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1 Introduction

The study of BPS spectra of string compactifications with a large number of supercharges
has furnished a laboratory for a number of exact results in a theory of quantum gravity,
including a microscopic description of black hole entropy [1] and examples of the AdS/CFT
correspondence [2]. If one considers the D1/D5 system compactified on M x S', where
M = K3 or T#, the worldsheet superconformal field theory (SCFT) of the resulting string



in spacetime lies in the moduli space of the symmetric product conformal field theory
Sym® (M) where, in the case of ; D1-branes wrapping S' and Q5 D5-branes wrapping
M x S', N = Q1Q5. Furthermore, in the case of K3, the elliptic genus (EG) of the
N = (4,4) worldsheet SCFT, defined as,’

ZE(}(T, Z) — Trgr ((_1)FL+FRqLo—iyJ0) 72 (11)

which counts spacetime 1/4-BPS states, was shown to reproduce the Bekenstein-Hawking
entropy of the corresponding five-dimensional black hole [1]. A similar accounting of space-
time 1/8-BPS states for M = T* coming from a modified worldsheet index was shown to
govern the entropy of A/ = 8 black holes in [3].

In [4], a new quantity called the Hodge elliptic genus (HEG) was defined, and was
proposed to compute degeneracies of 1/4-BPS states in string theory on K3 x S!, flavored
under both the left- and right-moving SU(2) angular momentum quantum numbers of the
SO(4) little group in five dimensions, thus furnishing a more refined count of BPS states.
It is clear from the definition of the HEG,

Zugg(T, 2,v) = Trrr ((-UFﬁFR(}LO*iyJOUjO) ; (1.2)

that unlike the EG, the HEG is not an index in the sense that it depends on the point
in CFT moduli space at which it is computed. That is, by tracing over right-moving
Ramond ground states graded by the U(1) charge that is part of the right-moving N =
2 superconformal algebra, this quantity can jump as one moves in CFT moduli space.
Furthermore, the EG is known to have nice modular properties whenever the CFT has
compact target space; i.e., for an N' = (2,2) superconformal field theory with central
charge ¢ = 6m, the EG is known to be a weak Jacobi form of weight zero and index m.
However, the HEG in general is not known to enjoy such nice modular properties.

Other recent work has employed the HEG to study the growth of refined BPS states
at the supergravity point in the moduli space of Sym™ (M) for M = K3 and T* at large
N [5], as well as the refined spectrum of the D1/D5 system on 7% x S! [6]. We continue the
analysis of refined BPS spectra at the supergravity point in the moduli space of Sym® (M)
at large N, analyzing the properties of the supergravity BPS spectrum upon decomposition
into characters of the relevant worldsheet superconformal algebra of the dual CFT. The
purpose of our paper is twofold:

1. First we examine the large N limit of 1/2- and 1/4-BPS degeneracies of the HEG
at the supergravity point; this applies to low-lying states of the dual CFT with
conformal weight below the threshold corresponding to a black hole in the bulk. We
show that in this limit the degeneracies “stabilize”; i.e. they only depend on certain
combinations of left- and right-moving quantum numbers, which may be indicative of

!Below and throughout the text, we make use of the definitions ¢ = €?™", y = €2 and u = e

2Throughout the text we use Jy to denote the Cartan of the A = 4 SU(2).
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a new symmetry present.> We derive analytic expressions for the 1/2- and 1/4-BPS
degeneracies in this limit and find an unexpected appearance of Rogers Ramanujan
functions in the 1/4-BPS case. Note that because quantum numbers of the right-
movers are involved, such stabilization is not visible from just the EG;* only upon
refinement does one observe this phenomenon.

In particular, our results are as follows. Consider a 1/2-BPS state with left- and right-
moving NS-NS spins and conformal weights (i, j), respectively. At large N as long
as j is sufficiently large, the degeneracy of the representation is unchanged when we
increase both the left-moving SU(2) g spin and conformal weight by %, and increase
both the right-moving SU(2) g spin and conformal weight by % Furthermore, consider
an NS-NS 1/4-BPS state with left-moving SU(2) g spin i and conformal weight h 4+ i;
and both right-moving SU(2) g spin and conformal weight j (so that the right-moving
part is BPS). At large N as long as j is sufficiently large relative to ¢ and h, we find

that the degeneracy of the representation is unchanged if we either:

(a) Increase both the left-moving SU(2)p spin and conformal weight by 3, and
increase both the right-moving SU(2) g spin and conformal weight by 2. (The
same as observed for the 1/2-BPS degeneracies.)

(b) Increase the left-moving conformal weight by 2, and increase both the right-
moving SU(2) g spin and conformal weight by 5. (For the case of M = T*, this
symmetry is even larger: we can increase the left-moving conformal weight by
1 and the right-moving SU(2) gz spin and conformal weight by %)

See equations (3.14) and (3.15) for the precise ranges of parameters in which these
operations are symmetries.

2. Secondly, we consider the action of discrete symmetry groups on the refined super-
gravity BPS spectrum. In [5] it was observed that the coefficients in the character
decomposition of the supergravity states counted by the HEG may have a connec-
tion to dimensions of irreducible representations of sporadic finite groups.® This is
reminiscent of the famous observation [7] that the character decomposition of the EG
of a K3 surface can be decomposed into representations of the sporadic group Moy,
a phenomenon now known as Mathieu moonshine. We show that there is indeed a
connection between sporadic groups and the refined supergravity BPS spectrum, and
it can be made precise for all four-plane preserving subgroups of the sporadic group
Cog. We explicitly define and compute the HEG of the bulk supergravity twined
under elements of such subgroups of Cogy, and discuss the possibility of a larger dis-
crete symmetry structure of the refined BPS spectrum at large N. We comment on
a similar story for the case of T4.

g

3Note that here we do not mean the usual definition of “stabilization,” whereby the low-lying spectrum
is independent of N for sufficiently large N. Instead we discuss a new phenomenon where the spectrum is
invariant under the actions of (a) and (b) below.

4In fact, the character decomposition of the elliptic genus does not even have a well-defined large N limit.

5In particular, it was proposed that M,z may be a symmetry.



The outline of the rest of the paper is as follows. In section 2 we review the spectrum
of BPS states of both half-maximal and maximal supergravity on AdSs x S3. In section 3
we explain point 1, and describe curious properties both of the 1/2-BPS spectra and of
the supergravity 1/4-BPS spectra. In section 4, we discuss point 2 in detail. We present a
general discussion of the action of discrete symmetry groups on states counted by the HEG
and derive explicit actions of four-plane-preserving subgroups of C'oy on the refined 1/4-
BPS spectrum of half-maximal supergravity. Finally in section 5 we conclude and raise
several potentially interesting questions. Some special functions and character formulae
used in the text are given in appendix A, and a few long derivations of the results in
section 3 are presented in appendix B.

2 The (refined) spectrum of supergravity on AdS; x S®

Here we briefly review the spectrum of half-maximal (N = (2,0)) and maximal (N = (2,2))
supergravity on AdS3 x S2 (see [5, 8, 9] for more details). These supergravities arise upon
compactification of type IIB string theory on AdSs x S3 x M, where M = K3 and T,
respectively, and the radius of M is much smaller than that of AdSs and S3. These theories
are holographically dual to a point in the moduli space of the CFT Sym® (M) as N — oo.

Following [8, 9], in [5] this relation was used to compute the low-lying spectrum of the
HEG of Sym®™ (M) deformed to the supergravity point in the moduli space. In this section,
we review the spectrum and decomposition of these supergravity states into characters of
the relevant worldsheet superconformal algebra. We further study the symmetries of these
degeneracies in section 3 and section 4.

2.1 Half-maximal supergravity

The half-maximal N = (2,0) supergravity arises upon compactification of type 1IB string
theory on AdSs x S2 x K3, where the size of the K3 is much smaller than that of the AdSs
and S2. The dual 2d SCFT theory lies in the moduli space of Sym” (K'3) and has N = (4,4)
superconformal symmetry with central charge ¢ = 6/N. This algebra has representations
of two types: short (BPS) and long (non-BPS). We will specify the representations by
the quantum numbers h and j, the eigenvalues of the highest weight states under the
operators Ly and Jy (the SU(2) Cartan), respectively. In the NS sector there are § + 1

familes of short representations which obey h = %, with j € {0,1,..., %} We denote
their characters by X;ZI;IS. Furthermore for any h > 2, there are & long representations
76 - . -
with j € {0,1,...,& —1}. We first define h = h — £ so that h > 0 and denote their
characters by Xj;lNS; Similarly we denote the characters of the corresponding Ramond
b 76

Z,lﬁ
Jhig
via spectral flow. See appendix A.1 for explicit formulas for these characters.

sector representations by xjflz” and y . These can be obtained from the NS characters
6

We now turn to a discussion of the bulk spacetime. The Kaluza-Klein (KK) spectrum
N = (2,0) supergravity on AdSs x S can be organized into representations of the su-

pergroup SU(1,1|2);, x SU(1,1|2)g. This group is generated by the global part of the 2d
N = (4,4) superconformal algebra. The KK spectrum consists of short representations of



the supergroup which we denote by (j,7’)s. Such a representation corresponds to a chiral
primary of the dual CFT in the NS-NS sector with (Jo, Jo) eigenvalues (j, j').

In [8] the KK spectrum of single-particle supergravity states was derived. Furthermore,
in [9] it was understood that one can find a precise match at finite N between degeneracies
of 1/4-BPS states in the bulk supergravity and those counted by the EG of the dual CFT.
We review this relation now. First off, recall that the EG of a K3 non-linear sigma model
(NLSM), which we refer to as Z{i3, has an expansion of the form

2
ZEd(r,2) =) e(m, )¢™y" = L T+ +00), (2.1)

ml

where the coefficients c¢(m, £) = c(4m — ¢2) only depend on the combination of 4m — ¢2.
In [10] a generating function for the elliptic genera of the N*® symmetric product of a K3
NLSM, Sym®™¥(K3), was derived to be

S K3 1
Z Z ym 7' Z)pN = H 1 — pngmyl)c(mn,f) - Z a(ma n7£)qmpny€, (2'2)
om0 (L= P"™Y)

m,n,l

where the ¢(mn, ¢) are the coefficients in the expansion of the K3 EG (2.1). In fact, as the
EG is independent of the CFT moduli space, the formula (2.2) holds for all points in the
moduli space of the symmetric product theory.

From the supergravity side, one can reproduce the degeneracies a(m,n, ¢) of the EG of
the dual CFT for states with left-moving conformal weight h < %, i.e. below the thresh-
old corresponding to black hole states [9].° This matching is achieved only after assigning a
“degree” to each short multiplet and imposing an exclusion principle following [12] limiting
the multi-particle states to have degree at most N. Labeling the short representations as
(4,4'; d) where d is the degree, the spectrum of short multiplets including the degree is [9],

(n—1,n+1;n)g

(n+1,n+1;n)s

(n,n;n+1)g

(n+1,n—1;n)g

20(n,n;n)g, (2.3)

where n runs over positive integers. We denote the single-particle Hilbert space of degree

(d),single
d as 7—[( 0

For a given N, the exclusion principle is implemented by considering the Hilbert space,

= B QRQuiisd)s= B QHyy™". (2.4)

{ji,gfsdi} {digisdi} @
> di<N > di<N

SIn fact, black hole states more precisely correspond to coefficients with “polarity” p > 0 where p :=
dmn — 02 [11]. Thus, the supergravity analysis should apply in a slightly larger range of parameters than
discussed in [9].



The supergravity EG is given by the trace,

(2,0
SN (7.2) = Tr, oo ((=1)Fgloy™)
’ (2,0)

right—chiraI’ (25)
where we trace only over states that are chiral primaries on the right. We use a tilde
to denote the fact that we are doing a supergravity computation. An explicit generating
function for ZIEJQGOBV(T, z) can be found in [9]. One finds a matching of degeneracies in
the relevant range of parameters after implementing a spectral flow of equation (2.2) to
the NS-NS sector and comparing the coefficients of the power series expansion of the two
generating functions. We refer to [9] for details.

In [5] a similar analysis was performed for the supergravity spectrum including a
refinement by the right-moving U(1) current. In this case, one cannot compare degeneracies
with the HEG of the dual CFT as it is not known independently. However, by analogous

reasoning the trace’

=(2,0 —
ZI({E(%,N(TVZ? v) = T ((‘UFCJLOZ/JUUJO) (2.6)

(2,0)

rightfchirad’

(where again we only trace over right-moving chiral primaries) captures degeneracies of
the HEG of the dual CFT at finite N for conformal primaries with eigenvalues below the
threshold corresponding to black hole states. An explicit generating function for such states
was derived in [5]. The result is given by

~(2,0 n 1
ZZI({EC)},N(T”Z?V)p = H 2,0 (2.7)

(2,0) 2
"0 ns0mee (1 — prgmylul’)csuara(nm.te)

where the coefficients céﬁg?a are defined by

o0
Z <TrH(N),single (_]‘)FqLOyJOUJ())

(2,0)

PV =Y i (nm, 6 ) gy

N=1 right—chiral n,m, (e

1 (u+uNp? 5 1) 3/2

= (v2q"* — 2yq + ¢*/?)
(I-q)y—y~1) < 1—q"2yp

(ut+uHp* 1/2 —1 g2y, (u+ up, g 2,3/2 2

— W e =2y g+ )+ (W — 2y +yg)
1—q'/2y~1p 1—q'2yp
(u+u)p 3 -2 3/2 -1 .2 20p 2 1/2 3/2

_ \uwru )p. —9 L -2
1_ql/2y,1p(y =2y "¢ +y q)+1_q1/2yp(yq yq+q°'7)

20p _ _ -
B m(y g7 -2y 1(1+q3/2)> +(u+up
= f@0(p,q,y,u). (2.8)

Note that the generating function (2.7) corresponds to states in the NS-R sector of the
dual CFT [5].

"Our convention is that in (2.6), Jo is taken in the R sector which differs by ¢/6 from the charge in the
NS sector.



Given that the dual CFT has N = (4, 4) supersymmetry, it follows that ZI({2EO(); y has a
character decomposition of the form

N N oo
2,0 7. s,NS SR j,h.g . £,NS SR =
ZI({E();N(T zZ,v) = Z c”xjN (1, Z)X],N(T’ v)+ ZZCJN ij E_N(T, Z)X%N(T,V)
5,7=0 J=0 5=0 h=1
(2.9)
where 07]"\,] and 07’ 7 denote the degeneracies of 1/2- and 1/4-BPS states, respectively. At
large N the generating function (2.7) and character formulas are independent of N, and
the decomposition “stabilizes.” The first few such coefficients in this expansion are [5]:

Z30 (7, 2,0) M (21035 +21%5) X+ (3542X3+484X5+22X7) X4
+ (21x3+3696 15 + 6281 +506 x5 +22X50) X5.1
+ (2315 +2660x5 +21526 X3 +420x 5 +3796 X3 +275X5+X0) Xb.2
o (2.10)

In (2.10) we include only the 1/4-BPS spectrum (not the 1/2-BPS spectrum) up to O(q?)
above the vacuum. For clarity we drop the subscript of N to indicate we have taken the
large N limit and suppress the superscripts of NS and R. In section 3 we discuss a further
stablization property in more detail.

2.2 Maximal supergravity

In this section we discuss the case of NV = (2,2) supergravity which arises after type IIB
compactification on AdS3 x 3 x T*. The dual SCFT lies in the moduli space of Sym” (T%),
has central charge ¢ = 6N, and N’ = (4, 4) superconformal symmetry, where the N' = 4
is now a Wigner contraction of the large N' = 4 superconformal algebra [3, 13]. As in
the case of the small N' = 4 algebra, we can specify representations by h and j, the
eigenvalues of Ly and Jy, the SU(2) Cartan. There are short representations which have

h = %, J €10,...§ — 1} whose characters we will denote by )28’15 and )'(S 1:”. The long

representations have h > 4 and j € {0,...& — 2}; defining again h=h- ', we denote

their characters by )26 SSC and X h . EXphClt formulas for these characters are given in
’6

appendix A.2.

The KK spectrum of N = (2,2) supergravity on AdSz x S% was discussed in [8]. It
can again be organized into representations of SU(1,1]2)r, x SU(1,1|2)r; however, there
are now multiplets with fermionic highest weight states. Using the same labeling as in
the previous section, the single-particle spectrum including the degree is then given by the
data in table 1, where n runs over positive integers.

The relation between the supergravity spectrum and that of the dual CF'T is similar

to the discussion in the previous section, so we will be brief. We again denote the single-

,H(d) single
(2,2)

including multi—partide states is given by

= B Quiitd)s= P @Hgym", (2.11)

{Jiglsdi} % {Jiglsdi}
S di<N S di<N

particle Hilbert space by . The relevant supergravity Hilbert space at finite N



Bosonic multiplets | Fermionic multiplets
n,n;n—+1)g

( ) 2(n—1,n;n)s
(n_ Ln+ 1;n)S

2(n,mn—1;n)s
(n+1,n—1;n)s

2(”7 n+1; n)S
<n+ L,n+ 17”)5

2(n+1,n;n)s,
4(7’L,TL, n)S

Table 1. Spectrum of single-particle ' = (2,2) supergravity multiplets.

where we have again implemented an exclusion principle limiting the spectrum at finite
N to include (single- and multi-particle) states with degree at most N. The EG of the
dual CFT vanishes due to fermionic zero modes; however, one can see matching of the
supergravity BPS spectrum with the spectrum of the dual CF'T at finite IV by considering
a modified index [3].

On the other hand, the refined supergravity EG does not vanish and can be organized
into a generating function given by

1
ZZHEGN T,z,v)p" H — 5 -, (2.12)
n>0 n>0,m 0 (1= prgmytul’) s (nm b

) 2,2 .
where the coefficients cgugr)a are defined via

o0
Z <TI',H(N) smgle( 1)FqLOy U >

pPN= D" B2 (nom 0 0)p gy

(2,2)

N=1 right—chiral n,m,l,0'
1 utut—2)p? +(4—2u"1—2u
“ o Uity 020
utu Tt =2)p?+(4—2u"t—2u)p, _ _
_( 1)_q1/2(y—1 ) (y ’ 1/2_23/ IQ+q3/2)
utut—2 P utu"1—2 D, _ _
(1_(11/2yp)(y 9—2y°q 3/2+yq2)—(1_q1/2y_li)(y S-2y7%¢ P +y ')
+(utut—2)p
=2 (p,q,y,u), (2.13)

and, again, the states in equation (2.12) are understood to correspond to the NS-R sector
of the dual CFT [5].

Given the superconformal symmetry of the dual CFT, it follows that ZI({QEQC)} y has a

decomposition of the form

N-1 _ N—-2N-1 c0o  _ _
2,2 -J,J - 5,NS “s R — j.h.j NS SR —
ZI({EC?‘,N(T z,v) = Z C]]\/JX;;N (T, Z)X;;N(Tﬂ/) + ZC]N ]ijl;N(T, Z)X;;N(T, V)
33 =0 7=0 j=0 h=1

(2.14)



into Wigner-contracted large N = 4 superconformal characters. Explicitly, the first few
coeflicients in this decomposition at large N are given by

Z32 (7, 2,0) M (1075 + 2005+ 1535 +4%2) ¥,
+ (2003 + 865 + 148 + 132X + 68X +22X5 +4X3) X1
+ (155 + 148X5 +493X 5 +8205 + T91Xg +488X5 +215X5 + T6X5 +22X 5 +4X1 ) X2.1
+ (2105 + 1245 + 348 +536 X2 + 500X + 3165 + 1495 +48X5 +7X50) Xb.2
+.... (2.15)

In (2.15) we include only the 1/4-BPS states up to O(g?) above the vacuum. We again
suppress the subscript N to indicate we have taken the large N limit and the superscripts
NS, R for clarity.

3 Stabilization of degeneracies at large IV

In this section we point out some observations about the degeneracies of (supergravity)
1/2- and 1/4-BPS states in the large N limit. For CFTs in the moduli space of Sym® (M),
denote by c](,J ,é?{,] the degeneracies of 1/2-BPS states with (Jy, Jg) eigenvalues (i, j) for
M = K3 and T*, respectively. We find that after taking N — oo, the degeneracies c]{f , é?{?
only depend on the combination 3i — j of the left- and right-moving U(1) charges when j
is sufficiently large.

Similarly, denote by CNh’j and élNh’] the degeneracies of 1/4-BPS states with
(Lo, Lo, Jo, Jo) eigenvalues (5 + h, 1 ,1,7) in the NS-NS sector for M = K3 and T4 re-

spectively. We find that after first taking the large N limit, the degeneracies CN hij only

depend on the comblnatlon 3i+5h— 7 and the parity of h, for sufﬁmently large j. Similarly
the degeneracies ¢y hig depend only on the combination 37 + 5h — J. We refer to the above
phenomena as “stabilization.” Furthermore, we derive explicit formulas for these degen-
eracies in the range where they have stabilized. Note that this phenomenon only occurs
upon considering the fully refined 1/4-BPS spectrum; the degeneracy of states counted
by the EG never stabilizes but rather grows linearly with N due to right-moving ground
state degeneracies [8]. In this section we simply state the results; for the derivations see
appendix B.

3.1 Half-BPS degeneracies

First we discuss the character decomposition of the refined spectrum of 1/2-BPS states
at large N. As the spectrum of 1/2-BPS states is moduli-independent, the results of this
section apply at any point in the moduli space of Sym®™ (M). For M = K3 the generating
function of 1/2-BPS states (in the RR sector) refined by both left- and right-moving U(1)
charges can be obtained, e.g., from a formula in [14]:

oo

Sym™ (K3) =
S g =T i

n=1

1
1—pru=ty)(1—pruy=)(1—pru=ly=1)’
(3.1)




Sym® (K3) (

where for M a d-dimensional Kéhler manifold, Z}; , g z,v) denotes its Hodge polyno-

mial, i.e.

Zi qgo(2,v) 1= =42y~ Z —y)PRPI(M). (3.2)

We consider the decomposition of Zeqge into N' = 4 characters. Because the repre-
sentations are RR ground states, the only characters that can contribute are those of the
form (short, short). Thus we can write

S R _sR
ZH}(])I(;lge CNJXfN j N(V)v (33)
4,j=0

where the coefficient ¢4 N J denotes the number of 1 /2-BPS mutliplets with (Jp, Jo) eigenvalues
(1,7) for all CFTs in the moduli space of Sym™ (K3).

In a certain regime, these degeneracies are independent of N and depend on a single
combination of left- and right-moving spin. Let ¢/ := limyn_yo0 c%.g Define k := %z — % j-
In appendix B.1.1 we show that the degeneracies ¢***~2% only depend on k after first
taking the limit N — oo and then the limit ¢ — oco. Moreover they are given by the
generating function

(o9} ; oo 1
Zc = (1-9*(1 -1 - ) 1;[1_7

k=0 qn)*

=4l =020 = )1 =)

=1+ 22¢ + 2764° + 2553¢° + 19275¢* + 125304¢° + O(¢). (3.4)

In fact, we find empirically that this generating function captures the degeneracies cé{f’if%

at finite N as long as N > 3i and i > 2k (see table 2).
Similarly, we study the large N limit of the degeneracies of 1/2-BPS states on
Sym® (T%) and its resolutions. The generating function for these states has the form [14]

ZPNZIS{}(;? ), ﬁ —p"u ’1) (1=p"u)®(1—p"y ) *(1—p"y)? .
ge ok Y1 —pruty=1)(1—pru=ty)(1—pruy=1)(1—pruy)
(3.5)
We decompose the Hodge polynomial of Sym” (7%) into contracted large N’ = 4 characters
in the following way:

Sym® (T4 L0,] ~ 8 s
Zn (2, v) = wxﬂy&%> (3.6)

where now c J denotes the degeneracy of 1/2-BPS mutliplets with (Jo, Jo) eigenvalues (i, j)
for all CFTs in the moduli space of Sym®™ (7).

8This limit was shown to be well-defined in [8].
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XiX3i | XiX3i—2 | XiX3i—a | XiX3i—6 | XiX3i—s | XiX3i—10
1 =0 1 — — — — —
=1 1 21 — — — —
i =2 1 22 253 0 — —
1 =3 1 22 275 2255 1 —
1 =4 1 22 276 2530 16446 22
7=2>5 1 22 276 2552 18976 103478
1=206 1 22 276 2553 19252 122453
=17 1 22 276 2553 19274 125005
1 =28 1 22 276 2553 19275 125281
1 =9 1 22 276 2553 19275 125303
1 =10 1 22 276 2553 19275 125304

Table 2. Degeneracies of 1/2-BPS states of Sym™ (K3) at large N. Bold numbers indicate the
degeneracy has stabilized and is computed by the coefficients of (3.4).

XiX3; | XiXgio1 | XiX3io | XiX3is | XiXgia | XiX3is
i=0| 1 — — — — —
i=1] 1 4 5 0 — —
i=2| 1 4 12 24 21 4
i=3] 1 4 12 32 73 112
i=4] 1 4 12 32 81 184
i=5| 1 4 12 32 81 192

Table 3. Degeneracies of half-BPS states of Sym® (7%) at large N. Bold numbers indicate the
degeneracy has stabilized and is computed by the coefficients of (3.7).

Defining ¢/ := limy_o ¢/, we again find that in a certain regime, ¢h3i=2

k only
depends on the combination k as defined above. Furthermore, in appendix B.2.1 we derive

an explicit generating function for the degeneracies in this limit given by

Z g2k gk (1-q*(1—¢®)(1—¢%) 77 (L+4q"
! (1+¢2)4 (1 +g2)

n=1
1
(1 -9*1-1—-¢*) ()
- 1 3 8
(T+g) 1 +q2)*  n(F) n2r)8
= 1+4q2 + 12¢ + 32q2 + 81¢% + 192¢ + 429¢° + 920¢7 + O(gY).

keiZ

(3.7)
Again we find empirically that this generating function describes the degeneracies éév’?’i_%
at finite N whenever N > 3i 4+ 1 and i > 2k (see table 3).

3.2 Quarter-BPS degeneracies

In this section we summarize the results of a similar analysis for 1/4-BPS states of the large
N limit of Sym® (M) deformed to the supergravity point in moduli space. As the refined
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spectrum of 1/4-BPS states is moduli-dependent, the results of this section only apply to

the supergravity locus in moduli space. As in equations (2.9) and (2.14), we denote by
ih,j ik

ey CRr 7 the degeneracy of representations of the form

L S S
Xi,h;NXj§N’ Xi,h;NXj?N

(3.8)
for M = K3 and M = T*, respectively. Furthermore we find that, after taking the limit
N — oo, the degeneracies are independent of IV, and at large j, they only depend on
a linear combination of i, i, j (as well as the parity of h for the case of M = K3). In
particular, they depend only on the linear combination 3i + 5h — j, and, for K3, whether h
is even or odd (see (3.14) and (3.15) for the precise condition on the parameters necessary).

Note that this means that in, say, the NS-NS sector, if we (a) increase the left-moving
spin and conformal weight by % and the right-moving spin and conformal weight by %; or
(b) increase the left-moving conformal weight by 2 and the right-moving spin and conformal
weight by 5, the degeneracy remains the same, assuming j is large enough.”’ Note that (a)
is the same symmetry that we found for the 1/2-BPS degeneracies in the previous section.

In particular let k' := 3i+5h — j, i = limy 00 cé{,h’j, gioh
explicitly, we find the following set of generating functions for the degeneracies in this limit.
For the case of K3, we derive a formula for the difference of even and odd h degeneracies,

J = lmpy oo éﬁ(,h’J. Then,

given by,
Z ci,ﬁ,3i+5ﬁfk’_ci,ﬁ+1,3i+5(ﬁ+1)7k/ qk’
k./
) 1
=(1—¢q 2 l—q2
( ) ( )71_[1 (1_q5n—4)25(1_q5n—3)47(1_q5n—2)47(1_q5n—1)25(1_q5n)24
6
_ s (1-9°(1-¢%) (H(T)>24
R(7) n(7)
= 1+23¢+322¢° +3405¢° +29833¢* +227126¢° + O(¢°) (3.9)

as well as a formula for the sum of even and odd h which is given by

T o Tt -7 . 7 o ’
Z (Cz,h,3z+5h K b1 3i5 (Rt 1)~k ) ¢
kl

2 1\ 24
R(27)5 n(47)2
=(r) | B(r)H (T < 3
o >< MHE H(W)

=1+ 23q 4 322¢° + 3405¢> + 29925¢* 4 229338¢° + O(¢°), (3.10)

°In our notation, these operations correspond to (a) increasing i, j by 1,3, resp.; and (b) h,j by 2,10,
resp. These are in some sense the “minimal” operations which leave the degeneracies invariant. For the
case of T*, as the parity of h does not play a role, the minimal version of (b) is instead increasing h,j by

1,5, resp.
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where we make use of the following definitions,

G(1):= H L

n=1
R) = b g
B G(27)?
7/}(7—) - Q(l - Q)(l + Q)3G( )SH(T)
5@p:[1$+¢?2. (3.11)
n=1 —q"™) 10

The functions G(7) and H(7) are called Rogers-Ramanujan functions; for more details see
appendix A.

For the case of T* the generating function is independent of the parity of h and is
given by

ST ar T 1t ’
§ :éz,h,SH—Sh k qk
k!

2 1\ 16
~ R(27)35 n(27)2
=(r) | B(r)H (1) — -
()(() 7 k! 77(7)2>

= 8 4 120q + 1072¢® + 74324> + 43896¢" + 231136¢° + O(¢°). (3.12)

where we define,
= v 8(l—q) G(2r)°

(7)== . (3.13)
1+ g GOTH()
The above equations (3.9) and (3.10) are valid as long as
i> K
h >3k —1. (3.14)
and equation (3.12) holds as long as
P>k
h> 3k +3. (3.15)

Detailed derivations can be found in appendix B.°

As an example, in table 4 we write down some terms in the character decomposition

of Sym” (K3) deformed to the supergravity point. We can see that as we increase h,

10Tn our derivations, we take the limit as i, h — o0, with ¢ > 71, and held k' constant. However from
empirical data, we believe (3.9) and (3.10) should hold anytime (3.14) is satisifed; similarly (3.12) should
hold anytime (3.15) is satisfied.
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Xf,hxgiJrs}} Xfﬁxgzﬂrﬂzfl Xf,ﬁxgwsﬁd Xf,hxgi%}}fs Xf,ﬁxgi+5i~174 Xf,hxzssws}}%
$-BPS, h=0 1 0 22 0 276 0
1BPS, h=1 0 22 0 507 0 6601
1BPS, h =2 1 0 298 0 6878 462
1BPS, h = 0 23 0 3082 44 69944
1BPS, h = 1 0 321 0 26681 1058
1-BPS, h = 0 23 0 3381 46 202356
1BPS, h =6 1 0 322 0 29555 1104
1BPS, h="17 0 23 0 3404 46 225011
1-BPS, h=8 1 0 322 0 29855 1106
1BPS, h=9 0 23 0 3405 46 227908
1-BPS, h =10 1 0 322 0 20878 1106
1-BPS, h=11 0 23 0 3405 46 228208
1BPS, h =12 1 0 322 0 29879 1106
1BPS, h =13 0 23 0 3405 46 228231
1BPS, h =14 1 0 322 0 29879 1106
1.BPS, h=15 0 23 0 3405 46 228232

Table 4. Stabilization of degeneracies of BPS states at large ¢. Bold nonzero numbers indicate the
degeneracies have already stabilized (see (3.14)).

eventually the rows “stabilize” depending on the parity of h. Similarly, in table 5 we
present an analogous table for T%; note that in table 5 there is no dependence on the
parity of h.

Since the 1/4-BPS degeneracies are moduli-dependent, it would be interesting to see
how the stabilization changes at other points in moduli space. Empirically it appears that
at the symmetric orbifold point, there is a symmetry where we can increase the left-moving
SU(2) spin by % and the right-moving SU(2) spin by 3, the same symmetry which occurs
for the moduli-independent 1/2-BPS degeneracies. However, there does not appear to be a
symmetry where we increase the left-moving conformal weight by 2 and the right-moving
spin by 5. It would be interesting to explore this further, at the orbifold point or at
other potentially interesting points in moduli space. Finally, a natural question is if at
large N there is some enhanced symmetry beyond A = (4,4) underlying this stabilization
phenomenon. See section 5 for further discussion on this point.

4 Discrete symmetries

In this section we consider the action of discrete symmetry groups on the refined BPS spec-
trum of CFTs in the moduli space of Sym™ (M), for M = K3 and M = T*. In section 4.1
we present a general discussion of the action of such symmetries on the (BPS) spectrum
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Xf,hﬁsws}é XfﬁxgiJrszfl XfﬁX;Hsﬁd ijﬂ;i%;l,;s Xf,ﬁX§i+5ﬁ74 Xf,hkgws}}%

$-BPS, h=0 1 4 12 32 81 192
1BPS, h=1 4 22 76 223 600 1505
1-BPS, h= 7 56 240 816 2447 6702
1BPS, h=3 8 91 500 1982 6648 19973
1BPS, h = 8 112 769 3598 13593 44938
1BPS, h=5 8 119 952 5218 22338 81456
1 BPS, h=6 8 120 1036 6400 30829 124086
1BPS, h = 8 120 1064 7038 37202 164185
1BPS, h=8 8 120 1071 7304 40953 194680
1BPS, h=9 8 120 1072 7396 42752 213630
1-BPS, h =10 8 120 1072 7424 43494 223530
1-BPS, h =11 8 120 1072 7431 43768 228074
1-BPS, h =12 8 120 1072 7432 43860 229984
1BPS, h =13 8 120 1072 7432 43888 230734
1-BPS, h =14 8 120 1072 7432 43895 231008
1.BPS, h =15 8 120 1072 7432 43896 231100
1.BPS, h =16 8 120 1072 7432 43896 231128
1.BPS, h =17 8 120 1072 7432 43896 231135
1-BPS, h =18 8 120 1072 7432 43896 231136

Table 5. Stabilization of degeneracies of BPS states at large i for T¢. Bold numbers indicate the
degeneracy has already stabilized (see (3.15)).

of the CFT. In section 4.2 we explicitly compute the action of certain discrete symmetry
groups at the supergravity point of Sym’V(K3) and comment on the case of Sym® (T4).

4.1 Conformal field theory

We begin by considering the CFT with target space M. Such a NLSM has moduli space
of the form [15-17]

M(M) = OT*™)\O(4,n)/0(4) x O(n), (4.1)

where n = 20 and 4 for M = K3 and T, respectively. Supersymmetry-preserving discrete
groups G which arise at a given point in M (M) have been classified. For the case of
M = K3, these groups were classified in [18, 19] and shown to be isomorphic to four-plane-
preserving subgroups of the group Coy (“Conway zero”), the group of automorphisms of
the Leech lattice. For M = T*, these groups were classified in [20], and similarly shown
to be isomorphic to four-plane-preserving subgroups of W (Esg), the group of even Weyl
transformations of the Eg root lattice.
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Suppose G is such a supersymmetry-preserving discrete symmetry group, occurring at
a given point in the moduli space, X € M(M). Then for each conjugacy class g € G we
can define the following trace,

25 (r,2,v) = Trgr(— 1)+ Frgglosigho—siy oy, (4.2)

which we interpret as a twined version of the CFT partition function. Clearly this function
is both well-defined, as G commutes with the N/ = (4,4) superconformal algebra, and
dependent on X. Upon setting v = 0 this function is simply a twined version of the
EG; i.e.

Z;((T,Z,O) ZEGg T, 2) ch (m,€)q (4.3)

and is furthermore a weak Jacobi form of weight zero and index one for a congruence
subgroup of SL(2,Z) contained in I'y(o(g)), where o(g) is the order of the group element
g.'! For M = K3, this function no longer depends on X but only the conjugacy class of g
within the duality group OF (I'*%°).12 Furthermore, all such conjugacy classes [19] and their
associated twining genera [21] have been classified. For T%, a similar statement should hold
with T'%20 replaced by I'**, though, to the best of our knowledge, the associated twining
genera have not been classified in the same sense as for K3. See [20] for more details.
Similarly, given X € M(M) with symmetry group G, for each conjugacy class g € G,

one can define a twined version of the HEG as
ZI){(EG o1 2,v) = ZgX(T, Z,7, V)|B— . = Trgrr ((—1)FL+FquLO_2%1yJ°uj0) . (4.4)
, =< _

—c
h=353

where by h = 57 We mean the restriction to right-moving Ramond ground states. Like the
(twined) partition function, (4.4) depends sensitively on the point in CFT moduli space
and is in general difficult to compute for an arbitrary point in M(M) for M = K3,T%.
Moreover upon setting v = 0 it reduces to the twined EG. However, unlike the (twined)
partition function or EG, in general it does not have any nice modular properties.

We would like to consider the properties of these various twined traces upon lifting to
the symmetric product theory and theories in its moduli space. Such a moduli space has
the form [22, 23]

M(Sym™ (M)) = SO(4,n + 1;Z)\SO(4,n + 1;R)/SO(4) x SO(n + 1) (4.5)

where again n = 20 and 4 for M = K3 and T, respectively. Given a point X € M(M) in
the moduli space of NLSMs on M with a symmetry group G, following [24] one can lift this
symmetry to an action on the BPS spectrum counted by the EG of Sym® (M) as follows,

Sym®™ N 1
Z ZEG g ™ z)p - H H eQwik/Mpnqmyé)ég (nm,l,k)’ (46)
n>0,m>0,{ k=0

"Note that though the EG of T* vanishes, many of these twining genera do not.

12The “4” arises because one needs to take into account worldsheet parity when considering symmetries
which act asymmetrically on the left- and right-moving fields of the NLSM. For the explicit symmetries we
discuss in the next section, this subtlety will not play a role.
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where M is the order of the group element g and the coefficients ¢, are defined by

M-
Eq(m, 0, k) Z Q%kjc (m,0), (4.7)
j=0
where c4(m, /) is as in equation (4.3). Similarly, we expect that a similar formula lifts
the action of the symmetry on the refined spectrum of BPS-states counted by the HEG
to those given by the HEG of Sym”(X) in the following way. Let c,(m,¢,¢') denote the
coefficients in the expansion of the twined HEG (4.4) of X given by
foEG,g(T,z,y) = Z cg(m, £, E’)qmyzue (4.8)
—
Then we can write a generating function for the action of this symmetry on the refined
BPS spectrum of Sym” (X) as

Zucy (T2 e, (49)
Z Y 0, 71n_£0 o l:cl_l(:) 1— eka/Mp qmyfuﬁ )Cg(n,m,é,é %)

where M is the order of g and

M-1
1 27T'Lk]

ég(n,m, 0.0 k) = — e (nm, £,0"). (4.10)
]:0

At this point we would like to make some comments.

1. The classification theorems of symmetries of K3 NLSMs in [18, 19] have as crucial
input the form of the moduli space (4.1). However, the moduli space of Sym” (K3)
(equation (4.5)) is larger and thus it is conceivable that larger symmetry groups may
arise at particular points in the moduli space of these NLSMs. The supersymmetry-
preserving discrete symmetry groups of these NLSMs, however, have not been classi-
fied. Furthermore, in the case of the HEG, there are almost certainly symmetries at
points in the moduli space of Sym® (K3) whose twined HEG does not arise as a lift
of a symmetry of a K3 NLSM in the sense of (4.9). Similar comments apply in the
case of T%.

2. While equation (4.9) for the twined HEG of Sym® (X) relies on the point X € M (M),
and is thus only applicable at the orbifold point in the moduli space of Sym™ (X)),
equation (4.6) for the twined EG is much more general. More precisely, just as the
EG of X is independent of the point in M(M), the twined EG for a conjugacy
class g € OFT(I'*?0) is the same function for all points X € M(M) with symmetry
g. Furthermore, upon lifting this to a symmetry of Sym®(X), one expects (4.6) to
apply to all points in M (Sym” (X)) with this symmetry.

Given these comments it is clear that with our current technology, from the CFT perspec-
tive we can only compute the (twined) HEG at certain solvable points in the moduli space
of Sym™ (M). However, in the next section we will examine the twined HEG at the super-
gravity point of Sym™ (M) from the bulk perspective for groups which arise as symmetries
at points in the moduli space of M.
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4.2 Bulk supergravity

We would like to understand the action of discrete symmetry groups on the refined BPS
spectrum at the supergravity point in the moduli space of Sym™ (M) when N — co. We
focus only on the spectrum of single- and multi-particle states accessible via the analysis
of AdS3 x S? supergravity as discussed in section 2. Furthermore, we restrict ourselves
to groups which preserve spacetime supersymmetry. At the supergravity point in moduli
space, the theory has continuous symmetry group SO(4,n + 1), where n = 20,4 for M =
K3,T%, respectively, which is then broken to a discrete subgroup by charge quantization.'?
If we deform away from the supergravity locus to a generic point, it is plausible that the
low-lying spectrum remains unchanged; thus it is possible that these discrete symmetries
arise at some other point in the moduli space of Sym® (M).

We will focus on the action of supersymmetry-preserving discrete subgroups of
SO(4,n + 1) on the spectrum of refined BPS particle states. Our method will be to con-
sider the action of discrete symmetry groups on the single-particle supergravity spectrum,
and then use a formula analogous to (4.9) to lift this to an action on all multi-particle
supergravity states. Consider a discrete symmetry group G of N = (2,0) or N' = (2,2)
supergravity, and let g € G denote a conjugacy class. Given an explicit action of g on the
supergravity Hilbert space H;N) described by equation (2.4) or (2.11), where x = (2,0) or
X = (2,2), respectively, let cXigra g denote the coefficients of

Z (Tr,chN),singlequoyJOuJO> pN = Z cgugra,g(Na m,ﬁ, gl)qumyéué ) (4.11)
N N,m, 0,0

Then we can lift this symmetry to an action on the multi-particle Hilbert space in the
following way,

M-1
~ 1
E :ZﬁEGN (r,2,v)p" = | | | | . — - (4.12)
N0 e ot ko (1= e2mile/ M pr g by )25 (nsm.£.L0)

where, again, the tilde denotes that we are doing a supergravity computation, M is the
order of g, and

M-—1
R 1 _ 2mikj
ex(n,m, 0,0 k) = i Z e~ M c;(ugra,gj (n,m, £,0). (4.13)
j=

For the same reasons as discussed in section 2, this computation will only match the twined
HEG of the dual CFT for states with conformal weight below the threshold corresponding
to black holes in the bulk. We now explicitly describe this action for discrete groups
which can arise as symmetries of N' = (2,0) supergravity, and briefly comment on the
N = (2,2) case.

13Note that the assignment of the “degree” to the single-particle supergravity states described in section 2
also breaks this continuous symmetry group.
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4.2.1 Half-maximal supergravity

In this section we consider discrete symmetries of ' = (2,0) supergravity and their action
on the refined spectrum. As mentioned earlier, charge quantization and assignment of
a “degree” to states in the spectrum break the continuous SO(4,21) symmetry group.
However, it is still possible to define an action on the spectrum for all G € Cog which
preserve a four-plane. We now describe this action explicitly.

It will be convenient to introduce the notion of a Frame shape as follows. Given a
conjugacy class g in Cog, the Frame shape, 7, is defined as

mg o= [ ¢~ (4.14)

oM

where M = o(g) is the order of g, ¢ runs over the positive divisors of M, and k;, € Z are
integers defined by the 24-dimensional irreducible representation of g as

det(t124 — paa(g)) = [ (¢° = ¥ (4.15)
M

The Frame shape conveniently encodes the eigenvalues of ¢ in its 24-dimensional repre-
sentation, as these are the 12 complex-conjugate pairs {fg,k,fg,} which are the 24 roots
of (4.15). Finally, we find it useful to define y, as the trace of ¢ in its 24-dimensional
representation,

Xg = Traag. (4.16)

Equipped with these definitions, we can now describe explicitly the action of all ¢ € Cog
on the multi-particle spectrum of N' = (2,0) supergravity. At fixed degree d, the single-
particle spectrum described in section 2.1 has 20 states with charges (d, d) and four other
states with unique sets of charges (except for the case of d = 1, which has three other states
with unique sets of charges.) Thus, for a given four-plane-preserving g and fixed degree
d # 1, we take it to act on the 24 states of degree d with four plus one eigenvalues on
the states with unique charges and the remaining 20 eigenvalues on the 20 states of charge
(d,d). Similarly, in the case of d = 1, we decompose the 24-dimensional representation of g
as 24 = 1 + 23, and consider the 23-dimensional representation of g. In this case we take
g to act trivially on the three states with unique charges and to act with the remaining 20
eigenvalues on the 20 states of charge (d, d).

With this action, the coefficients céﬁg?a,g defined in (4.11) are explicitly given by,

, 1 (u+ub)p?
(2,0) N, om, L0 2 1/2 3/2
> g (nom, 6, 0)p gy e = —————— ( — 7 (g 2yq+q”'7)
n,m,t,¢' (1 q)(y Y ) 1 a4 / yp
(u+u™p® om0 apy, (wtup g 2.3/2 2
— W T =2y g+ ¢+ ——— (W — 2y + yq
1— q1/2y*1p( ) 1-— q1/2yp( )
(u+ulp , —2 3/2 -1.2 (Xg —4)p , o 1/2 3/2
— W e—2y ¢ty )+ ——— W —2yq+q
1— q1/2y‘1p( = q1/2yp( )
—4
_ %@ﬂql/? — 2yl + q3/2)> + (u+uYp. (4.17)
1—q'/y='p
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Note that this equation is the same as equation (2.8), except the occurrences of the “20”
are replaced by x4, — 4. Using equation (4.12) we can then compute the twined version of
the supergravity HEG for all four-plane-preserving ¢ in Cog.

When we decompose into N' = (4,4) superconformal characters, this twined func-
tion has similar stabilization properties to those described for 1/2- and 1/4-BPS states in
section 3.1 and section 3.2. Define

24 oo

) =q [ [T~ tora™), (4.18)

k=1n=1

where the /) are the 24 eigenvalues defined by the Frame shape of 7, and we define
lyt12 = ng. Then the twined version of equation (3.4) is given by

D ik = q(1 - )*(1 - ¢*)(1 - 613)77 17)‘ (4.19)
k=0 g

Similarly, we introduce the following definitions.'*

24 o0 1
kHlnHl — Lo k@™ ) (1 = Ly rg"?)
o
i o (L= Lorg® ) (1 — Ly k™)
20 Hy(T)
R =q5 -2
9(7—) q Gg(T)
24 oo ﬁ
144
=TI11 (L+ borg” :; (4.20)
ke=1n=1 (1 — €y 1q™) 10
Furthermore, let £_, j := —{, 1, such that, e.g.,
24 oo
(1) =¢q H [T+ g™ (4.21)
=1n=1
Then the twined version of equation (3.9) is given by
6
ih,3i+5h—k i h+1,3i+5(h+1)—k'| K _ 9P (1-9(1-¢% Hgy(7)
Z c c q = (4.22)
! ’ R(7) 1g(7)

kl

and the twined version of equation (3.10) is given by

1
ih,3i4+5h—k' | i h+1,3i+5(h+1)—k\ K R, —9(2 2
Z(Cg’h’g +5h—k +Cg,h+1,3 +5(h+1) k>qk — () Hy (1) B, () (r)% ( n—g(27) )) :
k/
(4.23)

where (1) is as defined in equation (3.11).

! Note that in our notation, H; () = H(7)**, rather than H(7) (and similarly with other functions).
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As we have discussed, these twinings are defined for all conjugacy classes g € Cog
which preserve a four-plane. It follows that equations (4.19), (4.22), and (4.23) admit
decompositions into characters of four-plane-preserving subgroups G € C'og. However, one
may wonder, given, e.g., the observation in [5], whether in the large N limit (or even for
N > 1) there is any role for larger subgroups of Coy, i.e. subgroups G € Coy which fix
a subspace of dimension less than four. There are a couple of reasons one might ask this
question. Firstly, the moduli space of NLSMs on Sym®™ (K3) is larger than that of K3
NLSMs, and the symmetry groups haven’t been classified. Therefore, there may be a role
for larger discrete symmetry groups in the case of N > 1. Secondly, there are a number
of subgroups of Cog which preserve, e.g., a two- or three-plane in the 24-dimensional
representation where nevertheless, each individual conjugacy class preserves a four-plane
and thus the action of each conjugacy class on the single-particle supergravity spectrum is
well-defined. For example, the Mathieu groups Moo and Mj; each preserve a three-plane,
however, each individual element of these groups preserves a four-plane.

With this motivation in mind, in appendix C, we use (4.22) and (4.23) to decompose the
coefficients in (3.9) and (3.10) respectively into representations of the sporadic groups My
and Mas. In fact, in the large N limit, any coefficient in the N' = (4, 4) decomposition of the
supergravity BPS spectrum given in equation (2.9) should admit a (virtual) decomposition
into representations of these groups. Perhaps surprisingly, we find that at large N every
coefficient in (2.9) can be decomposed into honest (non-virtual) Mag representations. In
table 12, we give an example of this by providing a decomposition of the terms in (2.10)
into Mao representations. We expect a similar statement to hold for Mi;, and most likely
other three-plane-preserving subgroups of C'og.

Finally, we briefly comment on the twinings of equation (3.1), the generating function of
refined 1/2-BPS degeneracies (which holds for any point in the moduli space of Sym™ (K3)).
Such twinings were first conjectured in [25] for all four-plane-preserving conjugacy classes
of C'og. Note that we can reproduce these conjectural twinings explicitly from the action of
such symmetries on the supergravity Hilbert space described in this section. Furthermore,
we find that for all N > 1, the decomposition of the refined 1/2-BPS degeneracies into Moo
representations is non-virtual, suggesting this group may play a role in the symmetries of
the refined 1/2-BPS spectrum of symmetric product theories.

4.2.2 Maximal supergravity

Given the explicit description of four-plane-preserving conjugacy classes of W+ (Eg) in [20],
it should be possible to do an analysis for N’ = (2,2) supergravity similar to that of the
previous section. We expect that we would be able to define a twined version of the
stabilized degeneracies of equation (3.12) at large N for all g € W (Es) which preserve
a four-plane. An interesting question is whether one can find evidence for a role of larger
subgroups of W (Eg) when N > 1, as we found in the case of half-maximal supergravity
in the previous section. We leave a detailed analysis of the action of these groups on the
refined N' = (2,2) spectrum to future work.
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5 Discussion

In this paper we explored the BPS spectrum of the symmetric orbifold of K3 and 7%
deformed to the supergravity point in moduli space, including refinement under both left-
and right-moving SU(2)r charges. We found interesting symmetry properties both of the
1/2-BPS and 1/4-BPS spectrum that potentially suggest deeper structure.

In section 3 we find that the degeneracies of BPS states at the supergravity point satisfy
an interesting stabilization phenomenon. In particular, if the SU(2) g spin on the right is
large enough, we find that there are two minimal operations which leave the degeneracy
unchanged: (a) increase the spin on the left by % and the spin on the right by %; or (b)
increase the conformal weight on the left by 2 and the spin on the right by 5. (For the case
of maximal supergravity, as the parity of the left-moving conformal weight is irrelevant,
the minimal version of b) is to increase the conformal weight on the left by 1 and the spin
on the right by %)

This seems to suggest a possible hidden symmetry of the theory that acts on the
left- and right-movers in precisely this fashion. Furthermore, the generating functions for
the BPS-state degeneracies at large right-moving spin (given in (3.9), (3.10), and (3.12))
all miraculously involve Rogers-Ramanujan functions. These functions have shown up in
various contexts in physics, for instance as the characters of the two primary operators
of the non-unitary (2,5) Virasoro minimal model [26]; it would be interesting to have an
explanation why they appear here.

Secondly, in section 4 we discuss the action of supersymmetry-preserving discrete sym-
metry groups on the refined BPS spectrum of Sym® (M) for M = K3 and T*. We explicitly
derive an action for all four-plane-preserving subgroups of C'og on the multi-particle spec-
trum of N = (2,0) supergravity at large N, and derive an analytic formula for the twined
supergravity HEG in the regime where the degeneracies have stabilized. Furthermore, we
comment on the potential action of larger (i.e. three-plane-preserving) symmetry groups
on the large-N 1/4-BPS spectrum and provide (non-virtual) decompositions of the sta-
bilized degeneracies into irreducible representations of the sporadic groups Mss and My
as evidence.

Finally we end with a list of additional questions which we find interesting.

e What explains the near modular properties of the counting functions for stabilized
BPS degeneracies; i.e. equations (3.4) and (3.7) for 1/2-BPS degeneracies and (3.9),
(3.10), and (3.12) for 1/4-BPS degeneracies? Note that the would-be “modular pa-
rameter” in these equations is not the usual 7 which couples to the left-moving con-
formal weight but a parameter which couples to the invariant combination of left- and
right-moving quantum numbers. (k = 3i —j in the 1/2-BPS case and k' = 3i+ 5h—j
in the 1/4-BPS case.)

e [s there a hidden symmetry or deeper structure of the CFT that would explain the
stabilization phenomena found in section 37 Note that this cannot simply be an
enhancement of the chiral algebra to something larger than AV = 4 as the symmetry
couples the left- and right-moving quantum numbers.
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e Does the presence of Rogers-Ramanujan functions indicate any connections to affine
Lie algebras? For example, can (3.9), (3.10), and (3.12) be explained by the presence
of a symmetry acting on an auxiliary Hilbert space, similar to [27]?

e Do similar stabilization properties hold away from the supergravity locus? For in-
stance, what happens at the orbifold point, or at a point in moduli space close to the
orbifold point? Note that, as mentioned in section 3.2, it appears that property (a)
above holds at the orbifold point. Do we see similar structure at the point studied
in [28], for instance?

e What happens if we include states that are dual to black holes'® as opposed to just
supergravity KK modes? Can we derive the full HEG including these states? Do
these degeneracies have the same stabilization properties?

e Do similar stabilization phenomena hold for the refined BPS spectra other theories
dual to AdS3 supergravity, such as theories with, e.g., large N' = 4 superconformal
symmetry [30-32] or theories which arise from the MSW string [33]7

o Is there any relation between our results in section 3 and the stabilization phenomena
observed in [34], from studying orbifolds of NLSMs whose target space is an ADE
surface singularity? Is there a generalization of the connection discussed in [35]
between the EG of ADE singularities, the K3 EG, and umbral moonshine [36] to the
refined BPS spectrum?

e What is the classification of supersymmetry-preserving discrete symmetry groups of
NLSMs in the moduli space of Sym” (M)? For M = K3 do subgroups of C'og which
preserve less than a four-plane play a role?

e In [25] twinings of refined 1/2-BPS states counted by (3.1) under four-plane-preserving
elements of C'og were proposed to be connected to symmetries of the chiral ring of
an auxiliary conformal field theory with symmetry group Cog [37]. In [38] it was
described how this conformal field theory naturally furnishes modules for a number
of sporadic groups, including the Mathieu groups Mss and Mj;. Is there any con-
nection between the action of these groups on the states of this auxiliary conformal
field theory and the Mso and M;; discussed in section 4.2.1 which may play a role in
the refined 1/4-BPS supergravity spectrum?

e The results of [25] regarding the twined 1/2-BPS spectrum have a natural geometric
interpretation: they capture g-equivariant reduced refined Gopakumar-Vafa invari-
ants of a K3 surface (cf. Conjecture 3 of [25].) Furthermore, in [4] it is proposed that
the refined 1/4-BPS spectrum captured by the HEG also has a geometric interpre-
tation. A natural question is then whether our results for the stabilization of these
(twined) 1/4-BPS degeneracies at large N can be understood in a geometric context.

e Do we see any hint of mock modularity when we further reduce to AdSy x S? (see
e.g. [39])716

150r black rings, see e.g. [29].
'6We thank the anonymous referee for pointing out this interesting question.
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A Special functions and characters

In this appendix, we give definitions to various special functions used throughout the paper,
including character formulas. In this section, and throughout the text, we define

q= 627ri7—, y = GQMZ. (Al)

We define the following Jacobi theta functions

oo
L1 1 _
91(T,Z)=—Zq8<2—y ) [ -¢) 1 —yg™) (1 -y 'q")

n—=

0 (1,2) = q¥ (y% + y_%> [Ta=-a+yg™ 1+y ")

[y

n=1
O3 (1,2) = ﬁ (1—¢") (1 + yq"*%) (1 + yilq”’%)
n=1
n=1

as well as the Dedekind eta function
1 o0
n(r)=qu [J(1—q") (A.3)

and the modular discriminant
A(r) = n(r)*. (A.4)
Finally we define the Rogers-Ramanujan functions G(7), H(7) as

> 1
- 1_11 1— q5n 4 q5n—1)

83

1
- 11 . (A.5)
_ aon— 3 5n—2
(¢ —¢"?)
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and their ratio as

ol
—
\]
N—

(A.6)

Note that the function R(7) is the Hauptmodul of the congruence subgroup I'(5) (see
e.g. [40, 41]), defined as

C

I'(5) = { (a Z) €SL(2,Z) a,d==+1 (mod5), b,c=0 (mod 5)} . (A7)

A.1 Small A/ = 4 characters

In this section we present the characters for the small N' = 4 superconformal algebra,
following [42, 43]. The representations of the algebra are labelled by the conformal weight
and the spin of their highest weight state. The representations come in two classes: short
(or BPS) and long (or non-BPS); the short multiplets satisfy that, in the NS sector, the
conformal weight is equal to the spin; the long multiplets have the conformal weight greater
than the spin. We define the character of a representation as

X(7,2) = Try ((—1)"g"0y”), (A.8)

where H is either the Ramond or NS Hilbert space and by Jy we mean the Cartan of the
SU(2) current algebra which is part of the N' = 4 superconformal algebra. By convention we
will label each representation in the following way. For each highest weight representation,
let h, 7 denote the eigenvalues of Ly, Jy in the NS sector, respectively, where Jy is the Cartan
of the SU(2) of the N' = 4. Furthermore, let & = h — j/2 be the difference between the
conformal weight and the spin of the highest weight state. If the central charge is given by
¢ = 6m, there are m+1 short representations with quantum numbers h = 0;5=0,1,...,m,
and m families of long representations with quantum numbers given by 7 =0,1,...m — 1,
and h > 0.

The NS sector characters are then given by

: - —ig'/*04(r, 2)?
s,NS — J/2(_1) g o4\,
X];m (T, Z) q ( ) ( 91(7_’ 22)?,,(7_)3

Z q(m+l)k2+(j+1)k <y2(m+1)k+j+1 y_2(m+1)k—j—1 )

1 1
hez (1—yg*tz)2 (1 -y 1ghte)?

L A —igl/%0 2
¢NS _ d/2+h(_1\i iq "04(7, 2)
Xj,h;m(T’ 2)=q (=1) ( 01(7,22)n(1)3

DR GHDR <y2<m+1>kﬂ'+1 — y2mt 1)’“*3’1) : (A.9)
keZ
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We can obtain the Ramond-sector characters by spectral flowing by 1/2 unit:!7

s o i01(T, 2)? (DR g 2(m+Dk+1
Xj;i(ﬂ 2= (=17 01 (7 éz) )(7')3 (1 — yqk)?
T 2207 keZ Yq
% <ym*j+1qk(m*j+1) _ yf(mfj+1)q7k(m,j+1)>

LR h iym 101(7, 2)* (m+1)k2, 2(m+1)k
T (r2) = g1 S
Xj,h;m( )=4¢"(-1) 01(7,22)n(1)3 kezq Y

" ( gFm=i)ym=i _ q,k(m,j)y,(m,j)> ‘ (A.10)

In the above, we continue to label the representations by the eigenvalues }NL, j of the highest
weight state in the NS sector.

A.2 Contracted large N' = 4 characters

In this paper we also consider the contracted large N' = 4 superconformal algebra. In a
2d SCFT with target T*, the superconformal symmetry on the worldsheet is a Wigner
contraction of the large N' = 4 superconformal algebra [3, 13]. The large N' = 4 algebra,
Aj+ g~ is labelled by two parameters k™, k™, with central charge given by

6k k™

TRk

(A.11)

The characters for this algebra were computed in [44, 45]; to obtain the Wigner contraction
we take k= — oo, and get (relabelling k™ as m)

c = 6m. (A.12)

As in the small NV = 4 algebra, there are two types of characters: short and long, which we
will label by the Ly and Jj eigenvalues of their highest weight state in the NS sector (h and
j respectively). Here Jj is the Cartan of the SU(2) R-symmetry. The short representations
satisfy h = %, and so are labelled by one number j which ranges from j =0,1,...m — 1.
The long characters are labelled by two numbers j, h such that h = % + k; this ranges from

j=0,1,...m—2, h > 0. The characters are then given by

1/8LS
s,S 9 (7—7 Z) s,S
Xj;m(TﬂZ) 77(7—)3 Xj,mfl(Tvz)
1/8LS
; _ 49 (1,2) o5
X-JL (7—72) T](T)S Xj,iz;m—l(T’Z) (A13)

where S denotes the sector (either S = NS or S = R), X;;i—l and X?Smfl are the small

N = 4 characters at central charge ¢ = 6(m — 1), and L(, 2) is the unique long N' = 4

"For convenience, in (A.9) and (A.10), we define the characters with a relative shift so that both
the NS vacuum and R vacua characters begin at ¢°. In other words, the NS characters are defined as
Trns ((—1)FqL0yJ0) and the R characters are defined as Trr ((—I)Fql‘of%y]‘]), Note that the NS char-

acter differs from the usual definition of characters by a factor of g~ ¢/?%.
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character at ¢ = 6 starting at ¢°:
l,8
LS(Ta Z) = XO,O;l(Ta Z)' (A14)
Specifically, we have

¢,NS
LNS( z) = X001(7'Z)

_ 1/49
_ iq /"04(7, 2) (2k+1) ( Ak+1 74k71)
( 01(1,22)n ) Zq Y

1 _ _ 3
— 11—yt 2) + (2 +5+17)g— 6y +6y)g2 +O(¢%)  (A.15)
and

LR(T, z) = Xé’g”_l(T 2)

—i01(r, 2)2 (2k+1) 4k+1 k(2k—1), 4k—1
91(7 01(r,22)n()3 % ( e Y )

k
=(—y 42—+ 2y 2—5y' +6—5y+201)q+ O?). (A.16)

B Derivation of stabilization

In this appendix, we derive the stabilization phenomena discussed in section 3. In the
following derivations, we make repeated use of the following fact. Suppose we are given an

g%p”fn(f) = (ﬁ) 9(p, @), (B.1)

p

equation of the form

where & is some set of additional variables, and we would like to extract the behavior of the
function f,(¥) as n — oco. Furthermore, suppose that g(p, Z) has the following expansion

in terms of p,
oo

9(p, E) ~ 14> o (F)p™
m=1

Noting that the r.h.s. of (B.1) has the form

(L+p+p*+..)90 —1+Zp <1+Zam(f)>,
m=1

we find that
lim f,(Z) = g(1, 7). (B.2)

n— o0
We will make repeated use of (B.2) below.

Finally we note that although we believe the stabilization phenomena hold when-
ever (3.14) or (3.15) is satisfied (for the case of half-maximal and maximal supergravity
respectively), in this appendix we will only derive the stabilization when we take the limit
i — oo and then h — co. It would be interesting to derive the stricter conditions (including
when we change the order of limits of ¢ and h).
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B.1 Half-maximal supergravity

We begin with an analysis of the refined 1/2- and 1/4-BPS spectrum of the supergravity
limit of Type IIB compactification on AdSs x S3 x K3.

B.1.1 Half-BPS states

First let’s derive the large IV behavior of the refined degeneracies of half-BPS states. These
are moduli-independent. The generating function for the half-BPS states given in equa-
tion (3.1) can be written

1

JoN, L]
NZOUZOCNP e =1 et e ey

(B.3)
where yk} is the ¢° term of the short /' = 4 Ramond character Xf-’]l\? at central charge 6V,
i.e.

. , , , . o N—itl _  —(N—i+l)
y][@ _ (71)N+z <y—(N—z) + y—(N—z)+2 4.+ yN—z) _ (71)N+z <y ” _Z,l
(B.4)

We are interested in the behavior of the coefficients ¢ %, which count the number of half-
BPS states of CFTs in the moduli space of Sym™ (K3) with Jy, Jy eigenvalues i and j,
respectively. Let’s calculate the large central-charge limit of (B.3); i.e. the limit

hm Z c]{?y[l uN (B.5)
1,j=0

First we plug (B.4) into (B.3), divide both sides by yu, and define a new variable p = pyu
to rewrite (B.3) as

Z Z H—]C J=N (y—iu—j B Y e y—2N+z’—2u—2N—|—j—2)

N=01,5=0

_ (- )(1 ) (1 1
o 1 — <H 1 _p u—ny—n) (1 _ n-l—lu—ny—n)

n:l

1
(1 — pray—n—ly=—n+1)(1 — pry-—ntly—n=1)(1 — ﬁnu—n—ly—n—1)>' (B.6)

We note that this is an expansion in p which has the form (B.1), so to take the large N
limit, we use (B.2) to get

N
A}gréo ( 1>z+]clj(y wd —y zu—2N+]—2_y—2N+z—2u—j+y—2N+z—2u—2N+J—2>
7”.7:0
3]

PR A 1
- (1 y )(1 U ) H (1_ufnyfn)Zl(1_u7n71y7n+l)(1_u7n+ly7n71)(1_ufnflyfnfl)'

n=1

(B.7)
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72—

Finally, we are interested in the coefficient cZ 31728 i) the large 4 limit (after we have taken

N large). Redefining § = y~'u~3 and again using (B.1) and (B.2) for the variable 7, we

find that
N

o

. : i g 3 (1= H 1

lli)%]\}l_%o ' 0( 1) CNU 1 1 u2n 21 1 u2n)(1_u2n+4)(1_u2n+2)
1,]= n=

= (=000 [T i e (B3)

In the r.h.s. of (B.8), only even powers of u show up, so on the Lh.s., i + j must be even,
so we can drop the (—1)i*J term. Thus we show that at large N and i (where we take N
to infinity first), c% 31 2k
equation (3.4).

is independent of i, IV, and is given by the generating function of

B.1.2 Quarter-BPS states

There is a similar phenomenon for 1/4-BPS states. The generating function of multiparticle

1/4-BPS states given by equation (2.7) can be decomposed into characters as'®
1
N, h, 4NS
N= 017h7 n>0,m, 0,0 (1 _pnqmy U )Csugra n,m,kt,

where cgﬁgr)a is defined in (2.8). In this formula cé{,h’j denotes the degeneracy quarter-
BPS represenations of the dual CFT whose highest weight state has NS-NS eigenvalues of
(Lo, Jo, Jo) given by (i/2+ h,i,). The N = 4 characters (given in (A.9)) simplify at large
central charge in the following way

: - —igt/4e 2 J+1 —j—1
s, g T, % Y Yy
Xj; gos( ,2) = q]/Q(_l)j 0 2 4( )3 1.5 1 )
1(7,22)n(7) (1—yg2)2  (1—y1q2)2
. ([ —ig *04(T, 2)? . ,
ENS — /2 th (1) v YA, J+1 _ =31 B.1
Using (B.10), we can write (B.9) as
> L T : —ig'/40 2 N—j+1 _ 4, —(N—j+1)
_1\iHi N L4k ghg i+l ) —(i+1) iq/"04(T, 2) u u _
Z Z( 1) p g2 cy (y Y ) <¢91(7-7 2,2)77(7')3 u—u"l

N=04,h,j

1 1

_ . (B.11)
(L= pu)(L—pum) o (1 — prgmybut! )i (nm.6.L)

Note that this is only valid at large N, so we need to take the N — oo limit of (B.9). We
redefine § = pu, remove a factor of (1 — p)~! and use (B.2) to get,

-1 i+j 2+hcz,h,g ( i+1 (z+1)) JH+1 U )
Z( ) q Y Yy U 94(7_’2)2(11/4 H (1_qmyfuz’)c@’o)(m,é,f’)

ih,j m, L0
(B.12)

!8Note that strictly speaking the r.h.s. of (B.9) also gets contributions from 1/2-BPS states (see equa-
tion (2.9)); however we will only examine the 1/4-BPS states in this subsection.
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where we have dropped the subscript of N on ¢ to indicate that we have taken the limit
as N — oo and for convenience, we have defined a new set of coefficients by

> O, gy’ = (O g y,u)— (14072))
m, L0

q
< 1— \fy)(uy \/»>) ((Uy+21u3y+Uy3+21u3y3)

w?+ut —y? —2uy® — 200’y —42u3y2+u4y2+u2y4+u4y4)q1/2

(
+(
(uy+2u y+udy+2uty+uyd + 20y +udyP + 20ty g
+ (2 4 2ug® + 2202y + 2u3y  +uty )q3/2)
=¢*%(q,y,u), (B.13)

and 29 (p, q,y,u) is as in (2.8).

Now let’s take the large i limit of equation (B. 12) corresponding to taking the left-
moving spin large. We will show that the degeneracies ¢**7 only depend on the combination
3i 4+ 5h — j (as well as the parity of iL) in this limit. First let’s redefine ¢> = qy?u~5, pull
out a factor of (1 —¢)~ !, and use (B.2) to rewrite (B.12) as

: Rk 35k k! ok Rkt _ 101(6V—22,22)n(6r—22) 1
zliglo%( 1) c Yy U = 94(61/_22,22)2y1/2u1/2 H (1_ygug/)62(2,0)(g’g/)
’ (B.14)
where we have defined
> dEO @, )yt = g®O0 (y2ub y,u) — 1. (B.15)

L

The above formula can be unwieldy due to arbitrary high poles in y. For convenience let’s

2

define v = uy~* and, after unpacking the theta functions, rewrite (B.14) and (B.15) as

9]
lim Z h+k’ci,ﬁ,3i+5ﬁ—k/a}~zuk’ _ ( «@ (1— a"u5”) (1_an—2u5n—4)(l_an+lu5n—1)>

1—00 [ (17an—lu5n—2)2(17anu5n_3)2
h,k! n=1
1
H (1,aeue')d(2,0)(47g/) ’ (B16)
L
where
Zd(2,0) (f,ﬁ’)aguél = ¢20) (au®, a ~1/2,,1/2 ) — 1
L0

- (u(l —u?)(1 —1ua)(1 — u5a)) (220 + o +uT)
+ (1 + 21u% — 2u® — 21w — 420° + ub — 20" — 2u® — 2u%)ar
+ (u® —2u8 — o™ 4+ 230 + 2010 + ull)aQ)
= F20(q,u). (B.17)
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Finally, we take the large h limit of limi_mo(—1)’3*]“/0"’5’3”5%*’“/, corresponding to
taking the left moving conformal dimension of the state large. This is done by taking out a
factor of =] ) (from the ¢ = 2,¢' = 0 term in the product of (B.16)) and then using (B.2).
Thus we get that

(o] — —
Z lim lim (_1)B+klc’i7f~7,,3i+5ib—kluk‘/ _ <_1 H (1 — U5TL)2(1 _ u5n 4)(1 _ 1;571, 1))

" hoo 100 2 - (1 — uPn=2)2(1 — udn—3)2
x H D<2 o) (B.18)

where

> DO (0t = FEO(1,u) — 1

¢
_ 14230 + 44’ + 45u* + 250 + 26u° +3u7+u
(B.19)
u(u® — 1)
However, (B.18) and (B.19) can be miraculously simplified to
2 E ~hm hm (_1)ﬁ+klci,}~l,3i+5ﬁ—k‘/qk,
o h—00 17700
s 1
_ 2 2
=(1-q)"(1—¢ )};Il (1—gPn=2)25 (1 — ¢5n=3)4T(1 — ¢5n—2)47(1 — gPn—1)25(1 — o) 24
_a(1-¢)*(1-¢*)G(r)H(1)*
A(r)
= 1423+ 322¢° 4+3405¢% +29833¢* +227126¢° + O(¢°) (B.20)

where G(7), H(7), and A(7) are modular functions defined in appendix A.

The generating function in (B.20) computes the large h o limit of
(=) limy o 231450 =K  However, limy | lim; o0 ¢! h,3i+5h—k' depends on the
parity of h. Thus this generating function is computing (up to a factor of 2) the difference
between the even and odd parity h degeneracies (see table 4 for example).

We can also compute the sum without much difficulty. Let’s first rewrite (B.16) as

hmz i,h,3i+5h—k' h, k' _04<
1—00 u
h,k!

8

(1 anuEm)Q(l _ an72u5n74)(1 _ an+1u5n71)
oot (1 +an—1u5n—2)2(1 + anu5n—3)2

1
(1-— (_1)e+£'azuw)d<270>(£,£/)

—

L

o < 00 (1— anu5n)2<1 . an72u5n74)(1 _ an+1u5n1)>
U

(1 +an—1u5n—2)2(1 + anu5n—3)2

1

3
Il

1
2,0 .0 (B.21)
L0 (1 - afuf’)dé\,’en)(l,é/)(l + Ozfué )dodd (&)

~ 31—



where

Zd (2,0) E E/ Va f/ _ F(270)(a’u) +F(270)(_a7 _u)

even - 9
, (2,0) _ 20 (_q. —
S e eatut = TN 5 oy (B.22)

To extract the large h limit, we again take out a factor of ﬁ and use (B.2). The final
answer is

: 7 / /
2 E lim lLim CZ h,3l+5h7k qk

W h—so0 100

12n2

1—¢*)(1+q)*H(r)*H(2r)? R(2T)f> a+d) >
41— )1+ )2 H(r) <>(R(T)5 < )n:1 ——

=1+ 23¢q + 322¢° + 3405¢> + 29925¢* + 229338¢° + O(¢°). (B.23)

U‘\Gﬂ

This computes the sum (up to a factor of 2) of the even and odd h degeneracies. Again,
see table 4 for examples.

Note we can also extract other information from (B.16) and (B.17). For example we
don’t have to take the large h limit; we can extract e. g. the h =1 limit easily from those
equations; the final answer is (compare with table 4):

1
lim Z IR = (1 - 9)*(1 - ¢°)(220 + 23¢° + 23¢° + 2¢" + ¢ + ¢°) ==
17— 00 A(T)
=22 + 507q + 6601¢> + 63044¢> + 489669¢" + 3265908¢° + O(q°).
(B.24)

B.2 Maximal supergravity

In this section we do a similar analysis for the spectrum of multiparticle supergravity states
arising from IIB compactification on AdS3z x S3 x T*. Here we will make use of characters
of the contacted large N' = 4 superconformal algebra, discussed in appendix A.2. As the
derivations are extremely similar to those of the previous section, we will be brief.

B.2.1 Half-BPS states

In this section we derive the behavior of the degeneracies of 1/2-BPS states on Sym® (T*)
as N — oo. The full generating function of half-BPS states is given in equation (3.5) has
a character expansion given by

oo N-1 00

S S dpNgllald = H p" ‘1) (1—p"u)*(1—p "y ")*(1—p"y)?

g —1 _ N )
N=0ij=0 e H1=pru~ly= ) (A —pruty) (1—p uy=")(1-p uy)
: (B.25)
where now g]][i; is the ¢° term of the contracted large N' = 4 Ramond character )Zf]}\? at

central charge 6N, i.e.

[ il Y
g = (~)N (

N—i _y=(N=i)

- ) (y'-2+y). (B.26)

y—-yvy
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To get the large N limit, we plug (A.13) into (B.25), redefine p = puy, extract a factor of
(1 —p)~1, and use (B.2) to get,

N—-1
li i+J vm —J
i Z (1) y
7,7=0
uy(1 +u)(1 +y)(uy — 1) ﬁ (1 — u=ntly=m)d(1 — gyt )4
(1 _ U)B(l _ y)S ook (1 _ ufnyfn)6(1 _ uf’n*ly*’rlri’l)(l _ ufn+1y7n71) :

(B.27)

Next we take the large i limit of by redefining § = y~'u~3, extracting a factor of (1 —7)~!,

and using (B.2) to obtain

okgio2k ok w(l+w(—u?)(1+u®) 77 (1wt (1—u?—5)t
(=1)7ey u - H(l_,uQn) 6(1—u2n)(1—u2ntd)

(B.28)

Qi Lim = T @) ?)

Simplifying this leads us to equation (3.7).

B.2.2 Quarter-BPS states

In this section we derive equation (3.12) which describes the large N, large left-moving
charge limit of 1/4-BPS degeneracies presented in table 5. The spectrum of multiparticle
supergravity states is discussed in section 2. The generating function of equation (2.12)
has a character decomposition given by

ZZP & (T a0 =[] L (B.29)

4 ( ‘.1 0.0
N=0i,h,j n>0,m,00 (1 — prgmytul )Csugra(mm, )

where céﬁgr)a(n, m, £, ') is given in equation (2.13).
At large central charge, the characters (A.13) simplify via (B.10). Thus we can rewrite
equation (B.29) as

91 (T7 22)77(7—>6

y <(uNj — N (12 u1/2)>

u—1/2 4 1/2

Z (_1)i+Jqu2+h ~i,h.j (yi—l—l _ y—(i+1)) <_iq3/894(7'7 Z)2LNS(T= Z))

Ni,h,j

(1-p)? 1

= . B.30
(L =pu)( —pu=t) L (1 — prgmytut’ e (mte) (B.30)
We take the large N limit by redefining p = pu, extracting a factor of (1 — )%, and
using (B.2) to get
I ST L iy —if1 (1, 22)n(T)°
—1)iti 2+hél,h,] i+1 (i+1) ud = ? )
D e Ve T e
ihj
1
" I;Iz — gmylul’ ) (mtl)’ (B.31)
m !/
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where again we have dropped the subscript of N on &M to indicate we have taken the
limit of N — oo, and we define

Y Dm0 gy = fE (T gy, u) = (1= 20t +um?) = ¢ (g, ).
m, 0
(B.32)

6

h,3i+5h—k' o A= 20— :
St . Redefining § = ¢qy?u%, removing

Then we take the large i limit of &
(1 —G"/?)~1, and using (B.2), we obtain

lim Z 1)K iR 3itShk by bk ( - —gif1(6V - 22’22)277(61\12 —22)° )
Yt/ Aud/40, (6 — 22, 2)2LNS(6v — 22, 2)

i—00

h k!
X H it d(2 2)(¢,0) (B.33)
00
where we define
S dRA@ Oyt = g® (2l y ) - 1. (B.34)

2.0
Finally we rewrite (B.33) by defining o = uy~2 to get

o0
lim Z 1)tk g h 3SRk (@ (H (1—a™u™)° (1—Ol"_zus"_4)(1—a"+1u5"_l)>

i—00 u (1+an—1u5n—2)4(1+anu5n—3)4

bk n=1
: B.35
H (1= (=1)t+ byt )ya>D @) |7 (B.35)
o
where we define
Zd(2’2) (6, )l = gD (and, 0 Y22 0) — 1 = FOD(a,u). (B.36)

o0

Unlike for K3, for 7%, the quantity lim; , limi_mo(—1)B+k,éiﬁ’3i+5}~“k/ vanishes for

. . . i h.3i5h—k .
all ¥’. However, we can instead compute limj , _lim; o0 ¢ih,3i+5h—k using the same tech-
niques as before.

Let’s rewrite (B.35) as

. ~ r T o T , 1 anUSn 1 an~ 2u5n74 l_an+1u5n71
lim Z(_l)thk ok 3SRk by K H )( . )
i—00 4 1+an 1q,5n— 2) (1+anu5n 3)4

R,k

1
B.37
H aeuf’)déiﬁf(w')(1+aeue/) aZ2 e ( )

2.0 (1_
where
S @A, )t = o) +5 Pl
. (22 —F@22)(_q —
S (e, pyatut = T T 0 ) (B.38)

We extract the large h limit, by taking out a factor of ﬁ and using (B.2) to obtain our
result of (3.12).
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C Character and decomposition tables

In this appendix, we give the character tables for the sporadic Mathieu groups M;j; and

Mos, and various decompositions into M71 and Masy representations. We follow the ATLAS

notation [46] for conjugacy classes and make use of the standard definitions a,, := i,/p; b, :=

(—=1+41iy/p)/2.

1A 2A  3A  4A 4B 5A 6A 7TA 7B 8A 11A  11B
xi| 1 1 1 1 1 1 1 1 1 1 1 1
x2 | 21 5 3 1 1 1 -1 0 0 -1 —1 -1
X3 | 45 -3 0 1 1 0 0 by by -1 1 1
X4 | 45 -3 0 1 1 0 0 by by -1 1 1
Xxs | 55 7 1 3 -1 0 1 -1 -1 1 0 0
xe | 9 3 0 3 -1 -1 0 1 1 -1 0 0
x7 | 154 10 1 -2 2 -1 1 0 0 0 0 0
xs | 210 2 3 -2 -2 0 -1 0 0 0 1 1
xo 231 7 -3 -1 ~1 1 1 0 0 -1 0 0
xi0 | 280 -8 1 0 0 0 1 0 0 0 bu b
x11 | 280 -8 1 0 0 0 1 0 0 0 511 b11
xi2 [38 1 -2 1 1 0 -2 0 0 1 0 0
my | 124 1828 1636 119241 149241 145t 12223262 1373 1373 12214182 12112 17117

Table 6. Character table and Frame shapes for the group Mas,.

1A 2A  3A  4A  5A 6A 8A 8B 11A 11B
xi |1 1 1 1 1 1 1 1 1 1
x2 | 10 2 1 2 0 ~1 0 0 -1 -1
xs | 10 -2 1 0 0 1 aa ax -1 -1
xa | 10 -2 1 0 0 1 a ay -1 -1
xs | 11 3 2 -1 1 0 -1 -1 0 0
X6 16 0 -2 0 1 0 0 0 b11 611
xr | 16 0 -2 0 1 0 0 0 b11 bi1
xs |4 4 -1 0 -1 1 0 0 0 0
xo | 45 =3 0 1 0 0 -1 -1 1 1
Xo |5 -1 1 -1 0 ~1 1 1 0 0
my | 124 1828 1636 2441 1451 12223262 4282 4282 12117 1%11°

Table 7. Character table and Frame shapes for the group Mj;.
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X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12

14° 1 0 0 0 0 0 0 0
23q! 0 0 0 0 0 0
322¢> 8 5 0 0 1 0 1 0 0 0 0

340543 22 20 0 0 6 1 7 1 0 0 1
20833¢* 27 0 0 33 10 43 26 14 5 5 19
227126¢° | 199 273 4 4 151 72 223 173 126 75 75 171

1547673¢5 | 584 962 64 64 690 460 1150 1004 897 683 683 1278
962805647 | 1613 3328 585 585 3051 2689 5740 5710 5637 5025 5025 8362
55464597¢% | 4576 11813 4240 4240 13714 14921 28635 31168 32637 32120 32120 50022
299037612¢° | 12807 43078 26476 26476 61883 78973 140856 164664 177372 186776 186776 278575

Table 8. Decomposition of the expression given in (3.9) into Mas representations.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12

14° 1 0 0 0 0 0 0 0
23¢! 0 0 0 0 0 0
322¢? 8 5 0 0 1 0 1 0 0 0 0

340543 22 20 0 0 6 1 7 1 0 0 1
29925¢* 27 0 0 33 10 43 26 14 5 5 19
229338¢° | 199 273 4 4 151 72 223 173 126 75 75 171

1579693¢° | 584 962 64 64 690 460 1150 1004 897 683 683 1278
9976744¢7 | 1613 3328 585 585 3051 2689 5740 5710 5637 5025 5025 8362
58605585¢% | 4576 11813 4240 4240 13714 14921 28635 31168 32637 32120 32120 50022
323612308¢” | 12807 43078 26476 26476 61883 78973 140856 164664 177372 186776 186776 278575

Table 9. Decomposition of the expression given in (3.10) into Mas representations.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
1¢° 1
23¢* 1
32242 6
340543 21 17 0 0 39 2 2 29 4 23
29833¢* 79 106 10 10 174 38 38 231 97 197

227126¢° 260 047 150 150 817 372 372 1570 979 1534

15476734° 969 2966 1358 1358 3918 2826 2826 9926 7578 10520

9628056¢" | 3638 15675 9826 9826 19341 18504 18504 58566 50257 65960
55464597¢% | 14607 81948 61536 61536 96456 109259 109259 326399 299783 381649
299037612¢" | 60672 415548 348624 348624 476324 596331 596331 1722786 1648636 2064284

Table 10. Decomposition of the expression given in (3.9) into My, representations.
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X1 X2 X3 X4 X6 X8 X9 X10
1¢° 1
23¢* 1
32242 6 1
3405¢> 21 17 29 4 23
29925¢* 83 106 10 10 182 38 231 97 197
229338¢° | 288 563 150 150 857 372 372 1586 979 1550
1579693¢% | 1101 3098 1366 1366 4186 2858 2858 10170 7658 10740
9976744¢7 | 4214 16631 10050 10050 20865 19024 19024 60978 51681 68332
58605585¢% | 17123 88360 64240 64240 105420 114779 114779 346631 314787 403097
323612308¢" | 71752 457084 373552 373552 528908 642723 642723 1872678 1775728 2232872

Table 11. Decomposition of the expression given in (3.10) into M, representations.

Degeneracy | x1 X2 X3 X4 X5 X6 X7 X8 X9 X0 X1l X12
210 o 0 0 O O O 0 1 0 0 0 0
21 o 1 0 0O O O O O O O 0 0
3542 1 3 0 0 2 1 3 3 2 1 1 3
484 2 3 0 0 1 0 1 1 0 0 0 0
29 1 1.0 0 O O O 0 O O 0 o0
21 o 1 0 0O 0O 0O 0 O O O 0 0
36961 4 13 1 1 12 10 22 26 21 18 18 29
6281 6 12 0 0 6 2 8 7 3 1 1 4
506 3 4 0 0 1 0 1 1 0 0 0 0
29 1 1.0 0 0O O O 0 O O 0 o0
231 1 1.0 0 1 O 1 0 O O 0 O
2660 o 0 0 O O 0 0 2 0 4 4 0
21526 5 10 1 1 10 7 17 10 15 8 8 19
420 o 0 0 O O 0O 0 2 0 0 0 0
3796 4 5 0 0 3 1 4 3 2 1 1 3
275 33 0 0 1 0 1 O O O 0 0
1 1 0 0 0 O O O 0 O 0 0 o0

Table 12. Decomposition of all terms in (2.10) into Mas representations.
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