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1 Introduction

The scattering amplitudes of gravity possess many structures which are obscured by tradi-
tional approaches to their calculation based on perturbation theory of the Einstein-Hilbert
action. At tree-level, a potent example of this is provided by a strikingly compact formula
for the entire classical S-matrix of gravitons in any dimension [1]. This formula is under-
pinned by the ‘scattering equations’ [2-5] and based upon integrals over the moduli space
of a marked Riemann sphere rather than any Feynman diagram expansion on space-time.

In four dimensions, even greater simplifications are possible thanks to the structure of
on-shell superspace. Indeed, all tree amplitudes of N' = 8 supergravity [6] (as well as N' = 4
supersymmetric Yang-Mills and Einstein-Yang-Mills theory [7, 8]) in four dimensions have
compact, manifestly supersymmetric expressions when written in terms of rational maps
from a marked Riemann sphere to twistor space.! The degree of the map fixes the MHV
degree of the scattering amplitude: a degree d map leads to a Ne~"'MHV tree amplitude.

These twistor expressions are best thought of as integral kernels for scattering ampli-
tudes: to obtain explicit S-matrix elements, specific representatives for external states and
a contour in the moduli space of rational maps must be chosen. When standard momen-
tum eigenstates (written on twistor space) are used, the moduli integrals for the map can
be performed explicitly, leading to delta functions enforcing a refinement of the scattering
equations written in the spinor helicity formalism of four dimensions [12].

It is well known that in space-times with a cosmological constant A, the gravitational
S-matrix is replaced by a different observable whose definition depends on the sign of A. For
anti-de Sitter (AdS) space, scattering amplitudes are replaced by correlators between field

"We remind the reader that twistor space PT is a suitably chosen open subspace of the complex projective
space CP*™. Each point (z,0) in (complexified) chiral Minkowski superspace corresponds to a linearly
embedded Riemann sphere in X C PT. See [9-11] for reviews.



insertions on the time-like boundary which are propagated though the bulk by the space-
time action via Witten diagrams. The AdS/CFT correspondence gives a non-perturbative
definition of these objects in terms of correlation functions between appropriate local op-
erators in the boundary CFT [13-15]. For example, the analogue of a tree-level graviton
scattering amplitude in AdS should be equal to the strong coupling limit of a correlation
function of stress-energy tensors in the boundary CFT. In the flat space limit (A — 0)
these graviton correlators should become scattering amplitudes of gravity in Minkowski
space [16-19].2

While calculating explicit correlators — even at tree-level — with Witten diagrams is
complicated, it is known that these objects share many properties with flat space scattering
amplitudes. Particularly useful tools in this regard are the embedding space formalism and
Mellin transform, which render Witten diagrams into a form closely resembling momentum
space Feynman diagrams [24-27]. Furthermore, tree-level gravity correlators in AdS exhibit
factorization behavior [28, 29] and obey recursion relations [30-32] which are a natural
generalization of BCFW recursion in flat space [33, 34].

Despite their similarities, it is safe to say that nothing close to the compact expressions
for gravity amplitudes in flat space has been found for tree level graviton correlators in AdS.
In Mellin space, concrete results are often limited to external scalars in the bulk theory [25],
while recursive techniques have only yielded results at four points in gravity [35]. While the
computation of Witten diagrams can be substantially simplified using a conformal partial
wave decomposition [36], this still operates diagram-by-diagram in perturbation theory.
Yet if the surprisingly compact expressions for the S-matrix in flat space are a reflection
of some deeper structure in the field theory itself, one should expect analogous expressions
to exist regardless of the background.

This paper provides evidence that this is true in one particular context: gauged NV = 8
supergravity in AdS,. We propose a formula for (an integral kernel for) tree-level correlators
in this theory based upon rational maps from a marked Riemann sphere to twistor space. In
the bulk theory, this should correspond to field strength insertions on the AdS boundary
with specified polarizations, propagated through the bulk by the classical supergravity
action. In the pure gravity sector, the (anti-)self duality of these insertions gives a notion
of MHV degree for such correlators. Supersymmetrically, a Ne~IMHYV correlator will be
homogeneous of degree 8(d + 1) in the Grassmann variables of the N’ = 8 supermultiplet
insertion. A degree d rational map to twistor space corresponds to a N*IMHV tree
level correlator.

The primary ingredients of the formula are: four arrays of differential operators acting
on the external states; a choice of structure on twistor space — an infinity twistor — whose
role is to break conformal invariance by encoding the cosmological constant (as well as the
coupling for the gauged R-symmetry); and a choice of ‘gauge’ on twistor space amounting
to d + 1 arbitrary points on the Riemann sphere.

?In de Sitter space (A > 0), the situation is less canonical. While there is a mathematically computable
S-matrix propagating asymptotic data from past to future infinity, no physical observer can measure it.
Physical observables can be defined by restricting to the observable region of de Sitter space, but this may
spoil gauge invariance (cf., [20-23]).



Written in its most general form, this formula is a polynomial in A whose O(1) piece is
the (integral kernel for the) flat space scattering amplitude. With a particularly auspicious
choice of the ‘gauge’ on twistor space, the formula becomes remarkably simple:

n

Mya= /dumd det/(H) det’(H") Hhi(Z(Ui))7 (1.1)

i=1

where dyuy, 4 is the measure on the moduli space of maps from the Riemann sphere > = CPp!
to twistor space, Z : ¥ — PT; det(H) and det’(H") are reduced determinants of two n x n
matrices depending on the infinity twistor and marked points {o;} C 3; and h;(Z(0;)) are
the twistor wavefunctions.

Schematically, (1.1) is equivalent to the Cachazo-Skinner formula for the tree-level
S-matrix of N' = 8 supergravity [6], but there are two important differences. First, the
matrices H, H" depend on the cosmological constant via the infinity twistor, making it diffi-
cult to integrate out the moduli in the same way as flat space and spoiling four-momentum
conservation (as expected for correlators in AdSy). Secondly, the structural equivalence
holds only for a special choice of the twistor ‘gauge’; generally the formula contains many
more terms (each of O(A)) which do not resemble the flat space amplitude. Even these
general terms are remarkably compact, though.

Of course, writing the formula in terms of rational curves in twistor space completely
obscures its relationship with expressions for correlators obtained in the traditional way via
Witten diagrams (or the strong coupling limit of some boundary correlation function). This
integral kernel expression forestalls the choice of explicit boundary states — which must be
paired against the twistor wavefunctions to obtain expressions in position or momentum
space — as well as the selection of contour in the moduli space of rational maps appropriate
to AdSy. This is also true of twistor space expressions for the S-matrix in Minkowski space,
but one expects that specifying the boundary states and explicitly integrating the moduli
will be significantly more complicated for AdS.

Nevertheless, there are several powerful checks of the formula’s validity which can be
performed entirely at the level of the integral kernel in twistor space. These include check-
ing twistor ‘gauge’ invariance (a property with no obvious space-time interpretation that
provides strong constraints in twistor space) and matching the formula with expressions
equivalent to space-time perturbation theory for 3-point MHV and n-point MHV. Fur-
thermore, the formula obeys BCFW recursion, whose structure is conformally invariant in
twistor space [37, 38]. While translating from the twistor recursion to those in Mellin [25]
or momentum space [30, 32] may prove complicated, this establishes that our formula has
the factorization properties expected for tree-level AdS correlators.

2 The formula

[P)3|N

Twistor space PT is an open subset of C and can be charted with homogeneous

coordinates
7' = (2 x") = (1% Aar X (2.1)



fora = 1,...,4, A = 1,...,N. The superconformal group SL(4|N,C) acts as linear
transformations on these projective coordinates, so twistors are a natural set of variables
for manifesting superconformal invariance. This fact underlies their utility in the study of
N = 4 super-Yang-Mills theory (cf., [39]).

Of course, to describe gravitational theories some additional structure is needed on PT
to break superconformal invariance. This structure is known as the infinity twistor [40, 41].
Just as the infinity twistor plays a crucial role when writing flat space scattering amplitudes
in twistor space, we expect it to be equally central when writing gravity correlators for
AdSy. After briefly reviewing the role of the infinity twistor, we present our formula and
explain its structure.

2.1 Motivation

From now on, we consider twistor space with N/ = 8 extended supersymmetry. The
infinity twistor is a (graded) skew bi-twistor I7; which can be thought of as setting a mass
scale. More specifically, if X% = Z{GZS] are homogeneous coordinates for the (bosonic)
line X C PT corresponding to a space-time point z, then the infinity twistor defines the
conformal factor for a conformally-flat space-time metric:

s dXgdXe

ds® = 7(ICdXCd)2 .

(2.2)

Thus I, gives the hypersurface ‘at infinity’; points which obey I, X = 0 live on the three-
dimensional conformal boundary of space-time. The odd-odd components of the infinity
twistor, [4p, induce a metric on the R-symmetry group, so Iap # 0 will correspond to
gauging this R-symmetry [42].

On (complexified) AdSy, the simplest choice for infinity twistor compatible with the
homogeneous coordinates (2.1) is

I,| 0 Ae.. 0
Ity = ( é ) ; Iy = ( “ap ) , Iup =gVAdag. (2.3)

0 P

Here A is the cosmological constant of mass dimension +2 and g is a dimensionless coupling
for the gauging of space-time R-symmetry. This particular choice for I,p breaks the R-
symmetry group from SL(8,C) to SO(8). Using standard incidence relations on PT, the
resulting metric is seen to be

9 M dxt dz”

ds? = M G CT
§ (1+ Az2)2”’

(2.4)
which is the AdS,4 metric written in an affine Minkowski space coordinate patch. Hence,
our choice of infinity twistor is appropriate for describing gauged SO(8) supergravity on
AdSy.

So long as A # 0 the infinity twistor is non-degenerate and has a well-defined inverse.
We denote by 17 the (graded) skew bi-twistor related to I;; by I’/ I;x = Ad%. Given the



choice (2.3), this ‘dual’ infinity twistor is:

B0 0
=1 0 Acus 0 . (2.5)
0 0 |g!VAsP

For short-hand, we denote contractions with the infinity twistor or its dual using angle or
square brackets,
I;A'B =(A, By, T1'"CrD;=]C, D].

Geometrically, the infinity twistors define a weighted contact and Poisson structure on PT,
though we do not make use of this perspective here.

In flat space, a n-point gravitational tree amplitude is proportional to x" 2, where
K ~ (mass)~! is the gravitational coupling constant. Thus, when written in twistor space
the amplitude expression must have n — 2 insertions of the infinity twistors to balance the
mass dimension [6]. In AdS, the mass dimension of the tree correlators must still be n — 2,
but now overall powers of A can contribute along with infinity twistor insertions. Simple
arguments indicate that a N 'MHYV tree correlator written in twistor space should be a
monomial of degree d in v/A and (, ), and a monomial of degree (n —d — 2) in /A and
[, ]. As desired, these numbers are exchanged by parity transformation.

2.2 Tree correlators

Our formula for the n-point, N"'MHYV tree-level correlator of gauged N = 8 supergravity
in AdS4 in the generic case where n > d reads:

M, = Hg:0d4|827« det’(H) det’ (H1V A det’ (H?) det’ (HY ¢) pab
nd = | olanoy |det () det’(HY) + ;e(i)e( 6) b
a,b

+ A det! (BT ) det/ (HV5) b + A2 Y det’ () det’ (B 2%) by bl
i,j i,J
a,b a,b,c,d

n
d 1 ((pia - b agb

+ooo A Z det (Hlilij) Ezlli; . 'Ei2ddii1i2d H hi(Z(ai)) ’ (2'6)

i1,..0y024 =1

a1,b1,...,a4,bq
Let us explain the various ingredients in this formula as well as its overall structure. The
formula is based upon rational maps Z : ¥ — PT; using homogeneous coordinates o =
(o0',0%) on ¥ = CP' we write such a map as a degree d polynomial

d
Zl0) = 3 2] (1) (0% (2.7)
r=0

The measure Hf:o d¥8z, is over the coefficients of this map, and the quotient by
vol GL(2, C) accounts for SL(2, C) invariance on the rational curve and C* scale invariance



on PT. The SL(2, C)-invariant inner product on ¥ is denoted (ij) = €n30 0' , and the
weight +2 holomorphic measure by Do = (o do).

Central to the formula are two n x n matrices, H and HY. The first of these is built
from differential operators:

- \/W 0 o L
i = (i7) [8Z(ai)’ az(gj)] , fori#j,
-y [0 0 ] Dore)

while the second is algebraic with respect to the map to twistor space:

VDo, Doy,
(ab)
HY, = — (Z(04),0Z(04)) . (2.9)

HY, = (Z(04), Z(03)) for a # b,

The entries for both matrices are sensitive to the cosmological constant A through the
infinity twistors I’/ and I, respectively. The diagonal entries of H depend on the choice
of d+1 reference points {o,,, } on ¥; we refer to this as a choice of ‘gauge’ on twistor space.?

The quantities det’(H) and det’(H") are reduced determinants defined by removing
rows and columns from H and HY at the expense of a Jacobian factor. For det’(H), one
removes (d+2) rows and columns, while for det’(H") one removes (n—d) rows and columns.
Denoting the set of removed rows and columns (assumed to be identical for ease of notation)

from H and HY as h, hY, respectively, the reduced determinants are given by:

e

h
det’(H) := ‘H HDak, det’ (H") :=

[Ticjenli ken [Locpenv(ab)®

s [[ Dot (210)

cenY

where hV is the compliment of hY. Structurally, these reduced determinants are equivalent
to those appearing in the Cachazo-Skinner formula for the flat-space S-matrix of N' =
8 supergravity [6]. It can be shown that the formula is independent of the choice of
rows and columns eliminated in det/(H), det’(H"); the proof is rather technical and will
appear elsewhere.

The remaining terms in the formula depend on two additional arrays of differential
operators, denoted h and £, whose entries are given by:

bt = (—1)

d
arpDoiv/Do Doy, (Z] 0a) H ZI(Ub) 11 (pr a)) 828 (2.11)

(ad) {COHN

d
Do; a)? Z! 1a
ga _ 01 (pr ) d, Cg )(ia) —, forieh, aben’,
(ia)? - (pri) [ (psa) aZ (0:)
3More formally, this choice of ‘gauge’ is equivalent to the choice of a kernel for the d-operator acting

on sections of O(d) — CP. The ambiguity of this choice is given by H°(CP*, O(d)), which has dimension
d+1.




&0 = (-1)"*"Do; Do

d
\/W H (pr ?)(pr b) |: 9 9 ):| , (2.12)

<ab><z 0G0 L G i) (p, ) |02(0:) 0o,

DU 0 0
9 — Dg; D a ( | | ,
by = DaiDa; 2 pry [azwn 9Z(0;)

} , fori,jeh, a,ben’.

These differential operators, as well as those in det’(H), act on the n external states h;,
which are represented in terms of twistor wavefunctions.

The structure of (2.6) is summarized as follows: each insertion of h%® removes an
additional row and column (i) from det’(H) as well as an additional row (a) and column
(b) from det'(HY), and then sums over all such choices. Likewise, each insertion of E;‘;’
removes two additional rows and columns from det’(H) and a single row and column from
det/(HY). So in (2.6), the various expressions hidden in + - -+ correspond to every way
of combining increasingly many insertions of these arrays. At each stage, our notation for
the summations is condensed, representing the symmetric sum over those indices not yet
removed from the determinants.

As a concrete example, consider contributions to M,, 4 with an overall power of A2,
In our notation, these take the form

ey | S v ) e (m02) o

abcd

+> det! (W) det’ (B2 ) by el

i7j7k
a,b,c,d
- n
+ 3 det! () det’ (V24 ) e et | [T ha(Z (o) -
1,5,k i=1
a,b,c,d

where the summations are over

IIEDIED I

i,j€h  a,b,c,dchY
a, b c,d 1#] a;ﬁb c£d

and so forth.

In the generic case n >> d, this process terminates after exhausting det’'(H") by re-
moving an additional d rows and columns, with the final term containing d insertions of
t. If (n —d—2) < d, the sum of contributions to M,, ;4 will terminate when det'(H) is
exhausted instead.

External states are represented in this formula by insertions of the twistor wavefunction
h(Z(o)). For physical external states, these are appropriately chosen holomorphic (0, 1)-
forms on twistor space, homogeneous of degree +2 in the map Z(o); in other words,
h(Z(o)) € H% (PT,O(2)). Expanding in the fermionic coordinates x* of the map,

W20 xY) = HZ) + X ea(Z%) + x X Paas(Z) 44 0RZY,  (213)



with each bosonic component related to a helicity sector of the N’ = 8 supergravity multi-
plet by the Penrose transform [43, 44]. The precise choice of these physical states relevant
for boundary insertions in AdSy is subtle, so in this paper we always assume that h(Z (o))
is an ‘elemental state’ on twistor space. In this way, the correlator (2.6) is valued in
QO’Q”(@?:l PT;) and can be integrated against physical wavefunctions to obtain an expres-
sion on position or momentum space (see [11, 39] for further discussion of this construction).

Two particular representations of such elemental states will be useful for us. Dual
twistor wavefunctions represent an external state as a plane wave specified by a choice of
a dual twistor W; € PTV:

hi(Z(0;)) = / dti w26 (2.14)

An obvious advantage of such wavefunctions is that they render the entries of H, h, and ¢
algebraic, replacing differential operators with dual twistors. The second useful represen-
tation is an eigenstate of a fixed point in twistor space; these wavefunctions enforce the
projective coincidence of a fixed point and the rational map evaluated at the point o € X:

- dt; -
hi(Z (o)) = 8°8(Zi, Z(0y)) = /t;(s‘ls (Zi+t:Z(07)) . (2.15)
i
Such wavefunctions are particularly useful when investigating BCFW recursion on twistor
space.

Our formula is a polynomial in A of order (n — 2), whose O(1) piece is given by the
A — 0 limit of (2.6). When A = 0, the infinity twistors become degenerate,

0 0 ] [ 0 0 ]
) |\l a7 a5 > ZO'Q,ZO'b — )\Ua7)\0b ;
52t 72| Ly | (o 2o > et
and H, HY pass to matrices ®, ® which appear in the Cachazo-Skinner formula for the

tree-level S-matrix of N' = 8 supergravity [6]. So keeping generic elemental states

A—0 Hg: d4sz, yx , n
vol Gz, @) 4et(@) det(@) [[ni(Z(e) . (2.16)

i=1

M a

and our formula for the tree-level correlator in AdSy passes smoothly to the S-matrix in
the flat space limit.

It is easy to see that (2.6) obeys the counting of infinity twistors and cosmological
constants discussed above. In particular, det’'(H) and det’(H") contain n — d — 2 powers
of [, ] and d powers of (, ), respectively, so the leading term in M,, 4 has the same mass
dimension counting as the flat space scattering amplitude. As further rows and columns
are removed from det’(H) and det’(H"), we lose powers of the infinity twistors, but these
are compensated with overall powers of the cosmological constant, A. From the defini-
tions (2.11), (2.12) it is easy to see that M,, 4 is — term-by-term — a monomial in v/A,
[, ] of degree n — d — 2, and a monomial in VA, (, ) of degree d.

As a final observation, note that (2.6) simplifies substantially with a particular choice
of the ‘gauge’ on twistor space. At this point, we have not yet demonstrated that this
gauge (i.e., the d+1 points {0}, }) can be freely chosen, though this is certainly the case if



the formula is to be meaningful. In the following section, we check this ‘gauge’ invariance
explicitly, but for now suppose that it holds. This means that the d + 1 reference points
can take any values on 3, so let d of them coincide with the d remaining rows and columns
in det’(H"): {op,,...,0p,} =hV.

Then (2.11), (2.12) ensure that each term involving entries from b, £ vanishes, since
there is always a numerator factor of Hfzo(pr a). This renders the correlator’s structure
on twistor space equivalent to that of the S-matrix in flat space:

d n
= [0 @2 ) et () [ 1z (o) - (2.17)
i=1

Maa= [ 1o GL(2,C)

So if (2.6) is ‘gauge’ invariant, then the only distinctions between (2.17) and the (integral
kernel of the) S-matrix are the non-degenerate infinity twistors associated with AdS; and
the fixed gauge choice for d of the reference points on X.

3 Justification

Our formula is consistent with mass dimension counting (based on the infinity twistor and
cosmological constant) and has the integral kernel of the tree-level S-matrix as its flat
space limit. In this section we provide evidence which justifies the formula, establishing
its ‘gauge’ invariance on twistor space and correspondence with action-based calculations
in the MHV and MHV sectors. Crucially, we demonstrate that the formula obeys BCFW
recursion in twistor space.

3.1 ‘Gauge’ invariance on twistor space

The expression for M,, 4 appears to have complicated dependence on the choice of d 4 1
points {oy, } on 3, which we refer to as a choice of ‘gauge’ on twistor space. Clearly, there is
no space-time analogue for these points, so it must be the case that the formula is actually
independent of them. This ‘gauge’ also features in the Cachazo-Skinner expression for the
flat space S-matrix, where ‘gauge’ invariance follows from momentum conservation [6]. Of
course, that argument does not work in the AdS, context of interest here.

For simplicity, represent all n external states by the dual twistor wavefunctions (2.14),
and represent the rational map Z/(o) as a degree d polynomial

2'(0) = 2L, a,0% 0%, (3.1)
where the coeflicients Zél,,,ad = Z(Ialmad) are the moduli of the map. It is also useful to
introduce the shorthand

n
P})él...ad — th Wi] J§a1 . O.;Id) , (32)
i=1

which can be thought of as a generalized momentum for the n-point correlator. With the
choice of dual twistor wavefunctions, the entries of the matrix H and the arrays b, £ become
algebraic: all differential operators are replaced with insertions of dual twistors.



Without loss of generality, consider the dependence of M, 4 on the reference point
op, = & € . We test this dependence by differentiating (2.6) with respect to &; basic
properties of determinants ensure that:

d4|8(d+1)z
deMna = /vol GL(2,C)

Z det/ (H;) det' (Hv) dgHm

+ A" det/(B) det! (HY§) debf® + Ay det’ (B ) det’ (FI¥§) deHL; b"

i?j
a,b

+ A det! (Hg) det' (H"§) det?? + - -
a77b
d b b ipP.Z dt
+A Z det'( 21 Z%) deHj; 8?11121 .. ;lzdd d1lzd] H i (3.3)
U15e-502d,]

a1,b1,...,aq,bq

A straightforward calculation reveals that the various matrix or array components depend-
ing on ¢ have derivatives

d

P o
=t Do 1J Pr Qr .
deHli = t: Doy DE I Wi s H i) (3.4)
ab _ 54 a+b DgVDaaDU Iy a (pr b) I(y d (pr a)
debf’ = it:(—1)""Doi— T (Z ( a>H<M 7' b)r_f[1<pri)>, (3.5)
ac _ i+ Do Wi Iy a (pr a
Aebi™ = Do DETes (82( LGy 2 1} )

v+ DoiDoj/Da,DayDe
(ab)(ia)(jb)(£i)*(€4)?
d

% : ) (pra)(prb)
(Wi, Wil H ) d) (3.6)

=1

detl) = —tit;(—1) ((€0)(€)(ia) + (£a)(€i)(5b))

<

W a
dg??f = tztijDUgDO’an( [) 2(j a)]((f ))(ifz)?

d )2
x ((€7)(ia) + (€9)(ja) Hm. (3.7)

An important observation regarding these derivatives is that they are related to each other
and to det/(H") by derivatives with respect to the map moduli ZZ .., .
In particular, a straightforward (if somewhat tedious) calculation reveals that:

I JWZ] 0 det/ (HV) Opr
—it; Do; DE Pror = A det!(HY ) de b??, (3.8)
(€i)2 0ZI .., 7131 (pr i) %I;
w;;, 0p® Lo
—it; Doy D¢ ! I 25 =dee?. (3.9)

€07 024, , L)

,10,



As a consequence of these relations, the contributions to (3.3) can be grouped together
based upon how many rows and columns have been removed from det’(H). For instance,
all terms proportional to det’(H!) can be rewritten as the total derivative:

0 l- Wit 1T Op e
~IDE 57— (&’Z;deﬂ(ﬂi) det/ (H") t;Da; L I1+# >

Qai-Qq r=1 (pr Z)

and likewise for all terms proportional to det’ (]H[Z)

d

—iDE—— [ 72 det’(H?ﬂ.) det/ (H"¢) §3* t; Doy~ pr oy
023, .04 ZJ i) et (75) B, Do~ H(M
a,b

Proceeding in this fashion, the derivative d¢eM,, 4 can be rewritten as

4|8(d+1) I
M= [ N2 [
’ vol GL(2,C) | 921, .,

n
+ A4 (H t3> Y det’(H;;,,;;g;) deH; eb . ggabe | (3.10)
=1 't U1,ees02d,]

a1,b1,...,aq,bq

where V7

ooy 18 sooth with respect to the map moduli.

The second line in (3.10) cannot be put into the form of a divergence, but vanishes
after performing all integrals. Note that the only moduli dependence of this contribution
iP-Z

is in the exponential €' <, so we can do the moduli integrals to find

n

Ad 54|8(d+1) P dti 73041"-ad ]:'I -0
Vol GL(Z,C) P (15 ) Pr Flias =0,

=1

since F is a function of the o;, ¢;, and W; only. Therefore, the variation of M, 4 with
respect to the point & € ¥ vanishes as a total derivative on the moduli space:

d4\8(d+1)z avéynad
deMina _/Vol GL(2,C) 9Z2L ..., 0- (3:.11)

This establishes that our formula for the correlator is actually independent of the choice of
{op, }, or ‘gauge’ invariant on twistor space. Thus, we are always free to choose the ‘gauge’
where the twistor space expression simplifies to (2.17).

3.2 MHYV and MHYV sectors

The integral kernel of tree-level correlators for gauged N = 8 supergravity in AdS, can

also be obtained by classical perturbation theory in twistor space for the MHV and MHV
sectors. These perturbative calculations are based on action functionals in twistor space
which are (perturbatively) equivalent to the classical supergravity action in space-time,
and hence provide an important check for our formula.
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In twistor space, the self-dual sector of supergravity is described by a holomorphic
Chern-Simons action [45]:

S[h] :/]PTD?"SZ/\h/\ <8h+ [2; SZD (3.12)

where D387 is the weight —4 holomorphic projective measure on twistor space, and h €
QOL(PT, O(2)) encodes the N/ = 8 supergravity multiplet. This action is equivalent to the
space-time theory in the sense that its equations of motion are equal to the equations of
motion of gauged, self-dual N = 8 supergravity on AdSy [42, 45].

Taking h to be an elemental state on twistor space, the cubic vertex of this action
provides the integral kernel for the MHV 3-point correlator:

M3, :/MD3|8Zh1(Z) [ahgéz),ahg(zz)} .

Setting n =3, d = 0 in (2.6) leads to:

(3.13)

/ d*#¥z  DoDoyDos Oho(Z) 0h3(2)

vol GL(2,C) (12)(23)(31) 1t )[ 0z ' 0z }:M?’vo’

with the equality following after using vol SL(2,C) to eliminate dependence on o1, o9, 03,
and vol C* to projectivize d*®Z to D38 2.

In twistor space, there is also an action functional describing conformal gravity and
its (minimal) N < 4 supersymmetric extensions [11, 46], in the sense that solutions to the
equations of motion on twistor space are in one-to-one correspondence with solutions of
the equations of motion on space-time, up to diffeomorphisms. It is known that classical
Einstein gravity on (Lorentzian) de Sitter space is equivalent to conformal gravity asymp-
totically restricted to Einstein degrees of freedom with an appropriate normalization [47].
Analytic continuation implies that this statement holds for Euclidean or complexified AdSy
as well.4

The restriction to Einstein degrees of freedom inside conformal gravity is easily achieved
on twistor space by means of the infinity twistor [48]. In [49], it was shown how this could
be used to obtain a generating functional for all MHV correlators on twistor space from the
Einstein reduction of the conformal gravity action. The result is a formula for the n-point
MHYV correlator, written supersymmertrically as

o (n—S)' Hr 01d4|82’7 |H1] VoV
M1 = 2nlA vol GL(2,C) Z 1 i Hhk (3:14)

with a choice of ‘gauge’ 0,, = 0;. Via an integration-by-parts on the moduli space [49],
this expression is equal to

[T, d*®2, [HY] Da]Dal et

vol GL(2,C) (i5)2(j1 H Kz

Mp1 =

4Dif‘fering definitions of semi-classical observables in dSs or AdSs can be relegated to the choice of
external states and contour in twistor space. Since the integral kernel is a polynomial in A, we do not
expect its functional form to depend on the sign of A.
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[ d*2 .
= #@Qdet(ﬂ)det(ﬂ-ﬂ)nhi(ﬂai)), (3.15)

i=1

as desired.

3.3 BCFW recursion

It is a remarkable fact that the BCFW recursion relation is both simple and conformally
invariant — at the structural level — when written in twistor space [37, 38]:

dg

Mua(Zy,. . Zn) = Y /D38Z — M, a,(Z1y o 2 Mappan(Z, .. Zy — qZ1),
nr+nr=n-+2 q

dr,+dr=d ( )

3.16

where the external states are assumed to be elemental on twistor space. The conformal
invariance of gravity is ‘hidden’ in the left and right subamplitudes of (3.16). So while the
form of recursion relations for correlators in AdS; may differ from BCFW when written in
momentum or Mellin space, there is no difference at the level of the integral kernel written
in twistor variables.

In order to show that (2.6) obeys this recursion relation, we must demonstrate that it
has the correct large ¢ behavior under the BCFW shift, and that it factorizes on a simple
pole in the moduli of the rational map to twistor space. In both regards, the formula
demonstrates the desired properties in much the same fashion as the flat-space scattering
amplitudes [50].

In the first instance, consider (2.6) for external states represented by dual twistor
wavefunctions (2.14), with BCFW shift given by W,, — W, — ¢W;. Without loss of
generality, we choose to eliminate the rows and columns corresponding to 1,n in both
det/(H) and det’(H"): 1,n € h,hY. Further, we are free to choose a ‘gauge’ with py = n,
p1 = 1. This ensures that the only dependence on 1 and n is via the external states and
the Vandermonde determinant in the definition (2.10) of det/(H).

In the affine coordinate patch % = (1, z), external wavefunction insertions read:

n

d n
dt; . .
/ (H t;) exp 1W1[ZZTI(7§12{ — qtnz,) —l—thjo - Z(25)
i=1 "t r=0 j=2

Following [50], define a new scale parameter and affine coordinate by:

fl = tl — qtn 5 £1 21 = tlzf — qtnzg . (3.17)

As the shift parameter ¢ becomes very large, the argument of the wavefunction exponential
behaves as .
iWy - deléil + izthj . Z(Zj) + 0O (1> .
j=2 1
The only potential ¢g-dependence of the correlator in the ¢ — oo limit is in the quantity

dt D 1 dé fp a1 t 1
5 i ri i <331) (lznd éfld%) ( e ) ~ 5 (318)
131 Hjeh7j7£1(1.7) g ty qtn Zpt1 (1 + 2] /22) q
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Not only is there no ‘pole at infinity’ with respect to the BCFW shift, but we recover
precisely the g2 falloff expected for gravity [51].°

The factorization properties of our formula also follow in a manner practically identical
to the flat-space calculation [50]. To this end, it is useful to choose the ‘gauge’ on twistor
space with {op,,...0p,} = hY, whereupon the correlator takes the compact form (2.17).
Denote the remaining, un-fixed reference point by o0,, = 0. We model the factorization
limit as a degeneration of the underlying rational curve, which can be represented as a
quadric in CP?:

{xy = s*2} Cc CP?.

In the s — 0 limit, this quadric degenerates into two rational curves X, ¥ joined at a
node. If the degree of the non-degenerate map is d, then these two components are mapped
to PT in the degenerate limit at degrees dj and dg, respectively, with dy, + dr = d. The
affine coordinate z on X is related to the natural affine coordinates u € X1, w € X g by

u=—, w=Sz. (3.19)

2 serves as a coordinate transverse to the boundary divisor of the moduli

The parameter s
space of rational maps represented by this degeneration.

From this point, one follows the same steps as in flat space (see [50]) to deduce that

M /D?’SZ ds” <Hd4|8udet(]HIL)det HY) [] hi(Z(u)

2
s?2 \ vol GL(2,C) T
1‘[ o 48w vy
X GL(2 9 det(Hpg) det’ (H}, kelRlu* hi(Z(wr)) +0(s%) |, (3.20)

where L, R are the sets of external states appearing on ¥,k in the s — 0 limit. The
degree dr, dr maps from each component of the degenerate curve have coefficients {Us},
{W,}, while the new states located at o, on both ¥ and ¥y are represented by elemen-
tal states:

h(Z(w.) =82, 2(w)),  hu(Z(wy) = (2, Z(wy)).

The entries of Hy, Hp are appropriate for the degeneration, with the selection of reference
points on X g given by {o,} UhY . ‘Gauge’ invariance on twistor space then implies
that (3.20) is actually equivalent to

Mg = /D3|SZ (M1 (Zier, Z2) MR(Z, Zier) + O(s%)) | (3.21)

where M, r are sub-correlators given by (2.6).

Hence, our formula factorizes on a simple pole in the moduli space. The structural
equivalence between the correlator and the S-matrix (in an appropriate ‘gauge’) ensures
that there are no other unphysical poles in the moduli space. Combined with the correct

5Note that the Lagrangian-based techniques for observing this falloff are also applicable to the Einstein-
Hilbert action with a cosmological constant (cf., [48]).

— 14 —



large g falloff shown above, this suffices to prove that the correlator obeys the twistor space
BCFW recursion relation (3.16).

Note that unlike in flat-space, we cannot immediately identify the factorization pole
in moduli with a momentum space propagator going on-shell. In flat space, momentum
eigenstates can be inserted for the external particles and moduli integrals performed to
obtain delta functions. These delta functions in turn imply that as the rational curve
degenerates, the four-momentum exchanged between the two branches goes on-shell. In
AdS,, non-degenerate infinity twistors prevent straightforward integration of the moduli;
this is a reflection of the fact that four-momentum is not conserved for correlators in
AdS4. So although our formula for the correlator factorizes in twistor space, it remains
a non-trivial task to translate the BCFW recursion back to momentum (or Mellin) space
for AdSy.

4 Discussion

In this paper, we proposed a formula for all tree-level correlators of gauged N' = 8 super-
gravity in AdSs based on rational maps from the Riemann sphere to twistor space. This
is a generalization of the Cachazo-Skinner formula for the tree-level S-matrix of N' = 8
supergravity [6] to a setting with cosmological constant. We showed that this expression is
well-defined and passes several non-trivial checks in its favor, including: consistent mass-
dimension counting, a smooth flat space limit, matching with action-based perturbative
calculations, and — most importantly — BCFW recursion in twistor space.

By treating the formula as an integral kernel for the supergravity correlator, most of the
subtleties associated with semi-classical observables in AdS (i.e., boundary conditions, the
precise form of asymptotic states, etc.) are relegated to the choice of external wavefunctions
and a contour of integration in the moduli space. We avoided any discussion of these
issues here, but understanding them in detail — even for low numbers of external states
— seems an important next step. In particular, one would like to compare our formula
(evaluated to an expression on position or momentum space) with ‘standard’ calculations
of supergravity correlators. The Penrose transform naturally corresponds to linearized field
strengths or potentials on space-time rather than metric perturbations, so we expect our
correlator is related to correlators of boundary stress tensor insertions by some integro-
differential relation.

Expressing the S-matrix of a field theory in twistor space is related to re-writing its
perturbation theory in terms of a twistor-string theory [52-55]. In the case of N' = 8
supergravity, this twistor-string should be able to incorporate the non-degenerate infinity
twistor of AdSy [54]. It would be interesting to see how the formula presented here emerges
from the worldsheet perturbation theory of that model.

It is natural to wonder if compact formulae — divorced from space-time perturbation
theory — exist for analogues of scattering amplitudes on other backgrounds or in higher
dimensions. This is particularly true from the AdS/CFT perspective, since N' = 8 su-
pergravity does not exist as any well-defined limit of string theory compactified to four
dimensions [56]. Formulae for the tree-level S-matrix of gravitons (in any number of di-
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mensions) based on the scattering equations [1, 57] are related to rewriting gravity at the
non-linear level as a solvable 2d CFT [58]. This underlying simplicity seems a strong hint
that further structure can be found in the semi-classical observables of gravity on any
background space-time.
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