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1 Introduction

Recently, a field theoretical formulation of superstrings has been moved toward its new
phase: an action and equations of motion including the Neveu-Schwarz and Ramond sec-
tors were constructed [1, 2]. With recent developments [3-10], we have gradually obtained
new and certain understandings of superstring field theories. In the work of [1], a gauge
invariant action including the NS and R sectors was constructed without introducing aux-
iliary Ramond fields or self-dual constraints. They started with the Wess-Zumino-Witten-
like action® of the NS Berkovits theory [12] and coupled it to the R string field U! in the
restricted small Hilbert space: XY UR = UR, The dynamical string field is an amalgam of
the NS large field ®N5 and the R restricted small? field ¥®. While the complete action [1]
is given by one extension of WZW-like formulation [12-17], the other one, the Ramond
equations of motion [2], is a natural extension of A, formulation for the NS sector [23, 24].
The A, formulation provides a systematic regularization procedure of superstring field the-
ory [25, 26] in the early days. This procedure was extended to the case including Ramond
fields and the Ramond equations of motion was constructed by introducing the concept of
Ramond number projections in [2].

'Note that the starting NS action is that of Zy-reversed theory and has gauge invariance with (664))674) =

N —[(ne®)e™®, Q]+ QA, which is constructed from not an equation of bosonic pure gauge [15] but an equa-
tion of np-constraint. See also [11] for these Z>-duals for open superstrings with stubs and closed superstrings.
2See [18-22] for other fascinating approaches using Ramond fields in the large Hilbert space.



In this paper, we focus on these two important works [1] and [2], and discuss some
interesting properties based on Wess-Zumino-Witten-like point of view. Particularly, we
investigate the following three topics and obtain some exact results.

1. We show that one can add the t-dependence of Ramond string fields into the com-
plete action proposed in [1] and make the t-dependence of the action “topological”,
which leads us a natural idea of Wess-Zumino-Witten-like structure including Ra-
mond fields.

2. We clarify a Wess-Zumino-Witten-like structure including Ramond fields and
propose a Wess-Zumino-Witten-like complete action. Then, it is proved that one
can carry out all computation of our action using the properties of pure-gauge-like
and associated fields only. The action proposed in [1] gives one realization of our
WZW-like complete action.

3. On the basis of this WZW-like framework, we construct an action whose equations of
motion gives the Ramond equations of motion proposed in [2]. As well as the action
proposed in [1], this action also gives another realization of our WZW-like complete
action: different parameterization of the same WZW-like structure and action.

These facts provide the equivalence of two (WZW-like) theories [1] and [2] on the basis of
the same discussion demonstrated in [3]. Then, we can also read the relation giving a field
redefinition of NS and R string fields with a partial gauge fixing or a trivial uplift by the
same way used in [3, 4] or [5] for the NS sector of open superstrings without stubs.

This paper is organized as follows. First, we introduce a t-dependence of Ramond string
fields and transform the complete action proposed in [1] into the form which has topolog-
ical t-dependence in section 1.1. Then, we clarify a Wess-Zumino-Witten-like structure
including Ramond fields. In section 2, we propose a Wess-Zumino-Witten-like complete
action. We show that our WZW-like complete action has so-called topological parameter
dependence in section 2.1 and is gauge invariant in 2.2. In particular, these properties all
can be proved by computations based only on the properties of pure-gauge-like fields and
associated fields, which is a key point of our construction. (In other words, to obtain the
variation of the action, equations of motion, and gauge invariance, one does NOT need ex-
plicit form or detailed properties of F' acting on U® and FZ satisfying D};I SF E—l—FED};I S=1
of [1], which would heavily depend on the set up of theory. See section 2.4 for a linear map
F satisfying FnF~—! = D, and D,F{ + F{D, = 1.) In section 3, we construct an action
reproducing the same equations of motion as that proposed in [2]. For this purpose, it is
shown that a Wess-Zumino-Witten-like structure naturally arises from Ao, relations and
n-exactness of the small Hilbert space in section 3.2. As well as the action proposed in [1],
this action also gives another realization of our WZW-like complete action. Utilizing these
facts, we discuss the equivalence of two theories [1] and [2] in section 3.3. We end with
some conclusions. Some proofs are in appendix A.



Notation of graded commutators. In this paper, we write [dy,d;] for the graded
commutator of two operators d; and do,

[[dl?dQ]] =dydy — (_)d1d2d2 dy.
Likewise, we write [A, B]. for the graded commutator of the star product ma(A, B) = AxB,
[A, B]. = ma(A, B) — (—)*Pma(B, A).

The upper index of (—)4 or (—)? denotes the grading of the stateA or operator d, namely, its

ghost number. For example, we use [[D};IS, FZ] =1 or [FUR, FUR], = 2my(FUR, FUR),

1.1 Complete action and topological t-dependence

In this section, we use the same notation as [1]. First, we show that one can add a
parameter dependence of R string fields into Kunitomo-Okawa’s action, and that the
resultant action has topological parameter dependence. Next, from these computations,
we identify a pure-gauge-like (functional) field AS and an associated (functional) field A%
of the Ramond sector. We end this section by introducing a Wess-Zumino-Witten-like
form of Kunitomo-Okawa’s action.

State space and XY -restriction. First, we introduce the large and small Hilbert
spaces. The large Hilbert space H is the state space whose superconformal ghost sector is
spanned by £(z), n(z), and ¢(z). We write n for the zero mode 79 and Hg for the kernel
of n = ng. We call this subspace Hg C H the small Hilbert space, whose superconformal
ghost sector is spanned by (z) and v(z). Let P, is a projector onto the n-exact states: we
can write Hg = P,’H because n-complex is exact in H. Following the commutation relation
né =1—¢&n for £ = ¢y or = of [1], we define a projector Pe = 1 — P, onto the not n-exact
states. Note also that for any state ® € H, these projectors act as

Py+P:=1, DP)=P, P}!=P, PP=PFPP =0,

by definition, and that P, acts as the identity operator 1 on ® € Hg because of Hg C P, Hs.
Next, we consider the restriction of the state space. Let X be a picture-changing
operator which is a Grassmann even and picture number 1 operator defined by X =
5(80)Go—bpd’(By), and let Y be an inverse picture-changing operator which is a Grassmann
even and picture number —1 operator defined by Y = ¢yd’(79). These operator satisfy

XYX=X, YXY=Y, QX=XQ, nX=Xn.

The restricted space is the state space spanned by the states U € H satisfying XYW = U,
on which the operator XY becomes a projector (XY)? = XY. The restricted small space
Hr is the space spanned by the states W satisfying

XYU=0, 7n¥=0.

We use this restricted small Hilbert space Hpr as the state space of the Ramond string
field. See also [27-30]. One can quickly check that when W is in Hp, Q¥ is also in Hg.
See (2.25) of [1].



Action. Let ®N5 be a Neveu-Schwarz open string field of the Berkovits theory, which is
a Grassmann even and ghost-and-picture number (0]0) state in the large Hilbert space H,
and let ¥® be a Ramond open string field of [1], which is a Grassmann odd and ghost-and-
picture number (1| — ) state in the restricted small Hilbert space Hg. The kinetic term
is given by
S = —5 (@5, Qna™) — eV ut, Qu),

where @ is the BRST operator of open superstrings, (A, B) is the BPZ inner product of
A,B € H in the large Hilbert space H. As explained in [1], we can use both & = &
and ¢ = = for the above £ in the BPZ inner product. Utilizing NS WZW-like functionals
A};IS = (ne® ™)™, ANS = (0" )e~®™ and the invertible linear map F, the full action

is given by
1
S =~ VU, QUY) — [ at(A¥(0), QAN () + ma( POV, (1)U,
0

where my is the Witten’s star product mo(A4, B) = A x B [31] and as well as Ays(t) or
ANS(t), F(t) also satisfies F(t = 0) = 0 and F(t = 1) = F. Note that I has no ghost-and-
picture number and satisfies FnF~—! = D}fs and DESFE + FED};IS = 1. In this paper, we
do not need the explicit form of F. See [1] or appendix A for the explicit form of F. (See
also section 2.4.)

In this Kunitomo-Okawa’s action, only the NS field ®N5(¢) has a parameter de-
pendence and the R field ®® does not have it: 9;®NS(t) # 0 and 9;¥® = 0, where a
t-parametrized NS field ®N5(¢) is a path satisfying ®N5(t = 0) = 0 and ®N5(¢t = 1) = NS
on the state space. We show that a complete action of open superstring field theory
proposed in [1] can be written as

S =— /1 dt (<§Y8t\IJR(t), QF (t)UR (1)) + (A)S(t), QAN (1) +ma (F(£) TR (2), F(t)\I/R(t))>>
0

(1.1)
using a t-parametrized R field UR(¢) satisfying WR(t = 0) = 0 and UR(¢t = 1) = ¥R, Then,
we also show that ¢-dependence of (1.1) is topological

08 = —(EVOUR, QFIR) — (AT, QANS + my(FUR, FUR)). (1.2)

Topological t-dependence. Let P, be a projector onto the space of n-exact states and
let P be a projector defined by P: = 1 — P,. For example, one can use P, = 7§ and
P: = &n where § = £y or 2. Note that these projectors P, and P satisfy P, + P = 1 on
the large Hilbert space H. One can check that

(YO, UR (1), QF (1) UR(t)) = (€Y 0,2 (1), Q(P, + Pe)F(t)WR(t))
= (EY U (1), QUR()) + (€Y O UR (1), nX F ()R (1))

= ;(;@Y\I’R(f%Q‘I’R(m) — (8, WR(t), F(t) R (1)) (1.3)

using PH(F\IJR) = VR and P,QP: = nX. See appendix A for their BPZ properties.



Similarly, as (1.3), using the Dys—exactness of FUR = D,l;ISFE\I/R and the relation
O(FHTR(D) = FOOTR(E) + FEDYS (0 [ANS (1), F( TR (D).,
one can also check that
(AXS, ma (F() U™ (1), F()WR () = =5 (F(O)WR (), [AFS (1), F(H) W™ (#)].)
(U (), F(OED) ()AL (1), F ()P (1)].)
B —§<‘I’R(t), O (F()™(1)) — F()0, 9™ (1)).

Furthermore, since nU® = 0 and thus (9, %, FUR) + (FO, ¥R ¥R) = (9, IR UR) =0, we
find

(ANS(0), ma (PR (1), PR (1)) = — 5 (0 (1), 8, (F(WH(0)) 45 00" (1), P ()2 (1)
- 5 (- 3 0. FOT ) + @0, FOW ). (14)
Therefore using (U8, FUR) = —(¢Y IR nX FUR) | we obtain
(1.3) + (1.4) = ((gmfR QU + nXF\IIR>) <§Y\1:R QFURY.

As a result, our t-integrated form of the action (1.1) becomes
1 1
5 = —5 (et QreY) - [Tan (a4, @40,
1 1
— SR QU - [T ar (4850, QYD) + ma(FOUN FOVY). (1)
0

The second line is the original form used in [1], but we do not use the second line expression
to show that the variation of the action (1.1) is given by (1.2). Translation from the second
line to the first line is in appendix A. Since the variation of the first term of the first line
n (1.5) is

g (;@Y\PR, QF\PR>> = (€Y SUR, QFUY) + (AF®, ma(FU™, FUN)),

we obtain (1.2) and the action S has topological t-dependence.

Gauge invariance. Let QY5 and ANS be ghost-and-picture number (—1|—1) and (—1|0)
NS states of the large Hilbert space H respectively, and let A® be a ghost-and-picture
number (0|—2) R state of the restricted small Hilbert space Hp: nAR = 0 and XY AR = AR,
These states naturally appear in gauge transformations of the action. The action S has
gauge invariances: donsS = 0 with QN5-gauge transformations

AFS o =nQNS — [AFSONS],, Gons TR =0, (1.6)

QNS



SxnsS = 0 with ANS_gauge transformations

AFS = QA + [FUR FE[FUR AN),],,  6ns UF = XnFED)S[FUR, AN],,

ANS

and §,rS = 0 with AR-gauge transformations
A(;N; = —[FO* FEAY],  6mUR = QAR — XnFEAR.
Note also that using a new gauge parameter AR defined by

AR = FE( = AR 4 [FOR AN ), (1.7)

where AR belongs to the large Hilbert space and has ghost-and-picture number (—1|%), we
obtain a simpler expression of A-gauge transformations as follows

AFS = QANS + AR AR] (1.8)

SATR = —P,Q(nAR - [AN%, AR], — [FWR ANS] ). (1.9)

Ramond pure-gauge-like field ATI}. In the rest of this section, we identify a pure-
gauge-like field A? and associated fields Ag in the Ramond sector and rewrite the ac-

tion (1.1) into our Wess-Zumino-Witten-like form.
We write AS for FUR | which is one realization of a Ramond pure-gauge-like field:

R _ »gR
AR = PR, (1.10)
By definition, the R pure-gauge-like field A? satisfies D,l;ISAf} = 0, namely,
nAy — [A)5, Af]. =0. (1.11)

As we will explain, the n-exact component PnAnR appears in the action and its properties
is important. Since the linear map F' satisfies {F = £ for £ = £y or =, we quickly find that

PyAf = TR,
d(P,A}) = dUR,

where P, = 7§ is a projector onto the small Hilbert space Hs and d = @, d;, 0 is a deriva-

R

s we can express the XY -projection

tion operator commuting with 7. Then, using P,A
invariance of Ramond string fields XY WR = UR by

XY (PyA}) = P AR (1.12)
Note that P,]AnR € Hp. Similarly, we introduce a Ramond associated field AdR by
(—)4AR = FE <d\IIR —(2)YANS, FUR], — (—)in[d, E]]F\I/R>. (1.13)
Using properties of F', one can check that the R associated field Ag{ satisfies

(—)dA) = nAg — [A)°, AfT — [Ay, AG) (1.14)



or equivalently, (—)ddAg = DysAg — [[A?, Ags]]*. See appendix A. Then, we obtain
(€Yo, UR, QFUR) 4 (AN, my(FUR, FUR)) = (€Y 0,(P,AR), QAT + (AN, ma(AF, AR)).

Utilizing these expressions, the action becomes

1
S[cpNS,un]:_/ at (€Y (P AR), QAR) + (ANS, QNS + ma(AR, AR))).  (1.15)
0

Note also that gauge transformation parametrized by Q = QNS + QR is given by
NS NS NS (NS R
Ay =nQ — [[An , ]]*, da(PyA;) = 0.
and gauge transformations parametrized by A = ANS + AR is given by

AN = QAN + AT, AR
o (PyA}) = —PQ(nA™ — [A),AR], - [AR,AN5], ),

where we use a R state AR, a redefined R gauge parameter,
AR = FE( AR+ [4R, AN ),

which belongs to the large Hilbert space H and has ghost-and-picture number (—1]%)

In the work of [1], all computations of the variation of the action, equations of motion,
and gauge invariance heavily depend on the explicit form or properties of the linear map
F on UR. However, as we will show in the next section, these all computations are derived
from WZW-like properties of the Ramond sector: (1.11), (1.12), and (1.14).

2 Wess-Zumino-Witten-like complete action

We first summarize Wess-Zumino-Witten-like relations of the NS sector and the R sector
separately, and show that these relations indeed provide the topological parameter de-
pendence of the action. Second, coupling NS and R, we give a Wess-Zumino-Witten-like
complete action and prove that the gauge invariance of the action is also derived from the
WZW-like relations. Lastly, we introduce a notation unifying separately given results of
NS and R sectors, and another form of the action, which we call a single functional form.

2.1 WZW-like structure and XY -projection

Let ¢ is a dynamical string field. We write ¢(t) for a path satisfying ¢(0) = 0 and ¢(1) = .

Neveu-Schwarz sector. An NS pure-gauge-like (functional) field ANS = .A,I;IS (o] is a
ghost-and-picture number (1] — 1) state satisfying

1
nAyS — 5[[,4537,453]]* =0. (2.1)



Let d be a derivation operator satisfying [d,n] = 0, and let (dg|d,) be ghost-and-picture
number of d. For example, one can take d = @, d;, 0. An NS associated (functional) field
ANS = ANS[¢] is a ghost-and-picture number (dg|d,) state satisfying

(AL =AY — A5, A
= DS AYS. (2.2)
By definition of (2.1) and (2.2), one can check that the relation
DNS (dlij — ()1 RdpARS — (=) 1= AL, Ayf]]*) =0 (2.3)
holds when two derivations d; and dy satisfy [di, d2] = dida — (—)h%2dydy = 0.

Utilizing these (functional) fields, an NS action is given by

1
SN[ = — /0 dt (AN [p(8)], QAN (1)) (2.4)

Note that Ays[gp(t)] is a functional of the path ¢(t), and ¢t-dependence of the action is fixed
by that of (). It is known that the variation of the NS action is given

5SN5[e] = —(AS®[e], QAN ), (2.5)
which we call the topological parameter dependence of WZW-like action. See [3, 5, 11, 15].

Ramond sector. An R pure-gauge-like (functional) field A} = A}[¢] is a ghost-and-
picture number (1| — ) state satisfying

n AR — [ANS, AR]. =0, (2.6)

or equivalently, D};ISAS = 0. Let d be a derivation operator satisfying [d,n] = 0, and let
(dg|dy) be ghost-and-picture number of d. For example, we can take d = @Q,0;,9. An R
associated (functional) field AR = AR[¢] is a ghost-and-picture number (dg|d, + 1) state
satisfying

(=) AL = AT — [A)®, Adl — LAY AL, (2.7)

namely, (—)?dAR = DNSAR — [AR, AT,
As we will show, utilizing these fields and assuming XY -projection invariance of P,].Aff

XY (PyAY) = PyAY, (2.8)

or equivalently X Y({As) = gAnR when P, = n¢ holds, one can construct a gauge invari-
ant action Wess-Zumino-Witten-likely, whose parameter dependence is topological. We
propose that an R action is given by

1
S'el = [ ar({€v 2P AT QAR(0)]) + (AFS[ol0)]. ma (A ote)), AT (D).
This S® is Wess-Zumino-Witten-like. In other words, S® has topological t-dependence

05%p] = —(EY S(Py Ay [0]), QAT [#]) — (AT [], ma(ArTe), ARTe)). (2.9)



Topological t-dependence of S®. First, we consider the variation of the first term of
SR This term consists of two ingredients:

1 1
| deterapan. @A) = [ dr (1€vap A, QP AD) - 0P, AD), AD)

0
We can quickly find that the ﬁrst part has topological t-dependence

S(EY O (P AR, Q(Py AY)) {m (P ARV}, Q(PyAR)) + (€Y 0L(P, AR, Q5 (P AR))

- a@m(PnA?), QPAY))

since using (2.8), £€Q — X = —Q&, and (9,(P,A}),6(P,A)) = 0, the following relation
holds
(EY (P AY), QO(PyAY)) = ((€Q — X)Y O (P AY), XY 6(PyAY))

= (QOy(PyAY), £Y5(P AY))
= (EY§(P, AT, {Q (P AN })-

Note however that the variation of the second mgredient provides an extra term

5Oy (PpAY), AY) = at{5 (Pp A}, AR) + (00(Py AR, 5.AT)

0
= 8—(5(PWA§), AY = (6(Py AR, 0pAYY + (94 (PrAY), AN
0

= o (0P A), A) — (0.A, OLAY).

Here, we used P, + P = 1 and (0,(P)A}), 6 A}) = (0LAR, (P AY)) = —(6(PeAR), 0. AR).
As a result, the variation of the first term of SR is given by

1 1
) /0 dt (Y O (P AY), QAT = (€Y 8(PAY), QAT + /0 dt (SAY, 0. AY).
Using (2.3), (2.7) for

(2.10)

Second, we compute the variation of the second term of S&.
d = 04, ¢, and Jacobi identities of the commutator, we obtain

+ (A, [AY, 0 A7)

6<‘AtNS’m2(A§’A5)> = <6A%\TS,m2(A5,AUR)>
+ (LAY AFS],, ma (AR, AR)) + (ANS, [AR, 6.4R],)

= 04 mal A A1)+
O AYS, o (AR, AR)) — (Y, AR, 0,A7].)
— (JAS, AT, (AR, A)) + (SAR, [AT, AFSL)
= (AT, ma (AT, AD)) — 2 (AN, AT, AT, AR
(AR, AL, DAT) + (AT, AR, AN).)
O AYS, (AR, AR)) — (AR, A]., [AT, AX].)
+ ((DYS AR AT, AXS].) + (JAT, AF®]., DY AR].))



In particular, from the forth line to the last line, we applied

([A5, AL, 0 AY) = ([AY, AFS], DS AR — [AF, AFPLL)
<[[A71:]{7A?S}]*7 DSSAE{]]*> - <|IA§>A6NS]]*a [[A§7A£\IS]]*>
<D71;IS~A6R - ILA57 AJNS]]*’ [[ASa A}S\IS]]*>

<[[AE7A5NS}]*’ D?TSA$> - <[[A§L7A§IS]]*’ [[-/457»'4115\]8]]0
1 1
=5 (LA, AL AT, AT = 5 (A, 1A, ARL, AXPL) = —(AGS, [TA7, AT ATP]L)
= <[[-’471?7A6NS}]*’ [[-’457“4}5\18]]*>

As a result, the variation of the second term of S® is given by
1 1

5 / 0t (A (AT, ANS)) = (NS (AR, AR)) — / dt (AR 9, ARy (2.11)
0 0

because of the following relation
(BAT, AR = (DS AE — A%, ANST., DY AR — A%, AN])
= ([AR, ASS]., AR, AYSL) — ((DYSAR, AR, AYS].) + (JAR, A55]., DYSAR) ).
Hence, (2.10) plus (2.11) provides that ST has topological t-dependence (2.9).

2.2 WZW-Ilike complete action

We propose a Wess-Zumino-Witten complete action and show its gauge invariance on the
basis of WZW-like relations (2.1)—(2.3) and (2.6)—(2.8).

Action and equations of motion. We propose that a Wess-Zumino-Witten-like com-
plete action is given by

Swawle] = ST [0] + ST ]
1
_ / At (€Y 0 (P AR), QAT) + (AN, QTS +map(AR, AR (212)
0
Here, ¢ is a dynamical string field of the theory and AEIS/ R— ASS/ R[go(t)] and ANS =

ANS[p(t)] are functionals of the path ¢(t) satisfying ¢(0) = 0 and ¢(1) = ¢. Since SN
and ST have topological t-dependence, the variation of the action Sywzw is given by

— 0Swawlie] = (EYO(PAR), QAR) + (AFS, QANS + my(AF, AR)), (2.13)

where .Ays/ R— AES/ R[go] and AN = ANS[p] are functionals of the dynamical string field
©, which is the end point of the path ¢(1). We therefore obtain the equations of motion

NS : QA (] + ma(A[e], ARle])

R : Py (QAY))

Let ANS, AR and O™ be NS, R, and NS gauge parameter fields which have ghost-
and-picture number (—1/0), (—1|3), and (—1[1), respectively. These ANS, AR and QNS

(2.14)
(2.15)

0,
0.

,10,



all belong to the large Hilbert space. The action is invariant under two types of gauge
transformations: the gauge transformations parametrized by A = ANS + AR

A5 = QANS + AR, AR] (2.16)
oA (PpAR) = ~PyQ (nAR = [ANS, AR], — [AR, AN ), (2.17)
and the gauge transformations parametrized by = QNS
A = QNS — [ANS, QN5 | So(PAR) = 0. (2.18)
A-gauge invariance. The A-gauge transformations of the action is given by
— OASwzw = (EY A (P AY), QAR + (AP, QANS + mao( AR, AY)). (2.19)
We show that dpSwzw = 0 with A-gauge transformations of fields
ASS = QAN + A AR
O (PpAT) = —PyQ(nAR — [AYS, AR], — [}, AY5].),
where ANS is an NS gauge parameter carrying ghost-and-picture number (—1/0) and AR is
a R gauge parameter carrying ghost-and-picture number (—1|%) Note that these ANS and
AR belong to the large Hilbert space H but 5A(P,7A§) has to be in the restricted one Hp.
First, we consider the first term of (2.19) with (2.17). This term consists of two
ingredients,
(Y OA(PpAY), QAY) = (EY A (PyAY), Q(Py + Pe)Ay)
= (EYOA(PyAL), QXY (PyAD) — (Sa(PyAY), PeAY)
= (€QOA(PpAL), Y (P AY)) — (Oa(PrAy), PeA). (2.20)
Here, we used §(PAY) = Py(6P,AY), XY (6P)AY) = 6(XY P, AY), and XY (PAY) =
Pn.AS. Since the first ingredient of (2.20) with A-gauge transformations (2.17) becomes
(EQONPRAY), Y (PyAy)) = —(€QPQ(DyPAT — [AF AY] )Y (P A)
= (PQEQ(Dy° AT — [AL AN ), V(P A)
NS AR R ANS R
= <Q(Dn AT — [[AW’A ]]*)7PWAT7>
and the second ingredient of (2.20) with A-gauge transformations (2.17) becomes
(P AT), PoAT) — (PLQ(DIAT — AT A}, PoAT)
= QDAY = [A, A™), PeAy),
we obtain
(EY O (PpAY), QA = (EQOA(PyAY). Y (BRAY)) — (Sa(PyA), PeAy)
= (Q(D)SAR — [AR, ANS] ), Py AR + P AR
—(DYSAR — AR ANS] QAR (2.21)
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Next, we compute the second term of (2.19) with (2.16). Using Q* = 0,
[[[[A?,AS]]*,AH* =0, and D};IS.AS = 0, we quickly find that

(AR, QAR o ma AT AT)) = (QA™ o [ AT, QAT 4+ mal( A7, A7)
= ([A}. A"], QAT®) + (QA™S ma( AT, AL))
= —([A}, AR], DYSARS) — (AN, [AF, QAR )

(DR [AR AT = ([A7 AN AT).

The property (2.7) of the R pure-gauge-like field —Q.AS = D};ISAS — [[A}}, Ags]]* gives
NS R R NS _
Dn (QAn o [[‘An"AQ ]]*) =0
Hence, we obtain
(AFS, QAN + ma (AR, AR)) = (DISAR — [AR, AN] | QAT), (2.22)

which just cancels (2.21), and we conclude 0ASw,w = (2.21) + (2.22) = 0 with (2.16)
and (2.17).

(Y-gauge invariance. The Q-gauge transformation of the action Sy, is given by
— 00 Swaw = (§Y 6 (PyAY), QAT + (ASS, QANS + ma(A}, AR)). (2.23)
One can show that dqSy.w = 0 with Q2-gauge transformations of fields

S S S S
Ajy = nNS — [ATS, QY] — A%, Q%] (2.24)
Sa(PpAR) = —PyQ(n0% — [AYS, QR ), (2.25)
where O is an NS gauge parameter carrying ghost-and-picture number (—1]1), Q®isa R
gauge parameter carrying ghost-and-picture number (—1|%), and both QNS and QF belong
to the large Hilbert space. Note, however, that since R gauge parameters QF and AR have
the same ghost-and-picture number (—1\%), we can not distinguish these two parameters.
As a result, QR-gauge transformation is absorbed into AR-gauge transformation (2.17) and
-gauge transformations (2.24) and (2.25) reduces to (2.18):
AYS = 0% — [0, sa(py ) =
Then, using QAES = —D};ISAgS and D};ISATP} =0, we quickly find that

—00Swaw = <D71;ISQN87 QASS +ma (*Aqu{) Aln%» =0

Therefore, the action Sy, is invariant under Q-gauge transformations (2.18).
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2.3 Unified notation

We introduce a notation which is useful to unify the results of NS and R sectors. Then, the
concept of Ramond number projections proposed in [2] naturaly appears. We say Ramond
number of the k-product M) is n when number of R imputs of M, minus number of R
output of M}, equals to n. The symbol My/|,, denotes the k-product projected onto Ramond
number n. For example, R number 0 and 2 projection of the star product ms are

(NS + R, ma|o(NS + R,NS+ R)) = (NS, ma(NS,NS)) + (R, ma(NS, R) + ma(R,NS)),

It is helpful to specify whether the (output) state A is NS or R. We write A|NS for the NS
(output) state and A|® for the R (output) state. For example, for the sum of NS and R

states
(NS +R)|N® = NS, (NS+R)|* =R.

Then, we can write as follows:
ma(NS + R, NS + R)[)° = ma(NS,NS),  ma(NS +R,NS +R)|; = [NS,R],.
ma(NS + R,NS + R)[3° = ma(R, R), ms(NS + R,NS + R)[5 = 0.

Pure-gauge-like fields and associated fields. We can introduce a pure-gauge-like
(functional) field including both NS and R sectors

Ayle] = APl + Al el (2.26)
such that A, = A, [p] satisfies
DW'AU = 77./477 — m2|0(A,7, ./477) =0. (2.27)

In section 3.2, we will explain that D, B = n—ma|o(4,, B)—(=)B4ma|o(B, A,) is naturally
induced from the A, products of the WZW-like action: n—msa|g, which is a dual of Q+msa|2.
Note that NS and R out-puts of D,A,, = 0 give

NS : (DyAg) [ = nAGS — ma (A5, AT) =0,
R : (DyAn)|" = n A7 = [A%, A7, =0,

which are just the defining equations of NS and R pure-gauge-like fields (2.1) and (2.6)
respectively.? Similarly, we can also define an associated field of d including both sector

Adle) = A5[g] + Al [¢] (2.28)

such that Ay = Ag[ep] satisfies
(—)4d A, = D, A, (2.29)

3The difference between D,, and D,I;IS is whether it includes the R-number projection on ms or not.
While it seems to be trivial for associative open string field theory, it would be highly nontrivial for closed
string field theory or generic (nonassociative) open string field theory: R-number projections on {my, }5Zs
should be cralified.
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whose NS out-put ((—)?%dA, = D, Ag)|N® and R out-put ((—)?dA, = D, Ag)|? just pro-
vide the defining equations of NS and R pure-gauge-like (functional) fields (2.1) and (2.6)
respectively

NS (2)1dA = nAg” = [A)°, AT,
R : (=) dAY = nAF — [A)S, Af]. — [AY, AP

Note that in this case, we should take d such that [d,n — ma|o]: for example, d = 9, 0,
and @ + mal2. See section 3.2 for details and for a quick proof of [ —ma|o, @ +ma2|2] = 0.

Action and equations of motion. In this notation, our Wess-Zumino-Witten-like com-
plete action is given by

1
Sumlel == [ AT, QA+ mala(Ay, Ay, (2.30)
0
where the associated (functional) field A; = Aj[p] is defined by
A = A5 + Yo (P AR, (2.31)

whose role is explained in section 2.4. Note that the projection onto Ramond number 2
states implies mal2(Ay, A,) = ma (A}, ARY) for ANS and ms|2(A,, A,) = 0 for EY 9y (PAY).
Then, the variation of the action becomes dSy.w = —(A}, QA,; + mal2(Ay, Ay)) with
Ar = ANS 4 ¢y (PH.A}}) and the equations of motion is given by

QAy[p] + mal2(Ay[i], Ayle]) = 0, (2.32)

which reproduces NS and R equations of motion (2.14) and (2.15) by NS and R out-puts
projections respectively. When we consider another parametrization of the action and its
relation to the parametrization given in section 1.1, this notation would be useful.

2.4 Single functional form

As we showed, two or more types of functional fields A, = A, [¢], A = A¢[p] appear in the
WZW-like action. Their algebraic relations make computations easy, but, at the same time,
give constraints on these functional fields: the existence of many types of (functional) fields
satisfying constraint equations would complicate its gauge fixing problem. In the rest of
this section, we show that one can rewrite the WZW-like action into a form which consists
of a single functional field A,) = A, [¢] and elementary operators.

We notice that in the first line of (1.5), while the R term consists of a single functional
field .Af} and operators {Q,n, &, Y}, the NS term includes not only .A,,I;IS but ANS, We thus
prove that the NS action Syg has a single functional form. Recall that the operator F¢
is BPZ even and the derivation D, is BPZ odd because 7 is BPZ odd and £ is given by
P, = n¢. Since DyFE+FED, = 1 and Dy FED, = Dy, hold, the relation QA)S = —D, AFS
and (Dy)? = 0 yield

(A}S,QANS) = ((FEDy + DyFOAYS, QAN®) = (FE(Dy AYS), QAN®)
= (FE(0,AN®), QANS) = —(0. AN, FE(QAN®)).
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Here, we used not D};IS but D,: both work well. One can check that [D,, F¢] =1, {F =€,
and so on in the completely same manner as those of [[D,lfs, F¢] =1 and so on, if we use
the following definition of F', which is independent? of our choice of dynamical string fields,

o0

F=Y " [¢n—Dy)" (2.33)
n=0

This F' consists of A, &, 7, and n — ma|o. We can rewrite the action into a form which
consists of single WZW-like functional A};IS and operators Q, 1, &, O, 1 — malo as follows

NS NS NS ! NS NS
SN[ = dt(A QA = [t (0,45, FEQAYS)
0
1
- /0 at S (0. €[( - Dy)e]"QAS). (2.34)
n=0

One can quickly find that this single functional form Sng = f01 dt(@tA%IS,F EQA§S>
also has topological t-dependence, §Sng = <5.A§S,F §Q.A§S>. Note that from the above
definition of F', the following relation holds:

[d, F¢] = —F¢[d, Dy FE+ [ Dy, FEAFE]
= F¢[dA,, | FE+ [Dy, FEAFE]. (2.35)
It implies that we can convert the graded commutator of operators [[d, F f] into that
of the star product F¢ [[dAn, ]]*F ¢ in the inner product of two D,-exact states. Using
this relation, one can quickly find that as well as the original WZW-like one, this single
functional form also has the topological t-dependence. In the following computations, we

write A, for Ags because both computations are same and our goal is to obtain a single
form of the complete action (2.30). The variation of the NS action is given by

1
3l = [ de (10,64, FSQA,) + 014y 5(FEQA)

1
= (A FEQA) + [t [(01A,.6(PEQA,) — (54, DFEQA)|

The integrand of the second term of the second line (9;.A,, 0(FEQA,)) — (0.A,, 0(FEQA))),
which is the extra term, becomes
[(0uAy, FEQEA,)) — (0 Ay, FEQ(D1A,))] — (0uAy, FELS, Dy FEQA,) + (6.4, FE[01, Dy]FEQA,)

(
—(6A,, [Q, FELOLA,) + (0:A,, [6, FE]QA,) — (6A,, |[8t,F§]] QA,)
_<6A'r]7 [[Q7F§]]6t ;> <atA7]7F€ [[5A7]7F§Q-An] 5A77a Ff I[at-AmFgQ-An]
= —(0A,.[Q, FEJOrAy) + (0. Ay, FE[QA,, FEOA,] )

Therefore, we obtain 65 = (0.4, FEQA,).

4We would like to emphasise that one can define this linear operator F provided that the Ao, products
is identified: in this paper, it is 7 — ma|o, which is the dual of @ + ma2|2. D, is the 1-slot shifted product
which is generated by the Maurer-Cartan element A, of the As products. See section 3.2.
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Single functional form. Similarly, we can write the following form of the action using
single WZW-like functional A, = Ays + .Aff and operators @ + mal2, &, O, 1 — mao,

1
Swmle] = /0 At (0L Ay, (FE+EY)[QAy + mals(Ay, Ay)]). (2.36)

Note that (NS,R) = (R,NS) = 0 and that (A, B) = 0 when the sum of ghost-and-picture
numbers of A and B is not (2| — 1). Its t-dependence is again topological:

0Swawlp] = <5~Ana (FE+€Y) [QAW + m2|2(-/417»-'4n)]>- (2.37)
From this form, we find that the associated (functional) field A} appearing in the action is
A = (FE+YEORA,, (2.38)

which consists of a single functional field A, and operators. It enable us to rewrite the
action into a single functional form and reminds us constraints on the state space spanned
by Ay: nAy —malo(A,, A,) = 0, which yields dA, = Dy F&(dA,), and AT = XYEAR.

3 Another parametrization

We use the same notation as [2] in this section. Readers who are unfamiliar with A
algebras or coalgebraic computations see, for example, [2-5, 11, 23, 24, 48] or other mathe-
matical manuscripts [32-34]. In the work of [2], the on-shell conditions of superstring field
theories are proposed. For open superstring field theory, it is given by

1

7T1(Q+m2’2)é1_\i =0, (3.1)

where U = UNS4 ¥R js an NS plus R string field, @ is the BRST operator, and mg|2 denotes
the star product mgy with R number 2 projection. 7y denotes the projection onto the single
state space H from T'(H) = @,, H®". Note that NS and R out-puts of (3.1) are given by

1 R ~ 1 R
mG ~(>:0, (3.2)
1-v

~ NS ~ 1

NS : OmG ~] +mo <7T1G _
1-0 1— 0

R OmG— ‘R
N T —
B

=0.  (3.3)

Note also that in general, the cohomomorphism G is constructed by the path-ordered
exponential (with direction) of a gauge product p(t), a coderivation, as follows

G="Pexp [ /0 " #(t/)} : (3.4)

In this paper, we always use G given in [2]. In [2], the gauge product p(t) consists of R
number 0 projected objects. Therefore, 71 G has at most one Ramond state in its in-puts.
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3.1 Another parametrization of the WZW-like complete action

In this section, we define pure-gauge-like and associated fields parametrized by U= PNS ¢
TR and construct a gauge invariant action, whose equations of motion equals to (3.1),
the Ramond equations of motion proposed in [2]. The proofs of required properties are in
section 3.2.

Parametrization inspired by Ramond equations of motion. We can construct an
NS pure-gauge-like (functional) field A)S = AJNS[W] by

~ ~ 1 NS ~ 1
ANS =mG e~ ‘ =T —_— =, 3.5
(R P 1 — NS (35)
and a R pure-gauge-like (functional) field ;ﬁ} = gys [¥] by
~ ~ 1 R ~ 1 ~
R — — - R -
An_mel_\i‘ ”1G<1_@Ns®‘1’ ®1_@Ns)' (3.6)

These pure-gauge-like fields are parametrized by NS and R string field U= PN 4 R,
While the NS string field ¥ is a Grassmann odd and ghost-and-picture number (1] —1) state
in the small Hilbert space Hg, the R string field TR is a Grassmann odd and ghost-and-
picture number (1| — 3) state in the restricted small Hilbert space Hz. Hence, UNS € g
and UR € Hp satisfy

nUNS =0, puR=0, XYUR=uR

Note that Z};I S has ghost-and-picture number (1|—1) and ES has ghost-and-picture number

(1] — 3) by construction. As we will see in section 3.2, one can check that ASS and A}}
satisfy the defining properties of pure-gauge-like fields:

NS : 77]{71;15 - m2|0(gys, ggs) =0, (3.7)

R : nAY — malo(A)S, A%) — my|o(A), A)) = 0. (3.8)

Let d be a derivation operator commuting with 7. For example, one can take d = Q, 0, 0.
Then, with these pure-gauge-like fields Ags[\ll], AS[\IJ] parametrized by small Hilbert space
string fields W, an NS associated (functional) field AYS = ANS[W] defined by

- N 1 NS
NS pu—
A _le(gdl_@N (3.9)

and a R associated (functional) field ZdR = de[\f;] defined by

~ ~ 1 R
AREWG< ~>‘ 3.10
d =™ Edl 5 (3.10)
satisfy the defining properties of associated fields:
(—)1a ANS = S — [ANS, 23], (3.11)
(—)%d AR = AT — [ANS, AR], - [AF, AYS] (3.12)
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which we prove in section 3.2. Once the defining properties (3.7), (3.8), (3.11), and (3.12)
are proved using pure-gauge-like fields ﬁys, ﬁnR defined by (3.5), (3.6) and associated fields
ggs, ng defined by (3.9), (3.10), we can construct a gauge invariant action on the basis of
Wess-Zumino-Witten-like framework proposed in section 2.

Consistency with the XY-projection. To apply our WZW-like framework, we need
the XY -projection invariance of PnAff

XY (P,AY) = P AR (3.13)

Unfortunately, for any choice of cohomomorphism é, the R pure-gauge-like field gg defined
by (3.6) does not satisfy this property. Note, however, that if we can take G satisfying

EG=¢ (3.14)

on the R out-put state, then the R pure-gauge-like (functional) field ZS[\T/} defined by (3.6)
automatically satisfy (3.13) because

1
1-0

1 R
1-0

LR TR TR TR
— XYP, mﬁ‘ — XY P,U" = p,¥R = p, AR,

~ ~ R ~
XY (P,AR) = XY P, m G ’ = XYnmeG

with XY TR = IR and P, = n¢ where £ = {y for NS states and { = = for R states. Recall
that G is constructed by the path-ordered exponential of a gauge product p(t) as (3.4).

When we take this gauge product as &-exact one p(t) = €M (t), the cohomomorphism G
is given by

2
and it satisfies (3.14). This &-exact choice of the gauge product is always possible by using

_ 1 1
G = Pel #EM®) :}I—|—£<Mg+ 3+2M2§M2+...>,

ambiguities of the construction of (intermediate) gauge products p(t) or setting the initial
condition of the defining equations of the Ao, products in [2]. Note that although a naive
choice of &-exact gauge products p = €M breaks the ciclic property of the A, products
M = G! (Q + mal2) é, it is no problem in our Wess-Zumino-Witten-like framework:
Q@ + mal2 and n — ma|o work well in the inner product with appropriate states, namely, in
the action.

We would like to emphasize that it does not necessitate the ciclic property of Gor M
to construct the Wess-Zumino-Witten-like complete action. We need the ciclic property of
D, only (namely, its BPZ oddness), which holds for any choice of G. Hence, we can always
impose (3.13) in a consistent way with the definitions of pure-gauge-like fields (3.5), (3.6).

Action and gauge invariance. Utilizing pure-gauge-like and associated fields satis-
fying (3.7), (3.8), (3.11), (3.12), and (3.13), we construct the Wess-Zumino-Witten-like
complete action by S[V] = Syw(V],

1 ~ o~ ~ ~ ~ o~
S0 = /0 at (€Y (P AR), QAR) + (ANS, QANS + my(AR, AV))), (3.15)
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which is parametrized by small Hilbert space string fields U = UNS 4 QR As we found in
section 2, the variation of the action is given by

3S[U] = (EYS(P,AR), QAR) + (AT, QAN + mo(AF, AT)), (3.16)

and the action is invariant under two types of gauge transformations: the gauge transfor-
mations parametrized by A = ANS 4 AR

A3 = QAN 4 A7, AR
OBy Af) = —PyQ (A" — [, AR], - [A7,AN9], ),

and the gauge transformations parametrized by Q = QNS
ARS = QNS — [ANS QNS] | sg(P, AT = 0.

Here NS, R, and NS gauge parameter fields ANS, AR, and QNS have ghost-and-picture
number (—1|0), (—1[3), and (—1[1), respectively, and these fields all belong to the large
Hilbert space. Note, however, that the gauge transformation 5A(Png§) has to be in the
restricted small Hilbert space Hp.

Equations of motion. Since the action S has topological t-dependence and its variation
is given by (3.16), we obtain the equations of motion

NS QAYS[E) 4 ma(ANE) AN = m(Qma) G—= | =0, (37
R : Pn(Qﬁs[\fl]):Pn<7r1(Q+m2|2)(A}1_1\Tj>‘R:0’ (3.18)

which is equivalent to (3.1). While the NS out-put of the equations of motion (3.17) is the
same as (3.2), the R out-put (3.18) is equal to the small Hilbert space component of (3.3).
Note that Pg(Qgﬁ) can not be determined from the action because it vanishesi in the inner
product, and it does not affect the value of the action. We thus set Pg(QAS) = 0 and
obtain (3.3).

Kinetic term. It is interesting to compare kinetic terms of (3.15) and (1.1). In the
present parametrization of (3.15), the kinetic term of S is given by

6T QNS — L (ev i, QU
Note that the Ramond kinetic term is just equal to that of Kunitomo-Okawa’s action.
Similarly, we quickly check that the NS kinetic term is equivalent to that of Kunitomo-
Okawa’s action with the (trivial emmbeding) condition WNS = n®NS or the (linear partial
gauge fixing) condition ®NS = €UNS| Therefore, the kinetic term of S [\TI] has the same
spectrum as that of [1].
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3.2 WZW-like relation from A, and n-exactness

Dual A -products and Derivation properties. Let 11 be the coderivation con-
structed from 7, which is nilpotent n? = 0, and let @ be a nilpotent coderivation satisfying
an = —(—)*na and a? = 0. Then, we assume that G™! : (H,a) — (Hs, D) is an
Aso-morphism, where #H is the large Hilbert space, Hg is the small Hilbert space, and
D, = G 'aG. Note that Dy is nilpotent: D2 = (G 'aG)(G'aG) = G a?G = 0.
For example, one can use Q, @ + ma|s, and so on for a, and various G appearing
in [2, 23, 24] for G. Suppose that the coderivation D also commutes with 1, which means

(Do)? =0, [Da,n] =0. (3.19)
Then, we can introduce a dual A..-products D" defined by
D"=GnG™. (3.20)
Note that the pair of nilpotent maps (D", a) have the same properties as (Dg,n):
(D"M?=0, [D".a]=0. (3.21)

We can quickly find when the A.-products D, commutes with the coderivation n
as (3.19), its dual As-product D and coderivation a also satisfies (3.21) as follows

aD" = (é @—1) a (6'"7 é—l) _ @Da n a1
= ()G DG = (-)"GnGaGG ! = (-)*Da.
In this paper, as these coderication a and As-morphism G, we always use a = Q +

ms|s and G introduced in (3.14), namely, a gauge product G given by [2] with the choice
satisfying &€ G = €. Therefore, the dual A, products is always given by

.D’7 =1 — mg‘o, (3.22)

and the symbol D" always denotes (3.22) in the rest. (See section 6.2 of [2].) Then, the
Maurer-Cartan element of D = n — my|g is given by

D" 1~: 1~®7T1<D17 1~)® 1~
1-4 1-A4 1-A4 1-A
1

1 ~ ~ o~
:1_E®mGMfWMMAAﬁ®1_I

where A = ANS 4 AR is a state of the large Hilbert space H and m; is an natural 1-state

projection onto H. Hence, the solution of the Maurer-Cartan eqiation D"(1 — A)~! =0 is
given by a state A, = Ays + AnR satisfying
nA, —malo(4,, A,) =0, (3.23)

and vice versa. The solution gn = Zys + gg” satisfies (3.23), namely,

)

NS : ngys — mQ(Kys,ggs) 0
0,

R : nAR — mo(ANS, AR) — my(AR, ANS)
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which is just equivalent to the condition (3.7) and (3.8) characterizing NS and R pure-
gauge-like fields ggs and ZS As a result, we obtain one of the most important fact
the solutions of the Maurer-Cartan equation of D" = 1 — mg|g gives desired NS and R
pure-gauge-like fields.

NS and R pure-gaugel-like fields. When the np-complex (H,n) is exact, there exist
& such that [n,€] = 1 and H, the large Hilbert space, is decomposed into the direct sum
of n-exacts and {-exacts H = PyH ® FP¢H, where P, and P are projector onto n-exact
and &-exact states respectively.® Note that since the small Hilbert space Hg is defined by
Hs = P,H and satisfies Hs C P,Hg, all the states v belonging to Hg satisfy Pn\ff = U
and Pglf/ = 0, or simply,

n U =0.

Using this fact, we can construct desired pure-gauge-like (functional) fields ﬁgs and ‘ZS as
solutions of the Maurer-Cartan equation of D" = 1 —mg|o. Note that the Maurer-Cartan
equation consists of NS and R out-puts

1 NS 1
NS : m D" = ‘ =mD"——— =0,
1- 4, 1— ANS
R N 7T1Dn 1~ ‘ :ﬂ'an(N@AR@l,v) :0
1- A, 1—ANS © 7 71— ANS ’

where the upper index of | denotes the NS or R projection: for any state A= ANS4 AR ¢ H,
the NS projection A|NS is defined by A|NS = ANS and the R projection A[R is defined by
AR = AR,

An NS pure-gauge-like (functional) field Ags = Ags [V] is given by
NS 1

-~ ~ 1
AN =G ——=| =7

p— 1 - ~___
! 1-U 1 — WNS
because it becomes a trivial NS state solution of the Maurer-Cartan equation as follows
1 . 1
D"——_— =D" =D"G

1
~ ﬁ - ~__
1—A71;IS 1*7T1G- 1_gNs 1—\I’NS

_ A 1 NS 1 _
_G<1@%®nw ®1$m>_0

Note that 73 .D"(1 — Zys)_l =0 is equal to

1

R

n ANS — g(ANS, NS) = 0.

Similarly, a R pure-gauge-like (functional) field gs = AV?I}[\AIVI] is given by

_ 1 R N 1 . 1
R R
A,,] =mG : N‘ =mG (1 =3 QU ® n @NS)

°These satisfy Py = P,, P{ = P, P,P; = P:P, = 0,and P, + P: =1 on H.
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because it becomes a trivial R state solution of the Maurer-Cartan equation as follows
Dn(l —1258 @Ay 1 —1K§S> - an;,(l —1\T/NS Bt 1 —1\T/NS>
Hence, the R state solution gf} satisfies
n Ay — [A7° A0, =0,
Note that [ANS, AR], = my(ANS, AR) 4 my(AR, ANS).

Shift of the dual A, products D". We introduce the gn—shifted products
(B, ... ,Bn]% defined by
n

1 1 1 1
[Bl,...,Bn]}nsz"( — ® B ® g®”'® — ®B,® Z).(3.24)

n n 1 n n

Note that higher shifted products all vanish [Bj, ... Bn>2]% = 0 because now we consider
n

D" =1 —mao. In particular, we write DB for [B], :

1 1
D,B = mD’"’( — ®B® — > (3.25)
1- A, 1- A,

or equivalently, for /Tn = ﬁys + Kf?{ and B = BNS 4+ BR

NS : D,B|™ = BN — [ANS, BN9] |
R D,BI" =B - A BV, - [A%, B,
When Zn gives a solution on the Maurer-Cartan equation of D), these gn—shifted products

also satisfy A-relations, which implies that the linear operator D, becomes nilpotent.
We find

1 1 1 1
(Dn)2B:7Tan< = ®mD"< — ®B® ~>® ~)
1- A4, 1- A4, 1-4,) 1-A4,

1 1
— (D2 [[wlD"< _ ) Bﬂ"~ — 0.
1—A7, 1_A77 *An

NS and R associated fields. Let d be a coderivation constructed from a derivation d of
the dual A-products D", which implies that the d-derivation propery [d, D"] = 0 holds.
Then, we obtain [Dg,n] = 0 with Dg = G! da, which means that Dy is “n-exact” and
there exists a coderivation £, such that

Dy=GdG = (-)%n.&4]. (3.26)
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Using this coderivation &4, we can construct NS and R associated fields constructed from
the derivation operator d. Note that the response of d acting on the group-like element of
A, = Ays + A,IR is given by

1

1 1 1
d -1
= (1) dG—— =G A;:D"G< ~>
1- 4, =) A Sy

e L Cer I (3.27)
1- 4, 1-0)  1-A4,

An NS associated (functional) field Ejs = ASIS [U] of d is given by

_ 1 NS
NS pr—
A _mGG%_@>

(—)4d

because one can directly check

1 1 NS 1 1 1 NS
(—)4d ——=— = (—)% ~‘ ~—D”< = ®w¢%?d ~)® ~)\
1— ANS 1- A, 1- A, 1-9%) 1-4,

Dn< L_ s G<£ ! )FS® ! >
== - ~_ __ 7T - =~ - ~_ __ .
1—axs - g 1 — ANS

Picking up the relation on H, or equivalently acting 71 on this relation on T'(#), we obtain

() RS = n S — [A, 2],

which is the simplest case of (—)dalg77 = m D"-exact term.
Similarly, an R associated (functional) field AR = AR[U] of d is given by

g55”1G<5d1_1@>’R

because one can directly check
~ 1 R 1 1 1 R
(—)ddAEZﬂ'l(—)dd = ’ —7T1Dn( = ®7T1G<£d ~) X = )‘
1- A, 1- A4, 1-9/) 1-A4,
— L R ANS L R iR 1 NS
_an(Edl_\fj)‘ |[A” ’WIG(gdl_{f;N }L |[A"’7T1G<£d1_ff;>’ ]L

=nAf — [ANS, AF] - [AR, AY5],.

n o

We obtain (—)ddgs :~D§S§§ + [[;LI}, gysﬂ*, namely, (—)idﬁn = mD"-exact terms.

We checked that A};IS, A};‘ defined by (3.5), (3.6) and AYS, AR defined by (3.9), (3.10)
indeed satisfy WZW-like relations (3.7), (3.8), (3.11), and (3.12). Namely, (3.15) is
consistent.

3.3 Equivalence of EKS and KO theories

In section 2, for given dynamical string field ¢, using functional fields A,[¢] parametrized
by ¢, we proposed the Wess-Zumino-Witten-like complete action

1
Swawlp] = _/0 dt <.A:,Q.A,7 +m2|2(~/477’“477)>7
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where A, = Ays + A} and Af = ANS + €Y 0,(P, A}) = (FE+YE)0LA,
We found that one realization of this WZW-like complete action is given by setting

ANS[@NS] 1= (ne®™ ) e = ANS. AR[ONS WR) = POt = AR, (3.28)

which is just Kunitomo-Okawa’s action proposed in [1]. This is the WZW-like theory
Swzw = Swzw[®NS, UR] parametrized by ¢|NS = ®NS| p|R = UR, Another realization of the
action, which was proposed in section 3.1 and checked in section 3.2, is given by setting

~ 1 NS - ~ ~ 1 |R

NS . — ANS R _— _ 4R
AP =mG | = A A —=| =4 (3.29)

which reproduces the Ramond equations of motion proposed in [2]. This is the WZW-like
theory Syzw = SWZW[‘I/] parametrized by ¢ = T. Note also that the kinetic terms of (1.1)
and (3.15) have the same spectrum. As a result, we obtain the equivalence of two theories
proposed in [1] and [2], which are different parametrizations of (2.30). See also [3, 11].

In other words, since both (3.28) and (3.29) have the same WZW-like structure and
gives the same WZW-like action (2.30), we can identify A, = Ays —i—AS and /Tn = gys—i-gff
in the same way as [3]. Then, the identification of pure-gauge-fields
A, = (neqws)e*q)Ns—kF\IfR%m(A}l 1‘5 o G _|"

= A, (3.30)

trivially provides the equivalence of two actions (1.1) and (3.15): the single functional
form of (2.36) gives the equivalence of two theories. When we use the WZW-like form
of (2.30), it seems that (3.30) indirectly gives the equivalence and does not directly give a
field redefinition between two theories. A partial gauge fixing ®N° = ¢UNS is necessitated
to directly relate (UNS, URY) and (NS, UR). See also [4-6, 11]. Similarly, as demonstrated
in [5], if we start with

Ay = (0e”) e 1 FE(90" — [(9e® )™, FOR] )

@<§ ! >‘NS G(g ! >R A (3.31)
=7 —— + 7 = ‘ = Ay, .

1 tl 7 1 t 7 t

we can quickly read a field redefinition of (N5, UR) and (®NS, UR) in the large Hilbert space
for NS fields and in the restricted small space for R fields with a trivial up-lift UNS = n®NS,
One can check that the same logic used for the NS sector in [5] also goes in the case including
the R sector because WZW-like relations exist as we explained, which is in appendix A.

4 Conclusion

In this paper, we have clarified a Wess-Zumino-Witten-like structure including Ramond
fields and proposed one systematic way to construct gauge invariant actions, which we call
WZW-like complete action. In this framework, once a WZW-like functional A, = A, [¢] of
some dynamical string field ¢ is constructed, one obtain one realization of our WZW-like
complete action Sy,w[¢| parametrized by ¢. On the basis of this way, we have constructed
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an action S whose on-shell condition is equivalent to the Ramond equations of motion
proposed in [2]. In particular, this action S = Sysw[¥] and Kunitomo-Okawa’s action
Sk0 = Suwuw[®NS, WR] proposed in [1] just give different parametrizations of the same
WZW-like structure and action, which implies the equivalence of two theories [1, 2]. Let
us conclude by discussing future directions.

Closed superstring field theories. It would be interesting to extend the result of [1] to
closed superstring field theories [49]. We expect that our idea of WZW-like structure and
action also goes in heterotic and type II theories if the kinetic terms are given by the same
form. Then, we need explicit expressions of D" and I, where D" is a dual L, structure
of the original Lo, products L = G~11 G given in [2]. NS and NS-NS parts of these dual
Aso/ Lo structures are discussed in [11].

Quantization and supermoduli. We would have to quantize the (WZW-like) com-
plete action and clarify its relation with supermoduli of super-Riemann surfaces [35-39]
to obtain a better understandings of superstrings from recent developments in field theo-
retical approach. The Batalin-Vilkovisky formalism [43, 44] is one helpful way to tackle
these problems: a quantum master action is necessitated. As a first step, it is important to
clarify whether we can obtain an A,,-morphism G which has the cyclic property consistent
with the XY -projection. If it is possible, the resultant action would have an A, form and
then the classical Batalin-Vilkovisky quantization is straightforward. A positive answer
is now provided in [50] for open superstring field theory without stubs. It would also be
helpful to clarify more detailed relations between recent important developments.
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A Basic facts and some identities

We summarize important properties of the BPZ inner product and give proofs of some
relations which we skipped in the text.

BPZ properties. The BPZ inner product (A4, B) in the large Hilbert space of any A, B €
‘H has the following properties with the BRST operator () and the Witten’s star product ms:

<Aa B> = (_)AB<B7A>7
(4,QB) = —(-)1(QA, B),
(A,TTQ(B,C» = (_)A(B+C)<B7m2(c7 A)>
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Note also that with a projector onto n-exact states P, and P: = 1 — P, and the zero mode
of n = ng of n(z)-current, the BPZ inner product satisfies

(P,A, B) = (A, P:B),
(A,nB) = (=) (nA, B).

Similarly, for any states in the restricted small space AR, BR € Hp, the bilinear
(€Y AR BR) has the following properties:

(€Y A,B) = (—)"P(¢Y B, A),
(Y AR, QB®) = —(—)M ey QA" BY).

Associated fields in Kunitomo-Okawa theory. In the work of [1], for any state
B € H, the linear map F' is defined by

o0 _ . 1
FB=) (E[4)° ].)"B=1- =0 DNS)B

where DYSB = B — [ANS, B]. and (D}®)? = 0. Thus, its inverse is given by F~ =
n= + DNS7 which provides nF~—! = F*1D71;IS or equivalently, FnF~! DNS, and thus
ﬂDNS F:]] = 1. Then, we find that A};” = FUR satisfies D};ISAS = 0 as follows:

Al = FUR = ppew® = DISFEUR = D)SFEAR.
With F~1 ==+ ED};IS and [d,n] = 0, a derivation d acts on the state F'¥V as

d(F¥) = F(dV) — F[d, F~']FV

F(dV) — F[d,nE]F¥ — F[d,ED)°]F¥

F(d¥) — (=)*F(n[d,Z] + (-)*[d, E] D)) F¥ + FED)S[A}®, FY],
DySFE(dV — [A}®, FVU], — (—)"n[d, E]F¥) + [A})®, FY],,

where ¥ is an arbitrary state. We thus obtain
(-)UdAR = DYSAS — [AF, 4],
where AR = FUR is an R pure-gauge-like field and an R associated field A is defined by
AR = FE((—)dd\I/R + [AR, ANS], +nld, E]]Aﬁ).

The original form of Kunitomo-Okawa’s action. The original form of Kunitomo-
Okawa’s complete action is

1 1
SO, W] = — S (VR QUE) — /0 dt (AYS, QATS + (A, Ay)),

where A} = F(t)UR. Note that F(t) satisfies F(t = 0) = 0 and F(t = 1) = F. Using the
cyclic property of the star product mo, A? = D};ISF(t)EAnR, and [[D}fs, FZ] =1, we find
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1
—/ dt (AN may (AR, AT)) / dt (AR, [ATS, AR].) / dt (DNSF(t)=0, [A}S, AR].)
0

_ = R NS NS R _1 R R
_2/0 dt (UR, F(£)=DNS[ANS, AR], >_2/0 dt (TR, 9,(F(£) ™))

= %(\I}R,F\PR) = —5<£Y\IIR,7)XF\IJR)‘

Note also that XY ¥R = ¥R and n¢ ¥R = ¥R, Hence, we find that

1
—§<£Y\IIR, QUY) — /0 dt (A7, ma(F(1) W, F()eh)) = —%@Y\PR, QU +nX FUT)

—%@Y\IJR, QFURY. (A1)

As we explained in section 1.1, this is equal to (1.1).

Identification of A; & Avt provides A, = Av We check that the identification
Ay = ANS L AR and A, = ANS + AR provide a field redefinition of (@NS UR) and (&N, UR)
with \I/NS = n®NS, We start is Ay — A, = 0. Then the relation n(4; — A;) = 0 automatically
holds. Recall that we have WZW-like relation 0;A4, = D,A; and atAn =D nAs where
DyB = nB—ma|o(Ay, B)—(=)4"Pma|o(B, A,). Therefore, using these WZW-like relations
and the identification A; = Et, one can rewrite n(A; — Et) =0 as

By(Ay — Ay) = malo (A, — Ay, Ar) — malo(Ar, 4, — A). (A.2)

For brevity, we define ZV5(t) = ANS( ) — ANS( ) and ZR(t) = AR( ) — AR( ). Note that
the t = 0 values A, (t =0) = A n(t =0) = 0 gives the initial conditions INS(t =0) =0 and
IR(t = 0) = 0. Then, the NS output state and R output state of (A.2) can be separated as

NS : ;INS t) = [Z%5(), AFS(1)],, (A.3)
R : aatIR t) = [Z%), AP®)], + [T°(), AR )], (A.4)

The initial condition Z¥5(t = 0) = 0 provides the solution ZN5() = 0 of the differential
equation (A.3), which means Ags = Ays. Then, the R output equation (A.4) reduces to
0

R : aIR ) = [Z%(t), AT5(1)]

*

and the initial condition Z®(¢ = 0) = 0 also provides the solution Z®(¢) = 0, which implies
AR AR As a result, under the identification A; = At, we obtain A, = A

Field relation of (®NS, ¥R) and (<I>NS, \I’R). Under the identification A; = Zt, we
obtained A, = A,,, which provides

1 1 ~ 1 ~
R A ® =G =® =, A5
1—A77 t 1—A,7 1 - & 1— v ( )




where ¥ = n®N5 4+ UR and &, = £9;. One can read the NS and R outputs of (A.5) as

~ 1 o~
NS : NS =7 /0 dt (Gll—lAn(t) ® Ay(t) ® l—lAn(t)> (NS, (A.6)

~ 1 o~
R : \I/R:mn/o dt <G11_1M®At(t)®1_lw>‘R. (A7)
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