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1 Introduction

Recent applications in condensed matter physics and gauge-gravity duality have led to a
renewed interest in the question of how to consistently couple non-relativistic field theories
to arbitrary non-relativistic space-time backgrounds. As in the relativistic case, a consistent
coupling of a field theory to arbitrary geometric background data allows one to covariantly
define currents such as the energy-momentum tensor and to study linear response. This
geometric approach has been used in condensed matter physics recently, as a means to
construct effective field theories that capture universal properties of the fractional quantum
Hall effect [1-4]. It also plays a prominent role in recent applications of gauge-gravity
duality to condensed matter physics, such as Lifshitz and Schrodinger holography [5-7].
Here, one views non-relativistic conformal field theories as living on the boundary of a
higher-dimensional space-time with non-relativistic isometries, that is a vacuum solution
of a suitable dual gravitational theory. The partition function of the field theory can then
be calculated holographically as the partition function of the dual gravitational theory, in
which all fields are subject to well-prescribed fall-off conditions towards the boundary. The



asymptotic values of the fields of the gravitational dual correspond to sources for operators
in the conformal field theory and play the role of arbitrary geometric background data to
which the field theory couples.

In both condensed matter and gauge-gravity duality applications, it has been argued
that the correct geometric framework to specify the background data is given by Newton-
Cartan geometry with torsion [4, 8-18]. Newton-Cartan geometry was first introduced in
the context of Newton-Cartan gravity [19-21], as the differential geometry necessary to cast
Newtonian gravity in a covariant form akin to General Relativity. Even though Newton-
Cartan geometry was originally formulated in a metric-like fashion, recent advances and
applications have focused more on an equivalent vielbein formulation, in both torsionless
and torsionfull cases. In this vielbein formulation one introduces temporal and spatial
vielbeins that transform under local spatial rotations and Galilean boosts, as well as spin
connections for spatial rotations and Galilean boosts. Crucially, one also includes an extra
gauge field that is associated to particle number conservation. In the torsionless case,
the vielbein formulation of Newton-Cartan geometry can be constructed by gauging the
Bargmann algebra, i.e. the central extension of the Galilei algebra [22, 23], where the
central charge corresponds to particle number. Similarly, it is possible to obtain particular
torsionfull Newton-Cartan geometries by gauging the conformal extension of the Bargmann
algebra, namely the Schrodinger algebra [14].

An interesting question is whether Newton-Cartan geometry and Newton-Cartan grav-
ity can be made compatible with supersymmetry, i.e. whether one can construct Newton-
Cartan supergravity theories. Such theories can be relevant for the construction of su-
persymmetric non-relativistic field theories, coupled to arbitrary backgrounds, that could
e.g. be used as toy models to study exact results in non-relativistic quantum field theory.
Relatedly, one might use Newton-Cartan supergravity theories to see whether localization
techniques, that have proved useful to obtain exact results for relativistic supersymmetric
theories on curved backgrounds [24-26], can be extended to non-relativistic theories.

The first example of a Newton-Cartan supergravity theory was obtained in [23] and
corresponds to three-dimensional, N” = 2, on-shell, pure Newton-Cartan supergravity with
zero torsion. The independent gauge fields of this theory are given by!

non-relativistic on-shell : (TM, e, my, @Z’ui) . (1.1)

Initially, this theory was constructed via a gauging of the d = 3, N’ = 2 Bargmann super-
algebra; it was recently revisited in [27], where it was re-obtained from relativistic d = 3,
N = 2 supergravity via a procedure that corresponds to properly taking the non-relativistic
limit while keeping an arbitrary frame formulation. This limiting procedure was then sub-
sequently used to obtain an off-shell, pure d = 3, N = 2 Newton-Cartan supergravity
theory. Even though these examples show that Newton-Cartan geometry and gravity can
be appropriately supersymmetrized, for practical purposes it is desirable to construct more
elaborate examples than the pure, torsionless supergravities just mentioned. In particular,
in view of the above mentioned condensed matter and gauge-gravity duality applications

!We use the same notation and conventions as in [23].



one would like to obtain Newton-Cartan supergravity theories that include non-trivial tor-
sion as well as matter couplings. Such theories can generically not be obtained by applying
the simple gauging procedure that led to the on-shell theory of [23], as not all fields will
correspond to gauge fields of an underlying superalgebra. Since taking a proper and con-
sistent non-relativistic limit can be rather cumbersome, new techniques are thus required
to obtain such torsionfull and/or matter-coupled Newton-Cartan supergravity theories.

A very useful way to construct relativistic supergravity theories is offered by the su-
perconformal tensor calculus (see [28] for an introduction and references). In relativistic
superconformal tensor calculus, one obtains Poincaré supergravity theories by starting from
a gauge theory of the superconformal algebra. In particular, one starts from a so-called
‘Weyl multiplet’, that realizes the superconformal algebra and contains its gauge fields (ei-
ther as independent or as dependent ones). In a next step, one couples the Weyl multiplet
to a ‘compensator multiplet’, whose role is to gauge fix the superconformal symmetries
that are not part of the Poincaré superalgebra. As a concrete example, we remind how this
procedure is applied to obtain d = 4, N’ = 1 ‘old minimal’ supergravity. In this case, the
d =4, N =1 Weyl multiplet contains the vielbein E#A, gravitino ¥,, R-symmetry gauge
field A, and dilatation gauge field b, as independent fields. One can gauge fix the special
conformal transformations by putting b, to zero. As a compensator multiplet, one takes a
chiral multiplet that comprises two complex scalars ® and F' and a spinor x. To derive a
Poincaré multiplet from the Weyl multiplet one gauge fixes dilatations, R-symmetry and
conformal S-supersymmetry. As gauge fixing conditions, one can choose:

d=1": fixes dilatations and R-symmetry , (1.2)
x=0: fixes conformal S-supersymmetry . '

In this way, one obtains the old minimal Poincaré multiplet which comprises
(EMA, U,, A, F). Alternatively, one may also use a tensor multiplet (¢, A, B,,) as a com-
pensator multiplet where ¢ is a real scalar, A a spinor and B, a 2-form gauge field.
Imposing the gauge fixing conditions

fixes dilatations,
(1.3)

p=1
A=0: fixes conformal S-supersymmetry ,
one then obtains the new minimal Poincaré multiplet with the fields (EMA7 U, Ay, Bu).
This theory still enjoys a local U(1)-symmetry.

In this paper, we will show that superconformal techniques can also be used to con-
struct non-relativistic Newton-Cartan supergravity theories. We will in particular use a
non-relativistic analogue of the superconformal tensor calculus to construct off-shell formu-
lations of d = 3, N = 2 pure Newton-Cartan supergravity. The non-relativistic supercon-
formal algebra we will start from is the Schrédinger superalgebra. This algebra contains
the Bargmann superalgebra as a subalgebra (hence our interest in it) and extends it with

a dilatation generator, a single special conformal generator, an extra bosonic R-symmetry
generator and a single fermionic S-supersymmetry generator. We will then construct a



non-relativistic Schrédinger supergravity multiplet? that realizes the Schrodinger superal-
gebra and contains its gauge fields. The independent fields of Schrodinger supergravity
are a temporal vielbein 7,, a spatial vielbein e,“, a central charge gauge field m,, a R-
symmetry gauge field r, and two gravitini v,4. The Schrodinger supergravity multiplet
also contains an extra independent field b, that corresponds to the time-like component of
the dilatation gauge field and that can be put to zero by gauge fixing the special confor-
mal transformation.

In a next step, we will couple the Schrédinger supergravity multiplet to a compensator
multiplet, that as in the relativistic case can be used to gauge fix superfluous superconformal
symmetries. We will consider two different choices of compensator multiplet. The first
choice is given by a non-relativistic d = 3, N’ = 2 scalar multiplet and this will lead to a non-
relativistic analog of old minimal supergravity with independent fields (see subsection 4.1)

non-relativistic old minimal : (Tu, e, My, Ty Yt X—, Fi, Fg) . (1.4)

The second compensator multiplet we will consider consists of a scalar ¢, a spinor A and
an extra bosonic field S, that transforms non-trivially under Galilean boosts. It can be
obtained as a truncation of the non-relativistic limit of a vector multiplet. The fields ¢
and A can then be used to gauge fix dilatations and S-supersymmetry, so that one ends up
with a non-relativistic analogue of new minimal supergravity whose independent fields are
given by (see subsection 4.2)

non-relativistic new minimal : (TM, en, My, Ty Ypt S) . (1.5)

As was shown in [14], the gauging of the Schrédinger algebra naturally leads to Newton-
Cartan geometry with torsion. The torsion is provided by the spatial components of the
dilatation gauge field, that are dependent on the other fields. This feature remains in the
construction of the Schrédinger supergravity multiplet and our non-relativistic supercon-
formal tensor calculus therefore naturally leads to torsionfull Newton-Cartan supergravity
theories. In this way, we are thus able to extend the constructions of [23, 27] to the tor-
sionfull case. The torsionless case can be retrieved by putting the torsion to zero. As the
torsion is provided by gauge field components that depend on the other fields in the su-
pergravity multiplet, this truncation is non-trivial and its consistency has to be examined.
We will study this truncation in the case of non-relativistic new minimal supergravity and
we will show that this truncation leads to the off-shell d = 3, N = 2 theory of [27].

The organization of this paper is as follows. In section 2, we discuss the gauging of
a suitable Schrodinger superalgebra and the ensuing construction of the d = 3, NV = 2
Schrodinger supergravity theory. Section 3 is devoted to a discussion of the matter multi-
plets that we will consider as compensator multiplets. We will show how these multiplets
can be obtained as non-relativistic limits of a relativistic scalar and vector multiplet and

2We prefer to reserve the name non-relativistic “conformal” supergravity multiplet for the multiplet
that realizes the gauging of the Galilean Conformal Superalgebra [29-31]. The reason for this is that the
Schrodinger superalgebra, with only a single special conformal generator, allows a mass parameter while
the Galilean Conformal Superalgebra does not. We thank Jerzy Lukierski for a discussion on this point.



how they can be coupled to the Weyl multiplet. The construction of torsionfull old mini-
mal and new minimal Newton-Cartan supergravity will be performed in section 4, whereas
section 5 will be devoted to the truncation to the torsionless case. Finally, we conclude
and give an outlook on future work in section 6.

2 Schrodinger supergravity

In this section we discuss the gauging of superconformal extensions of the Bargmann al-
gebra, the so-called Schrodinger superalgebras. This is done in several steps. First, in
section 2.1 we write down the transformation rules of all gauge fields, as determined by
the algebra. Then we solve for some of the gauge fields in terms of others, using so-called
conventional curvature constraints. The full set of curvature constraints is discussed in
detail in subsection 2.2. Once the dependent gauge fields are expressed in terms of inde-
pendent ones, their transformation rules do not necessarily coincide with those given by the
structure constants of the algebra. The final transformation rules of the dependent gauge
fields thus need to be re-evaluated and this is done in subsection 2.3. Having determined
the transformations of all fields, one can check whether the set of curvature constraints is
a consistent one. This analysis is given in subsection 2.2 for ease of presentation. Note
however that checking consistency of the constraints constitutes the last step of the analysis
and relies on the transformation rules determined in subsection 2.3.

2.1 The Schrédinger superalgebra and transformation rules

Schrodinger superalgebras were first found in [32] as the symmetry group of a spinning
particle. However, this leads to an algebra with a Grassmann valued vector charge, instead
of a spinor (Q_ in our notation). Because we are mainly interested in extensions of the
Bargmann superalgebra with two spinorial supercharges we prefer that our Schrodinger
superalgebra also contains such operators. For this reason, and because we work in three
space-time dimensions, we will work with the superalgebra of [33].

For the purpose of this work we restrict ourselves to using z = 2 Schrodinger algebras.
This algebra, as well as its supersymmetric extension, is similar to the Bargmann algebra in
that it allows for the same central extension in the commutator of spatial translations and
Galilean boosts. This is important because it enables us to solve for the non-relativistic
spin- and Galilean boost-connections and thus the gauging works in the same way as
e.g. in [14, 22, 23].

To be concrete, we use the following set of commutators. The bosonic commutation

relations of the Bargmann algebra (a = 1,2)
[Pa, Joe] = 26,5 Py, [H,G,| = P, 2.1)
[Gm ch] = 25a[b Gc} ) [Paa Gb] = dab Z,

are supplemented by the action of the dilatation operator D and special conformal trans-
formations K as follows:
[D,H]:—QH, [H,K]:D, [D,K]zQK,

[D,P,] = —P,, [D,G.) =G,, [K,P,| = —G,. (22)



Here H,P,,Ju,G, and Z are the generators corresponding to time transla-
tions, spatial translations, spatial rotations, Galilean boosts and central charge
transformations, respectively.

The extension to supersymmetry is done by adding two fermionic supersymmetry
generators (1, Q— and one so-called “special” supersymmetry generator S. We also
have to add one more bosonic so-called R-symmetry generator R which, however, does
not contribute to the commutation relations (2.1) and (2.2). This leads to the super-
algebra that was found in [33], see also [34, 35]. In this way the commutators of the
Bargmann superalgebra,

[Jaba Q:I:] = _% ﬂ)/abQ:ta [Gaa Q+:| = _% 7&0@— )
{Q+,Q4}=—"C'H, {Q1,Q-} = —"C' Py, (2.3)
{Q*?Q*} = _2700_1 Z’

are augmented by the following commutators that involve the extra bosonic and fermionic
operators of the Schrédinger superalgebra:

[D,Q4] = -Q4, |D,S] =5, [R,Q+] = £70Qx+ , [R,S] =S
UanS] = —57wS,  [SH=Qe.  [SPl=jwmQ ., [K@]=5.
{5,8} =—"C'K, {5,Q_} =+"C' G,

{5,Q+} = %700—1 D+ %70‘1"0—1 Jap + Z C'R. (2.4)

According to [34] this algebra is of a special kind that only exists in odd dimensions. Nev-
ertheless, it will serve our purpose to construct a non-relativistic Schrodinger supergravity
theory in three dimensions.

After imposing the conventional constraints we will find that the gauge fields w,ﬂb,
wu®, fu and ¢, of spatial rotations, Galilean boosts, special conformal transformations
and S-supersymmetry transformations, respectively, together with the spatial components
by, = et4b, of the dilatation gauge field b, are dependent. The time-component b = 7+b,,
of b, will turn out to be a Stiickelberg field for special conformal transformations, just like
in the bosonic case [14]. Eventually, we will use this to set b to zero, gauge fixing special
conformal transformations. For notational purposes though, it is easier to keep the full b,,.

We start with the transformations of the independent bosonic fields under the bosonic

symmetries. They are

0T, =2Ap Ty,

de, =A% eub + X1, +Ape,”,

omy, = 0o + A"e,”, (2.5)
0by, = OuAp + Ak Ty,
Ory = Oup.



For the fermionic fields we find

1
(5¢#+ = Z )\ab’}’abw/,n—l- +Ap ¢y+ - ’Yow/wr P,
(2.6)

1 1
Y- =7 Aty — 5 A Ya0Pput + 0P p-

Here A%,, A% Ap and p are the parameters of spatial rotations, Galilean boosts, dilatations
and R-symmetry transformations, respectively.
The fermionic symmetries act on the bosonic fields as follows:

1_
0Ty =5 e %ur
a 1 — a 1 — a
eyt = ) Y Yu— + 9 eV Yus,
(5m,u = 5707%7 ) (27)
1_ 1_
oby, = 1 €+70¢u 1 7770¢u+ )

3_ 3 _
ory, = 3 €E+Qu + 3 N+ 5
where €4 are the two @QQ-supersymmetry parameters while 7 is the single S-supersymmetry
parameter. Under these fermionic symmetries the fermionic fields transform as follows:

OVpt = Dpey —byep +ruyoer — 11,
(2.8)

1 1
0u— = Dye_ —ruyoe— + 5 Wy Ya0€+ + 3 en " Yaon -

Since we expect the transformation rules of the dependent gauge fields to change when we
solve for them we will not denote them here. Rather, we will first solve for the gauge fields
b

wu®, wu®, be, f, and ¢, using conventional curvature constraints. The following subsection

is devoted to a discussion of all curvature constraints of the Schrodinger supergravity theory.

2.2 Curvature constraints

While gauging the Schrodinger superalgebra we impose several curvature constraints.
These follow mostly from requiring the correct transformation properties under diffeo-
morphisms. At the same time they allow us to solve for some of the gauge fields in terms of
the remaining independent ones. According to the Schrédinger superalgebra the curvatures
of the independent gauge fields are given by

Ruw(H) = 20,7, — 4b,7)) — %@[MHO%H ,
Ry (P) = 20,e,)" — 2wy, "e,)” = 200, 1) = 2b,65)" — Ppur Y ) -

Ry (Z) = 20,m,) — 2wy, e, — by 7"y, (2.9)
Ry (D) = 20),b,) = 2 fium) + 5 0y

3 _
Ry (R) = 200,10) + 4 Yt b 5



and

. 1,
\Ijuy-‘r(Q-‘r) =2 Q[M%H - 5 Win b7ab¢u]+ —2 b[uwu]Jr + QT[M’YO%H - 27—[,u¢1/] ) (2 10)

. 1
\I//,w— (Q—) =2 8[/11/}1/]— - 5 w[uab'yabwu]— - 27“[,[701%}— + w[ua’)/aowy]-i— + e[ua7a0¢u] :

The covariant curvatures R of the dependent gauge fields are not a priori given by the
“curvatures” R that follow from the structure constants of the Schrédinger superalgebra
since the transformation rules of the dependent gauge fields are not necessarily equal to
the ones that follow from the structure constants of the algebra, see e.g. the fermionic
transformation rules given in egs. (2.34). For the following discussion we will need the
curvatures of spatial rotations, Galilean boosts and S-supersymmetry. In the case of spatial
rotations the full curvature coincides with the expression that follows from the structure
constants, i.e. R(J) = R(J), but in the other two cases there are additional terms in R
since the fermionic transformation rules of those gauge fields contain extra terms beyond
those that are determined by the structure constants, see eq. (2.34). We therefore have that

Ry ™(J) = 20p,w,)"" — %@M%w : (2.11)
but that
Ruw(G) = R.,*(G) + additional terms, (2.12)
with the structure constant dependent part R,,*(G) given by
R (G) = 20w, — 2w[uabwy]b — 2w, by — 2 fluen® + é[uvawy]_ ) (2.13)

We will not need the ‘additional terms’ in R(G) except for a special trace combination in
which case the full expression for R(G) is given by

Roa*(G) = Roa(G) = ea " Wao—(Q-) - (2.14)
Using the same notation we find that the curvature of the gauge field of S-supersymmetry
is given by
1
Ryuw(S) = 20,6,) — 5 Wi VabBu) + 2bp D) + 270 Y00y + 2 flu )+ (2.15)

1 a a c 1 a a
+ 270¢[u+ ZE bRu]O b(J) - RV]O(R):| -2y 1/1[#7 |:45 bRV]C b(‘]) + RI/]C(R) )

where the first line comprises all terms that follow from the structure constants.
In the following subsection we will solve for the gauge fields w,ﬂb, wu®, ba, fu and ¢,
in terms of the independent ones using the following set of conventional constraints:

R’ (P)=0, Ruw(Z) =0, Rao(H) =0,
Pa04+(Q4) =0, VW40 (Q-) =0, (2.16)
Rao(D) =0, Roa"(G) = 0.



Note that the last constraint involves the curvature of the dependent Galilean boost gauge
field whose definition in terms of the part of the curvature that is determined by the
structure constants is given in eq. (2.14). Since the conventional constraints are used to
solve for some of the gauge fields their supersymmetry transformations do not lead to new
constraints. We note that, imposing constraints on the curvatures, the Bianchi identities
generically imply further constraints on the curvatures, which holds for the constraints
in (2.16) and those to be discussed below.
Besides the conventional constraints we also impose the foliation constraint

Ry (H) =0. (2.17)

The time-space component of this constraint is conventional but the space-space part is
not. Its Q) -supersymmetry transformation leads to

Ui (Q1) =0, (2.18)

where, again, only the space-space part is a new, un-conventional constraint. The con-
straints (2.17) and (2.18) lead to

Ra(D) =0, (2.19)

as a consequence of a Bianchi identity. We now consider supersymmetry transformations

of the un-conventional constraint \ilab+(Q+) =0. A Q_-variation enforces®

Vo (Q-) =0. (2.20)

Upon use of all known constraints and Bianchi identities, we find that the only non-trivial
variation of (2.20) is its _-variation which we combine with a @Qi-variation of (2.18)
to find

Rap(R) =0, R4 (J) =0. (2.21)

At this point we have checked the symmetry variations of all constraints except the last
two, i.e. (2.21). Before we go on determining the implications of their transformations we
note that using all constraints so far we find the Bianchi identity

Rap(S) =0. (2.22)

The only non-trivial transformation of Rq(R) = 0 then leads to 3

3 al a
1€ "R™(J) = Ru(R). (2.23)

30ne might wonder how the supersymmetry transformation of a fermionic [bosonic] constraint can
lead to another fermionic [bosonic| constraint. It is true that this is not possible when following generic
transformation rules of covariant quantities. However, those rules only apply if we already know the full set
of constraints and the commutator algebra closes precisely because some constraints are needed to eliminate
apparently non-covariant terms. Hence, we can certainly take guidance from those covariant rules, but when
we use them too naively we might miss some constraints.



Since (2.23) essentially identifies R(J) with R(R) we have derived all consequences
of (2.21). The constraint (2.23) itself is inert under all symmetries and hence we have
derived the full set of un-conventional constraints that follow from (2.17).

In summary, the set of constraints comprises the following chain of un-conventional

constraints:
B Q+ o _ Q- \I =
Rap(H) =0 == Tapp =0 — Uy =0 —
5 ., 3 (2.24)
\ijab-i- 0 } & Rab(R) =0 &) 1 5(117 leab(!]) — RMV (R) .
ab— —

The Bianchi identities that feature in the discussion above are given by
Rap(D) =0,  Re(G)=0, R“(G)=2Re"(J),  Ra(S)=0. (2.25)
2.3 The dependent gauge fields

Let us now determine the expressions of the dependent gauge fields. We first determine
the spatial component of b,. Using Rqo(H) = 0 we find

1 1 -
by = eMob, = 3 et or? (2 O — 3 q/;wy%m) . (2.26)

The (independent) scalar b = 7/b,, is a Stiickelberg field for special conformal transforma-
tions:

1
0b = A+ T#0,Ap = 2Apb = X ba — -7 (€70 + 17 ")
(2.27)

1 1 _ _
2 by T’ — 5 07’ (€47 hp +E A4 ) -

Thus, we could choose to set b = 0. This would induce the compensating transformation

1
Ag = —=m"OuAp + X" by + 4 T (€47 by + 717 Pyt )
(2.28)

1 _ _
+ 5 bg T (Q—'Yawp— + E—VGwp+) .

In the following we will keep b # 0. In any case, since no independent field transforms
under special conformal transformations there is in essence no effect from this gauge fixing.
We proceed with determining the other dependent gauge fields. The gauge fields

a

wuab of spatial rotations and w,® of Galilean boosts are solved for using the conventional

constraints R,,*(P) = 0 and R, (Z) = 0. We find the following expressions:
a via 1
Wy b=2el (8[1,6#117] ~3 ¢[V+'yb}1/)ﬂ]_ — by, eu]b]) (2.29)
c_ pa vb c 1 c c pa vb 1 0
+enee | Open) = 5 Vs VW)= —bp " | e e Oy — 5 Y- - |
a v a 1 a a
w" =T (%% = 5 Y V- — b ey >
1
+ GMCGPGTV <3[pey]c - 5 @D[p+’yc¢y]_ - b[p ey}c) (2.30)

1 1
+ e <a[umu] 5 1/’[#701/1u]> — e’ <6[pm,,] ) T/’[pVOwV]> :

~10 -



The S-supersymmetry gauge field ¢, is determined through the conventional constraints
a0 (Q+) =0 and v*¥ 40 (Q_) = 0, which lead to the following expression:

1
¢M = 7Y (2 a[udJVH - 5 W[#ab’Yabd}uH -2 b[ﬂd]’/H + 27“[#’}/01#,/]+>
(2.31)

1
+ 7P’ (2 ONph)- — 5 Wip™VabPu)— + Wp*Ya0Pu)+ — 2 7“[,ﬂo%]> :

Finally, to solve for the special conformal boost gauge field f,, we use the conventional
constraints Rqo(D) = 0 and Rp,*(G) = 0. In this way we find that

1 _
fu=1" (2 by + 9 w[u+70¢l/]> (2.32)
1
+ 5 T’ (20w, — 2w, wy)” — 20,y + G ) )

1 _ .
) Tue’a @bpf“Yo‘I’aOf(Qf) .

At this point we have solved for all the dependent gauge fields in terms of the indepen-
dent ones. Using their expressions in terms of the independent gauge fields, we find that
they transform under the bosonic Schrédinger transformations as follows:

5wuab — 8M)\ab 7

ow,” = 0\ — w#“b/\b + b, A"+ A% wub —Apwy® +Age,”,
(2.33)
5fu = 0ulic +2 A5 by — 2Ap fo — 7 N Roa®(J)

1
0y = 1 Ay — Ap by — A Yyt — Yobp p -

These are precisely the transformation rules that follow from the structure constants of
the Schrodinger algebra except for the curvature term in the transformation rule of the
special conformal boost gauge field f,. In [14] this was circumvented by redefining f,, by
adding terms with m, and R,,%°(J) in the conventional constraint Ro,*(G) = 0 that is
used to solve for f,. However, then the field acquired a non-trivial transformation under
the central charge symmetry. We will not perform any redefinition of that kind here.

Concerning the fermionic symmetries, we find that the @) and S-transformations of the
dependent gauge fields fields wuab ,w,* and ¢, are given by

1_ 1_
5w“ab = _Z 6+")/ab0¢’u, + 1 77’Yab0wu+ 9
- . 1_
Swy® = €70, (Q-) — 56 Vb + eub ey (Q-)
1_ N 1
+ 1 V"W (Q-) — 5 77'7(1%1* ) (2:34)

5¢u :Dun"i‘bun"i‘rpf)/on"i‘fuﬁ-&-

1 1
+0es |5 e R0 (J) — RMO(R)} +7%_ { e R () + Rue(R)

4
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The above bosonic and fermionic transformations allow us to explicitly check that the
commutator algebra of two supersymmetries is realized by the formula

[6(Q1,51),0(Q2, 52)] = dg.ce.(B*) + 85 (A?) + 56 (A%) +02(Z) + 6p(Ap)
+ 61 (M) + b, (T4) +0g_(T-) +3s(n) + dr(pr)

(2.35)
where the parameters are given by
ey - lg 0 H 1 € a € a K
=75 2477 €1+ T +2(62+’Y €1—t+€a_7y €1+)€ as
- 1, _ -
A = —EHy, " 4 Z(€1+70ab772 — " e), Ty =—-Eu,
2.36
a =W, ., a 1, a = _a = 1_ 0 ( )
A = —EHw, —5(614 ne + M yea-) , A = =E'fu+ 5 0m,
- _ - 3 _
Y= —E'my, + & e, pr=—E'ru+ 3 (€14m2 — M e24),
- 1. _ -
Ap = —EFb, + 1(61+70?72 + 7 e2y) n=-E"¢,.

This finishes the discussion of the Schrodinger supergravity theory.

Note that our analysis of the Schrodinger theory is not fully complete, since we did
not derive the variation of the dependent field f,, under fermionic symmetries. Even so,
this was not needed to show that the set of constraints (2.24) is a consistent one and that
the commutator algebra closes on all independent fields.

3 Matter multiplets

In this section we present matter multiplets that realize the same commutators corre-
sponding to the Schrédinger superalgebra as we derived for the Schrodinger supergravity
multiplet in the previous section. These multiplets will be used as compensator multiplets
in the next section to derive off-shell formulations of Newton-Cartan supergravity.

One such off-shell formulation already exists in the literature [27]. It was obtained
by taking a non-relativistic limit of the three-dimensional N = 2 new minimal Poincaré
multiplet [36]. The new minimal Poincaré multiplet follows from superconformal techniques
using a compensating (relativistic) vector multiplet. Hence, in order to derive its non-
relativistic analog we should use as a compensator a non-relativistic vector multiplet. This
is one of the two non-relativistic matter multiplets which we derive in this section. The
other one is the scalar multiplet which we shall later use to derive a new off-shell formulation
of Newton-Cartan supergravity.

It would be very efficient if we could derive the matter multiplets coupled to
Schrodinger supergravity by applying the non-relativistic limiting procedure of [27]. How-
ever we cannot, because the Schrodinger superalgebra does not follow from the contraction
of any relativistic superalgebra and the same applies to the corresponding Schrédinger su-
pergravity theory. Instead, we shall start from the rigid version of a relativistic matter
multiplet that realizes the Poincaré superalgebra. First, we use that as a starting point to
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derive a non-relativistic matter multiplet that realizes the rigid Bargmann superalgebra.*
The important thing is that we have now derived the field content of the non-relativistic
multiplet. It turns out that the same multiplet also provides a representation of the rigid
Schrodinger superalgebra. Therefore, once we have obtained this non-relativistic multiplet,
we can couple it to the fields of Schrédinger supergravity, thereby realizing the commutator
algebra derived in the previous section, in the standard way.

3.1 The scalar multiplet

In this subsection we construct the non-relativistic scalar multiplet. We start with
the three-dimensional rigid relativistic N' = 2 scalar multiplet which comprises two
complex scalars and two spinors. In real notation we are thus left with the fields

(¢1, 2, X1, X2, F1, F2):

do1 =mx1 + M2xe,

02 = Mx2 — N2X1 »
1 " 1 " 1 1
ox1= - Y"0uprm — ~ " Oupame — - Fim — — Famp,
4 4 4 4 (3 1)
1 1 1 1 :
VY 2 _ R S F
Ox2 = 31" Oup2m + " Ouprmz = 3 Fam + 7 Fing,
OF = —7717“3;»(1 + 7727“6;»(2,
0Fy = —miy"Oux2 — m2y"Ouxa -

To take the non-relativistic limit we use a contraction parameter w which we will send
to infinity. The rescaling of the symmetry parameters follows from the Inonii-Wigner
contraction of the related symmetry generators, see [27]. This means for example that we
will require

w¥1/2
=7 (m £ yom2) - (3.2)

It remains to find the scalings of all other fields. It turns out that, in order to avoid terms
that diverge in the limit w — oo, we need to use

w—1E1/2
X+ = T (x1 £ 0x2) (3.3)
for the two spinors, while for the scalings of the bosons we need to take

N 1
Pi = — i, = —
w

!

F,. (3.4)

1
w

~

“This (rigid) limit coincides with the non-relativistic limit performed in [37].
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After calculating the transformation rules in the limit w — oo we drop the tildes and find
0p1 = €4 X+ + E-X—,

Spa = E17 x4 —e7"x -,

1 1 1 . 1 . 1 1

x4 = 1 el O + 16+ Oppa + 1 ve_ Oip1 + 1 e D;09 + 16 P+ 7 70e- y,
1 . 1 . 1 1

Ox— = 1 ‘ey Oip1 — 1 7P, Do + 16+ - 7 06+ Fy,

0Fy = €47'Oixy + €7 0x— + 7' Dix—,
0Fy = 67901 + €0 — ey 0ix— . (3.5)

Together with the bosonic transformation rules, which we refrain from giving here but
which can be obtained easily by similar techniques, the transformation rules (3.5) realize
the rigid Bargmann superalgebra. Next, we promote this multiplet to a representation
of the rigid Schrodinger superalgebra by assigning transformations under the Schrodinger
transformations that are not contained in the Bargmann superalgebra. After that we couple
the multiplet to the fields of Schrédinger supergravity. Following standard techniques of
coupling matter to supergravity we find for the bosonic transformations

2w
dp1 =wAppr + — pp2,

3
2w
dp2 = w Apps — ENALE
1 1 2w
Ox+ = § A yapx s — 5 A0~ + (w —1) Apxy — <3 + 1> YoX+ P
1 2w 3.6
ox— = 1 Ay X— +wApx— + <3 + 1) YoX— P (3:6)
0F) = (’LU — 1)ADF1 + 2 <I; + 1) pFy,
(5F2 = (w—l)ADFQ—Q <7§+1>pF1,
while for the fermionic transformation rules we find the following expressions:
0p1 = E4 X+ + E-X—,
Spa = €47 x4 — e-y"x—,
bxs = =% Do + + ey 7 Dypr + 7% Mo Dypr + 4 Ve_ e D
X-&-—Z’)’E—FT /1901"‘164-7— /19024‘17 €-€g /1901"‘17 €_e ol p2
1 1 w w
Ce Fi 4+ =mpe Fy — —AY - — 3.7
+ye Pt e o= o nen— g, (3.7)

1 , . 1 1
ox- = 37+ eaDupr — et o Dypr + 1611 e

~ ~

0F) = €4y "o Dyxy + &7 7" Dypx— + ey e Dyx— — (w+ 1) 79—,

0Fy = &7 ¢ Dyxy + e Dyux— — e yOe’a Dyx— — (w+ 1) x— .
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The covariant derivatives that appear in (3.7) can be deduced from the transformation
rules (3.6) and (3.7). For the bosonic fields they are given by

~ 2w _ _

Dyp1 = a,u@l —w b,u Y1 — 3 Tu P2 — Yut X+ — Ypu—X—,

~ 2w — _

Dyupa = Oups = why @2 + =01 — Pt Vx+ + Pu-?"x=,

DuFy = 0,F) — (w—1)b, Fy — 2 (lg + 1) ry F
) ) B B (3.8)
— ey e”aDpx — Vus TP Dpx— — v ePaDpx— + (w+ 1) ¢y x—
ﬁ#FQ = 8/LF2 — (U) — 1)buF2 + 2 (Q;j + 1) T,uFl

- @Eu-i-'yaoepaDpX—&- - TZJ;H-TprX— + @Z)u—'yaoepaDpX— + (w + 1) &;LX— )
while for the covariant derivatives of the fermions we find the following expressions:

. 1

2w
Dyx+ = Dux+ + 5 Wy YaoxX— — (w — 1) bux 4 + <3 + 1> T YoX+
1

. 1 . 1 ~
1 707/}u+ 7_pr‘Pl 1 Y+ Tpr‘PQ T 7a¢uf epangol

1 A 1 1 w w
~1 YO oDy — 1 Yy F1 — 1 Yotbu— Fo + 1 Y1+ 1 bup2, (3.9)

A 2w
D,x-=Dyx- —wb,x- — <3 + 1> Ty YoX—

1 A 1 . 1 1
T 'Yawu—&- 6paDp901 + 1 ’Yaowu—l- epaDp(P2 T Yur 1+ 1 YoUu+ Fo .

This completes our derivation of the non-relativistic scalar multiplet. In section 4 we
will use this scalar multiplet to derive a new off-shell formulation of Newton-Cartan
supergravity.

3.2 The vector multiplet

The N = 2 vector multiplet in three dimensions contains a vector, a physical scalar, two
spinors and an auxiliary scalar (Cy, p, \i, D). Using the three-dimensional epsilon symbol
we can define a new “dual” vector V,, = ¢,"? 9,C, with

"V, =0, (3.10)

which has the dimension of an auxiliary field. In terms of (p, A;, V,,, D) we have the following
transformation rules:

5p =Ny,
Lo L i Lo
0Ai = =5 9"mi Vi — 5 €¥nj D — 29%e"n; Oup,
2 (3.11)
0D = B e i Y Ou;
1

5VM =~ ¥ i *y,j’@,,)\j .

[\
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Next, we perform the non-relativistic limiting procedure. First, we have to find the

scalings of the fields, starting with the scalings of the supersymmetry parameters given in

eq. (3.2). We define new spinors

o 1E1/2
A= ——— (A1 EYN2),
+ 7 (A1 £0A2)
and the bosonic field
_r
¢ = o
Furthermore, we find it useful to introduce the new fields
1 1 1
S=——VW-D, F=—=V-—
w w w

In the limit w — oo this leads to the following supersymmetry transformations:

6 = ey Ay — ey A,

1 1 1 . 1 .
5)\+ = ZEJF at¢— 5’)’0€+S+ 572067 al¢_ 5’)/’56, Cl'a

1

, 1
08 =5 & OAy — E_AOON, — 56 A,

- 1 )
6C; = 79N + 3 PO N_,

1 . 1
oN_ = 3 veyr C; + 5’)/06_ F,

OF = e, 409 _ .
To prove closure one has to use the constraint

9'Ci = aF,

1 1 ..
— D, Ci:w<w+2€zj8jp>.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

which follows from inserting the definitions (3.14) in the relativistic constraint (3.10) and

sending w — oo.

An effect of taking the non-relativistic limit is that there exists a consistent truncation

of this multiplet. We can impose
Ci - 0, F = 07

which results into

3¢ = e Ay,

1 1 1.
oAy = Vhas O — 5 Voe+ S+ 5'7206— 9,

1 .
08 = 5 E+ 8t>\+ - 6_7’08i)\+ .
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While this multiplet looks like a scalar multiplet and appears to be simpler than the scalar
multiplet given in (3.5) its relation to the relativistic vector multiplet manifests itself in
the following way. Due to the redefinition (3.14) the auxiliary field S is related to the
zero component of the vector field. As a consequence of this the auxiliary field transforms
non-trivially under Galilean boosts. This can already be seen in the rigid transformations
but we will only give the bosonic transformations when we couple (3.18) to Schrédinger
supergravity.
After coupling to supergravity the bosonic transformations read

0¢ =wApo,
1
o\ = ZAab’yab)\—i-(’w—l)AD)\—p’y())\, (3‘19)
1 ~
08 =(w—2)ApS— e\ ety Do,
while the fermionic ones take the form
5¢ = E-‘rfyO)‘?
1 o 1 .0 g 7 1 w
A= erT'Dud+ 59" eaDpd — S0es S — g, (3.20)
1 A . -1
85 = S e DA — eyt DA “’T 2y

Note the non-trivial transformation of S under local Galilean boosts, see eq. (3.19). This
makes clear the vector multiplet origin of (3.19) and (3.20). In the formulas above we use
the covariant derivatives

Dy = 06 — s A —wby 6,
DA = O) — %wuab%bx — (w — 1) b + 70 Y0 + %qu

— L T Db = 5 aDud+ S 0t S, (3.21)
D,S = 08,5 +2b,8 — % Vus TP DX + vyl Dy

+ % g wy” e”bﬁpd) + wTil Ay

This finishes our derivation of the non-relativistic vector multiplet. In the following
section we will use the non-relativistic scalar and vector multiplets to derive two inequiva-
lent off-shell formulations of Newton-Cartan supergravity with torsion. Before doing so we
will give a brief overview of the multiplets that we have discussed so far and which provide
the basis of a non-relativistic superconformal tensor calculus, see table 1.

Note that if we were to add another column to this table for the central charge weight
(Z-weight) we would have only zeros. We will come back to this in the conclusion section.

4 Newton-Cartan supergravity with torsion

At this point we have at our disposal a “conformal” Schrodinger supergravity theory and
two matter multiplets which we can use to fix some of the gauge symmetries. This en-
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Overview of non-relativistic multiplets
multiplet | field type D-weight | R-weight
Schrodinger | 7, | time-like vielbein 2 0
e spatial vielbein 1 0
my Z gauge field 0 0
T R gauge field 0 0
b “D gauge field” -2 0
Yut Q.+ gravitino 1 -1
Yy Q— gravitino 0 1
Scalar 1 physical scalar w %w
V2 physical scalar w %”
X+ spinor w—1 —2?“’ -1
X— spinor w 2?“’ +1
P auxiliary scalar w—1 %” +2
I auxiliary scalar w—1 —27“’ —
Vector o} physical scalar w 0
A spinor w—1 -1
S auxiliary w— 2 0

Table 1. Properties of three-dimensional non-relativistic multiplets.

ables us to use superconformal techniques to derive off-shell non-relativistic supergravity
multiplets. The superconformal tensor calculus naturally leads to a Newton-Cartan super-
gravity with non-zero torsion, i.e. the curl of the gauge field 7, of local time translations is
non-zero, see also [14] for a discussion of the bosonic case. The origin of the torsion is the
spatial part b, of the dilatation gauge field. Unlike in the relativistic case, this spatial part
cannot be shifted away by a special conformal transformation. Instead, it is a dependent
gauge field whose presence leads to torsion.

In this section we show how the extra symmetries of the Schrodinger superalgebra
that are not contained in the Bargmann superalgebra, i.e. dilatations D, special conformal
transformations K, S-supersymmetry and possibly R-symmetry, can be eliminated by using
a compensator matter multiplet. First, we eliminate the special conformal transformations
by setting

b=7b, =0. (4.1)

The induced compensating transformation is given in eq. (2.28). This step is the same
independent of which compensator multiplet we use. In the following we shall use both,
the scalar and the vector multiplet from the previous section. In analogy to the relativistic
case we refer to the resulting off-shell formulations as the “old minimal” one when we use
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a compensator scalar multiplet and the “new minimal” formulation when the compensator
multiplet is the vector multiplet.

4.1 The “old minimal” formulation

In this subsection we choose the scalar multiplet whose transformation rules can be found in
egs. (3.6) and (3.7) as the compensator multiplet. Like in the relativistic case we eliminate
both physical scalars thus gauge fixing the dilatations and the local U(1) R-symmetry. One
of the fermions is used to get rid of the special conformal S-supersymmetry:

=1:
7! } fixes dilatations and R-symmetry , (4.2)
Y2 = 0 :
X+ =0: fixes special conformal S-supersymmetry . (4.3)

The compensating transformations are given by

1 3

Ao Lo __ 2 0 4.4
D X p 5 &7 X=> (4.4)

and
1 _ 2 1 - 1, -
n=——erm'u_x— + 04 T < Tut = %'70X> — e <ba + —efy wux>
w 3 w w

—~%_et, (g Ty ;wu_’yox_> + %’yoe_ - %6_ Fy — %)\a’yax_ . (4.5)
We thus end up with the field content given in eq. (1.4) of the “old minimal” Newton-Cartan
supergravity theory that realizes the Bargmann superalgebra off-shell. The transformation
rules of all fields can be easily constructed using those of Schrédinger supergravity, see
section 2, and those of the scalar multiplet, see egs. (3.6) and (3.7), together with the com-
pensating transformations given in eqs. (2.28), (4.4) and (4.5). Given the lengthy nature
of the final transformation rules we have moved the explicit expressions to appendix A.

4.2 The “new minimal” formulation

In this subsection we choose the vector multiplet, see egs. (3.19) and (3.20), as the compen-
sator multiplet. The gauge fixing of dilatations and the special conformal S-supersymmetry

is done by imposing the conditions

p=1": fixes dilatations,
(4.6)
A=0: fixes S-supersymmetry ,
and the resulting compensating gauge transformations are given by
2 a0
Ap =0, n=——"€er S —2v%e_b,. (4.7)
w

At this point we are left with the symmetries of the Bargmann superalgebra, see egs. (2.1)
and (2.3), plus an extra U(l) R-symmetry. These symmetries are realized on the set
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of independent fields of the “new minimal” Newton-Cartan supergravity theory given in
eq. (1.5). This theory is the non-relativistic version of the three-dimensional N = (2,0)
new minimal Poincaré supergravity theory. The bosonic transformations of the different
fields are given by

01, =0,
Sep® = Npeu + 1, \,
dmy, = 0uo + A%, (4.8)
0ry = Oup,
5S = —% P\
and

1
5¢u+ = Z )‘ab'}’abwu—i- - ’Yo%+ P,

1 1
Sty = 1 ALy iy, — B A Ya0Vpt + Y0Uust -

Note that S transforms non-trivially under a Galilean boost transformation which is pro-

(4.9)

portional to b, i.e. to torsion, see eq. (5.2). The fermionic transformations including the
compensating terms that follow from eq. (4.7) are given by

1

0Ty = ) €+70¢u+ )
a 1 = a 1 = a
dey” = ) Y Yu— + ) eV Yyt
omy, = 5—70%— ) ( )
4.10
3 . 3 3,
ory = 1 €YYt ba — ] E+Pu — 1w E+Y Yut S,
w _ w _ 1_
08 = 3 €4 T + 7 ey 0, TH by — 1 €%t S
w _ w _ 1_
= b a — 5 e Y by = SEN Ppr e S,
and
2
SYu+ = Dyey — €4 €, b + Y04 Ty + — o€+ 71 S + 27 7, b
w (4.11)

1 1
SYu— = Dye_ —yoe— 1, +7*ye_ e, by + 5 Ya0€+ wu® + o Yat+ e, S.
The transformation rules of the dependent gauge fields can be found in appendix A.
5 Truncation to zero torsion

In the previous section we derived a Newton-Cartan supergravity theory with non-zero
torsion. This needs to be contrasted with the Newton-Cartan supergravity theories con-
structed in [23, 27| that have zero torsion. To see the difference, it is instructive to compare
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the curvature of local time translations for the theories with and without torsion. Indi-
cating the curvature of the torsionfull theory with R(H) and the one of the zero-torsion
theory with R(H) we have

1 -
Ryw(H) = 20y,m) — 4by1) — 5 PtV 4 5

L (5.1)
RHV(H) - 28[u7—1/] - 5 ¢[u+7 ¢u}+ :

Note that the space-space components of both curvatures are the same. The difference is
in the time-space component. In the torsionfull case, setting the time-space component to
zero, is a conventional constraint that is used to solve for the spatial part b, of the dilatation
gauge field whereas in the torsionless case it represents an un-conventional constraint.
Indeed, we have

ba = 5 RaolH), (5.2)

and therefore setting the torsion to zero, i.e.
be =0, (5.3)

leads to the un-conventional constraint RGO(H ) in the torsionless theory.

This points us to an interesting observation: the existence of a non-trivial truncation
of the old minimal and new minimal Newton-Cartan supergravity multiplets constructed
in section 4. Indeed, we shall show in this section how we can reduce the new minimal
torsionfull theory constructed in subsection 4.2 to the known new minimal torsionless
Newton-Cartan supergravity theory constructed in [23, 27].

We now investigate the consequences of imposing the zero-torsion constraint (5.3). It
is convenient to use the explicit expression for the S-supersymmetry gauge field field ¢,,
which simplifies to

N 2
¢u = ’Ya0¢a,uf - E '70¢u+ S, (5.4)

when we use the curvatures and constraints that we introduce below. The only dependent
gauge fields of the Newton-Cartan supergravity theory are the connection fields for spatial
rotations and Galilean boosts. For the supersymmetry rules of the independent gauge fields
we find

1
0Ty = 5 e Pur
a 1 = a 1 = a
ey’ = 9 +Y - + 55—’7 Yu+t
omy = e~ Y, (5.5)
3_ w07 3 _
5Tu = _g €+ Owau— - % 6-"—’701/}#-&- S7
w ~
5S - g €+7a0¢a0— )
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and

2
(SQ,Z)N+ = Du€+ + Yo€+ 7"“ + — Yo€+ Tﬂ S,
w (5.6)

1 1
0y— = Dye_ —yoe—r, + 3 a0€+ wu® + o Y€+ €x S .

The curvatures and derivatives of the new minimal torsionless Newton-Cartan supergravity
theory are now given by (5.1) and

RMV ( ) = 28[,uez/] - 2W[u ezx] - 2W Tu] 77Z)[,u—i-’)/ 77[)11 —>
R/u/(Z) =2 a[,umy] - &[u—’y%bu]— )
3 - 0 3 - a0,7,
Ruy(R) = 20,10 + 5 Yty Yot S+ 3 Yty Yar) -
~ w - a0 %
D,uS = aus ) @Z)u—i-’)/ 0%0—,
A 1 4
wuu-i- =2 5[p¢u]+ -5 w[uab'Yabwu]Jr - 2'701/][,u+ Ty — E '70¢[,u+ T S,
A 1 2
w;w— =2 a[;ﬂ/}r/]— w[u Vabwy] + 2’701#[#— + Win 'Yaowu]—i- ’Yaw[,u—i- el/]a S.
(5.7)

As we explained at the beginning of this section, the zero-torsion constraint (5.3) may
convert a conventional constraint into an un-conventional one. If this happens we have to
check if the supersymmetry variation of this un-conventional constraint leads to further
constraints. To perform this check we need the transformation rules of the dependent
connection gauge fields which reduce to

1_ - 1_
6w,uab =73 €+’Y[a'¢b]u— + w 5+7abwu+ S

s 1, - 1 1 1
0wy = €1 -+ e’ € 0 + L E - — — ey S — — ey S
(5.8)

The corresponding curvatures are given by
Ry (J) = 20,0, + Yy 9%, - — = ¢[u+7 Pt
R (@) = 20wy — 2w, wy)’ — 21#[“_701/1,/]‘17 - %e[ybd}u]w%“of (5.9)
- %T/_)[u+7a1/3u]0— + %ﬂ_}[wﬁaoﬁby]—

We are now ready to discuss the constraint structure of the truncated theory. Some of
the curvatures did not change, hence we can immediately infer, e.g., that

~ 3 ~ N
Ru(R) =0, T e R, (J) = Ru(R) . (5.10)

The constraints ]%W“(P) = 0 and R,,(Z) = 0 are identities when we insert the expressions
for the connection gauge fields, i.e. they are conventional constraints. More importantly
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though, we find new constraints. This is due to the fact that we imposed ﬁao(H ) =0
which is an example of a conventional constraint (necessary to solve for the spatial part
b, of the dilatation gauge field) that gets converted into an un-conventional constraint.
Together with the constraint Rab(H ) = 0 which reads the same in the torsionfull as well as
in the torsionless case, we find RW(H ) = 0. Supersymmetry variations of this constraint
reveal the following additional constraints:

e R (5.11)
2 _ Q+ " _ Q. 5 ab R P
Ru,(H)=0 — ¢ur=0 — R,"(J)= i TuDy S (5.12)
Further transformations only lead to Bianchi identities. = By combining the con-
straints (5.12) with (5.10) we furthermore derive that
6 - .
—5 D[,u (7-1/} S) = 2D[uru] . (513)

This constraint implies that up to an arbitrary constant the R-symmetry gauge field r, is
determined by 7, and S. In fact, when we set

3
T;U«: *ETMS, (514)

the truncated theory leads to the off-shell Newton-Cartan multiplet that was presented
in [27]. Furthermore, by making the redefinition

7’# = —Vu — ET,’LS, (515)

one obtains precisely the off-shell multiplet that is obtained when taking the limit of the
new minimal Poincaré multiplet as described in [27].

6 Conclusions and outlook

In this paper we have discussed extensions of non-relativistic supergravity to include con-
formal symmetries. As an example we have constructed a three-dimensional theory of
Schrodinger supergravity, i.e. a theory that realizes a Schrodinger superalgebra, and we
have successfully constructed two matter multiplets. These results are summarized in
table 1. We have then introduced a non-relativistic version of the superconformal tensor
calculus and used it to construct two inequivalent off-shell formulations, called the old min-
imal and new minimal formulation, of a three-dimensional non-relativistic Newton-Cartan
supergravity multiplet with torsion.

The appearance of torsion is one of the points where our analysis differs from the
relativistic one. In the relativistic case the full gauge field of dilatations b, is a Stiickelberg
field for special conformal transformations and the theory is by construction torsionless.
In contrast, in the non-relativistic case only the time component b is a Stiickelberg field
for the single (scalar) special conformal transformation of the Schrédinger superalgebra.
The spatial components b, on the other hand are dependent gauge field components and
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they are proportional to torsion. Thus, unless we set set b, = 0 as we did in section 5, the
superconformal approach always leads to torsionfull theories in the non-relativistic setting.

It would be interesting to see how one can go on-shell in the presence of torsion. This
is not a straightforward thing to do since to our knowledge even in the bosonic case the
equations of motion describing Newton-Cartan gravity with torsion have not been written

> Even in the absence of torsion the equations of motion have only been

down so far.
written down under the assumption that the curvature of spatial rotations is zero [22]. It
is not difficult to write down the equations of motion for the case that this curvature is
nonzero but the price one has to pay is that one has to add extra terms to the equation of
motion proposed in [22] that break the invariance under central charge transformations [14].
In the bosonic case this extended equation of motion can be understood by applying a
conformal tensor calculus at the level of the equations of motion (without the need to
write down an action) using a single compensator scalar transforming under dilatations.
The situation gets more intricate when one introduces non-zero torsion because in that
case a second compensating scalar is needed that transforms non-trivially under central
charge transformations. This second compensating scalar should therefore be part of a
different multiplet than the scalar and vector multiplets we considered in this work. The
construction of such a multiplet is different from our investigations in section 3 and goes
beyond the scope of this paper. We hope to return to the issue of how to go on-shell with
a non-flat foliation space and in the presence of torsion in a future work.

Perhaps we can get some inspiration from a similar problem in the relativistic case.
In the four-dimensional A/ = 2 off-shell formulation one also has to use two compensator
multiplets in order to be able to write down an action [39]. The first compensator multiplet
fixes dilatations, S-supersymmetry and a chiral U(1) symmetry. The second compensator
multiplet fixes a remaining local chiral SU(2) symmetry and it is needed only to be able to
write down an action. In our analogy this would correspond to fixing central charge sym-
metry. Maybe a non-relativistic matter multiplet with a scalar field that has a non-trivial
central charge transformation could be found as a non-relativistic (three-dimensional) ana-
logue of one of the three compensator multiplets used in [39].

In this paper we only considered the construction of pure Newton-Cartan supergrav-
ity. A natural generalization of our work would be to consider general non-relativistic
matter-coupled Newton-Cartan supergravity theories with simple or extended supersym-
metry. This would answer the question of what the non-relativistic analogue is of the
geometries that one encounters in the relativistic matter-coupled supergravity theories.
For example, it would be interesting to find out what the non-relativistic analogue is of a
Kahler target space.

Finally, it would be very interesting to find higher-dimensional analogues of our results
on Newton-Cartan supergravity. So far, the use of gauging techniques has failed to lead to
e.g. a four-dimensional theory of Newton-Cartan supergravity. It is a priori not clear what
auxiliary fields are needed to close the supersymmetry algebra. Presumably, similar obsta-
cles are encountered if one were to try to gauge a four-dimensional Schrédinger superalge-

5 A systematic approach to construct such an equation of motion will be given in [38].
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bra. The limiting procedure discussed in [27], if its application is equally straightforward
in higher dimensions, might be the simplest way to find a four-dimensional Newton-Cartan
supergravity theory.
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A Details on the off-shell multiplets

This appendix contains more details about the two off-shell formulations of torsional
Newton-Cartan supergravity that feature in the main text. In particular, we give the trans-
formation rules of all independent fields of the old minimal formulation in appendix A.1l.
Those for the new minimal formulation were given in section 4.2. In appendix A.2 we
give the transformation rules of the dependent gauge fields of the new minimal formulation
which are needed to show that the commutator algebra closes.

A.1 “Old minimal” formulation

We collect here the transformation rules of the independent gauge fields of the old minimal
formulation. We find that the bosonic gauge fields transform as follows under the bosonic
transformations

01, =0,
dey " =A% eub + 7 A

dmy, = 0o + A%,

3 ) (A1)
5Tu = T iw A” %JﬁaX— )
0F =0,
0F; =0,
while the fermionic gauge fields transform as
1 2
57/1u+ = 1 )\ab’Yablbu+ + w Tu A YaX -,
1 ab 1 a 1 a b
09— = 7 A" Yapu— = 5 A a0Ppr + —eu” A am0x - (A.2)
1
ox— = 1 Ayanx— -
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Note the non-trivial Galilean boost transformation of the R-symmetry gauge field r,
in (A.1). The supersymmetry transformations are given by

1_
0Ty =5 e Yy
a 1 = a 1 = a A
de,” = ) €Y Yp— + ) E-Y "Vt (A.3)
omy, = gf’yoqzz)uf )
and
a 2 p 2 a p a0
0ur = Dyey —e “bgey + (1, — 3 TuT o | N0€+ + 3V E-Tue aTp +7" € Tubg

1 1 1 3
— — ype_ 1, F —e_T1, FH — — E_x_ + — e_~Ov_
e T+ e Ty — Yutr €-X— + 5w You+ €7 X
1 B 1 7 1 _
+ T X E Y Y T = — T YO Etpp_ el + — T X e Y, ey,

1 1 1
0y = Dye_ —ryvoe— + - wu"vaoer — 57 e e 1, — 3 iy e, %Py T,

2 3
1 1 1 3 i
+ 57" e e by — 5oyt eu” Fi = oo qaoe- €4% By — oot €-9x-
1 i 1 _
= 5 VX B e T = o X E el
1 _
= 51X E e el
Sy = — L a0, _Woae b R 1 F 1 F
X== =7 &+ Calu— 77 ¢+ 0a 3w€foXf+4€+ 1= 7 06+ F2
1 _
= 17X E (A.4)

Finally, for the R-symmetry gauge field 7, and the auxiliary scalars Iy and F» we find the
following transformations:

3 _ 1_ 1_ 3 _
ory = ~3 E+dp + 1 ey g 01, + 1 G 3 e Puy b

3 _ o 3 _ 3 _ -
+ Sw € Yur F1 — Sw Ethuy Fo — Sw ELY Yp— TP Py X

3 T ab 3 0 7
+ % €Yy elqhuyx- — 30 &7 Yo € Yy x—,

. 2 2
OF) = 7" T Dux— + ey aDux— + — e x-Fi = —€9"x- P}
1

_ 1_ w
v e+ " Yu—e'a F1 + 1 ey ety Fy + 1 ey et

1 w w
_ b — = b0
+ 5 6+’7a7b0X7 ety Wy — g 6+'7a¢,u+ el'qr? Tp — E 6+7a7 7%— et qefy Tp

2w+ 1) _ 2w+1) _ w _
+ (3) Exx—THrY, — (3) R 2 E7 Y P eta by
) 1 _ 1
+(w+1)en"x-ba+ ; e YO Yp APy ot — 1 TN Vo etae
1 3 _
+ 5 TV X U W eaef, (A.5)
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and

~

_ ~ 2 _ 2 _
0F; = 6+’VOT“DMX_ — e_'yaoe“aDux_ + X 4+ " eOx_ I

1 _ 1 w _
- €+7a0¢u— el F1 — 1 5+’Ya¢u— etq Fy — q €+70¢u eta

4

1 _ w w
= 5 & X ) — 5 ey ety = e Py e ae’y T,

2w+ 1) 2w+ 1) w (A-6)
e T B ST e47 Y1, et by

1 _
= (w+ 1) E"x-ba+ 7 EY" VX Vpy Py €T’

1 _ 1 _
+ 1 e x- Vp—hu— eqe’q + 1 €+VabX— 1/)p—’701/)u— elqely.

These are only the transformations of the independent fields. Those of the dependent gauge
fields w,ﬂb, wu®s fu, be and ¢, would be even longer, which is why we refrain from giving
them here. They can be derived easily from egs. (2.5), (2.7), (2.33) and (2.34). Note that
in the transformations of w,* and ¢, one should also take into account the new expressions
for curvatures of the gravitini v, and of r,, see also the next section were we do work out
those transformations for the dependent fields.

A.2 “New minimal” formulation

In the new minimal formulation the bosonic transformations of the dependent gauge fields
wu“b, wy?, by and ¢, are given by
5wuab — 8ﬂ)\ab ’

Sw,® = O — w, A+ A% e, by + e, A by + AWl

(A.7)
dby = X by,
6 = 3 X b~ 2069~ s A" b
while the fermionic transformations read
S = ~ 3 €™M0+ 5 e s S+ €A 1,
Swy® = e-7 "~ + ieub e %0- + i@—’f%uo— - %avaow— S - %év“%w s

1 2
—2e € by + eubepa gf'YO'Vb'VC@Z}pf be — B} eubepa Ef'?/b (?bp + w Yoo+ S>

1 _
+ B ey €+’Yb1/)p+ by ,

1_ 1_ 1_ 1 _
b = ) €+'7b7/}u— ety ba — ) €+701/}u+ T by — 1 5+70¢u ety — 2w E+Vpt ety S,
2 - 3 - u 3 -
0 = €4 fu — 3 et Ruo(R) + 97 (] 0¢u}+ ba — 1w | w[u+70wu}+ S]
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4 a > 3 v b0 3 |2 0
+ g’y €— |:Rua(R) + §€ aw[,uffy 1/11/]+ by — @6 a¢[u+’7 ¢I/]+S

2
— (Du +e, by + 1y 'yo) (w yoer S+ 296 bb> . (A.8)

Here, we used the covariant Newton-Cartan curvatures of the independent gauge fields v,
and 7, which are are given by

N 1 a a
Y- = 20,y — — 2 Wk PYabu)— — 270 VoW — + Wi Yao¥ul 4

2
+ 2999 %), e, by + = Yot en” S (A.9)

3 - 3 3
R[,LV(R) = 2a[uru] + Z w[,quQSV] - 5 1/1[us sz/]+ ba + @ w[y+70wy}+ S.

Finally, the expression for the special conformal gauge field f, can be found in eq. (2.32).
We did not derive the transformation rule of f,, because no independent field transforms
to fu. Therefore, its variation is not needed for any checks on the closure of the commuta-
tor algebra.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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