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ABSTRACT: Poisson-Lie dualising the 7 deformation of the G/H symmetric space sigma
model with respect to the simple Lie group G is conjectured to give an analytic continuation
of the associated A\ deformed model. In this paper we investigate when the 1 deformed
model can be dualised with respect to a subgroup Gg of G. Starting from the first-order
action on the complexified group and integrating out the degrees of freedom associated
to different subalgebras, we find it is possible to dualise when Gq is associated to a sub-
Dynkin diagram. Additional Uy factors built from the remaining Cartan generators can
also be included. The resulting construction unifies both the Poisson-Lie dual with respect
to G and the complete abelian dual of the n deformation in a single framework, with the
integrated algebras unimodular in both cases. We speculate that extending these results to
the path integral formalism may provide an explanation for why the 1 deformed AdSs x S°
superstring is not one-loop Weyl invariant, that is the couplings do not solve the equations
of type IIB supergravity, yet its complete abelian dual and the A\ deformed model are.
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1 Introduction

Recent progress in understanding integrable deformations of the AdSs x S® superstring,
along with its various integrable cousins and bosonic truncations, has led to significant
advances relating the underlying algebraic and geometric structures. Two of the most
well-studied deformations are associated to ¢ deformations of the isometry algebra psuy 5.
These are the n deformation [1, 2] and the A deformation [3]. The former is a deformation
of the Green-Schwarz type IIB superstring [4-7] written as a sigma model on the super-

coset [8, 9] —_—
2,2/

80174 X SO57 (1'1)
while the latter is a deformation of its non-abelian dual with respect to the full isometry
group PSUj 4.

The 7 deformation of the AdSs x S® superstring [1, 2] generalises a certain integrable de-
formation of the principal chiral model [10, 11] and of the symmetric space sigma model [12],
often referred to as Yang-Baxter sigma models due to their explicit dependence on a non-
split solution of the modified classical Yang-Baxter equation. The model depends on two
parameters: an overall coupling h, which plays the role of the effective string tension, and
the deformation parameter 1. After the deformation only the Cartan subalgebra of the
original isometry algebra remains a symmetry. However, the other charges are not lost;
rather they are hidden, satisfying the relations of the ¢ deformed isometry algebra, where
g € R is a function of the string tension and 7 [2, 13, 14].



From the deformed superstring sigma model one can determine the corresponding
deformation of the maximally supersymmetric AdSs x S° type IIB supergravity back-
ground [13, 15]. The resulting set of fields do not satisfy the type IIB supergravity equations
of motion. However, one can show that the maximal abelian dual is a supergravity solution
with a dilaton that is linear in the dualised isometric coordinates [16, 17]. As a consequence
the deformed background solves a set of generalised type IIB supergravity equations [18],
which are compatible with the x symmetry of the worldsheet sigma model [19]. For further
progress in ascertaining and relating the background fields of the generalised theory for
n deformed models see, for example, [20-22]. Various interpretations of these results and
the consequences for Weyl invariance have been given in [16-19, 22|, and, in the context of
double field theory, in [23-25]. However, currently there is no final word on how to (or if
it is even possible to) interpret the n deformation as a string theory.

The A\ deformation of the non-abelian dual of the AdSs x S° superstring [3] generalises
the bosonic models of [26, 27]. This model also depends on two parameters: an overall level
k of the underlying gauged Wess-Zumino-Witten action, playing the role of the effective
string tension, and the parameter A. In this case the corresponding deformed type IIB
supergravity background does solve the supergravity equations of motion [21, 28, 29]. This
can be understood as a consequence of the x symmetry of the model, together with the
lack of any Killing vectors admitted by the geometry [19]. However, it should be noted
that there are conserved charges, which do not manifest as Killing vectors, that can be
used to characterise the spectrum of the model [30]. Furthermore, the level k is quantised
such that the deformation parameter ¢ is a root of unity and hence discrete.

The 71 deformation is conjectured to be related by Poisson-Lie duality, a generalisation
of non-abelian duality to sigma models with Poisson-Lie symmetry [31, 32|, to an analytic
continuation of the corresponding A deformation [16]. A duality of this type was considered
in [33], which relates an n° deformation (the superscript denoting it is based on a split so-
lution of the modified classical Yang-Baxter equation) to the corresponding A deformation.
In both cases the duality is with respect to the full symmetry group of the undeformed
model. Hints of such a relation, in particular the need for analytic continuation, were first
seen in the analysis of low-dimensional models in [34].

Our eventual goal is to explore the deformations of the AdSs x S° superstring. The
associated symmetry algebra psu, o4 does not admit split solutions of the modified classical
Yang-Baxter equation, and hence we will focus on the duality between the 1 deformation
and an analytic continuation of the corresponding A deformation. The required analytic
continuation of the A\ deformation acts on both the fields and parameters of the model,
and is such that |¢| = 1 is mapped to ¢ € R: how k and X are related to h and 7 is given
in [16]. We will refer to this analytic continuation as the \* deformation.

The claim of duality has been demonstrated for various low-dimensional examples
in [16, 35] using results of [36]. Furthermore, starting from a certain first-order action
on a Drinfel’d double [37, 38|, which generalises the duality-invariant action of [39, 40]
underlying abelian duality, it has been proven for the deformation of the principal chiral
model [41]. In this paper we do not provide new evidence for this conjecture. We instead
assume it to be true with the aim of further exploring the underlying structures.



Thus far we have discussed two alternative maps of the 1 deformation of AdSs x S°
to a solution of type IIB supergravity: the complete abelian dual and the Poisson-Lie dual
with respect to PSUyo4. This motivates a number of interesting questions. First, can
we incorporate the two transformations in a unified framework? Second, is it possible
to Poisson-Lie dualise with respect to subgroups of PSUj; 5,47 And third, what are the
consequences for Weyl invariance? In this paper we focus on the first two of these three
questions for the 1 deformation of the bosonic symmetric space sigma model. In section 4
we briefly comment on the extension to the superstring and speculate on the implications
for Weyl invariance.

The symmetric space sigma model for the coset G/H is invariant under the action of
the isometry group G. In particular, one can dualise with respect to any subgroup of G,
including the Cartan subgroup U;™%G and G itself. These two dualities both survive the
1 deformation: the first as the complete abelian dual and the second as the Poisson-Lie
dual with respect to G, the A* deformation. Our aim is to understand how these dualities
fit into a single framework, and to investigate which other dualities also extend to the
deformed model.

In order to answer these questions we work with the first-order action on a Drinfel’d
double D [37, 38] and its generalisation to coset spaces [42, 43]. As a vector space, the Lie
algebra of the Drinfel’d double 0 = Lie(D) can be decomposed as

D:g"i'gv (12)

where g and g are two subalgebras, maximally isotropic with respect to a non-degenerate
ad-invariant inner product on 9. Integrating out the degrees of freedom associated to g or g
gives a second-order Poisson-Lie symmetric model on G\D ~ G or G\D ~ G respectively.
These are then said to be Poisson-Lie dual.

After reviewing this construction we turn our attention to alternative maximally
isotropic decompositions of the same Drinfel’d double

d=t+E, (1.3)

where £ is a subalgebra of 0 with associated Lie group K, but € need not be. In this
case, the degrees of freedom associated to € can be integrated out to define a model on
K\D [10, 38, 41]. We consider, in particular, Lie algebras t whose intersection with g
defines a common subalgebra gg. Then, given that the four spaces g, g, £ and £ admit the
following decompositions
9—?0‘“’“, 9~—90+n~1, (1.4)
E=go+m, E=go+m,
we say that the model on K\D is the Poisson-Lie dual of the model on G\D ~ G with
respect to Gg. The requirement that ¢ forms a subalgebra places restrictions on the Lie
groups Gg with respect to which we can dualise.
The n deformation of the symmetric space sigma model can be formulated in the
above framework, with the Drinfel’d double given by the complexified group D = G®. The



relevant maximally isotropic decomposition is then
=g+6b, (1.5)

where b is the Borel subalgebra generated by the Cartan generators and positive roots. The
71 deformed model is found by integrating out the degrees of freedom associated to b. We
construct a class of subalgebras gy with respect to which we can dualise. This includes both
the Poisson-Lie dual with respect to G as well as the complete abelian dual. We illustrate
our results on a number of examples for S? and S°, both spaces of interest in the context of
integrable superstring sigma models [44—46]. For recent progress towards classifying such
models, in particular incorporating those without supersymmetry, see [47—49].

The layout of this paper is as follows. We start in section 2 with a review of the model
on the Drinfel’d double and the general formalism for constructing Poisson-Lie dual sigma
models. Then in section 3 we apply the formalism to the 1 deformation of the symmetric
space sigma model. We conclude with comments and open questions in section 4.

2 Poisson-Lie duality and the Drinfel’d double

Two sigma models are said to be Poisson-Lie dual if they are described by the same set of
equations after appropriate non-local field and parameter redefinitions [31, 32]. Quantities
computed within the framework of one sigma model thus have an equivalent in the dual
theory. Both abelian and non-abelian duality are special cases of Poisson-Lie duality. The
underlying algebraic structure of Poisson-Lie duality is the Drinfel’d double. A Drinfel’d
double is defined as a 2n-dimensional connected Lie group D such that its Lie algebra 0 can
be decomposed into a pair of n-dimensional subalgebras g and g, maximally isotropic with
respect to a non-degenerate ad-invariant inner product <-, > on 0. In this paper we will use
“Drinfel’d double” to refer to both the group and its algebra. The two sigma models can
be obtained from a first-order action on the Drinfel’d double by integrating out the dual
degrees of freedom [10, 37, 38, 41].

In this section, after introducing the actions for the two sigma models related by
Poisson-Lie duality, we will investigate when it is possible to dualise with respect to a
subgroup Gg C G. In order to dualise it transpires that the corresponding Lie algebra,
go = Lie(Go), should satisfy certain commutation relations within the Drinfel’d double.
These restrictions have a natural algebraic interpretation: the new Poisson-Lie duals are
associated to more general decompositions of the Drinfel’d double of the type 0 = £ + %,
where € is a subalgebra, but € need not be.

2.1 Poisson-Lie dual sigma models

Let us begin by reviewing the construction of the Poisson-Lie symmetric sigma model and
its dual [31, 32] (see also [50]). Our starting point is the two-dimensional non-linear sigma
model with target-space metric and B-field

S = / %o Fr,(X)0, X'0_X7,  F;(X)=G,(X)+ B, (X) . (2.1)



The light-cone coordinates (o%,07) are defined in terms of the usual two-dimensional
Minkowski coordinates (7, ) as o0& = (74 ¢)/2, and we use the shorthand notation d?c =
dotdo™ = %deO‘. The scalar fields X' (7,0) parametrise an element g of the Lie group
G, such that under the left action of G, they transform linearly, X’ — X' 4 e*v’,, where
v’ are the right-invariant frames. The Noetherian forms can be defined by considering the
variation of the action with respect to this transformation

5.8 = / ALy L+ / de? A <K 5 (2.2)

where K, = v} (X)F;,(X)0-X"do™ — v} (X)F;,(X)0+X"do™. If the left action of G
corresponds to an isometry of the target space, then the Lie derivative of the Lagrangian,
L, ,L, vanishes and K 4 are closed one-forms on-shell. We can relax the isometry condition
and consider the case in which the currents obey the Maurer-Cartan equation [31, 32]

1
d*KczifABC*KA/\*KB, (23)

where fABc are the structure constants of some Lie algebra g. The sigma model exhibits
a Poisson-Lie symmetry with respect to the coduality group G. The background is said to
have generalised isometries, and should satisfy

EchIJ = fABC Fi Fy, vaé . (2'4)

The dual sigma model leads to the same equation of motion, but with the roles of G and
G interchanged. The Lie derivative acting on differential forms should obey [£, 1 Log] =

Liyawp]s

the structure constants of the original and dual Lie algebras

fABEfNCDE = fEACfDEB - fEADfCEB - fEBC,]FDEA + fEBDfCEA . (2.5)

which, combined with (2.4), imposes the following compatibility requirement on

This condition is manifestly dual in the sense that it is invariant under interchanging the

roles of G and G. Furthermore, it is nothing other than the Jacobi identity on the Drinfel’d

double d = g + g, turning the pair (g, ) into a Lie bialgebra. By definition the Drinfel’d

double has an inner product with respect to which the decomposition 0 = g+g is maximally
isotropic

(g.9)=(8.9)=0. (2.6)

In order to gain more insight into the structure of this Drinfel’d double let us work in

a specific basis: we denote the generators of g (respectively g) by T4, A =1,2,...,dim G

(respectively T%). With respect to this basis we assume the inner product (2.6) takes

the form
(Ta,Tp) = (T*,T%) =0,  (T,,T%) =45 . (2.7)

Consequently, there is a canonical pairing between the generators of the original and dual
Lie algebras. The commutation relations of the Drinfel’d double read
[TA7 TB] - fABCTO 9 [TA) TB] = fABCTC 9

B BC FBC (2'8)
[TA7T ]:fCA T +f AT07



where the third commutation relation follows from the ad-invariance of the inner prod-
uct (2.7) and is consistent with the Jacobi identity (2.5).

Before giving the actions of the Poisson-Lie dual sigma models we introduce some
notation. Let g (respectively §) be an arbitrary element of the Lie group G (respectively

G), and define

g_lTAg =a,"Ty ) 9_1TA9 =Ty + (a_l)BATB ) 47 = boAacB ) (2 9)
g_ITAg = dABTB s g_lTAg = EABTB + (d_l)BATB y fIAB = BCA&CB . '
The matrices a, b and II obey
alg ) =a"(g), blgTH)=b(9), (g =-Ig), (2.10)

with similar relations holding for @, b and II. In the absence of spectator fields, the sigma
model whose background satisfies (2.4) and its dual are then given by

Salg) = /d20(918+9)AEAB(918—9)B, E = (Ey+1I(g))"",
(2.11)

Il
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S56(3) = / Lo (770,5),B*(G0_5)s, B

Let us now analyse what happens if we attempt to dualise in a subgroup Gy C G
with the corresponding Lie algebra go = Lie(Gg). The Lie algebra g can be decomposed
as g = go + m. We denote the generators of gg by T,, a = 1,2,...,dim Gy, with the
remaining generators of g forming a basis of m and labelled by a Greek index, Ty, o =
1,2,...,dim G — dim Gg. Starting from the sigma model on the Lie group G (2.11), which
we write in the form

Salg) = /dQU (97049, (Bo+T(g)) g '0-g). (2.12)

the currents associated to the left action of G obey the Maurer-Cartan equation
1 FBC
d*KAzif A*KB/\*Kc, (213)

where f5€, are the structure constants of the dual algebra § = Lie(G). This Lie algebra

has the same dimensionality as g and hence, using the canonical pairing (2.7), it is also

possible to split its generators into 7% and T, defining bases of go and m respectively.
Restricting the equation of motion (2.13) to the subalgebra g

dx K, = %(fbca*KbA*Kchfﬁca*Kﬂ A*K, + 7 x Ky AxKy + [P, % K5 A %K)
(2.14)
we see that in order to be able to dualise with respect to the subgroup G, the dual algebra
g = go + m should have the following structure

[go,m] C m, [, @] C @ . (2.15)



This in turn imposes conditions on the subgroups Gg with respect to which we can Poisson-
Lie dualise.

Before we proceed to investigate these conditions further, let us briefly comment on
the relation to non-abelian duality. An action that is invariant under the left action of
G is also invariant under the left action of any subgroup Gg of G, and hence it is always
possible to dualise. Indeed, when the action of G is a symmetry, the structure constants
of the dual algebra g vanish by definition and (2.15) is trivially satisfied for any choice of
go- In this case the associated Drinfel’d double is the semi-abelian double [31, 32]. Thus,
while it is possible to non-abelian dualise in any subgroup of G, this is not the case for the
Poisson-Lie duality.

The ad-invariance of the inner product (2.7) imposes further structure on the commu-
tation relations between g and g

[90,m] C m . (2.16)

It follows that the space & = go +m also forms an algebra. By construction t is an isotropic
subalgebra of d with respect to the inner product (2.6). The Drinfel’d double can then
always be decomposed as 0 = ¢ + E’, where € denotes the complement of tin 0, such that
we again have the isotropy of both spaces

(e,8) = (£,€) =0 . (2.17)

It is important to note that € does not necessarily form an algebra.
To summarise, we have two maximally isotropic decompositions, (2.6) and (2.17), of
the Drinfel’d double, 0 = g + g = £ + ¢, where these spaces have the additional structure

R

=go+m, g
4= g % (2.18)

E:§l0+ma

I
o o

0+
0+

Y

=%

The spaces g and g are Lie algebras by definition, while gg forms an algebra by assumption.
To be able to dualise the Poisson-Lie symmetric model on G with respect to the subgroup
Co we require that (2.15) and (2.16) are satisfied, which in particular implies that £ also
forms an algebra.

One approach to obtaining the backgrounds of the Poisson-Lie duals of (2.12) is to
rewrite the original sigma model in terms of a field taking values in the subgroup G
together with spectator fields

(971019, (Bo +11(9) "™ 0-g) = P (g5 10:.90)" (g5 "0-90)" + PV (g5 01-.90)70—a
+ Pﬁ)&rx“(go_l@_gg)b + P;S?,j)&rx“a_x” .
(2.19)
In order to dualise, for example using the Poisson-Lie duality relations in the presence of
spectators presented in [51], the operator @ defined through P(©) = (Q + II(go))~" should
be a function of the spectator fields x* only. This is satisfied precisely when the dual
algebra g has the structure (2.15).



2.2 First-order action on the Drinfel’d double and Poisson-Lie duality

In this section we will take an alternative path to finding the dual model and computing its
background. We start from the first-order action on the Drinfel’d double [10, 37, 38, 41].
In the standard decomposition of the Drinfel’d double © = g + g, both g and g are Lie
algebras. To recover the Poisson-Lie dual models on G and G (2.11) we integrate out
the degrees of freedom associated to g and g respectively. As discussed in section 2.1,
dualising a Poisson-Lie symmetric model with respect to a subgroup Gy C G corresponds
to considering alternative decompositions of the Drinfel’d double ? = ¢ + %, where £ is a
Lie algebra, but £ need not be. The Poisson-Lie dual is then given by integrating out the
degrees of freedom associated to t. Such configurations have been considered previously
in [10, 38, 41]. Although given in a different form, which is of use in the application to the
71 deformation in section 3, the presented results are equivalent.

First-order action on the Drinfel’d double. The first-order action on the Drinfel’d
double that underlies the Poisson-Lie duality is [37, 38]

Sp(l) :/dea Balaal,zlaTQ - %K(rlaal) + WZ(1), (2.20)

where the dynamical field [ € D and

1

WZ(l) = -

d~ta e e ), (2.21)
is the standard Wess-Zumino term. The first and third terms together form a Wess-Zumino-
Witten model on the Drinfel’d double, albeit with the light-cone coordinates replaced by 7
and o. The quadratic form K encodes the details of the particular model. Let us note that
this action is not Lorentz invariant and generalises the duality-invariant action of [39, 40]
underlying abelian duality.

The field I € D can be parametrised as | = kk, where k € K = expl[¢] and k € K\D.
(Note that in this paper we will not be concerned with any global issues of such parametri-
sations.) Using the fact that k is a group-valued field, the action (2.20) simplifies to

Sp(kk) = / drdo {(kla,,l%, Okl — %K(kflaak + Ad k10, k)
, (2.22)
+ 2/d7do<k:_180k:,k:_1&k:> + WZ(k) .

Note that if € is a Lie algebra we have that K\D ~ K. In this case we can take k£ € K and
the second line of (2.22) vanishes.

Integrating out €. In addition to the basis {T,T*} of 0 = g + g, we introduce bases
of £ and ¢, denoted S, and S* respectively, such that the inner product (2.7) again has
the form

(Sa,Sp) = (S4,85) =0,  (8,,5%)=4d%. (2.23)



In the spirit of section 2.1 we define the matrices

k1S k = a(k)a2Sp + c(k)apS®, k7154 = b(k)A 2 Sy + a(k™1) 5457,

2.24
() = b4 () (alk ™) )e” 22

where, in contrast to (2.9), the new matrix ¢(k) appears as € is no longer assumed to form
an algebra. Using the ad-invariance of the inner product (2.23), it is possible to show that
II(k) is antisymmetric, and reduces to the standard form when ¢ forms an algebra and we
take k € K. Indeed, in this case c(k) vanishes and the identity a(k~!) = a(k)~! follows.
We also introduce the projectors Py and P; onto the spaces £ and : respectively.

In order to integrate out the degrees of freedom contained in l%, we need to specify the
action of the bilinear form K. An arbitrary element x € 9 can be uniquely decomposed as
x =19y -+ 2z where y € £ and z € t. Without loss of generality we may take

K(z) = <z, G6z> + <(y + Bjz), Géfl(y + Béz)> , (2.25)

where G, and B(, are the symmetric and antisymmetric parts of a general operator Ej :
¢ — £ The prime symbol highlights that these operators act on the space . This is
in contrast to [y, which we reserve for the corresponding operator acting on g. Taking
v =k~'0,k + Ad; k7 10,k we have

y = Pek 10,k + Py Ad, ' Pik 10,k

- - 2.26
2 =Pik 10,k + Py Ad, ' Pk 10,k (2.26)
The operator P; Ad,;1 P; is invertible on £ and hence we can solve for k=19, k
k'0-k = (P Ad, ' Py) "'z — Pik 1 0sk] . (2.27)
This in turn allows us to write the following expression for y in terms of k and z
Y= Pekilagk + Py Ad;l P&(P@ Adlzl Pé)fl[z — Pékilagk} (2.28)
= Pek 10,k + 11(k)[2 — Psk~'0,K], '
where
(k) = Py Ad, ' P3(P; Ad, ' Py) Y, (2.29)

is the operator form of the matrix introduced in (2.24). Using these relations we can
eliminate & in the action (2.22) in favour of k£ and z. The resulting action is quadratic in z,

which can then be integrated out. Doing so, we find the following Lorentz-invariant action
for the field k

Sicp (k) = / o (k~104k, (;Pg"t—;P£°t+P§°t(E6+H(k:))1P§°t) k10_k)+WZ(k),
(2.30)
where Pp** = Py — II(k)P; and PEOt = P; + II(k)P;. The combination %Pg"t — TP} is an
antisymmetric operator under the inner product and thus, along with the Wess-Zumino
term, only contributes to the B-field of the background. As k € K\D this action should be



invariant under the gauge transformation k& — kk where k& € K. This can be readily seen
from the identities P Ad; " k~'0+k = 0 and II(kk) = II(k), and the Polyakov-Wiegmann
identity for the Wess-Zumino term. Finally, let us note that if £ forms an algebra and we
take k € K, then the action reduces to

Sk (k) = /d% (k™'04k, (E) + (k) 'k o_k), (2.31)

due to the isotropy of & with respect to the inner product. As expected we recover an
action that takes the form of the Poisson-Lie dual models (2.11) considered in section 2.1.
Wess-Zumino term. The topological term

1
WZ(k) = -5 A~k dk, [k dk, K~ dE]), (2.32)

is only defined up to a total derivative. To fix its contribution to the B-field uniquely we
may assume that we can fix a gauge such that k = gg, where g € G and g € G. Using
the Polyakov-Wiegmann identity we may write the Wess-Zumino term as the following
two-dimensional integral

1

WZ(gg) = —2/d20 (0499~ "G '0_g) — (0_gg~". 57 '04+3)] . (2.33)

Equations of motion. Defining the gauge invariant currents
1 .1
K_: E_i J_, K+: E +§ J+, (234)
where Jy = k10, k and
1 ro 1 ro ro - ro
varying the action (2.30) leads to the following equations of motion
(AOLK_ +0-Ki+[K{,K_|)=0, A=k'5k. (2.36)

E] operator. The operator Ej acts on the space ¢, and is related in a non-trivial way
to its counterpart Ey, reserved for the corresponding operator acting on g. Let us now
present the precise relationship between Ejj and Ej. The two pairs of dual bases {T,T}
and {S, S} are related by an Opn(R) transformation preserving the inner product (2.7),
that is

B-C26) GHE)ER)-() e

Taking the quadratic form in the basis {7, T} to be given by

Gt G:'B
Kp = 0 0 =0 2.38
r (—B()Gal Go — BoGalBo) ' ( )

,10,



the quadratic form in the basis {S, S} becomes

oo (WX Gy! Gy ' By wtyt
T \y z)\-BuGy"' Gy - ByG;'By ) \ xt 2t

! . (2.39)
(G Gy By
—-B\G, ' Gy - ByGL B, )
corresponding to the non-linear transformation rule
E,=(X'"+ Ey'whH Nz + E; YY) . (2.40)

Let us check the validity of this expression for certain special cases. For the Poisson-Lie
duality presented in section 2.1, the first model is obtained by integrating out the G-valued
field. In this case, W = Z = 1 and X =Y = 0, and hence E] = Ey, as expected. The
dual sigma model on the other hand corresponds to the integrating out the G-valued field.
In this second case, X =Y =1 and W = Z = 0, and the relation Ej = E, ! follows. This
is nothing other than the relation between the Poisson-Lie dual models (2.11).

We introduced the spaces ¢ and € to study Poisson-Lie dual models where we dualise
with respect to a subgroup Gy C G. Recalling the associated structure (2.18), along with
the splitting of the generators for g and § as {T,} = {T,,T,} and {T*} = {T* T}
respectively, it follows that the bases of £ and € are given by {S,} = {7, T,} and {S*} =
{T,,, T*} respectively. It is therefore natural to introduce the additional block structure

T, ., (T
ne(B). e (E) o

For the case of interest, that is the Poisson-Lie dual with respect to Gg, we therefore have

X:Y:(“), W:Z:<00>. (2.42)
00 01

Substituting these expressions into the right-hand side of (2.40) and defining

Ey = <é g) , (2.43)

E(’):< ATH o ATB > | (2.44)

we find
—~CA'D-CA™'B
assuming that A is invertible.

Generalisation to coset spaces. We conclude this section with a discussion of how the
above construction generalises to coset spaces [36, 42, 43]. Let us introduce a subgroup
H C G and the corresponding Lie algebra h = Lie(H). Note that the dual space h identified
by the canonical pairing (2.7) does not necessarily form an algebra. Moreover, in the most
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general case there is no basis of generators for g such that a subset generates gg and another
subset generates ). Consequently, in addition to the two pairs of dual bases {14, T 4} and
{54, 54} introduced above, we also introduce a new basis of d = g 4+ § denoted {U,,U*}
such that a subset of {U,} generates the gauge group H. More explicitly,

Uy = (g:) : (2.45)

where span{Uz} = bh, a = 1,...,dim H. The remaining generators are labelled by a Greek
index @ = 1,...,dim G — dimH. The operator Ey : § — g written in the {U,, U} basis

can be written in block form
A B
En=1| """ 2.46
0 <C D) ’ (246)

where A : h — h. Following the construction of [36], we are interested in the limit where the
number of fields in the original model is reduced by dim H. For this purpose a parameter

¢ 1A B
Ey = _ - 2.4
0 ( C D) ’ (2.47)

and as € — 0, under some mild assumptions outlined in [36], the model develops a local

e is introduced

gauge invariance. This gauge invariance also appears in the first-order action on the Drin-
fel’d double and hence we would expect this to also be the case for the various Poisson-Lie
dual models. Furthermore, this has been explicitly demonstrated for the Poisson-Lie dual
with respect to G in [43] and the proof should go in a similar way for the more general
Poisson-Lie duals considered here.

3 Application to the n and A\* deformations

In this section we explore the application of the methods of section 2 to the 1 deformation
of the symmetric space sigma model for the coset G/H [12]. The action for this model can
be written in the form (2.12) for a certain choice of the operator Ey that preserves the
integrability of the undeformed model.

3.1 The nn and A\* deformed models

We begin by reviewing the construction of the 1 deformation of the symmetric space sigma
model for the coset G/H [12] (with G a compact simple Lie group). In particular, we write
the action in the form (2.12). Starting from the corresponding model on the Drinfel’d
double (2.20) this allows us to investigate in which subgroups of G the 1 deformed model
can be Poisson-Lie dualised and construct the corresponding backgrounds.

Our starting point for the construction of the 1 deformed model will be the compact
simple Lie group G, with Lie algebra g = Lie(G), and the complex Drinfel’d double D = G©,
with Lie algebra 0 = g© = Lie(D) [10, 12, 33, 41].
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The complex Drinfel’d double. Let us introduce a Cartan-Weyl basis for the complex
Lie algebra 0 = g€, composed of the Cartan generators {h;} and positive {e,,} and negative
{fu} roots. The Cartan generators and the simple roots satisfy the defining relations

(hi, ej] = ajje; his f5] = —aij f5 lei, f5] = 0ijhy, (3.1)

where a;; is the symmetrised Cartan matrix. We furthermore define the non-simple roots
such that if e;; and ey are two positive roots commuting to give a further positive root
ep, then

[61\47 eN] = NMNP€P , [va fN} = _NMNPfP . (3'2)

This choice then allows us to normalise the non-vanishing components of the Killing form
such that
/‘i(hz’a hj) = Qjj , /‘G(eMa fN) =O0un - (3'3)

The complex Lie algebra d can then be decomposed into two real subalgebras
0=g+b, (3.4)
where g is the compact real form generated by
(T} = {icishy,i(en + fu)—(ew — )} (3.5)
and b, the coduality algebra, is the Borel subalgebra generated by
{T"} = {bijhy, earyien} - (3.6)

Here c;; and b;; are real constants such that the corresponding matrices ¢ and b have non-
vanishing determinant. If the latter are further constrained in terms of the former through
the relation

b=ctat, (3.7)

then the ad-invariant inner product on the double
<x, :c'> =Imk(x, ), z, 2 €0, (3.8)
is normalised and maximally isotropic with respect to the decomposition (3.4)
(T,,T?) =065,  (T.,Ts)=(T"T")=0. (3.9)
Introducing the structure constants for g and b
T4, T5) = fapTo,  [THTP) = fA7cT°, (3.10)

we have
[TA,TB] == fCABTC + ]E:BCATC . (311)

We further introduce the components of the Killing form for the compact real form g

K}(TA,TB) = KaB, (312)
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and its inverse, k*“Kkep = 05, with which we lower and raise indices. Let us recall that
lowering the upper index of f,z°, the structure constants of the simple Lie algebra g,
results in the completely antisymmetric tensor f,zc.

Finally let us note two useful relations for which we introduce the projectors Py and

Py onto g and b respectively. If we parametrise g = explf] € G and g = exp[f] € B, with
6 € g and 6 € b, then we have!

Py Ady = Py Adexpps) = Py explady] = exp[Pp ady],

(3.13)
P, Ad; = Py Ad

@ = Pa expladg] = exp[Pgadg] .

exp

Therefore when ¢ and ¢ are exponentials of algebra elements, which we will henceforth
always assume to be the case, we have that

Py Ad, ' Py Ady = exp[—Py adg] exp[Py adg] = Py,

—1 (3.14)
Py Ad; " Py Adg = exp[—Pgady] exp[Pgads] = Py .

Drinfel’d-Jimbo R-matrix. The Drinfel’d-Jimbo R-matrix will play an important role
in the construction of the n deformed models. This R-matrix is defined by its action on
the Cartan generators and the positive and negative roots

Rey = iey, RfM = _ifM s Rh; =0, (3'15)

where we have normalised such that the R-matrix satisfies the modified classical Yang-
Baxter equation

[Ry. Ry'| — R(ly. Ry'| + [Ry.y'D) = lv.y'], vy €a. (3.16)
We further define its action on the basis {74}
RTA — RABTB 5 (317)

where we note that (3.15) preserves the compact real form. Furthermore, one can see
that the R-matrix is an antisymmetric operator with respect to the Killing form (3.12).
That is kK(Ts, RTs) = —k(RT4, Ts) and hence Rz“kcy = —R,kep. Finally, the structure
constants of the Borel algebra b are related to those of g through the R-bracket

RADfDBc + RBDfADC = KAD/{BE“CFJEDEF . (3-18)

Symmetric space. To construct the n deformed symmetric space sigma model for the
coset G/H we introduce the subgroup H with the corresponding Lie algebra h = Lie(H).
As we have a symmetric space we can decompose g according to the underlying Z, auto-
morphism

g="b+p, [h,b] Ch, h,p] Cp, p,p] ChH. (3.19)

'The final equalities in these relations follow from Pyadj = (Pyads)™ and Pgad} = (Pgady)", both
of which can be proven by induction. Here we give the proof for the first, while a similar proof can be

easily constructed for the second. The relation Pyady = (Ppadg)™ is clearly true for n = 1. While
if we assume it to be true for n = k — 1 we have (P adg)k = Ppade(Ps adg)k_l = Ppadg Py ad’gfl =
Py adf —Pyady Py audlgf1 = Py adl, and hence it is true for n = k. The final step follows as ady maps g to g.
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Furthermore, the Killing form (3.12) is orthogonal under this decomposition. Thus, recall-
ing the bases {U;} of h and {Us} of p introduced in section 2.2, we have

k(Ua, Ug) = Kz, k(Usg, UB) = Kaj k(Usg, UB) =0. (3.20)

We can now use the Killing form of the Lie algebra g and its decomposition under the
symmetric space structure to define a map from g — b

P :Uz — —Eﬁagﬁg, P :U;z — —nKaBUB, (3.21)
where € and 7 are free parameters. In the following we will be interested in the limit e — 0

P=PF: h=0, (3.22)
p—b.

and hence we define

Poisson-Lie symmetric model. An arbitrary element € 9 has a unique decomposi-
tion x = y + z, with y € g and z € b. Without loss of generality we may write the action
of the bilinear form K on an element = € ? (defining the model on the double (2.20)) as

K(z) = (2,Goz) + (y + Boz, Gy ' (y + Boz)), (3.23)

where Gg and By are the symmetric and antisymmetric parts of a general operator Ejy :
b—g.
Starting from the model on the double (2.20) and parametrising the group-valued field
leD as
l=gg, geB, g€G, (3.24)
we integrate out the degrees of freedom contained in b to find the following Lorentz-invariant
action for g

S(g) = /d20 (9701, g '0_g), (3.25)

Eo +1(g)
where?
II(g) = PyAd, ' Py Adg Py : b — g . (3.26)

The inverse of the symmetric operator Gy is a map G|, L. g — b. Therefore we may
take Gy ' = P as defined in (3.21) and rewrite the action (3.25) as

S(g) = /d20 (97'01g, P

1 _
T B e 9 0

We would now like to consider the limit ¢ — 0 and demonstrate that if we take Bg? =
kR, where

BoT* = By Ty, (3.28)
the action develops a H gauge symmetry. Recall that x*? and R,” are the components of
the inverse Killing form and the Drinfel’d-Jimbo R-matrix respectively.

2Inserting additional projectors in the first relation of (3.14) we find
(Py Ad, " Py)(Py Ady Py) = Py = (Py Ady Py) = (Po Ad, ' Py) ',

where we understand (Py Adg Py) and (Ps Ad, ' Py) as invertible maps from b — b. Using this relation we
can rewrite the operator II(g) = Py Ad; ' Py(Py Ad, ' Py) ™" in the form given in (3.26).
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Gauge invariance. Under g — gh the left-invariant one-form transforms as
g tdg — Ad; (g7 dg) + htdh . (3.29)

The non-covariant piece takes values in b and hence P(h~'dh) = 0. Furthermore the sym-
metric space commutation relations (3.19) and the orthogonality of the Killing form (3.20)

imply that
Pylad?, PPy, =0, €bh,
oladg, P|Pg £eb (3.30)
Pb[Adh,P]PQZO, heH.
As a result the action transforms as
1
S(gh) = [ d®0 (g '04g, P ~1o_g) . 31
(gh) / (7049, P Py(Bo + I(gh))Py Ad; 1 P? 9 (3:31)
For invariance we then require that
P (Ad;, Py(By +II(gh))Py Ad, ') P — P (By +11(g)) P =0, (3.32)

understood as an operator equation acting on g. In appendix A (see also [36]) we show
that this condition is satisfied if the components of By solve

B fop” — foe"BPP = fo5, . (3.33)

Let us consider stronger condition in which we allow the free indices to run over their
full possible range. Recalling that Bj'” and fizc are completely antisymmetric, we can
rearrange (3.33) to take the form

HAEB(])EDJCDBC + RBEBé?DfADC = HADHBE/‘GCFJEDEF . (3~34)

This equation relates the structure constants of b to those of g and furthermore takes
exactly the same form as (3.18) if we identify

Bg? = k"R . (3.35)

Hence with this choice in the limit € — 0 we find that (3.27) is invariant under gauge
transformations g — gh.

Relation to the 1 deformed model. With the identification (3.35) the action (3.27)
becomes that of the n deformed symmetric space sigma model.

Let us give a brief overview of the n deformed principal chiral model [10, 11]. The
principal chiral model for the group-valued field g € G is defined by the action

Spom = —/d2aﬁ(g_13+g,g_159) : (3.36)
where, as before, k denotes the Killing form on g. As the terminology suggests, this

action is invariant under both the left and right action of G. Furthermore, it is possible
to demonstrate that this model admits a Lax pair, and is therefore classically integrable.
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The integrability preserving 7 deformation of the principal chiral model (often referred to
as the Yang-Baxter sigma model) is defined by the action [10, 11]

Spcm,y = —/dQUf‘i <913+9, 913—9> ; (3.37)

1
1 —-nR,
where R, = Adgf1 R Ad, and the antisymmetric operator R acting on the Lie algebra g
satisfies the non-split modified classical Yang-Baxter equation. The deformation breaks
the invariance of the action under the left action of G. The currents associated to this

transformation )
Kij=—k|Ty—-— -1 .
ca=n (T posan™) (3.39)
satisfy the equation
8+K_7E + 8—K+7E — ’I’] K/EC (RADfDBC + RBDfADC) HAFNBGK+7FK_7G 3 (339)

indicating Poisson-Lie symmetry, with the structure constants of the coduality group given
by (3.18) up to an overall factor of n. For n = 0, corresponding to the undeformed model,
and 7 # 0, corresponding to the deformed model, the Drinfel’d doubles are different, with
the former a contraction of the latter. In the first case, the dual structure constants van-
ish, the dual group is abelian and the Drinfel’d double is the semi-abelian double. In the
second case, it is possible to rescale the dual generators to remove the dependence on n
in the structure constants, and show that the Drinfel’d double is indeed the complexifica-
tion D = GC.

This deformation can be extended to coset spaces [12]. The action of the 1 deformed
symmetric space sigma model is given by

1
cS‘SSSI\/[777 = —/d20‘/{ <g_18+g,P]1_77Rg13g_18'g) s (340)

where P is the projector onto p as defined in the decomposition (3.19). Up to an overall
factor of 7, this action has precisely the same form as (3.27) provided that

(Bo +11(9))"" = &"“(Rg)c", (3.41)
which reduces to (3.35) for g equal to the identity. Therefore, we have the relation
I(g)"" = k" (Rg — R)c", (3.42)
between the operators II(g) : b — g and R: g — g.

Poisson-Lie duals of the 1 deformation. Let us consider the Dynkin diagram of g.
Any subalgebra gg of g associated to a sub-Dynkin diagram has the property that the
commutation relations (2.15) and (2.16) are satisfied and hence generates a subgroup with
respect to which we can Poisson-Lie dualise. To prove this let us recall the generators (3.5)
of g and (3.6) of b. For a particular sub-Dynkin diagram we take the corresponding set of
the Cartan generators and simple roots, which we label by the index 7. The associated sets
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of positive and negative roots are labelled by the index m. The remaining Cartan elements
and simple roots are labelled by the index 2, while the remaining roots are labelled by the
index m. To summarise we have the following bases

{T.} = {icghy, i(em + fin), —(em — fm)}, (T} = {bijhy, em,iem}
{To} = {icijhj,i(emn + fn), —(em — f)} (T} = {bijhj, em,ien}

for the spaces go, go, m and m respectively. It is important to note that we have set ¢;; = 0.

(3.43)

This is so that go indeed forms a subalgebra of g as required.

Let us now check the commutation relations (2.15). We begin by observing that in this
setup go also forms a subalgebra by construction. It transpires that the only non-trivial
relation that needs to be considered is

[bijhj, ex] = bijazer = (¢ ires (3.44)

where we have used relation (3.7) in the last equality. This is the commutator of an
element of gg with an element of m that gives an element of go. Therefore, for consistency
with (2.15), we require that the right-hand side vanishes. Indeed this is the case since
¢z; = 0 implies (¢7*);; = 0. This in turn implies that

[bgjhj, €m] =0. (3.45)

Finally, for the commutation relations of (2.15) to be realised, it is then sufficient to
observe that

[hiyem] o e € m, lem, en] € {ep} Cm, lem. en] € {ep} Cm, (3.46)

are relations that are true by definition for a subalgebra associated to a sub-Dynkin di-
agram. The relation (2.16) then follows from those in (2.15) by the ad-invariance of the
inner product, which implies that t= go + m forms an algebra.

It is also possible to include, in the Lie group with respect to which we dualise, addi-
tional U; factors built from the remaining Cartan generators. To be precise, any subset
of the generators {ic;jh;} can be moved from the set {7},} to {7,} in (3.43), while at the
same time we move the corresponding elements of {b;;h;} from {T%} to {T%}. As these
are Cartan generators it follows that gg and go will still form algebras. Furthermore, as
the Cartan generators are external in the Lie algebra m, as seen from the first relation
of (3.46), and commute amongst themselves, m will still satisfy [m,m] C m. The same
relation also implies that the other condition of (2.15), [go, m] C m, also remains true. As
we will see including such additional factors corresponds to taking the abelian dual.

Finally, we note two dualities and the corresponding choices of ¢ that are of particular
interest in the context of the n deformed model. The first is the Poisson-Lie dual with
respect to G, which refer to as the A* deformation. In this case the Lie algebra whose
degrees of freedom we integrate out is ¢ = gy = g, which is unimodular, that is fu;° = 0,
as g is a simple Lie algebra. As discussed in section 1, this model is conjectured to be
an analytic continuation of the corresponding A deformation of the symmetric space sigma
model.

,18,



rank G

The second is the Poisson-Lie dual with respect to U , which we refer to as the

complete abelian dual. In this case € is generated by
{chjh], eM, Z.ejw} . (347)

As we are considering real Lie algebras, the factor of the imaginary unit in front of the
Cartan generators implies that this is also a unimodular algebra. In contrast, the Borel
subalgebra (3.6) will in general not be unimodular.

3.2 The example of S?

The first example we consider is the 7 deformation of S? and its Poisson-Lie duals. The
isometry algebra of S? is so3 = suy. From the analysis in section 3.1 the Drinfel’d double
associated to this n deformed model is sl (C), the complexification of sus. The coduality
algebra, generated by the Cartan subalgebra and the positive roots, is bs.

SU; and B2 embeddings in SLy(C). We consider the 2 x 2 matrix realisation of sl3(C).
Employing the basis of Mat(2; C)

(NST>UV = dsuorv, ST,...=1,2, (3'48)
we introduce the Cartan-Weyl basis
h=DNi— Ny, e=Ng, f=Na, (3.49)

with Cartan generator h, positive root e and negative root f. Together they satisfy the
defining relations

[h,e] = 2e, [h, f]=-2f, e, fl="h. (3.50)
Let us now take the explicit basis for the Lie algebra sy
T, =ih, Th =ile+ f), T3=—(e—f), (3.51)
and for by
leéh, T?=e, T3=ie. (3.52)

The ad-invariant inner product on the double
(z,2") = Im Tr[za'], z,2’ € sly(C), (3.53)
is normalised and maximally isotropic with respect to both sus and bs
(T,,T?) =065,  (Ta,Tp)=(T"T")=0. (3.54)

Finally let us note that the Killing form for the simple Lie algebra sus in this basis is
orthogonal and we normalise such that

1
Rap = Tr[TATB] = ZfACDfBDC = 2045 . (3-55)

Starting from the model on the double (2.20) with [ € SLa(C) we integrate out the
degrees of freedom corresponding to different three-dimensional subalgebras to construct
various Poisson-Lie dual sigma models. In this example we shall consider three cases:
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(i) integrating the degrees of freedom corresponding to by, generated by {T, T2, T3},
(ii) integrating the degrees of freedom corresponding to sus, generated by {T1,T5, T3},

(iii) integrating the degrees of freedom corresponding to the algebra generated by
(T, T%,T3}.

We can use the inner product (3.54) to identify the duals of these algebras as certain
subspaces of the Drinfel’d double sly(C): for (i) the dual space is spanned by {711, T%, T3},
for (i) it is spanned by {T", T2, T3}, while for (iii) it is spanned by {T*, Ty, T3}. For (i)
and (ii) the dual spaces are subalgebras of sly(C), however for (iii) this is not the case.
It is also worth noting that, in agreement with the discussion in section 3.1, the trace
of the structure constants vanishes for (ii) and (iii) (corresponding to the A* deformation
and complete abelian dual respectively) and hence the algebras are unimodular. This
is in contrast to (i) (corresponding to the 1 deformation), for which the algebra is not
unimodular.

Let us consider each of these cases for the n deformation of S?. This model is a
deformation of the symmetric space sigma model for the coset

g2 o V2
Uy

Here we will follow [36, 42] and identify the generator of the U; gauge group with 77. The
backgrounds for cases (i) and (ii) were constructed in [36, 42] for a matrix Fy depending

(3.56)

on two parameters. In [16] it was shown that in the special case
1 el 0 0
Ey = 5| 0 7t 1|, (3.57)
0 —1nt
in the e — 0 limit, these backgrounds correspond to those of the n and \* deformations

respectively. This matches the form of Ej in the action (3.27) with By defined in (3.35).
We will first briefly review these results before turning to case (iii).

Case (i). As described in section 3.1, to construct the  deformation of S2, we start from
the model on the double (2.20) and decompose the group-valued field [ € SLy(C) as

l=gg, g € SU,y, g € By . (3.58)
We can then integrate out the degrees of freedom g corresponding to case (i) above. Using
the H gauge freedom, g — gh, to gauge-fix
g = expl¢ 11 /2] explarccosr T /2], (3.59)
we find the sigma model action for the following metric and B-field?
2

_ 1 nr

1

B=—- do Adr .
" 21+ n?r? o ndr

plds? =
(3.60)

*The B-field is defined with its normalisation factor, that is to say B = 1 B;,dX’ AdX".

— 20 —



This is indeed the 7 deformation of S? [13, 34]. Note that the B-field is a total derivative
and hence can be set to zero by a gauge transformation. The overall factor of 1 comes
from our definition of the Poisson-Lie symmetric model (3.27) and hence also appears in
the same way in the dual models. Even though we have explicitly included this factor, we
always think of it as being absorbed into an overall coupling constant. In particular, we
ignore it when taking the limit n — 0.

Case (ii). To construct the Poisson-Lie dual model corresponding to case (ii), that is the
A* deformation, we instead parametrise the group-valued field I € SLy(C) as

l=g3, geSUy, §GeB,. (3.61)

Integrating out the degrees of freedom ¢ and using the H gauge freedom, § — h~'gh, to
gauge-fix [36]
§ = explp /2] expllog(1 + ) T1/2] (3.62)

we find the metric and B-field corresponding to the \* deformed model for S?

st ! <dC2+(1+772)2 (dp+<¢—p2/4_ 27 >d<)2>,

2(1+7?)(L+¢) \ p? An? 1+¢  1+n*) p
n1B=0.
(3.63)
We also recall the field redefinition introduced in [16]

p=2V/r*—¢ -1, (=@p+q°-1, (3.64)

for which the background takes the following particularly simple form

1 dp?
—13.2 2 -1

ds*=——5—-——( — +d B =0. 3.65
e 2(p2q21)<772+q>’ ! ’ (365)

The undeformed limit, that is 7 — 0, can be taken by first rescaling ( — n¢ and p — np
in (3.63) (or equivalently p — 1+ n%p and ¢ — nq in (3.65)). The resulting background is,
as expected, the non-abelian dual with respect to SU, of S2.

Case (iii). As a simple example of the setup described in section 2.2 we consider case
(iii), that is the Poisson-Lie dual with respect to Gg = U; generated by 77. We write the
field k € SLa(C) of the action (2.30) as

k=mjog, Go€Go, meM, geSUs, (3.66)

where Gg and M are generated by {1} and {T?, T3} respectively. The left-acting K gauge
freedom, generated by {77, T72,T%}, can then be used to partially gauge-fix

k= gog . (3.67)
Using the remaining K and the right-acting H gauge freedoms to gauge-fix

k = exp[2¢ T explarccos r Ty /2], (3.68)
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the background of the dual model is given by

_ 2 147022 - r ~ 1 dr?

17.2 2

d? = 22752 9 " qgar 4 -

noas n? 1—r2 ¢ 1 —r2 ¢T+21—T2’ (3.69)
n'B=0,

where the field (5 is actually associated to a non-compact direction in the Drinfel’d double.
After rescaling ¢ — n¢, this background is precisely the abelian dual of (3.60). The
same rescaling also allows us to take the undeformed limit. Note that redefining <f~> —
no + 1 log(1 + n?r?) diagonalises the metric of (3.69) and the duality with (3.60) becomes
manifest, now up to a total derivative in the B-field.

Starting from the A\ deformation of various low-dimensional spheres, the complete
abelian dual of the corresponding 7 deformation can be recovered via a combination of
limits and analytic continuations [16]. Motivated by this we investigate a related limit of
the \* deformation that gives the abelian dual of the 1 deformation of S2. Considering the
metric and B-field of the former given in (3.65), we redefine

p—cosh2p, ¢ — rsinh2¢, (3.70)

which gives the background

_ 2 1+ n?r? coth? 2q3 ~ rcoth2d§ ~ 1 dr?

17.2 2

ds* = — d 2————d¢dr + -—

KRR ORI dedrt o (3.71)
n1B=0.

This is equivalent to working with the action (2.30) and using the left-acting K and right-
acting U; gauge symmetries to gauge-fix

k = exp[2¢ T explarccos r T /2] . (3.72)

Here we emphasise that we are considering case (ii), and hence, in contrast to case (iii), the
Lie algebra whose degrees of freedom are integrated out is € = suy. However, crucially in
both cases we can use the (different) gauge symmetries to achieve the same parametrisation
of k € SLy(C).

Now sending either <z~5 — —00 Or ¢ — o0 (and subsequently redefining qB — —&)
in (3.71) we indeed recover the background of the abelian dual (3.69). In order to explain
this behaviour we focus on QNS — —o0. In this limit the right action of 29Tt on the algebras
we integrate out in cases (ii) and (iii) coincides. That is

(T1, Ty, T} 29T 2270 1y 73, 7212900 (3.73)

Consequently, there is no longer a distinction between the Poisson-Lie duals with respect
to Uy and SUs.
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3.3 The example of S°

Our second example is the 1 deformation of S® and its Poisson-Lie duals, a first step towards
exploring the Poisson-Lie duals of the AdSs x S® superstring sigma model. The isometry
algebra of S° is s0g = suy. From the analysis in section 3.1 the Drinfel’d double associated
to this n deformed model is sl4(C), the complexification of suy. The coduality algebra,
generated by the Cartan subalgebra and the positive roots, is bs. In this example the rank
of the Drinfel’d double is 3 and hence there is a richer structure than for the n deformation
of §? discussed in section 3.2.

SU4 and B4 embeddings in SL4(C).
5[4(C) and define the basis of Mat(4; C)

We consider the 4 x 4 matrix representation of

(NST)UV = dsu0rv, S, T,...=1,2,3,4. (3-74)

The Cartan generators hj, j = 1,2, 3, the positive simple roots e; and the negative simple
roots f; given by

hi = Ni1 — Naa, ha = Nay — N33, hs = N33 — Nua,
er = Ni2, ez = Nag, e3 = N3g, (3.75)
Jf1 = Nat, f2 = N3z, f3 = Nuz,
satisfy the defining relations
[hi,hj] =0, (hi, ej] = aje;, (hi, fi] = —aij fj, les, fi] = dijhi, (3.76)
where a;; are elements of the Cartan matrix of suy. The non simple roots follow from the
commutators
eq = le1,ea], es = [ea, €3], es = [e1, [e2, €3]], (3.77)
f4:[f27f1]7 f5:[f37f2]7 f6:[f3)[f27f1]] .
Let us now consider the following explicit basis for the Lie algebra suy
Ty =icyih; , Ts = icgih; , T11 = icgih;,
Ty =i(e1 + f1), Tr =i(e2 + fa), Tio =i(es + f3),
T3 = —(e1 — f1), Ty = —(e2 — fa), T3 = —(e3— f3), (3.78)
Ty =i(es + fa), Ty =i(es + f5), Tia = i(es + f6)
Ts = —(es — fa), T = —(es — f5), Ti5 = —(e6 — f6)
and for by 3 3 .
T = byih;, T = byih; T = b3h;
T2 = ¢, T = ey, T2 = e,
T3 =iey T8 = iey, T8 = ies, (3.79)
T4:€4) T9:€5) T14_66)
T5:ie4, Tlo:ie5, T15—ze6
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The coefficients ¢;; and b;; should obey relation (3.7). We also normalise the Killing form
for the simple Lie algebra suy such that

ian = Te[T,Ty] = é Fac® fonC . (3.80)
As for the S? example, the ad-invariant inner product on the double
(z,2") = Im Tr[za'], z, 2" € sly(C), (3.81)
is normalised and maximally isotropic with respect to both su, and by
(T,,T") =065, (T4, Ts)=(T*T")=0. (3.82)

SO5 embeddings in SL4(C). The 1 deformation of S° is a deformation of the symmetric

space sigma model for the coset
SU4
Sy 3.83
50, (3.83)
and hence we need to specify the embedding of H = SOgs in SU4. To this end we introduce

the following basis of sy

n'? = §(h1 + hs), n*t = §(h1 — hs), n = 5(’11 + 2h2 + h3),
131 151 35 _ 1
n” =5 (I~ Ts), n? =5 (I~ Tis), n” = 5 (T5 + Tho)
o1 _ 1 26 _ 1 46 _ 1
n™ =S (=T5 — Ti3), n™ =S (Ts + T1s), n™ =5 (=15 + Tho), (3.84)
1u_ 1 6 _ 1 36 _ |
n =T+ 1), n” =5 (T7 = Th), n” =5 (T +1p),
23 _ 1 25 _ 1 45 _ 1
nw = §(T2_T12)a n” = 5(—T7—T14)> n> = §(T4—T9),
satisfying the standard commutation relations of sog = suy. In what follows we take h =
so5 = span{n’ : s,t = 1,...,5}, while the five remaining generators {n*® : s = 1,..., 5}
span p.

As discussed in section 3.1, the requirement of H gauge symmetry relates the antisym-
metric operator By to the structure constants of the dual algebra (3.33). This is condition
solved if By and the R-matrix are related as in (3.35). It is interesting to note that, if it is
possible to choose a specific orientation of the R-matrix with respect to the H gauge group
such that it maps p to b, then the contribution of By in the action (3.27) drops out and
II(g) transforms covariantly under H gauge transformations.

Dualisation with respect to subgroups Go. The Lie algebra suy has a much richer
subalgebra structure than the Lie algebra sus considered in section 3.2. Therefore, many
more dual models can be constructed. However, the commutation relations (2.15) impose
constraints on the subgroups with respect to which we may Poisson-Lie dualise. In sec-
tion 3.1 we proved that it is possible to Poisson-Lie dualise in subgroups associated to
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sub-Dynkin diagrams. Considering SUs C SUy as an example, this leads to the following
three choices: suy = span{%hj,i(ej + fj),—(ej — f;)} with j = 1,2 or 3. For j = 1,3, the
embedding of the SO5 gauge group in SUy is such that Gg C H, while for j = 2 this is not
the case. Here we shall present various explicit results for Go = {1, U, SUs} and conclude
with a more general discussion of higher-dimensional subgroups. To be precise, we will
explore the following cases:

(i) integrating the degrees of freedom corresponding to by, generated by {T# : A =
1,...,15},

(ii) integrating the degrees of freedom corresponding to the algebra generated by {71, T4
AZQ,...,15} with 17 = ihq,

(iii) integrating the degrees of freedom corresponding to the algebra generated by {7123,
T4 :A+#1,2,3) with T} = ihy,

(iv) integrating the degrees of freedom corresponding to the algebra generated by {7673,
T4 : A+#6,7,8 with Ty = ihs.

The backgrounds of the different models are computed using the action (2.30) with G 1=
P, defined in (3.21) and (3.22), and B3'”? = k*“R.". The various models differ in the choice
of the Lie algebra € that is integrated out. Of course, this implies that the field k € K\D
appearing in the action takes values in different spaces, and a convenient parametrisation
has to be found in each case separately. This is done by starting with the group-valued
field k € SL4(C) using the gauge symmetry

k — kkh, heH, kekK, (3.85)

to gauge-fix n+dim H of the 2n degrees of freedom contained in k. (Here 2n is the dimension
of the Drinfel’d double: in this example we have n = 15).

Case (i). The first case, in which the dual algebra by generated by {T*: A =1,...,15}
is integrated out, yields the original 1 deformed model. We set the constants c;; and b;;
such that
Ty = ihy | Ts = L(hy + 2ho + h3), Ty = ihs,
2
) ) . (3.86)
Tl = §h1 ) T6 = §(h1 + 2h2 + h3) ; Tll = §h3

Parameterising k£ = gg in the action (2.30), with g € G = SUy and g € G = By, one simply
takes k = §g~! in the gauge transformation (3.85) to gauge-fix 15 degrees of freedom, along
with the following parametrisation of the coset G/H,

gh _ e¢1T1 /2+¢2Th1/2+¢Ts EATCCOS T T3 earcsin r(Two—T5)/2 ’ (387)
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fixing the remaining 10. The corresponding metric and B-field are

plds? = — ( - r2)d¢2) +r2g2 (M>2
2

1422 \1— 12 2
r? da? doy +dgy >
1% (2222 3.88
+1+7]27’4af2<1—:c2+( x)( 2 > ’ (3.88)
4
4 nrex dey + deo nr
B=-— de — ———dpAd
g 1~l—7721"4x2( 2 Ade 1+ n2r2 ¢ Adr,

which is indeed the 7 deformation of S® [13]. The parametrisation has been chosen in such
a way that the three U; isometries correspond to shifts in the angles ¢, ¢; and ¢2. This
form of the background will be useful for comparing to the Poisson-Lie dual models that
we consider, however it is worth noting that the reparametrisation %(gbl + ¢2) — ¢1 and
%(qbl — ¢2) — ¢o simplifies the metric and B-field.

Case (ii). We begin our investigation with the dualisation in the abelian subgroup
Go = U; generated by T7. In this case the commutation relations (2.15) are automati-
cally satisfied, independent of the choice of ¢;; and b;;. We will use the same basis (3.86)
as in case (i) and hence the subgroup with respect to which we dualise lies completely
within the gauge group. Starting from the model on the double we integrate out the de-
grees of freedom corresponding to the algebra generated by {71, T4 A=2,..., 15}. The
parametrisation

- ' ) B
k= e¢1T /2+¢2T11/2+¢T6earccos;vT13earC51n7”(Tlo T5)/2 ’ (389)

gives rise to the background

1 dr? r2 daz2
—17.2 2y 742 2 2y 342
ds® = 1—7r)d 1—27)d
s 1+772r2(1—r2+( r)¢>+1+772r4x4<1—x2+$( a:)<;52>
1 1+n%ria? r2x ~
A2r2 1 nrigt -7 T n2pd 7d¢1dz,
1 1-— 1’2 ~ 777°4x3 nr
-1
B=—(2——F5——1)d¢1 Ad¢pg — ———F—dp2 Ade — ———=dp Ad
K 4n ( 1+ n?riat ) ¢1/ g2 1+ n?rixt g2\ de 1+ n?r? o Adr,

(3.90)
which is invariant under shifts in the angles ¢, (;31 and ¢o generating three U; isometries.
Note that the field ¢~)1 is again associated to a non-compact direction in the Drinfel’d double.
After rescaling ¢, — 77¢~>1, this background is nothing other than the abelian dual in ¢1 of
the 7 deformed model (3.88). The same rescaling allows us to take the undeformed limit,
in which we recover the corresponding abelian dual of S°.

Case (iii). Let us now consider the dualisation with respect to the non-abelian group
SUs generated by sup = span{71,T>,75}. The commutation relations (2.15) are no longer
automatically satisfied independent of the choice of ¢;; and b;;. Indeed, following the
discussion in section 3.1 we are required to set c1o = ¢13 = 0. In fact, we will use the same
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basis (3.86) as for cases (i) and (ii). Again the subgroup with respect to which we dualise
lies completely within the gauge group.

We start by constructing a suitable parametrisation for the field k£ € K\D appearing
in the action (2.30). The group-valued field k& € SL4(C) can be written as

k‘:gg:ﬁ”bgog, gGSU4, §€B4, goeéo, ﬁlEM, (3.91)

where Go and M are generated by {T1%3} and {T* : A = 4,...,15} respectively. We
can then partially gauge-fix by taking k = go/i ! in the gauge transformation (3.85). The

resulting expression for k is

k = (90dody )(gogh), g0, Go € SUs, h € 505, (3.92)

where gg, go and h are understood as gauge degrees of freedom. Using an explicit 2 x 2
matrix representation for Gy = SUy and Go = Bo, one can show there exists a gy € SUs
such that gogog, '€ By. Furthermore, for suy = span{T}, T5, T3} we can choose gy and go
such that

90d0g, " = explpr T'] . (3.93)
From now on we will take gg such that this relation is satisfied. This however only partially
fixes the degrees of freedom of gy, with the remaining freedom given by go — exp[€T1]go
and go — exp[¢ T1]go. Therefore, k is now given by

k = expl¢ T exp¢ Th]g'h, (3.94)
where we have used that exp[{ T1] commutes with exp[qz~51 Tl] and defined ¢’ = gog € SUy
as a new field. Using the parametrisation of the coset G/H

g/h _ e¢1T1/2+¢2T11/2+¢T6 earccosleg earcsinr(TlofTs)/Z 7 (395)

it is then clear that we can choose the gauge degree of freedom £ to gauge-fix ¢; = 0.
Therefore it follows that we can use the same parametrisation as for the abelian dual in
case (ii), namely

k= qulfl /24p2T11/2+¢Ts eArceos Tis earcsin r(Tho—T5)/2 ) (396)

The metric and B-field are

1 2 1 dz?
n71d32 ( dr +(1- T2)d¢2) + :

- 1+n2r2 \1— 12 47727”2@
r222(1 — 22) 1 dz dz \*
1 dé3
+1+772r4(:v2+z—1—1)2 <21—Z+~’C(1_x2)> )
n—lB:i 22° z+nrt(e® 427 1) —1 LAdqbz 9

An \ z 1+n*ri(a? +271 1) (1-2)

4,002 | -1

nric(e® + 270 — 1) "
N dgg Nz — ——5—=dp Ad
L4+ n?ri(a? + 271 —1)2 paidr 14 n?r? ondr
z = 1—6&1 .
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While shifts in ¢ and ¢» remain isometries, shifts in ¢; no longer leave the background
invariant.

Let us now consider two interesting limits of this background. First, sending either
$1 — —oo0 or ¢1 — oo (and subsequently redefining z — 1 — 22 and ¢ — —¢;) we
recover the abelian dual (3.90). This behaviour is explained by a similar logic to that used
in the 2 example in section 3.2. In the limit ¢; — —oo, the right action of en1T1/2 on §
coincides for cases (ii) and (iii). Explicitly we have

{1y, Ty, Ty, TA}ehT/2 D270 oy 8 72 payedi /2 =g 15, (3.98)
Therefore, there is again no longer any distinction between the Poisson-Lie duals with
respect to Uy and SUs.

Second, after appropriately rescaling ¢~>1 — 77(]31, we can take the undeformed limit. As
expected, the resulting background

dr? r2¢~)2 dz? r2z?(1 — mz)qp 1 -
14,2 2942 1 1.2 2
ds® = 1—7r9)d = - d —d
nodst =g r)¢+r4+¢%1—x2 o+ 2 92+ 2991, (3.99)
1 ~ 7‘4:qu~51 .
-1 2
B=—-(1-2x%)d¢1 Adoo + —d¢po Adx,
7 4( )dp1 A deo R P2

is the non-abelian dual with respect to SUs of S°.

Case (iv). The last case we investigate in detail corresponds to the dualisation in the non-
abelian group SUsg generated by sus = span{7Tg, 77, Ts}. In order to satisfy the commutation
relation (2.15) we need to take ca; = co3 = 0. Therefore we set the constants ¢;; and b;;
such that

T1 =i(h1 + hg + h3), Ts = iha, Ty = §(h1 — h3),
: ) X (3.100)
Tl:g(h1+h2+h3)v T6=§h2, Tll:g(hlth) :

One important difference with respect to case (ii) and (iii) regarding the technical compu-
tation is that the subgroup with respect to which we dualise does not lie completely inside
the gauge group. In order to find an appropriate parametrisation of k € SL4(C) we proceed
in the same spirit as in case (iii) and choose to work with

k— 6¢~>3T6/2+¢1 (T17T6)/2+¢>2T11earccos:pTlsearccosr (Tho—Ts)/2 ) (3101)

The resulting metric and B-field have a complicated structure. Their expressions are not
particularly enlightening and we refer the interested reader to appendix B for the details.

Rather let us briefly comment on the analogous limits to those discussed above in case
(iii). Shifting $3 by a constant is not an isometry of the Poisson-Lie dual background (B.8).
However, it becomes a symmetry if we send either q53 — —00 or q~53 — 00. In both these
limits we recover (up to a total derivative for the latter) the background of the associated
abelian dual (B.7). Note that to see this for ¢3 — oo we also need to subsequently redefine
2= V1 —22 and ¢35 — —¢s.
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In the undeformed limit, after an appropriate rescaling of the dual field ¢s, we again
find the non-abelian dual with respect to SUs (3.99). While the two non-abelian duals
recovered in the undeformed limits are the same for cases (iii) and (iv), this is not true for
the two Poisson-Lie duals. In particular, the integrated degrees of freedom are associated
to algebras that are not isomorphic: the algebra in case (iv) has two one-dimensional ideals,
while the algebra in case (iii) does not.

Higher-dimensional subgroups. To conclude this section let us briefly summarise the
subgroups of SU, with respect to which we can Poisson-Lie dualise the 7 deformed S°
symmetric space sigma model. As discussed in section 3.1 these subgroups are classified
by sub-Dynkin diagrams. For SU, the possible choices are:

e SU; type 1, generated by {ih;,i(e; + fj), —(ej — f;)} where j =1 or j = 3.
e SU, type 2, generated by {ih;,i(e; + fj), —(ej — f;)} where j = 2.

e SUjy x SUy, generated by {ih;,i(e; + fj), —(e; — f;)} where j =1,3.

e SUs, generated by {ih;,i(e; + f;), —(ej — f;)} where j =1,2 or j =2,3.

e SUy, generated by {ih;,i(e; + f;), —(ej — f;)} where j =1,2,3.

For SU(2) type 1 and SU(3) we have two different options. In these cases the Lie algebra
whose degrees of freedom we integrate out, that is €, are isomorphic and accordingly we
expect the dual models to be the same.

It is only for the final case, which corresponds to the A* deformation, that the algebra
t is unimodular. However, let us recall that we can include additional Uy factors, whose
number is limited only by the fact that the total rank of the Lie group with respect to
which we dualise should be less than or equal to that of SU4. These factors can always be
chosen such that € becomes unimodular.

4 Concluding remarks

In this paper we have initiated the investigation into the space of Poisson-Lie duals of
the n deformation of the symmetric space sigma model for the coset G/H (with G a
compact simple Lie group). Starting from the model on the Drinfel’d double D [37, 38]
with D = G we identified a class of subgroups Gy C G with respect to which it is possible
to dualise. The corresponding Lie algebras gy = Lie(Gg) are constructed by picking a
subset of the Cartan generators of G along with the associated roots. Such subalgebras
are in correspondence with sub-Dynkin diagrams. Additional U, factors built from the
remaining Cartan generators can also be included, and correspond to abelian dualities. It
would be interesting to investigate if there are further possible dualities, based on non-
semisimple groups, when the Lie group G is taken to be non-compact. This would be
relevant, for example, for the 1 deformation of AdS space.

In the undeformed limit the Poisson-Lie duals of the 1 deformation reduce to the corre-
sponding non-abelian duals of the symmetric space sigma model. However, the restrictions
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outlined above suggest that not all non-abelian duals can be deformed. Therefore the de-
formation restricts the space of allowed dualities. On the other hand two non-abelian duals
that are isomorphic before the deformation may no longer be so afterwards.

Applying this formalism to the specific cases of the n deformations of S? and S° we
have demonstrated these properties on a number of different examples.

Curiously there is an alternative relation between the n and A\ deformations [16]. An-
alytically continuing the latter and taking certain infinite limits one recovers the complete
abelian dual of the former. For the examples of S? and S° we have seen hints of the al-
gebraic structure underlying the existence of these limits. Starting from the Poisson-Lie
dual with respect to an SUs subgroup and taking an infinite limit in the field associated
to its Cartan generator we recover the abelian dual of the n deformation. This should be
interpreted as a certain contraction limit on the Lie algebra whose degrees of freedom are
integrated out. Understanding the interplay between the algebraic and geometric limits in
detail may provide greater insight into the relationships between these models.

It may also prove interesting to explore the n — oo limit of the Poisson-Lie duals.
Various ways of taking this limit in the 1 deformed model have been studied [12, 20, 34, 52—
54], with the limit of [52, 53] having the particular algebraic interpretation as a contraction
of the ¢ deformed algebra [54].

Our initial motivation for exploring the space of Poisson-Lie duals was to gain a better
understanding of the Weyl anomaly of the 7 deformation of the AdSs x S® superstring. The
preservation of Weyl invariance under non-abelian duality [55, 56] and Poisson-Lie dual-
ity [50, 51, 57] has been discussed extensively in the literature. In such expositions a Weyl
anomaly is typically associated to integrating out the degrees of freedom corresponding to
a non-unimodular algebra, that is whose structure constants satisfy f,;? # 0.

While the models discussed in this paper are not conformal, it is interesting to note
that, starting from the model on the Drinfel’d double, the n deformation is associated
to integrating out a non-unimodular algebra (the Borel subalgebra b), while its complete
abelian dual and the A\* deformation are associated to integrating out unimodular algebras
(an alternative real form of the Borel subalgebra and the simple Lie algebra g respectively).
Lifting this to the AdSs x S superstring may provide an explanation of why the 1 defor-
mation does not define a supergravity background, yet its complete abelian dual and the
A, or \*, deformation do [15-17, 21, 28].* Indeed, we have checked that the aforementioned
unimodularity properties also hold for the isometry algebra of the AdSs x S? superstring,
psuy 1)2, as well as for the dual Borel subalgebra of the Drinfel’d double psly o (C).

There are number of open questions that would need to be addressed to formalise this
proposal. In this paper we have assumed that the n and A\* deformations are Poisson-Lie
dual, a claim that remains to be proven for the deformed symmetric space and superstring
sigma models. Furthermore, it would be necessary to understand the model on the Drin-
fel’d double in the path integral formalism together with its quantum properties, crucially
including conformal invariance. There has been a substantial amount of work already in
this direction [50, 51, 57-65], however, a systematic approach that could be applied to the
AdSs x S superstring remains lacking.

4BH would like to thank Arkady Tseytlin for a number of discussions on these and related issues.
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Were the Weyl anomaly to be understood in this way, it would identify those Poisson-
Lie duals of the n deformed AdSs x S° superstring that define string theories and those
that do not. One particularly interesting Weyl-invariant example would be the Poisson-Lie
dual with respect to the bosonic subgroup of PSUj54. This would have the same metric
and B-field as the \* deformation, but with different, possibly simpler, Ramond-Ramond
fluxes and dilaton. In fact there already exist candidate supergravity backgrounds for this
model and its integrable cousins [66, 67].

Finally, tracking the fate of the conserved charges, g deformed symmetry and classical
integrability under Poisson-Lie duality would open the door to solving these string theories.

Note added. After this paper was posted to arXiv, the interesting article [68] appeared.
In this paper the author demonstrates classical integrability, via the construction of a
Lax pair, for a class of Poisson-Lie symmetric models. This class includes the Poisson-
Lie duals of the n deformation considered in this paper, thereby confirming their classical
integrability.
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A Gauge invariance of the 17 deformed model

In this appendix we show that if the components of the operator By satisfy (3.33) then
the gauge invariance condition (3.32) is fulfilled. In the following derivations we recall that
the operator By maps b — g while P maps g — b. We are therefore able to make the
replacements

By — PgBQPb s By — B()Pb s By — PgBo s

(A.1)
P — P,PP, P — PPy, P — PP,

where it is useful to do so. The reverse replacement can be made in the final case of each
line, while for the first two cases it can be made if the operator is already acting on an
object taking values in the relevant space. Similarly one may make the replacements

ad Py — Pyad} Py, heg,

(A.2)
Ad, Py — Py Ad, Py, geG,

along with the reverse replacements.
We start by recalling the definition of II(g) (3.26) and expanding (3.32)

P Ad, Py(Bo + Ad;, ' Ad; ' Py Adg Ady)Py Ad, ' P = PPy(By + Ad, " Py Adg)PyP .
(A.3)
This condition should be understood as an operator equation acting on g, with each term
in (A.3) mapping from g — b.
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Let us analyse the condition (A.3). In the second term on the left-hand side we in-
sert the identity operator Py + Py between the Ad, and Ady, operators. The term arising
from the Py insertion now contains the combination Py, Ad, Py, which is the zero opera-
tor. Using (3.14) to replace P, Ady Py Ad, ' with Py in the remaining term, (A.3) then
simplifies to

P(PyBoPy — Ady PgBoPy Ad, )P = P(Ad, PgAd, " —Pg) Ad, ' Py Adg PP . (A4)

We now observe that the operator (Adj Py Ad,:1 —Py) is the zero operator when acting on
g as h € H C G. Therefore we are free to insert Py after this operator in (A.4). Again
using (3.14) to replace P, Ad, P, Ad;1 with Py the dependence on g drops out and we are
left with

P(PyBoPy — Ady, PyBoPy Ad, ')P = P Adj, Py Ad, ' Py P, (A.5)

where we have also used that PyPp = 0.

It is still the case that each term in (A.5) is an operator that maps from g to b.
Therefore we act on (A.5) with the operator Py Adfl1 Py, which is invertible on b, from the
left to give

P(Ad; ' PyByPy — PyBoPy Ad; ') P = PPy Ad, ' Py P . (A.6)

Let us now assume h takes the form exp[{], £ € h and demand that (A.6) is satisfied
at each order in £&. The O(£™) term in the expansion (up to a numerical factor) is

P(ad? PBB()P[, — PgBon ad?)P = PPg ad? Pbp . (A?)

This relation is trivially satisfied for n = 0. Assuming that (A.7) is true for n = 1 and
n=k—1, for n =k we have

Padf PgByPyP = Pady ad’g—l P,ByP,P
= Py ads PP,ByPy ad?*l P + Pyade PP, ad’g*1 P, P
= PPyByPyade Padf™' +PPyade PyPad; " +Pade Pyady™" PP
= PPyByPy adf P+ PPgade(Py + Py) adf ™' Py P

= PP ByPyadf P+ PPyadf Py P,
(A.8)
where we have used the identity (3.30). It then follows that (A.7) is true for n = k.
Therefore if we find a solution to (A.7) for n = 1 by induction this will also be a solution
for all n.
The final step is to find a solution to (A.7) for n = 1. Let us take £ = Uz and act with
both sides of (A.7) with n =1 on Us. Doing so we find

BngEDB - fDE&BéjB = JF&BEa (A,Q)

recovering (3.33) as claimed.
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B List of parametrisations and backgrounds

In this appendix we present the metrics and B-fields for case (iv) of section 3.3. Recalling

6,11

that the relevant basis for the Cartan generators, 77 611 and T! , is given in (3.100), we

use the parametrisation

g= e¢3T6+¢1 (Th —TG)/2+¢2T11€arccosxT15 earceos T (Tho—T5)/2 , (Bl)
for the S° background and its i deformation, while for the various dual models we take

k— egZ;gTG/Qer)l (TlfTﬁ)/2+¢2T11earccosxT15 parceos T (T1o—T5)/2 ) <B2)

With these parametrisations we find the following metrics and B-fields:

e S° background:

2 2 2 2 2\ 1,2 227 ,2 dr? 2 dz?
ds® =r°(1 —2z7)(d¢1 — de3)” + (1 — r*)d¢; + rz=des + TR (B.3)
B=0.
e Abelian dual in {ihs}:
1 - dr? dz?
ds* = r’2?(1 — 2%)d¢? + (1 — r*)des + @dqag ta T e 5
. i (B.4)
B = 5(1 —2%)d¢y Ados .
e Non-abelian dual in {iha,i(e2 + f2), —(e2 — f2)}:
2,.2 2\ 72 2 272 2
o rexf(l—x)¢p3 . o 9\ 1,9 1~ dr r¢s  do
= 1 — — =
ds (25%4-7“4 d¢1+( r)d¢2+47"2d¢3+1—7“2+¢§—|—r41—$2’
1 ~ T4xg53
B=—(1—-2%d¢; Adgs — = depy Adx .
2( r7)d¢r A des 74 o1 N dx
(B.5)
e 1) deformation of S°:
2 2 2.2
—149.2 re(1—x) 2 2\ 1.2 T 2
= _ 1— s
nods 1+772(1—r2)(1—r2x2)(d¢1 des)"+(1-r )d¢2+1+n2(1—r2x2)d¢3
n 1 (1—z?)dr—r(1—r?)xdx)?
1+n2(1=r?2)(1—r222) (1-r?)(1—22)(1—r2a2)
N 1 (zdr+rdz)? (B.6)
1+n?2(1—r222) 1—r2z?
-1 nr 2 2
B = dp1—des )N (1—z”)dr—r(1— d
1B = b (0 —de) (1= dr=r(1=r)ada)
nr

—— 55 dP3A(zdr4rdx) .
+1+n2(1—r2x2) ¢3N\(xdr+rdx)
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e Poisson-Lie dual in {ihs}:

172 _ z?(1—a?) o (149°B0) (14+n*(1=r%)Bo) 7o
n ds N d¢1+( )d¢2+ 47727,,2]\70 d¢3
dx dr 2
( r2 ~ n2(1—r2) <a0 1,2 —2T:Udl‘> )
x ~ 1 ~ B.7)
A (2—r*+2n*(1-1%)) dgsda— - (1—22+n*aoBo) desdr,
1 _ (1—x2)(1+7]2/30)d¢ /\dé +nr2xa0d¢ Ad +27]7~g;2(1—x2)d¢ »
n a 277N0 ! 3 NO ! . NO ! "

Ny = 1—|—772(1—7"2a:2)2, ag = 1—(2—7‘2):62, Bo = 1—r22? .

e Poisson-Lie dual in {ihg,i(e2 + f2), —(e2 — f2)}:

r?z?(1 — x?)

rtds? = T g 4 (1 - )3
A+7*8) A+ 71 =r)p) +n*riz2(1 = 2) -
+ des
An?r2N
1 dr? 5, da? 9 5 dr 2
+N<1—7“2+T —a2 (1—r)<a1_r2—2rxdm>
. 1 _
+%(2—r2+2n2(1—r2)ﬁ) ddsde — — ((1 = 20?) + n’aB) ddudr,
_ 1—2) 1+ 2B +n*r?(a+222) 271 (1 — 2 ~
P\ B EYCES Tt (EE IO
niN
2 ) 2(1 — 22
+ mdqﬁlAdx+Wd¢lAdr,
p=1-e, —1+77 (P + 27" = 1) + 1) —dra®2 1) |
a=1-2%+r*(* +27" - 1), B=1+r%a?+2711-22%) —1).

(B.8)
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