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1 Introduction

The successful description of gauge interactions is arguably one of the most attractive fea-
tures of the Standard Model (SM) of particle physics. Their structure is dictated by the
symmetry SU(3) x SU(2) x U(1), where each factor comes with its own gauge coupling
constant. Adding to this the electroweak symmetry breaking sector introduces two ex-
tra parameters, the vacuum expectation value (VEV) and the mass of the Higgs boson,
discovered at the LHC in 2012 [1, 2]. Unlike the gauge interactions, the structure of the
Yukawa sector, which provides the seed of quark and lepton masses and mixing, is much
less understood. Ever since I. I. Rabi phrased his old question about the muon, “Who
ordered it?”, physicists have been trying hard to unravel the origin of flavour.

Strictly speaking, the flavour structure of the SM does not require an underlying princi-
ple. Assigning appropriate numerical values to the a priori undetermined Yukawa coupling
constants is sufficient to consistently parameterise flavour in the SM. Yet, when considering



extensions of the SM, the need for a theory of flavour becomes more pressing. In general,
the implications of theories beyond the SM for low-energy physics can be formulated using
the SM effective field theory approach, with a total of 2499 possible operators at dimension
six [3-5]. Many of these non-renormalisable operators entail new sources of flavour and
CP violation. Without a mechanism that controls the size and the structure of these new
couplings, the effective theory would generally not be compatible with experimental results
for certain flavour observables [6].

Although not a theory of flavour, the concept of minimal flavour violation (MFV)
provides an appealing framework for constructing higher-dimensional operators which ef-
ficiently suppresses flavour changing processes beyond the SM [7-11]. The idea is based
on a symmetry principle, more precisely on the maximal flavour symmetry of the SM in
the absence of the Yukawa couplings. As each of the five fermionic SM multiplets comes
in three generations, it is given by U(3)?. Furthermore, MFV postulates that the only
flavour symmetry breaking entities are the Yukawa matrices themselves, whose occurrence
in the higher-dimensional operators of an effective field theory is controlled by the original
flavour symmetry.

In order to embed the concept of MFV into a high-energy theory, it is necessary to
promote the Yukawa matrices to scalar fields. In such a setup, the SM Yukawa cou-
plings originate dynamically from non-renormalisable operators after inserting VEVs for
the matrix-valued scalar flavon fields. Sequential flavour symmetry breaking [12] can be
realised by hierarchical vacuum configurations which are derived from appropriate flavour
symmetric potentials as discussed e.g. in [13-21]. Massless Goldstone modes are avoided
by gauging the flavour symmetry. Pursuing this idea in a renormalisable setup, Grinstein,
Redi and Villadoro (GRV) proposed a model [22] in which new heavy partners of the SM
fermions mediate the coupling of left- and right-chiral quarks and leptons to the Higgs,
with the resulting effective Yukawa matrices being inversely proportional to the VEVs of
the matrix-valued flavon fields. The extension of the fermionic particle content was chosen
such as to cancel all gauge anomalies of the SM and flavour symmetries (see also [23]).

The basic idea of GRV has been extended and applied in the context of the SM [24,
25], grand unified theories (GUTSs) [26-29], and supersymmetric theories [30, 31]. The
combination of flavour and GUT symmetries is of particular interest as it allows to unify
the theory both horizontally (by organising the three generations of fermions into triplets)
as well as vertically (by combining independent SM multiplets into a single GUT multiplet).
For reviews, see e.g. [32-39]. Among the various GUT symmetries, the Pati-Salam (PS)
gauge symmetry [40, 41] provides a rich playground in which gauge coupling unification
can be realised via several intermediate mass scales [42-49]. Flavour models which are
compatible with an underlying PS gauge group have been constructed abundantly in the
literature, see e.g. [50-61]. A concrete setup which embeds the GRV mechanism in an
explicit left-right (i.e. Z2) symmetric PS GUT was put forth in [29]. With all SM multiplets
(plus the right-chiral neutrino) being unified into only two PS multiplets, the full symmetry
of the Lagrangian is given by

(SU(4) x SU(2) x SU(2)’) X (SU(s), x SU(3)H> X Zs,

/

Pati-Salam flavour



where the Z; maps the multiplet (we,w,w’)(wr,wrr) into (We, W', w)(@rr,@r). As in [29],
we assume that the U(1) factors within U(3); x U(3);; are explicitly broken in the scalar
potential, e.g. by terms involving the determinant of the matrix-valued flavons.

While the phenomenology of the quark sector was investigated thoroughly for this
setup, the study in [29] stopped short of a similar analysis of the lepton sector. It is the
purpose of the present article to complete that work by formulating a viable extension of the
lepton sector, involving additional Pati-Salam and flavour-symmetry breaking scalar flavon
fields, and studying the expected signatures for lepton-flavour violating (LFV) processes.

The layout of the remainder of this paper is as follows. Section 2 discusses the di-
agonalisation of the charged- and neutral-lepton mass matrices, as well as the effect this
change of basis has on the gauge-kinetic terms. We explicitly state the resulting anomalous
couplings of the leptons to the electroweak gauge bosons W and Z, briefly also comment-
ing on the anomalous Higgs coupling. In section 3, we relate these anomalous couplings
to the LFV observables 1 — ev, p — 3e and muon conversion in the vicinity of nuclei.
The phenomenological implications of our model as derived from a numerical parameter
scan are discussed in section 4. We conclude in section 5. In appendix A we recapitulate
the main ingredients of the model in [29] and present the extension of the scalar sector
necessary to generate viable charged-lepton masses. Appendix B provides technical details
on the transformation from the flavour basis to the mass basis.

2 A Pati-Salam model with viable charged leptons

The setup of the left-right symmetric Pati-Salam model with gauged SU(3); x SU(3)r
flavour symmetry has been discussed in [29]. In order to make the present paper self-
contained, we give a brief recapitulation of the main ideas and the required ingredients
of the model in appendix A. Analogously to the quark sector, bilinear mass terms of the
charged leptons, including their heavy partners, can be expressed in terms of a 9 x 9 matrix.
Defining the basis!

T, = (@99, Vg = (@hThER. (2.1)
we have
0 Tl 1
M = 1 s—t 0 | M, (2.2)
Tl O S7
where
v _ Y (2.3)

“TVEM T V3 ittan2pM
and v = 246 GeV, and s;,t]; are defined in egs. (A.5). In the limit where s;,t; > 1, the
three light charged-lepton masses can be obtained by integrating out the heavy degrees
of freedom. A straightforward calculation gives rise to an effective Yukawa matrix Y, of
the form

1 1
Yy ~ =\ — . 2.4
¢ Ll iy + SJ (2.4)

'We use the label ¢ for charged leptons while [ refers to both charged and neutral leptons.



In order to assess the validity of this approximate formula, let us consider the one-generation
case. Assuming s; ~ t}, the determinant of M is of order M?s;v4. On the other hand, the
product of the singular values reads m, M 25%, where m. is the tau lepton mass and the
heavy partners are assumed to have a mass of order M's;. Comparing these two expressions
for |Det M| provides an estimate of the magnitude of s; ~ vg/m, which is greater than
about 10 for tan 8 € [1,15]. Hence, s,,t; > 1 is generally satisfied so that eq. (2.4) provides
a good approximation, even for the third generation.

The flavour structure of the charged leptons originates in the matrices s; and ¢]. These
are free parameters of the theory which, however, have to be chosen such as to yield correct
charged-lepton masses. It is therefore convenient to replace s; — ¢ in eq. (2.2) in favour of
Yy using eq. (2.4). Going to a basis in which Y} is diagonal we have
-1

Yo | veMt o
s =t — — T—i_sl —[ Yoy + 5, , (2.5)
where hats denote diagonal 3 x 3 matrices and Mt = Diag (me, my, m;) contains the

measured charged-lepton masses. Having eliminated ¢ in eq. (2.2), the charged-lepton
masses are automatically correctly described, regardless of the flavour structure encoded
in s;. The latter provides the dominant source for lepton-flavour violation in our model.

In order to discuss the flavour phenomenology of the charged leptons, we have to
express the gauge-kinetic terms in the mass basis. The procedure is analogous to the
treatment of the quark sector. However there exist some simplifications due to the smallness
of the tau-lepton Yukawa coupling, as well as subtle differences resulting from the fact that
neutrinos can be regarded as massless particles for our purposes.

2.1 Diagonalising the charged-lepton mass matrix

Our starting point is the 9 x 9 mass matrix of eq. (2.2) which we rewrite using the singular
value decomposition
ss=Visu,, s—t = ViU, . (2.6)

Here Vi ; and Uy are unitary matrices, while 5 and t denote the diagonalised versions of
s; and s; — 1], respectively. The latter is related to the charged-lepton masses via eq. (2.5).
Hence, Vi, Us and § can be regarded as free parameters, while V;, U; and ¢ are derived
from the bi-unitary diagonalisation of the right-hand side of eq. (2.5).

In the following we briefly sketch the sequence of basis transformations which diago-
nalises M’ of eq. (2.2). More details are provided in appendix B.1 where we follow closely
the corresponding discussion in [29]. First, we absorb the 3 x 3 matrices V;; and Us; into
a redefinition of the fields such that the only non-diagonal blocks within M¢ are the ones
proportional to €. As shown in appendix B.1, the resulting matrix can be easily diago-
nalised in the limit of ¢, = 0. Applying this basis transformations on the full mass matrix
M yields

a €y bédo
MEs o oé oM, (2.7)
Cceg dedf



where a, b, ¢, d, é and f are 3 x 3 matrices whose definition can be found in appendix B.1.
A further, more complicated transformation which block-diagonalises M* to second order
in €4 is given explicitly in appendix B.1. It results in the following simple form of M,

0 0
e+ O(e?) 0 M + O(e5) M . (2.8)
0 f+0(@)

a

€d
M=o
0

The final step of the sequence of basis transformations diagonalises the upper left block
avg/\/2 of M*, which gives rise to the diagonal charged-lepton Yukawa coupling

Y, = Vall. (2.9)

The unitary 3 x 3 matrices V and U are directly related to the parametrisation in eq. (2.6).
This becomes clear by considering the explicit form of a, which is calculated in appendix B.1
to second order in §7' and 1. From eq. (B.8), together with eq. (2.6), we get

. 1 1
ar~ U, (U 'V, +U0 vV = — AU, <8+S t,) Vi (210
l =Y

Inserting the substitution of eq. (2.5) shows that
VU, U=V. (2.11)

These relations represent a significant simplification compared to the quark sector where
VY and U could only be determined numerically. All steps of the sequence of basis transfor-
mations are explicitly stated in appendix B.1. They describe the change from the original
flavour basis \I/g r to the approximate mass basis \Il'ﬁ - Before applying these transforma-
tions to the gauge-kinetic terms, it is necessary to consider the relevant transformations in
the neutral sector.

2.2 The neutral-lepton mass matrix

In order to study charged-lepton flavour violation, it is sufficient to treat the left-handed
neutrinos in the massless limit. The advantage of this limit lies in the possibility to choose
identical basis transformations for both components of the lepton doublet. However, due
to the mixing with the heavy partners of the neutrinos, the massless neutral fermions do
not simply correspond to g7 C @z It is therefore necessary to scrutinise the mass matrix
of the neutral fermions in more detail. In addition to the 18 neutral components of ¥; and
Y., the model presented in [29] introduces two further fermions ©, and © g which acquire
very large Majorana masses at the flavour symmetry breaking scale Al(,/), cf. table 2. The
coupling of ©, to ¥ induces a Majorana mass around the seesaw scale for the latter.
Hence, integrating out ©; and Oy, we obtain a bilinear mass term of the form

1

3 Uy MM Wy (2.12)
where
Unieg = (U7 ,0%) = (@07, 50 EL . dh X% ER), (2.13)



and

0 0 0 0 1Xe 1
0 0 0 1 s+t 0

MMei 0 0 0 e 0 s, (2.14)
0 1 The, O 0 0
e, (si+t)T 0 0 y 0
1 0 st 0 0 0

The only direct Majorana-type entry of the 18 x 18 mass matrix MM is given by, cf.

appendix A.1.1 of [29],
Msy (oA

_ (¥q -1 2.1
M MA, v (2.15)

In the following we intend to identify the directions of the three lightest neutral fermions.

Y

These correspond to the massless states of the limit ¢, = 0. Having diagonalised the
submatrix s; of MMa analogously to the charged sector by absorbing Vi and Us into a
redefinition of the fields ¢ and Z p, it is straightforward to rotate the g7 =7 coupling into
the EZ E% mass term. As detailed in appendix B.2, such a basis transformation simplifies
the mass matrix of eq. (2.14), with ¢, = 0, to

0 0 0 0 0 0

0 0 0 1 s+t 0

: 0 0 0 0 0 3
MMz — M . 2.16
€u=0 0 1 0 0 0 0 (2.16)

0 (ss+t)t 0 0 y 0

0 0 5 0 0 0

In this basis, the first three components correspond to the massless neutrinos which de-
couple from the massive neutral fermions. Furthermore, we find separated Dirac pairs
whose masses are given by the diagonal matrix §; their entries are all larger than M. The
remaining degrees of freedom mix via

0 1 s —{—t;
1 0 0 |M, (2.17)
(si+tH)T o0y

resulting in three masses around the seesaw scale yM = Msyy as well as six masses of
order M. Having isolated the three massless neutrinos from the massive neutral fermions
in eq. (2.16), no further transformation which mixes light and heavy degrees of freedom
must be applied on Wy,;. The only allowed additional transformations are mixings of the
three neutrinos themselves. Being massless, it is convenient to choose these identical to
the corresponding unitary transformations of the charged leptons.

2.3 Gauge-kinetic terms

The basis transformations discussed above must now be applied to the gauge-kinetic terms.
As the flavour gauge bosons are far too heavy to have an impact on experimental observ-
ables, we do not consider them in the following. On the other hand, among the PS gauge



bosons, only the SM ones are relevant for low-energy phenomenology. A comprehensive
discussion of the gauge-kinetic terms involving the fermionic PS multiplets can be found
in [29]. In the original basis, it applies to the lepton sector without any modifications.
However, the change from the flavour to the mass basis differs for quarks and leptons.
We therefore have to reanalyse the flavour structure of the neutral and charged currents
for leptons.

The gauge-kinetic terms involving the electroweak gauge bosons have been derived
in [29]. Although we are not interested in neutral currents involving the neutrinos, we
include these in the following in order to facilitate a direct comparison with the expressions
of the quark sector. In the original flavour basis, we have?

Liin D Ci \I/L<(7'3 — 812/1/@6) 1- IC,L 7-3>Z\I/L
w

+ ‘I’R< — sy Qcll +’CRT3>Z‘1’R
cw
g =v +.3.0
+ =V, K U7 +he.
\/i L LW L
+ LKW + e, (2.18)
V2
where
000 000 100
Kp=1010], Kr=1000], Kr=1000] . (2.19)
000 001 001

Going to the mass basis, only the terms proportional to K, Kr and K, change their form.
The explicit results are given in appendix B.3. Focusing on the upper left 3 x 3 blocks, we
obtain

g - 1 9 1
Lyin D CW€L<(—2 —SwQe) 1+ 2A923L4L>Z€L

g - 1
+ JER <_ SIQ/V Qel — ) AgZZR€R>Z€R

g _
+ ;EL@(H——AgwﬁﬂL)WﬂYL%—hCW (2.20)

where the mass basis qﬁ r and ¢} has been renamed by ¢ r and vy, respectively. The
anomalous Z and W couplings are given as

- - i
4 14
e a2.0 | V2M 1| | V2M 1] 2
AgZZLfL - Utt Ut)\ €4 = [ )\Ud +Sl ] !)\’Ud +Sl A €4 5 (221)
Aggipen = VIsT2VA2 e = [s571) [s71] 223, (2.22)
- - f

1 4. 1 |v2M¢ 2M*¢
Agwige, = 5 U U N G = = XCL———+S;1 lil——J+s;1 A2 (2.23)

2 2 | Ay A vg

2We use the standard abbreviation sy = sin 0w and ¢y = cos 0w for the sine and cosine of the weak
mixing angle.



A few comments are in order. In eq. (2.20), we have omitted the neutral currents of the
neutrinos. Furthermore, we do not show the charged currents involving the right-handed
neutrinos as ¢}, corresponds to heavy neutral fermions. Working in the limit of massless
left-handed neutrinos, we do not encounter a non-trivial PMNS matrix in the corresponding
charged current. Finally, note that the anomalous W coupling is related to the anomalous

Z coupling by AngLéL = %AQZZLEL'

2.4 Anomalous Higgs coupling

The discussion of the anomalous coupling of the charged leptons to the Higgs proceeds
analogously to the treatment of the Higgs-quark-quark coupling in section 3.3 of [29].
It requires the basis transformation to be computed to third order in the expansion pa-
rameter €4. Building on the results of [29], we parameterise the relevant higher-order
correction by

Agyze ~ — €& | UTbe 261U, - Yy + Yo Vi of f72e v | (2.24)
- A i
oMt V2t A
~ 22 —1 -1 —1tr.—1
N_)\Ed{[/\ +$ A g kel ‘Yz-i'Yé‘[Sz ][Sl ]}

Performing the sequence of basis transformations discussed in section 2.1, the Yukawa
matrix is given by [29]

N 1

while the Higgs-lepton-lepton coupling takes the form
- 3
G = Yo + 3 AGy7p - (2.26)
The latter is thus related to the former via
Ghee = Yo + Agpg- (2.27)

The diagonalisation of Y; in eq. (2.25) to this higher order in ¢4 is achieved by unitary
matrices which deviate from the identity by contributions of order efl. Such a basis change
does not affect the second term in eq. (2.27) at the given order. Hence, the deviation of the
Higgs coupling from the diagonal charged-lepton Yukawa matrix is simply given by Ag,,
of eq. (2.24).

3 LFV observables from effective field theory

In this section we discuss the effects of our model on the low-energy LF'V observables. In
particular, these are induced by flavour-changing couplings of the fermions to the SM gauge
bosons (Z,W) and Higgs particle (h), while the couplings to the new gauge bosons (Z’
etc.) are additionally suppressed due to their heavy mass, as we have already explained
in [29]. Moreover, the mass scale associated with the dimension-five Weinberg operator,
relevant for the neutrino masses, is much larger than the NP scale M for charged LFV in



our model, and the respective heavy Majorana neutrinos decouple. The relevant operators
in an effective theory at the electroweak scale can then be identified as

_ 92" (a7 . i (7 .
ELFV - m (AgZZLZL (ngMPng) - AgZZRKR (EZ’Y;LPRKJ)>
gWwH 7 h i -
_ Agl/{/PLﬂL (y,-fyMPLﬁj) + — AQ}LJH(EZ'PREJ') + h.C., (31)

V2 V2
where the 3 x 3 coupling matrices AQZZLeLv AQZZRER’ Agwrp, e, and Ag,;, are given in
egs. (2.21)—(2.24). The terms in eq. (3.1) descend from the gauge-invariant dimension-six
operators

—— _ _
o' Dre (B, By), i D e (Tiy,Ly), ®lirdDid (Lirty,Ly), (910)LoE,,

appearing in the Buchmiiller-Wyler Lagrangian [3, 4] after electroweak symmetry breaking.

In the following, we will focus on radiative transitions of the type ¢; — £;7, tri-lepton
decays ¢; — 3/ and lepton conversion in nuclei. As the energy release of each process is
typically of the order of the mass of the initial charged lepton, we consider — as usual —
a low-energy effective Lagrangian where all fields with masses above the charged-lepton
mass have been integrated out, notably the heavy SM gauge bosons.

3.1 The decay p — ey

Starting with the decay pu — ey, we follow the conventions of [63] and consider the low-
energy operators

L ey = Army Fy), (ZeaapPRﬁu) +Arpmy, Fy, (Zecr”pPqu) + h.c. . (3.2)

With this definition the branching ratio of y — ey can be written as [63]

5

m
Br(u = e9) = A-(|AL* + |4x]). (33)
o

The coefficients Af/r receive contributions from 1-loop diagrams involving anomalous Z
and W couplings, see figure 1. For completeness, we have also included 2-loop diagrams of
the “Barr-Zee type” [64, 65] which involve the anomalous Higgs couplings, as these can be
dominant in some corners of parameter space. Using the results of [63], the coefficients A,/
can be expressed in terms of the various anomalous couplings of eq. (3.1), and we obtain

2Qye 2 12 12 12 3 12
MR = - 3(4m)202 <5W [_m“AgZ?LZL + meAgzZReR} L P L A
5 1
- 5 mﬂAgll/I%VLZL> + ABZ E Agflz%f ) (34)
2Qee 2 12 12 12 3 12
m”AL - 3(471’)2’02 (SW [_meAgZZLZL + m”AgZZRZR} N meAgZZLZL N im“AgZZRZR
5 Agi2 A 1 A o712 35
- 5 me gWVLZL + BZ ﬁ [ thE] ) ( . )

where the expression for the Barr-Zee coefficient Apz can also be found in [63]. The
adaptation to other transitions (7 — py, 7 — e7y) is straightforward. Note that, in
practice, all terms proportional to the electron mass m, can be dropped in egs. (3.4), (3.5).
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Figure 1. 1-loop topologies contributing to Az r. The black square indicates the insertion of an
anomalous Z or W coupling.

3.2 The decay u — 3e

Turning to the decay p — 3e, we have to add to eq. (3.2) a set of four-lepton operators
(following again the notation of [63]),

L pn—3e — L p—rey
+ 01 (E PRK ) ( §e34 ) + g2 (ZEPLEM) (ZePLfe)

(P
+ 93 ( e PRE ) (Z ) + g4 (ge’VVPLEu) (Ze'YVPLEe)
—l—g5( e PRE ) (Z )+g(5 (EE’YVPLKM) (ZG’YVPREE) + h.c.. (36)

The branching ratio for  — 3e can then be expressed as

Br(p — 3e) =

5 2 2
m g1|” + 192
L [' ] +2(|gsl* + lgal?) + lgs|* + |gs|®

153675 T, 8

— 8eRe[AR (295 + g5) + AL (295 + 95)]

+64e2(1n:n“‘ 11>(|AL|2 |ARQ)]. (3.7)

e

Again, the adaptation to different flavour transitions is straightforward. Notice that the
coeflicients Ay, only arise at 1-loop level, while the couplings g; are generated by tree-level
exchange of weak gauge bosons.? However, as can be seen from eq. (3.7), Ay, /R come with
a large pre-factor and should thus be included for completeness. Expressing the couplings
g; of the four-lepton operators in terms of the anomalous Z and W couplings to fermions
of eq. (3.1), we find

g1~g2~0,
2 2
28y, 12 __25W71A 12
g3 = 02 ZOrlR’ g4 = 02 gZKLfL )
252, — 1 252
_ Sw L 12 _ 25 A 12
95 = 72 Zlpln’ 96 = —7 2 A Zinty (3.8)

30ur Pati-Salam model also generates contributions to the coefficients g1,2 via the anomalous Higgs
coupling, which is similar to the situation in the Randall-Sundrum scenario discussed in [63]. However, as
noted in [63], the associated tree-level matching diagrams are suppressed by a factor of the electron mass
and can therefore be neglected.

~10 -



3.3 Muon conversion in nuclei

Finally, the appropriate low-energy Lagrangian for muon conversion in nuclei now also
contains mixed four-fermion operators with lepton and quark currents (see e.g. [66, 67]),

AC,uN—mN = E,uﬁe’y

mqem - maqm —
+ Y e PRl @) + Y e iy (Pt (@)

q=u,d,s h q:U,d,S h
+ 3y @ PLb)@wa) + Y hp ey Pre) (@na)
q=u,d q=u,d
s s
TR cgy (LePrly) GH7PGY, + e B (1.PLe,) GMPGL the. . (3.9)

Here M), denotes the SM Higgs mass. Note that in order to calculate the branching ratio
for muon conversion, one also has to take into account the hadronic matrix elements of
the quark and gluon operators which depend on the specific properties of the participating
nucleus N. Using once again the definitions from [63], we write

5 2

Br(uN — eN) =

ARD+4[ (OgL—lzwéggg) SP+CY, Vp—}—{p—)n}]

4Fcapture M2
+{LeoR}. (3.10)

Conventionally, the branching ratio has been normalised to the total capture rate I'capture Of
the respective nucleus N. The coefficients D, SP™*, VP™ in eq. (3.10) encode the properties
of the target nucleus, see [68], where the superscript refers to the proton and neutron
contributions, respectively. Furthermore, the coefficients é’p are given by

A L
Cor=Y_ cpfh, Chp=> e fh, Ol =cilh, (3.11)
q=u,d,s g=u,d
and analogously for p — n and L — R. Here, the form factors fI" and fv parametrise
the coupling strengths of the quark scalar and vector currents of flavour ¢ to nucleons,
respectively. fg’” represent the scalar couplings of heavy quarks (c,b,t). Finally, the

genuine LFV effects are contained in short-distance Wilson coefficients which in the tree-
level approximation read

1
o= Ag2. Agl-12. 3.12
SL \/imuv e SR = \[m U[ } ( )

and

11 12 8 2 171 12 8 2
CT‘L/L = _? |:2AgZZL€L <1 3 W>:| ) C’l\L/R =3 |:2AgZ€R€R 1- gSW )

v
11 4 11 4

d _ 12 2 d _ 12 2

V=2 [QAQZELL;L (—1 + 3SW>:| » VR= 2 [2AQZKRZR ( 1+ Bswﬂ , (3.13)

as well as [69, 70]

- 11 -



4 Numerical analysis

In the previous section, we have given analytic expressions for all relevant LF'V observables
in terms of the anomalous coupling constants of the SM particles generated by the Pati-
Salam model at low energy scales. These coupling constants depend directly on the 3 x
3 flavour matrices s; and t], where the latter can be expressed in terms of s; and the
effective Yukawa matrix Y7 through the relation in eq. (2.4). As such, all leptonic branching
ratios discussed in section 3 can be understood as complicated functions of the free model
parameters in the matrix s;. With hardly any restriction on the entries of this matrix,
the phenomenological analysis naturally lends itself to a numerical scan over a sizeable and
representative part of the parameter space. In the following, we employ two scan strategies.
For the first strategy, we adopt the same ranges for the flavour-unspecific input parameters
as in the analysis of quark-flavour effects performed in [29], i.e.

A€ [153], tanf € [1,15], M € [750,2500] GeV . (4.1)

Furthermore, we choose the entries of the diagonal matrix s, cf. eq. (2.6), to lie within the
interval [£, 3] x Avg

V2 M

The mixing angles and phases in the unitary matrices Vi and U in eq. (2.6) are allowed

in order to avoid too much tuning between ¢; and s; in eq. (2.5).

to be arbitrarily large for this part of the numerical scan.

Our second scan strategy is based on the same ranges for A and tan 8 as in eq. (4.1).
However, the NP mass scale M is fixed at 1 TeV. Adopting the standard CKM convention
to parameterise the unitary matrices Vi and Uy, we then investigate the dependence of the
various LFV observables on the associated mixing angles. To this end, we generate two
datasets: one dataset (blue or dark grey points) with arbitrary mixing angles, and another
dataset (orange or light grey points) where the mixing angles are restricted to be small,
i.e. in the range [0, 7/6].

In practice, we first randomly generate entries for the matrix s;, together with the
parameters A, tan 8 and M within the above-mentioned ranges. For each set of numerical
input parameters we compute the flavour matrix ¢; through eq. (2.4) so that the measured
charged-lepton masses are correctly reproduced. Each scan comprises 10° model points.
For each model point, we calculate the corresponding anomalous couplings, and from these
the rates for u — ey, u — 3e, u — e conversion as well as for the corresponding tau decays.
For muon conversion, we use the same low-energy parameters as in [63]. In particular, this
implies that the muon conversion is computed for a gold target nucleus. We note that
the future experiment DeeMe [71] uses a silicon target, while Mu2E [72] and COMET [73]
propose aluminium targets. Following the argumentation of [63], the projected upper limit
for Mu2E of 6 x 10~!7 for aluminium can be translated to a limit of about 107!¢ for
gold targets.

4.1 Muonic decays

In order to illustrate the results of our parameter scan, we show the branching ratios of
@ — ey, p — 3e and u — e conversion in form of two-dimensional scatter plots. These
indicate the typical range of the branching ratios and the correlation between different
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Process Current limit Future limit
Br(u — ev) 4.2 x 10713 [74] | 6 x 107 [75]
Br(u — 3e) 1x 10712 [76] | 1 x 10716 [77]

BrA%(uN — eN) | 7x 10713 [78] | 1 x 10716 [72]

Table 1. Current and future experimental limits on the LFV branching ratios.

observables. We stress that the point density in these scatter plots depends on the partic-
ular generation of random numbers, and does not reflect a probability distribution of the
respective observable in the considered model.

Figure 2 shows the values of the branching ratios for 4 — ey , ¢ — 3e and muon
conversion as a function of the NP scale M. Each plot contains the current and future
experimental upper limits, see table 1, visualised by solid and dashed lines, respectively. All
three plots show the expected scaling of the branching fractions with the small parameter
63 oc 1/M*. We observe that the resulting branching ratios for the decay u — evy are largely
compatible with the experimental upper bound, even after taking into account the proposed
future upgrade of the MEG experiment [75]. The small values for the y — ey branching
ratio can be explained by the one-loop suppression of the effective Wilson coefficients
relevant to this decay in our model. In contrast, the 1 — 3e decay and p — e conversion
are induced by tree-level processes which lead to larger effects, and thus the present and
future experimental bounds cut stronger into the NP parameter space. Especially in the
case of muon conversion, with the anticipated future sensitivity, our model could lead to
clear LFV signals.

To investigate the specific role of the mixing angles in the matrices Us and Vs and
the correlations between the different LFV branching ratios, we display in figure 3 the
correlations between p — ey and p — 3e, ¢ — ey and uN — eN, as well as y — 3e and
uN — eN for a fixed NP scale, M =1 TeV. Orange (light grey) points mark models where
the mixing angles in eq. (2.6) are restricted to values smaller than 7/6, while blue (dark
grey) points indicate the scenario with arbitrary mixing angles. A common feature of all
three plots is that the restriction to small mixing angles also leads to smaller branching
ratios.* This is easily explained by the general increase of the anomalous coupling constants
with larger mixing angles. As both y — 3e and uN — eN are generated by tree-level
contributions to the same kind of Wilson coefficients, both processes are strongly correlated,
a feature also known from other LF'V models where the dipole operators are suppressed
compared to the 4-fermion operators (see for instance the Randall-Sundrum scenario with
the Higgs field localised on the UV-brane as discussed in [63, 79]). On the other hand,
the loop-induced decay pu — ey shows only weak correlations with both 4 — 3e and
uIN — eN. These generic features of the LF'V phenomenology distinguish our model from
other extensions of the SM such as Little Higgs models (see e.g. [80-83]), supersymmetric
scenarios (see e.g. [84-91]), left-right symmetric models (see e.g. [92]) or models with a
fourth fermion generation (see e.g. [93]).

4Note that the points with small mixing angles conceal most of the model points with arbitrary mixing
angles in the correlation plots.
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Figure 2. Scatter plots of the branching ratios for © — ey (top), u — 3e (centre) and p — e
conversion (bottom) as a function of the NP scale M. The solid (dashed) lines indicate the current
(future) experimental limits.
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Figure 3. Correlation between the branching ratios for y — ey vs. u — 3e (top), p — ey vs.
uN — eN (centre) as well as u — 3e vs. uN — eN (bottom). Each plot shows the results for a
fixed NP scale, M =1 TeV. The scenario with arbitrary mixing angles is displayed with blue (dark
grey) points, while the scenario with mixing angles smaller than 7/6 is shown with orange (light
grey) points. (Orange points are plotted on top of blue points.)
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Figure 4. Correlation between the branching ratios of 7 — py and 7 — 3u for a fixed NP scale,
M=1 TeV.

4.2 LFYV tau decays and the electron EDM

In addition to the muon sector, the decays of the tau lepton offer another opportunity to
observe LFV. However the 7 is not suitable for low-energy experiments due to its high
mass and short lifetime. The best bounds on processes like 7 — v have been obtained at
the BaBar [94], Belle [95] and LHCb [96] experiments. The solid lines in figure 4 show the
current experimental limits,

Br(r — py) < 4.4 x 1078 [94], (4.2)
Br(r — 3p) < 2.1 x 1078 [95],

which can be compared to the predictions of our model for the corresponding branching
ratios with M =1 TeV, displayed by the blue points (again referring to the scenario with
arbitrary mixing angles for V5 and Us in eq. (2.6)). Compared to the corresponding muonic
case, the plot in figure 4 shows a similar correlation. However, the predicted values for the
branching ratios are at least three magnitudes smaller than the best upper limits and will
not be accessible in the near future.

We conclude the discussion of the lepton-flavour phenomenology in our model by
considering the strong experimental constraints on the electron electric dipole moment
(EDM). Using the above low-energy Lagrangian, the electron EDM can be directly calcu-
lated via (see e.g. [63])

de = mei(Ar — Ap). (4.4)

However, up to terms proportional to (’)(e?l), the anomalous coupling matrices, generated
by the Pati-Salam model at low energies, are hermitian. Thus, the diagonal elements are
real, and our setup does not generate any contributions to the EDM at one-loop level,
as long as we restrict ourselves to the insertion of only one anomalous coupling, i.e. the
effect of dimension-six operators. This raises the question whether dimension-eight terms
could provide significant contributions to the electron EDM. To estimate the effects of such
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dimension-eight operators, we have calculated diagrams of the type shown in figure 1 with
two anomalous gauge boson couplings instead of one. Formally, such diagrams correspond
to dimension-eight contributions where the imaginary part does not vanish for two external
electron states with, for instance, a Z boson exchanged inside the loop. We find that such
a diagram contributes to the electron EDM only by a numerically negligible amount which,
for all points of our dataset, is at least two orders of magnitude smaller than the measured
upper limit [97]

|d.| <8.7-107* ¢ cm . (4.5)

Assuming normal power counting, we thus conjecture that the contributions of other
dimension-eight operators to the electron EDM will be parametrically suppressed in a
similar manner.

5 Conclusions

We have shown how the Pati-Salam model with gauged SU(3); x SU(3); flavour symmetry
constructed in [29] can be extended to yield a realistic description of the charged-lepton
flavour sector. It requires a non-trivial extension of the flavour symmetry breaking scalar
sector, involving VEVs of flavon fields which transform non-trivially with respect to the
Pati-Salam symmetry group. The model features two heavy fermionic partners for each
SM fermion, whose mixing with the charged leptons gives rise to anomalous couplings
with the SM gauge bosons as well as the Higgs boson. Expressing the low-energy effective
Lagrangian in terms of these anomalous couplings, we have determined the branching ratios
for u — ey, p — 3e, p — e conversion as well as for the corresponding tau decays both
analytically and numerically.

Our phenomenological analysis shows that, for the bulk of parameter space of the
model, we do not expect to see any experimental evidence for the decay pu — ey in the
near future. This is similar to other LF'V models in which the decay is only induced at
the one-loop level. On the other hand, ;1 — 3e decays and y — e conversion in nuclei
are induced by tree-level processes in our setup. This entails branching ratios which are
accessible with future experimental sensitivity, provided the new-physics scale associated to
the heavy fermions in our model is of the order of a few TeV. Moreover, for the parameter
range assumed in our scans, we found that both branching ratios are highly correlated.

In the case of lepton-flavour violating 7 decays, we found that the branching ratios
predicted within our model turn out to be orders of magnitude smaller than the corre-
sponding current experimental limits. Similarly, contributions to the electron EDM are
parametrically suppressed and safely below the present experimental bound.

In conclusion, our particular model setup, which combines the idea of grand unification
in the gauge sector and flavour symmetry breaking transferred by new heavy vector-like
fermions, leads to small flavour-violating effects in the charged-lepton sector, without im-
posing the concept of minimal flavour violation in the technical sense (as defined in [11], see
also the critical discussion in [98]). In particular, the neutrino sector with the phenomenol-
ogy of the PMNS matrix is completely decoupled from LFV in the charged-lepton sector.
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A Pati-Salam model with gauged flavour symmetry

The left- and right-chiral Pati-Salam multiplets g7, r contain all SM fermions. Additional
fermionic partners (Xr g, Zr r) are introduced in order to formulate a renormalisable
model in which the flavour symmetry is broken by VEVs of matrix-valued scalar fields S
and T”. These flavon fields transform trivially under PS, except for 7" which furnishes a
triplet representation of the PS gauge factor SU(2)’. The combination of flavons in both

" is necessary to distinguish up-type from

the singlet and triplet representation of SU(2)
down-type flavour structures. To first approximation, the Yukawa matrices of the light
(i.e. SM) fermions are obtained by integrating out the heavy partners. More accurately,
it is necessary to diagonalise a 9 X 9 mass matrix in order to identify the correct mass
eigenstates. This is particularly relevant for the up-type sector where the two partners of
the top quark are only marginally heavier than the top itself.

As with every gauge symmetry, anomaly considerations put severe constraints on the
fermionic particle content of the model. The resulting need for introducing further fermions
in our PS setup can be naturally combined with the construction of a realistic (Majorana)
neutrino sector. To this end, we introduce PS neutral fermions © 7 g which acquire Majo-
rana masses through extra scalars SS). As a side effect, these additional flavour symmetry
breaking scalar fields are responsible for decoupling the flavour gauge bosons from low-
energy physics. The coupling of O to the neutral component of ¥ i induces a heavy
Majorana mass for the latter, which in turn generates light neutrino masses via the seesaw
mechanism. We refer the reader to [29] for further details on the construction of the model.

The complete particle content of the Pati-Salam model as defined in [29] is shown in
table 2. It yields a renormalisable Yukawa Lagrangian of the form

Lyvue = Ly + L (A1)
with
LY =Aq  HSg+3L (ks S+rrT') Sp+MXLqr +he.
+AELHqr+ZL (ks S+ krT) ZEg + MG, =g +hec., (A.2)
and

_ 1 _
L3k N@L(I),ER+§@L S, 015 +h.c
= 1
+EL<I)@R+§@R S,/,@R + h.c.

+05 50 +he. . (A.3)
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Pati-Salam Symmetry Flavour Symmetry  VEV
SU(4) x SU(2) x SU(2)  SU(3); x SU(3)y;s
qr, (4,2,1) (3,1)
qar (4,1,2) (1,3)
H (1,2,2) (1,1) Vu,d
J) (4,1,2) (1,3)
YR (4,1, 2) (3,1)
= (4,2,1) (1,3)
=R (4,2,1) (3,1) —
T 15 (1+15,3,1) (3, 3) 0
Ti 15 (1+15,1,3) (3,3) th 15 M
S115 (1+15,1,1) (3, 3) s1.15 M
or (1,1,1) (3, 8)
Or (1,1,1) (8, 3)
Sy (1,1,1) (6,1) sul\y,
S, (1,1,1) (1,6) s, Ay
) (4,2,1) (8,1) 0
ol (4,1,2) (1, 8) ©'Ay

Table 2. The particle content of the Pati-Salam model with imposed flavour symmetry as defined
in [29] and augmented by flavon fields in the adjoint representation of SU(4). Left- and right-chiral
fermions 1 r are denoted by subscripts L and R, respectively. The VEVs of the scalar fields are
given in the rightmost column. The lower part of the table shows fields necessary for generating
Majorana neutrino masses.

The Lagrangian in eq. (A.2) describes the Yukawa structure of the charged fermions. A
comprehensive discussion of the quark sector can be found in [29]. Turning to the charged
leptons, we observe that the effective Yukawa matrix Y} is identical to the down-type quark
Yukawa matrix Yy. Although this provides a reasonable first approximation, it is clear that
an extension of some sort is required to accommodate a fully realistic fermion mass pattern.
We have already outlined one such possibility in appendix A.2 of [29], and it is the purpose
of this paper to work out the lepton-flavour phenomenology of such an extension.

The idea consists in enlarging the scalar sector by flavour symmetry breaking flavon
fields which transform in the adjoint representation of SU(4), i.e. in the 15. Hence we
have additionally included S5 and T1(Q in table 2, where the transformation properties are
identical to S and T) of the original model with the exception of SU(4). Since the original
flavon fields were taken to be SU(4) singlets, we have written S; = S and Tl(/) =T"). The

resulting changes to the Yukawa interactions are given by simple replacements in eq. (A.2)
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such as for instance5

EL (/{55) YXr — iL (Hgl ST+ H515515) YR . (A.4)

Inserting the flavon VEVs and dividing by the new-physics (NP) mass scale M, we can
define dimensionless 3 x 3 matrices s; = kg, (S;)/M. The presence of the adjoint entails a
difference between quarks and leptons: the SU(3) conserving direction of the 15, written as
a matrix, is Diag (1,1, 1, —3) so that the leptons pick up a relative factor of —3 compared
to the quarks.® Hence we are led to the following replacements

quarks: s — s, = s1+ S15, th = ty =ty +ths,

(A.5)
leptons: s — s = s1—3s15, t — t; = t) —3t);.

A setup where all SU(4) singlet flavon fields are accompanied by flavons in the adjoint of
SU(4) therefore decouples the flavour structure of the quark and lepton sector completely.
Having discussed the phenomenology of the quark sector extensively in [29], we focus
exclusively on the leptons. However, we do not pursue a numerical fit to neutrino oscillation
data because the implementation of light Majorana neutrino masses in our model introduces
the independent flavour structure of (S,) so that a realistic PMNS mixing matrix can always
be achieved regardless of quark and charged-lepton flavour.

B Details of required basis transformations

B.1 Diagonalising the charged-lepton mass matrix

In section 2.1, we have only sketched the diagonalisation of the 9 x 9 mass matrix of the
charged leptons as defined in eq. (2.2). Here, we fill in the gaps by explicitly defining the
individual steps [labelled by a subscript (i)] of the sequence of basis transformations. We
follow closely the discussion in appendix C of [29].

1. Basis with diagonal Y; = Y;: we begin with M? of eq. (2.2) in a basis where Yy, as
defined in eq. (2.4), is diagonal. Generally, neither s; nor s;—t; will be diagonal in that
basis. We therefore rewrite these two matrices using the singular value decomposition
of eq. (2.6).

2. Diagonalising s; and s; — t): next, we apply the basis transformation

-/ — . .
Uy = Vpg) diag (ULVL V), Why = diag(Vi, U, U)Wy,  (B.1)

so that
0 Uil
My = 1 i oM, (B.2)
Vixeg 0 3

Note that only ST can couple in the term of the third line of eq. (A.3).

This so-called Georgi-Jarlskog factor was first discussed in the context of SU(5) in [62], where the scalar
sector was enlarged by a Higgs multiplet in the 45 which (contrary to the standard Higgs in the 5) treats
quarks and leptons differently.
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with

vt=uv,ul, vi=wyl. (B.3)
The matrices § and ¢ are the diagonal versions of s; and s; — t}, see eq. (2.6). The
structure of eq. (B.2) is identical to the one of eq. (C.2) in [29]. Therefore, we can
simply follow the sequence of basis transformations described in appendix C of [29].

3. Diagonalising ./\/l for €q = 0: with vanishing €4, the three generations do not mix
with each other. It is therefore straightforward to diagonalise M @) in this limit by

introducing the following matrices of cosines and sines

¢ = diag(cl, 2, é3), 5, = diag(sl, s2,53), (B.4)
where ) )
cx:L, §h= ——— (B.5)
\/1+ 22 1+ 22
and x = s,t. Defining the basis transformation
, , ¢s 0 8 ¢t —5 0
Uy =T 0 10|,  Thgm|s & 0Ty, (B.6)
—55 0 ¢ 0 0 1

diagonalises MfQ) in the limit where ¢; = 0. Reinstating non-vanishing ¢, yields the
mass matrix Mfg) which is of the form as given in eq. (2.7). The exact form of the
3 x 3 submatrices a, b, ¢, d, é and f was derived in [29]. In this work, we can simplify
these expressions thanks to the small Yukawa coupling of the tau lepton, and hence
Z; > 1. Expanding to second order in & ! we have

1
bp ~ 1— 5@—2, 8, ~ &L, (B.7)
and with it
a~—E WU, (B.8)
. 1 1 ..
b~ (UT — s tvTit - §§’2UT — 2UTt2> A, (B.9)
D e R b VAT
cr (VI=-§7U — 55 V—§Vt A, (B.10)
d~ (ViiTt+ 571U X, (B.11)
é~t, (B.12)
frs. (B.13)

4. Block-diagonalising M€3) up to order 63.‘ the matrix in eq. (2.7) can be block-

diagonalised (to second order in €4) by
. 4 t i f
Try = Trp) |Ria(ela)] [Ras(ehs)] [Rastels)] (B.14)

Vi = [Rua(ch)| [Raslch)| [Rus(cl)| Whes) - (B.15)
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Here Rop(€) denotes a “rotation in the a-f plane”, expanded to second order in &.
For example,

1-teet & 0
Ri12(§) = ¢go1-L1¢¢o |, (B.16)
0 0 1

while the other two rotations are identical up to obvious permutations of rows and
columns. In terms of the parameters of eq. (2.7), the 3 x 3 matrices £ and ¢ have
already been derived in [29],

Wil
L —éid;; L
€y =be e, (6] =—"Le,  dy=adfiE, (BT
ot — fj
¢ t7.-2 2 ; _dzjfj ¢ t -1
Cip = a'be™" ey, [423} T T, 79t CQz=c'f " ea. (B.18)
i &%= fj

Inserting the expressions of egs. (B.8)—(B.13) and keeping only terms up to second
order in §7! and !, we find for the charged leptons

n a—1
N _‘/ij - ti Uz'j Sj

om Ul e, [eh] ~—" 0 New, €30, (B.19)
7] t;*— §;
_fflvl..g._Ui. .
¢ 0, [ggg}ijz T e, (R VET e (B20)
i J
With this result, the basis change in egs. (B.14), (B.15) simplifies to
]
ey Lt 1— 58080, T2 0y (L 0 2
[Ria(el)] [Ras(eh)] ~| el 1-1efet0|l0 1 &
0 0 1/ \o ¢ 1
]
1- % {2T§f2 f2 ; 0
~ —ly 1— 560 €0 & | (B.21)
0 —g' 1
10 0 1- %Cfs CfsT 0 —Cfs
[Ras6ho)] [Rustcly)| = 0 1 G5 o1 0
0¢s 1 o 01 -3¢h' ¢ty
]
LT—5Cs¢s 0 =
~ 0 1 (55 . (B.22)
T T T
Cis 53 1= 3¢5 Cis

The resulting mass matrix /\/lf 4 1s given explicitly in eq. (2.8).

5. The approximate mass basis: the final step in our sequence of basis transformations
diagonalises the upper left block avy/v/2 of /\/lf4). As discussed in section 2.1, this
requires

-/ -/ . .
Uy s = Uy gdiag (Us, 1,1), U :dlag(w,n,n)%(4) . (B.23)
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B.2 The neutral-lepton mass matrix

Considering the neutral fermions of the Pati-Salam model, we do not aim at a full diagonal-
isation of the 18 x 18 Majorana mass matrix of eq. (2.14). Yet, we must identify the correct
light neutrino mass eigenstates which become massless in the limit of ¢, = 0. Working in
this limit, we apply a basis transformations on Wyraj of eq. (2.13) such that

. ¢ 0 —3,\ (U0 0 .
Ui =(01 0 010 |y, (B.24)
5, 0 & 00V
100
00 U,
Maj

Adopting the expansion of eq. (B.7), the mass matrix M(3) takes the form of

|eu:0
eq. (2.16), in which the three massless left-handed neutrinos have already been isolated.

The fourth step in the sequence of basis transformations must not be applied to the neutral

sector as it would add a component of the heavy fermions to the massless particles; hence,
zl‘/j
identical to the corresponding unitary matrix of the charged leptons. We therefore define

= 0. Finally, the fifth step only mixes the massless neutral fermions and can be chosen

—vT . —vT
Vi) = diag (U], 1,1) TR (B.26)

We do not specify the transformations of the heavy neutral fermions as they are practically
irrelevant for charged-lepton flavour violating observables involving only the electron, the
muon and the tau lepton.

B.3 Non-standard gauge-kinetic couplings

In the neutral currents of the charged leptons, deviations from the Standard Model originate
from the terms of eq. (2.18) which are proportional to K} and Kg. Applying the sequence
of basis transformations defined in appendix B.1 yields

vlehet,lu,  —ulel, 0

Klw = | —¢h'u.  1-¢hlel, &), (B.27)
0 g' 0
VtTCfBCfBTVt 0 ~vich,
Khs) = OT 0 T —Cﬁg% : (B.28)
~Cis' Vi G35 1 (is'Cls

with ffj and fj given in egs. (B.19), (B.20).

Turning to the charged current involving the left-handed neutrino, we have not fully
specified the transformation which diagonalises the mass matrix of all neutral fermions. In
particular, we have skipped the diagonalisation of the Majorana mass matrix of eq. (2.17).
Therefore, we will only determine the upper left 3 x 3 block of ICE@ which describes the
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anomalous coupling of the W to the light SM leptons. It is easy to see that a change from
the original basis of the charged and neutral leptons to the corresponding third basis, as
defined in egs. (B.1), (B.6), (B.24), does not modify the matrix K, at all. Performing the
transformations of egs. (B.21), (B.23), (B.26) to the final mass basis, one can derive the
following form for the upper left 3 x 3 block of IC;: (5)°

1 t
Ul (11 — 5 okl ) U, (B.29)

where &1, is given in eq. (B.19).
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any medium, provided the original author(s) and source are credited.
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