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1 Introduction

Symmetries and consistency conditions play an important role in quantum field theory.
This is especially true in the realm of Conformal Field Theories (CFTs), which can be
analyzed by combining constraints from conformal invariance, unitarity and crossing sym-
metry. This set of ideas is known as the conformal bootstrap [1-4]. It was revived in [5] and
has led to a wealth of numerical and analytical results about CFTs, see for instance [6-28].!

!See [29-31] for an introductory discussion of the conformal bootstrap.



Since the bootstrap uses constraints coming from correlation functions, it is natural to
express crossing symmetry as a sum rule in position space. This is not strictly necessary: for
instance, some properties of CFT correlators are more transparent in Mellin space [32-40).
In the present paper we introduce alpha space, an integral transform for CF'T correlators
based on the Sturm-Liouville theory of the conformal Casimir operator. As we will explain,
alpha space can be used to rephrase crossing symmetry as an eigenvalue problem.

To illustrate this idea, consider the toy crossing equation

5 5

chpn(z) = chpn(l - Z) (1'1)

n=0 n=0

involving the following polynomials:?

pn(z):(—l)"i2j<i:;> (Z) n=0,...5. (1.2)

j=0 J

How can we determine the set of all ¢,, that satisfy (1.1)7 Since the p,(z) are polynomials,
various brute-force methods can be used. More elegantly, we can realize that the p, form
a complete basis for the space of polynomials of degree < 5, orthogonal with respect to the
inner product

Jaureie).  fdu= Eij Cr (2) [az06- 0. (1.3)

k=0

This implies that the p,(1 — 2z) appearing in the r.h.s. of the crossing equation can be
decomposed as follows:

5
pa(1=2) =Y Q" pn(z) (1.4)
m=0

for some 6 x 6 matrix Q. The latter can be easily computed using (1.3). Since z+— 1 — z
is an involution, we must have Q? = 1gxg, as can be checked easily. Eq. (1.1) can now be
recast as

cn=(Q-0¢)y (1.5)

hence our problem reduces to finding all eigenvectors of Q with eigenvalue 4+1. There are
three such eigenvectors:

fi=po(=1) fo=2p1—p3—pa, [f3=p2+2p3+2ps, (1.6)

so the most general solution to (1.1) is

5

3
chpn(z) = Ztifi(z)a ti €R. (1.7)

n=0

2Up to a choice of normalization, these are the Kravchuk polynomials with N =5 and p = 1/2 [41, 42].



In this paper we consider one-dimensional (defect) CFTs which are governed by cross-
ing equations similar to (1.1). For definiteness, let us consider a four-point function F(z)
of identical operators of dimension hy, admitting a conformal block decomposition

P = [ dnpmi ), o) =3 eadlh o). (1.8)

0 n
where the ky(z) are SL(2,R) conformal blocks:
kn(z) = 2" Fy(h, h; 2h; 2) . (1.9)

The spectrum {h,} and the OPE coefficients ¢,, > 0 are typically unknown. Bootstrapping
entails computing or constraining these CFT data using the crossing relation

F(z) = (122)2% F(1-2). (1.10)

There are various technical differences between this d = 1 bootstrap problem and the
previous toy example. For one, h takes its values in the continuum R>(, whereas the toy
example had a finite and discrete spectrum. Nevertheless, it is tantalizing to apply the
logic from the toy example to the bootstrap. For instance, one could hope to constrain the
density p(h) from (1.8) through a relation of the form

2

) 2 [ an' b Wlng)o(0) (1.11)

for some continuous kernel 2(h, h'|hg) which plays the role of Q. Sadly eq. (1.11) cannot
quite be true. The reason is that the conformal blocks kj(z) don’t form an orthogonal basis
of functions on (0, 1). The principal aim of this paper is to demonstrate that it is neverthe-
less possible to write down a qualitatively very similar relation. In order to do so we use a
new basis of functions to transform our four-point function to a space that we denote as al-
pha space. In this space we can properly define (1.11) in terms of a crossing symmetry kernel
K which we will explicitly compute. We will discuss its main features and explain how the
ordinary conformal block decomposition is recovered from an analytic continuation in alpha.

We stress that the philosophy of studying CFT's using crossing kernels — a la (1.11) —
is not new. An early avatar of this idea can be found in eq. (2.66) of ref. [43]. Nonetheless,
we are not aware of earlier work where the relevant SO(d,2) or SL(2,R) crossing kernels
have been worked out in detail. An exception is the 2d Liouville CF'T, for which the crossing
kernels have been computed [44, 45] as the 6 — j symbol of a class of representations of
U,(s1(2,R)), leading to a formal proof of consistency of the theory.® The case of rational 2d
CFTs (i.e. Virasoro minimal models) is also of interest, since in such theories the crossing
kernel is realized as a finite matrix [49-51]. We will comment on the group-theoretic
interpretation of our crossing symmetry kernel in section 5.

The outline of this paper is as follows. In section 2 we review the one-dimensional
bootstrap problem and solve the Sturm-Liouville problem for the SL(2,R) Casimir oper-
ator. This allows us to construct a complete, orthogonal basis of eigenfunctions on the

3See also [46-48].



interval (0,1). In section 3 we use these basis functions to derive a crossing equation sim-
ilar to (1.11), and we study the properties of the relevant kernel K. Section 4 describes
several possible applications of crossing kernels to the conformal bootstrap.

Note added: while preparing this manuscript we learned about ref. [52], which discusses
a crossing kernel approach to both SU(2) and conformal crossing symmetry equations and
is tangentially related to this paper.

2 One-dimensional bootstrap and alpha space

This section is devoted to the Sturm-Liouville theory of the conformal Casimir of SL(2,R),
the conformal group in one spacetime dimension. One-dimensional CFTs arise in the
description of line defects in higher-dimensional theories [53-56]. Although 1d CFTs are
in many ways more tractable than d-dimensional systems, we also note that many salient
features of the d-dimensional bootstrap already appear at the level of d = 1. In addition
the 1d conformal blocks appear naturally in the light-cone limit of the higher-dimensional
crossing symmetry equations, where it becomes possible to obtain non-trivial analytic
results [12, 13, 57].

2.1 Sturm-Liouville theory of the SL(2,R) Casimir

We will start by analyzing the four-point function of a single primary (or lowest-weight)
operator ¢(z) in a 1d CFT. The general case will be addressed in section 2.6. The only
quantum number of ¢ is its scaling dimension hy, and conformal symmetry dictates that
(ppdd) has the following form:

(0(1)o(e2)o(w)d ()} = Foops(2) (2.1)

|21 — @o| 2o |wg — 4|?ho
where the points z; € R lie on a line and z is the following cross ratio:

_ |ma|]wsa|

= € (0,1 2.2
|CC13HI‘24‘ ( ) ( )

writing z;; = ; — x;.* The function Fygee(2) admits the following conformal block (CB)
decomposition:

Foppp(2) = Z Aiw kho (2) (2.3)
o

where the functions kj(z) are the 1d conformal blocks defined in eq. (1.9). The sum runs
over all operators O in the ¢ x ¢ OPE of dimension hp, and Age0 is the O € ¢ x ¢ OPE
coefficient. Finally, crossing symmetry (invariance under the exchange x; <+ x;) of the
(ppp) correlator leads to the bootstrap constraint

z

2h
— Z) ' Foppp(l — 2) (2.4)

Fopps(2) = <1

which must hold for all 0 < z < 1.

4Although a priori the variable z is not restricted to the unit interval, we require z € (0,1) to guarantee
OPE convergence on both sides of the bootstrap equation.

4 -



We will not assume unitarity (i.e. reflection positivity) in this paper. Just for complete-
ness, we recall that if the CFT in question is unitary, the decomposition (2.3) is constrained
as follows:

e the A\yp0 must be real-valued, hence /\iw > 0;
e there must be a contribution of the unit operator 1 with hy = 0 and Agg1 = 1;
e all other operators (including ¢) have hp > 0.

As noted in the introduction, it is conventional in the CFT literature to investigate
the bootstrap equation (2.4) in position space. Here we will take a different approach. We
start by remarking that the conformal blocks kj(z) are eigenfunctions of a second-order
differential operator D, the quadratic Casimir operator of SL(2,R):

D - kp(z) = h(h — 1)kp(2), D =2%(1-2)9* - 2%0. (2.5)

In what follows, we will develop the Sturm-Liouville theory of the operator D on the interval
(0,1).°> As a first step, we notice that D can be written in the following suggestive form:

D-f(z) = 2= [(1-2)f(2)]. (2.6)

This implies that D is self-adjoint with respect to the inner product

1 P
(f.9)= | S TG 2.7

where f, g are functions (0,1) — C that are well-behaved near z = 0 and z = 1. Indeed,

we have L, B B
(5.D-9) (D f.9) = [ dz 3 [(1= )7 T (28)
0

which is a boundary term. Of course, not all functions have a finite norm with respect
to the inner product (2.7). Requiring that a function f is square integrable leads to the
following constraints on its asymptotics near z = 0 and z = 1:
f(z2) ~ 2% and f(z) ~ (1-— 2)71/2“/ (2.9)
z—0 z—1

for constants €,¢ > 0. In particular, this implies that in a unitary CFT all four-point
functions Fygee(2) have a divergent norm with respect to (2.7).

Our next order of business is to construct an orthogonal basis of eigenfunctions of D.
We start by solving the eigenvalue equation D - f = Af. After writing A = o — 1/4 for
convenience, we find that the general solution (for o # 0) is given by

F(2) = A(@)ky o2) + A0y (2 (210)

5Note added: although we have not attempted to do so, it is in principle possible to change the
boundary conditions at z = 1 [58]. We thank Miguel Paulos for pointing out this reference.



for two constants A; o(cv) that are to be determined. In order to fix them, let’s analyze the
z — 0,1 asymptotics of f(z). First, we notice that the blocks themselves are logarithmically
divergent near z = 1. To be precise, we have

I'(1+2q)

k1 (Z) z:1 _FQ(%—FO[)

lia In(1 — z) + regular (2.11)

and likewise for k1__(2). Requiring that (2.10) has a finite limit as z — 1 therefore deter-
2
mines the relative coefficient A;(«)/Az2(a). Fixing the overall normalization by imposing

f(1) = 1, we arrive at the following eigenfunctions:%
1 2I'(—2a)
Pa(z) = B} Q(a)k%Jra(z) + Q(—Q)k%—a(z)} , Qo) = m- (2.12)
In what follows, it will be useful to rewrite ¥,(z) as
1 1
Lyalo —1
v =ay (2T (213)
z

using a hypergeometric identity. In particular, this makes it manifest that WU, (1) = 1.
However, we have not yet inspected the asymptotics near z = 0. Assuming that « is real,
we find that ¥,(z) st 212710l swhich means that the functions ¥, have infinite norm.
The only way to avoid this problem is to assume that « is imaginary. In that case, we find
that ¥, has the following asymptotics:

U, (z) |Q(c)| vz cos (Im(a) In z + const.) [ € iR] (2.14)

z—0
implying that ¥, is rapidly oscillating near z = 0. Notice that even for imaginary «, the
function W, (z) is real-valued, since it is symmetric under & — —a. A plot of two different
functions W, (z) is shown in figure 1.

Since U, (z) oscillates near z = 0 at a rate that depends on «, it is at least plausible
that <\I/a, \I/5> =0 for a # 4, cf. the Fourier transform on R. This is confirmed by an
explicit computation, performed in appendix A. There it is shown that the inner product
<\I’a, \Ilg> behaves as a delta function on the imaginary axis. To be precise: if f(«) is
defined on ¢R and has compact support, we have

1 f(a) + f(=a)

| (W wa)1(8) = Nie) T (2.15)
where
_ Na)l'(=qa) _ Q(a)?
N<a)_27rI‘(%+a)I‘(%—a)_ 5 >0. (2.16)

Informally, eq. (2.15) shows that the functions ¥,(z) are plane-wave normalized, having
norm N(a). The fact that the r.h.s. of (2.15) contains the sum 3[f(a) + f(—a)] reflects
that ¥, is even in «, which carries over to the inner product <\Ila, \I/5>.

SRemarkably, these are not the usual ‘shadow-symmetric’ blocks obtained by integrating one-dimensional
three-point functions over the real axis [59]. Indeed, in one dimension this integral is easily performed using
the techniques of [60] and diverges logarithmically as z — 1, in contrast with our ¥, (z).
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Figure 1. Plot of 2=1/2 W, (z) for a = 2i (blue) and o = 20i (orange), as well as ky,(z) for h = 3
(dotted green). Both the oscillatory behaviour of the ¥, (z) near z = 0 and their O(y/z) growth
are clearly visible.

Summarizing, we have constructed a set of orthogonal eigenfunctions ¥, (z) with re-
spect to the inner product (2.7). Naively, we can appeal to familiar arguments of Sturm-
Liouville theory to argue that these eigenfunctions form a complete set. In other words,
we can decompose a given function f : (0,1) — R as follows:

100 o o~ R 1 >
16 =5 [ s f@we) e Fo- [ Srewe. e

This formula describes how f(z) is encoded by its “spectral density” f(a), and vice versa.
A mathematically rigorous way to obtain this identity will be described in the next section.
A sufficient condition for eq. (2.17) to make sense is that f be square integrable:

(1) = / “ire) (2.18)

An equivalent condition (see the next section) is that

1 i do -

i P (219)

is finite. In sections 2.4 and 2.5 we discuss how these constraints can be loosened.
Eq. (2.15) shows that the W, (z) form a complete basis in « space. For reference, we
remark that the ¥, (z) also obey a completeness relation in position space, namely

2mi

1 0 da
2mi —1400 (a)

T (2)Vo(w) = 2% 5(2 — w) (2.20)

as can be deduced from (2.17).

2.2 Alpha space as a Jacobi transform

The alpha space transform f(z) — f(a) is closely related to a known integral transform,
known as the Jacobi transform. We will briefly describe this transform in the rest of this



section, pointing to refs. [61-63] as a point of entry in the mathematics literature. The
Jacobi transform is an integral transform that makes use of the Jacobi functions:

(2.21)

1 1 _
() oy (PTDTOSATIENT ) s,

p+1

The parameters p, g > 0 are fixed, whereas the label a € iR is allowed to vary continuously.
Notice that 99 () is even in «a, and therefore real-valued. Consider now a complex
function f(z), defined for x > 0, decaying sufficiently fast as x — oco. We assign to it its
Jacobi transform J f as follows:

f(@) = (T f)a) = /Ooodxwp,q(w)f(w)ﬁ&p’q)(x)a wp,q(2) = 2P (1 + )7 (2.22)

wpq(x) plays the role of a weight function in position space. A standard result — see
Theorem 2.3 of ref. [63] — is that f can be restored from its Jacobi transform:
1 0 day
= — 9P 2.23
$@) =5 |y TP+ (2:23)
where
212(1 + p)I' (2
Npqlr) = ( )T ) , Tty =Tx+yl(z—y).

F(3(14+p+q)+)(5(1+p—q) +a)

(2.24)
The dots in (2.23) indicate that depending on the values of p and ¢ a finite number of
terms must be added; equivalently, the integration contour in « can be deformed to pick
up poles coming from 1/.4; ,().”

Properly speaking, J furnishes a map from the Hilbert space L?(R., w, 4(x)dz) to the
space of functions on iR which are normalizable with respect to the measure da/ A}, 4().
This map is an isometry: given two complex functions f, g, the following Parseval formula
holds:

oo _ 1 100 do -
/0 dxwpq(w) f(2)9(x) = 5 (@) (T Na)(T9)(a). (2.25)

Specializing to the case f = g, this shows in which sense the Jacobi transform is unitary.

It is now straightforward to see that the alpha space transform for the SL(2,R) Casimir
is a special case of the Jacobi transform with p = ¢ = 0, after the change of variable
x — (1 — 2z)/z. The precise dictionary is given by

%(z)—ﬁgo"))(l‘z), /Omdmo,om— /102 N(a) = Soo(a).  (2:26)

z
A direct consequence is the identity

o | i Feit). (2.1

(f.9)=

"A sufficient condition for such terms to be absent is p+¢+1>0andp—qg+1> 0.



It would be interesting to see if further theorems concerning the Jacobi transform can be
recycled to prove results about alpha space densities in CFTs.

Our discussion has been quite abstract so far and at this stage the reader may want
to experiment with some explicit alpha space computations. To do so, it is useful to know
that the Jacobi transform essentially maps rational functions to polynomials. A precise
statement is the following. Let

(p+ 1),

P (a) = L
n.

1
2F1<—n,n—|—p+q—|—1;p+ 1;2(1—IL‘)> (228)

be a Jacobi polynomial of degree n. Then for any r,s > 0 we have [64]

/ dx wp q(x) ! ppr) <1 — x) 9P ()
0

(1 + )3 Pratres)+l 1+
(-1)" Fp+1I(3(r+s+1)+a)
n! TAp+qg+r+s)+1+n)l(Ep—g+r+s) +1+n)

1 1 1 1
X pn<a;2(p+q—|—1),2(p—q+l),(7“—1—3—1—1),2(7“—5—1-1)) . (2.29)

2
The object on the last line is a Wilson polynomial [41, 42, 65]:

—-n,a+a,a—a,n+a+b+c+d-—1 1
a+ba+ca+d ’

(2.30)

, and it can be shown that p,

pn(asa,b,e,d) = (a+b)p(a+c)p(a+d), 1 F3 <

Evidently p,(a;a,b,c,d) is a polynomial of degree n in o?

depends symmetrically on its parameters a, b, ¢, d. Specializing to alpha space (p = ¢ = 0)
whilst setting r — 0, s — 2p — 2, the identity (2.29) becomes

Vdz (-1)"T(p— 3+ a) 11 13
2 anQ _1\1104 = 2 n sos P T o T 2.31
/0 2 P22 = 1Wa(2) = g 2P (O‘ 2727793 p) (2:31)

where P, is a Legendre polynomial of degree n. This formula can be used to find the alpha
space counterpart of rather general functions in position space. As a simple example, we
can set n = 0 to find the alpha space version of the function z > z”:

Ldz — 14
/dzﬂxlfa(z)zr(pwfp)i). (2.32)

An additional example will be discussed in section 2.4.1.

2.3 Convergence of the alpha space transform

Before we turn to the application of alpha space to CF'Ts, let us comment on the conver-

~

gence of the alpha space transform f(z) — f(«). We have in mind a function f(z) that
has power-law growth at z =0 and z =1, i.e.

f(z) ~ 2P and f(z) ~ 1

z—0 z—1 (1 — Z)q ' (233)



Moreover, we assume that f(z) admits an expansion in powers of 2" around z = 0, meaning
that it is possible to write f(z) = .20, c,2"». All of these conditions are certainly satisfied
when f(z) describes a CFT correlation function.

Let us first consider the case where p > % and g < 1. In that case, the integral defining
its alpha space density

~ 1 z
flo) = [ G 1w (234)

converges whenever |R(a)| < p — &, meaning that f(e) is holomorphic on a finite strip.
Moreover, using the alpha space transform of a single power law (2.32), it is possible to
show that f(a) extends to a meromorphic function on the entire complex plane, with poles
at a = hy, — % + N for n =1,2,... (plus mirror poles on the left half plane).

Next, consider the case p < %, g < 1. In this case, it is convenient to decompose f(z) as

f(z) = fsing(z) + freg(z) (2'35)
where
fsing(2) = Z cn2 and  freg(2) = Z et (2.36)
hn<1/2 hp>1/2

By construction, the regular piece freg(2) has a well-defined alpha space transform that
extends to a meromorphic function on C. We can define the density fsng(ev) termwise, by
analytically continuing eq. (2.32) to arbitrary values of p.® Concretely, we take the alpha
space transform of f(z) to be

> D(hn—5+a) =

flay=>" R ST/ + freg(@) . (2.37)

hn<1/2

If the leading term of fsng(2) is a constant, the above argument breaks down, since 1/T%(h)
vanishes when h — 0. This is an order-of-limits issue, which can be avoided by writing 1
as the limit of 2¢ as e — 0.

Finally, we consider the case ¢ > 1. For simplicity we consider p > %, but the case
of general p is straightforward to treat using the above discussion. Given that ¢ > 1, the

integral defining f(«) diverges for all values of ae. We thus regulate this integral by cutting
it off at z = 1 — ¢, writing

(o) = /O - g F()Wal2). (2.38)

Notice that this regulator does not affect the analytic structure of f(oz): all poles originate
from the region of integration near z = 0. Now, to isolate divergent pieces in € we notice

that ¥,(z) admits an expansion in powers of (1 — z) of the following form:

Uo(2) = sp(a)(1 - 2)F (2.39)
k=0

8Such analytic continuations may require a deformation of the alpha space integration contour away
from the imaginary axis. Below we explain how to deal with such cases.

~10 -



where si(a) is a polynomial of degree k in . This implies that f.(c) has the following

structure of divergences:9

lg—1]
ﬁ(a) = [finite as € — 0] + Z

Jj=0

tj(o)
Eq_l_j

(2.40)

where ¢;(a) is a polynomial in o. Consequently, we take f(a) to be the finite piece of ﬁ(a)
obtained by subtracting the divergent terms in (2.40).

2.4 Conformal block decomposition

As a first application of the alpha space formalism of the previous sections, we will show
that it can be used to compute conformal block decompositions for CFT correlators. As a

starting point, we have in mind a meromorphic spectral density f(«), even in «, written
in the following form:

. R,
o) = + (o = —«) + entire. 2.41
fl) =3 =+ ar-a) (2.41)
The minus sign in front of R,, is a choice of convention. We will assume that all poles «, lie
on the positive real axis; in particular, we see that every pole has a corresponding mirror
pole —a,, on the negative real axis.

~

Our goal is to compute the position space counterpart of f(«):

1) = [ s et (2.42)

where C is a contour parallel to the imaginary axis. Here and in what follows we write

/ lda] = /_ Z % (2.43)

o~

to avoid notational clutter. Notice that both f(«) and the measure N(«) are even in «,

contour integrals as

which means that we can replace W, (z) by any linear combination of the conformal block

Q(a)k1,,(2) and its shadow Q(—a)k1_,(2). Without loss of generality, let us attempt
2 2

to close the contour C to the right, picking up all poles «;, on the right half plane. This

means that we have to drop the shadow part ~ Q(—«)/N(a) X k%_a(z), as it grows

9To derive this formula, we are assuming that f(z) admits an expansion of the form

1
f(z) = ———— |const. + an(1—2)"
(1-—2)e Tgl
around z = 1. If f(z) rather behaves as a more general sum of power laws

fz) = = +(1_Z)q2 + ...

Eqg. (2.40) is modified in a straightforward fashion.

- 11 -



Figure 2. Choice of contour for a typical CFT correlator in the complex a-plane. The blue dots,
labeled by {1, 2,3}, correspond to physical poles of f(a), whereas their mirrors (in red, with primed
labels) are unphysical. The pole 1 has f(«) < 0, hence it corresponds to an operator of dimension
h < 1/2. The contour runs upwards along the imaginary axis, but in this case it must circle 1 in

the positive and 1’ in the negative direction, as indicated.

exponentially on the right half plane, whereas the conformal block part decreases as ®(«) —

~

oo. Consequently, we find that the position space version of f(«) is given by

= (e} AOé Q(a) 1 zZ) = 8% AO[ 2 1 z
16) = [ldo] flo) ity o) = [l Flo)gzshy o) 240

using the second equality in (2.16). In that case, we can rewrite f(z) as
2R,
f(z) = ; ao) k1ya,(2) (2.45)

To pass from eq. (2.44) to (2.45), we used that 1/Q(—«) is analytic on the right half plane.
But the sum appearing in the r.h.s. is precisely a CB decomposition — cf. eq. (2.3) — where
the n-th term corresponds to an exchanged operator O,, of dimension [O,] = 1/2 + au,

having OPE coefficient
2R
Moo, = W(zn) (2.46)

Since Q(—«) > 0 for all a > 0, we conclude that )‘Zqﬁ(’)n is positive iff R, is positive.

Above, we assumed that all «,, were positive. This means that only operators of
dimension [O,] > 1/2 appear in the CB decomposition (2.45). This condition can be
loosened: an operator of dimension h < 1/2 would simply correspond to a pole a, lying
on the left half plane. We must in this case deform the contour to circle a, in the positive
direction. Moreover, a, will have a mirror pole —a, on the right half plane, which must
be circled in the negative direction, such that it does not give an anomalous contribution
to f(z) — see figure 2. We will revisit this point in section 2.5.

The cases h = 0 (corresponding to the unit operator) and h = 1/2 require special
attention. As for h = 0, notice that 1/Q(—«) has a pole at & = —1/2, namely

1 1
Q(—«) am—1/2 Ca+1/2°

(2.47)
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Consequently, it suffices for f(a) to be finite at @ = 1/2 in order to generate a unit operator
term. To be precise, if

fla) o, et0|(avy)] (2.45)

and the contour is such that it wraps around o = —1/2 in the sense described above, then
f(2) = 2¢ + other conformal blocks. A similar issue arises if h = 1/2, because 1/Q(—«)
vanishes as a — 0. More precisely

2
Q—a) oo ma+ O(a”) (2.49)
hence in order to obtain a contribution f(z) ~ ckj/o(2) ~ ¢y/z + ... in position space, we
must have
~ c 1
fla) = “ 9o +O0(a™). (2.50)

2.4.1 Examples

To develop some familiarity with the alpha space representation of correlation functions,
we will compute the alpha space transform of some simple functions in z-space, and we use
these results to compute the resulting conformal block decompositions.

e Let’s compute the alpha space transform of a single conformal block kp(z) with
h>1/2:

— 1 z
) = [ Shevae - o e =2 @)

a2—(h—%)2’

In order to derive this result, it’s convenient to use the Mellin-Barnes formula

I'(c) ioo . I'(—=s)I'(a+ s)I'(b+ s)
['(a)T'(b) /_Z-OO d L(c+s)

oFi(a,b;c;z) = (—2)° (2.52)
in order to expand both kj(z) and ¥,(z). Alternatively, eq. (2.51) is easy to check
numerically inside the strip [R(a)| < h — 3.

Let us make two comments about the formula (2.51). First, although the integral
in (2.51) converges only in a finite strip, the r.h.s. defines an analytic continuation
to any value of a. Moreover, the same formula defines an analytic continuation to
values of h < 1/2. Second, E(a) has precisely one pole on the right half plane, at
a =h —1/2, in accordance with our discussion from the previous section.

o Let f,(2) = 2P with p > 1/2. We have already encountered this function in eq. (2.32),
finding that in alpha space it becomes

2 L(p—3+a)
A=) (253
Let’s use this to obtain the CB decomposition of f,(z). First, we note that pr(oc) has
poles at
1 1
Oénzp—i—i—n and dnzi—p—n with n € N. (2.54)
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Closing the contour to the right, we only pick up the «; poles. The residue of the

n-th pole is
~ (=)"T'(2p—1+n)
Y = — = 2.
R Res f(a)|,_, - 2] (2.55)

and this pole corresponds to an operator of dimension h = 1/2 4+ a,, = p + n. Using
the argument from the previous section, we conclude that

o0

2R, D R
fo(2) = Z;) mkpm(z) => a 2p—1+n), kpin(2) - (2.56)

n=0
This confirms a known result, see for instance eq. (4.15) from ref. [53].

o Let fp4(2) = 2P(1—2)79. It will be instructive to spend some time on the computation
of the alpha space density fp 4(v). As a first step, we rewrite ¥, (z) using the Mellin-
Barnes representation (2.52). This means that we can write

~ B 1 D(—s)T(i+ta+s) [ldz [1—2\° =z
hal@ = 507 [ [505) aoy e

_ 1 ) D(=s)IA £a+s)
I +ta)(p-q) /[d] (1 +s)

'l—qg+s)I'(p—1-—y5)

where in the first line we have interchanged the z and s integrals. What remains is
a standard Mellin-Barnes integral, which evaluates to

F(p_l)r(l_Q) 3F2<%+aa%_aal_q 1)
FA-—plp-5+a) . (p—§+a,p—§—a,p—q ,1>
Tl +a)l(p) P ’

Fogla) = (2.58)

which provides an analytic continuation to all a, provided that ¢ > p — 1.1° Notice
that the first term above is analytic in «, hence it does not contain any poles in
«. However, it does influence the behaviour of j?pﬂ(oe) at large a. The second term
contributes two series of poles, at a = p— % + N. Closing the a-contour to the right
and computing residues, we arrive at the following conformal block decomposition:

Foa(2) :i (p)s G T TIAmPTa ) poy (250)
P = n!2p—14+n), D, P ’ P

This is a new result which would have been rather difficult to guess. For p = ¢, this
reduces to eq. (4.14) from [53].

OTnterestingly, the above expression can be analytically continued to other values of p and g using hyper-
geometric identities, in particular Thm. (2.4.4) and Corrollary (3.3.5) from [41]. We can for instance write

T'(1=¢)['(p— L+ 1 1_ T'(p—Li4+ _1 _1_
(1-g)T'(p—3 a)3F2<2+a,2 oc,qﬂ): (1)22 a)3F2<p 5 +a,p—3 a,q;l).
I'(p)L'(p—q) Pl I'2(p) PP

The 3F>(1) hypergeometrics in these expressions converge when p > q resp. ¢ > 1.

Foala)=
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2.5 Convergence and asymptotics

In section 2.3 we discussed the convergence of the alpha space transform in a general
setting. In the present section, we will specialize to CFT correlation functions, and more
particularly, we will relate the large o behaviour of f(a) to the growth of f(z) as z — 1.
Recall that at the extreme points z = 0 and z = 1 a crossing-symmetric four-point function

in a unitary CFT behaves as

z—>0:F¢¢¢¢(z)—>l—|—...

—2h .
> "4 (260)

Clearly such a function is not square integrable with respect to the inner product (2.7). As

—1:F, —
z 006 (2) (1_2

we will now proceed to explain, an alpha space transform can nevertheless be defined also
for such functions. We will show that divergences near the two endpoints z =0 and z =1
translate very differently into alpha space and bear resemblance to the usual IR and UV
divergences in Fourier space.

Let us first focus on z — 0, which is the OPE limit, and suppose we try to transform
a function f(z) behaving like 2P(1 +...) for small z to alpha space. For our inner product
square integrability is lost as we dial p to a value less than or equal to 1/2. In alpha space
this is reflected by a pair of poles crossing the real axis, as follows from the correspondence
between conformal blocks of dimension h and poles at « = +(h — 1/2). This forces the
integration contour in the inverse alpha transform off the imaginary axis, since the correct
position-space expression is recovered only if it wraps around the poles as indicated in
figure 2. This is however the only modification necessary, and we conclude that z — 0
singularities of power-law form can be entirely dealt with by augmenting the inverse alpha
space transform (2.17) with a contour prescription around the poles. This prescription
works without issues for any 0 < p < 1/2; the special cases p = 0 and p = 1/2 were
discussed above in section 2.4.

Now let us consider the limit z — 1. For simplicity we will restrict ourselves to the
(physically relevant) case of functions f(z) analytic in 0 < z < 1. First of all, since
U, (1) =1 we find that

g1 L@
)= [l (261)
and similarly it follows from D - W, (z) = (a® — 1/4)¥,(2) that
D" f(1) = /[da](a2 - 1/4)"]£((z)) , (2.62)

which holds as long as the D™ - f(z) remains square integrable. Supposing f(z) behaves as
a power law near z = 1, we see from

D-(1—=2PA+..)=p1-2t0+..), (2.63)

that acting with the Casimir operator D worsens the behavior near z = 1. For generic
positive p there exists an n such that D™ - f(1) ceases to be well-defined, and therefore the
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integral in (2.62) should somehow suffer the same fate. Since we only modify the integrand
with a polynomial factor, this can only happen if the integral stops converging. We conclude
that the large alpha behavior reflects the ‘short-distance’ behavior of f(z) as z — 1.1
The above discussion also offers a way to make sense of power-law divergent densities
in alpha space: we just divide ]?(04) by sufficiently powers of a? — 1/4, perform the now-
convergent integral over «, and act just as many times with D on the resulting position-
space expression. This is in fact entirely analogous to the usual trick in Fourier space, where
we habitually make sense of UV-divergent expressions like p?® with o > 0 by replacing

powers of p? with a Laplacian operator,

/dwm%MQ+”)—%—mnc/ﬂémﬁ%%ﬂ+”)>, (2.64)

with n chosen such that the integral becomes convergent at large p.

The relation between large o and z close to 1 can be made more quantitative. Firstly,
if a function f(z) is infinitely differentiable at z = 1, then the preceding logic demonstrates
that f(a) /N () must fall off faster than any power for large imaginary alpha. This is
exemplified by the alpha space transform of z” given above, which falls off exponentially

fast. Secondly, for the generic power-law behavior we find that if

== 0+01-2) e fl)=(a?p N (1400).

I'(p)
(2.65)
which can be found by subtracting the leading power using the alpha space transform of a
known function. For example, for small enough p one can use

42z B _T(p—3%a) [T(1L—pT(p)
/ [#7(1 = 2)7 = 2] Wa(2) = r2(2p> r(t+a) 1]

22
p—1 F(l — P)
L'(p)

which can be computed as a limit from the above examples.

(2.66)

= (—a?) (1 + O(of2))

2.5.1 Application: OPE convergence

We can use the preceding result to discuss the asymptotic behavior of OPE coefficients in
one-dimensional CFTs, i.e., to provide a one-dimensional analogue of the results of [10, 66].
Such a result has been discussed previously in the context of the light-cone limit for higher-
dimensional CFTs [12, 13]. Here we offer an explanation based on the assumption of
suitably nice asymptotic behavior in alpha space.

Consider once more a unitary CFT correlation function Fyges(z) with a correspond-
ing alpha space expression F'(«) which is meromorphic with simple poles. Our preced-
ing discussion leads us to conclude that F(a) ~ (—a?)?'#~! for large imaginary a, since

1We can also offer a physical explanation. For fixed alpha the ¥, (z) oscillate very slowly near z = 1
and to probe this region we need to consider very short ‘wavelengths’, corresponding to very large values
of the ‘momentum’ a.
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Fypss(2) ~ (1 —2)72h¢ as 2 — 1. We will assume that this asymptotic behavior holds for
all non-real o and so the ‘subtracted’ function

F@) () := (a?)2het1=¢ P(q) (2.67)

vanishes asymptotically away from the real axis for any € > 0. This means we can write a
dispersion relation for it: we write

FO(3)
a—p

@) = a9 (2.68)
and push the contour away from the point a. With the arcs of the contour at infinity
vanishing, we find contributions only from the cuts created by the power-law prefactor
and the real axis where F'(a) has poles. The contributions from the cuts can be made
manifestly finite by aligning them along the imaginary axis and keeping the contour some
distance away from « = 0. It follows that the contribution from the poles, which after
picking up the residues can be written as

Z(a%)fzhwl*fpm <a _1an + (o < —a)) (2.69)

n

is necessarily finite as well. In a distributional sense, then, we expect the residue series to
behave as

> " 6(h = hy) Ry ~ c(hg)h*o72. (2.70)

By working out the example given previously we also find the prefactor:

c(hg) = FQ(;M . (2.71)

We observe that the prefactor vanishes when 2h4 is a negative integer which is precisely
when the z = 1 singularity in Fjs4(2) also disappears.

Finally we can use equation (2.46) and to relate this result to the asymptotic behavior
of the squared primary OPE coefficients themselves as

417h T a
)\¢¢Oh (h)Q ~ 1_‘2(22/@; ]’L4h<z> 3/2 . (272)

agreeing with the lightcone bootstrap result, see e.g. [28].'2 It is interesting to see that
the leading exponential falloff arises from the prefactor Q(1/2 — h), and the falloff speed is
independent of the external dimension.

12Strictly speaking there is a factor 2 mismatch between (2.72) and formula (3.8) in [28], due to the fact
that in the d-dimensional lightcone results only even spins are allowed to contribute.
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2.6 Alpha space for different external dimensions

So far we considered the case of a four-point function of identical operators. However, the
Sturm-Liouville theory for the SL(2,R) Casimir operator applies just as well to four-point
functions of different operators. In this section, we will briefly discuss this generalization.

Concretely, we have in mind a four-point function of primaries ¢; of dimension h;,

1 =1,...,4. Conformal symmetry restricts this correlator to have the following form:
|$24|>h12 <|x14|>h34 Zh12F¢1¢2¢3¢4 (2)
1(21)P2(02)P3(23)Pa(X4)) = | T 2.73
@reentedoeone = (124) T (24) 7 ot en)

for some function Fy, ¢,454,(2), using the shorthand h;; = h; — hj. The stripped correlator
admits a conformal block decomposition of the following form:

Fpr606364(2) = Y X120 N300 K, (2) (2.74)
(@)

involving the mixed SL(2,R) conformal blocks
ki(z) = 2" R (h+a, h+b; 2h;2),  a=—hia, b=hs. (2.75)

The sum in eq. (2.74) now runs over all operators that appear in both the ¢; X ¢2 and
¢3 x ¢4 OPEs; the label ‘s’ refers to this s-channel.
The blocks kj (z) are eigenfunctions of a mixed Casimir differential operator D, j:

(1 _ z)a+b

Da,b’f(z) = ws(z)_l % [ws(z)(l - Z)ZZf/(Z)}'f_a(CH_l)f(z) ) ws(z) = W ’ (276)

which means that D, is self-adjoint with respect to the inner product

@%:AWMMWMA (2.77)

Analyzing the relevant Sturm-Liouville problem leads to the following basis of eigenfunc-

tions: 13

1 1

s+at+a, st+ta—a z—1 1—2z
WS (z) = oFy | 2 P2 ; = glotbab (=) 2.78
a(Z) 2 1( 1 a b 3 P > o P ( )

In the second equality, we have rewritten W2 (z) as a Jacobi function, to make contact with
the integral transform introduced previously.
To connect the eigenfunctions W$ (z) to the conformal blocks, we compute
2I'(—20)I'(1 + a + b)

Ve (z) = % Qs(a)k%+a(z) + (a — —oz)} , Qs(a) = I ta—a)(lib_a) (2.79)
2 2

13The PDE D, f(z) = (a® — 1/4)f(2) has a second solution, namely

2a

1 1
1_ 1 _ 40— —1

z Py 53— ata, 5 —a a;z .
(1—2)et l—a-0b z

This second solution ceases to be regular at z = 1 when a +b > 0.
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As in the case of equal external dimensions, we can decompose any function f(z) — nor-
malizable with respect to (2.77) — in terms of the functions ¥ (2), to wit:

6= [yoh e e fo=[Guoreue e

where
O N(H20)2(1+a+b) | Qs(a)]?
Ns(a)_F(%+aj:a)F(%+bia)_ 2 (28

Some care must be taken when considering the o contour in eq. (2.80): when either a,b <
—%, the contour must be deformed in the Mellin-Barnes sense because of poles in the factor

1/Ny().

Cross channel. Applying crossing symmetry to mixed four-point functions leads to a
relation between two different four-point functions. In the case of the correlator (¢1¢2p3d4),
the bootstrap equation of interest is

2ho
4
Fy pogapa(2) = (1 — > Flpspapro4(1 — 2) (2.82)

z
where Fy,4,4,04(2) is defined as in (2.73) but with ¢1 <> ¢3 and hq <> hs exchanged. Such
mixed crossing equations have been used intensively in computing scaling dimensions and
OPE coefficients for the 3d Ising and O(N) models [17, 24].

Like before, the correlator Fiy,4,4,4,(2) appearing in the r.h.s. of (2.82) admits a de-
composition in conformal blocks and in plane-wave normalizable eigenfunctions of the con-
formal Casimir. However, care must be taken to use conformal blocks with dimensions
hi1 <> hs exchanged, and likewise for the eigenfunctions ¥? (z). To be completely explicit,
this new conformal block decomposition reads:

Fsinin6(2) = O Xor630 001640 Ky (2) (2.83)
(@)
with
kZ(Z) = Zh+al QFl(h + a’, h + b/; 2h; Z) 5 a’ = h23 s b/ = h14 . (2.84)

Here and in what follows we use the ‘¢’ label for blocks and eigenfunctions in the ¢ X ¢35 —
¢1 X ¢4 channel. The appropriate eigenfunctions in the ¢-channel are

1 ! 1 /
¢ _qs o stad+a,s+d—-—a z-1
Vo (2) = Vo(2)],, o, = 250 ( 2 L a’2+ y = (2.85)
_ ﬁ(al—l-b’,a/—b/) 1— z (286)
o z
which satisfy
1 2I'(—2a)L(1 +d' + 1)

\]'!t = — kt — = . 2

«0) = 3 [ Qe )+ (v —a] Qi) = pr T (28)
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Finally, the decomposition of a function f(z) in terms of the functions V! reads

ol 1
0= [ e e fo= [auieue @)

where

we(z) = (1;2_22,% and Ny(a) = |Qt(2a)|2. (2.89)

3 Crossing kernel

So far, we have used Sturm-Liouville theory as a tool to represent conformal correlators
as integrals over a set of basis functions ¥,. In this section, we will use these integral
representations to analyze crossing symmetry. In particular, we will compute the d = 1
crossing kernel and exhibit its properties.

3.1 General case

Let us start by considering a mixed four-point function (¢1¢apsp4). For such a correlator,
we can write down two inequivalent integral representations:

(G1600161) ~ Fonironon(s) = [ 35 Bl W2(2), (3.10)
(G3000161) ~ Forironan(s) = [ 05 FA)L(:). (3.10)

The ~ above denotes that we have omitted various unimportant scaling factors. The
spectral density Fs(a) encodes information about the CB decomposition in the s-channel
@1 X P2 — @3 X ¢4, whereas Fy(a) describes the t-channel ¢1 X ¢g — @2 X ¢3.

The two alpha space densities F;(a) are related — at least implicitly — via the
crossing equation (2.82). Plugging eq. (3.1) into that equation, we find that

[do] =\ [ _lap] t
Fy(a)W? = —— F(B)P5(1 — 2). 3.2
[ag pevae = (25) 5o Fewsn -2 (32)
In order to find make the constraints on Fy;(«) manifest, we can manipulate this alpha
space bootstrap equation in various ways. For instance, it is possible to express t-channel
eigenfunctions in terms of the s-channel ones:

G MR [k K 8 o s ) 92 (33)
—z) = a z). .
1— 2 B Ns(Oé) ) 1,712,713, 14 o
The distribution K («, 8|h1, ha, hs, hs) introduced here relates eigenfunctions in the s- and
t-channels, and we will refer to it as a crossing kernel. A schematic interpretation of
eq. (3.3) is given in figure 3.

Using (3.3), we can recast the crossing equation (3.2) as

[de]
N(a)

[Ful@) = (K- F)(@)| () = 0 (3.4)
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hy hy
hy ha

8 — /]\[7(:{?2) K(a, B|h1, ha, hs, hy) >T<

ho hs

ho hs

Figure 3. Graphical representation of the crossing kernel K (a, §|hy, ha, hs, hy).

where we have introduced an integral operator K which depends on the h;:

(K- D= [

Recalling that the W2 (z) form a complete basis in z-space, eq. (3.4) can only be satisfied if

K(a, Blh1, ha, hs, ha) f(B) - (3.5)

Fy(a) = (K- Fy)(a). (3.6)

The point of this identity is that it directly relates the two densities Fy;(a); once we
compute the kernel K («, 5|h;), eq. (3.6) will be completely explicit.

In the previous computation, we made an arbitrary choice by expressing \Iitﬁ(l —z) in
terms of the s-channel functions W% (z). It will be useful to go in the opposite direction as
well, by writing

(1;)%2 v -2 = [ 3

which involves a second crossing kernel K (a, B|hi, ..., hs). Using the same logic as before,

K (e, Blh1, ha, hs, ha) W (2) (3.7)

we arrive at an alternate alpha space crossing equation:

Ft(a) = (R ' Fs)(a) ) (38)
where y
(K- D))= [ s R(au sl o s ) F(5). 3.9)

Bringing everything together, we have recast crossing symmetry as a system of integral
equations in alpha space:

Fy(a) = (K- F)(a), Fia)=(K-F)(a). (3.10)

3.2 Identical operators

Let us briefly consider the case of the four-point function (¢pp@e) of four identical primaries.
In that case, there is only one spectral density F'(«) of interest, namely

(6060) ~ Fooool®) = [ s Fla)Wa(2). (3.11)
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Rather than a system of coupled integral equations, one now finds an eigenvalue equation
for the density F'(a):
F(a) = (Ko - F)(a) (3.12)

where the integral operator Kg is defined as

CEIR
N(B)

3.3 Functional properties of the crossing kernels

(Ko« f)(@) := Ko(e, Blhg) f(B), Kol Blhg) == K(, Blhg, he, hg, hg) . (3.13)

In what follows, we will compute the crossing kernels K(a,B|hi), K(a,B|h;) and
Ko(a, B|h;). Since this computation is somewhat technical, we will first derive several
properties of these kernels.

Evidently, all of the kernels are even in their arguments « and 3. Less trivially, we see
that the kernels K and K are identical after exchanging the external dimensions hy and h3:

K (a, 8|1, ha, b3, hy) = K (o, B|h3, ha, b1, hy) (3.14)

as follows from egs. (3.3), (3.7).
Next, from the structure of eq. (3.10), we can surmise that

K-K=K-K=id. (3.15)

We have derived this with input from the bootstrap, but later we will rederive eq. (3.15)
formally. For the case of identical operators, eq. (3.15) becomes

K2 =id. (3.16)

Notice that egs. (3.15) and (3.16) only hold when restricted to some space of even functions,
as the images of the integral operators K, K and Ko are even by construction.

Both identities (3.15) and (3.16) are statements about integral operators. By acting
with these operators on test functions — say, having compact support — we can turn them
into orthogonality /completeness relations for the crossing kernels themselves. To make this
concrete, let’s define the distributions

Ds(cv, Blhi, ha, hg, ha) :

Nt K (e ylhi) Ky, Blho) . (3.17a)

(o, Blhi, ko, hg, ha) :

N K(a,ylhi) K (y, B|hi) (3.17b)
= -@s(aalg‘h3>h27h17h4)-

Our claim is that Z(a, B|h;) behave as delta functions on the imaginary axis. Indeed,
eq. (3.15) implies that

fuas {%m,m} f(9) = f@+1(a) (318)
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where f(«) is arbitrary. This can be thought of as the “local” version of (3.15). In the
case of identical operators, we simply have

Jias 2o sina)s5) = HALIED (3.19)
where J
6%(a,ﬁlh¢):=1V(a)‘1u/ii”2%-Kb(a,y|h¢)Kb(y,ﬁ!h¢)- (3.20)

egs. (3.19) and (3.20) can be obtained as a limiting case of (3.18). Interestingly, egs. (3.18)
and (3.19) imply that the distributions Z,;(«, Blh;) and Zy(c, f|he) are identical and
independent of external dimensions h; resp. hg. As with the Fourier transform, the above
identities mean that well-behaved functions f(a)) can be decomposed in terms of the “basis
functions” K, K and Ky, with computable coefficients.

3.4 Computation of the crossing kernel

Let us now turn to the computation of the crossing kernel K(«, |h;). To do so, we can
use the alpha space technology from section 2.1 to write down a position-space integral
representation for K, namely

2h2
- z) V(W1 -z).  (3.21)

1
(ol b o) = [ dson(e) (
0
It will be convenient to employ standard Mellin representations for the functions \Ifg;t(z):

s I'l+a+b) F(—s)P(3+a+s+a) [1-2\°
Valz) = r +aj:a)/[d8] F'l+a+b+s) ( z ) ’ (8.220)

(5 (
. T(1+d +V) L(-)L(3+a +t£8) [ 2z \
Vsl —2) = (i +a+p) /[dt] T(1+d +b +1) (1—2) ' (3.22b)

Plugging these into (3.21), one obtains an integral representation of the form

K(a,mhi):/oldz/[ds] /[dt].... (3.23)

Exchanging the order of the integrals, the z-integral yields a beta function, whereas the

resulting ¢-intergral can be performed using the second Barnes lemma. What remains is

the following Mellin representation: '

F(l4+a+bI(1+d+V¥)

I(3+axa)l(5+V+8)

/[ds] F(=s)I(A+a+s+a)T(2h —1—8)I'(3 —hy — ha + s+ B) '
F(l—l—a+b—|—s) F(Z—h1+h2—h3—h4—|—8)

K(Oé,5|h1, h2) h37 h4) =

(3.24)

This integral can be performed by closing the contour and picking up poles on the right
half plane, at s = N and s = 2h; —1+N. The result is a sum of two hypergeometric 4F5(1)

14 A different-looking representation can be found by doing the s-integral first.
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functions, and it can be cast into a standard form by introducing the Wilson functions of
ref. [67]:1°

Wa(B;a,b,¢,d) = (3.25)

_ (- a) otBa—patai-a
_F(a—l—b)F(a—i—c)F(d:l:ﬁ)F(c{ia)4F3< a+b7a+071+a—d 71)+(a<_>d)

writing @ = 3(a+b+c—d) and d= 3(—a+b+c+d). It is useful to know that W, (8;a,b, ¢, d)
is even in its arguments « and 3, and it depends symmetrically on its parameters {a, b, ¢, d}.
A closed-form expression for the crossing kernel is then given by

K (o, Blh1, ko, hg, hy) = T(1 — hig + h3a)T(1 + hig + hos) (3.26)
1
X F(hl—i-hg—2ia)r<g_h1_h4i6>wa(/@§<@)
with parameters &2 = Z(hy, ha, hs, hg) specified by
1 1 1 3
@_{2+h14,2+h23,h2+h3—2,2—h1—h4}- (3.27)

The kernel K (c, Blh1, ha, hs, hy) admits an expression similar to (3.26), the only difference
being that h; <+ h3 are swapped. For completeness, we print the formula for the identical-
operator kernel Ko(c, B|hg) here as well:

Ko(av, flhg) =T <2h¢ SR a> r (3 —2hy £ ﬁ) Wa (8; 20), (3.28)

11 1 3

3.5 K and K as intertwiners

Having computed the crossing kernels K and K , let us now revisit the alpha space crossing
equation (3.10). Informally, it encodes that K maps a “t-channel” alpha space density to
an “s-channel” one, and vice versa for K. In this section we will formalize this idea, making
precise in which sense K and K intertwine between two different Hilbert spaces.

First, let’s introduce a Hilbert space Hs = Hs(h1, ho, hs, hy) for s-channel functions,
consisting of all functions f(a) that are even in a and L? with respect to the following
inner product:

d _
1), = [ e F@late), (3.29)
2I'2(1 — hio + haa)T(£20)T (b1 + ho — 2 £ @)
L3 —hiota)l(3+huta)l(3—hg—hsta)

M (o hi, ho, b3, hy) =

We have introduced an a-independent factor in the measure M(a;h;) to simplify some
formulas later on. The integration contour in (3.29) is to be understood in the Mellin-
Barnes sense, which means that it may be deformed depending on the values of the h;.

50ur conventions differ from those of [67] as follows: Wa(B|a,b, ¢, d) = ¢ia(iB;a,b,c,1 — d).
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Likewise, we introduce a t-channel Hilbert space H(h1, ha, hs, hy) of even functions that
are square-integrable with respect to
[do]

(f’g)t:://\/lt(a'hl hoois h4)f(0é)9(04)7 Mi(a;ha,ho, by ha) = Ms(a;hs, ha,hayhy).

(3.30)

We now claim that the following holds:

Theorem 1.1: K is a unitary map Hy — Hs, and K : He — H; is its inverse.
Unitarity here means that K and K preserve the inner products defined in egs. (3.29)
and (3.30), namely

(f,9),= (K- f,K-g)s and (f.g), = (K- f,K-g). (3.31)

The proof of this result follows from the properties of the Wilson transform, introduced in
ref. [67]. This integral transform uses the Wilson functions W, (5; a, b, ¢,d) as a basis. The
above result can straightforwardly be deduced from Theorem 4.12 of ref. [67]. Consequently,
we will not provide many details. However, it will be instructive to provide a sketch of a
(constructive) proof. First, one establishes that Hg is spanned by the following functions:

1 .
& (alhi) =T(1 — hig + haa)T (hl + ho — 3 + a) pn(e; Z), neN (3.32)

The Wilson polynomials p,, were defined in eq. (2.30), and the set of parameters P is given
by

- 1 1 1 3
'@(h17h27h37h4) = { - h127 a +h347 hl +h2 T a9 o _h3 - h4} == '@(h37h27h17h4)-

2 2 272
(3.33)
Likewise, H; is spanned by the functions
1
{Z(Oz’hz) = F(l + hig + th)F (hg + hg — 5 + Ck) pn(a; f@) . (3.34)

By linearity, it suffices to establish that K and K act appropriately on these basis functions.
To establish this, one proves first that

(& &0) s = (Ems&n)y o€ Omn (3.35)

as well as

(K-g) (@) = (=1)" &),  (K-&)(@) = (1" &\ (o). (3.36)
eq. (3.35) is a property of the Wilson polynomials p,, [41], and eq. (3.36) is a consequence
of Theorem 6.7 of [67].

A similar result holds for the case of identical operators. There one defines a Hilbert
space Ho = Ho(he) of even functions that are finite with respect to

(9= [ Ty FDale). - Mo hy) = Mu(ashg. o o). (337

Then the counterpart of the above theorem reads:

— 95—



Theorem 1.2: K is a unitary map Ho — Ho obeying K2 = id.
Here unitarity means that

(£,9) = (Ko f,Ko-9),- (3.38)

The proof goes along the same lines as the general case discussed before. A basis for Hy is
now spanned by the functions

&Blalia) =T (205~ %) palas 2) (339

where & was defined in (3.28). The operator Ky maps the £2 to themselves, up to a sign
(-1
(Ko-&)(a) = (-1)" & (a). (3.40)

Of course, the only permissible eigenvalues that could have appeared were 41, given that
K2 = id.

3.6 Analytic structure of the crossing kernel

Since we have rephrased bootstrap equations as integral equations in alpha space, it will
be instructive to analyze the analytic structure of the crossing kernel K («, 8|h1, ha, hs, hy).
Let’s first fix § and investigate the properties of K as a function of «, using eq. (3.26).
Since the Wilson functions W, (f; a, b, ¢, d) are analytic in a and (3, the only poles in « are
due to the factor I'(hy 4 ha — & + «). Consequently K(c, 8|h;) is a meromorphic function,
with its only poles on the right half plane at a = hy + hy — % + N. The relevant residues
are polynomials of degree n in 52, namely

Rn(ﬁa h17 h27 h37 h4) = _R’es K(Oé7 ﬂ’h17 h27 h37 h4) ‘a:h1+h2_1/2+n (341)
- F(l — hio + h34) F(2h1 +2hy — 1+ n)

- n!(l + hig + h23)n F(th + n)I‘(h1 + ho + h3g + n)

1 1 1 1
X Pn(5;2+h14,2+h23, h1+h4—2,h2+h3—2)~

Next, remark that for generic values of «, K (a, 8|h;) is a rather complicated function of /.
Upon closer inspection it appears that at certain values o the kernel K (a., 8|h;) becomes
polynomial in £, up to a number of gamma functions. The relevant values a = «, are
organized in three families:

II m_ 1

3 1
oy =3 —hs—hatn, ay=g—hotn oy =5+hu+tn, neN.  (342)

For the first family, we find for instance

Kol §) = K ['(3 —hy —ha£B)

"D(hs+hs— 5 £ )

1 1 3 3
Pn<5,2+h14, §+h23, i—hl—hzi, 2—h2—h3>

(3.43a)
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where k. is a constant that does not depend on 3. For the second and third families, we
find

F(?Q’ hi — hy £ 5)
L3+ hia £8)

K(OéH ) kH

n?

1 1 1 3
2 -k
Pn <ﬁ,2 h14,2+h237 ha + h3 5 5 M 4>7
(3.43D)

111 ( —hi — hy )

KM 3 — &
(e ) =Fn [(3 + hos £ )

n I

1 1 1 3
Pn <5,2+h14, — hag, ho + h3 — 3’ h1h4>.

(3.43c¢)

We can also consider the analytic structure of K(«, 5|h;) as a function of 3 for fixed
a. This is a simple exercise, given the relation (3.14). We therefore refrain from printing
explicit formulas.

3.7 Symmetries of the crossing kernel

The crossing kernel obeys various identities which we will exhibit here. Since none of these
results are used in the rest of this paper, this section can be skipped on a first reading.

It will be convenient to strip off the gamma functions in eq. (3.26) and to relabel the
external dimensions as h; — % + 7;. What remains is a single Wilson function, namely

X 1 1 1 1
K(a, Bl71,72,73,74) = Wa <52+71 g Y2 Y g 2+72+73>

2
(3.44)
First, we recall that W,(5;a, b, ¢,d) depends symmetrically on its parameters {a,b,c,d},
which implies that K (o, 8]7;) obeys

K(a, B, 72,73, 74) = K (e, Bl =71,72,73,71) = K (e, Bl71, 72, =73, 74) (3.45a)
K( 5”73, —Y4,71, _’72) (345b)

4
1
K(a,8l=2f, =5 =% =), = —n+52 . (3450)

A second type of symmetry can be found using the identity (see Lemma 5.3 of [68])
Wo(B;A+w,A—w,B+p,B—p)=Wy(p;A+ao,A—a,B+3,B—[) (3.46)
which descends to

f((a76|717’72a73774) = K(71a73|a7’727 Ba74) . (347)

A final relation follows from the “duality” property of the Wilson functions:

~ 1
W.(8;a,b,c,d) = Wg(a;a,b,c,d), =—(a+b+c+d)— 3.48
B 2

Q, 0 St
Q@ oo
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which implies that

K(Oé,6|’)/1,’}/2,’)/3,’)/4) = K(ﬁv Oéh’3772771174) . (349)

The reader may notice that the above symmetries are reminiscent of those corre-
sponding to the SU(2) 6 — j symbol [69-72]. In the SU(2) context, the transformations
Y1,3 — —71,3 are known as mirror symmetries and v; — 'yf is a Regge transformation;
eqs. (3.45b) (3.47) and (3.49) are related to transformations that exchange rows and
columns of the 6 — j symbol.

A subset of the above symmetries lifts to the full crossing kernel K («, 8|h;):

4
1
K(a, Blh1, ho, hs, ha) = K (o, BB, B, BE BS), W= —h; + 5 > hy, (3.50a)
j=1
= K(B,0]1 — h§,1—h3,1—hi,1-1hf), (3.50b)
= K(B,all —h1,1 —hg,1 —h3,1— hy). (3.50c)

Any two of these identities imply the third one. In conclusion, it appears that the auto-
morphism group of the K («, |h;) is isomorphic to the Klein four-group. In passing, we
note that eq. (3.50) can also be derived by inspecting the integral representation (3.3).

Limit cases. For bootstrap applications, one is often interested in four-point functions
where some of the operators are identical. In that case, the discussion of the symmetries
of the crossing kernel simplifies drastically. For a mixed four-point function of the form
(eooe), there are two relevant crossing kernels:

Kmi(a, Blhe, he) = K(a, Blhe, hoyhoyhe),  Kma(e, Blhe, he) == K(o, Blhg, ho, he, he) -
(3.51)
In this case, the content of eq. (3.50) reduces to

Km1(a, Blho, he) = Kma(B,all — he, 1 — hy). (3.52)

Finally, when all external dimensions are identical, the relevant kernel is Ko(a, B|hy), which
obeys
Ko(a, Blhg) = Ko(B, |l — hy) . (3.53)

4 Applications to the conformal bootstrap

In section 3, we reformulated crossing symmetry in the form of integral equations in alpha
space, making use of the crossing kernel K («, 3|h;). For definiteness, let us consider the
identical-operator alpha space equation eq. (3.12):

[d5]

~J N

In the bootstrap context, we can ask whether eq. (4.1) (combined with unitarity) can be

) Ko(e, Blhg) F(B) .- (4.1)

used to find useful constraints on F'(«). In this section we will sketch some ideas in this
direction, making use of the properties of the crossing kernel as discussed in section 3.
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4.1 (Dis)proving a false theorem

We will start by outlining an simple idea for analyzing the alpha space crossing equa-
tion (4.1). One can think of the r.h.s. of (4.1) as a function of «

4]
aH/Mmm@ﬁWﬂ@ (4.2)

and require that (4.2) has exactly the same analytic structure as F'(«), appearing on the
Lh.s. of (4.1). Taken at face value, this should lead to constraints of the poles and residues
of F(a), which correspond to CFT data.

The function (4.2) only depends on a through the crossing kernel Ko(c, 8|hg). Using
the results of section 3.6, we see that the identical-operator kernel Ky(a, 3|he) has poles
at o, = 2hy — % +n, n € N, with residues

T(4hy —
Zn(Blhg) == Rn(Blhg, hey hg, he) = hy — 11 n) (ﬂ;l L L L

nPT2(2hg 4 1) "

(4.3)

Plugging this result into (4.1), we naively conclude that F'(«) can only have poles at o = auy,
with their residues constrained as follows:

~Res @)y, L [ 1 BBl (B). (4.4)

Obviously, this conclusion is wrong: it says that any solution to crossing consists of

a single tower of exchanged operators with dimensions 2h4 + N. Although solutions of

this form exist (e.g. in mean field theory), any interacting CFT correlator furnishes a

counterexample to (4.4). From a mathematical point of view, we have arrived at (4.4)

using a doubtful manipulation:

» [ [dB]

Res | [ Sotessnr@)] 2 [0

[Res Ko(a, Blhg )y, F(B) - (4.5)

This fails to hold at general «, as the function (4.2) is defined for real o only by analytic
continuation. It would be interesting to see if this wrong argument can be refined to give
useful bootstrap constraints, likely by deforming the contour in eq. (4.1), as discussed in
section 2.4.

4.2 Split kernel

A second idea is to close the 8 contour in eq. (4.1) to the right, picking up poles in 5. Since
the integrand appearing in the r.h.s. of (4.1) equals

Ko(Oé, B|h¢)F(6>
N(B)

poles in  can come from three different factors. As mentioned, the poles in F(3) —

(4.6)

and their residues — are unknown, but of physical interest. Next, 1/N (/) has poles at
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f=1/2+N, and Ko(a, B|hg) has poles at 3 = 3/2— 2hs+N.16 Closing the contour means
that we have to keep track of all of these different poles.

We propose to modify eq. (4.1) in a straightforward way, bypassing this bookkeeping
exercise. The key point is that both N(8) and F(3) are even in j3; in the definition (3.3) of
the crossing kernel, it is therefore possible to replace \I/tﬁ(l —2) by Qi(B)k!, +ﬂ(1 — z), where

2

Q: and k% (z) were defined in section 2.6. Concretely, we recast the crossing equation as

F(e) = [1d8) K, 8l P o ) F(9), (47)
1 2ho
Ksplit(aaﬁ‘h1>h27h37h4) = %Zgg; /0 dZ’LUS(Z) <1i2> \113(2)]{,’%+6(1—Z)

We will from now on consider this “split” kernel Kgpit(cv, §|hi) with arbitrary external di-
mensions, although only the case hy = ... = hy = hy is of interest in the analysis of eq. (4.1).

We claim that the split kernel K¢ does not have any poles on the right half plane
R(B) > 0. That is to say, by closing the contour of (4.7) to the right, we only pick up poles
coming from F(f3), as desired.

The proof of this claim follows from a direct computation. The computation is very
similar to the one from section 3.4. The only difference is that we use a Mellin-Barnes
representation for the cross-channel block k! (1 — z), namely

I'(1+2p)
L(3+a +B)0(5 —V +5)

D(—)T(L+d + B+~ +B+1t) [ » \2tFra+
: /[dt] 2 T(1+2ﬂ+t§ <1—z> ‘

k%w(l —2)= (4.8)

As an intermediate step, we rewrite Ky as a Mellin-Barnes integral:

Ksplit(aaﬁ|hi) =

[(1—hi2+hsy) 273 F(%—i—hgg—i—ﬁ) F(—S)P(%—h12+8:|:oz)

D(1+hia+ho3) T(3 —hioEa) T'(5—hos+8) /[ ] [(1—hia+hgs+s)

y ['(2hy —1—8)L(ha+hs+hy—1—8s)T(3—h1—ha+B+s5)
U(hi+hs—5+6—s) '

(4.9)

Closing the contour to the left'” and picking up poles at s = —N, s = +a — % 4+ hi1s — N,
we obtain the following closed-form formula for Kgpit:

Kpiit (o, Blha, ho, hs, hy) = I (o, Blhi) + Ia(e, Blhi) + Io(—cv, Blh;) (4.10)

18Note that the poles of Ko(a, B|hg) in 8 are related to the poles in « through eq. (3.14). In particular,
the B residues are Wilson polynomials in a.

17Closing the contour to the right would mean picking up poles at s = 2h; — 1+ N and s = his + hs +
ha — 1+ N. In the case of equal external dimensions, these two series of poles collide to form a single series
of double poles.
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where
F(l — hio + h34) 23
F(1+h14+h23)S(h2+h4+a—ﬁ)S(h2+h4—Oz—,@)
DG+ a+ BTG + hay + BT — I — ha + B)
(3 —hia £ a)l(ha + hs — 5 — B)
+h14+6,5—h23+,6’,§—h1—h4+ﬁ,§—h2—h3+5,1]
14+28,2—hy—hs+a+B3,2—hy—hyg—a+p Y
_F(l — hia + h34) 243
F(1+h14+h23)5(h2+h4+a—5)
L(h1+he — 3 + @)T(hs + ha — 3 + @) T(5 + has + )
S(?Oz)r(% — hig — a)].“(% + hgq — Oz) F(% — hog + 5)
%—h12+04,é—h34+a,h1+h2—§+a,h3+h4—%4—04‘1}
1420, hao+hs+a+B, ha+has+a—p ’

Il(aa Blhz) -

(4.11a)

et
X 4F3[2

Io(a, Blh:) = (4.11b)

X 4F3[

Here we used the notation C(z) = cos(nx)/m, S(x) = sin(rz) /7, and the 4F3(1) are regu-
larized hypergeometric functions. In passing we remark that the hypergeometric functions
appearing in (4.11) are balanced,'® which implies that they obey various interesting prop-
erties. In particular, I; and I can be rewritten using three-term contiguous relations [41].

Above we claimed that Kqpit(ar, Bh;) was analytic in § on the right half plane. This
is not completely manifest from the expressions in eq. (4.11); in fact, it appears that both
I and Iy have singularities at § = hg + hy + a + N. However, it can be shown (using
hypergeometric identities, see e.g. [41]) that the residues in I (a, 8) and Is(+a, 3) at these
points exactly cancel. Equivalently, analyticity follows from a contour pinching argument
applied to the Mellin-Barnes integral in eq. (4.9).

In passing, we claim that K¢ has the following symmetry:

Ksplit(aa B|h13 h27 h3a h4) — Ksplit(aa B’hga hia hq’ hg) (412)

cf. eq. (3.50a) for the normal kernel.!? To establish (4.12), one develops an alternate
Mellin-Barnes representation for Kgpji¢, by changing the order of integration:

(1—hi2+h3a) 28 (3 +his+58)
(14+h1a+he3) D(3 +hgata) T(3 —hia+B)
X/[dt] D(—)(34+d' +B+t) (5= +B+t) ['(h1+hs—1—B—tE£a)[(3 —hy —hs+B+t)
[(1+28+1) F(hz—i—hg.—%—ﬁ—t)
Closing the contour to the right, we find a representation of Ky, of the schematic
form (4.10), with I1 (e, 5|h;) replaced by functions Ji 2(cv, B|h;) obeying

r
Kplit (o, Blhi) = T (4.13)

Ie(, Blha, hay ha, hy) = Ji(a, BB, RS, RS RS, k=1,2. (4.14)

18 A hypergeometric function ,Fy(ai,...,ap;b1,...,bs;2) is said to be balanced or Saalschiitzian if
Do @i — 25:1 bj =—-1.
e also note the existence of a rather mysterious relation between I;(« ;) and I2(« i), name
PWe al he exi f a rather mysterious relation b Ii(a, Blhi) and I>(a, Blhs), namely
Ns(a) C(B — h23)S(h2 + ha + a4 f)

Ix(a, Blh1, h2, hs, ha) = N:(B) C(a+ hs + hy)S(2B)

11(6,041 —hl,l —h4,1 —h371 —hz)A
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This proves eq. (4.12).

Let us finally return to eq. (4.7). The modified falloff of the split kernel allows one to
close the contour in the right § plane and pick up the poles, which we have just demon-
strated can only come from F'(3). Therefore, up to simple numerical factor the split kernel
considered as a function of « for a fixed 3 is precisely the s-channel alpha space transform
of a single t-channel conformal block. It is therefore of interest to consider the analytic
properties of Kgpit (o, 5|hs) in o as well. For example, for identical external dimensions h; a
contour pinching argument applied to eq. (4.9) shows that Kt (e, 5|he) has double rather
than single poles at the double-trace values o = 4(2hy — % + N), reflecting the logarithmic
behavior of the k; I /2(2') as z — 1 in position space. This most clearly demonstrates
the impossibility of expressing physical conformal blocks in one channel as proper sums of
blocks in the crossed channel and consequently the necessity of using a different basis of
functions like our W, (z) to arrive at a meaningful crossing symmetry kernel.

4.3 Using the &, as a basis

It appears that a special role is played by the alpha space functions &5 (alh;), & (a|h;) and
€% (alhy), defined in egs. (3.32), (3.34), (3.39). In fact, these basis functions furnish infinitely
many solutions to crossing symmetry. To make this concrete, consider the mixed-correlator
bootstrap equation (3.10), which is automatically solved if F;;(a) are chosen as follows:

Fa)= 3 eéilalh), Fila)= 3 ciéh(alhi). (4.15)

n even n even

It is crucial that the same coefficients ¢, appear both in Fs(a) and Fi(«), and that only
&, with even n appear. The reason is that the {fb’t(a) with odd n are antisymmetric under
crossing. To understand this more intuitively, it is instructive to analyze the &, in position
space. Using eq. (2.29), we find that the z-space versions of & (a|h;) and & (alh;) are

given by
&) _ ony [ PATPUT(1 - 22)
{gfxz\m-) bt b R S pleivan g gy fr 0
Given eq. (4.16), it follows directly that
P 2ho
el = (-1 (12) & (4.17)

where we use that P,(Lp’q) (—x) = (—1)" T(Lq’p) (z). Comparing to the crossing equation (2.82),
one confirms that the &, with even (resp. odd) n are symmetric (resp. antisymmetric)
under crossing symmetry.

Next, we will consider the CB decomposition of the functions &,,, at least schematically.
Notice that & («|h;) only has poles at o = hy + hg — % + N, as well as mirror poles on
the left half plane. Given our discussion in section 2, this implies that & (a|h;) has a CB
decomposition consisting of operators of dimensions h; + he + N. Such a conformal block
decomposition looks similar to a mean-field solution, where only double-twist primaries
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[d102]n ~ D1 (f;"gég contribute. Similarly, £ has a CB decomposition with a spectrum given
by ha 4+ hs + N.

For definiteness, we will compute the CB decomposition of £2(a|hs) explicitly. The
position-space version of £2(ahy) is a limiting case of (4.16), namely

€2(2|hg) = nIT?(2hg + n) 2210 Py (1 — 22) (4.18)

where P, denotes a Legendre polynomial. As above, these functions are crossing
(anti)symmetric for even (odd) n, as follows from

z
1—2z

2hy
€(zlhy) = (~1)" ( ) (1 z[hy). (1.19)

The CB decomposition of fg(z\m)) can be found using alpha space technology; in particular,
its residues in alpha space are equal to Wilson polynomials evaluated at certain values of
a. The precise result is

(2|hg) = Z ko, 1 (2) (4.20)

where

—-1Hm 2hgy)? —n,—m,n+ 1,4hy — 1+ m
A = 1@y + ot m? (4h¢(— ] )fm)m 4F3< 2h,, 2h¢,,¢1 i
(4.21)
Notice that the coefficients A7 are sign-alternating: sgn(Agf)) = (—1)™, provided that
hg > 0. This implies that the &, do not correspond to unitary solutions of crossing.

At least formally, it is possible to derive selection rules for alpha space densities using
the functions &,. We will focus on the identical-operator case for simplicity. Recall that
the €9 form a basis of the Hilbert space Ho introduced in section 3.5. This implies that if
a density F(«) € Ho is crossing symmetric, it must obey

[da] 0
— §,(alhy)F(a) =0 for n=13,5,... 4.22
| i el Fe (422)
This selection rule manifestly holds if F'(«) is of the following form:

F(a)= Y cé(alhy) (4.23)

n even

cf. eq. (4.15). Of course, requiring that F(«) is normalizable imposes constraints on the
growth of the coefficients ¢, as n — oo.

Unfortunately an alpha space density of the form (4.23) cannot belong to an interacting
CFT: it would have a CB decomposition with exchanged operators of dimensions 2h4 4+ N
and nothing else — in particular, requiring that F'(a)) € Hg rules out an identity operator
contribution. These unphysical constraints on the spectrum of F are very similar to the
issue encountered in section 4.1. We also stress that (4.23) generically corresponds to a non-
unitary CB decomposition, in line with our remarks below eq. (4.20). Imposing unitarity
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leads to additional constraints on the coefficients ¢, and in future work it would certainly
be interesting to examine these in detail.

To better understand the role played by the &,,, we will briefly consider how these ideas
apply to a mean-field correlator:

FMFT(Z) =t1F (Z) + tQFQ(Z) (4.24)

with

2hy
Fi(z) =2%¢ and Fy(z) =1+ (1 : ) . (4.25)
-z

Both pieces F1 g are crossing symmetric by themselves, but only their combination with
ty & t; > 0 is unitary. This follows from the CB decompositions (2.56) and (2.59).2°
Separately, I} and F5 contain contributions from an infinite tower of operators of dimension
2hg 4+ n, but the contributions for odd (resp. even) n cancel out when t; = ta (resp.
t; = —t9). The combinations with ¢t; = +ty correspond to generalized free fields with
bosonic (resp. fermionic) statistics.

Can we decompose F; and F» a la eq. (4.23)7 As for F}, we see by inspection that

Fi(z) = €0 (zlho) (4.26)

1
I2(2hy)
consistent with the fact that F} is crossing symmetric and non-unitary. In particular, this
shows that F}(a) € H. Notice that this is only possible because Fj(z) has no unit operator

contribution. Since F»(z) does have a unit operator contribution, it follows that Fy(z)
cannot be decomposed as in eq. (4.23). Nevertheless, we compute

2ho 1 1+2n 1
<1 - z) Z fn&a(elho) . fn= I'2(2hg) n!(1 — 2hy +n) (2hg —n)2n (427)

Strictly speaking this holds only for hy < 1/2; for generic hy, (4.27) makes sense only after

analytic continuation. Notice that (4.27) contains terms with both even and odd n. This
is consistent with the fact that [z/(1 — 2)]*"* by itself has no definite crossing behaviour.
Another interesting feature is that the f, are not sign-definite; in fact, sgn(f,) = (—1)"
provided that hg < 1/2. However, we know from eq. (2.59) that [z/(1 — 2)]*"¢ has a CB
decomposition with positive coefficients. We conclude that there is a conspiracy between
the coefficients f,, from eq. (4.27) and the A from (4.20) that guarantees that the full
CB decomposition is unitary.

The above example shows how the idea to draw selection rules from the &, runs into
problems when naively applied to CFT correlators. Nonetheless, it may be true that a mod-
ified version of eq. (4.22) holds after carefully regulating the identity operator contribution.
We leave this question for future work.

20Here we are interested in the case p = q of eq. (2.59), which reads
)2

<1—Z> igp_—l_i_n)kwn(z).

~ 34—



5 Discussion

This paper has outlined how Sturm-Liouville theory provides a framework to study CFTs.
Inspired by classic results [73], we discussed the decomposition of a CFT four-point corre-
lator in terms of a new basis of functions ¥,(z) and explained how the familiar conformal
block decomposition can be obtained by analytic continuation in . The alpha space decom-
position allowed us to formulate crossing symmetry in terms of an eigenfunction problem
for some integral kernels: in particular equation (4.1) is a mathematically precise version of
the abstract idea expressed by equation (1.11) in the introduction. It features an explicitly
known crossing symmetry kernel Ko(a, 3|hy) whose properties we analyzed in some detail.

In this paper we did not touch on the profound connection between the alpha space
construction and the representation theory of the conformal group. Roughly speaking the
dictionary is well-known: three-point functions map to Clebsch-Gordan kernels, conformal
blocks are their square — as used in three-fold tensor products — and the crossing sym-
metry kernel is equal to a 6 — j symbol for the conformal group. Moreover, the alpha space
decomposition ought to correspond to tensor product decomposition into a direct integral
over the principal unitary series of representations. We can however only make all these re-
lations precise if we have a detailed knowledge of both the groups, the representations under
consideration, and the Hilbert space of functions on which they act.?! For the case at hand
the question appears to be partially solved in [68], which showed that the Wilson functions
W, (5; a,b,c,d) indeed appear as 6 — j symbols for representations of the s[(2, R) conformal
algebra. Surprisingly this connection works provided three of the four external dimensions
transform in the discrete unitary series, in contrast with the older discussion of [73] which
is based entirely on the principal unitary series.?? It would be interesting to build on the re-
sults of [68] to explicitly connect all the dots between alpha space, one-dimensional unitary
CFTs and representation theory. We hope to return to this problem in the near future.

It is of clear interest to generalize our analysis to d > 2 dimensions. This requires
solving the Sturm-Liouville problem for the d-dimensional Casimir [77] on the square
(0,1) x (0,1), or alternatively one could relate this kernel to a suitable set of 6 — j sym-
bols of the universal cover of SO(d,2). The higher-d alpha space picture will necessarily
be more complicated, because both external and exchanged operators in higher-d CFTs
can carry a nontrivial Lorentz spin. An obvious generalization pertains to superconformal
field theories in various d [78]. Sturm-Liouville theory should also apply beyond four-point
correlators in CFTs on RY; for instance, one can consider its application to CFTs in the
presence of boundaries or defects.

Most of these problems are rather formal and group-theoretical in nature. In the
framework of the conformal bootstrap, it is more exciting to investigate whether alpha
space crossing equations can be leveraged to constrain CFT data, or — more ambitiously

2In this context it is important to note that the representations are only unitary in Lorentzian signature.
In that case the conformal group is actually the universal cover of SL(2,R) [74], which has a richer class of
inequivalent unitary representations [75] (see also [76] for a detailed discussion of the 4d case).

*2This is related to our basis functions being different form the usual shadow-symmetric blocks of [59)
which are in fact the correct squared Clebsch-Gordan coefficients for three unitary principal series.
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— to solve bootstrap equations analytically.?? In section 4 we discussed some tentative
ideas in this direction. Together with recent developments in the realm of Mellin space
and the lightcone bootstrap, we are optimistic that alpha space can become part of the
analytic bootstrap toolkit.
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A Computing the inner product <\Ila, ‘115>

In this section, we will prove eq. (2.15) by computing the inner product <\Ila, \\ 5>, as defined
in eq. (2.7). Concretely, we must perform the following integral:

1 VA
(Vor ) = [ G ¥alc)W5(2) (A1)

where we used that ¥, (z) = ¥, (z) for imaginary «. As a first step, we write ¥,(z) and
Us(z) using a Mellin-Barnes representation:

B 1 I(—s)T(34+s+a) [1-2\°
Wa(z)*r(%ia) /[ds] T ( P > ' (4.2)

Naively, the z-integral (A.1) is logarithmically divergent, the divergence coming from the
region near z = 0. To resolve this divergence, we regulate Wz(z) by writing it as follows:

Lyglop  1-z\ T+ D(—)D(E+t+8) /1—2\!
i 1je ’z>_z r@iﬁ)/[dt] F(1+2€+t) (z) (4.3)

for € > 0. This behaves as O(z/?¢) at small z. Evidently, in the limit ¢ — 0, the above
function reduces to Wg(2).

W@(Z)—)ZegFl(

#3See [79] for a connection between the conformal Casimir and integrability, which may be helpful in this
context.
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At this point, the inner product eq. (A.1) is given by triple integral, schematically

<\Ila,\115>:/01dz/[ds]/[dt] (...). (A.4)

Since we have regulated the integrand, this integral converges and we can exchange the
order of the different integrals. We do the z-integral first, which is a simple beta function
integral. The result is

L(1+e) L(=s)I'(3 £s+a)
J Jias]

INE N I'(1+s)
D(—t)D(§+t+B)T(1+s+t)T(~1—s—t+e)
% /[d] (1 4—26+t) T(e) - (A5)

We now do the t-integral, using the second Barnes lemma. This yields

I'(1+e¢) L(=s)I(3 +s+a)(—3 —s+exp)
) /[ds] T(—s+e)

T,, Ug) = lim .
(Vo ) 0 T+l +e+p

(A.6)

At this stage we can take the limit ¢ — 0 everywhere, except in the two factors I'(—3 —

2
s+exp):

= r(;ia)lr(;iﬁ) /[ds]F(é—ksia)F(—;—s—keiB) . (A

This integral can be computed using the first Barnes lemma, yielding

1 .
<\I’oca\116> = F(% ia)l‘(% + 3) 21_{% Ze(a, B) (A.8)
Ze(a,B) = F(12€)F(04 +8+el(a—B+e)l(—a++e)l'(—a—F+e).

To conclude, we need to analyze the limit € — 0 of Z(«, ), which we claim is the sum of
two Dirac delta functions:

lim [[d8) Z.(, B)£(8) = T(20) [f(a) + f(~a)] | (A.9)

e—0

where f(a) is a test function. Notice that eq. (A.9) is sufficient to establish eq. (2.15),

after remarking that
2T (+201)
—— = =N(a). A10
fQtap @ (A.10)
The proof of (A.9) goes as follows. We start by noticing that lim._,o Z.(«, 3) vanishes,
unless § = +a £+ n for some integer n. If n # 0, the limit € — 0 is finite, hence such points
do not contribute to the integral in eq. (A.9). Hence it suffices to consider the cases § = «

and f = —a. For concreteness, let’s consider 8 = «, in which case we can approximate
Ze(av, B) by

Z(a,8) ~ T(£2a)w(a—B), we(a)zw

e T(26) (A-11)

— 37 —



It is straightforward to see that w,(«) behaves as a delta function along the imaginary axis,
ie.

lim [[dajwe(a)f(a) = f(0). (A.12)

e—0

This follows from the fact that we(«) is peaked around o = 0 with width e (taking a to be
imaginary) together with the fact that

1
/[da] we(a) = YER 1. (A.13)
The same argument holds for the region where § = —a. This allows us to conclude.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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