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these geometries with the predictions of the analytical quasiparticle model based on EPR
pairs, and find excellent agreement in the limit of large region sizes. At subleading order
in the region size, we observe an anomalous logarithmic growth of entanglement coming
from the zero mode of the scalar.

KeEYwoORrDS: Conformal Field Theory, Field Theories in Higher Dimensions, Integrable
Field Theories

ARX1v EPRINT: 1609.00872

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP11(2016)166


mailto:jcotler@stanford.edu
mailto:mark.hertzberg@tufts.edu
mailto:mezei@princeton.edu
mailto:mark.t.mueller@mac.com
https://arxiv.org/abs/1609.00872
http://dx.doi.org/10.1007/JHEP11(2016)166

Contents

1 Introduction 1
2 Time evolution of entanglement 5
2.1 Gaussian wave function in free scalar field theory 5
2.2 The correlation matrix approach to quenches 7
2.3 Different types of quenches 8
2.3.1 Boundary state quench 9

2.3.2  Mass quench 9

2.3.3  Other quenches 11

2.4 The quasiparticle model for a quench 11

3 Numerical results for strips and spheres 12
3.1 Intervals in 1 spatial dimension 12
3.2 Strips in 2 and 3 spatial dimensions 15
3.3 Spheres in 2 and 3 spatial dimensions 17

A Coordinate systems and mode decompositions 19
A.1 Coordinates for strip geometries 19
A.2 Spherical coordinates and spherical harmonics 22

1 Introduction

A global quench is a simple setting in which we can study thermalization in isolated quan-
tum systems: at t = 0 we start with an atypical translationally invariant, short range
entangled initial state |¢o), and let the state evolve in time.! In a generic quantum system,
during the process of thermalization all simple observables converge to the value they take
in the Gibbs ensemble. A good characterization of thermalization is how close the reduced
density matrix of a small subsystem A, p4[|1(t))] is to the reduction of the thermal density
matrix to the region A, pf}f x Tr 4 e PH where 8 is to be chosen such that the expecta-
tion value of the energy agrees between the two density matrices. One way to quantify
the proximity to thermal behavior is to calculate the von Neumann entropy of p4(t), and
follow as it evolves from an area law value to saturation at the thermal entropy.

In a free theory, because of the infinitely many conserved charges the above picture
requires modification. The time evolution leads to simple observables converging to their
values in the Generalized Gibbs Ensemble (GGE) [1] instead of the Gibbs ensemble. In

"We use the word quench somewhat loosely; a more narrow definition describes a process in which the
abrupt change of the Hamiltonian turns the ground state of the pre-quench Hamiltonian into an excited
state of the post-quench Hamiltonian.



this paper we will work with Gaussian states in free scalar field theories: for these states
it is known that the set of charges that one has to include in the GGE are the particle
numbers in each momentum mode [2].2 After the quench we focus on the case of massless
fields.

We investigate entanglement entropy growth of these fields for geometric subregions
in diverse dimensions. We discretize the theory on a lattice and use the correlator matrix
approach to numerically compute entanglement and Rényi entropies. The continuum limit
can be achieved by taking a scaling limit:

where R is the characteristic size of the region A, ¢ is the time measured from the quench,
a is the lattice constant, and (i is the inverse of the effective temperature in the mode
with wavenumber k. Let us introduce

Sa(t) = Sa(t) —Sa0) (1.2)

to get rid of the vacuum area law pieces in the entropy.? In the limit of large region sizes
and times

it is expected that the entropy obeys a scaling form:

Sa() = svol(A) f<;>

f0)=0,  fleo) =1,

(1.4)

where s is the entropy density in the GGE,* f(0) = 0 follows from the definition, and
f(o0) = 1 assumes that the entropy reaches the equilibrium value predicted by GGE. In
the limits (1.1), (1.3) the finite area law pieces in the entropy are suppressed by the factor
R/j. In summary, we want to work in the double scaling limit

Rit> B >a. (1.5)

There is a useful toy model for entanglement growth introduced in [6, 7] and general-
ized to higher dimensions in [8]. This model assumes that the quench creates quasiparticle

*For non-Gaussian states the story is more complicated [3, 4].

3We want the subtracted entropy Sa (t) to have a good continuum limit. In theories with low-dimension
scalar operators the entropy can exhibit a state-dependent divergence structure [5]. In these theories there
should exist a corresponding ambiguity in the definition of the entropy that allows us to regularize the
entropy in a way that Sa () is finite for all times. In theories with state-independent divergence structure
any regularization will yield a finite result. Free scalar theories are of the latter type. Of course, S.a(t)
itself is well-defined on the lattice.

“In a generic system without any conserved quantity other than the energy, it would be the thermal
entropy density.



Figure 1. The two types of geometries we examine in this work. Regions A and A partition the
system into two distinct regions. Starting with a pure state, we trace out region A to obtain a
reduced density matrix p4, from which we compute the entanglement and Rényi entropies. Left:
the strip geometry with two sides separated by a distance 2R. Right: a spherical geometry of
radius R.

EPR pairs® localized on length scales O(3). In the scaling limit (1.5) the pairs can be
taken to be pointlike. In a massless theory, the pairs then propagate with the speed of
light,® and S4(t) counts the number of pairs that have one member in A and the other
in A. While the model reproduces the entropy of one interval in any 1 + 1 dimensional
conformal field theory (CFT) [6], for more complicated geometries it only works in inte-
grable CFTs [11]. In this work we find overwhelming evidence that the quasiparticle model
reproduces the growth of entanglement in higher dimensional free massless scalar field the-
ories in the scaling limit (1.5), by comparing the predictions of the quasiparticle picture
to numerical computations in strip and sphere geometries, see figure 1. We study two
types of quenches: the boundary state quench corresponds to starting the evolution from
a regularized boundary state of the CF'T, which leads to S = B, while the mass quench
corresponds to abruptly changing the Hamiltonian of the system by changing the mass
parameter, and leads to a k-dependent effective temperature. The quasiparticle picture
works for both quenches equally well.

We emphasize three key features of our findings. First, we find (in the two geometries
we consider) that at early times the entropy exhibits linear growth of the form:

Sa(t) =vgsarea(A)t, fr <t< R, (1.6)

where by area(A) we mean the area of the entangling surface, vol(9.A). The dependence
on the shape only appears through area(.A), and the entanglement velocity vg is shape

°In higher dimensions we can consider more complicated patterns of entanglement, as explored in [8].
Intuitively, however, for Gaussian states that we consider in this paper the bipartite entanglement structure
encoded in EPR pairs seems to be the appropriate choice.

In massive integrable models, they follow a nontrivial dispersion relation [9, 10].



independent.” Second, we comment on the saturation time tg. For spherical geometries
entanglement saturates as fast as allowed by causality [15],

tphere) — g (1.7)

We find that tg is strongly shape dependent,® and for a strip geometry”

£5P) — o (1.8)

We reiterate that the results (1.6), (1.7), and (1.8) are in agreement with the quasiparticle
model. They are just simple properties of the function S A(t) in the limit (1.5), which
according to our findings is in complete agreement between the numerical computation in
the free massless scalar field theory and the quasiparticle model. Third, we point out an
unexpected aspect of our numerical results: we see a logarithmic growth of entropy even
after the saturation time (1.7), which however is subleading in the limit (1.5), and therefore
does not spoil the agreement with the quasiparticle model in the appropriate regime.'® We
identify the scalar zero mode as the source of this logarithmic growth, but the phenomenon
deserves further investigation.

Besides the intrinsic interest in the study of equilibration in free field theory, we are
also motivated by the scarcity of computations of entropy growth in field theories. Our
results elevate the status of the higher dimensional quasiparticle model from a toy model
to an actual description of entanglement growth in free massless scalar field theories.!!?
The results then provide a useful benchmark for strongly coupled theories: the conclusion
of [8] that in strongly interacting (holographic) theories entanglement spreads faster than
allowed by free streaming,

U](Efree) < Uglolographic)’ (1.9)
is reinforced. In general, collecting results on entanglement growth from various systems
could lead to further insight into the workings of equilibration in quantum systems, both
integrable and chaotic. For further discussion from this viewpoint see [16].

Using similar techniques, it is possible to study global quenches in free fermion theories.
The analytical and numerical techniques for analyzing global quenches in free scalar fields
could potentially be extended to interacting field theories either perturbatively [17] or
non-perturbatively [18, 19]. Such generalizations could shed new light on the dynamics of
entanglement in interacting systems. In this paper we restrict our attention to instantenous

"In the regime £, < t < R the curvature of A should be irrelevant for the process, so (1.6) is intu-
itive. (1.6) is also known to hold in strongly coupled theories with a holographic dual [12-14].

8In chaotic (holographic) examples the shape dependence of tg is mild, but still non-trivial [13, 14, 16].

9The intuition behind (1.8) is that there are quasiparticle pairs propagating almost parallel to 0.4 that
take an arbitrary long time to start to contribute to the entropy.

10Unless we extrapolate this growth to exponentially large times.

1n 14 1 dimensions the quasiparticle model has already been solidly established as a valid description
of entanglement growth in integrable models.

120f course, the outstanding problem is to give an analytic derivation of the quasiparticle picture from
the field theory.



quenches. It would be very interesting to extend our analysis to smooth quenches, where
the duration of the quench §t introduces a new time scale. In the limit R, ¢, 0t > B, we
expect the entropy to again obey a scaling form (1.4), but the scaling would become a
function of two variables f(¢/R, dt/R). Correlation functions obey universal scaling laws
in this limit [20-23], and it would be interesting to explore, if those results carry over to the
case of entanglement entropy. It would also be interesting to see, if a modification of the
quasiparticle model could reproduce the scaling function f(¢/R, 6t/R). Perhaps, smearing
the time of origin of the EPR pairs could be a useful starting point [8].

The plan of the paper is as follows. In section 2 we provide an introduction to our setup:
we review the correlation matrix approach of computing entropies, and we discuss the
quenches considered, along with the quasiparticle model. Section 3 contains the numerical
results for the entanglement and Rényi entropies, and a comparison with the quasiparticle
model gives excellent agreement. A brief investigation into the logarithmically growing
mode is also included. Some further details of the setup are relegated to the appendices.

2 Time evolution of entanglement

We consider the time evolution of a Gaussian wave function in free scalar field theory
through a quench. What enables us to do the computation is that the time evolution of
an arbitrary Gaussian initial state remains Gaussian in a free theory. The computation
simplifies in the global quench setup due to the preservation of translational and rotational
symmetry: the kernel of the Gaussian remains diagonal for all times in momentum space.
We can then apply the machinery developed for Gaussian states in free field theories [24—27]
that we review below.

2.1 Gaussian wave function in free scalar field theory

Let us consider the Hamiltonian for a free massive scalar in d + 1 spacetime dimensions

H= ;/ddx [12 4+ (Vo) + m?¢?] (2.1)

where 7 is the canonical momentum for ¢. The Hamiltonian (2.1) can be discretized and
written in a general form

| N , 1 N
H:2;ﬂ'i +2i;1¢iKij¢j~ (2.2)
We will consider Gaussian wave functions!?
| X
P(t) = N(t)exp [— 2”2_1 ¢ Qi5(1) ¢j:| ; (2.3)

13For the purposes of computing entropies this is the most general Gaussian state. Linear terms in the
argument of the exponential (leading to non-vanishing one point functions) can be transformed away using
local unitaries leading to no change in the entropies.



where N (t) includes the normalization of the wave function and an overall time dependent,
but ¢;-independent phase. If the wave function is of the form (2.3) at one instant in time,
it remains of the same form for all times when evolved by (2.2). The ground state of the
system is obtained by setting Q = VK.

Let us diagonalize K by making the orthogonal transformation O on the fields ¢ and
canonical momenta 7

¢g=0¢, p=0Tnm, (2.4)

then K takes the form
K=0TKpO, (2.5)

where Kp is diagonal. K is the discretized version of the operator —V?2 +m? and O is the
discrete Fourier transform. Then it is clear that to describe translationally and rotationally
invariant quenches, it suffices to restrict to the case where 2(¢) commutes with K. In terms
of the new ¢ variables the Gaussian (2.3) is diagonal:

1 N
v =N |- 33 A0 @ (2.6
=1

A simple example to keep in mind is a mass quench: we prepare the initial state through an

abrupt change of the Hamiltonian H |m2 — H ‘m which is implemented by the change

20’
Ko — K = Ky —m?1. All of our claims above are readily verified for this case.

As a warm-up problem for the time evolution, let us consider a quench in which we
change the frequency of a harmonic oscillator abruptly at ¢ = 0, from frequency w before

the quench to @ after the quench. With initial state given by the pre-quench ground state

bolg) = <:>1/4 exp [— ;’ﬂ , (2.7)

the solution to the time-dependent Schrédinger equation reduces to a complex Riccati
equation for the kernel Q(t), which can easily be solved by standard methods to give the

post-quench wave function'*

wumzwﬁmm{—w(@+w‘@‘”””m>f] (28)

2\ 0+ w+ (0 —w)e 2wt

For the correlation matrix approach, we need to calculate all two-point functions.!®> A
straightforward computation gives

Q = (¥t 9l [¢(t, q)) = ﬁ [w? + @? — (W? — &%) cos (20 1)]

P = ()(t, q)|p*(t, q)) = iw [w? + &% + (w? — &) cos(2t)] (2.9)

R = (0(t,0) 3 (.o}t ) = 2 sin(21).

MThere are two easy checks of this formula: at ¢t = 0 it gives back the initial Gaussian, and for w = @ we
get the ground state wave function with trivial time dependence.
150ne point functions vanish by construction.



Note that we do not lose any information by considering %{q,p} instead of ¢p, because
%{q, p} =qp— % An important physical quantity is how much energy we inject into the
system when we quench this harmonic oscillator:

2 ~2 .2

((t, q)|Haz|v(t,q)) = (¥(t, q)| <p2 i W2q

w? + @?

Juta =S5 e

Based on the solution (2.8) for a single harmonic oscillator, we immediately see that
for a collection of harmonic oscillators of the discretized scalar field theory, the initial and
post-quench wave functions are

vl = [ <‘j;’>1/4 o [~ ]
N (2.11)
U(t,q) = Hib(tv ),

s
I
—

where 9(t,q) is given in (2.8). In (2.11) it is understood that one should make the re-

~ ~ 2
placement ¢ — ¢;, © — @;, and w — w;, where w;

characterize the initial state, and &J? are the diagonal elements of Kp. Recall that as dis-

are the eigenvalues of 2(0) that

cussed around (2.5), 2(0) and K can be simultaneously diagonalized. To be completely
explicit, we write out the ¢-dependent part of the wave function as

| N
U(t,¢) = N(t)exp [— B Z Gi Qz‘j(t)%’]

N v B (2.12)
o @p + wp — (g — wy)e 2wt
Q;:(t) = W = ~ —— Oy; Oy .
o ; Dp, + w + (@ — wy)e 2@t TH T

2.2 The correlation matrix approach to quenches

For this wave function it is now easy to determine the two-point functions of the canonical
variables. The generalization of the single harmonic oscillator results for the two-point
functions (2.9) is

N
Qi = (Pldiglt) =D Oki On; (Wil

k=1

N
Pyj = (|mimj$) = > Oki Oxj (V[pE|¢) (2.13)

k=1

1 Y 1
Rij = (1560 m3}0) = > Ok Oxj ($15{ak: pr}l¥) -
k=1

Let us introduce a vector of canonical variables in region A (we trace over A)

Xr = (i) , (2.14)



where 4,5 = 1,...,n are restricted to region A and I,J = 1,...,2n. The canonical
commutation relations read:

. 01
[xr, xJ] =iJrs, Jry = (_1 0) ; (2.15)

and the correlators can be collected into a 2n x 2n matrix [24, 25, 27):

ris = Sttt = (30 7). 210

Note that I';; is a real symmetric positive definite matrix. Such matrices can be brought
to Williamson normal form, i.e. there exists a symplectic matrix M that diagonalizes them.
M implements a canonical transformation (that preserves (2.15)):

v =My, MJMT =7,
P M — diag(vx) 0 . (2.17)
0  diag(vk)

The easiest way of determining 7% is to obtain the eigenvalues of the matrix ¢JI', which
are {£7;}. We have now successfully mapped the problem to computing the entropy of n
harmonic oscillators at finite temperatures:

T +1/2

vt (2.18)

B = log

Thus the entropy S = —Tr[p4log p.] is

SZ;S(%% S(v) = <’Y+ ;) log <7+ ;) - (7— ;) log <’y— ;) : (2.19)

and the Rényi entropies S, = —qfll log Tr[p?] are

Sy = ;%WM ;o Sy = p i  log K’y + ;)q — (v - ;)q] : (2.20)

In the symmetric geometries A that we consider in this paper, the matrix T' is block

diagonal. In the case of the strip, the different blocks are labelled by the momenta parallel
to the entangling surface; in the case of a sphere, the labels are the angular momentum
quantum numbers. The matrix I' is block diagonal as two point functions do not mix
different linear or angular momenta. In these cases, the above steps can be performed
block by block, and the entropy is just the sum of the contribution of each block. Details
of the different coordinate systems can be found in the appendices.

2.3 Different types of quenches

As discussed in the introduction, in free theories there are infinitely many conserved
charges, and equilibration only happens in the sense of the GGE. What this means for
our purposes is that any mode can be quenched independently, and they have their own
effective temperature. We shall focus on the case in which after the quench the mass of
the scalar field is zero (so w(k) = k), so in the continuum limit (1.1) the time evolution is
governed by a CFT.



2.3.1 Boundary state quench

From the point of view of effective temperatures mode by mode, a particularly nice state
to consider is the conformal boundary state model of a quench [6]

|¥o) = exp [— iH] |Dirichlet) , (2.21)

where |Dirichlet) is the Dirichlet boundary state. This state will have finite energy in any
dimensions, with mode-independent inverse temperature 8 = [, and is specified by the
relation

k
Bky "
tanh (T)
The requirement that the quench is described by the continuum field theory translates into

B/a > 1, as discussed around (1.5).%6
The Rényi entropy density arising from this quench is (in d spatial dimensions)

1 d?k
/d [log(1 — e PRy — glog(1 — e_ﬁk)]

w(k)pdy = (2.22)

g1 @
(¢ 1) Cd+T(HE) 1 (2.23)
(q=1)  A@E g
leading to the entropy density
a3 (d=1)
S CEETIC D .- 322%33 s, 1)
2rs (d=3)

2.3.2 Mass quench

In contrast to the boundary state quench, the mass quench — although it may seem more
physical — has less favorable properties. In particular, the relation

W(k)mass = V k% +m? (2.25)

produces a mode-dependent temperature [28]

(2.26)

4
og

4 k
Br = — arctanh < = )
Hoalk/m) > m

k w(k)

i.e., high energy modes have diverging effective temperature.!” Now the inequalities in (1.5)
will not be satisfied for all k. Nevertheless, we can intuit that the weaker condition

ma < 1 (2.27)

16Rewriting the inequality as % > %, we intuitively want the energy scale of a thermal excitation, which
is approximately 1/8, to be far less than the highest energy excitations which can be supported by our
lattice theory, which go as 1/a.

7The average energy in a high energy mode is still low.



should guarantee that we stay close to the continuum limit, which corresponds to low
energies. However, additional complications arise for d > 3, where the mass quench does
not produce a finite energy state, as the total injected energy (in excess of the vacuum

energy) is
~ 2
Wk — @
AB = (@t )|(F — Bao)(t.9)) = 32 B9 (2.28)
k
where we used (2.10). In the continuum limit the change in energy density is
d _ )2 d—3
AE _ / d'k (wk) k)" g (Auv T (2.29)
v 2m)d  dw(k) m

where Ayy > m is some UV cutoff scale. For spatial dimensions d = 1,2 the mass quench
produces a state with finite energy density as Ayy — oo, while for d > 3 we encounter
ultraviolet divergences; in particular in d = 3 we find a logarithmic divergence. We may
summarize these results as

»

AE s (1=
STaln mt(d=2). (2.30)
oo (d>3)

The Rényi entropy density for the mass quench is given by (2.23) with 5 — S, leading to

—q—+-cot(m/4
e m (@=1
Sq = 27E+1/;(171/2q)1+617pr((}1t11§2q)+2q(10g471) m2 (d — 2) , (2‘31)
4q—3 cot(mw/4q)+cot (37 /4
q (48/7r(‘1q)_1) (37/4q) .3 (d=3)

where g is the Euler-Mascheroni constant and (z) is the digamma function. The above
equations yield the entropy density

H(r—2)m (d=1)
s = lim s, = 1082 2 (d=2), (2.32)
ﬁmg (d=3)

and s = oo is divergent for spatial dimensions d > 4. Note that in d = 3 the entropy
density is finite, even though the energy density is infinite after a mass quench.

Furthermore, one also anticipates a divergent area law contribution to the entropy in
any number of dimensions. The entropy difference from before to after the quench (1.2) is
expected to result in an infinite area law correction for d > 3. For example, for d = 3 there
should be a log divergence in the change of the area law contribution [29]

2
ASuren = 2 1o <A;le> . (2.33)

247

So we will only focus on mass quenches in 1 and 2 spatial dimensions.

~10 -



2.3.3 Other quenches

The above formalism extends to any quench in which the kernel of Wy is diagonal in
Fourier space, meaning it takes the form (2.11). We have discussed boundary state and
mass quenches, since they are perhaps the most physical examples, but an arbitrary choice
of w(k) is allowed. If we want to preserve translation and rotation invariance, we only need
to choose a function w = w(|k|). This can be parametrized by a type of mode dependent
initial mass that we quench

w(k) = VE2+m2(k), (2.34)

for the initial wave function.'® Choosing a mass function that decays to zero (m?(k) — 0)
fast enough for large k can make AF finite in any dimension.

Another generalization that we may consider is to replace the instantaneous quench
with a smooth quench of duration dt, which would render the energy density injected into
the system by a mass quench finite [23].

2.4 The quasiparticle model for a quench

In this section, we will review the dynamics of entanglement using the quasiparticle picture
in which entanglement is carried by a uniform density of noninteracting EPR pairs [6-8].
We assume that the two quasiparticles which comprise a pair travel in opposite directions
at the speed of light, with an isotropic angular distribution.

In the quasiparticle model one can first fix a point x and time ¢, and determine the
contribution to the entropy of region A coming from EPR pairs that originated from that
point. These pairs will be positioned on a sphere of radius ¢ with center x. Let us denote
the part of this sphere incident in region A by L 4(x,t), and by u[L 4(x,t)] the contribution
to the entropy of this region. We have to sum over the points of origin to obtain the entropy
of region A:

SA@)zi/d¢xﬂﬂudxjﬂ. (2.35)

For any region B on a sphere, let us denote the set of antipodal points as B’, and the
complement of this set on the sphere by B’. Then u[B] is given by

vol(BN B')

. 2.36
vol(sphere) (2.36)

pulBl = s
This formula is intuitive. If B is contained within a hemisphere, then BN B’ = B, and
the quasiparticles in B will have pairs in B’, which lies entirely in .A. Then the formula
counts the fraction of the EPR pairs vol(B)/ vol(sphere), which have one member inside
A and the other outside. If, however, B is a bigger (or more complicated) region, taking
vol(B N B') instead of vol(B) eliminates those pairs, whose both members are in A.

8The initial wave function can be thought of as the ground state of a (non-local) Hamiltonian with
dispersion relation (2.34).

- 11 -



Although not discussed in [8], the computation presented here applies both to the
entanglement and Rényi entropies with the appropriate entropy density s (or s;) used
in (2.36).

In [8] the integral (2.35) was evaluated for symmetric entangling regions. Here we will
need the results for S4(¢) in d = 1,2, 3 spatial dimensions for a strip of width L = 2R and
a sphere of radius R. In d = 1, both cases degenerate to A being a finite interval of length
2R. For the the strip geometry in spatial dimension d, we have

sh'® 2t (<R

strip —
s 2R (t>R)
d=2
S ®) _ [ 21 (<5 (237)
sL 1t — V2 — R2 + Rarccos (£)] (t > R)
d=3
s L2 2R - (1> R)
Likewise for spherical geometries in spatial dimension d,
@ | 2[tVRT=# + R?arcsin (£)] (¢t < R)
(2.38)

Slen(t)  [2m[R?t -1t} (t<R)

s T R? (t > R)

The saturation times (1.7) and (1.8) can be easily read off from these expressions. The
expression for the entanglement velocity in d spatial dimensions is

r'e) (2.39)

Vg = —— .
CVAT()

In the next section, we will confirm the predictions of S4(¢) (and hence for tg and vg) with

numerical simulations of global quenches of free scalar fields.

3 Numerical results for strips and spheres

3.1 Intervals in 1 spatial dimension

In d = 1 spatial dimension the results for the entropy for intervals of different sizes in a
boundary state and a mass quench can be found in figure 2. For convenience we impose
periodic boundary conditions at the ends of the 1 dimensional region. In this figure we have
used the subtracted entropy (1.2). Mass quenches for the similar systems were analyzed
in [27, 30]. Related analytical and numerical results for local and global quenches in [26]
and references therein.

- 12 —



Quenches for Strips in 1+1 Dimensions
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Figure 2. Quenches for strips (intervals) in 141 dimensions. The top figure is linear time and the
bottom figure is logarithmic time. We have taken intervals of length 2R/a = 100, 200, 300, where a
is the lattice unit, both for boundary state quenches with 8 = 10 a and for mass quenches. For the
mass quench we have chosen m = 3(7r4+2)6 such that the resulting entropy density matches that of
the boundary state quench, see (2.23), (2.24). Curves from lower to upper represent 2R/a = 100
(black), 2R/a = 200 (blue), and 2R/a = 300 (red). Curves with circle-markers represent boundary
state quenches; curves with star-markers represent mass quenches (almost indistinguishable from the
boundary state quenches). In the top figure, the lines with no markers represent the quasiparticle
model predictions (2.37), using the entropy density corresponding to the quench. Note that the
linear ramp of the quasiparticle model is indistinguishable from the numerical results. The lines in
the bottom figure with no markers show the fit (3.1) to the linear asymptotic behavior ~ 1 log(t).

In figure 2 we see that the two types of quenches, the boundary quench and the
mass quench, give results that are nearly indistinguishable to the eye. The quasiparticle
prediction [6, 7] matches closely for ¢t < R with the correct entropy density s (2.24).
However, instead of sharp saturation at t = R, we see that the entropy keeps increasing
as a logarithm of time. To understand this deviation, we reproduce the same quenches in
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figure 2 (bottom), but plotted in logarithmic time. From fitting we find that the coefficient
of the logarithm is independent of R, and appears to equal 1/2.'° Since the coefficient
of the logarithm is independent of R, in the limit (1.5) this %logt behavior is subleading.
Hence the prediction of the quasiparticle model is obeyed in the limit of large region size

and time.20

Nevertheless, it is interesting to understand the origin of this %logt behavior, since
naively we would have expected saturation in finite time (possibly with 1/ t# power law be-
havior), and corrections to the quasiparticle model to be suppressed by 3/R. The massless
free scalar theory is known to exhibit peculiar logarithmic corrections in the entanglement
entropy in static situations due to the presence of a zero mode.?! This motivated us to
modify our setup in an attempt at getting rid of the contribution of the soft modes. We
observe that the %logt growth disappears if the quench leaves the soft modes in their
ground state (i.e. we choose an appropriate m?(k) in (2.34)),2? or if we take the harmonic
chain to be finite and consider the interval to be at the end of the chain. Both cases are
analyzed in figure 3 and figure 4, and the logarithmic growth is clearly gone.

Based on these results, we can give a heuristic explanation of the % log t behavior based
on the dynamics of the zero mode. The following argument was suggested to us by A. Wall.
After all the other modes have saturated, we can concentrate on the noncompact zero
mode of the scalar field. Its wave function is initially localized, and it spreads under time
evolution. The width of the wave function should go as v/t. Regarding the entropy as the
number of available states we immediately obtain the contribution log(#+v/t) = % logt+...
to the entropy. That the zero mode contributes the logarithm of its target space volume
to the entropy was discussed before in [34, 35]. In the smooth mass quench analyzed in
figure 3, the zero mode is not excited, while for the finite chain analyzed in figure 4, the
zero mode is absent due to the Dirichlet boundary condition, see also [33].

While the detailed exploration of complicated entangling regions and finite volume
systems is outside the scope of this work, in figure 4 we follow the time evolution for long
times on a finite harmonic chain, where the interval is at one end of the chain. We have
included this geometry to demonstrate that the quasiparticle picture continues to hold
in more complicated setups. The entropy exhibits exact revivals with profile exactly in
agreement with the quasiparticle model, which we obtain by mirroring the chain at each
end infinite amount of times.

19Tn more detail, we have fitted
S(t) = S + clog <¥> (3.1)

for the data points with ¢ > R. (3.1) diverges for t = R, so we started the fitting procedure a couple of
lattice units later in time. One can also consider introducing a time shift as an additional fitting parameter,
but this hardly changes the value of S and ¢. We found that ¢ = 1/2 within 2% accuracy. On figure 2
(bottom) we have plotted (3.1) with ¢ =1/2 and S fitted. The match is excellent.

20Unless we extrapolate this growth to exponentially large times.

2Tt was suggested to us by P. Calabrese that the behavior we observe here may be related to the
log (log %) correction to the one interval entropy in the vacuum discussed in [31-33].

22This is somewhat subtle, as the zero mode does not have a normalizable ground state.
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1 Smooth Mass Quench for Strips in 1+1 Dimension
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Figure 3. Modified mass quench for intervals of length 2R/a = 100,200,300, with m?(k) a
smoothed step function as shown in the inset graph. s in the quasiparticle formula (2.37) is adjusted
to match the numerical data points.
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Figure 4. Time evolution of the entropy of a finite harmonic chain with Dirichlet boundary
conditions on both ends. The region at the end of the chain is of size 2R/a = 300, and the full
chain is chosen to be 2L/a = 1050 long in order to avoid any special ratio L/R. We follow the time
evolution for a long time and find exact revivals. Note that because the region is at the end of the
chain, the slope of the curves is half of that in (2.37).

3.2 Strips in 2 and 3 spatial dimensions

For the strip geometry in spatial dimensions d > 2 we can decompose the fields in momen-
tum modes transverse to the entangling surface. Let us denote the entanglement entropy
of a massive scalar field of an interval by Sr(R,t, 3, m), where [ is the effective tempera-
ture in the quench, 2R is the width of the interval, and ¢ is the time. Then in d spatial

~15 —



dimensions (d; = d — 1 transverse dimensions) the entropy of the strip is (for details see
appendix A.1):

A1k
S(R.1,8) = A, / Gy SR ALK, (3.2)

where A, is the cross-sectional area of the sides of the strip and k; is the transverse
momentum running parallel to the sides of the strip. We use this formula to compute the
entropy numerically. To get a quantity with a well-defined continuum limit we make the
subtaction (1.2).

The results are collected in figure 5. In the figures we have also plotted the time
evolution of Rényi entropies, in addition to the von Neumann entropies. The results are
compared to the predictions of the quasiparticle model (2.37), and precise agreement is
found. By precise agreement, we mean up to area law terms subleading in the large region
limit, which are not accounted for in the quasiparticle model. In the graphs below we have
allowed ourselves to shift the numerical data points by an arbitrary constant to match the
quasiparticle prediction.

We have checked that as we increase the region size this shift scales as the area, and
thus is negligible in the limit of large region sizes, see figure 9 for a demonstration of this in
the particular case of a boundary state quench for a spherical geometry, which are discussed
in a following section. We expect similar results for the strip geometries.??

The attentive reader may notice some deviation from the quasiparticle curve at early
times, ¢t ~ [ in figure 5. Such times do not obey the double scaling limit (1.5), hence we
do not expect a precise match between the numerical results and quasiparticle curve. In
particular until ¢ ~ [ the entropy grows quadratically [6, 13, 14, 30], while the quasiparticle
curve exhibits linear growth (1.6). By smearing the time of origin of the EPR pairs,
one can incorporate this quadratic growth into the quasiparticle model [8], but we chose
to work with the simplest version of the model, which does not involve any adjustable

parameters.24

Next we focus on an important aspect of the entropy growth, the entanglement velocity
defined in (1.6). Because the quasiparticle model predicts exact linear growth until ¢t = R,
and because at early times we observe more deviation from linearity, we extract vg from
the slope of the curve at t = R:

1 dS(R,1) 53

VE

Numerical results are given in figure 6 based on this equation, and they show very good
agreement with the quasiparticle value (2.39) even for fractional dimensions.

ZQimulations with truly large region sizes are costly, and do not seem to be necessary to confirm the
overall picture.

24We do not regard the entropy density s as a fitting parameter of the quasiparticle model, as it can be
computed, see section 2.3.
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Boundary State Quench (3 = 10) in 2+1 Dimensions
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Figure 5. Time evolution for a boundary state quench with 8 = 10a of entanglement entropy
(blue) and the Rényi entropies for ¢ = 2,3,4 (in red, ¢ increasing from top to bottom), for a strip
of width 2R = 300a. The numerical data points (circles) are shifted to match the quasiparticle
curves (solid lines) at the single point ¢ = R. Top figure is for 2 + 1 dimensions; bottom figure is
for 3 + 1 dimensions.

3.3 Spheres in 2 and 3 spatial dimensions

We complete the presentation of the numerical results with the sphere geometry. As dis-
cussed in the Introduction, it is important to consider different geometries for the entangling
region to confirm the quasiparticle model. The sphere is a particularly nice case to ana-
lyze because of its symmetries, which make the numerical computations for large regions
possible. See appendix A.2 for details of the setup.

In figure 7 we plot the results of a boundary state quench in spatial dimensions d = 2
and d = 3, and in figure 8 we plot the results of a mass quench in spatial dimensions d = 2.
All of these closely match the quasiparticle expectations for all times. Two highlights are
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Figure 6. The entanglement velocity vg as extracted from the early time behavior of (3.2) accord-
ing to the procedure (3.3). The numerical results are within 1% of the analytic prediction (2.39),
even for fractional dimensions.

that the linear regime is governed by the entanglement velocity (2.39), and the saturation
time is tg = R (1.7). We note that at late times we again see a logarithmic rise of the
entropy after tg, as in the one interval case in d = 1. This growth is most pronounced on

figure 8, but the volume law in d = 2 provides more suppression than in d = 1.2

Finally, for the example of a boundary state quench in d = 2, in figure 9 we demonstrate
that the additional shift we apply to the numerical data points to get a closer fit with the
quasiparticle model curves obeys the area law, hence it is subleading for large regions.
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Boundary State Quench (5 = 10) in 2+1 Dimensions
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Figure 7. Boundary state quench with = 10« in different dimensions for a sphere of radius
R = 300a with an arbitrary area law shift to match the quasiparticle curve. The top figure is for
2 + 1 dimensions; the bottom is for 3 + 1 dimensions.

A Coordinate systems and mode decompositions

A.1 Coordinates for strip geometries

Consider a strip geometry in d + 1 dimensions, where we are interested in tracing over a d

dimensional slab of width 2R and cross-sectional area A .

This system factorizes into the physics along the direction x between the sides of the
slab and the d; = d — 1 perpendicular directions we denote by the vector x;. We write
the position vector as

x = (x,x1). (A.1)
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Figure 8. Mass quench in 241 dimensions with a sphere of radius R = 300a with an arbitrary
area law shift to match the quasiparticle curve.

Area Law Behavior
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Figure 9. Area law subtraction for a boundary state quench in a spherical (disk) geometry in 241
dimensions for different radii R of the disk. Because for spherical geometries tg = R, we require a
match between the numerical data points and the quasiparticle curve at t = R. Then the shift that
we apply to the numerical data is S(t = R) — S,(t = R). Tt is linear in the radius R of the disk,
as expected.

In the transverse directions we perform a Fourier transform as follows

¢z, k1) E/dd_lfu Oz, x ) e™rxr
(A.2)

7(x, k) = /dd_lxl m(z,x ) ekexs
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Inserting this into the Hamiltonian of a massive scalar field (2.1) and using the inverse
Fourier theorem, we obtain

d—1 )
= 2/%“ (k1) + |0e(z, k)| + (m® + k7)o, k)] - (A.3)

The canonical commutation relation for these functions defined as a mix of position space
and momentum space is

[b(z, k1), 7 (', K\)] =i2m)"o(x —2/)6Hky —K|). (A.4)

Since this is a free theory, we know that only a single value of momentum k; appears in
the Hamiltonian in eq. (A.3). This means we only need the canonical commutation relation
when k', = k. When we take k’, =k, the delta function gives an infrared divergence
that is regulated by assuming a finite size transverse region area A, i.e.,

(27T)d_15d_1(kl -k, = 0) — A . (A5)

This motivates re-scaling the fields as follows

ar, (z) = :
gk (x) =

VT "
pkl($)5m

The corresponding commutation relation appears canonically normalized for a field depen-

dent only on the x variable, with k| just an external parameter

(ak, (2),pr, (2')] =id(z —2'). (A.7)

The Hamiltonian may then be re-written in terms of these new fields as
ddfl kJ_ 5 9
H=A, WHl(qu)pkl’m + k1), (A.8)

where H; is the Hamiltonian of a massive scalar field (of mass M? = m? + k%) in 1+1
dimensions

1
Hi(g,p, M?) = = /dw [p*p + 0:q" 02 + M?q*q] (A.9)

2

where in this last equation we have suppressed writing the dependence on the transverse
momenta k| to emphasize that this is really just a Hamiltonian defined in 1 spatial dimen-
sion with axis running from one side of strip to the other.

The discretization of modes in 1 spatial dimension is rather straightforward, as we now
explain. Slightly more complicated discretization that are relevant to the disk or sphere
will be discussed in the next subsection. With lattice spacing a, the Hamiltonian in 1
spatial dimension is

N
(a0 M) = 53 [P0 + (a0) — G+ 1)’ + M2 aG?]. (A0)
Jj=1
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where the physical lattice points are z = j a, an IR cutoff is A;g = N a, and we have defined
the dimensionless mass M, = M a. We can also impose the conditions ¢(N +1) = ¢(1) and
p(N + 1) = p(1) to impose periodic boundary conditions where necessary. The non-zero
elements of the K matrix of eq. (2.2) are given by

. )

K7 =2+ M, (A.11)

K],]-I—l — Kj+1,_] _ _1’

and if periodic boundary conditions are imposed KN = KNl = 1,
Since the different k| -modes decouple, and we are only tracing over the strip in the

x-direction, rather than the x, direction, then just as the Hamiltonian decomposes as

in (A.8) then so too does the entanglement entropy

ddfl kJ_

S(R,t,m?) = Al/
Similar results go through for the boundary state quench, where the entropy depends on
the inverse temperature /3, as given in (3.2).
We note that since the entropy Sy is only a function of the magnitude and not the
direction of the transverse momenta k3 in (A.12), then the angular integration of k, is
trivial. This gives a factor of the area of the d — 2 dimensional unit sphere, i.e.,

9x(d-1)/2 oo
/dd_llﬁ_ - ”d_l/ dky k92 (A.13)
5 0

L%

A.2 Spherical coordinates and spherical harmonics

In 241 dimensions, for a spherical (disk) geometry, we use the Fourier expansions of the
field ¢ and conjugate momentum 7

o(r,0) = Z do(r) e~

{=—00

(A.14)

o0

w(r,0) = Y m(r)e

l=—00

with Fourier coefficients

2m de )
o) = [ G otr.0)

27 do 00
= Zer(r0).
7o(r) /0 (s, 0)

(A.15)

Since ¢ is real, ¢; = ¢_y, and similarly for m. Note that the harmonics ¢y, m, satisfy the
canonical commutation relations
i

o
ot 5g+g/ (5(7" r ) . (A.lﬁ)

[e(r), mer(r')] =
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In terms of these harmonics, the Hamiltonian for a free scalar field of mass m takes the
form H =", _ Hy, where

_ [T U, 06700 (2 5.
Hg—/o 27rrdr2[7r£ Ty + % or +<r2+m by Do - (A.17)

If we define the new variables

(A.18)
pe(r) = V2mrm(r),
then the canonical commutation relations take the standard form
[qe(r),pe (r')] =i bpp 6(r —1"), (A.19)

and the Hamiltonian modes are

I B ERAYER] 2 2
Hz—/o dr?[pzm—i_r(ﬁr\/?)(arﬁ)+(T2+m q7 qel - (A.20)

We may now discretize this Hamiltonian with a uniform lattice in the radial direction:
N

fu=ii:bof+@+;X%?—ﬂ%i?f+(ﬁ+m@wuﬂ, (A.21)

J=1

where a is the lattice spacing and r = ja, we introduced an IR cutoff A;g = Na, and we
have defined the dimensionless mass m, = ma. The radius of the disk is taken to be:

R= <n + ;>a. (A.22)

So in 2+1 dimensions the non-zero elements of the K matrix for the discrete Hamiltonian,
which was defined earlier in (2.2), are

3
K} = 5 + 62 +m?2
- /2 5
K} =2+ 7 +m; (A.23)

j+1/2
ViGi+1)

This matrix and its eigenvalues form the basis for the numerical computations in the

JH1 _ pei+li _
KE - KE -

correlator method for the entanglement entropy. In the counting for the different modes in
the entropy calculations, we must sum over all ¢ > 0, with the £ = 0 mode getting a factor
of 1 and the other modes a factor of 2:

S=5S+Y 28 (A.24)
/=1
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In 341 dimensions, for a spherical geometry, the development is similar to 2+1 dimen-
sions, with some important differences. We use the expansions of the field ¢ and conjugate
momentum 7 in terms of spherical harmonics

Z (bém Yv@m )

(A.25)
Z ﬂ—fm vam )
with inversion formulas
dQ
o) = [ G Yin( @) 9(,)
40 (A.26)
mr) = [ G Yin(@) ().

In terms of these harmonics, the Hamiltonian for a free scalar field of mass m takes the
form H =, Hep, where

h ! OG5 Obem  (L(E+1)
— 2 - * m, 9 N
Hyp, = /0 4rredr 5 I:meﬂém + or or + ( 2 +m ¢€m bom | - (A27)

If we define the new variables

Qem (1) = VAT T Qg (1)
(A.28)
pém(r) =V 47T7“7Tgm(7“) )

the Hamiltonian modes are

Y Ran 0 G \( 0 tm S\ AN
Hem—/o dr2[pgmpém+7’<8r , ><8r . >+( ) +m” ) Qg Qem | - (A.29)

Discretizing this Hamiltonian with a uniform lattice in the radial direction:

N 2 ‘ . 2
1 . N aem() @+ 1) ((e+1) 2 2
H=— 2 - —
=52 [Wm(]) + <] + 2) ( ; ) T rma)am G
(A.30)
where again a is the lattice spacing, r = ja and the radius of the sphere, and the radius

of the sphere is given as in (A.22). So, in 341 dimensions the non-zero elements of the K
matrix for the discrete Hamiltonian are

K}1:9+£(£+1)+m2

4
1 e+
K“—2+232+(J+m3 (A.31)
i1 i+1,5 (j +1/2)
KPP =K = -

3G +1)
As in 2+1 dimensions, this matrix and its eigenvalues form the basis for the numerical
computations in the correlator method for the entanglement entropy. The entropy is finally
given by the sum over the entropies coming from each angular momentum sector:

S = i(ge +1)S,. (A.32)
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