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Abstract: The lifetimes of bottom and charmed hadrons are analyzed within the frame-

work of the heavy quark expansion (HQE). Lifetime differences arise from the spectator

effects such as weak W -annihilation and Pauli interference. Spectator effects originating

from dimension-7 four-quark operators are derived. Hadronic matrix elements of four-

quark operators are parameterized in a model-independent way. Using the dimension-6

bag parameters recently determined from HQET sum rules and the vacuum insertion ap-

proximation for meson matrix elements of dimension-7 operators, the calculated B meson

lifetime ratios τ(B+)/τ(B0
d) = 1.074+0.017

−0.016 and τ(B0
s )/τ(B

0
d) = 0.9962 ± 0.0024 are in ex-

cellent agreement with experiment. Likewise, based on the quark model evaluation of

baryon matrix elements, the resulting baryon lifetime ratios τ(Ξ−
b )/τ(Λ

0
b), τ(Ξ

−
b )/τ(Ξ

0
b),

τ(Ω−
b )/τ(Ξ

−
b ) and the Λb −B0 lifetime ratio τ(Λ0

b)/τ(B
0
d) = 0.953 also agree well with the

data. Contrary to the bottom hadron sector where the HQE in 1/mb works well, the HQE

to 1/m3
c fails to give a satisfactory description of the lifetimes of both charmed mesons and

charmed baryons. This calls for the subleading 1/mQ corrections to spectator effects. The

relevant dimension-7 spectator effects are in the right direction for explaining the large

lifetime ratio of τ(Ξ+
c )/τ(Λ

+
c ). However, the destructive 1/mc corrections to Γ(Ω0

c) are

too large to justify the validity of the HQE, namely, the predicted Pauli interference and

semileptonic rates for Ω0
c become negative. Demanding these rates to be positive for a

sensible HQE, we find the lifetime pattern τ(Ξ+
c ) > τ(Ω0

c) > τ(Λ+
c ) > τ(Ξ0

c), contrary to

the current hierarchy τ(Ξ+
c ) > τ(Λ+

c ) > τ(Ξ0
c) > τ(Ω0

c). We conclude that the Ω0
c , which

is naively expected to be shortest-lived in the charmed baryon system owing to the large

constructive Pauli interference, could live longer than the Λ+
c due to the suppression from

1/mc corrections arising from dimension-7 four-quark operators. The new charmed baryon

lifetime pattern needs to be tested in forthcoming experiments.
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1 Introduction

It was realized since the late 1970s and 1980s that the lifetime differences of singly heavy

hadrons containing a heavy quarkQ arise mainly from the spectator effects likeW -exchange

and Pauli interference due to the identical quarks produced in heavy quark decay and in

the wave function of the heavy hadron [1–4]. The spectator effects were expressed in

1980s in terms of local four-quark operators by relating the total widths to the imaginary

part of certain forward scattering amplitudes [5–7]. With the advent of heavy quark ef-

fective theory (HQET), it was recognized in early 1990s that nonperturbative corrections

to the parton picture can be systematically expanded in powers of 1/mQ [1–4]. Within

the QCD-based framework, namely the heavy quark expansion (HQE), which is a general-

ization of the operator product expansion (OPE) in 1/mQ in the Minkowski space, some

phenomenological assumptions in 1980s acquired a firm theoretical footing in 1990s and

nonperturbative effects can be systematically studied (for a review, see [8]).

On the basis of the OPE approach for the analysis of inclusive weak decays, the inclu-

sive rate of the heavy hadron HQ is schematically represented by

Γ(HQ → f) =
G2

Fm
5
Q

192π3
VCKM

(

A0 +
A2

m2
Q

+
A3

m3
Q

+
A4

m4
Q

+O
(

1

m5
Q

)

)

, (1.1)
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where VCKM is the relevant CKM matrix element. The A0 term comes from the decay of the

heavy quarkQ and is common to all heavy hadronsHQ. There is no linear 1/mQ corrections

to the inclusive decay rate due to the lack of gauge-invariant dimension-four operators [1,

9, 10], a consequence known as Luke’s theorem [11]. Nonperturbative corrections start

at order 1/m2
Q and are model independent. Spectator effects in inclusive decays due to

the Pauli interference and W -exchange contributions account for 1/m3
Q corrections. The

estimate of spectator effects is model dependent; the hadronic four-quark matrix elements

are usually evaluated by assuming the factorization approximation for mesons and the

quark model for baryons. Moreover, there is a two-body phase-space enhancement factor of

16π2 for spectator effects relative to the three-body phase space for heavy quark decay. This

means that 1/m3
Q corrections can be quite significant. Moreover, spectator effects in charm

hadron decays, being of order 1/m3
c , can be comparable to and even exceed the A0 term.

Based on the HQE approach for the analysis of inclusive weak decays, the first cor-

rection to bottom hadron lifetimes is of order 1/m2
b and it is model independent. For

example, it was found in [12] that τ(B−)/τ(Bd) ≈ τ(Bs)/τ(Bd) = 1 + O(1/m3
b) and

τ(Λb)/τ(Bd) = 0.98 + O(1/m3
b). The 1/m3

b corrections can be expressed in a model-

independent manner [12]

τ(Λb)

τ(Bd)
≃ 0.98− 0.17ε1 + 0.20ε2 − (0.012 + 0.021B̃)r, (1.2)

where εi, Bi, B̃, r are the hadronic parameters to be introduced below in section 3.1.

Experimentally, the Λ0
b lifetime was significantly shorter than the B meson one in the early

measurements. Taking the current B0 meson lifetime τ(B0) = (1.520 ± 0.004) ps [13] as

a benchmark, τ(Λb) was found to be (1.14 ± 0.08) ps in 1996 [14]. The world-averaged

lifetime ratio then was
τ(Λ0

b)

τ(B0)
= 0.79± 0.06 (1996), (1.3)

dominated by CERN e+e− collider LEP experiments [15]. This lifetime ratio remained

essentially unchanged even in 2004 [16]

τ(Λ0
b)

τ(B0)
= 0.803± 0.047 , HFAG 2004. (1.4)

Since the two parameters ε1 and ε2 obey the constraint ε1 ≈ 0.3ε2 [12] and they vanish un-

der vacuum insertion approximation, it is very difficult to employ the HQE prediction (1.2)

to accommodate the experimental value of τ(Λb)/τ(Bd) without invoking too large a value

of r and/or B̃. It is thus reasonable to conclude that the 1/m3
b corrections in the HQE do

not suffice to describe the observed lifetime difference between Λb and Bd.

Motivated by the conflict between theory and experiment for the lifetime ratio

τ(Λb)/τ(Bd), it was suggested in [17] that the assumption of local duality is not correct

for nonleptonic inclusive width and that the presence of linear 1/mb corrections prohibited

in the HQE is strongly implied by the data. As shown in [18] and [19], the simple ansatz

of replacing ΓNL by ΓNL(mΛb
/mb)

5 not only solves the lifetime ratio problem but also

provides the correct absolute decay widths for the Λb baryon and the B meson. However,

– 2 –



J
H
E
P
1
1
(
2
0
1
8
)
0
1
4

there exist several insurmountable difficulties with this scenario and some of them were

already discussed in [18].

Nowadays we know that the issue with the low value of Λb − B0 lifetime ratio or

the short Λb lifetime was on the experimental side. The first direct measurement of the

lifetime ratio τ(Λ0
b)/τ(B

0) was carried out by the D0 Collaboration in 2005 with the result

0.87+0.17
−0.14±0.03 [20]. Also, the CDF experiment measured the Λb lifetime in exclusive decay

to J/ψΛ [21] and showed that the Λb lifetime is significantly longer than either previous Λb

lifetime measures or state-of-the-art calculation based on the HQE at the time. The world

averages as of today are [13]

τ(Λ0
b) = (1.470± 0.010)× 10−12 s , τ(Λ0

b)/τ(B
0
d) = 0.964± 0.007 . (1.5)

As we shall see in section 4.1 below, the current value of the Λb −B0 lifetime ratio can be

explained nicely in the HQE approach.

The major theoretical uncertainties of the HQE predictions for hadron lifetimes come

from the hadronic matrix elements of four-quark operators. In the meson sector, the

meson matrix elements can be expressed in a model-independent manner in terms of four

bag parameters B1,2 and ǫ1,2. These parameters have been calculated using lattice QCD

and QCD sum rules (see [8] for a review). Based on HQET sum rules, they have been

updated recently in [22]. For the baryon matrix elements, they can be parameterized in

terms of four parameters L1,··· ,4, but only two of them are independent.

Although the heavy quark expansion in 1/mb works well for B mesons and bottom

baryons, the HQE in 1/mc fails to give a satisfactory description of the lifetimes of both

charmed mesons and charmed baryons. First of all, to order 1/m3
c , the destructive Pauli

interference in D+ decay overcomes the c quark decay rate so that the inclusive rate and

the lifetime of D+ become negative. Hence, it is not meaningful to discuss the lifetime

ratio τ(D+)/τ(D0) at this level. Second, the lifetime pattern of charmed baryons is under-

standable only qualitatively, but not quantitatively. The quantitative estimates of charmed

baryon lifetimes and their ratios are still rather poor [18]. For example, τ(Ξ+
c )/τ(Λ

+
c ) is

calculated to be 1.03 (see section 4.2 below), while experimentally it is measured to be

2.21 ± 0.15 [13]. Therefore, it is natural to consider the effects stemming from the next-

order 1/mc expansion. Specifically, we shall consider the subleading 1/mc corrections to

the spectator effects.

The 1/mQ corrections to the spectator effects are computed by expanding the for-

ward scattering amplitude in the light-quark momentum and matching the result onto the

operators containing derivative insertions. Dimension-7 terms are either the four-quark

operators times the spectator quark mass or the four-quark operators with an additional

derivative [23, 24]. Dimension-7 operators were first studied in [25] for the width difference

in the Bs − B̄s system, in [23, 24] for the lifetime differences of heavy hadrons and in [26]

for D-meson lifetimes.

In this work we will study spectator effects in inclusive nonleptonic and semileptonic

decays, analyze the lifetime pattern of heavy hadrons, and pay attention to the effects of

dimension-7 operators on the heavy hadron lifetimes, especially for the charmed mesons

and baryons. Our goal is to see if the aforementioned problems such as the negative lifetime

– 3 –
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of the D+ meson and the closeness of Ξ+
c and Λ+

c lifetimes can be resolved by the inclusion

of subleading 1/mQ corrections to the spectator effects.

This work is organized as follows. In section 2 we give general heavy quark expansion

expressions for inclusive nonleptonic and semileptonic widths. We then study lifetimes

of B and D mesons in section 3 and bottom and charmed baryons in section 4 with the

evaluation of hadronic four-quark matrix elements. Discussions and conclusions are given

in section 5. In appendix A we sketch the derivation of dimension-7 four-quark operators

relevant for the spectator effects in heavy baryon decays. Appendix B is devoted to the

evaluation of baryon matrix elements in the quark model.

2 Framework

In this section we write down the general expressions for the inclusive decay widths of

heavy hadrons and leave the evaluation of the relevant hadronic matrix elements to the

next section. It is known that the inclusive decay rate is governed by the imaginary part

of an effective nonlocal forward transition operator T . When the energy released in the

decay is large enough, the nonlocal effective action can be recast as an infinite series of

local operators with coefficients containing inverse powers of the heavy quark mass mQ.

Under this heavy quark expansion, the inclusive nonleptonic decay rate of a singly heavy

hadron HQ containing a heavy quark Q is given by [1–4]

Γ(HQ) =
1

2mHQ

Im 〈HQ|T |HQ〉 =
1

2mHQ

〈HQ|
∫

d4xT [L†
W (x)LW (0)]|HQ〉, (2.1)

where the second T appearing in the integral is a time-ordering symbol. Under the operator

product expansion, the transition operator T can be expressed in terms of local quark

operators

ImT =
G2

Fm
5
Q

192π3
ξ

(

c3,QQ̄Q+
c5,Q
m2

Q

Q̄σ ·GQ+
c6,Q
m3

Q

T6 +
c7,Q
m4

Q

T7 + · · ·
)

, (2.2)

where ξ is the relevant CKM matrix element, the dimension-6 T6 consists of the four-quark

operators (Q̄Γq)(q̄ΓQ) with Γ representing a combination of the Lorentz and color matri-

ces, while a subset of dimension-7 T7 is governed by the four-quark operators containing

derivative insertions (see section 2.2 below). Since σ · G = −2~σ · ~B, the Q̄σ · GQ term

describes the interaction of the heavy Q quark spin with the gluon field. Explicitly,

ΓNL(HQ) =
G2

Fm
5
Q

192π3
ξ

{

cNL
3,Q

[

1− µ2
π − µ2

G

2m2
Q

]

+ 2cNL
5,Q

µ2
G

m2
Q

+
cNL
6,Q

m3
Q

〈HQ|T6|HQ〉
2mHQ

+
cNL
7,Q

m4
Q

〈HQ|T7|HQ〉
2mHQ

+ · · ·
}

, (2.3)

where use of
〈HQ|Q̄Q|HQ〉

2mHQ

= 1− µ2
π

2m2
Q

+
µ2
G

2m2
Q

(2.4)
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has been made with

µ2
π ≡ 1

2mHQ

〈HQ|Q̄(i ~D)2Q|HQ〉 = − 1

2mHQ

〈HQ|Q̄(iD⊥)
2Q|HQ〉 = −λ1,

µ2
G ≡ 1

2mHQ

〈HQ|Q̄
1

2
σ ·GQ|HQ〉 = dHλ2. (2.5)

In heavy quark effective theory, the mass of the heavy hadron HQ is of the form

mHQ
= mQ + Λ̄HQ

− λ1

2mQ
− dHλ2

2mQ
, (2.6)

where the three nonperturbative HQET parameters Λ̄HQ
, λ1 and λ2 are independent of

the heavy quark mass and Λ̄HQ
can be regarded as the binding energy of the heavy hadron

in the infinite mass limit.1 Since the chromomagnetic field is produced by the light cloud

inside the heavy hadron, it is clear that σ · G is proportional to ~SQ · ~Sℓ, where ~SQ (~Sℓ) is

the spin operator of the heavy quark (light cloud). The parameter dH is given by

dH = −〈HQ|4~SQ · ~Sℓ|HQ〉
= −2[Stot(Stot + 1)− SQ(SQ + 1)− Sℓ(Sℓ + 1)]. (2.7)

Therefore, dH = 3 for B and D mesons, dH = −1 for B∗ and D∗ mesons, dH = 0 for the

antitriplet baryon TQ, dH = 4 for the spin-12 sextet baryon SQ and dH = −2 for the spin-32
sextet baryon S∗

Q. It follows from eq. (2.6) that

λmeson
2 =

1

4
(m2

P ∗ −m2
P ) =

{

0.12GeV2 for B meson,

0.14GeV2 for D meson,

λbaryon
2 =

1

6
(m2

S∗

Q
−m2

SQ
). (2.8)

Numerically (in units of GeV2),

λΣc

2 = 0.054, λ
Ξ′
c

2 = 0.061, λΩc

2 = 0.064,

λΣb

2 = 0.040, λ
Ξ′

b

2 = 0.040, λΩb

2 = 0.041 . (2.9)

It is interesting to note that the large-Nc relation [28, 29]

λmeson
2 ∼ Ncλ

baryon
2 (2.10)

is fairly satisfied especially for bottom hadrons. As for the kinetic energy parameter λ1,

we shall use [30]

λmeson
1 ∼ λbaryon

1 = −(0.432± 0.068)GeV2. (2.11)

Summing over the contributions from b → cc̄s, b → cc̄d, b → cūd and b → cūs

processes, we have [1–4]

cNL
3,b =

(

Ncc
2
1 +Ncc

2
2 + 2c1c2

)

(I0(x, 0, 0) + I0(x, x, 0)) ,

cNL
5,b = −

(

Ncc
2
1 +Ncc

2
2 + 2c1c2

)

(I1(x, 0, 0) + I1(x, x, 0))

−8c1c2(I2(x, 0, 0) + I2(x, x, 0)), (2.12)

1For a review of the nonperturbative HQET parameters see ref. [27].
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where x = (mc/mb)
2 and the good approximations |Vud|2 + |Vus|2 ≈ 1, |Vcs|2 + |Vcd|2 ≈ 1

have been made. In the above equation, c1, c2 are Wilson coefficient functions, Nc = 3 is

the number of color, I0, I1 and I2 are the phase-space factors:

I0(x, 0, 0) = (1− x2)(1− 8x+ x2)− 12x2 lnx,

I1(x, 0, 0) =
1

2

(

2− x
d

dx

)

I0(x, 0, 0) = (1− x)4,

I2(x, 0, 0) = (1− x)3, (2.13)

for b → cūd and b → cūs (x = m2
c/m

2
b) or c → sud̄ (x = m2

s/m
2
c) transition and

I0(x, x, 0) = v(1− 14x− 2x2 − 12x3) + 24x2(1− x2) ln
1 + v

1− v
,

I1(x, x, 0) =
1

2

(

2− x
d

dx

)

I0(x, x, 0) = v(1− 2x)(1− 4x− 6x2) + 24x4 ln
1 + v

1− v
,

I2(x, x, 0) = v
(

1 +
x

2
+ 3x2

)

− 3x(1− 2x2) ln
1 + v

1− v
, (2.14)

for b → cc̄s or c → ss̄u transition with v ≡
√
1− 4x. For the c quark decay, contributions

from c → sd̄u and c → ss̄u yield

cNL
3,c =

(

Ncc
2
1 +Ncc

2
2 + 2c1c2

) (

I0(x, 0, 0)|Vud|2 + I0(x, x, 0)|Vus|2
)

,

cNL
5,c = −

(

Ncc
2
1 +Ncc

2
2 + 2c1c2

) (

I1(x, 0, 0)|Vud|2 + I1(x, x, 0)|Vus|2
)

(2.15)

−8c1c2
(

I2(x, 0, 0)|Vud|2 + I2(x, x, 0)|Vus|2
)

,

with x = (ms/mc)
2.

It is now ready to deduce the inclusive semileptonic widths from eq. (2.3) by putting

c1 = 1, c2 = 0 and Nc = 1:

ΓSL(HQ) =
G2

Fm
5
Q

192π3
ξ

{

cSL3,Q

[

1− µ2
π − µ2

G

2m2
Q

]

+ 2cSL5,Q
µ2
G

m2
Q

}

, (2.16)

where

cSL3,b(x, xτ ) = 2I0(x, 0, 0) + I0(x, xτ , 0),

cSL5,b(x, xτ ) = − (2I1(x, 0, 0) + I1(x, xτ , 0)) , (2.17)

and

cSL3,c(x, xµ) = I0(x, 0, 0) + I0(x, xµ, 0),

cSL5,c(x, xµ) = − (I1(x, 0, 0) + I1(x, xµ, 0)) , (2.18)

with xℓ = (mℓ/mQ)
2. For the expression of I0,1(x, y, 0) with y 6= x, see [31] or the appendix

of [32] with C0 = I0(x, y, 0) and Cµ2
G
= I1(x, y, 0).

– 6 –
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2.1 Dimension-6 operators

Defining

T6 =
G2

Fm
2
Q

192π3
ξ cNL

6,Q T6, (2.19)

the dimension-six four-quark operators in eq. (2.3) responsible for spectator effects in in-

clusive decays of heavy baryons (denoted by BQ) are given by [5–7]

T BQ,q1
6,ann =

G2
Fm

2
Q

2π
ξ (1−x)2

{

(c21+c22)(Q̄Q)(q̄1q1)+2c1c2(Q̄q1)(q̄1Q)
}

,

T BQ,q2
6,int− = −

G2
Fm

2
Q

6π
ξ(1−x)2

{

c21

[(

1+
x

2

)

(Q̄Q)(q̄2q2)−(1+2x)Q̄α(1−γ5)q
β
2 q̄

β
2 (1+γ5)Q

α
]

+(2c1c2+Ncc
2
2)
[(

1+
x

2

)

(Q̄q2)(q̄2Q)−(1+2x)Q̄(1−γ5)q2q̄2(1+γ5)Q
]

}

,

T BQ,q3
6,int− = −

G2
Fm

2
Q

6π
ξ
√
1−4x

{

c21

[

(1−x)(Q̄Q)(q̄3q3)−(1+2x)Q̄α(1−γ5)q
β
3 q̄

β
3 (1+γ5)Q

α
]

+(2c1c2+Ncc
2
2)
[

(1−x)(Q̄q3)(q̄3Q)−(1+2x)Q̄(1−γ5)q3q̄3(1+γ5)Q
]

}

,

T BQ,q3
6,int+ = −

G2
Fm

2
Q

6π
ξ

{

c22

[

(Q̄Q)(q̄3q3)−Q̄α(1−γ5)q
β
3 q̄

β
3 (1+γ5)Q

α
]

+(2c1c2+Ncc
2
1)
[

(Q̄q3)(q̄3Q)−Q̄(1−γ5)q3q̄3(1+γ5)Q
]

}

, (2.20)

where (q̄1q2) ≡ q̄1γµ(1−γ5)q2, α, β are color indices and ξ is the relevant CKM matrix ele-

ment for the quark-mixing-favored decay. Note that for charm decay, Q = c, q1 = d, q2 = u

and q3 = s and for bottom decay, Q = b, q1 = u, q2 = d, q3 = s. In the baryon sector,

the first term T BQ,q1
6,ann corresponds to a W -exchange (or generically weak annihilation) con-

tribution (see figure 1(a)), the rest to contributions from Pauli interference. For example,

T BQ,q2
6,int− arises from the destructive interference of the q2 quark produced in the heavy quark

Q decay with the q2 quark in the wave function of the heavy baryon BQ (figure 1(b)). The

last term T BQ,q3
6,int+ in (2.20) is due to the constructive interference of the s quark and hence

it occurs only in charmed baryon decays, i.e. Q = c and q3 = s (figure 1(c)). The third

term T BQ,q3
6,int− comes from the destructive Pauli interference due to b → cc̄s (figure 1(b))

or c → ss̄u. This term exists in bottom decays with cc̄ intermediate states and in charm

decays with ss̄ intermediate states.

As we shall see in section 4, Pauli interferences described by T BQ,q2
6,int− and T BQ,q3

6,int− are

destructive as the relevant Wilson coefficient of the form (Ncc
2
2 + 2c1c2 − B̃c21) with the

hadronic parameter B̃ defined in eq. (4.2) is negative in both charm and bottom sectors,

whereas the Pauli interference from T BQ,q3
6,int+ is constructive as the relevant Wilson coeffi-

cient (Ncc
2
1 + 2c1c2 − B̃c22) is positive. This is not necessarily true for dimension-7 Pauli

interference effects to be described below.

– 7 –



J
H
E
P
1
1
(
2
0
1
8
)
0
1
4

b
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d u

b

(a)

b

u

c

d

b

u

b

d(s) d(s)

bc

ū(c̄)

b

d(s)

b

d(s)

c

ū(c̄)

(b)

c

s

c

s

u

d̄

(c)

c

s

c

s

u

d̄

Figure 1. Spectator effects in heavy baryon decays: (a) W -exchange, (b) destructive Pauli inter-

ference for b → cūd and b → cc̄s, and (c) constructive Pauli interference for c → ud̄s.

In the heavy meson sector, the W -exchange contribution to the heavy meson corre-

sponds to the Pauli interference term T BQ

6,int− in eq. (2.20) in heavy baryon decays, while

the Pauli interference in inclusive nonleptonic decays of heavy mesons corresponds to the

annihilation term T BQ

6,ann in heavy baryon decays. This will be discussed in section 3.

It is clear from eqs. (2.3) and (2.20) that there is a two-body phase-space enhancement

factor of 16π2 for spectator effects relative to the three-body phase space for the heavy

quark decay. This implies that spectator effects, being of order 1/m3
Q, are comparable

to and even exceed the 1/m2
Q terms. Note that the Wilson coefficients and four-quark

operators in eq. (2.20) are renormalized at the heavy quark mass scale. Sometimes the

so-called hybrid renormalization [6, 33] is performed to evolve the four-quark operators

(not the Wilson coefficients!) from mQ down to a low-energy scale, say, a typical hadronic

scale µhad. The evolution from mQ down to µhad will in general introduce new structures

such as penguin operators. Nevertheless, in the present paper we will follow [12] to em-

ploy (2.3) and (2.20) as our starting point for describing inclusive weak decays since it is

equivalent to first evaluating the four-quark matrix elements renormalized at the mQ scale

and then relating them to the hadronic matrix elements renormalized at µhad through the

renormalization group equation, provided that the effect of penguin operators is neglected.

For inclusive semileptonic decays, apart from the heavy quark decay contribution there

is an additional spectator effect in charmed-baryon semileptonic decay originating from the

Pauli interference of the s quark [34]; that is, the s quark produced in c → sℓ+νℓ has an

interference with the s quark in the wave function of the charmed baryon (see figure 2).

It is now ready to deduce this term from T q3
6,int+ in eq. (2.20) by putting c1 = 1, c2 = 0,
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c

s

c
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c

s

c

s
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Figure 2. Spectator effect in the charmed-baryon semileptonic decay.

Nc = 1 and q3 = s:

ΓSL
6,int(Bc) = −G2

Fm
2
c

6π
|Vcs|2

1

2mBc

〈Bc|(c̄s)(s̄c)− c̄(1− γ5)ss̄(1 + γ5)c|Bc〉. (2.21)

Obviously, this term occurs only in the semileptonic decays of Ξc and Ωc baryons.

2.2 Dimension-7 operators

To the order of 1/m4
Q in the heavy quark expansion in eq. (2.3), we need to consider

dimension-7 operators. For our purposes, we shall focus on the 1/mQ corrections to the

spectator effects discussed in the last subsection and neglect the operators with gluon fields.

As mentioned in the Introduction, the relevant dimension-7 terms are either the four-quark

operators times the spectator quark mass or the four-quark operators with an additional

derivative [23, 24]. We shall follow [26] to define the following dimension-7 four-quark

operators:

P q
1 =

mq

mQ
Q̄(1− γ5)qq̄(1− γ5)Q, P q

2 =
mq

mQ
Q̄(1 + γ5)qq̄(1 + γ5)Q, (2.22)

P q
3 =

1

m2
Q

Q̄
←
Dρ γµ(1− γ5)D

ρqq̄γµ(1− γ5)Q, P q
4 =

1

m2
Q

Q̄
←
Dρ (1− γ5)D

ρqq̄(1 + γ5)Q,

P q
5 =

1

mQ
Q̄γµ(1− γ5)qq̄γ

µ(1− γ5)(iD/)Q, P q
6 =

1

mQ
Q̄(1− γ5)qq̄(1 + γ5)(iD/)Q,

and the color-octet operators Sq
i (i = 1, . . . , 6) obtained from P q

i by inserting ta in the two

currents of the respective color singlet operators, for example, Sq
1 =

mq

mQ
Q̄(1− γ5)t

aqq̄(1−
γ5)t

aQ.

Following the prescription outlined in [26], one can derive the dimension-7 operators

relevant to heavy baryon decays. Explicitly (see appendix A for details),

T BQ,q1
7,ann =

G2
Fm

2
Q

6π
ξ (1− x)

{

(

2Ncc1c2 + c21 + c22
)

[

2(1 + x)P q1
3 + (1− x)P q1

5

]

+6(c21 + c22)
[

2(1 + x)Sq1
3 + (1− x)Sq1

5

]

}

,

T BQ,q2
7,int =

G2
Fm

2
Q

6π
ξ(1− x)

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)[

− (1− x)(1 + 2x)(P q2
1 + P q2

2 )

+2(1 + x+ x2)P q2
3 − 12x2P q2

4 − (1− x)
(

1 +
x

2

)

P q2
5 + (1− x)(1 + 2x)P q2

6

]
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+2c21

[

− (1− x)(1 + 2x)(Sq2
1 + Sq2

2 ) + 2(1 + x+ x2)Sq2
3 − 12x2Sq2

4

−(1− x)
(

1 +
x

2

)

Sq2
5 + (1− x)(1 + 2x)Sq2

6

]

}

, (2.23)

T BQ,q3
7,int =

G2
Fm

2
Q

6π
ξ
√
1− 4x

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)[

− (1 + 2x)(P q3
1 + P q3

2 )

+
2

1− 4x
(1− 2x− 2x2)P q3

3 − 24x2

1− 4x
P q3
4 − (1− x)P q3

5 + (1 + 2x)P q3
6

]

+2c21

[

− (1 + 2x)(Sq3
1 + Sq3

2 ) +
2

1− 4x
(1− 2x− 2x2)Sq3

3 − 24x2

1− 4x
Sq3
4

−(1− x)Sq3
5 + (1 + 2x)Sq3

6

]

}

,

T Bc,s
7,int =

G2
Fm

2
c

6π
ξ

{

(

1

Nc
c22 + 2c1c2 +Ncc

2
1

)

[

− P s
1 − P s

2 + 2P s
3 − P s

5 + P s
6

]

+2c22

[

− Ss
1 − Ss

2 + 2Ss
3 − Ss

5 + Ss
6

]

}

.

However, we shall see later that in order to evaluate the baryon matrix elements, it is more

convenient to express dimension-7 operators in terms of P q
i and P̃ q

i ones, where P̃i denotes

the color-rearranged operator that follows from the expression of Pi by interchanging the

color indices of the qi and q̄j Dirac spinors. For example, P̃ q
1 =

mq

mQ
Q̄i(1−γ5)qj q̄i(1−γ5)Qj .

Using the relation

Si = − 1

2Nc
Pi +

1

2
P̃i, (2.24)

we obtain

T BQ,q1
7,ann =

G2
Fm

2
Q

2π
ξ (1− x)

{

2c1c2

[

2(1 + x)P q1
3 + (1− x)P q1

5

]

+(c21 + c22)
[

2(1 + x)P̃ q1
3 + (1− x)P̃ q1

5

]

}

,

T BQ,q2
7,int =

G2
Fm

2
Q

6π
ξ(1− x)

{

(

2c1c2 +Ncc
2
2

)

[

− (1− x)(1 + 2x)(P q2
1 + P q2

2 )

+2(1 + x+ x2)P q2
3 − 12x2P q2

4 − (1− x)
(

1 +
x

2

)

P q2
5 + (1− x)(1 + 2x)P q2

6

]

+c21

[

− (1− x)(1 + 2x)(P̃ q2
1 + P̃ q2

2 ) + 2(1 + x+ x2)P̃ q2
3 − 12x2P̃ q2

4

−(1− x)
(

1 +
x

2

)

P̃ q2
5 + (1− x)(1 + 2x)P̃ q2

6

]

}

, (2.25)
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T BQ,q3
7,int =

G2
Fm

2
Q

6π
ξ
√
1− 4x

{

(

2c1c2 +Ncc
2
2

)

[

− (1 + 2x)(P q3
1 + P q3

2 )

+
2

1− 4x
(1− 2x− 2x2)P q3

3 − 24x2

1− 4x
P q3
4 − (1− x)P q3

5 + (1 + 2x)P q3
6

]

+c21

[

− (1 + 2x)(P̃ q3
1 + P̃ q3

2 ) +
2

1− 4x
(1− 2x− 2x2)P̃ q3

3 − 24x2

1− 4x
P̃ q3
4

−(1− x)P̃ q3
5 + (1 + 2x)P̃ q3

6

]

}

,

T Bc,s
7,int =

G2
Fm

2
c

6π
ξ

{

(

2c1c2 +Ncc
2
1

)

[

− P s
1 − P s

2 + 2P s
3 − P s

5 + P s
6

]

+c22

[

− P̃ s
1 − P̃ s

2 + 2P̃ s
3 − P̃ s

5 + P̃ s
6

]

}

.

For the dimension-7 operators relevant to heavy meson decays, see the next section.

2.3 Lifetime ratio

In order to compare the HQE predictions with the experimental results, we often consider

the lifetime ratio of two heavy hadrons H1 and H2, which reads

τ(H1)

τ(H2)
= 1 +

Γ2 − Γ1

Γ1
= 1 +

µ2
π(H1)− µ2

π(H2)

2m2
Q

+
c3,Q + 2c5,Q

c3,Q

µ2
G(H1)− µ2

G(H2)

2m2
Q

+
c6,Q
c3,Q

〈H2|T6|H2〉
2m3

QmH2

− c6,Q
c3,Q

〈H1|T6|H1〉
2m3

QmH1

+
c7,Q
c3,Q

〈H2|T7|H2〉
2m4

QmH2

− c7,Q
c3,Q

〈H1|T7|H1〉
2m4

QmH1

+ · · · , (2.26)

where use of eqs. (2.3) and (2.16) has been made, c3,Q ≡ cNL
3,Q + cSL3,Q and likewise for c5,Q.

Note that the lifetime ratio computed in this manner is valid for B mesons and bottom

baryons where the HQE in 1/mb converges nicely, but not for charmed hadrons where the

inclusive rates are not dominated by the c3,c term.

3 Lifetimes of heavy mesons

3.1 Lifetimes of bottom mesons

We shall first fix the b quark mass from the measured inclusive semileptonic decay rate.

Experimentally [13],

B(B+ → Xce
+νe) = (10.8± 0.4)%, B(B0 → Xce

+νe) = (10.1± 0.4)%,

B(B+/B0 admixture → Xce
+νe) = (10.65± 0.16)%. (3.1)
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Theoretically, eq. (2.16) leads to2

Γ(B → Xce
+νe) =

G2
Fm

5
b

192π3
|Vcb|2

{

I0(x, 0, 0)
(

1 + a
αs

π

)

(

1− µ2
π

2m2
b

)

+(I0(x, 0, 0)− 4I1(x, 0, 0))
(

1 + b
αs

π

) µ2
G

2m2
b

}

, (3.2)

where we have included the radiative corrections to order αs characterized by the param-

eters a and b. The order αs corrections alone without µ2
π/m

2
b or µ2

G/m
2
b terms were first

calculated in [36–38]. Corrections of order αsµ
2
π/m

2
b have been calculated in [39, 40], while

the O(αsµ
2
G/m

2
b) terms in [41, 42]. The analytic expression of the coefficient a can be

found in [38] and the b term in [42].

The inclusive rate is very sensitive to the quark mass mb. The reliability of the calcu-

lation depends on the ability to control the higher order contributions in the double series

expansion in αs and ΛQCD/mb. The pole mass definition for heavy quark masses does

not converge very well and moreover it is plagued by the renormalon ambiguity [43, 44].

For the short-distance MS mass m̄b(m̄b), it is not under good control for the smaller scale

µ ∼ 1GeV. Two different schemes commonly used to define the short-distance b-quark

mass are the kinetic [45, 46] and the 1S [47] schemes. We follow [30] for a recent global

fit of inclusive semileptonic B decays in the kinetic scheme. This analysis includes higher

power corrections O(1/m4
b) and O(m5

b) and next-to-leading order QCD (NLO-QCD) cor-

rections O(α2
s). In this scheme, it is conventional to constrain the charm quark mass to

be the MS one m̄c(3GeV) = 0.987 ± 0.013GeV which yields a better convergence of the

perturbative series. The results of the fit are [30]:

mkin
b (1GeV) = 4.546±0.021 GeV, µ2

π = 0.432±0.068 GeV2, µ2
G = 0.355±0.060 GeV2.

(3.3)

The corresponding MS mass m̄b(m̄b) for m
kin
b (1GeV) is close to the usual one.

To the leading-order QCD (LO-QCD), the definition of the quark mass is very arbi-

trary. If everything is calculated consistently to NLO-QCD, the dependence of the final

result on the quark mass definition will be considerably weak when the relations between

different quark mass schemes are used consistently at the NLO accuracy.3 Although di-

mension 3, 4 and 6 Wilson coefficients up to NLO-QCD are available for heavy B and

D mesons, they are still absent for heavy baryons. Dimension-7 Wilson coefficients are

known only to the LO level for both heavy mesons and baryons. For this reason, in this

work we shall focus on the LO-QCD study. In the bottom hadron sector, we use the quark

masses mb = 4.546GeV and mc = 0.987GeV obtained in eq. (3.3). The reason is that the

calculated inclusive semileptonic rate to LO, Γ(B → Xce
+νe) = 4.59 × 10−14GeV using

the kinetic b quark mass is very close to the experimental measurement:

Γ(B+/B0 admixture → Xce
+νe) = (4.476± 0.067)× 10−14GeV, (3.4)

2Corrections to inclusive semileptonic B decays have been calculated to order O(α2
s) and O(1/m5

b) [35].
3Besides the above-mentioned inclusive semileptonic B decays, another example is given in [48] for

inclusive nonleptonic decay rates to NLO which are calculated in various quark mass schemes. The numerical

results are similar for different short-distance quark masses.
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where the average lifetime τ(B+/B0/Bs/b−baryon admixture) = (1.566±0.003) ps [13] and

branching fraction (3.1) have been made. If the running quark masses m̄b(m̄b) = 4.248GeV

and m̄c(m̄c) = 1.277GeV are employed, the obtained Γ(B → Xce
+νe) to LO will be too

small by 47% compared to experiment. It should be stressed that to the NLO-QCD, the

dependence of the inclusive semileptonic rate on the quark mass definition is considerably

weak.

We next turn to the spectator effects of order 1/m3
b . The W -exchange contributions

to Bd and Bs correspond to the Pauli interference terms T BQ,q2
6,int and T BQ,q3

6,int , respectively,

in eq. (2.20) for heavy baryon decays, while the Pauli interference in inclusive nonleptonic

B− decay corresponds to the annihilation term T BQ,q1
6,ann in heavy baryon decays:

T Bd

6,ann = −G2
Fm

2
b

6π
ξ(1− x)2

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)[

(

1 +
x

2

)

(b̄d)(d̄b)

−(1 + 2x)b̄(1− γ5)dd̄(1 + γ5)b

]

+ 2c21

[

(

1 +
x

2

)

(b̄tab)(d̄tad)

−(1 + 2x)b̄(1− γ5)t
add̄(1 + γ5)t

ab

]

}

,

T Bs

6,ann = −G2
Fm

2
b

6π
ξ
√
1− 4x

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

[

(1− x)(b̄s)(s̄b)

−(1 + 2x)b̄(1− γ5)ss̄(1 + γ5)b
]

+ 2c21

[

(1− x)(b̄tab)(s̄tas)

−(1 + 2x)b̄(1− γ5)t
ass̄(1 + γ5)t

ab
]

}

, (3.5)

T Bu

6,int =
G2

Fm
2
b

6π
ξ (1− x)2

{

(

2Ncc1c2 + c21 + c22
)

(b̄u)(ūb)

+2Nc(c
2
1 + c22)(b̄t

au)(ūtab)

}

,

where (q̄1t
aq2) ≡ q̄1γµ(1− γ5)t

aq2 with ta = λa/2 and we have applied the relation

(Q̄αt
a
αβqβ)(q̄ρt

a
ρσQσ) =

1

2
(Q̄Q)(q̄q)− 1

2Nc
(Q̄q)(q̄Q) (3.6)

to the transition operators so that they are more suitable for the matrix element evaluation

in the meson case. Likewise, dimension-7 operators relevant for heavy meson decays can

be read from eq. (2.23):

T Bd

7,ann =
G2

Fm
2
b

6π
ξ(1− x)

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)[

− (1− x)(1 + 2x)(P d
1 + P d

2 )

+2(1 + x+ x2)P d
3 − 12x2P d

4 − (1− x)
(

1 +
x

2

)

P d
5 + (1− x)(1 + 2x)P d

6

]
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+2c21

[

− (1− x)(1 + 2x)(Sd
1 + Sd

2) + 2(1 + x+ x2)Sd
3 − 12x2Sd

4

−(1− x)
(

1 +
x

2

)

Sd
5 + (1− x)(1 + 2x)Sd

6

]

}

, (3.7)

T Bs

7,ann =
G2

Fm
2
Q

6π
ξ
√
1− 4x

{

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)[

− (1 + 2x)(P s
1 + P s

2 )

+
2

1− 4x
(1− 2x− 2x2)P s

3 − 24x2

1− 4x
P s
4 − (1− x)P s

5 + (1 + 2x)P s
6

]

+2c21

[

− (1 + 2x)(Ss
1 + Ss

2) +
2

1− 4x
(1− 2x− 2x2)Ss

3 −
24x2

1− 4x
Ss
4

−(1− x)Ss
5 + (1 + 2x)Ss

6

]

}

,

T Bu

7,int =
G2

Fm
2
b

6π
ξ (1− x)

{

(

2Ncc1c2 + c21 + c22
)

[

2(1 + x)P u
3 + (1− x)P u

5

]

+6(c21 + c22)
[

2(1 + x)Su
3 + (1− x)Su

5

]

}

.

For the meson matrix elements of four-quark operators, we follow [12] to define the bag

parameters Bi and εi to parametrize the hadronic matrix elements in a model-independent

way:

〈Bq|(b̄q)(q̄b)|Bq〉 = f2
Bq

m2
Bq

B1,

〈Bq|b̄(1− γ5)qq̄(1 + γ5)b|Bq〉 = f2
Bq

m2
Bq

B2,

〈Bq|(b̄ taq)(q̄ tab)|Bq〉 = f2
Bq

m2
Bq

ε1, (3.8)

〈Bq|b ta(1− γ5)qq̄ t
a(1 + γ5)b|Bq〉 = f2

Bq
m2

Bq
ε2.

Under the vacuum-insertion approximation, bag parameters are given by Bi = 1 and εi = 0,

but they will be treated as free parameters here. In the large-Nc limit, it is expected that

Bi ∼ O(1) and εi ∼ O(1/Nc). Likewise, the matrix elements of dimension-7 four-quark

operators read [26]

〈Bq|P q
i |Bq〉 = −mq

mb
f2
Bm

2
Bρ

q
i , i = 1, 2,

〈Bq|P q
i |Bq〉 = (−1)if2

Bm
2
B

1

2

(

m2
B

m2
b

− 1

)

ρqi , i = 3, 4, (3.9)

〈Bq|P q
i |Bq〉 = (−1)if2

Bm
2
B

1

2

(

m2
B

m2
b

− 1

)

ρqi , i = 5, 6,

and similar parametrization for the color-octet operators with the replacement of P → S

and ρi → σi. Under the vacuum-insertion approximation, ρqi = 1 and all σ’s vanish.

Applying eqs. (3.8) and (3.9) to evaluate the B-meson matrix elements of dimension-6

and dimension-7 four-quark operators, (3.5) and (3.7), respectively, the spectator effects

Γspec(Bq) =
〈Bq|T6 + T7|Bq〉

2mBq

(3.10)
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have the expressions

Γann(Bd) = −G2
Fm

2
b

π
|VcbVud|2|ψB

bq̄(0)|2(1−x)2

{

(

1

Nc
c21+2c1c2+Ncc

2
2

)

[

(

1+
x

2

)

B1

−(1+2x)B2+

(

1+x+x2

1−x
ρd3+

6x2

1−x
ρd4−

1

2

(

1+
x

2

)

ρd5−
1

2
(1+2x)ρd6

)

×
(

m2
B

m2
b

−1

)

]

+2c21

[

(

1+
x

2

)

ε1−(1+2x)ε2 +

(

1+x+x2

1−x
σd
3

+
6x2

1−x
σd
4−

1

2

(

1+
x

2

)

σd
5−

1

2
(1+2x)σd

6

)

(

m2
B

m2
b

−1

)

]}

,

Γann(Bs) = −G2
Fm

2
b

π
|VcbVcs|2|ψBs

bs̄ (0)|2
√
1−4x

{

(

1

Nc
c21+2c1c2+Ncc

2
2

)

[

(1−x)B1 (3.11)

−(1+2x)B2+

(

1−2x−2x2

1−4x
ρs3+

12x2

1−4x
ρs4−

1−x

2
ρs5−

1+2x

2
ρs6

)

×
(

m2
Bs

m2
b

−1

)]

+2c21

[

(1−x)ε1−(1+2x)ε2+

(

1−2x−2x2

1−4x
σs
3

+
12x2

1−4x
σs
4−

1−x

2
σs
5−

1+2x

2
σs
6

)(

m2
Bs

m2
b

−1

)]}

,

Γint(Bu) =
G2

Fm
2
b

π
|VcbVud|2|ψB

bq̄(0)|2(1−x)2

{

(

2Ncc1c2+c21+c22
)

[

B1−
(

1+x

1−x
ρu3 +

1

2
ρu5

)

×
(

m2
B

m2
b

−1

)

]

+6(c21+c22)

[

ε1−
(

1+x

1−x
σu
3 +

1

2
σu
5

)(

m2
B

m2
b

−1

)

]}

,

where |ψB
bq̄(0)|2 = 1

12f
2
BmB is the B meson wave function at the origin squared. Since

(m2
B/m

2
b − 1) ∼ O(1/mb), it is evident that contributions from dimension-7 operators are

suppressed by Λ/mb relative to the dimension-6 ones. As stressed in [12], the coefficients of

Bi in Γann(Bd) are one to two orders of magnitude smaller than that of εi. Therefore, con-

tributions of Bi can be safely neglected at least in Γann(Bd). There exist several estimates

of the bag parameters Bi and εi based on sum rules [49–52] and lattice QCD [53, 54]. On

the basis of HQET sum rules,4 these parameters have been updated recently to be [22]

B1 = 1.028+0.064
−0.056, B2 = 0.988+0.087

−0.079, ε1 = −0.107+0.028
−0.029, ε2 = −0.033+0.021

−0.021, (3.12)

evaluated at the µ = m̄b(m̄b) scale. For the parameters ρqi and σq
i we shall use the vacuum-

insertion estimates, namely ρqi = 1 and σq
i = 0.

To compute the nonleptonic decay rate we apply the Wilson coefficient functions

c1(µ) = 1.14, c2(µ) = −0.31, (3.13)

4The HQET sum rule calculation in the literature relies on the work of [55] where the necessary three-

loop HQET diagrams have been computed and on the work of [56] where these results have been first used

for an estimate of the bag parameter.
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Γdec Γann Γint
− Γsemi Γtot τ(10−12s) τexpt(10

−12s)

B+ 3.102 0 −0.267 1.000 3.834 1.717 1.638± 0.004

B0
d 3.102 0.039 0 1.000 4.141 1.590 1.520± 0.004

B0
s 3.102 0.053 0 1.000 4.155 1.584 1.510± 0.005

Table 1. Various contributions to the decay rates (in units of 10−13 GeV) of B mesons. Experi-

mental values are taken from [13].

which are evaluated at µ = 4.4GeV to the leading logarithmic approximation (see table

XIII of [57]). The total rate reads

Γ = Γdec + Γann + Γint + Γsemi, (3.14)

where the decay rate of the heavy quark b of the B meson is given by

Γdec(B) =
G2

Fm
5
b

192π3
ξ

{

cNL
3,b

[

1− λ1

2m2
b

+
dBλ2

2m2
b

]

+ 2cNL
5,b

dBλ2

m2
b

}

(3.15)

with dB = 3. Now we make a comparison with [8] on the b quark lifetime. From eqs. (2.12)

and (2.17) we obtain c3,b = cNL
3,b + cSL3,b = 5.61 to LO-QCD level for mb = 4.546GeV and

mc = 0.987GeV, while Lenz got c3,b = 5.29 ± 0.35 to LO-QCD for m̄b(m̄b) = 4.248GeV,

m̄c(m̄b) = 0.997GeV and 6.88± 0.74 with NLO-QCD corrections. We have the lifetime of

a free b quark τb = 1.51 ps, while Lenz obtained τb = (1.65± 0.24) ps [8], where

Γb =
G2

Fm
5
b

192π3
|Vcb|2c3,b. (3.16)

The calculated lifetimes of B mesons shown in table 1 are longer than the free b quark

lifetime for two reasons: (i) 1/m2
b effects characterized by λ1 and λ2 will suppress the

nonleptonic rate slightly, and (ii) inclusive semileptonic rate is slightly suppressed by QCD

corrections, the a and b terms in eq. (3.2).

Eq. (3.11) implies a constructive W -exchange to Bd and Bs and a destructive Pauli in-

terference to Bu. From eq. (2.26) we obtain model-independent expressions for the lifetime

ratios

τ(B+)

τ(B0
d)

= 1 + (0.037B1 + 0.0008B2 − 0.57ǫ1 + 0.15ǫ2)dim−6 + (−0.015ρ3 − 0.0064ρ5

−0.00014ρ6 + 0.11σ3 − 0.0007σ4 + 0.099σ5 + 0.026σ6)dim−7, (3.17)

τ(B0
s )

τ(B0
d)

= 1 + (0.0003B1 − 0.0005B2 + 0.060ǫ1 − 0.079ǫ2)dim−6 + (0.0002ρ3 − 0.0001ρ5

−0.0001ρ6 + 0.039σ3 + 0.002σ4 − 0.015σ5 − 0.019σ6)dim−7,

where we have decomposed the lifetime ratios in terms of dimension-6 and dimension-7 con-

tributions and dropped the superscripts of ρqi and σq
i by assuming their flavor independence
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for simplicity. Using eq. (3.12) for dimension-6 bag parameters and the vacuum-insertion

approximation for dimension-7 ρqi and σq
i ,

5 we obtain

τ(B+)

τ(B0
d)

∣

∣

∣

∣

theo

= 1.074+0.017
−0.016,

τ(B+)

τ(B0
d)

∣

∣

∣

∣

expt

= 1.076± 0.004,

τ(B0
s )

τ(B0
d)

∣

∣

∣

∣

theo

= 0.9964± 0.0024,
τ(B0

s )

τ(B0
d)

∣

∣

∣

∣

expt

= 0.994± 0.004, (3.18)

to be compared with τ(B+)
τ(Bd)

∣

∣

∣

theo
= 1.082+0.022

−0.026 and τ(Bs)
τ(Bd)

∣

∣

∣

theo
= 0.9994 ± 0.0025 found

in [22]. The theoretical uncertainties in (3.18) arise mainly from the bag parameters given

in eq. (3.12). Our results are in excellent agreement with experiment. If we apply naive

vacuum-insertion approximation also to dimension-6 bag parameters, we will have

τ(B+)

τ(B0
d)

∣

∣

∣

∣

VIA

= 1.016,
τ(B0

s )

τ(B0
d)

∣

∣

∣

∣

VIA

= 1.000 . (3.19)

This implies that the main contribution to the Bu−Bd lifetime ratio arises from the color-

octet terms −0.57ǫ1 +0.15ǫ2 + · · · in eq. (3.17). The predicted ǫ1 and ǫ2 from HQET sum

rules given in eq. (3.12) yield an excellent description of lifetime ratios. Note that ǫ1 ≈ 3ǫ2
here rather than ǫ1 ≈ 0.3ǫ2 as originally argued in [12].

Several remarks are in order. (i) Weak annihilation contributions to Bd and Bs are

suppressed relative to the Pauli interference due to a large cancelation between the bag

parameters B1 and B2 and the partial cancelation between ǫ1 and ǫ2, see eq. (3.11) and

table 1. (ii) The annihilation contribution to Bs is larger than that of Bd owing to SU(3)

breaking in the decay constants and masses. This explains why the lifetime Bs is slightly

shorter than Bd. (iii) To order 1/m3
c , we obtain τ(B+)/τ(B0

d) = 1.0945, which can be

checked from eq. (3.17). Hence, it is necessary to introduce dimension-7 operators in order

to improve the agreement with experiment.

3.2 Lifetimes of charmed mesons

The semileptonic inclusive decay D → Xse
+νe, the analog of B → Xce

+νe, has not been

measured. Instead, what we have are [13]

B(D+ → Xe+νe) = (16.07± 0.30)%, B(D0 → Xe+νe) = (6.49± 0.11)%,

B(D0
s → Xe+νe) = (6.5± 0.4)%. (3.20)

We begin with the inclusive semileptonic decay rate of the D meson given by eq. (2.16)

Γ(D→Xe+νe) =
G2

Fm
5
c

192π3

(

|Vcs|2η(x,0,0)
{

cSL3,c(x,0)

[

1+
λ1+dDλ2

2m2
c

]

+2cSL5,c(x,0)
dDλ2

m2
c

}

+|Vcd|2η(0,0,0)
{

cSL3,c(0,0)

[

1+
λ1+dDλ2

2m2
c

]

+2cSL5,c(0,0)
dDλ2

m2
c

}

)

, (3.21)

5We have followed [22] to assign fixed uncertainties to both ρi and σi, namely ρi = 1 ± 1/2 and σi =

0± 1/6.

– 17 –



J
H
E
P
1
1
(
2
0
1
8
)
0
1
4

where x = (ms/mc)
2, dD = 3 and the Wilson coefficients cSL3,c and cSL5,c are given by eq. (2.18).

In the above equation we have included the radiative correction η(x, 0, 0) given by the

(1 + aαs/π) term in eq. (3.2). We find that the experimental values for D+ and D0

semileptonic widths can be fitted by the charm quark mass mc = 1.56GeV.6 For the

Wilson coefficients, we shall use the lowest order values

c1(µ) = 1.346, c2(µ) = −0.636 (3.22)

evaluated at the scale µ = 1.25GeV with Λ
(4)

MS
= 325MeV (see tables VI and VII of [57]).

Just as the B meson case, the spectator effects in the D meson sector read

Γann(D0) = −G2
Fm

2
c

12π
|VcsVud|2f2

DmD(1−x)2

{

(

1

Nc
c21+2c1c2+Ncc

2
2

)[

(

1+
x

2

)

B1

−(1+2x)B2+

(

1+x+x2

1−x
ρu3 +

6x2

1−x
ρu4 −

1

2

(

1+
x

2

)

ρu5 −
1

2
(1+2x)ρu6

)

×
(

m2
D

m2
c

−1

)]

+2c21

[

(

1+
x

2

)

ε1−(1+2x)ε2 +

(

1+x+x2

1−x
σu
3

+
6x2

1−x
σu
4 −

1

2

(

1+
x

2

)

σu
5 −

1

2
(1+2x)σu

6

)

(

m2
D

m2
c

−1

)]

}

,

Γint(D+) =
G2

Fm
2
c

12π
|VcsVud|2f2

DmD(1−x)2

{

(

2Ncc1c2+c21+c22
)

[

B1−
(

1+x

1−x
ρd3+

1

2
ρd5

)

×
(

m2
D

m2
c

−1

)

]

+6(c21+c22)

[

ε1−
(

1+x

1−x
σd
3+

1

2
σd
5

)(

m2
D

m2
c

−1

)

]}

,(3.23)

Γann(D+
s ) = −G2

Fm
2
c

12π
|Vcs|2f2

Ds
mDs

{

(

1

Nc
c22+2c1c2+Ncc

2
1)

)

|Vud|2
[

B1−B2−
1

2
(ρs1+ρs2)

ms

mc

+

(

ρs3−
1

2
(ρs5+ρs6)

)

(

m2
Ds

m2
c

−1

)]

+2c22|Vud|2
[

ε1−ε2−
1

2
(σs

1+σs
2)
ms

mc

+

(

σs
3−

1

2
(σs

5+σs
6)

)

(

m2
Ds

m2
c

−1

)]

+

[

1+(1−z)2
(

1+
z

2

)

]

B1

−
[

1+(1−z)2(1+2z)
]

B2−
[

1+(1−z)2(1+2z)
]

(ρs1+ρs2)
ms

mc

+
(

[1+(1−z)(1+z+z2)]ρs3+6z2(1−z)ρs4
)

(

m2
Ds

m2
c

−1

)}

,

where z = m2
µ/m

2
c . We have followed [26] to derive the expression for the inclusive rate of

D+
s . Note that the contributions involving the z terms arise from the leptonic intermediate

states.

6The semileptonic widths of D+ and D0 are very similar, while the D+
s one is smaller by 15%.
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It is well known that D+ has a longer lifetime than D0 because of destructive Pauli

interference [5, 59, 60]. To a good approximation to 1/m3
c expansion, we have

Γ(D+) ≈ G2
Fm

5
c

192π3

[

3(c21 + c22) + 2c1c2
]

+
G2

Fm
2
c

12π
(c21 + c22 + 6c1c2)f

2
DmD + Γsemi,

Γ(D0) ≈ G2
Fm

5
c

192π3

[

3(c21 + c22) + 2c1c2
]

+ Γsemi, (3.24)

where Γsemi ≈ G2
Fm

5
c/(96π

3). For the decay constant fD of order 205MeV (see [58] for

a review), it is easily seen that the Pauli interference Γint(D+) to order 1/m3
c overcomes

the c quark decay rate so that Γ(D+) becomes negative no matter which charmed quark

mass is employed, the MS mass m̄c(m̄c) = 1.279GeV or the fit mass mc = 1.56GeV. This

remains to be true even if other sets of the bag parameters are used so long as they are

not far from the vacuum insertion expectation.

In the literature, the lifetime ratio is often computed using the relation7

RD ≡ τ(D+)

τ(D0)
= 1 + [Γ(D0)− Γ(D+)]τ(D+)expt, (3.25)

where the experimental value of τ(D+) is utilized on the r.h.s. of the above equation.

However, it is important to keep in mind that the calculated D+ lifetime is negative to

order 1/m3
c . Hence, it does not make sense to apply the HQE to O(1/m3

c) to predict a

“positive” lifetime ratio τ(D+)/τ(D0) in spite of a negative D+ lifetime predicted by the

HQE at this level. Therefore, we should also consider the ratio

R′
D ≡ τ(D0)

τ(D+)
= 1 + [Γ(D+)− Γ(D0)]τ(D0)expt (3.26)

to ensure that R′
D = 1/RD. Their experimental values are given by [13]

τ(D+)

τ(D0)

∣

∣

∣

∣

expt

= 2.536± 0.019,
τ(D0)

τ(D+)

∣

∣

∣

∣

expt

= 0.394± 0.003 . (3.27)

It follows from eqs. (3.23), (3.25) and (3.26) that

RD = 1 + (2.88B1 + 0.11B2 − 17.25ǫ1 + 3.71ǫ2)dim−6

+(−1.34ρ3 − 0.62ρ5 + 0.024ρ6 + 4.25σ3 + 3.70σ5 + 0.80σ6)dim−7, (3.28)

R′
D = 1 + (−1.13B1 − 0.043B2 + 6.80ǫ1 − 1.46ǫ2)dim−6

+(0.53ρ3 + 0.24ρ5 − 0.0093ρ6 − 1.68σ3 + 1.46σ5 − 0.31σ6)dim−7.

We can use the experimental values of RD and R′
D to constrain the bag parameters. To

order 1/m3
c , we find RD = 3.98 and R′

D = −0.18 for Bi = 1 and ǫi = 0. This implies a

negative D+ lifetime. Indeed, the calculated τ(D+) is −8.4×10−13s. The subleading 1/mc

7It is not meaningful to apply eq. (2.26) to compute the lifetime ratio RD because (i) the Γ(D+) rate is

not dominated by the c3 term, and (ii) when eq. (2.26) is applied to the ratio R′

D, it will lead to R′

D = 2−RD

which is negative.
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corrections to the Pauli interference term, namely, Γint
7 obtained from dimension-7 four-

quark operators at 1/m4
c level, contributes constructively to the D+ width (see eq. (3.23)).

Hence, it is conceivable that the 1/mc corrections to the Pauli interference will be able to

render Γ(D+) positive in certain rages of the bag parameters. With mc = 1.56GeV, we

find RD = 2.06 and R′
D = 0.58 in the presence of 1/m4

c corrections with ρi = 1 and σi = 0.

For the D+
s meson, we follow [26] to define a substracted D+

s lifetime by

τ̄(D+
s ) =

τ(D+
s )

1− B(D+
s → τ+ντ )

= (0.533± 0.004)× 10−12s (3.29)

as the decay D+
s → τ+ντ cannot be properly described by HQE due to its small energy

release. In analogue to the D+ meson, we consider the lifetime ratios

RDs ≡ τ̄(D+
s )

τ(D0)
= 1 + [Γ(D0)− Γ̄(D+

s )]τ̄(D
+
s )expt,

R′
Ds

≡ τ(D0)

τ̄(D+
s )

= 1 + [Γ̄(D+
s )− Γ(D0)]τ(D0)expt, (3.30)

with the experimental values [13]

RDs = 1.30± 0.01, R′
Ds

= 0.77± 0.01 . (3.31)

We obtain

RDs = 1+(4.81B1−4.82B2−1.21ǫ1+1.22ǫ2)dim−6+(−0.17ρ1−0.17ρ2+2.86ρ3

−0.94ρ5−0.94ρ6−0.017σ1−0.017σ2−0.41σ3+0.21σ5+0.21σ6)dim−7,

R′
Ds

= 1+(−3.70B1+3.71B2+0.93ǫ1−0.94ǫ2)dim−6+(0.13ρ1+0.13ρ2−2.20ρ3

+0.72ρ5+0.72ρ6+0.013σ1+0.013σ2+0.32σ3−0.16σ5−0.16σ6)dim−7. (3.32)

In principle, if the vacuum-insertion expectation for ρ’s and σ’s is assumed, the four

unknown parameters B1,2 and ǫ1,2 can be obtained by solving the four equations for RD,

R′
D, RDs and R′

Ds
given in eqs. (3.28) and (3.32). In practice, the solutions are very

sensitive to the experimental values within errors. We pick up the solutions not far from

the vacuum-insertion expectation.8 For example, one of the solutions is

B1 = 0.840, B2 = 0.919, ǫ1 = −0.060, ǫ2 = −0.025 , (3.33)

at the scale µ = mc. They reproduce the experimental values of RD, R
′
D, RDs and R′

Ds
.

Note that in order to accommodate the experimental values of RDs and R′
Ds

, it is necessary

to have B2 > B1. To see this, we take vacuum-insertion values for ρ’s and σ’s and find

from eq. (3.32) that

RDs = 1.65 + (4.81B1 − 4.82B2 − 1.21ǫ1 + 1.22ǫ2)dim−6,

R′
Ds

= 0.50 + (−3.70B1 + 3.71B2 + 0.93ǫ1 − 0.94ǫ2)dim−6. (3.34)

8Some solutions, for example, B1 = 0.138, B2 = 0.144, ǫ1 = −0.296 and ǫ2 = −0.552 can also reproduce

the data, but they are ruled out as B1,2 are too small, whereas ǫ1,2 are too large.

– 20 –



J
H
E
P
1
1
(
2
0
1
8
)
0
1
4

It is clear that if B2 ≈ B1 and ǫ2 ≈ ǫ1, the value of RDs (R′
Ds

) will be too large (small)

compared to the data. Hence, one needs B2 > B1 and |ǫ1| > |ǫ2| in order to suppress RDs

and enhance R′
Ds

simultaneously.

Our results are to be compared with the recent estimates based on HQET sum rules

by Kirk, Lenz and Rauh (KLR) [22]

B1 = 0.902+0.077
−0.051, B2 = 0.739+0.124

−0.073, ǫ1 = −0.132+0.041
−0.046, ǫ2 = −0.005+0.032

−0.032, (3.35)

evaluated at the scale µ = 3GeV. While KLR have updated the prediction of τ(D+)/τ(D0),

they did not perform the similar update for the lifetime ratio of D+
s and D0 mesons. As

discussed above, the explanation of the RDs data requires that B1 < B2.

Finally, we notice that the size of the subleading 1/mc corrections is [(Γ(D0) −
Γ(D+)]dim−7/[(Γ(D

0)−Γ(D+)]dim−6 ≈ −56%, which is compatible with a convergent series.

4 Lifetimes of heavy baryons

4.1 Lifetimes of bottom baryons

The spectator effects in inclusive heavy bottom baryon decays arising from dimension-6

and dimension-7 operators are given by eqs. (2.20) and (2.25), respectively. We shall rely

on the quark model to evaluate the baryon matrix elements of four-quark operators. In [18]

we have studied the matrix elements in the MIT bag model [61–64] and the nonrelativistic

quark model (NQM). In analogue to eq. (3.8), we parameterize the four baryon matrix

elements in a model-independent manner:9

〈Bb|(b̄q)(q̄b)|Bb〉 = f2
Bq

m
Bq
m

Bb
LBb

1 ,

〈Bb|b̄(1− γ5)qq̄(1 + γ5)b|Bb〉 = f2
Bq

m
Bq
m

Bb
LBb

2 , (4.1)

〈Bb|(b̄b)(q̄q)|Bb〉 = f2
Bq

m
Bq
m

Bb
LBb

3 ,

〈Bb|b̄α(1− γ5)q
β q̄β(1 + γ5)b

α|Bb〉 = f2
Bq

m
Bq
m

Bb
LBb

4 ,

where Bb stands for the antitriplet bottom baryon Tb (Λb or Ξb) or the sextet bottom

baryon Ωb, fBq and m
Bq

are the decay constant and the mass of the heavy meson Bq,

respectively. The four hadronic parameters L1, · · · , L4 are not all independent.

First, since the color wavefunction for a baryon is totally antisymmetric, the matrix

element of (b̄b)(q̄q) is the same as that of (b̄q)(q̄b) except for a sign difference. Thus we

follow [12] to define a parameter B̃

LBb

3 = −B̃LBb

1 , LBb

4 = −B̃LBb

2 , for Bb = Tb,Ωb, (4.2)

9This is similar to the hadronic parameters defined in eq. (28) of [65].
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so that B̃ = 1 in the valence-quark approximation. Second, in the quark model evaluation

we obtain (see appendix B for derivation) [18]

〈Tb|(b̄q)(q̄b)|Tb〉/(2mTb
) =







−
∣

∣

∣
ψTb

bq (0)
∣

∣

∣

2
, NQM

−(aq + bq), MIT

〈Ωb|(b̄s)(s̄b)|Ωb〉/(2mΩb
) =







−6
∣

∣

∣
ψΩb

bs (0)
∣

∣

∣

2
, NQM

−1
3(18as + 2bs + 32cs), MIT

(4.3)

and

〈Tb|b̄(1− γ5)qq̄(1 + γ5)b|Tb〉/(2mTb
) =







1
2

∣

∣

∣
ψTb

bq (0)
∣

∣

∣

2
, NQM

1
2(aq + bq), MIT

〈Ωb|b̄(1− γ5)ss̄(1 + γ5)b|Ωb〉/(2mΩb
) =







−
∣

∣

∣
ψΩb

bs (0)
∣

∣

∣

2
, NQM

−(as − 5
3bs − 16

3 cs), MIT
(4.4)

where aq, bq and cq are the four-quark overlap integrals used in the MIT bag model:

aq =

∫

d3r
[

u2q(r)u
2
b(r) + v2q (r)v

2
b (r)

]

,

bq =

∫

d3r
[

u2q(r)v
2
b (r) + v2q (r)u

2
b(r)

]

,

cq =

∫

d3r uq(r)vq(r)ub(r)vb(r), (4.5)

which are expressed in terms of the large and small components u(r) and v(r), respectively,

of the quark wavefunction (see e.g., ref. [66] for the technical detail of the bag model

evaluation). In deriving eq. (4.4), use of

〈Tb|b̄αγµγ5bβ q̄βγµ(1− γ5)q
α|Tb〉/(2mTb

) = 0,

〈Ωb|b̄αγµγ5bβ s̄βγµ(1− γ5)s
α|Ωb〉/(2mΩb

) =







4
∣

∣

∣
ψΩb

bs (0)
∣

∣

∣

2
NQM

4
(

as − bs
3

)

MIT
(4.6)

and

b̄αγµγ5b
β q̄βγµ(1− γ5)q

α = −b̄(1− γ5)qq̄(1 + γ5)b−
1

2
(b̄q)(q̄b), (4.7)

has been made. The first relation in eq. (4.6) is a model-independent consequence of heavy

quark spin symmetry [12]. It follows from eqs. (4.2), (4.3) and (4.4) that

LTb

2 = −1

2
LTb

1 , LΩb

2 =
1

6
LΩb

1 , (4.8)

where the second relation for the Ωb is exact in the NQM but only an approximation in

the MIT bag model.
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Since the small component v(r) is negligible in the NQM, baryon matrix elements of

four-quark operators in the NQM and MIT models are the same except for the replacement:

aq →
∫

d3r u2b(r)u
2
q(r), bq → 0, cq → 0. (4.9)

Hence, in the NQM aq is nothing but the baryon wave function at the origin squared

|ψbq(0)|2. In general, the strength of destructive Pauli interference and W -exchange is

governed by aq + bq in the bag model and |ψ(0)|2 in the NQM. However, the bag model

calculation of aq+bq generally gives a much smaller value than the nonrelativistic estimate

of |ψ(0)|2. As argued in [18], the difference between aq + bq and |ψ(0)|2 is not simply

attributed to relativistic corrections; it arises essentially from the distinction in the spatial

scale of the wavefunction especially at the origin. As a consequence, both models give a

quite different quantitative description for processes sensitive to |ψ(0)|2. It turns out that
the NQM works better for heavy baryon decays. Hence, we will follow [18] to consider the

NQM estimate of baryon matrix elements.

To estimate the bottom baryon wave function in the center, consider |ψΛb

bq (0)|2 as an

example. A calculation of hyperfine splittings between Σb and Λb as well as between B∗

and B based on the mass formula given in [67] yields [68]

|ψΛb

bq (0)|2 =
2mq

mb −mq

mΣb
−mΛb

mB∗ −mB
|ψB

bq̄(0)|2, (4.10)

where the equality |ψΣb

bq (0)|2 = |ψΛb

bq (0)|2 has been assumed. As a consequence, the wave

function of a bottom baryon at the origin can be related to that of a B meson. Another

approach proposed by Rosner [69] is to consider the hyperfine splittings of Σb and B

separately so that

|ψΛb

bq (0)|2 = |ψΣb

bq (0)|2 =
4

3

mΣ∗

b
−mΣb

mB∗ −mB
|ψB

bq̄(0)|2. (4.11)

This method is presumably more reliable as |ψbq(0)|2 thus determined does not depend on

mb and the constituent quark mass mq directly. Defining the wave function ratio

rΛb
=

∣

∣

∣

∣

∣

ψΛb

bq (0)

ψB
bq̄(0)

∣

∣

∣

∣

∣

2

, (4.12)

and noting that |ψB
bq̄(0)|2 = 1

12f
2
BmB, we see from eqs. (4.3), (4.4) and (4.6) that the

parameters L1, · · · , L4 for bottom baryons now read

LTb

1 = −1

6
r
Tb
, LTb

2 =
1

12
r
Tb
, LTb

3 =
1

6
B̃r

Tb
, LTb

4 = − 1

12
B̃r

Tb
,

LΩb

1 = −r
Ωb
, LΩb

2 = −1

6
r
Ωb
, LΩb

3 = B̃r
Ωb
, LΩb

4 =
1

6
B̃r

Ωb
. (4.13)

Hence, the baryon matrix elements are expressed in terms of two independent parameters

r
Bc

and B̃.
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For dimension-7 four-quark operators, the baryon matrix elements are given by

〈Tb|P q
1 |Tb〉 = 〈Tb|P q

2 |Tb〉 =
1

48
f2
Bq

m
Bq
m

Tb
r
Tb

(

m2
Tb

−m2
diq

m2
b

− 1

)

ηq1,2,

〈Tb|P q
3 |Tb〉 = −2〈Tb|P q

4 |Tb〉 = − 1

24
f2
Bq

m
Bq
m

Tb
r
Tb

(

m2
Tb

−m2
diq

m2
b

− 1

)

ηq3,4, (4.14)

〈Ωb|P s
1 |Ωb〉 = 〈Ωb|P s

2 |Ωb〉 =
1

8
f2
Bs
m

Bs
m

Ωb
r
Ωb

(

m2
Ωb

−m2
{ss}

m2
b

− 1

)

ηs1,2,

〈Ωb|P s
3 |Ωb〉 = 6〈Ωb|P s

4 |Ωb〉 = −1

4
f2
Bs
m

Bs
m

Ωb
r
Ωb

(

m2
Ωb

−m2
{ss}

m2
b

− 1

)

ηs3,4,

where mdiq is the mass of the scalar diquark of Tb and the parameters ηqi are expected to be

of order unity. We shall follow [70] to use m[ud] = 710MeV for Λb, m[us] = 948MeV for Ξ0
b ,

m[ds] = 948MeV for Ξ−
b and m{ss} = 1203MeV for Ωb with [qq′] antisymmetric in flavor

and {ss} symmetric in flavor denoting scalar and axial-vector diquarks, respectively. For

the matrix elements of the operators P̃ q
i , we follow eq. (4.2) to introduce a parameter β̃q

i

〈Bb|P̃ q
i |Bb〉 = −β̃q

i 〈Bb|P q
i |Bb〉, (4.15)

so that β̃q
i = 1 under the valence quark approximation.

Two remarks are in order. First, unlike the meson matrix elements 〈Bq|P q
1,2|Bq〉 in

eq. (3.9) which are explicitly of order mq/mb because of the definition of the operators

P q
1,2, the baryon matrix elements 〈Bb|P q

1,2|Bb〉 in eq. (4.14) are not explicitly proportional

to mq/mb. Nevertheless, it is easily seen that (m2
Tb

−m2
diq)/m

2
b − 1, for example, is indeed

of order mq/mb. Second, unlike the meson case we do not know how to evaluate the

baryon matrix elements of P q
5,6. Since the operators P

q
5,6 arise from by expressing the QCD

four-quark operators in terms of HQET operators

b̄Γqq̄Γb = h̄vΓqq̄Γhv +
1

2mb

[

h̄v(−i
←

D/)Γqq̄Γhv + h̄vΓqq̄Γ(iD/)hv

]

, (4.16)

we shall follow [23, 24] to assume that dimension-7 operators contain full QCD b quark

fields. Therefore, to evaluate the baryon matrix elements of dimension-7 operators given

in eq. (2.25), we will drop the operators P q
5,6 and P̃ q

5,6.

To estimate the hadronic parameter r
BQ

in the NQM, we find from eq. (4.11) that

rΛb
=

4

3

mΣ∗

b
−mΣb

mB∗ −mB
, rΞb

=
4

3

mΞ∗

b
−mΞ′

b

mB∗ −mB
, rΩb

=
4

3

mΩ∗

b
−mΩb

mB∗ −mB
, (4.17)

and likewise for rΛc , rΞc and rΩc . Notice that the heavy-quark spin-violating mass rela-

tion [28]

(mΣ∗

Q
−mΣQ

) + (mΩ∗

Q
−mΩQ

) = 2(mΞ∗

Q
−mΞ′

Q
) (4.18)

holds very accurately for Q = b, c. Numerically, we obtain10

rΛc = 0.610, rΞc = 0.656, rΩc = 0.664,

rΛb
= 0.607, rΞb

= 0.601, rΩb
= 0.601, (4.19)

10For a summary of the earlier estimates of r
BQ

, see [8].
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and

|ψΛb

bq (0)|2 = 0.92× 10−2GeV3, |ψΞb

bq (0)|2 = 0.91× 10−2GeV3,

|ψΩb

bs (0)|2 = 1.42× 10−2GeV3, (4.20)

for fBq = 186MeV and fBs = 230MeV [58]. Therefore, the NQM estimate of |ψBb

bq (0)|2 is

indeed larger than the analogous bag model quantity: aq + bq ∼ 3× 10−3GeV3.

Except for the weak annihilation term, the expression of Pauli interference will be very

lengthy if the hadronic parameters ηqi and β̃q
i are all treated to be different from each other.

Since in realistic calculations we will set β̃q
i (µh) = 1 under valence quark approximation

and put ηqi to unity, we shall assume for simplicity that ηqi = η and β̃q
i = β̃. The spectator

effects in nonleptonic decays of bottom baryons are now readily obtained from eqs. (2.20)

and (2.25):

Γann(Λ0
b) =

G2
Fm

2
b

2π
|Vcb|2 rΛb

∣

∣ψB
bq̄(0)

∣

∣

2

{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Λb

−m2
[ud]

m2
b

−1

)}

,

Γann(Ξ0
b) =

G2
Fm

2
b

2π
|Vcb|2 rΞb

∣

∣ψB
bq̄(0)

∣

∣

2

{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Ξb

−m2
[us]

m2
b

−1

)}

,

Γint
− (Λ0

b) = −G2
Fm

2
b

4π
|VcbVud|2 rΛb

∣

∣ψB
bq̄(0)

∣

∣

2

{

(

B̃c21−2c1c2−Ncc
2
2

)

(

(1−x)2(1+x)

+

∣

∣

∣

∣

Vcd

Vud

∣

∣

∣

∣

2√
1−4x

)

− 1

2

(

β̃c21−2c1c2−Ncc
2
2

)

η(1−x)(1+x+2x2)

(

m2
Λb

−m2
[ud]

m2
b

−1

)}

,

Γint
− (Ξ0

b) = −G2
Fm

2
b

4π
|VcbVcs|2

√
1−4x r

Ξb

∣

∣ψB
bq̄(0)

∣

∣

2

{

(

B̃c21−2c1c2−Ncc
2
2

)

(4.21)

+
1

6

(

β̃c21−2c1c2−Ncc
2
2

)

η

(

1+2x+
2(1−2x+10x2)

1−4x

)

(

m2
Ξb

−m2
[us]

m2
b

−1

)}

,

Γint
− (Ξ−

b ) = −G2
Fm

2
b

4π
|Vcb|2 rΞb

∣

∣ψB
bq̄(0)

∣

∣

2

{

(

B̃c21−2c1c2−Ncc
2
2

)(

|Vud|2(1−x)2(1+x)

+|Vcs|2
√
1−4x

)

+
(

β̃c21−2c1c2−Ncc
2
2

)

η

[

− 1

2
|Vud|2(1−x)(1+x+2x2)

+
1

6
|Vcs|2

√
1−4x

(

1+2x+
2(1−2x+10x2)

1−4x

)

](

m2
Ξb

−m2
[ds]

m2
b

−1

)}

,
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Γdec Γann Γint
− Γsemi Γtot τ(10−12s) τexpt(10

−12s)

Λ0
b 3.108 0.228 −0.053 1.055 4.338 1.517 1.470± 0.010

Ξ0
b 3.108 0.232 −0.084 1.055 4.310 1.527 1.479± 0.031

Ξ−
b 3.108 −0.130 1.055 4.032 1.633 1.571± 0.040

Ω−
b 3.105 −0.341 1.039 3.803 1.730 1.64+0.18

−0.17

Table 2. Various contributions to the decay rates (in units of 10−13 GeV) of bottom baryons with

the hadronic scale µhad = 0.825GeV.

Γint
− (Ω−

b ) = −G2
Fm

2
b

6π
|VcbVcs|2

√
1−4x rΩb

∣

∣

∣
ψBs

bs̄ (0)
∣

∣

∣

2
{

(

B̃c21−2c1c2−Ncc
2
2

)

(5−8x)

+
3

2

(

β̃c21−2c1c2−Ncc
2
2

)

η

(

1+2x+
2(1−2x−8x2)

1−4x

)

(

m2
Ωb

−m2
{ss}

m2
b

−1

)}

,

where use has been made of eqs. (4.13) and (4.14). Note that there is no weak annihilation

contribution to the Ξ−
b and Ωb and that there are two Cabibbo-allowed Pauli interference

terms in Ξ−
b decay, and one Cabibbo-allowed as well as one Cabibbo-suppressed interfer-

ences in Λb decay.

To compute the decay widths of bottom baryons, we have to specify the values of B̃ and

r. Since B̃ = 1 in the valence-quark approximation and since the wavefunction squared

ratio r is evaluated using the quark model, it is reasonable to assume that the NQM

and the valence-quark approximation are most reliable when the baryon matrix elements

are evaluated at a typical hadronic scale µhad. As shown in [12], the parameters B̃ and r

renormalized at two different scales are related via the renormalization group equation to be

B̃(µ)r(µ) = B̃(µhad)r(µhad), B̃(µ) =
B̃(µhad)

κ+ 1
Nc

(κ− 1)B̃(µhad)
, (4.22)

with

κ =

(

αs(µhad)

αs(µ)

)3Nc/2β0

=

√

αs(µhad)

αs(µ)
(4.23)

and β0 =
11
3 Nc− 2

3nf . We consider the hadronic scale in the range of µhad ∼ 0.65− 1GeV.

Taking the medium scale µhad = 0.825GeV as an illustration, we obtain αs(µhad) = 0.59,

B̃(µ) = 0.54B̃(µhad) ≃ 0.54 and r(µ) ≃ 1.86 r(µhad). The parameter β̃ is treated in a

similar way. Using the values of r(µhad) given in eq. (4.19), the calculated inclusive decay

rates of bottom baryons are summarized in table 2. We find that the lifetimes of bottom

baryons stay almost constant with variation of µhad.

We see from table 2 that the bottom baryon lifetimes follow the pattern

τ(Ω−
b ) > τ(Ξ−

b ) > τ(Ξ0
b) ≃ τ(Λ0

b). (4.24)

Theoretically, this pattern originates from the fact that while Λb, Ξ0
b , Ξ−

b , Ωb all receive

contributions from the destructive Pauli interference, only Λb and Ξ0
b have weak annihilation
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effects and that the destructive Pauli interference Γint
− in Ωb is the largest due to the presence

of two valence s quarks in its quark content. The Ξ−
b has the second largest Γint

− due to

the Pauli interference of identical s quarks and the interference of identical d quarks.

Several remarks are in order. (i) There is a tiny difference between the semileptonic

decays of the antitriplet Λb or Ξb and the sextet Ωb. It comes from the fact that the chromo-

magnetic operator contributes to the matrix element of Ωb but not to Λb or Ξb as the light

degrees of freedom in the latter are spinless. (ii) It is evident from tables 1 and 2 that W -

annihilation contribution in B decays is much smaller than that in bottom baryon decays.

The W -exchange in B decays is helicity suppressed, while it is neither helicity nor color

suppressed in the heavy baryon case. (iii) As pointed out in [65], b-flavor-conserving decays

such as Ξ−
b → Λ0

bπ
−,Λ0

be
−ν̄e and Ξ0

b → Λ0
bπ

0 could affect the total rates of the Ξb. These

heavy-flavor-conserving weak decays were studied more than two decades ago within the

framework that incorporates both heavy-quark and chiral symmetries [71, 72]. The branch-

ing fraction of Ξb → Λbπ is found to be of order (0.1 ∼ 1)%, consistent with the recent LHCb

measurement which lies in the range from (0.57±0.21)% to (0.19±0.07)% [73]. Hence, con-

tributions from b-flavor-conserving decays can be safely neglected for our present purpose.

From eq. (2.26) we obtain the following lifetime ratios11

τ(Ξ−
b )

τ(Λ0
b)

∣

∣

∣

∣

theo

= 1.073+0.009
−0.004,

τ(Ξ−
b )

τ(Λ0
b)

∣

∣

∣

∣

expt

= 1.089± 0.028,

τ(Ξ−
b )

τ(Ξ0
b)

∣

∣

∣

∣

theo

= 1.066+0.009
−0.004,

τ(Ξ−
b )

τ(Ξ0
b)

∣

∣

∣

∣

expt

= 1.083± 0.036, (4.25)

τ(Ω−
b )

τ(Ξ−
b )

∣

∣

∣

∣

theo

= 1.054+0.006
−0.002,

τ(Ω−
b )

τ(Ξ−
b )

∣

∣

∣

∣

expt

= 1.11± 0.16,

and
τ(Λ0

b)

τ(B0
d)

∣

∣

∣

∣

theo

= 0.953+0.006
−0.008,

τ(Λ0
b)

τ(B0
d)

∣

∣

∣

∣

expt

= 0.964± 0.007 . (4.26)

They are in good agreement with experiment [13]. The theoretical uncertainties for bottom

baryon lifetime ratios can arise from many different places such as the nonperturbative

parameters µ2
π and µ2

G, where QCD sum rule and lattice calculations are still not available,

and the matrix elements of dimension-6 and -7 operators. In the quark model, the unknown

matrix elements are expressed in terms of two parameters rBb
, the wave function ratio, and

B̃, which is equal to unity under the valence quark approximation. The estimate of the

former is quite uncertain in the literature (see [8] for a review). Therefore, it is far more

difficult to estimate the uncertainties than the B meson case. Nevertheless, there is one

uncertainty which we can estimate reliably, namely, the hadronic scale µhad introduced

before. The baryon matrix elements need to be evaluated at a typical hadronic scale µhad

in order to comply with the valence quark approximation. We consider the hadronic scale

in the range of 0.65−1GeV and use µhad = 0.825±0.175GeV to estimate the uncertainties.

The theoretical errors in eq. (4.25) we have computed arise solely from the uncertainty of

11The experimental lifetime ratio τ(Ξ0
b)/τ(Ξ

−

b ) = 0.929 ± 0.028 (or τ(Ξ−

b )/τ(Ξ
0
b) = 1.076 ± 0.032) is

quoted in the Heavy Flavor Averaging Group [74, 75].
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the hadronic scale. The uncertainty in the prediction of τ(Λ+
c )/τ(B

0
d) comes from the bag

parameters in (3.12) and the hadronic scale µhad. We see that the current world average

of τ(Λ0
b)/τ(B

0
d) can be nicely explained within the framework of the HQE.

4.2 Lifetimes of charmed baryons

We first summarize the spectator effects relevant to charmed baryon decays derived from

eqs. (2.20) and (2.25):

Γann(Λ+
c ) =

G2
Fm

2
c

2π
|VcsVud|2 rΛc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Λc

−m2
[ud]

m2
c

−1

)}

,

Γann(Ξ+
c ) =

G2
Fm

2
c

2π
|VcsVus|2 rΞc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Ξc

−m2
[us]

m2
c

−1

)}

,

Γann(Ξ0
c) =

G2
Fm

2
c

2π
|VcsVud|2 rΞc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Ξc

−m2
[ds]

m2
c

−1

)}

,

Γann(Ω0
c) = 3

G2
Fm

2
c

π
|VcsVus|2 rΩc

∣

∣

∣
ψDs
cs̄ (0)

∣

∣

∣

2
{

(

B̃(c21+c22)−2c1c2

)

(1−x)2

+
1

2

(

β̃(c21+c22)−2c1c2

)

η(1−x2)

(

m2
Ωc

−m2
{ss}

m2
c

−1

)}

,

Γint
− (Λ+

c ) = −G2
Fm

2
c

4π
|VcsVud|2 rΛc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

B̃c21−2c1c2−Ncc
2
2

)

(

(1−x)2(1+x)

+

∣

∣

∣

∣

Vcd

Vud

∣

∣

∣

∣

2√
1−4x

)

− 1

2

(

β̃c21−2c1c2−Ncc
2
2

)

η(1−x)(1+x+2x2)

(

m2
Λc

−m2
[ud]

m2
c

−1

)}

,

Γint
− (Ξ+

c ) = −G2
Fm

2
c

4π
|VcsVud|2

√
1−4x r

Ξc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

B̃c21−2c1c2−Ncc
2
2

)

(4.27)

+
1

6

(

β̃c21−2c1c2−Ncc
2
2

)

η

(

1+2x+
2(1−2x+10x2)

1−4x

)

(

m2
Ξc

−m2
[us]

m2
c

−1

)}

,

Γint
+ (Λ+

c ) =
G2

Fm
2
c

4π
|VcdVud|2 rΛc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

2c1c2+Ncc
2
1−B̃c22

)

−1

2

(

2c1c2+Ncc
2
1− β̃c22

)

η

(

m2
Λc

−m2
[ud]

m2
c

−1

)}

,
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Γint
+ (Ξ+

c ) =
G2

Fm
2
c

4π
|VcsVud|2 rΞc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

2c1c2+Ncc
2
1−B̃c22

)

(

1+

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

2

(1−x)2(1+x)

)

−1

2

(

2c1c2+Ncc
2
1− β̃c22

)

η

(

1+

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

2

(1−x)2(1+x)

)

(

m2
Ξc

−m2
[us]

m2
c

−1

)}

,

Γint
+ (Ξ0

c) =
G2

Fm
2
c

4π
|VcsVud|2 rΞc

∣

∣ψD
cq̄(0)

∣

∣

2

{

(

2c1c2+Ncc
2
1−B̃c22

)

(

1+

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

2

(1−x)2(1+x)

)

−1

2

(

2c1c2+Ncc
2
1− β̃c22

)

η

(

1+

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

2

(1−x)2(1+x)

)

(

m2
Ξc

−m2
[ds]

m2
c

−1

)}

,

Γint
+ (Ω0

c) =
G2

Fm
2
c

6π
|VcsVud|2 rΩc

∣

∣

∣
ψDs
cs̄ (0)

∣

∣

∣

2
{

(

2c1c2+Ncc
2
1−B̃c22

)

(

5+

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

2

(1−x)2(5+x)

)

−9

2

(

2c1c2+Ncc
2
1− β̃c22

)

η

(

m2
Ωc

−m2
{ss}

m2
c

−1

)}

,

where B̃, η and β̃ are the hadronic parameters defined in eqs. (4.2), (4.14) and (4.15),

respectively, and the wavefunction ratio rBc defined in analog to eq. (4.12) with values

given in eq. (4.19). As stated before, we follow [70] to use m[ud] = 710MeV, m[us] =

m[ds] = 948MeV and m{ss} = 1203MeV for the diquark masses.

Unlike bottom baryon decays, there exist constructive Pauli interference terms Γint
+ in

charmed baryon decays in addition to the destructive Pauli interference Γint
− . Cabibbo-

allowed (Cabibbo-suppressed) Γint
+ arises from the constructive interference between the s

(d) quark produced in the c quark decay and the spectator s (d) quark in the charmed

baryon (see figure 1.(c)).

For the semileptonic inclusive decay of the charmed baryons meson, the semileptonic

decay rate has the same expression as eq. (3.21) except that the parameter dD is replaced

by dBc , which is equal to 0 for the antitriplet charmed baryons Λc, Ξc and 4 for the Ωc.

For charmed baryons Ξc and Ωc, there is an additional contribution to the semileptonic

width coming from the Pauli interference of the s quark [34] (figure 2). The dimension-6

contribution ΓSL
6,int(Bc) is given before by eq. (2.21). As for the dimension-7 four-quark

operator for semileptonic decays, it can be written as

T SL
7 (Bc) =

G2
Fm

2
c

6π
|Vcs|2

∑

ℓ=e,µ

(

g̃νℓi P s
i + h̃νℓi Ss

i

)

, (4.28)

with the coefficients given by [26]

g̃νµ1 = −(1− z)2(1 + 2z), g̃νµ2 = −(1− z)2(1 + 2z),

g̃νµ3 = 2(1− z)(1 + z + z2), g̃νµ4 = −12z2(1− z), (4.29)

and h̃νµi = 0, where z = (mµ/mc)
2. The coefficients g̃νei are given by setting z = 0. Noting

ΓSL
7,int(Bc) = 〈Bc|T SL

7 |Bc〉/(2mBc) and using eqs. (4.13) and (4.14) to evaluate the baryon
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matrix elements, we obtain

ΓSL
int(Ξc) = ΓSL

6,int(Ξc) + ΓSL
7,int(Ξc)

=
G2

Fm
2
c

4π
|Vcs|2rΞc

|ψDs
cs̄ (0)|2

[

1− (1 +
1

2
z2 − z3)

(

m2
Ξc

−m2
[sq]

m2
c

− 1

)]

, (4.30)

ΓSL
int(Ωc) =

G2
Fm

2
c

6π
|Vcs|2rΩc

|ψDs
cs̄ (0)|2

[

5− 9(1− 5

6
z2 +

1

3
z3)

(

m2
Ωc

−m2
{ss}

m2
c

− 1

)]

.

We shall see later that, depending on the parameter r, the spectator effect in semileptonic

decay of Ξc and Ωc can be very significant, in particular for the latter.

We now turn to the heavy baryon wavefunction at the origin. We learn from eq. (4.20)

that |ψBb

bq (0)|2 is of order 1× 10−2GeV3. Likewise, |ψ(0)|2 for hyperons is also of the same

order of magnitude as the bottom baryons (see [76] for details). However, for the charmed

baryon we obtain |ψΛc
cq (0)|2 = rΛc |ψD

cq̄(0)|2 = 3.8×10−3GeV3 under the assumption that the

D meson wavefunction in the center squared |ψD
cq̄(0)|2 is identified with 1

12f
2
DmD. However,

this is smaller than those in bottom or hyperon decays. This means that |ψD
cq̄(0)|2 is not

simply equal to y
12f

2
DmD with y = 1. We shall use y = 1.75.

For the numerical results, we first consider the semileptonic decays. The measured

inclusive semileptonic rate of the Λ+
c

Γ(Λ+
c → Xe+νe)expt = (1.307± 0.112)× 10−13GeV, (4.31)

obtained from B(Λ+
c → Xe+νe) = (3.97± 0.34)%, an average of the Mark II measurement

of (4.5± 1.7)% [77] and the recent BESIII result of (3.95± 0.35)% [78], is larger than that

of D mesons:

Γ(D+ → Xe+νe)expt = (1.017± 0.019)× 10−13GeV,

Γ(D0 → Xe+νe)expt = (1.042± 0.018)× 10−13GeV. (4.32)

Theoretically, the difference between Λc and D comes from the λ2 terms in eq. (3.21) which

are absent in the former. Our prediction

Γ(Λ+
c → Xe+νe) = 1.415× 10−13GeV, (4.33)

is consistent with experiment (4.31). Writing ΓSL = ΓSL
c +ΓSL

int, we see from table 3 that the

spectator effects to O(1/m3
c) in the semileptonic decays of Ξc and Ωc are quite significant,

in particular for the latter.

To proceed the hadronic decay rates, we employ the Wilson coefficients given in

eq. (3.22). As before, we consider the hadronic scale in the range of µhad ∼ 0.65 − 1GeV

and obtain B̃(µ) = 0.70B̃(µhad) ≃ 0.70 and r(µ) ≃ 1.42 r(µhad) at the medium scale

µhad = 0.825GeV. Repeating the same exercise as the bottom baryon case, the results of

calculations to order 1/m3
c are exhibited in table 3. Unlike the bottom baryon case where

the lifetimes stay almost constant with variation of µhad, the lifetimes of charmed baryons

increase by around 10% when the hadronic scale varies from 0.65 to 1.0GeV. Nevertheless,

the lifetime ratios remain nearly constant.
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Γdec Γann Γint
− Γint

+ Γsemi Γtot τ(10−13s) τexpt(10
−13s)

Λ+
c 0.886 1.479 −0.400 0.042 0.215 2.221 2.96 2.00± 0.06

Ξ+
c 0.886 0.085 −0.431 0.882 0.726 2.148 3.06 4.42± 0.26

Ξ0
c 0.886 1.591 0.882 0.726 4.084 1.61 1.12+0.13

−0.10

Ω0
c 1.019 0.515 2.974 1.901 6.409 1.03 0.69± 0.12

Table 3. Various contributions to the decay rates (in units of 10−12 GeV) of singly charmed baryons

to order 1/m3
c with the hadronic scale µhad = 0.825GeV. Experimental values of charmed baryon

lifetimes are taken from [13].

Γdec Γann Γint
− Γint

+ Γsemi Γtot τ(10−13s) τexpt(10
−13s)

Λ+
c 0.886 2.179 −0.211 0.022 0.215 3.091 2.12 2.00± 0.06

Ξ+
c 0.886 0.133 −0.186 0.407 0.437 1.677 3.92 4.42± 0.26

Ξ0
c 0.886 2.501 0.405 0.435 4.228 1.56 1.12+0.13

−0.10

Ω0
c 1.019 0.876 −0.559 −0.256 1.079 6.10 0.69± 0.12

Table 4. Various contributions to the decay rates (in units of 10−12 GeV) of singly charmed baryons

after including subleading 1/mc corrections to spectator effects. The hadronic scale is chosen to be

µhad = 0.825GeV.

We see from table 3 the lifetime pattern

τ(Ξ+
c ) > τ(Λ+

c ) > τ(Ξ0
c) > τ(Ω0

c) (4.34)

is in accordance with experiment (for early studies of charmed baryon lifetimes, see [2–

4, 7, 79–84]). This lifetime hierarchy is understandable qualitatively but not quantitatively.

The Ξ+
c baryon is longest-lived among charmed baryons because of the smallness of W -

exchange and partial cancellation between constructive and destructive Pauli interferences,

while Ωc is shortest-lived due to the presence of two s quarks in the Ωc that renders the

contribution of Γint
+ largely enhanced. It is also clear from table III that, although the

qualitative feature of the lifetime pattern is comprehensive, the quantitative estimates

of charmed baryon lifetimes and their ratios are still rather poor. For example, R1 ≡
τ(Ξ+

c )/τ(Λ
+
c ) and R2 ≡ τ(Ξ+

c )/τ(Ξ
0
c) are calculated to be 1.03 and 1.90, respectively, while

experimentally R1 = 2.21± 0.15 and R2 = 3.95± 0.47.

It is evident that, contrary to B meson and bottom baryon cases where the HQE

in 1/mb leads to the lifetime ratios in excellent agreement with experiment, the heavy

quark expansion in 1/mc does not work well for describing the lifetime pattern of charmed

baryons. Since the charm quark is not heavy enough, it is perhaps sensible to consider the

subleading 1/mc corrections to spectator effects as depicted in eq. (4.27). The numerical

results are shown in table 4. By comparing table 4 with table 3, we see that Γ(Λ+
c ) is

enhanced while Γ(Ξ+
c ) is suppressed so that the resulting lifetime ratio R1 is enhanced from

1.03 to 1.84. This means that 1/mc corrections to spectator effects described by dimension-

7 operators are in the right direction. However, the calculated Ωc lifetime becomes entirely
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Figure 3. Lifetime of the Ω0
c as a function of α.

unexpected: the shortest-lived Ωc turns out to be the longest-lived one to O(1/m4
c). This

is because the dimension-7 contributions Γint
+,7(Ωc) and ΓSL

7 (Ωc) are destructive and their

size are so large that they overcome the dimension-6 ones and flip the sign. Of course, a

negative ΓSL(Ωc) does not make sense as the subleading corrections are too large to justify

the validity of the HQE.

In order to allow a description of the 1/m4
c corrections to Γ(Ωc) within the realm

of perturbation theory, we introduce a parameter α so that Γint
+,7(Ωc) and ΓSL

7 (Ωc) are

multiplied by a factor of (1−α); that is, α describes the degree of suppression. The origin

of this suppression is unknown, but it could be due to the next-order 1/mc correction.
12 The

lifetime of Ω0
c is plotted as a function of α in figure 3. For the two extreme cases that α = 0

(no suppression on dimension-7 effects) and α = 1 (no corrections to Γint
+ (Ωc) and ΓSL(Ωc)

from dimension-7 operators), we have τ(Ω0
c) = 6.10×10−13s and 0.97×10−13s, respectively

(see table 5). Our guidelines for the parameter α are (i) both Γint
+ (Ωc) and ΓSL(Ωc) should be

positive (at least, a negative ΓSL(Ωc) does not make sense), and (ii) ΓSL(Ωc) is comparable

to that of Λ+
c or Ξc. Under these guidelines, we get α > 0.16 to ensure positive ΓSL(Ωc)

and Γint
+ (Ωc) and α ∼ 0.22 (0.32) for ΓSL(Ωc) to be comparable to that of Λ+

c (Ξc).

We see from table 5 that a reasonable range of α lies in 0.16 < α < 0.32 and the

corresponding Ωc lifetimes lies in the range

2.3× 10−13s < τ(Ω0
c) < 3.3× 10−13s. (4.35)

It should be stressed that this is our conjecture as we do not have rigorous statements on

the unknown parameter α. At any rate, the Ω0
c lifetime is very different from the current

world average of τ(Ω0
c) = (0.69 ± 0.12) × 10−13s [13] from fixed target experiments. We

suggest the new lifetime pattern

τ(Ξ+
c ) > τ(Ω0

c) > τ(Λ+
c ) > τ(Ξ0

c), (4.36)

which can be tested in the forthcoming LHCb measurements of charmed baryon lifetimes.

Very recently, LHCb has reported a new measurement of the Ω0
c lifetime, τ(Ω0

c) = (2.68±
12Another possibility is that, as noticed in passing, it is not clear to us what are the baryon matrix elements

of dimension-7 operators P q
5,6. This may also explain the suppression needed for Γint

+,7(Ωc) and ΓSL
7 (Ωc).

Note that the above-mentioned suppression effect is not needed for the antitriplet baryons Λ+
c ,Ξ

+
c and Ξ0

c .
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α Γdec Γann Γint
+ Γsemi Γtot τ(10−13s)

0 1.019 0.876 −0.559 −0.256 1.079 6.10

0.12 1.019 0.876 −0.135 0.003 1.762 3.73

0.16 1.019 0.876 0.006 0.089 1.990 3.31

0.22 1.019 0.876 0.218 0.219 2.331 2.82

0.32 1.019 0.876 0.571 0.435 2.900 2.27

1 1.019 0.876 2.974 1.901 6.770 0.97

Table 5. Various contributions to the decay rates (in units of 10−12 GeV) of the Ω0
c after including

subleading 1/mc corrections to spectator effects. However, the dimension-7 contributions Γint
+,7(Ω

0
c)

and ΓSL
7 (Ω0

c) are multiplied by a factor of (1− α) with α varying from 0 to 1.

0.24± 0.10± 0.02)× 10−13s [85], using the semileptonic decay Ω−
b → Ω0

cµ
−ν̄µX with Ω0

c →
pK−K−π+. This value is nearly four times larger than the current world-average value.13

Finally, we would like to remark on the semileptonic widths. We see from table 3

that to order 1/m3
c , the constructive Pauli interference is sizeable for the Ξc and becomes

overwhelming for the Ωc. However, this interference effect will be partially washed out

by the next-order 1/mc correction, in particular for the latter (see table 5). Nevertheless,

the interference effect in semileptonic inclusive decays can be tested by measuring the

ratio of semileptonic branching fractions Bsemi(Ξ+
c )/Bsemi(Λ+

c ), where Bsemi(Bc) = B(Bc →
Xe+νe). This ratio naively of order 1.8 will be enhanced to O(3.2) in the presence of Pauli

interference.

5 Discussions and conclusions

In this work we have analyzed the lifetimes of bottom and charmed hadrons within the

framework of the heavy quark expansion. It is well known that the lifetime differences

stem from spectator effects such as weak annihilation and Pauli interference. We list the

dimension-6 four-quark operators responsible for various spectator effects and derive the

corresponding dimension-7 ones. The hadronic matrix elements of four-quark operators

are parameterized in a model-independent way.

The main results of our analysis are as follows.

• Since in this work we focus on the LO-QCD study for reason of consistency, the in-

clusive rate to LO is sensitive to the quark mass definition. For the b quark mass, we

use the kinetic mass mkin
b = 4.546GeV obtained from a recent global fit to the inclu-

sive semileptonic B decay to Xce
+νe in the kinetic scheme. Using the dimension-6

bag parameters recently determined from HQET sum rules and the vacuum-insertion

approximation for meson matrix elements of dimension-7 operators, the calculated B

13Our early conjecture of τ(Ω0
c) of order 2.3× 10−13s first presented in [86] is indeed consistent with the

LHCb measurement.
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meson lifetime ratios τ(B+)/τ(B0
d) = 1.074+0.017

−0.016 and τ(B0
s )/τ(B

0
d) = 0.9962±0.0024

are in excellent agreement with experiment.

• Baryon matrix elements of four-quark operators parametrized in a model-independent

way in terms of four parameters, but only two of them are independent. They are

evaluated using the NQM and the bag model. The hadronic parameter r defined in

eq. (4.12) is estimated in the NQM to be in the range 0.60 to 0.66 for both bottom

and charmed baryons.

• The lifetime pattern of bottom baryons is found to be τ(Ω−
b ) > τ(Ξ−

b ) > τ(Ξ0
b) ≃

τ(Λ0
b). Spectator effects due to W -exchange and destructive Pauli interference ac-

count for their lifetime differences. The calculated lifetime ratios τ(Ξ−
b )/τ(Λ

0
b),

τ(Ξ−
b )/τ(Ξ

0
b) and τ(Ω−

b )/τ(Ξ
−
b ) agree well with the data. Moreover, the Λb −B life-

time ratio τ(Λ0
b)/τ(B

0
d) = 0.953 is in good agreement with the experimental average,

indicating that the heavy quark expansion in 1/mb works well for bottom hadrons.

• It is found that W -annihilation contribution in B decays is much smaller than that in

bottom baryon decays (see tables 1 and 2). The W -exchange in B decays is helicity

suppressed, while it is neither helicity nor color suppressed in the heavy baryon case.

• Contrary to the bottom hadron sector where the HQE in 1/mb works well, the HQE

to 1/m3
c fails to give a satisfactory description of the lifetimes of both charmed

mesons and charmed baryons. This calls for the subleading 1/mQ corrections to

spectator effects.

• We have employed the experimental values for D+ and D0 semileptonic widths to fix

the charmed quark mass to bemc = 1.56GeV. For the charmed meson decay constant

of order 200MeV, the destructive Pauli interference leads to a negative D+ width

irrespective of which charmed quark mass is employed. We showed that 1/mc correc-

tions to the Pauli interference arising from dimension-7 four-quark operators will be

able to render Γ(D+) positive. We use the measured lifetime ratios of τ(D+)/τ(D0)

and τ(D+
s )/τ(D

0) to constrain the bag parameters and find that B2 > B1.

• The HQE to order 1/m3
c implies the lifetime hierarchy τ(Ξ+

c ) > τ(Λc) > τ(Ξ0
c) >

τ(Ωc). However, the quantitative estimates of charmed baryon lifetimes and their

ratios are still rather poor. For example, the large ratios of τ(Ξ+
c )/τ(Λ

+
c ) and

τ(Ξ+
c )/τ(Ξ

0
c) are not quantitatively understandable.

• The calculated lifetimes for heavy baryons depend on the low normalization point.

We considered the hadronic scale in the range of µhad ∼ 0.65 − 1GeV and found

that the lifetimes of bottom baryons stay almost constant with variation of µhad,

while the charmed baryon lifetimes increase by around 10% when the hadronic scale

varies from 0.65 to 1.0GeV. Nevertheless, the charmed baryon lifetime ratios remain

nearly constant.
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• The relevant dimension-7 spectator effects are in the right direction for explaining

the large lifetime ratio of τ(Ξ+
c )/τ(Λ

+
c ), which is enhanced from 1.05 to 1.88, in

better agreement with experiment. However, the destructive 1/mc corrections to

Γ(Ω0
c) are too large to justify the use of the HQE, namely, the predicted Pauli

interference and semileptonic rates for Ω0
c become negative. Demanding these rates

to be positive for a sensible HQE, we conjecture that the Ω0
c lifetime lies in the range

of (2.3 ∼ 3.2) × 10−13s. This leads to the new lifetime pattern τ(Ξ+
c ) > τ(Ω0

c) >

τ(Λ+
c ) > τ(Ξ0

c), contrary to the current hierarchy τ(Ξ+
c ) > τ(Λ+

c ) > τ(Ξ0
c) > τ(Ω0

c).

This new charmed baryon lifetime pattern can be tested by LHCb.

• The Ω0
c , which is naively expected to be shortest-lived in the charmed baryon system

owing to the large constructive Pauli interference, could live longer than the Λ+
c due to

the suppression from 1/mc corrections arising from dimension-7 four-quark operators.

• For charmed baryons Ξc and Ωc, there is an additional contribution to the semilep-

tonic width coming from the constructive Pauli interference of the s quark. However,

this interference effect will be partially washed out by the next-order 1/mc correction,

in particular for the latter. Nevertheless, this interference effect can be tested by

measuring the ratio of semileptonic branching fractions Bsemi(Ξ+
c )/Bsemi(Λ+

c ).

Finally, we would like to remark that it is straightforward to generalize the present

lifetime analysis of singly heavy baryons to doubly heavy ones. Recently, LHCb has pre-

sented the first measurement of the lifetime of the doubly charmed baryon Ξ++
cc to be

τ(Ξ++
cc ) = (2.56+0.24

−0.22 ± 0.14)× 10−13s [87].
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A Spectator effects from dimension-7 four-quark operators

In this appendix we sketch the derivation of dimension-7 operators (2.23) relevant for the

spectator effects in heavy baryon decays. The term T BQ,q1
7,ann in eq. (2.23) corresponds to T PI

4

in eq. (17) of [26]. Consider the Cabibbo-allowed charmed baryon decay so that

T Bc,d
7,ann =

G2
Fm

2
c

6π
|VcsVud|2

6
∑

i=1

(

gsui P d
i + hsui Sd

i

)

, (A.1)

with14

gqq
′

i = c22g
qq′

i,11 + c1c2g
qq′

i,12 + c21g
qq′

i,22,

hqq
′

i = c22h
qq′

i,11 + c1c2h
qq′

i,12 + c21h
qq′

i,22. (A.2)

14Our convention for the Wilson coefficients c1 and c2 is opposite to that of [26], namely their C2 is our

c1 and vice versa.
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Since (see eq. (B3) of [26])

gsu1,ij = gsu2,ij = gsu4,ij = hsu1,ij = hsu2,ij = hsu4,ij = 0, (A.3)

it follows that

T Bc,d
7,ann =

G2
Fm

2
c

6π
|VcsVud|2

(

gsu3 P d
3 + gsu5 P d

5 + gsu6 P d
6 + hsu3 Sd

3 + hsu5 Sd
5 + hsu6 Sd

6

)

. (A.4)

The coefficients gsu3 and hsu3 are given by

gsu3 = 2(1− x2)(c21 + 6c1c2 + c22), hsu3 = 12(1− x2)(c21 + c22). (A.5)

The remaining coefficients gsq5(6),ij and hsq5(6),ij in HQET are related to those in QCD via

(see eq. (B5) of [26])

(gsq5,ij)HQET = (F sq
ij )QCD, (gsq6,ij)HQET = (F sq

S,ij)QCD,

(hsq5,ij)HQET = (Gsq
ij )QCD, (hsq6,ij)HQET = (Gsq

S,ij)QCD, (A.6)

with the coefficients F sq and Gsq given in

T Bc,d
6,ann =

G2
Fm

2
c

6π
|VcsVud|2

(

F suQd + F su
S Qq

S +GsuT d +Gsu
S T d

S

)

, (A.7)

where

Qd = (c̄d)(d̄c), Qd
S = c̄(1− γ5)dd̄(1 + γ5)c,

T d = (c̄tad)(d̄tac), T d
S = c̄(1− γ5)t

add̄(1 + γ5)t
ac. (A.8)

Identifing eq. (A.7) with T BQ,q1
6,ann in eq. (2.20), we see that

F su = (1− x)2(c21 + c22 + 6c1c2), Gsu = 6(1− x)2(c21 + c22), F su
S = Gsu

S = 0. (A.9)

Hence,

gsu5 = (1− x)2(c21 + c22 + 6c1c2), hsu5 = 6(1− x)2(c21 + c22), gsu6 = hsu6 = 0. (A.10)

The expression of T BQ,q1
7,ann given in eq. (2.23) with BQ = Bc and q1 = d is thus obtained.

Likewise, T Bc,u
7,int given in eq. (2.23) corresponds to the transition operator T WA0

4 in [26]

and it has the expression

T Bc,u
7,int =

G2
Fm

2
c

6π
|VcsVud|2

6
∑

i=1

(

gsdi P u
i + hsdi Su

i

)

. (A.11)

From appendix B of [26] we obtain

gsd1 = gsd2 = −(1− x)2(1 + 2x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gsd3 = 2(1− x)(1 + x+ x2)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gsd4 = −12x2(1− x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

, (A.12)

hsd1 = hsd2 = −2(1− x)2(1 + 2x)c21,

hsd3 = 4(1− x)(1 + x+ x2)c21, hsd4 = −24x2(1− x)c21.
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The coefficients gsd5,6 and hsd5,6 are found by comparing

T Bc,u
6,int =

G2
Fm

2
c

6π
|VcsVud|2

(

F sdQu + F sd
S Qu

S +GsdT u +Gsd
S T u

S

)

(A.13)

with T BQ,q2
6,int− in eq. (2.20). Hence,

gsd5 = −(1− x)2
(

1 +
x

2

)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gsd6 = (1− x)2(1 + 2x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

hsd5 = −2(1− x)2
(

1 +
x

2

)

c21,

hsd6 = −2(1− x)2(1 + 2x)c21. (A.14)

This completes the derivation of T Bc,u
7,int .

The T Bb,s
7,int term in eq. (2.23) describes the Pauli interference in b → cc̄s (see fig-

ure 1.(b)). It can be deduced from

T Bb,s
7,int =

G2
Fm

2
b

6π
|VcbVcs|2

6
∑

i=1

(gssi P s
i + hssi Ss

i ) . (A.15)

We find

gss1 = gss2 = −
√
1− 4x (1 + 2x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gss3 =
2(1− 2x− 2x2)√

1− 4x

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gss4 = − 24x2√
1− 4x

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

hss1 = hss2 = −2
√
1− 4x (1 + 2x)c21,

hss3 =
4(1− 2x− 2x2)√

1− 4x
c21, hss4 = − 48x2√

1− 4x
c21, (A.16)

and

gss5 = −
√
1− 4x (1− x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

gss6 =
√
1− 4x (1 + 2x)

(

1

Nc
c21 + 2c1c2 +Ncc

2
2

)

,

hss5 = −2
√
1− 4x (1− x)c21, hss6 = 2

√
1− 4x (1 + 2x)c21. (A.17)

Finally, the last term T Bc,s
7,int in eq. (2.23) corresponds to the transition operator T WA+

4

in [26]

T Bc,s
7,int =

G2
Fm

2
c

6π
|VcsVud|2

6
∑

i=1

(

g̃udi P s
i + h̃udi Ss

i

)

. (A.18)

It turns out that it has the same expression as T BQ,q3
7,int except for a vanishing x and the

interchange of c1 and c2.
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B Baryon matrix elements in the quark model

We show briefly the derivation of eqs. (4.3), (4.4) and (4.6) in the MIT bag model because

the expressions in the non-relativistic quark model can be obtained from the former through

a simple replacement given in eq. (4.9). Consider the four-quark operator O = (Q̄Q)(q̄q).

This operator can be written as O = 6(Q̄Q)1(q̄q)2, where the superscript i indicates that

the quark operator acts only on the ith quark in the baryon wave function. In the bag

model, it has the expression (see e.g. eq. (B2) of [66])

(Q̄Q)1(q̄q)2 = aq + bq −
(

aq −
bq
3

+
8cq
3

)

~σQ · ~σq, (B.1)

where aq, bq and cq are the four-quark overlap integrals defined in eq. (4.5) in terms of the

large and small components of the quark wave function, u(r) and v(r), respectively,

ψ =

(

iu(r)χ

v(r)~σ · r̂χ

)

. (B.2)

Applying the relation

~σ1 · ~σ2 =
1

2
(σ1+σ2− + σ1−σ2+) + σ1zσ2z, (B.3)

and the wave functions

Λ0
b = − 1√

6
[(ud− du)χ

A
+ (13) + (23)] ,

Ω−
b =

1√
3
[ssbχ

S
+ (13) + (23)] , (B.4)

with obvious notation for permutation of quarks, where abcχ
S

= (2a↑b↑c↓ − a↑b↓c↑ −
a↓b↑c↑)/

√
6 and abcχ

A
= (a↑b↓c↑ − a↓b↑c↑)/

√
2, it is straightforward to show that

〈Ωb|b†1bb1bb
†
2sb2s|Ωb〉 =

1

3
, 〈Ωb|b†1bb1bb

†
2sb2s (~σb1 · ~σs2)|Ωb〉 = −2

3
. (B.5)

Hence,

〈Ωb|(b̄b)(s̄s)|Ωb〉 = 6〈Ω0
b |(b̄b)1(s̄s)2|Ωb〉 =

1

3
(18as + 2bs + 32cs). (B.6)

Likewise,

〈Λb|(b̄b)(q̄q)|Λb〉 = aq + bq. (B.7)

Next, using the expression

(Q̄γµγ5Q)1(q̄γ
µ(1− γ5)q)2 = (aq − bq)~σQ · ~σq + 2bq(~σQ · r̂)(~σq · r̂)

=

(

aq −
bq
3

)

~σQ · ~σq. (B.8)

we obtain

〈Ωb|b̄γµγ5bs̄Γµs|Ωb〉 = −4

(

as −
bs
3

)

, 〈Λb|b̄γµγ5bq̄Γµq|Λb〉 = 0, (B.9)
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where Γµ = γµ(1− γ5). With eq. (4.7) and the relation

b̄γµγ5bq̄γ
µ(1− γ5)q = −b̄α(1− γ5)q

β q̄β(1 + γ5)b
α − 1

2
(b̄q)(q̄b), (B.10)

we arrive at the results of (4.4) and (4.6).

Since in heavy quark effective theory, the matrix element 〈HQ|Q̄v/Q|HQ〉 is normalized

to 2mHQ
, we need to put back the factor of 2mHQ

in an appropriate place, for example,

〈Λ0
b |(b̄b)(q̄q)|Λb〉 now reads (aq + bq)(2mΛb

). Note that in the quark model, the hadronic

parameter B̃ is equal to unity which is supposed to be valid at the hadronic scale.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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[81] B. Guberina and B. Melić, Inclusive charmed baryon decays and lifetimes,

Eur. Phys. J. C 2 (1998) 697 [hep-ph/9704445] [INSPIRE].
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