 — e lg ) <1 —e —ieg )

Our flux conventions are those in [96]. The limit reduces the equivariant index to the

(2.110)

Hirzebruch-Riemann-Roch theorem
d(p) = / ch(E)td(My) | (2.111)
My

where E corresponds to Zle piD;. We will give explicit examples of degeneracies in
section 2.7.
The one-loop determinant for a vector multiplet is then given by

o0 d(a(r))
ZSomn (a9, 8) = ] [ 11 <ﬁ2ﬁ7rn+i1a(a)>] : (2.112)

a€G n=—0o0
The infinite product above requires regularization. A physically acceptable regularization
is given by

o

27 1—a® i '
. . o a — Jifala — ~at
| | <nﬂn+na(a)> = <1‘°‘/2) , 2 = etfela) ala) = a;a’. (2.113)

n=—oo
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This choice has simple transformation properties under parity and correctly accounts for
the induced Chern-Simons term when used in the three-dimensional calculations [4]. See
also [91] for an example of its use. We thus obtain

vector 1—z® dle(p))
Zl-loop (a7p76) = H 75 . (2114)

a/2
aeG x

The index for a hypermultiplet is based on the twisted Dirac complex instead of the
Dolbeault complex. It also incorporates background scalar moduli and fluxes, which we
denote A and t; respectively. Given the relation on My between these two complexes, one
needs to change the index for the vector multiplet by an overall flux corresponding to the
square root of the canonical bundle and take into account the opposite grading between the
two complexes [96]. The canonical bundle is minus the sum of all the equivariant divisors.
In addition, there is an € dependent choice of the origin of the flavor mass parameter. The
choice corresponding to the superconformal fixed point in five dimensions was discussed
in [99-101], following the correction to the four sphere partition function found in [102].
The authors of [55] found a match with the results derived by Vafa and Witten in [103]
for the N' = 4 theory with yet another choice. If the manifold My is not spin, there may
be other complications related to the choice of spin® structure. Specifically, we have made
no attempt to identify the canonical spin® structure associated with the almost complex
structure of My since this choice can be shifted by background fluxes. For notational
convenience we choose a common shift of the mass parameter for all manifolds

1
A A-(ate), (2.115)

although this may require an appropriate redefinition of the origin of the background fluxes
in particular examples.
Incorporating both of these leads to

d_ oilp(pr)+r(t)—1)et” pilp(pren) +(tien) —1)ey)

dbPer(p £) = — lim

€1,2—0

5 (e ) (i)

where R is the representation under the gauge group G, p the corresponding weights, and v

(2.116)

is the weight of the hypermultiplet under the flavor symmetry group. The complete result
can then be written as

1 — xPy”
h H Y
Zl.}I(I))s;) (Q’Aﬂ%taﬁ) = (
pPER

dhyper(p(p)vy(t)) . A
) , Y = A, (2.117)

xp/2y1//2
2.6 The Nekrasov’s partition function

In this section we collect the expressions for the K-theoretic Nekrasov’s partition function:

2 1 2 1 2 1
Zf(\fjeljrisov(gYM; ]{57@7 A: €1, 6275) = der?;S Zi((l:lstxs . (2118)

As we will discuss in the next section, the topologically twisted index on My x S' can be
obtained by gluing copies of the Nekrasov’s partition functions in the spirit of (2.14).

— 24 —



2.6.1 Perturbative contribution

The perturbative part of the partition function on C? x S' consists of a classical and a

one-loop contribution.

Classical contribution. The classical contribution to (2.118) is given by [104, 105]

4n*f Trr(a)? + W%(&)) , (2.119)

C2x St
Zg ( - 5
gymE1€E2 €1€2

gyM;, k)av €1, 62) = exXp (

where k is the Chern-Simons level of G and Try is the trace in fundamental representation. !

One-loop contribution. We will use the perturbative part of the partition function on
C? x S' as defined in [106]. For a gauge group G the contribution of a vector multiplet to
the perturbative part is given by

2, ql ~
derz(—gector (617 €2, a; A’ 5) = &Xp ( B Z Ye1,e2 (O‘<a)|ﬁ; A) ) ) (2.120)
acG
where
o 1 m?a C(B) €1 + €2 72
€1,€ ;A = — | — — al A) +
Vei,e2 (a‘ﬁ ) €16 ( 65 52 + 2e1es a log (/B ) Gﬁ
1 5 1 3 )
9e16s [_6 <a + 5 (€1 + 62)> +a”log (BA)] (2.121)
2 2 00 —Bna
€1+ e+ 36162 1 e
. s = A )
12¢€1€9 5 + Zl n eﬁnel -1 (eﬁnEQ _ 1)

With this definition of the perturbative part of the partition function, the authors of [106]
derived a formula for the partition function for the blowup of C? at a point, which is
just an example of the gluing procedure we will discuss in section 2.7. This expression
is written in the conventions of [106] and also includes what we already defined as the
classical contribution. One can swap between the conventions by

athere _ _]-lahere 7 6Ehere _ _ﬁG?ere ) (2122)

The one-loop contribution from a vector multiplet in our conventions is given by

2., gl 2, a1
Zicloi;g, vector(a’ €1, 62) Zg:arft? vector(a’ €1, 62) H (:Ua;pa t)OO )
aeG
C2x St o 1 1 1'1(61 + 62)
Zparity, Vector(a7 €1,€2) = al;[GeXP [6162 (25293 (—a(Ba)) - 745 g2 (—a(Ba))
i(er+¢2)? i i (3)
t— o (—(Ba)) - %(61‘”2) T (ef+e3) - B3
(2.123)

5The generators T, are normalized as Tro(ToT5) = k(M)dap with k(F) = 1/2 for the fundamental
representation of SU(N).
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Here, we defined the double (p, t)-factorial as

[e.9]

(@D t)oe = [] (1 —ap't), (2.124)
,j=0

where p = e7¥€ and t = e7##¢2. The polynomial functions gs(a) are given in (E.3). The
parity contribution in (2.123) is related to the choice of regularization we made in (2.113).
It can be partially understood as an effective one-half Chern-Simons contribution (2.119).
The contribution of a hypermultiplet to the one-loop determinant instead reads

ZC2x 8! (0,0 e1,69) = ZE 55 (0, A €1, €) H(wpyy;pat)_l

1-loop, hyper parity, hyper 00
pPER
2. ql 1 1
Zy e hyper(@: A €1, e2) = [ exp [6162 (25293 (p(Ba) +v(BA))

PER
(e +e€2) i(€1 +€2)?

+ ng (P(ﬁa) + V(BA)) =+ ~ 1 & (p(ﬁa)—l—u(ﬂA))
18 im

+ %(61 + €)% + 18 (1 + €3) ﬂ . (2.125)

Putting everything together, the perturbative part of the Nekrasov’s partition function
can be written as

C2xs?t _ 7C2x St 2%t C2xs?t
Zpert (gYM’ k,a, A, €1, €, 5) o ch Zl—loop7 vector Zl—loopa hyper * (2'126)

2.6.2 Instantons contribution

The localization calculation for a five-dimensional gauge theory conjecturally includes non-
perturbative contributions from contact instantons [83, 86]. With the equivariant deforma-
tion turned on, these configurations are localized to the fixed points of the action on My
and wrap the S'. Their contribution to the matrix model is given by the five-dimensional
version of the Nekrasov’s instanton partition function, which we describe below.

Nekrasov’s instanton partition function, [73, 74], is the equivariant volume of the in-
stanton moduli space on R* with respect to the action of

U(1)g x U(1)e, x U(1), . (2.127)

The three factors correspond to constant gauge transformations and to rotations in two
orthogonal two-planes inside R?, respectively. The five-dimensional version of the parti-
tion function counts instantons extended along an additional S! factor in the geometry, of
circumference 5. The four-dimensional partition function can be recovered by letting the
size of this S! shrink to zero. As with the perturbative contribution, there is an ambigu-
ity related to the regularization of the KK modes on the extra circle. Different looking
expressions are found in [100].
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The K-theoretic instanton partition function for gauge group U(NN) in our conventions,
as derived from [106-108], is given by

2 1 Y,
Zj(rclstxs (Q7 k7a7A7617627/8) = Zq‘Y|Zg7sk (aa 617627/8) Z? (a7A76176275)7

¥
N, (2.128)
Zg (a,A e, €2, 8) = ZF (a,e1,62,8) [ | Zgyper (a, Ay, €162, ).
=1

We have

N
ZYQ'7Sk_(G’7€17627/6) = H H e_nﬂk¢(aivs)7

i=1s€Y;
N S\l
254 0 e1,00,8) = [] (N50)
i,j=1
N —
ZEI (0, A e e, 8) = [ N5(A), (2.129)
i,j=1
N
lelnd-hyper(a,A,El,GQ,,B) _ H H (1 _ eﬂﬂ(¢(ai,s)+A+61+62)) ’
i=1s€Y;
NE(A) — H (1 _ eﬁﬁ(E(aifaj,Y},Yi,s)JrA))
s€Yj
> H (1 _ eﬁﬁ(q—&-ez—E(Gj—anYqu7t)+A)) ’
tey;

where for a box s = (4,j) € Z>¢ X Z>o we defined the functions

E(CL, Yl, Yg, 8) =a — 61Ly2 (8) + 62(Ay1 (8) + 1) s
dla,s)=a—(i—1)eg — (j — 1ea.

The rest of the symbols above are defined as follows.

(2.130)

— Y is a vector of partitions Y;. A partition is a non-increasing sequence of non-negative
integers which stabilizes at zero

Yi={Yi1>2Yio>...2Yi1=0=Y40=Yip43="...}. (2.131)
We define
N
Y= > vy (2.132)
ij=1

— For a box s € Y; with coordinates s = (i,j), we define the leg length and the arm
length

Ly, (s) =Y}

Toi,  Ay(s)=Yy—j, (2.133)

where T stands for transpose.
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— ais a complex Cartan subalgebra valued scalar of framing parameters associated with
the gauge group action.

— A is a flavor symmetry group vector of mass parameters for the hypermultiplets.

— ¢ is a counting parameter coming from the one instanton action
_er’p
qg=ce IYM (2134)
2.6.3 Effective Seiberg-Witten prepotential

In this section we provide the general form of the perturbative Seiberg-Witten (SW) pre-
potential for a 5D N = 1 theory with gauge group G, coupling constant gyn, and Chern-
Simons coupling k. For a theory with hypermultiplets transforming in the representation

M1 of G, the effective prepotential is related to the Nekrasov’s partition function delfrislov
as follows [73, 74, 106]:
2riF = — lim €1€2 log ZNekraslov(gYM7 k a, Aml, €1,€9, ﬁ) y (2.135)
€1,62—>
whose perturbative part can be explicitly written as
s ik
2miFP" (a, A) = An’b Trp(a®) — MTIVF( )
gYM 6
ﬁg 5 3 [Liae®) + S (-a(50) - €3) (2136)
acG
5 =D [Lls 271y"") = 593 (p1(Ba) + vi(BA)) = C3) |
I preR;

where the function gs(a) is defined in (E.4). The first term in (2.136) comes from the
classical action while the Lig factor is the one-loop contribution of the infinite tower of
KK modes on S! as discussed in [63]. The other polynomial terms come explicitly from
the limit of the perturbative contribution in [106]. We interpret them as effective Chern-
Simons terms coming from a parity preserving regularization of the path integral, as also
discussed in section 2.5.8.

2.7 Partition function on My x St

The functional integral under consideration is to be computed in an exact saddle point
approximation around the moduli space which comprises the bulk moduli, the fluxes, and

the instantons. We will assume as in [54-56] that the complete partition function is given
ZC xSt

Nelrasoy: one for each fixed point of the toric action. At each fixed

by gluing d copies of
point, the parameters a, A, €, €; in (2.118) are replaced with their equivariant version a(",
AW, egl), egl), whose explicit form is explained in appendix A and given, for simple cases,
in examples 2.1-2.3. In particular, as in [55], the gauge magnetic fluxes are incorporated

into this expression through

V) =a+ egl)pl + Gg)PlH . (2.137)

~ 98 —



The reason for this replacement is discussed in section 2.5.3 and it is also easy to see in the
index theorem discussed in section 2.5.8. Furthermore, the equivariant chemical potential
is given by (see the discussion around (2.115))

AW = A+ egl)tl + Gél)tl+1 ) A=A- ( v + e(l)) . (2.138)

As we will see this gluing is consistent with the classical and one-loop contributions deter-
mined in sections 2.5.7 and 2.5.8.
The topologically twisted index of an N = 1 theory on My x S' then reads'

x(Ma)

2. gl 1 l
Tt = D ?{da H 78S (a® D D 8 g ADY (2.139)
{p; }|semi-stable

Here, following [53-56], we restrict the sum in (2.139) to fluxes p; corresponding to
semi-stable bundles. It was argued in [54-56] that the sum should be extended to all
semi-stable equivariant bundles. These are classified by a set of fluxes p;, one for each
divisor,'” subject to stability conditions that have been studied by mathematicians [112].
These conditions are already quite complicated for N = 2. Summing over all semi-stable
equivariant bundles, the authors of [54-56] found perfect agreement with known Donaldson
invariant results. In this paper we have not determined either the correct contour of
integration or the correct conditions to be imposed on the fluxes. We expect that the two
aspects are related.

Notice that formula (2.139) is consistent with and generalizes the blowup formula
derived in [106], which just corresponds to the case where My is the (non-compact) blowup
of C? at a point.'®

In this paper we will be interested in theories with gauge group U(N) or USp(N).
Moreover, we want the partition function in the large IV, non-equivariant limit €; o — 0.
The appropriate large N limit is defined in the next section. We will assume that the

instanton contribution to the free energy, defined by

F./\/l4><51 E—IOgZM4X51, (2140)

decays exponentially in any such limit. This is supported by the appearance of the factor
¢Y! in (2.128). In the following sections, all partition functions are written only for the
zero instanton sector.

2.7.1 The non-equivariant limit

The Nekrasov’s partition function (2.118) is singular for e;,ea — 0 but the product
n (2.139) is perfectly smooth in this limit. By performing explicitly the limit, we can

16Similar gluing formulae hold for other five-dimensional partition functions [109-111].

"Remember that there are d divisors but only d — 2 independent two-cycles in the cohomology of M.

'8See [106, eq. (4.14)]. The blowup of C? at a point can be described by a toric fan with 71 = (1,0),
ﬁg = (1, 1) and T_ig = (0, 1).
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write the classical and perturbative part of the localized partition function in the non-
equivariant limit as

(G o dla(p))
dz; (p1)+22 Trp (c(pi)a) 11—z
ZM4><SI = Z% H omic, 9 H < —7 >
o e o) a(fi (2.141)
1— xp[ vr hyper (P1(P1),V1(4
XH H <xl71/2 V1/2> )

I premy

As one can see, the results from gluing (and taking the non-equivariant limit) precisely
match the classical contributions (2.96) and the one-loop determinants evaluated using the
index theorem (see (2.114) and (2.117)). We may also expect some simplification in the
sum over fluxes compared with the equivariant formula (2.139). We expect that, in the
non-equivariant limit, the fluxes p; should just correspond to the set of non-equivariant
bundles on Mjy.

Formula (2.141) has a natural interpretation in terms of the quantum mechanics ob-
tained by reducing the five-dimensional theory on M. In the reduction on My in a sector
with gauge and background fluxes p; and t;, we will obtain a set of zero modes whose mul-
tiplicity is given by the Hirzubruch-Riemann-Roch theorem and coincides with d or dpyper-
They will organize themselves into a set of Fermi or chiral multiplets according to the sign
of d and dhyper- Eq. (2.141) is then precisely the sum over all sectors of gauge magnetic
fluxes of the localization formula for the corresponding quantum mechanics partition func-
tions, as derived in [91]. This is in complete analogy with the structure of the three- and
four-dimensional topologically twisted indices [4].

Some examples of the calculation of the degeneracy are given below. We refer to
appendix A for details and notations.

Example 2.1. Complex projective space, P2.

= (1,0), g = (O, 1), i3 = (—1,—1). (2.142)
P2 g, Do
l 1 2 3
D | e — —
1 1| €2 — € €2 i1, Dy
6%1) €9 —€1 €1 — €2
i3, D3

cp2(pr) = (p1 + pa2 + p3)?,
1
dp2(p;) = §(P1+P2+P3+1) (pr+p2+p3+2),

er 1
AP (pr, ) = —5 Bt tpstti bttt =2 (P2t ht it — 1)
(2.143)
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Example 2.2. The product of two spheres, Fy ~ P! x P

ny = (1,0), Ty = (O, 1), 3 = (—1,0), Ty = (O, —1). (2.144)
Fo N, Do
l 1 2 3 4
(l) €1 | € | —€1 | —€ - o
0 n3, D3 i1, D1
€ €9 —€1] —€2 €1
4, Dy

cry(Pr) = 2 (p1 + p3) (p2 + pa)
dry(p1) = (p1+p3 + 1) (p2 +pa+ 1), (2.145)
AP (o) = — (pr+p3+tiHt3 — 1) (P2 +pa + o+t — 1).

Example 2.3. Fy, the blowup of P? at a point.

i = (1,0), iy =(0,1), 5= (=1,1), #ig=(0,—1). (2.146)
Iy . fig, Da
1 2 3 4 3, Dy
(l) _ _
(l) €1 | €1t € €1 €2 i1, D1
€9 €9 —€1 —€1 — €2 €1
M4, Dy

cr, (p1) = (P2 + pa) (2p1 — P2 + 2p3 + pa) ,

1
diy () = 5 (P2 + pa+ 1) (201 — 2+ 2p3 +pa +2),
er 1
AP (p1, 1) =52t patta+ta—1) (201 —p2+ 203+ pa+ 26 — 2 + 25+ — 2).

(2.147)

2.7.2 A closer look at P! x P! x S1

We can compare the previous result with the expectations for the case P! x P! x S*, where
the computation, in principle, can be done by an explicit expansion in modes. By an
obvious generalization of the results in [4], we expect the following partition function

rk(G)
© dx; o7

sr28 2 e (mn)+8 Trr (mna) 1 — o\ (em+D(a(m)+1)
Zp1yply gl = ’Qﬂ| Zj{ H 2771113 g( 70/2 >
<1111

<xp1/2 yvi/? > (pr(m)+vr(s)—1)(pr(n)+vr(H)—1)
I prefy

)

1 — grI yVI

(2.148)
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where m/n (and s/t) are the gauge (and background) magnetic fluxes on two spheres. The
degeneracies come from the Hirzebruch-Riemann-Roch theorem and the classical action
comes from an explicit computation along the lines of section 2.5.7.

We see that the result coincides with (2.141) with the replacements

m=p;+Pp3 n=p+ps, s=1 + {3, t=t+1t4. (2.149)

The integral in (2.141) indeed only depends on such combinations. We also expect that, in
the non-equivariant limit, the sum over semi-stable equivariant fluxes reduces to a sum over
the two standard fluxes m and n on P! x P'. Such set of non-equivariant fluxes was indeed
used in [54], where the four-dimensional partition function on P! x P! has been studied.

Notice that, in the conventions that we are using for the background fluxes, what we
will call universal twist [113, 114] in section 3 corresponds to s =t = 1.

3 Large N limit

In this section, we analyze the large N limit of some of the topologically twisted indices
and other related quantities, finding an interesting structure.

In the large N limit we may expect some simplifications. In particular, instantons
are suppressed and the perturbative contribution to the topologically twisted index of 5D
N =1 theories discussed in section 2 becomes exact. Moreover, we may also expect that
the choice of integration contour and the stability conditions on fluxes become simpler at
large N. In particular, we will work under the assumption that, in the large N limit, the
fluxes become actually independent.

In the topologically twisted index of 3D N = 2 theories on X4, x S* [4, 8, 13, 18]
a distinguished role was played by the twisted superpotential W of the two-dimensional
theory obtained by compactification on S (with infinitely many KK modes). In particular,
the partition function can be written as a sum over the set of Bethe vacua of the two-
dimensional theory, which corresponds to the critical points of W [8, 13]. Moreover, in
the large N limit, one particular Bethe vacuum dominates the partition function [5]. The
natural quantity to consider for the 5D topologically twisted index is the SW prepotential
F(a) of the four-dimensional theory obtained by compactification on S*. There are two
reasons to expect that the critical points of F(a) play a distinguished role in five dimensions.
First, the partition function of the topologically twisted A/ = 2 theories in four dimensions
can be split into two contributions, one coming from the integration over the Coulomb
plane (usually called the u plane), and the other from the locus where monopoles and
dyons become massless, corresponding to the critical points of the prepotential F [115].
The integral over the u plane also often reduces to boundary contributions from all the
singular points in the moduli space. Secondly, in the integrable system obtained by placing
the four-dimensional theory on a -background on R?* with ¢; = f and €y = 0, the Bethe
vacua read [116]

exp <ﬁ(3y(;z§®> =1, j=1,...,1k(G), (3.1)
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where VNVh(a) is the twisted superpotential for the two-dimensional effective theory obtained
by reducing on the Q-deformed copy of R?. We expect that these conditions play a role in
the equivariant partition function with ¢; = A and €5 = 0. Since Wh(a) has the following
expansion as i — 0,

Wa(a) = —2%]:(61) o (3.2)

we also obtain, in the limit 7 — 0, the quantization conditions (cf. [117, eq. (3.62)] and [118,
eq. (4.6)])

J

It is possible that, in taking the non-equivariant limit of the index, the information about
the pole configurations of the integrand is partially lost and we need to impose extra
conditions following from (3.3). For all these reasons, we may think that the critical points
of F(a) may play a role in the evaluation of the index. In particular, in analogy with
the 3D index, we may expect that, in the large N limit, one particular critical point of
F(a) dominates the partition function. We will provide some evidence of this picture
by evaluating various quantities in the large N limit at the critical point of F(a) and
showing that they nicely agree with holographic predictions. Independently from these
considerations, the problem of finding the distribution of critical points of F(a) in the
large N limit is interesting in itself and deserves to be studied.

We will then consider the large N limit of the distribution of critical points of the
functional F(a) focusing on two 5D theories, N' = 2 SYM, which decompactifies to the
N = (2,0) theory in six dimensions and the A" =1 USp(2N) theory with Ny flavors and
an antisymmetric matter field, which corresponds to a 5D UV fixed point. In both cases we
find that the value of F(a) at its critical points, as a function of flavor fugacities, precisely
coincides, in the large N limit, with the partition function of the same theory on S°. This
is in parallel with what was found for the twisted superpotential of 3D N = 2 theories in
the large N limit [46], thus re-enforcing the analogy between the two quantities.

We shall then study the large N limit of the topologically twisted index of 5D N =1
theories on P! x P! x S1. With no effort, we can replace P! x P! x S! with the more general
manifold X, x $g, x S! and we will consider this more general case in the following. The
interest of this model is that we can formally dimensionally reduce on ¥4, and obtain
a three-dimensional theory. In three dimensions we can guess the form of the partition
function in the large N limit and use the results in [4, 8, 13, 18]. We expect the partition
function of the three-dimensional theory to be given as a sum over topological sectors
on Yg,. We will denote the gauge/flavor magnetic fluxes on ¥4, and Xy, by m/s and
n/t, respectively. We also denote by A a complexified chemical potential for the flavor
symmetry. In each sector of gauge magnetic flux n on Xy, we have a twisted superpotential
for the compactified theory satisfying [119]

OW(a,n, A ) 9F(a,A) W(a,n, A ) 9F(a, D)
o = o o o = 2o (3.4)
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One way to determine W is to compare the 5D partition function for P! x P! x S! given in
section 2 with the structure of the topologically twisted index in three dimensions. This is
given by localization as a contour integral of a meromorphic quantity [4, 13, 18]

. BW(a,n)

m; —5 =+
Y ZR(a,mm) =Y ™ Z(a,m=0,n), (3.5)
mEFh mEFh

where T'y is the lattice of gauge magnetic fluxes for the gauge group G. By generaliz-
ing (2.148) from P! x P! to Xy, x £, as in [18], and choosing a convenient parameterization
for the fluxes, we expect the integrand Z3P(a,m,n) to be

int

(d . 82VNV(a,n))gl 37525 Trp(mn)+ikS Tre (mna) H (1 - xa>(a(m)+1gl)(“(“)“52)
-~ 7 eIYm -

i 8a¢8aj xa/Q
acG 3 6)
xpz/Q vr/2\ (pr(m)+vr(s)+g1—1)(pr(n)+vr(t)+g2—1) (3.
XH H <1_$p1yl/[> :
I preR;
We can therefore read off the twisted superpotential
APt (a,m, A, = — 2 1) 1 5 T (na)
gYM 2
1
5 52 (e +1-m) L") = 502 (a(60)
@€ (3.7)
Z > (o) + () + g2 — 1)
I preR;
. v 1
 [Liaary1) = S (pa(p) + o)
that indeed satisfies (3.4).
The topologically twisted index can then be computed as follows [8, 18]
_1)k(G) 82Wpert g1—1
pert _ ( 1) pert (a7n)
2334y x (g, x51) (5 6 A) = 20| D D 2P (e dgt da;da; ’
HEF[) a= a( )
(3.8)
where a(;) are the solutions to the Bethe ansatz equations (BAEs)
8~pert ALt
e ) R R () 3.9)
J

As we will see below, these BAEs (3.9) fix the value of the gauge magnetic fluxes n; in the
large N limit, hence, one needs an extra input in order to fix the value of the Coulomb
branch parameter a;. Assuming that the right condition to be imposed in the large N
limit is (3.3), we will be able to compute the index for both N'=2 SYM and the USp(2N)
theory.!® In particular, in the case of N' = 2 SYM, thought of as compactification of the

19An alternative method for evaluating the partition function of the USp(2N) theory is discussed in
appendix D.
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6D N = (2,0) theory on a circle, the index computes the elliptic genus of the 2D CFT
obtained by compactifying the 6D theory on ¥4, x ¥4,. And, indeed, we find the correct
Cardy behaviour of the index in the high-temperature limit. This is in parallel with what
was found in [26] for the topologically twisted index of 4D N =1 SCFTs on X4, x T?.

Finally, we will also consider the large N limit of the twisted superpotential (3.7) and
the distribution of its critical points. We expect the on-shell value of wrert ¢ compute
some physical quantities of the intermediate compactification on ¥g,. We find indeed that
this is the case. For N' = 2 SYM, the critical value of WPert g precisely the trial central
charge of the 4D SCFT obtained by compactifying the 6D (2,0) theory on Xg,, computed
both in field theory and holographically in [65, 66]. Quite remarkably, the identification
holds for an arbitrary assignment of R-charges for the trial central charge. For the USp(2N)
theory, the critical value of VNVpert, extremized with respect to A, coincides with the S3 free
energy of the 3D theory, obtained by compactifying the 5D fixed point on ¥,, recently
computed holographically in [64].2°

3.1 N = 2 super Yang-Mills on X4, X (g4, X ST)

A decoupling limit of type IIB string theory on asymptotically locally Euclidean (ALE)
spaces predicts the existence of interacting 6D, A" = (2,0) theories labelled by an ADE Lie
algebra g = (Ap>1, Dp>4, Eg, E7, Eg) [120]. The Ay_1 type can also be realized as the low-
energy description of the worldvolume theory of N coincident M5-branes in M-theory [121].
A direct formulation of the (2,0) theory has been a long standing problem. However, it
has been argued in [59-61] that the (2,0) theory on a circle 5(16) of radius Rg is equivalent
to the five-dimensional N' = 2 supersymmetric Yang-Mills (SYM) theory, whose coupling
constant is identified with the 5(16) radius by

ey
Rg = == 3.10
67 gr2 (3.10)
We are interested in computing the partition function of the (2,0) theory on ¥y, x
(Bg, x T?), partially topologically twisted on ¥4, X ¥4,. Given the above relation between
the (2, 0) theory and 5D maximally SYM, and considering the torus 72 = S x 5(16), this is
equivalent to compute the twisted partition function of N'=2 SYM on g, x (Zg, x S1).
A further reduction on S* gives a four-dimensional theory. Recalling that the length of S*
is 3, we see that the (complexified) gauge coupling of the four-dimensional theory can be
correctly identified with the modular parameter of the torus 72 = S x 5(16),
4mifs i6
T= = :
9\2(1\/[ 21 Rg

(3.11)

The twisted compactification of the (2, 0) theory on Xy, X3, gives rise to an N = (0, 2)
SCFT in two dimensions [68]. The holonomy group of X3, x g, is SO(2); x SO(2)2. In
order to preserve N = (0,2) supersymmetry in two dimensions we turn on a background

20The free energy on g, x S* as a function of A was explicitly computed in field theory in [67] after the
completion of this work and perfectly agrees with the on-shell value of WP as a function of A.

— 35 —



Abelian gauge field coupled to an SO(2)? subgroup of SO(5) g, embedded block-diagonally.
The right-moving trial central charge ¢,(A) and the gravitational anomaly k = ¢, — ¢; for
this class of theories were computed in [68] and, at large N, they can be rewritten as (see
also appendix C)

2N352
(2m)?
_ N3,82 2 s 82(A1A2)2
~ (2m)2 A2 T AN,

cr(s, t, A) ~ 01(5, t, A) ~ [AlAQ(’qu + f251) + (Alﬁg + Agﬁl)(Ath + Agtl)]

(3.12)

)

where we introduced the democratic chemical potentials and fluxes for the SO(2)? subgroup
of SO(5)r symmetry

2
27 2T
A=A, Ag="T A, A=,
1 2 /B gzl S ﬁ
2
51 =5, s9=2(1—g1)—s, ng =2(1—-g1), (3.13)
s=1
2
t = t, ty=2(1 —gg) — t, > te=2(1-go).
s=1

The partition function of the (2, 0) theory on X4, x (Z4, x T?) is just the elliptic genus
of the two-dimensional CFT. Thus we expect, in the high-temperature limit 5 — 0, where

B = —27ir is a fictitious inverse temperature,?' the partition function to have a Cardy
behaviour .
ik
log Z(s,t,A) = Hcr(s, t,A). (3.14)
T
We will work in the 't Hooft limit
gymN
N>1 with M= Yhﬁﬁ = fixed, (3.15)

for which the instanton contributions to the partition function are exponentially suppressed.
The high-temperature limit of the partition function corresponds to large A.

3.1.1 Effective prepotential at large N

The effective SW prepotential (2.136) of N'=2 SYM can be written as
N N

N
Fla,A) = Z]—'Cl(ai) + Z]—'l'loof’(ai —aj) — Z Floor(q; — a4+ A)

i=1 i#£j tj=1

., N
2 H/BZCL?—F

T
2
Iym = 27

N . N

1 i (oiB(ai—ay 1 . iB(a;—as

7 > " Lig(e?eimar)) — o > Lig(e@imat8)  (3.16)
i#] '

i,7=1
R 1 N
TR > 93 (Blaj — ai)) + poc D 9s(Blai—a;+A)).

i#j ij=1

2IThe torus partition function at a given 7 corresponds to a thermal ensemble while the elliptic genus is
only counting extremal states. Therefore, the temperature represented by Im 7 is fictitious.
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The BAEs (3.3) are then given by

2 .
_87T N a; = Z[L12 15 (a;— a])) L12( —iB(a;— aj)>

_ LiQ(eﬁﬁ(ai—‘Ij+A)) + L12( iB(a;—a;— A))

. N
+ % Z [—g2 (/B(aj —a;)) + g2 (Bla; — aj))] (3.17)
=1
i JN
+ 25 2192 (Blas = a;+ &) = g2 (B(a; —as + A))]
j=1

In the strong 't Hooft coupling A > 1 the eigenvalues are pushed apart, i.e. |Im(a; —a;)| >
1, and (3.17) can be approximated as

8m2N
A

. N
ay, ~ %A(zﬂ — BA) ;sign (Im(ay, — a;)) - (3.18)

The sign function could be replaced by sign(i — j) if the eigenvalues a; are ordered by
increasing imaginary part. We thus find the solution
i\

oo (AT — BA) 2k~ N —1)] . (3.19)

ap =

It is also interesting to see what the value of the effective SW prepotential (3.16) at the
solution (3.19) is. In the strong 't Hooft coupling A > 1 we find that

Fa, 27rnN Z 2

47rﬁ2 Z 93 (B(aj — a;)) + g3 (B(a; — aj + A))] sign (Im(a; — a;))
J=1
T N (3.20)
271'11N 2
Z + 3 A(% — BA) > (ai — ay)sign (Im(a; — a;))
i,j=1
2N i
=— Z T Im(a;) — —A@27 — BA)(2)j — N — 1) | Im(a;) .
— A 47
In order to get the last equality we used the relation
N N
> IIm(a;i —a;)| =2 (2§ — 1 — N)Im(ay). (3.21)
ij=1 j=1
Plugging the solution (3.19) back into (3.20), we obtain
ﬁﬁg%MN?’ 2
A~ —X0 — (A1A9)7 . 3.22
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In order to obtain (3.22) we used

(2k—N—-1)*>=_(N°-N). (3.23)

oo\»—'

Mz

k=1

Remarkably, the BAEs (3.18) and the SW prepotential in the large N
limit (3.20), (3.22) are identical to matrix model saddle point equations and free energy
for the path integral on S° found in [122] (cf. [122, eqs. (4.13), (4.16) and (4.17)]).22

3.1.2 Effective twisted superpotential at large N

The effective twisted superpotential of the theory reads

VNV(a,n, At) = 87T 8715 anaz

gYM i=1
al 1
+5 Z —nj+1-—g) [L12( iB(ai=a;)y 592 (=B(ai — aj))]
i#]
-;'E: aw—nj+t+gz—1)[Lh(éﬁwrﬂw+ﬁn-;g2gxai_cw4-A)ﬂ.

(3.24)
Let us try to find a solution to the BAEs (3.9). For the twisted superpotential (3.24), they
are given by?

872 n; N B —as n; —n; .
s 11/6 - Z [(1_92 )Lll( iB(a; a]))_ <1J_ . )Lll( —1if6(a; aj)):|

2 &
1Y n, —ny n; —
p3 2 (B 1) o 80 @) - (S 41) Bl - )
s N e
al n;—n; +t n; —n; +t
—1i S R 1) Lij (ei8(aima;+2)y _ (J — >L1 —if(ai—a;— A>}
;[( 1—g2 1 ) 1—g2 e )
1oh [ [n—nj+t nj—n;+t
+ = - 7 1 a;—a;+A —(“—1) —B(a;—a;—A }
> (M 1) a1 By )= (U 1) (- Bai ;- )
(3.25)
In the strong 't Hooft coupling limit, i.e. A > 1, (3.25) can be approximated as
N
1A
WA e 25N(A1t2 + Aoty) Z sign (Im(a; — ay)) . (3.26)
J(#)

*?One needs to set A1 = 7 (1 + Zminere) and Az = 7 (1 — Zmgnere).

ZThe BAEs actually read 8?:_9“ = 2ml; where [; € Z are angular ambiguities. Since [;’s are generically
of order one they are negligible in the final solution and we set them to zero in the following.
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The sign function in (3.26) could be replaced by sign(i — j) if the eigenvalues a; are ordered
by increasing imaginary part. We thus find that

_1AB
167N
Note that the above result is neither real nor integer. This is peculiar to the limit A > 1.

ng (AlfQ + Agtl)(Qk — N — 1) . (327)

Since the ny’s are large we treat them effectively as a continuous variable. We also consider
the above result as a complex saddle point contribution to the partition function.

The twisted superpotential (3.24) at strong 't Hooft coupling limit can be approxi-
mated as

Wian A ) 87N ZN:nu
1—g2 Ml —go) &

N P .
L Z <n;_gn2] + 1) g2 (—B(a; — a;)) sign (Im(a; — a;))

ij=1
1 i +t .
+ — (n i — 1) g2 (B(a; — aj + A)) sign (Im(a; — a;j)) .
28 BN Rl
(3.28)
This can be further simplified to
— 81N i3 ,
W(CL,H, A,t) ~ b\ Z;Hm(aj) |:ﬂ] — m(Ath + AQtl)(Z] — N — ].)
~ (3.29)
,8 N
— ZAlAQ A,Zl(ni — l‘lj) s1gn (HHI((LZ — aj)) .
1,]=

Plugging (3.27) back into (3.29), all the dependence on a; goes away and we are left with
N

VNV(A,’:) S _gAlAQ Z (n; —ny) sign (Im(a; — a;))
i,j=1 (3.30)
893y V3
= _BgYiMQAIAQ(AIJQ + Aaoty) .
967
This can be more elegantly rewritten as
2

~ OF (A
WA )~ —2m tgai) , (3.31)

S

¢=1

where F(A) is given in (3.22).

W(A, t) and the 4D central charge. Remarkably, we find the following relation be-
tween the twisted superpotential (3.30) and the conformal anomaly coefficient a(A,t) of
the four-dimensional N/ = 1 theory that is obtained by compactifying the 6D N = (2,0)

theory on X, [65, 66],

—~ 872
W(A L) ~ —2757_(1

where 7 is the four-dimensional coupling constant.

(A1), (3.32)
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Indeed, the central charge of the 4D theory, at large N, can be written as

C9N3 2 a(A1A2)2
A :
o8~ T LT

: (3.33)

where we used Ag = BA./m, satisfying A+ Ay = 2, to parameterize a trial R-symmetry
of the 4D N =1 theory. Eq. (3.33) can be easily derived from the results in [65, 66] (cf. for
example [66, eq. (2.22)]). It can be also more straightforwardly derived as in appendix C.

Curiously, the same relation between the twisted superpotential and the central charge
in (3.32) was found for a class of A" = 1 gauge theories on S% x T2, with a partial topological
twist along S? [26].

3.1.3 Partition function at large N
The topologically twisted index of 5D N'=2 SYM on X, x (54, x S') reads

N 872 290 g1
1 dx; S35 (mi—my)(ng—ny) 0°W(a,n)
— g
2(y.8.8) = N! Z jiH 27T]l$ie ™ (dgt da;0a;
{mmn}ezN =1
N (m;—mj+1—g1)(n;—n;+1—g2)
1 —x; . J J
> | | <ac/x]> (3.34)

iaéj Vil

. H < NEED >(mimj+5+911)(ninj+t+g21).

z] 1 xzy/x]

This can be evaluated using (3.8). We can write

_1\V Y N(g1+s—1)(g2+t-1)
25,9 = S (2 )

PW(a,n)\ "}
Z (d'e't 8ai6aj )

J
nezZN a=a;)

y H <1 — 1)z >(1—g1)(ni—nj+1—gz)< \/M )(5+91_1)(ni_nj+t+92—1) |
iy Vi 1 — 2y /x;

(3.35)
We are interested in the logarithm of the partition function in the strong 't Hooft coupling
limit. The only piece which survives in this limit is given by

xz/x] (I—g1)(ni—n;+1—g2) /ariy/xj (s+g1—1)(n;—nj+t+g2—1)
logZ logH \/7 - Tz
z#] @i/ x; Wi

=D a1 ) (L) — o (e a)
i#j

+ Z(5+gl—1)(ni—nj+t+92—1) [Lh(ew(‘”_“ﬁm) + %gl (B(ai —aj + A))] .

i#
(3.36)
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In the strong ’t Hooft coupling limit it can be approximated as

log A

M»@;

N
Z )(t159 + t251) + (n; — nj)(A1s2 + Agsy)] sign (Tm(a; — a;))
i#]

(2 — 1 — N) [(t152 + to51) Im(a;) — 1(A 152 + Agsy)ng] | (3.37)

Il
| ™

1

J

where we assumed that the eigenvalues a; are ordered by increasing imaginary part, and
used the relation

N N
Z n; —ny)sign(i — j) —22 2j— N —1)n (3.38)
i,j=1 J=1

Plugging the solutions (3.19) and (3.27) back into (3.37), we find that

3
log Z ~ /899Y6M2 [AlAQ(’qﬁQ + f251) + (Alﬁg + Agsl)(Ath + Agtl)]
S
. OW(t, A) (A)
- n;5< AA. Z st QaA oA, (3.39)
g3 22: O2(BA1A)?
N 192772,8 ste 0NN,

where W(t, A) is given in (3.30) and we used (3.31) in writing the last equality. Eq. (3.39)
can be also expressed in terms of the trial right-moving central charge of the 2D N = (0, 2)
SCFT, see (3.12), as

. . 9 2
log Z(s, L, A) & 1 (5, 6,4) = SMTZ&M. (3.40)

In writing the second equality we used the relation (3.32). In [26], the very same Cardy
behaviour (3.40) of the partition function in the high-temperature limit has been proved
for a class of N' = 1 gauge theories on S? x T2, with a partial topological twist along S2.

3.1.4 Counting states and the Z-extremization principle
The topologically twisted index of the 6D (2,0) theory on X4, X £y, x T? can be interpreted

as a trace over a Hilbert space of states on ¥g, x ¥4, x St

Z(s,6,A) = Try s, 51 (—1) "¢ y”, (3.41)

where ¢ = e2™7 y = €2 and the Hamiltonian H;, on Ygo X gy X8 I explicitly depends on
the magnetic fluxes s¢,tc (¢ = 1,2). The number of supersymmetric ground states dpicro

with momentum n and electric charge q under the Cartan subgroup of the flavor symmetry
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commuting with the Hamiltonian — in the microcanonical ensemble — is then given by
the Fourier transform of (3.41) with respect to (7, A):

. 2m
~ B = .
dusiero(5, 1, 0) = — D / ap / dA Z(s,t, A) Frmifde, (3.42)
(2m)? Jir 0
where 3 = —27i7 and the corresponding integration is over the imaginary axis.

In the limit of large charges, we may use the saddle point approximation. Consider for
simplicity ¢ = 0. The number of supersymmetric ground states dpicro with charges (s, t,n)
can be obtained by extremizing

- - NP G B(BAAYY
Isc JA)=log Z(s, t, A) + fn = —= Sty—Fmc—F—— +nps, 3.43
rr(5,A) =log Z(s,,A) + 246231” N (343)

with respect to A and S, i.e.
OT(3,A) _ 9T(B,A)

= =0 3.44
OA ’ a8 ’ (344)

and evaluating it at its extremum
10g diicro(5,t,n,0) = Z| . (5,t,n). (3.45)

Given (3.40), we see that the extremization with respect to A is the c-extremization prin-
ciple [45, 68] and sets the trial right-moving central charge c,(s,t, A) to its ezact value
CCFT = ¢ & ¢; in the IR. For the case at our disposal, (3.12) has a critical point at
27 t152 + tos1 — t151

A== : 3.46
8 51(’(1 — 2’(2) +52(’£2 — 2’(1) ( )
and its value at A reads
?s2 + titosis0 + 257
t) ~ —2N3 12 21 3.47
corr(s, ) s1(t — 2t) + s2(t2 — 2ty) (3.47)
Extremizing Z(5, A) with respect to 3 yields
z corr(s, t)
) = B 3.48
s, tn) = my/ <L (3.45)
Plugging back (3.46) and (3.48) into Z(8, A), we find that
t
Tsorr|, (5, t,n) = 27 ”CLT(E’) (3.49)

6
This is obviously nothing else than Cardy formula [123].

This procedure corresponds to the Z-extremization principle used for BPS black holes
(strings) [5, 24, 26, 27] in the context of the AdS,(5) /CFT3(4) correspondence and contains
two basic pieces of information:

1. extremizing the index unambiguously determines the exact R-symmetry of the SCFT
in the IR;

2. the value of the index at its extremum is the (possibly regularized) number of ground
states.

We will apply this counting to supergravity black strings and black holes in section 4.
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3.2 USp(2N) theory with matter on X4, X (X4, X S1)

In this section we focus on gauge theories with a conjectured massive type ITA dual [124]
(see also [57, 58, 125, 126]) and compute their partition function at large N. The dual
supergravity backgrounds have a warped AdSg x S* geometry. The stringy root of this
theories is in type I’ string theory as strongly coupled microscopic theories on the intersec-
tion of N D4-branes and Ny D8-branes and orientifold planes. The worldvolume theory
on the N D4-branes plus their images is a USp(2/V) gauge theory with Ny hypermul-
tiplets in the fundamental representation and one hypermultiplet A in the antisymmet-
ric representation of USp(2N). In addition to the SU(2) R-symmetry the theory has an
SU(2)m x SO(2Ny) x U(1) global symmetry: SU(2)as acts on A as a doublet, SO(2Ny) is
the flavor symmetry associated to the fundamental hypermultiplets, and U(1); is the topo-
logical symmetry associated to the conserved instanton number current j = x« Tr(FAF). At
the fixed point, the SO(2Ny) x U(1); part of the symmetry is enhanced non-perturbatively
to an exceptional group En, 11, due to the instanton which becomes massless at the origin
of the Coulomb branch of the fixed point theory [57]. Finally, in the large N limit the free
energy of the USp(2N) theory on S% reads [127]
Fopn  V2INT2 (3.50)
54/8 — Ny
The Cartan of USp(2NN) has N elements which we denote by u;, i = 1,..., N. We
normalize the weights of the fundamental representation of USp(2/V) to be +e; (so they
form a basis of unit vectors for R"). The antisymmetric representation thus has weights
+e;+e; with i > j and N —1 zero weights, and the roots are £e; --e; with ¢ > j and +2e;.
As we shall see below, at large N, u; = O(NY2) (see (3.52) with o = 1/2). Hence, the
contributions with nontrivial instanton numbers are exponentially suppressed in the large
N limit.
We set the length of S! to one, i.e. 8 = 1, throughout this section.

3.2.1 Effective prepotential at large IV
The effective prepotential of the theory is then given by (2.136):

Ny
Flais, Ag) = Z FPrt(£2a;) — Y | FP(a; + Ay)
i=1 f=1

+ Z [FPrt(£a; £+ aj) — FP (£a; £ aj + Ap)] + (N — 1)FPT(A,,),
i>]

(3.51)
where the index K labels all the matter fields in the theory. Here, we introduced the
notation F(+a) = F(a) + F(—a). Notice that the contribution of the last term to the
large N prepotential is of O(N?) and thus subleading. Let us analyze the effective pre-
potential (3.51) assuming that the eigenvalues grow in the large N limit. We restrict to
Ima; > 0 due to the Weyl reflections of the USp(2/N) group. We consider the following
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large N saddle point eigenvalue distribution ansatz:
aj; = ].lNatj 5 (352)

for some number 0 < v < 1 to be determined later. At large N, we define the continuous
function t; = t(j/N) and we introduce the density of eigenvalues

1 dj

p(t) = Nt (3.53)

normalized so that [ dép(t) = 1. In the large N limit the sums over N become Riemann
integrals, for example,

N
Y =N / dtp(t). (3.54)
j=1

Consider the first line in (3.51):

. N Ny
% Z [ (€21 1 Lig(e2ia1) Z Lis( az+Af Z Lig(e—ﬁ(ai—af)>]
f=1

=1
3.59
. Ny Ny (3.55)
MZ[Q:& —2a;) + g3(2a;) +ng ai +Ay) +Z£73 aH—Af)}
i=1 f=1 f=1

The second line is of O(N?**1) and thus subleading in the large N limit (as we see below).
Using the ansatz (3.52) we may write

Ny Ny
JT_'(O) N /dtp |:L13( —2N¢ t)+L1 ( 2Nat ZLI —N© t+]1Af ZLI N& t—‘r]lAf):|
f=1 f=1
(8 — N
~ BNy 5 f)N1+3°“/dtp(t)t3 [O(t) — O(—t)] + O(N? )
™
(8 — N
S H(gl% f)N1+3°‘/dtp(t)]t]3 +O(N%H, (3.56)

where O(t) is the Heaviside theta function. Now, let us focus on the second line of (3.51).
Consider the following terms

. N
1 _ 1 . i(aj—a;+Am . —i(a;j—a;—Am
]:hyper - T or ; [L13(6 ( ! )) + Liz(e ( ! ))}
o (3.57)
I ; [93(a;i — aj + Ap) + g3(a; — a; + Apy)]
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At large N, we obtain

].INZ . N (44 1 . (g 4/ i
e ™ = e [ dtp(t) [ atp(e) [Lis(em V7080 Lig( NS

- /dtp /dtp N (= Ap)N?*(t — ') + 2g5(Any)]
A /dtp /dt’ t)gs (IN*(t' —t) + Ap) Ot — t)
(3.58)
+/dt,0 /dtp Ngs (Nt —t') + Ap) Ot — 1)
— /dt,o /dtp N (= Ap) N2t — ') + 2g5(An)]
nN2

= /dtp( )/dt’p(t’) (éN%\t—t’\g—gz(Am)Na}t—f’D :

Next, consider

. N . .
1 1 : i(a;—a; : —i(a;—a; 1 1
Fictton = 5= [mg(e (@0700)) 4 Lig (e %)) + Sgs(a; — @) + Sgs(as - a;-)] . (359)

Its contribution can be simply obtained by, see (E.5),

(1)
Fvector - _’thper‘Amfgw (360)
We thus find
) (1) i 2+a
Fvector + Fhyper = 1 [3 — g2(A ] N /dtp /dt p(') [t —t| . (3.61)
The next term that we shall consider is the following
@ __ 1 o (el(@ita;+Am) i (p—i(aita;—Am) }
Fluper = ~ 37 2 [Lig(ellerartn) o Lig(emHetes—am)
i>j
N (3.62)
— o 2 loslai a4 Am) + g3(—ai — a; + An)] -
i>]

The first term in the first line is exponentially suppressed in the large N limit (since
Ima; > 0,Vi). We then get

].1N2 . «@ / ]'1
oper = 4 [atote) [ at ot ey

2 [ty [ arotw) [in - SN+ 19 4 205(00)
N/dt,o /dtp Ngs(—AN®(t + 1) + Ap)
- / dtp(t) [ At p(e) [(m — BnIN(t+ ) + 200(8)]

2
S Lawnto [ atniey [éN?’“(t TP - ga(Am)N(L 4+ 1)

(3.63)
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The last term that we shall consider reads

L ilatas i 1
Vector = — Z [ng i al+aj + Lis(e n(a1+a1)) 4 593(_% —aj) + 593(6% +a;)
z>]
(3.64)
Its contribution can be simply obtained by, see (E.5),
2 2
F\(feztor = _’Fl’(lyi)gr Ap=27" (365)

We thus find that
2

1| o
P+ Fippee = 1 |~ )| ¥ [atoto) [atpttre ). (o)

Putting (3.56), (3.61), and (3.66) together we obtain the final expression for the effective
prepotential at large N:

Flolt), A +Z( otor + Frber)

8- N b
- MN“M [ awowiee ([ atpiy -1
127 0 0
1 772 24« b b / / / /
t | = o) | N dtp(t) [ dtp(t) [[t— ¥+ (t+1)] ,
7 3 0 0
(3.67)
where we added the Lagrange multiplier p for the normalization of p(t). « will be de-
termined to be 1/2 by the competition between the first and the last term in (3.67), and
therefore F o N®/2. Remarkably, the effective prepotential (3.67) equals the large N
expression of the S% free energy computed in [127, eq. (3.4)] (see also [128, eq. (3.14)]).

Q

This is in complete analogy with the observation made in [46]. There, the effective twisted
superpotential of a three-dimensional A" = 2 theory on A-twisted X4, x S I was shown to
be equal to the S? free energy of the same N = 2 theory, both evaluated at large N

Extremizing (3.67) with respect to the continuous function p(t) we find the following
saddle point equation

2irpy (8 — N w2 b
s = O @) [0 -l er o] e
On the support of p(t) the solution reads
2| 2 2 1/2
t) = ty = ———— | 5 — 92(An, )
)= 2. o | ] N
4i N5 [g 3/2 309
= |~ (A .
s (o)
Evaluating (3.67) at (3.69) yields?*
93/2;  N5/2 3
Ap) e i A, (2m— AP .
F(Am) ~ o 87Nf[ (2m )] (3.70)

F(Am) = 2u(Am) due to a virial theorem for the large N prepotential (3.67).
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Finally, let us rewrite (3.70) as
23/24  N5/2

A ——————
]:( ) 157 S—Nf

(A1) (3.71)

for later use. Here we introduced the democratic chemical potentials
A=Ay, Ay =21 — A,y (3.72)

3.2.2 Effective twisted superpotential at large N

We are interested in the large N limit of the effective twisted superpotential

N Ny
WPt (g, n, A t) = Z [Wpert(i2a,-) — Z WPt (Lq; + Af)]
i=1 f=1

3.73
+Z[ WP (s, = a;) = WP (ks % a4 A)| (8.73)

1>7

+ (N = )P AL
We consider the following ansatz for the large N saddle point eigenvalue distribution
a; = ﬁNati y n, = ﬁNO‘mi . (374)

Consider the first line in (3.73):

N

— . 1
wO = ;(1211@ +1—g2) {Lh(@ﬁw’) - 292(:F2ai)]
Nf N

(e 1
_ Z Z(ni +tp+go—1) [ng(e ( erAf)) _ igg(ai + Af)} (3.75)
f=1i=1

Ny N L 1 ~
— Z Z(—m +tr+92— 1) [LiQ(en(aiAf)) — 592(—% + Af):| .
f=1i=1

The go terms are of O(N?) and thus subleading in the large N limit. Hence,

WO ~ 1'1(8_2Nf)N1+3a / dtp(t)M(t)t? sign(t) . (3.76)

Now, let us focus on the second line of (3.73). Consider the following terms

: i(a;—a; 1
Whyper - Z —nj+tn+g2—1) [L12(€ (@imastam)) — 592(ai —aj + Am):|

>]

N
= Yl b ) [Lia(e ) Sy~ )]
i>7

(3.77)
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At large N, we obtain

W~ — 2280 / dtp(t) / dt'p(t')(M(t) — N(L)(t — t')? sign(t — 1')
+ ﬁgm)N?*" / dp(t) / dt'p(t')(N(t) — N(¢)) sign(t — t') (3.78)

450 = Do)l — N [aipe) [atpe)le 1),
where we used the democratic chemical potentials and fluxes
A=A, Ay =21 — Ay, t1 =tn, to=2(1—g2) —tm. (3.79)
The similar contribution coming from the vector multiplet can be obtained by using

sapert Japert
erctor - _Whyper|tm:2(1—gg),Am:27r . (380)

It reads

Witk = ;N5 [ atplt) [ at o)) = NN (@ )P signt — ¢)

im?
I e / dip(t) / At p(t')(N(t) — N()) sign(t — ¢ (3.81)
G- gNe () [atpee- o).

We thus find that

— — i
Wik + Wit = = 3 18aN2 [ ato(t) [ dtp(t)(o1(t) (¢ signlt — )

. 3.82
1 24+a T, ’ ( )
— (At + Agl)N /dtp(t) /dt p(#)[t — 1]

The next term we shall consider is given by

N
A9 A . i(a;+a; 1
P2+ Witer = 01 1 ) [Eia ) = Sn(a - )
i>]
N . ]
#2241 [Life ) e )
i>j

N
. 1
= (it +ga— 1) [Liz(en(“ﬁ“ﬁAm)) — 592(ai +a; + Am):|
i>j

N
: 1
— Z(—ni—nj+tm+92—1) [Liz(e_n(“iJr“j_Am)) — 292(_ai_aj+Am):| :

i>j
(3.83)
In the large N limit it can be approximated as
W + Wi ~ = 3010V [ ato(t) [ atott)o0) + ()
(3.84)

- %(Ath +A2f1)N2+a/dtp(t)/dt’p(t/)(t—l—t’).
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Putting (3.76), (3.82), and (3.84) together we obtain the final expression for the effective
twisted superpotential at large INV:

2
W [p(), (), A, tr] = WO + 3 (W, + W)
9=1

~ ]1(8_2Nf)N1+3°“ /Ot* dtp(t)N(t)t* — iy (/Ot dtp(t) — 1)

= 3@ [Catp(o) [ arpe) o ) sien—r)

. £ t
- @ N [Cane) [ atp(e) (o) + (e)
0 0
. t b
- i(AthJrAQtl)N“a/ dtp(t)/ dt' p(t")[|t — |+ (t+1")]
0 0

(3.85)
where we added the Lagrange multiplier v for the normalization of p(¢). In order to have a
non-trivial saddle point we need to set 1+ 3a = 2+ «, implying that o = 1/2. The twisted
superpotential thus scales as N°/2. Setting to zero the variation with respect to p(t), we
get the equation

8— N 1 b
Z 5= ( f)m(t’)t’2 — — (At + Agtl)/ p(t) [[t+ 1]+ (t+t)]
N5/ 2 2 0 3.86
1 tx ( . )
- 2(A1A2)/ [((t) — N(Y)) sign(t — t') + (N(E) + N())] .
0
On the support of p(t) the solution is given by
2\t| (281 A9)1/? 1 <t1 t2>
t) = , . =—, Nt)y==(-—+-—1t,
o) =2 = =3 (% +% .
N5/2 ’
F= — ————(2A109) Y2 (A Lty + Asty) .
/8 — Ny
Evaluating (3.85) at (3.87) yields®®
_ 93/25 \N'5/2
W(Am, ’Lm) ~ —ni(AlAg)l/Z(Alfg + Agtl) . (388)
5,/8 — Ny
This can be more elegantly rewritten as
. 2. OF(A)
A, tn) = =2 , 3.89

where F(A) is given in (3.71).

25W(Am, tm) = Z7(Am, tm) due to a virial theorem for the large N twisted superpotential (3.85).
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W and the free energy on X , X S3. Remarkably, we find the following relation
between the twisted superpotential (3.89) and the S® free energy of the 3D N = 2 theory
that is obtained by compactifying the 5D theory on X, with fluxes t.:

W( A, t) & —

T Fopesr (1), (390

where W(A t) is evaluated at its extremum

5t; — 3t £+ /92 — 144t + 92
Am _ 5t —3t£ VO — 1tita + 96 (3.91)
T 4t — t2)

Indeed, the S3 free energy was very recently computed holographically in [64] and

it reads
Fyy ()~ 20T (L g2 N (2 = W) (Vi2 482 - ) (3.92)
By x53 (Y X —— — 3/2 :
’ b k8= Ny (422—/€2+H\/52+822)
where kK = 1 for go = 0 and k = —1 for g3 > 1 and the variable z parameterizes the fluxes

t.. In the special case of the torus, go = 1, the above expression should be replaced by

42  N5/2
5 J8—N;

It is now a simple exercise to check that (3.90) holds identically for all g» upon

|2l (3.93)

FZQQ w53 (t) &

identifying
z z
t1 = (1 — 92) <1 + I€> s th = (1 — gg) <1 — KJ) . (394)

We expect that (3.90) holds also off-shell
— i
W(A L) =~ 5 Fy,, xs3(A 1), (3.95)

where Fyy . 53(A, t) is the free energy as a function of a trial R-symmetry. Eq. (3.90) would
correspond then to the statement that the S® free energy of the 3D theory is obtained by
extremizing Fy s3(A,t) with respect to A [129].26

3.2.3 Partition function at large N

The topologically twisted index of the USp(2N) theory with matter on X, x (34, x S1)
reads

0 Wia,n)\* !
pert
z (y75 t 2NN' Z Z < 1] 8a18a] )

nely a=a(;)

><< %1){2 >(N—1)(5m+gl—1)(tm+gz—1) N (1 a )(1 01)(2gni+1—g2)

(s

1—
Ym g==+1i=1

26The free energy on Xy, x S* as a function of A was explicitly computed in field theory in [67] after the
completion of this work. The result in [67] perfectly agrees with (3.95).
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Xﬂ ﬁ (xl/Q 1/2>(5f+91 D(nitts+g2-1) <xi1/2g}/2>(§f+911)(“i+if+g21)
i=1 f=1 1= @iyy L=
5 ﬁ( g> (1—g1)(gni+gn;+1— 92)< —(z:/x;)9 ) (1—g1)(gni—gn;+1—g2)
=t1i5 \ (FiT5) 9/2 (wi/;)9/
N g/2 1/2 (sm+g1—1)(gni+gnj+tm+g2—1)
<)
g=+1i>j L= xl%)gym
N

xi/x;) 9/2 1/2 >(sm+g1—1)(gni—gnj+tm+gz—1)
J

>< N, —
H <1 — (zi/25)9Ym

g=x1i>j

(3.96)

<.

The products H - are of O(N?) and thus subleading in the large N limit. Then we
consider the last line in (3.96):

N
log Zl(ly;er =(sm+o—1)) (ni—nj+tm+g—1)
i>j
X [Lil(eﬂ(‘““ﬁAm)) + %91(%‘ —aj + Am)]
N (3.97)
+(smt o1 — 1)) (=it tn+02—1)
i>j
X [Lil(eﬁ(aiajAm)) + %g1 (aj —a; + Am):| .

At large N, it can be approximated as
1
log Zitper & — 5 (A1 — Ag)(s1 — s2) N**° / dtp(t) / at' p(')(N(t) — N()) sign(t — ¢

- é(tl _ ty)(s1 — s9) N2 / dip(t) / v ()|t — 1], (3.98)

where we introduced the democratic fluxes
S1 = 5, 590 =2(1—g1) — 5m . (3.99)

The similar contribution coming from the vector multiplet can be obtained by using

log Z\I?:(fttor =—lo 0og hyper‘Sm—Q(l 01), tm=2(1—g2), Ay =27 - (3100)
It reads
T .
log Z0her ~ 5 (1= )V [ dtolt) [ dtp(t)(9n(e) (¢ signlt — )

(3.101)
= m)1 - g)N [ i) [atpe)le o).

We thus find that

1
108 Z{r + 108 Zipher ~ (s + Aas)NH [dtp(t) [t p(t)((e)~0(¢)) sign( )

1
+ Z(flsg - tgsl)N2+°‘/dt,0(t) /dt’p(t’)|t —t']. (3.102)
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The terms coming from the roots e; + e2 and —ej — ey are treated as in (3.98). They can
be approximated at large N as

1
log Z\(,eztor + log Z}(;Ler ~ Z(A152 + Ags ) N2 / dtp(t) /dt’p(t’)(‘ﬁ(t) +N(t"))

(3.103)
+ i(flﬁg + f251)N2+a / dtp(t) /dt,p(t,)(t + t/) .

Putting everything together we obtain the following functional for the logarithm of the
partition function at large N:

log Z
N5/2

~ %(Am + Agsy) /t* dtp(t) /t* dt'p(t") [(MN(t)—N(E)) sign(t—")+ (N(E)+N(t))]
0 0

1 t t
+ Z(tlﬁg - tgsl)/ dtp(t) / dt' p(t') [[t —t'| + (E+ )] .
0 0
(3.104)
Finally we take the solution to the BAEs (3.87), plug it back into (3.104) and compute the
integral. We obtain

2(A1A2)1/2(t152 + t251)

5/2
log Z(Am, tm, 5m) ~ V2N [(A152 + Ags1)(Artr + Aoty) n

58— N; (A1 Ap)1/2

B fN5/2 A152(A1f2 + 3A2f1) -+ Agﬁl (3A1t2 + Agtl)
5,/8 = N¢ (A1A9)1/2
(3.105)
Remarkably, this can be rewritten as
2. 9L, A) (A)
IOgZ(Amv m,,ﬁm) %ﬁ;5§m C; 5§ QaA aA ’ (3]‘06)

where W(t, A) and F(A) are given in (3.88) and (3.71), respectively.

In analogy with [5, 24], we expect that the extremization of the topologically twisted
index (3.106) reproduces the entropy of asymptotically AdSg black holes in massive type
ITA supergravity with magnetic fluxes t,, and s,,, and horizon topology AdSs x Xg, X Xg,.
Unfortunately, such black holes are still to be found. The only known example is the black
hole dual to the universal twist, i.e.t,, = 1 — g9 and s,,, = 1 — g1, whose entropy was
computed in [114], using gauged supergravity in six dimensions and elaborating on the
results in [130]. The result for the entropy [114, eq. (4.36)] has been recently corrected
by a factor of two in [131]. Our index (3.106) for the appropriate values of the chemical
potentials for the universal twist, i.e. A1 = Ay = 7, predicts

8v/2m N°/2 8
(1—91)(1—92)7 ~ —f(l—gl)(l—gg)Fss, (3107)
8—N; 9

SBH ~

and correctly matches the result in [131].%7

2"We thank P. Marcos Crichigno, Dharmesh Jain and Brian Willett for pointing out a numerical mistake
in our computation in the first version of this paper.
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4 4D black holes from AdS; black strings

Our primary interest in this section is to understand the Z-extremization principle (3.43)
for the topologically twisted index of the 6D N = (2,0) theory in terms of holography and,
in particular, in terms of the attractor mechanism [132, 133] in N/ = 2 supergravity.

We shall consider the supergravity dual of two-dimensional N' = (0,2) SCFTs obtained
by compactifying a stack of Mb5-branes on ¥y, x ¥3,. These solutions were constructed
in [68] and can be viewed as black strings in seven dimensions, interpolating between the
maximally supersymmetric AdS7 vacuum at infinity and the near-horizon AdSz x ¥y, x X,
geometry. This leads to a natural holographic interpretation of these black strings as RG
flows across dimensions — we have a flow from the 6D N = (2,0) theory in the UV to a 2D
N =(0,2) SCFT in the IR. The BPS black strings in AdS7, d la Maldacena-Nunez [134],
preserve supersymmetry due to the topological twist on the internal space Xg, x Xg,.

Let us briefly review these solutions. We work with a U(1)? consistent truncation [135]
of the SO(5) maximal (N = 4) gauged supergravity in seven dimensions [136], obtained
by reducing the eleven-dimensional supergravity on S* [137, 138]. It contains the metric,
a three-form gauge potential S5, two Abelian gauge fields A’ in the Cartan of SO(5) and

two real scalars A\; (I = 1,2). The solution can then be written as?®

2
ds2 = 27 (—dt? + d22 + dr?) + Z ezgo(r)ds%a ,

o=1
Sy = — 7(’(152 + t251)674()‘1+)‘2)72(gl+92)dt ANdz Adr (4'1)
32v/3mm
;s t!
F° = —vol(X1) + —vol (32) , Ar = Ar(r),
ool (S1) + 1wl (S2) L A= M)

where ds% = d6? + f2(0)de? defines the metric on a surface ¥ of constant scalar curvature
2k, with k = 41, and

1 sin 6 k=41
- (0) = i _ ) 4.2
Ful6) = - sin(/5b) {sinh@ T (1.2)
The volume of ¥, is given by
vol (£,) = /fﬁ(e)de ANdp=2mn,, 1. = { i'g" — 1 ﬁ f 8 (4.3)

Moreover, F! = dA” and f(r), go(r), A;(r) are functions of the radial coordinate only. In
the AdSs region the scalars are fixed in terms of the magnetic charges:

Ql0M _ (51’(% + f%ﬁg)(ﬁ%fg + ’tlﬁg)(slfg + tis9 — 52’(2)2
(S%f% + f%ﬁ% + 5152t1’t2)(51f2 + {159 — 5111)3 ’

o100 _ (51’(% + f%ﬁg)(ﬁ%fg + flﬁg)(ﬁltz + t1s59 — 51’(1)2
(ﬁ%f% + t%ﬁ% + 5152’£1’£2)(51t2 + tis59 — 52f2)3 ’

(4.4)

28For notational convenience we use ¥, = 3g, - The relations between the magnetic fluxes s7, t; in (4.1)
and as, by in [68, eq. (5.26)] are the following: a1 = —s1/m1, b1 = —s2/m1, a2 = —t1/n2, ba = —ta/m2 .
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and the warp factors read

1
6291 — _7674)\174)\2 (5162/\1 +5262/\2) = R%1 ’
4m
1
6292 — _76_4)\1_4)\2 (t162x\1 + t2€2>\2) = R%Q , (45)
49
f_ soty —sity —tiss € Ragg,
s1t; + 50ty — 281t — 24459 1 o r ’

As shown in [68] the holographic central charge cgygra(s,t) can be computed, d la Brown-
Henneaux [139], as

8N3
Csugra(gv t) = ?VO] (El X E2) RAng,R%lR%Q ) (46)

and it matches the CFT result (3.47).

If we now add a momentum n along the circle inside AdS3 and do a compactification
along this circle, we obtain a static black hole in six-dimensional gauged supergravity. By
a standard argument, the entropy of such black hole is given by the number of states of
the CFT with momentum n, and is therefore given by the Cardy formula (3.49)

nCCFT(ﬁ,t) ' (4'7)

t =2
(s,t,n) T 5

Spu(s, t,n) = Iscrr|
As discussed in section 3.1.4, the entropy Spu(s,t,n) is the result of extremizing the func-
tional ISCFT(B,A). Both for dyonic BPS black holes in AdS, [5, 24, 31, 32] and BPS
black strings in AdSs [26, 27, 41] the Z-extremization principle has been identified with the
attractor mechanism in 4D A = 2 gauged supergravity [19, 20]. We thus expect that the Z-
extremization principle (3.43) corresponds to the attractor mechanism in six-dimensional
gauged supergravity. Unfortunately, not much is known about such mechanism in six
dimensions. Therefore, our strategy is to first reduce the seven-dimensional gauged super-
gravity on X4, down to five dimensions and then do a further reduction on the circle inside
AdS3 to four-dimensional AN/ = 2 gauged supergravity, where the attractor mechanism for
static BPS black holes is well-understood. An analogous argument has been used in [140]
to explain the extremization of the R-symmetry in the two-dimensional CFT.

4.1 Attractor mechanism

In 4D N = 2 gauged supergravity? with ny vector multiplets (A = 0,1,...,ny) the
Bekenstein-Hawking entropy of a static BPS black hole with horizon topology ¥, with a
charge vector Q = (p™, qa), can be be obtained by extremizing [20]

_2mine a XD — pMFy
4G 9a XD = ghEY

Tougra(X™) (4.8)

29We refer to [141] and the appendices of [43] for notations and more details about gauged supergravity
in five and four dimensions.
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with respect to the symplectic sections X such that its value at the critical point is

real. Here,

_ 6-Fsugm(AXA)
Bv="xa

with ]:sugra(XA) being the prepotential, G = (¢, ga) is the vector of magnetic ¢* and

(4.9)

electric gp Fayet-Iliopoulos (FI) parameters, and Gl(\?) is the four-dimensional Newton’s
constant.?’ In general, in gauged supergravity, Fsugra(X A) is a homogeneous function of
degree two, so we can equivalently define X4 = x4 /(gaX™ — g"Fy) and extremize

N 271
Isugra(XA) - - (,,ZS
Iels

(PAFA(XA) - qAXA) : (4.10)

The critical value of (4.10) X* determines the value of the physical scalars 2% at the
horizon, and the entropy of the black hole is then given by evaluating the functional (4.10)
at its extremum

SBH(pA’ QA) = Isugra(XA) . (411)

This is the so-called attractor mechanism [132, 133], stating that the area of the black
hole horizon is given in terms of the conserved charges and is independent of the asymp-
totic moduli.

In a general gauged supergravity with ny hypermultiplets, in addition to the gravitino
and gaugino BPS equations, one needs to impose the BPS equations for the hyperino.
Altogether these equations become algebraic in the near-horizon limit and fix the horizon
value of the scalars in the vector multiplets z/ = X7/XY% and the hyperscalars ¢%, u =
1,--+,4nyg. The full set of equations can be found in [142]. In general, the hyperino
equations at the horizon just yield a set of linear constraints on the sections X. In simple
models, this can be used to integrate out all massive fields at the horizon and write an
effective theory with only massless vectors to which we can directly apply (4.10). This
approach has been used in [31, 32] to reproduce the entropy of AdS; x S% black holes in
massive type IIA supergravity and, as we will see below, also works here.

4.2 Localization meets holography

In order to use the attractor mechanism (4.10), we need to determine the matter content
and the prepotential of the four-dimensional N' = 2 gauged supergravity. This can be done
in two steps, by first reducing on ¥g,, and then on a circle. Fortunately, both reductions
have been worked out in the literature, respectively in [143] and [141], and we can use the
results reported there.

The consistent truncation of seven-dimensional N' = 4 SO(5) gauged supergravity
reduced on a Riemann surface has been discussed in [143]. It contains two vector multiplets
and a charged hypermultiplet. The vector multiplet scalars in 5D N = 2 supergravity are

30The magnetic and electric charges are defined as fz FA = vol(EU)pA and fz Ga = vol(3s)ga where

Gy = 8%G$)6($dv014)/6FA. In a frame with purely electric gauging ga, the charges are quantized as
nggApA € Z and nqu/(4G1(\?)gA) € Z, not summed over A.
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parameterized by a set of constrained real scalars L! satisfying
1
6CUKLILJLK =1, (4.12)

where the symmetric coefficients cyyx can be identified with the 't Hooft cubic anomaly
coefficients [144], and for the model at hand ¢123 = 1 is the only nonzero component. The
prepotentials and Killing vectors associated to the hypermultiplet can be found in [143]
but we will not need the explicit form of them here.

We can proceed further by adding a momentum n along S' € AdS3. The near-horizon
geometry of the 5D black string is then BTZ x Y3, , where the metric for the extremal BTZ

reads [145]
1 —dt? + dr? 11 2
2 _ 1 _: , 4.13
ds3 = 7—3 +p[dz+< 4+2pr> dt} (4.13)

Here, the parameter p is related to the electric charge n. This is locally equivalent to
AdSs, since there exists locally only one constant curvature metric in three dimensions,
and solves the same BPS equations; however, they are inequivalent globally. Compactifying
the 5D black string on the circle [141] we obtain a static BPS black hole in four dimensions,
with magnetic charges (s1,52) and electric charge n. It can be thought as a domain wall
which interpolates between an AdSs x ¥, mnear-horizon region and an asymptotic non-
AdS, vacuum.

The 4D N = 2 gauged supergravity is the STU model (ny = 3) coupled to a charged
hypermultiplet [141]. It has the prepotential

lepr XIX7XE — X1X2X3

6 X0 - X0
The new vector multiplet corresponds to the isometry of the compactification circle and

—Fsugra(XA) - (4.14)

is associated with A = 0. The physical scalars 2/ = X7/X? are now complex. Their
imaginary part is proportional to the five-dimensional real scalars L! and the real part
is given by the component of the gauge fields along the compactified direction. In the
near-horizon region, the hyperscalars have a nonzero expectation value and, consequently,
one of the gauge fields?! becomes massive. The only physical role of the hypermultiplet is
indeed to Higgs one of the gauge fields leaving an effective theory with only two massless
vector multiplets. We can write down the effective theory as follows. The hyperino BPS
equation can be obtained by reducing to four dimensions equation [143, eq. (A.22)]. After
setting the massive gauge field to zero and considering constant scalars at the horizon, we
find that3?

4 X3+ 4 X%+ X =0. (4.15)

We see that the hyperino BPS equation only imposes a linear constraint among the sections,
which can be used to write an effective prepotential

sugra XA = =
Foual X0) = X0 B X0

(4.16)

1 XIX2(4 X2 4 X1) 1 &, O(X1X?2)2
Ano Ztl axI
I=1

for the sections X0, X', X? corresponding to the massless vectors at the horizon.

31This vector is called ¢, in [143].
32We are using [143, eqs. (23) and (36)]. The relations between parameters are the following: —4nopr = t;
and Li.,. = X{hero- Note that, in the black string of [68], the 7D gauge coupling has been fixed as m = 2.

— 56 —



We can now use (4.10). In our case, the vector of FI parameters reads [141]
¢ =1(0,0,0,0,9,9)- (4.17)

The charge vector of the 4D black hole is also given by
1 1.2 4.2~4)
Q= —— (0,5 52, 462G n,0,0) , (4.18)
gm
so that (4.10) can be written as
2

R - XlXZ 2 ~
Isugra(XA) - % Z ﬁjtju — 2f17Tan0. (419)

We may fix the constant g = 4 in the following. Upon identifying

X1 = A

XO
2mqg

i
Pl (4.20)

and using the relations between field theory and gravitational parameters®® at large N

3ﬂ.2 G(7) G(7)
3 _ (4) _ N _ N
Vot =~ ao 421

we find that the attractor mechanism (4.19) elegantly matches the field theory result (3.43).
Explicitly, we can write

Fougra(XN) < W(A, B),  Taugea(XY) = Tscrr(A, B), (4.22)

where W is given in (3.30).

We also see that the Z-extremization principle for the topologically twisted index of
the 6D N = (2,0) theory correctly leads to the microscopic counting for the entropy of
the six-dimensional black holes obtained by compactifying on a circle the black string
solutions of [68].

5 Discussion and future directions

In this paper we took the first few steps towards the derivation and evaluation of the
topologically twisted index of five-dimensional A/ = 1 gauge theories. There are countless
aspects that we have just briefly addressed in this paper.

In particular, the structure of the index at finite IV needs to be studied in more details.
It was argued in [54-56] that the equivariant partition function is summed over a set of
magnetic fluxes that satisfy complicated semi-stability conditions. These conditions have
been studied by mathematicians [112] but they become increasingly complicated with N
and are almost intractable already for N = 3 or N = 4. A related problem is the choice of

33The reduction in [143] and [141] is done on a Riemann surface and a circle of volume 27ne and 27,
respectively.
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integration contour. This is selected by supersymmetry, but it is not determined so simply
in our approach. We expect, in analogy with three and four dimensions, that some sort
of Jeffrey-Kirwan prescription [92] is at work. It would be very interesting if the correct
determination of the contour allows to simplify the final expression for the matrix model
and also the semi-stability constraints on the fluxes.

In the paper we conjectured that the Seiberg-Witten prepotential F(a) in five dimen-
sions should play the role of the twisted superpotential in three and four dimensions and,
in particular, its critical points should be relevant for the evaluation of the topologically
twisted index. In three and four dimensions, a large set of partition functions, not only
the twisted indices, can be written as a sum over Bethe vacua [12, 13, 16, 17]. It would be
interesting to see if F(a) plays, at least partially, a similar role in five dimensions. For this
reason, it would be interesting to evaluate explicitly the index for simple theories in five
dimensions and compare the results for dual pairs [146, 147].

Also our computations at large N is based on the assumption of the importance of the
critical points of F(a). The large N results can be explicitly tested against holographic
predictions. It would be particularly interesting, from this point of view, to find a class of
AdSg black holes depending non-trivially on a set of magnetic fluxes [69]. This would allow
to test the results in section 3 and compare with possible alternatives (like, for example,
the one discussed in appendix D).

In the large N analysis we considered for simplicity two particular theories, N = 2
SYM and the USp(2N) UV fixed point. We expect that our formalism and our general
results (1.9), (1.10) and (1.11) extend to other theories, with no particular complications.
We also considered just the case of P! x P! x S (which can be trivially generalized to
g X Xg, x S1). The main reason is that, for a factorized manifold, we can perform
a dimensional reduction to three dimensions and use the results for three-dimensional
topologically twisted indices, which are well developed. One main ingredient of the analysis
was the twisted superpotential of such compactification, defined for each sector of the gauge
magnetic flux on ¥y,. However, let us notice that, even for a compactification on My x St
we can formally define a twisted superpotential. This can be defined through (3.4), by
considering the theory on the equivariant background with ¢ = h and e = 0 and by
gluing the corresponding Nekrasov’s partition functions, or just by analogy with (3.7).
Once we have this twisted superpotential W(a, n), that depends on the Coulomb variables
a; and gauge fluxes n;, we can extremize both F(a) and W(a,n) with respect to a; and
n;. A generalization of (3.8) would then give an expression for the topologically twisted
index. We do not know if this approach leads to the correct result, but we have reasons
to expect that, in the large N limit, the result for different My should be very similar. In
particular, one can easily see from appendix C that the two-dimensional trial central charge
of the compactification of the N/ = (2,0) theory on M, depends on My only through the
topological factor p;(My) + 2x(My). It would be very interesting to investigate further
this issue.

We plan to came back to all these points in the near future.
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A Toric geometry

A manifold My of complex dimension two is toric if it admits a (C*)? action and (C*)?
itself is dense in My. Smooth toric surfaces can be obtained by gluing together copies of
C? [72]. In this appendix we briefly review this construction focusing on the aspects used
in the paper.

A compact toric variety My of complex dimension two is described a set of d integer
vectors 73 in the lattice N = Z? such that the angle between any pair of adjacent vectors
is less than m, as in figure 1. We order the vectors such that 7i; and 7;11 are adjacent and
we also identify 74,1 = 771. The variety is smooth if 77; and 77,1 are a basis for the lattice
N = Z?. We will assume from now on that our varieties are smooth.

Consider also the dual lattice M = N*, equipped with the natural pairing (m,7) =
Z?Zl min; € Z for m € M, 1 € N. Points in N are associated with one-parameter
subgroups of (C*)? and points in M with holomorphic functions on (C*)2. In particular,
we associate points 77 € M with monomial functions 2] 25" and define a natural (C*)?
action on the variables z;.

Each pair of adjacent vectors (7i;,7;41) defines a two-dimensional cone o; in the real
vector space Ng = N ®z R,

o] = {Alﬁl -+ )\2ﬁl+1 | A > 0} . (Al)

We can associate an affine variety V,, (which in the smooth case is a copy of C?) to each
o, as follows. Consider the dual cone

é'l:{TﬁEMRHT?Z,ﬁ)ZO for 7:[60'1}, (A2)

in Mr = M ®zR. The lattice of integer points in &; are generated by the primitive integer
vectors 1y normal to the faces of o; and pointing inwards.?* We define Vs, as the affine

34A vector is primitive if its components are relatively prime.
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Figure 1. A toric fan for a two-dimensional complex manifold.

variety whose set of holomorphic functions is {24252} for all integer vectors (u1, u2) € &;.
Vg, is just isomorphic to C2. For example, consider the case 7i; = (1,0) and 7ig = (0,1).
The dual cone is then generated by m; = (1,0) and 72 = (0, 1) and contains all the integer
points in the first quadrant. The corresponding set of functions 2} 24* with p1 > 0, p2 >0
are precisely the holomorphic functions on C2. We also associate the vector iy with the
open dense subset where zo # 0 and the vector 7o with the open dense subset where z; # 0.
Since 7; and 7,1 are a basis for N = Z2, the generic case can be always reduced to the
previous one by a change of lattice basis. Explicitly, we can just replace in the previous
example z; and 2o with local coordinates zil) = 2717”’12;7”’2 and zél) = zinl“’lz;n“’l’Q that
parameterize a copy of C2, where 77, and 773,41 are the primitive integer vectors orthogonal
to 741 and 7; and pointing inwards in o7, respectively.

The smooth toric variety My is then constructed by gluing together the d affine va-
rieties V,, isomorphic to C2, by identifying the dense open subset associated with 7; in
Vo,_, and V;,. This is completely analogous to the construction of P; as a gluing of two
copies of C. The action of the torus (C*)? on the variables z; and z3 extends naturally to
a global action on V. Each chart V,, contains a special point, the origin (0,0) € C?, which
is invariant under the torus action. These are the only invariant points and each of these
belongs precisely to one chart. We then see that there exactly are d fixed points under the
torus action (C*)2, one for each of the two-dimensional cones o;.

Each vector 7i; determines a divisor D; in M, and a corresponding line bundle.?® There
are precisely two relations among them given by

d
> g i)Dr =0, k=12, (A.3)

=1
where my = (1,0) and my = (0,1) is a basis for M. This means that there are d — 2
independent two-cycles in My. The intersection number of D; and Dy, with [ # I’, is one

if 7; and 7y are adjacent and otherwise is zero.

As we saw, the partition function on My x S! localizes at the d fixed points of (C*)2.
Each contributes a copy of the Nekrasov’s partition function of the corresponding chart

35In a local chart corresponding to 7i; = (1,0) and 72 = (0, 1), D1 restricts to z1 = 0 and D2 to z2 = 0.
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Vs, twisted by the magnetic flux. The total magnetic flux is given by a divisor Zle P Dy
in My, but the fixed point in the chart V;, will only feel the contribution of the flux
coming from the divisors D; and D; 1. In the case of the chart C2, specified by the vectors
n1 = (1,0) and 72 = (0,1), the local variables z; and 2z parameterize the tangent space
around the fixed point z; = 29 = 0. In this case we write a copy of the Nekrasov’s partition
function with equivariant parameters ¢; and €2 and Coulomb variable a given by

a+ €1P1 + €2p9 . (A.4)
The replacement for a generic chart V;, is then easily obtained. The equivariant parameters
are replaced by the action of (C*)? on the local parameters z%l) and zél):
I S ! S -
Dy D e (A5)

where € = (€1, €2) and m; and n;; are the primitive integer vectors orthogonal to iy
and 7, respectively, and the Coulomb parameter by

a(l) =a-+ 6§l)pl + e;l)plﬂ . (AG)

We can also use toric geometry to evaluate the contribution of the magnetic flux to the
Hirzebruch-Riemann-Roch index. This can be done be evaluating (2.110) or using (2.111).
The two results obviously coincide, (2.110) being the localization formula for (2.111). For
completeness, let us also show how to evaluate (2.111) using toric geometry techniques. In
the case where F is a line bundle, the index (2.111) reads

/M4 (E)(Ma) = x(M1) + [

» <td1(]P’2)cl(E) + ;cl(E)2> . (A.7)

We need the following general information about toric variety [72]. The holomorphic Euler
characteristic of every smooth toric four-manifold is one and ¢;(My) is associated with
the divisor Zle D;. We can then evaluate the integral of products of Chern classes with
the intersection of the corresponding divisors. Since tdq(My) = ¢1(My)/2 and ¢;(E) =
sz:1 p;D; the index is given by
1 d d
- 2(2%) ~ (Z(m n 1>Dl) | (A.8)
=1 =1
The intersection of divisors can be computed with the rules given above. For example, [
is the toric manifold specified by the vectors 7 = (1,0), i = (0,1), 7i3 = (—1,1) and
fig = (0,—1). The relations (A.3) gives D3 = Dy and Dy = D; + Ds. By combining these
relations with the fact that D; - D; = 1 if 7i; and 7i; are adjacent and D; - D; = 0 otherwise

(for i # j), we can determine the nonzero intersections among the independent divisors Dy
and Day: D% =0,D1-Dy =1 and D% = —1. We then easily obtain the index

1
§(P2+P4+ 1)(2p1 — p2 +2p3 +pa+2), (A.9)

which correctly reproduces the results in example 2.3.
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Notice that, by comparing (A.8) with (2.110), we can derive a general formula for the
self intersections of divisors

—(n +ny_ ng, if n 0
Dy Dy — (M1 +mi-1,1)/m | 117 _ (A.10)
—(nig12 Fy—12)/m2, if ng #0
The two expressions agree when both conditions are met.
B Metric and spinor conventions
We work in Euclidean signature in five dimensions. We use m,n,p, ... for spacetime and
a,b,c,... for tangent space indices. Spacetime indices are lowered and raised by ¢, and

its inverse ¢"". Tangent space indices are lowered and raised by 4, and 6%°. Repeated
indices are summed. The two sets of indices are related using a vielbein e,,%, such that

Imn = €%, (B.1)
We define the Levi-Civita connection
1
anp = §gmt (8ngtp + apgnt - athp) ) (B'2)
and the spin connection
W = €,V e (B.3)
The Riemann tensor is defined as
Rmn“b(e) = 8mwnab — 6nwmab + wmacwncb — wmacwncb . (B.4)

The Ricci scalar is then given by
R(e) = eyep' Ry, (e) (B.5)

The spin group is Spin(5) ~ USp(4). A spinor is a section (* of the pseudo-real 4
representation of USp(4) with « € {1,...,4}. The Clifford algebra is generated by I'* with
ac{l,...,5} and

{r“, Fb} = 259 . (B.6)

The I’ matrices have index structure (I'*)® 5- We define the Pauli matrices

01 0 —i 10
Tl:(lO)’ T2:<1’10>’ TS:(O—l)’ (B7)

ol = -5t = —irt, ct=act=1,. (B.8)

and

A possible choice of the I'* is given by

I — (9") . de{l,....4},
o' 0

(B.9)
5 = ir2rsrd = <12 0 ) .

0 -1
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We define the I'" matrices with multiple indices using permutations as

1 p
I‘alaQu-ap = Z Slgn(o’) Hraf’(i) s (BlO)
=1

|
p: o€perm(p)
such that 1
=2 (F“Fb - rbr“) . (B.11)
We also define ) ]
o = ~(o'a7 — 075"), i = 5(5iaj —alo"). (B.12)
The covariant derivatives for spinors are defined by
1
Vi€ = Omé + ~w,, " Topt . (B.13)

We also define a spinor Lie derivative along a Killing vector field v as
1
L& ="V €+ §vanf‘m”§. (B.14)

The I'* satisfy
T =1, (B.15)

where 1 denotes the conjugate transpose. We define a charge conjugation matrix

a2 0
Caﬁ = (O 0_2> y (B]_G)

satisfying
Tt =crect, cr=c, Ccl=-c, C*C=-14, (B.17)
where T denotes transposition. Spinor bilinears are defined as
1a2...0p, — ¢ aias...ap\B
gravaz-aey = £2C g (012 P)yn”. (B.18)

The R-symmetry group of the five-dimensional N' = 1 super-algebra is SU(2)g with
invariant antisymmetric tensor £/ such that

g2 = g2l =1. (B.19)

An SU(2) Majorana spinor is a doublet ¢(¢; with I € {1,2} in the fundamental representa-
tion of SU(2)R satisfying the condition
= Chpel’CP (B.20)

[0}

If the manifold M, is not spin, all spinors are valued instead in an appropriate bun-
dle associated with the choice of a spin® structure. This choice can be made canoni-
cally for an almost complex manifold, but doing so may require a redefinition of certain
background fluxes. See [148] for examples in the context of localization and [149] for a
complete reference.
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C Large N ’t Hooft anomalies of 4D /2D SCFTs from Mb5-branes

In this appendix we provide a simple formula, at large N, in order to extract the ’t
Hooft anomaly coefficients of four-dimensional N/ = 1 (or two-dimensional N = (0,2)
field theories) that arise from M5-branes wrapped on a Riemann surface ¥g, (or a four-
manifold My). The trial ’t Hooft anomaly coefficients of this class of theories can be
extracted by integrating the eight-form anomaly polynomial Ig of the 6D N = (2,0) the-
ory over g, or My [65, 66, 68, 150]. The anomaly eight-form of the 6D theory of type
g= (Anzla Dn24, EG, E7, Eg) reads [151—153]
p2(NW)
24 7
where Ig[1] is the anomaly eight-form of one M5-brane [154], NW is the SO(5) R-symmetry
bundle, and po(NW) is its second Pontryagin class. Here we have denoted the rank, the

Iglg] = rglg[1] + dghg (C.1)

dimension, and the Coxeter number of the Lie algebra g by 74, dy and hg, respectively. For
the An_1 theory, in the large N limit, the anomaly eight-form is simply given by

L[AN_1] ~ ﬂe%e% (C.2)

where e. (¢ = 1,2) are the Chern roots of NW.
Let us first consider the compactification of 6D theories on a Riemann surface ¥,.

The prescription in [65, 66] for computing the anomaly coefficient a(A) of the 4D SCFT
amounts to first replace the Chern roots e in (C.2) with

tc A
€c — *ml‘ —+ A<01(F) s (C3)

implementing the topological twist along X,, and then integrate the Ig[An_;] on Xg,:

16:[2 Ts[An_1]. (C.4)

92

Here x is the Chern root of the tangent bundle to X4,, ¢i(F) is a flux coupled to the

R-symmetry, t. are the fluxes parameterizing the twist and A, parameterize the trial R-
symmetry. They fulfill the following constraints

f1+t2=2(1—gg), A1+A2=2. (C5)

On the other hand, the anomaly six-form of a 4D SCFT, at large N, reads

16«
Is ~ —a(A)ey (F)3. (C.6)
27
The 't Hooft anomaly coefficient a(A), at large N, where ¢ = a, can then be read off by
expanding Ig[Axn_1] at first order in z, using (C.4) — fzg x = 2(1—g2) — and comparing
2

the result with (C.6). It is simply given by

IN3 S 9(AA,)?

b A
128 & ° 9A,

a(A) ~ — (C.7)

This is (3.33) in the main text.
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Consider now the compactification of 6D field theories on ¥q, x 34, [68]. We first need
to replace

5 B te A
ec — 2(1_91)351 2(1_92)x2+A§01(F), (C.8)

where x, are now the Chern roots of the tangent bundles to 3, , and t./s; the fluxes on
Y4, /3q,, with
t1 +t 22(1—92), 51 + S92 :2(1—91). (Cg)

Then we integrate Ig[An_1] over Xq, x 34, using fzg xy = 2(1 —gc)dc,. The result should
be compared with the four-form anomaly polynomial of the two-dimensional SCFT that,
in the large N limit, where ¢; = ¢, reads

a(A)
6

I ~ c1(F)?. (C.10)

This time only the term proportional to z1x2 in (C.2) contributes and we obtain
S . (C.11)

This is (3.12) with the identification SA. /7 = A..

For completeness, we also study the compactification of 6D field theories on a four-
manifold M, with a single flux on M. Denoting with 1 and x2 the Chern roots of the
tangent bundle to My, the topological twist can be implemented by [68]

ec = —to(x1 + x2) + Accr (F), (C.12)

where t; + t2 = 1. The integration of Is[Ayx_1] over My can be done by noticing that the
integrals

p1(My) =30(My) = /

(1:% + x%) ) x(My) = / T1T2 (C.13)
My My

give the first Pontryagin number and the Euler number of M,. The result is then simply

. N3 2
a(A) & — (P(Ma) +2x(Ma)) D wt,

8
s,0=1

2/A A \2
ALy (C.14)
0A0A,

We see that the 't Hooft anomaly coefficients of 4D (or 2D) field theories, which are
obtained by wrapping Mb5-branes on g, (or My), can always be written as (multiple)
applications of operators of the form 23:1 tg(?Ag_ to the function (A1A2)27 appearing in
the eight-form anomaly polynomial through the term po(NW).

D An alternative large N saddle point for the USp(2N) theory

In this appendix, for completeness, we discuss a possible alternative method for evalu-
ating (3.8) in the saddle point approximation. Solving (3.9) in the large N limit gives a
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relation between a(;) and n;. Eliminating a(;), we can write (3.8) as a sum over the fluxes n;:

rk(G) 82Wpert(a(u) n) g1—1
pert pert 9
ZZQQX(EQIXSI)(57t’ A) n; Z |m o\? (dz?t 8az~8aj ) ’

(D.1)
where a(;)(n) is the large N solution to (3.9). Each term in the sum is an exponentially large
function of N, and we can use again the saddle point approximation to find the dominant
contribution to the partition function. While for ' =2 SYM this method fails since (3.9)
completely fixes the values of n;, it works for the USp(2N) theory. For completeness, we
quote the result for the partition function evaluated with this approach

4N5/2
108 2(Bons ) = e VBt + Bt B + Bas) a1t F5att). (D2

Notice that this is different from (3.106). It coincides with (3.106) only in the case of the
universal twist, t,, = 1 — g2 and s, = 1 — g1. It would be very interesting to compare

the two alternative results with the entropy of asymptotically AdSg black holes in massive
type ITA supergravity, with magnetic fluxes t,, and s,, [69].

E Polylogarithms

Polylogarithms Lis(z) are defined by
: — 2"
Lis(z) = pre (E.1)
n=1
for |z| < 1 and by analytic continuation outside the disk.  They satisfy the
following relations
a
0q Lis(e') = 1Lis_;(e'), Lis(e'") = ]'1/ Lis_1(¢') dd’ . (E.2)
+ioco
For s > 1, the functions have a branch point at z = 1 and we shall take the principal
determination with a cut [1,+oco) along the real axis. The functions Li,(e!?) are periodic
under @ — a + 27 and have branch cut discontinuities along the vertical line [0, —ico) and

its images. For 0 < Rea < 27, polylogarithms fulfill the following inversion formula3%

. . 2i7)8
Lig(e') + (—=1)° Lig(e ') = ! 117'r) By (;) =1"2g,(a), (E.3)
s! T
where Bs(a) are the Bernoulli polynomials. In this paper we need, in particular,
2 2 3 2

g(a) =T —ma+ T, gla) =T - Sa’+ (E.4)

One can find the formula in the other regions by periodicity. Let us also mention that
gs(2m —a) = (—=1)°gs(a) . (E.5)

Finally, assuming 0 < A < 27, we find that
Lig(e18) ~ 157 2g (=it + A) | as t — 0o. (E.6)

36The inversion formulz in the domain —27 < Rea < 0 are obtained by sending a — —a.
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