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1 Introduction

Deformations of supersymmetric gauge theories have played an important role in theoretical
physics in recent years, see e.g. [1-11]. In this note we discuss a new family of deformed
N = 2 four-dimensional gauge theories. Our starting point is a flux background in M-theory
which was introduced in [12-14]. Compactification on different circles leads to different flux
backgrounds in type ITA string theory. By putting Ms-branes into these backgrounds we
obtain deformed versions of the familiar N' = 2 gauge theories of [15] involving D4-branes
suspended between NSg-branes. For one choice of circle we find the Omega-deformation
but another, corresponding to a ‘9-11" flip, leads to an S-dual deformation which we refer
to as the Alpha-deformation. Speaking in purely gauge theoretical terms, one can start
from a six-dimensional theory on R* x T2 where one of the circles is twisted over the R*.
The Omega-deformation is obtained by first compactifying on the decoupled S' and then
on the twisted one, while the Alpha-deformed four dimensional gauge theory is obtained
by compactifying in the opposite order.
There are two ways to study the resulting four-dimensional gauge theory from here:

e The first approach is to analyze the type I1A string theory and construct the non-
Abelian action for the resulting D4/NS5-brane system. Indeed a full SL(2,R) family



of of deformed 4d non-Abelian gauge theories can be obtained in this way. The
resulting theories are not UV complete, but are rather truncations of the Mg-brane
UV theory in 6d, and are only valid for small gauge coupling. We refer to these as
the truncated theories.

e The second approach is to remain in M-theory where the branes are given by an
Ms-brane wrapped on a Riemann surface. On the Coulomb branch we can use the
equations of motion (EOM) of the Abelian six-dimensional Mg-brane theory in order
to arrive at four-dimensional expressions of the low energy effective action as in,
e.g. [16]. These turn out to have Lagrangian descriptions as deformations of the
Seiberg-Witten (Sw) action.

The results from the truncated theories can be compared to the deformed sSw action
by taking a weak-coupling limit for the latter. We find the results of the two approaches
to be in agreement up to a field redefinition and a Q-exact term. In fact the only direct
relationship between the four-dimensional gauge theories obtained with the two different
approaches is that they all flow to the same infrared (IR) theory.

The first order deformation of the Sw actions was obtained in [17] where the SW curve
was unaffected. In this paper we will examine the effect of the deformation on the sw
curve at second order. Our result is that the effective theory can be viewed as living on a
spacetime with a non-flat metric R? with a non-constant coupling, i.e. a non-trivial dilaton.
However, the SW curve remains of the same form when expressed in terms of new variables
describing a complex structure that is non-trivially fibered over the four-dimensional space.

The plan of this note is as follows. We start by reviewing the Omega-deformation and
its realisation as a flux background in section 2. In section 3, we introduce general super-
symmetric Mg-brane embeddings at first order in the deformation parameter and later give
the full solution. In section 4, we deduce deformed gauge theory actions in four dimensions
via reduction of the M-theory set-up to type 1IA string theory. We discuss in particular the
special cases of the Omega- and the Alpha-deformation as well as the full SL(2,Z) family
of deformations. In section 5, we discuss SW actions in four dimensions obtained from
integration of the six-dimensional theory over the Riemann surface. We compare the first
order result obtained in an earlier paper with the result from the truncated theory and
then go on to the calculation in second order in e. We end with conclusions and outlook in
section 6. Appendix A discusses the geometry of the gauge theories discussed in this article
and appendix B gives some details on the full non-linear supersymmetry of the background.

2 The Omega-deformation and flux backgrounds

The Omega-deformation of a gauge theory was originally constructed via a twisted
compactification. If we start with a periodic coordinate z” =2 2% + 2w Ry then we perform
the twist

9 = 2%+ 271 Ry,
{x 7 + 2w Ry (2.1)

™ — 2™+ Rgw™px™,



where in general z™ ranges over the remaining non-compact coordinates, i.e.
m = 0,1,2,...,8, and wy, is a constant element of so(1,8) (but typically one just
takes wmn € 50(4), Wmn € 50(6) Or Wy, € so(8) and considers gauge theories in Euclidean
space). A typical parameterization of w is

0 €1 ...
w=|—€e 0...]. (2.2)

In [14, 18] this twisted compactification was reinterpreted in String Theory as a flux
background by first finding coordinates that diagonalize the action and then performing
a T-duality along z°. This leads to a purely geometrical background, the fluxtrap, which
can also be lifted to M-theory if the original theory is type I1IB.

To engineer the Omega-deformation of a gauge theory one can then place branes into
this background. In particular for the classic case of four-dimensional gauge theories one
can first start in type 1B with D5-branes along (20, z!, 22, 23, 2%, 2%) suspended between
NSs-branes along (20, z!, 22, 23,28, 2%) located at 2% = 0 and 2% = [. The effective 4-
dimensional theory on the D5-branes (where now 2% € [0,1] and 2 = 29 + 27 Ry) will
now have the the Omega-deformation. On the other hand the T-duality along z° leads

to a type 1A configuration of D4-branes along (20, 2!, 22, 23, 2%) suspended between NS5-

branes along (20, 2!, 22, 23, 28 2%), but in the presence of flux and background curvature.
Furthermore one can lift this solution to M-theory where there is just a single M5-brane,
wrapped on some non-compact two-dimensional surface in a flux background. This is
the familiar story of [15] but where the effect of the Omega-deformation is replaced by
a background flux. The first order contribution to the resulting Seiberg-Witten effective
action was computed in [17].

Let us consider this in more detail. If we write w = dU with

1
U,, = —iwmnﬂz, (2.3)

then the M-theory supergravity solution that arises from the Omega-deformation is

(d$9)2 + (dxlO)Q
A2 ’

dS%l = A2/3 |:<77mn - U22Un> dz™ da™ +
, (2.4)

C_A2

dz® Adz' AU,

where
A =+/1+U,U,ém". (2.5)

The original construction of this metric started with the Omega-deformation in type 118
string theory followed by T-duality along 2% and an M-theory lift on 2! [14, 19]. However
given this solution we can ignore this connection and simply explore Mb-branes in this
background. We can explore a range of gauge theories from here by compactifying on
different directions. This allows us in particular to construct the Alpha-deformation, which
can be viewed as an S-dual to the Omega-deformation.



3 Supersymmetric flux backgrounds in M-theory

In this section, we introduce the deformed M-theory set-up. We will first discuss only the
first order deformation, where we can easily describe the supersymmetry condition and the
embedding of Mp5-branes in detail. Further details of the full supersymmetric embedding
are given in appendix B.

Let us first look at the lowest order term in an expansion about small . Here the
background is flat as the metric only receives corrections of O(e?) but there is a flux

G =wAda? Ada'?, (3.1)

where Y and z'° are two orthogonal directions. However, we do not necessarily want
to think of z!0 as being the circle direction used to reduce M-theory to type 11A. The
supergravity Killing spinor equation reduces to (M, N =0,1,...,10)

1
Omn + @ (FMNPQRGNPQR — 8GMNPQFNPQ) n=20. (3.2)

This can be solved by assuming wy,,["™"n = O(¢) and taking

1
n=1 -3 UnI™T910m0, (3.3)
where 79 is a constant spinor that satisfies
Winn Lo =0 . (3.4)

This last condition places constraints on which choices of w are supersymmetric. In partic-
ular if w € so(4), it must be self-dual or anti-self-dual. In what follows we assume that w
lies along the z#, =0, ..., 3 directions and 2° has been Wick rotated to imaginary time.

Let us now add M5-branes into this background extended along (20, z!, 22, 23, 2P, 29),
where 2P and z? are fixed but as of yet unspecified directions. At O(e") supersymmetry
requires that

iTo123pgm0 = 0. (3.5)

This is always compatible with the condition w,,, I'*ny = 0. To O(e') we find that
[Co123pg; " T910] = 0. (3.6)

This tells us that {I'pg,I'910} = 0 and hence one of p,¢ must be 9 or 10 but not both.
Adding additional M5-branes along (mo,:pl,xQ,xg,xp/,xq,) again has this restriction but
on top of that also that the two M5-branes are mutually supersymmetric: [I'pg, I'p g = 0,
which in turn implies that p, q,p’, ¢’ are all distinct.

Thus we find that the following configuration of M5-branes will preserve 4 supersym-

metries:
Msg: 0 1 2 3 6 10

3.7
Ms: 0 1 2 3 8 9 (37)

(We restrict to configurations that do not extend along z*, x5.)



The same M-theory configuration can lead to different truncated theories on D-branes
depending on which coordinate we use to reduce on to type IIA string theory. To this
end assume for now that both z® and 20 are periodic, with periods 2rRg and 27 R
respectively, and consider the torus generated by 2% 2. This is consistent with the so-
called elliptic models of [15]. However we may also decompactify one direction allowing for
more general models which we will return to later. A new basis {65, 19} is obtained by
acting with an SL(2,R) matrix A on the vector {2, 10 }:

66 c G 6
()= (2) () o (). wrmemr

In terms of these new variables, the flux G takes the form
G = Rygw Adxz? A (—bde® + ddo'?). (3.9)
Compactifying on 00 leads to the type II1A configuration

Dg: 0 1 2 3 6

3.10
NS5 0 1 2 3 8 9 (3.10)

The Dy4-branes are suspended between the NS5-branes so that the 6-direction (o< #%) along
their worldvolume is an interval. In addition the boundary conditions project out the
worldvolume scalars X4, X°, X7.

However, although we find the same D4-brane/NS5-brane configuration, the four-form
flux now becomes

FINSNS dRig Ad 97
{ R (3.11)

F* = bRipw A des A dz? ,

where R? = d2R%O + c2R(25. These fluxes appear differently in the worldvolume theory on
the D4-branes and therefore give rise to different truncated theories. We will discuss these
in the next section.

We note that an SL(2,Z) subgroup of SL(2, R) is the modular group of the torus and as
such is a symmetry. Therefore we find the space of deformed ellpitic models is parameterised
by SL(2,R)/SL(2,Z) with SL(2,Z) acting as a duality group on the truncated theories.

4 Alpha- and Omega-deformed actions from M-theory

After having introduced the M-theory background, we want to describe the gauge theories
which encode the fluctuations of the embedded branes. A first approach consists in reducing
the M-theory on the circle §'° and study the resulting system of Dy-branes suspended
between two parallel NS5-branes. In doing this, we make two approximations. The first is
that we assume the compactification radius to be small. Secondly, we only consider the zero-
modes in the direction #% separating the two NSs-branes. The resulting theories are thus
truncated and make sense for small radii and small gauge coupling (which itself depends
on the radii, as we will see). In the following, we will always consider the static embedding,
where the brane system preserves one quarter of the supersymmetries of the bulk.



The first case we study corresponds to A = 1, where the resulting 4-dimensional gauge
theory is the Omega-deformation of N = 2 super Yang-Mills (syM). The other case of
interest corresponds to A = S. We will refer to the resulting gauge theory as the Alpha-
deformation of N' = 2 syMm, which is the S-dual of the Omega-deformed theory. Both cases
are special points in a whole SL(2,7Z) of theories, which we will discuss at the end of this
section.

4.1 Omega-deformation

Let us start with the simplest case, namely A = 1, leading to the Omega-deformation.
After reduction on 0 = 2'°/Ryq, the resulting type 11A background is given by

9\2
ds%o = |:<77;w - UZZIJ) dz* dz¥ + (Rg d96)2 + (de)Q + (dzz) + (de‘)Q :

(4.1)

where (d71)? = (dz*)? + (d2®)? + (dz")? denotes the directions orthogonal to the
brane that remain spectators in the dynamics. We study a single D4-brane extended in
(20, 2%, 22, 23, 0°) between parallel NSg5-branes separated in #5. The deformation to leading

order in € comes from the pull-back of the B-field:

1
50Sp1 = — / d*z U, 0, X°FH, (4.2)

9o

where
R

2
=2m—. 4.3
9 ™ Re (4.3)

Note that to obtain this we have used the fact that the Dg-brane coupling constant is
gi = 472 Ry, where Ry is the radius of the M-theory circle. The extra factor of 27 Rg in
g% comes from further reducing the D4-brane to four-dimensions. The Dg4-brane is weakly
coupled when gg% < 1. In the non-Abelian theory this is enhanced to

1
30Sps = — Tr / &’z U,D, X F* —i[X® XU, DIX5. (4.4)
9a

Here the second term arises following the discussion in [20] from imposing consistency with
T-duality. In particular consider a T-duality along 8. In this case, the second term simply
comes from U,DgX?F#8 by identifying DgX? = —i[X8, X?] and F+*® = D#X5.

A single Dg-brane in the background eq. (4.1) thus has the truncated action (expanded
up to second order in the space-time derivatives)!

1 1 1 1
Sp, = 2 / d*x [4FWF’“’ + 5aﬂxgaﬂxg + 5(8#)(9 + E UM (0" X? + FreU,)

1
+ S (URXE)? - (4.5)

'In this paper we only consider the case where any hyper-multiplet fields have been set to zero.



where we have compactified along the % direction. To deduce the full non-Abelian action
we replace the Abelian fields in the Dirac-Born-Infeld (DBI) action with non-Abelian ones
and complete the squares in such a way as to reproduce the Abelian D4-brane action and
first order non-Abelian action found above. This leads to

1 1 v 1 1

S8, = 2 Tr / d'z |:4F/WF# + 5 DX DX 4 (D, XY + FjnU™) (DFXY + FU,)
1

+ 5 (iX5 X+ UDIXE)? | (4.6)

We note that the coefficient of the term ([X8, X%])? is deduced by rescaling X (assuming
A is constant) to have a standard kinetic term. It then follows from T-duality that the
coefficient of —%([Xg,Xg])2 is the same as the coefficient of 1F,, F*. If we set ® =
X8 4iX?, the action takes the familiar form of an Omega-deformation:

1 1 , 1 : = .

Sh, = —g%Tr/d‘*x [4FWF“ + 5(D,® + iF,,\UY)(D'® —iF*U,)
1 _ _

+ (@ @] + U'DA(® + @))%|, (4.7)

in agreement with the bosonic part of [21].

4.2 Alpha-deformation

Let us now consider instead the case A = S. We reduce on §'° = 2%/ Rg, so that in effect
the roles of % and ' have been swapped with respect to the Omega-deformation. The
resulting type 11A background is given by

UulUy v, (Ri0dg%)? (da®)?
dsfo = | (= g ) oo+ CRGTE aet+ (  aat
e® = A2, (4.8)
CZ%dHG/\dmgAU.

Note that instead of the NS-NS field of the Omega-deformation, an RR-field appears in the
type 1IA background. This is in fact the graviphoton field which has been identified e.g.
in [21-26]. For a single D4-brane extended in (2%, 2!, 22, 23, 0%) between parallel NS5-branes
separated in 6%, the deformation to leading order in e comes from the Chern-Simons term:

4 R6

64Sps = / Atz "2 PU, Fyp\ 0,X°. (4.9)

Note that the factor of i arises because we consider Euclidean time.

To find the non-Abelian version of eq. (4.9) we follow the discussion above and consider
a T-duality along 28. However in this case, the three-form C' becomes a four-form by picking
up an extra leg along 8. As a result, §4Sp4 is essentially unchanged and hence we simply
find that the non-Abelian version of (4.9) is

Tr / d*z D, XU, x F'. (4.10)
6



From the point of view of the ITA theory, the Alpha- and Omega-deformations are related
by a “9-11” flip, corresponding to an S-duality transformation in type 11B. After a double
integration by parts, the first order deformation can be rewritten as

04Sps = —ZILR;) Tr/d% XOw, « FH
Tiig
iR
- —i 11%0 Tr/d5xx9*ww,FW (4.11)
Tiig
iR
= —; ]1%0 Tr/dsxXgﬁu*U,,*F“",
Tlig
where *U is defined by the relation xw = d*U. If we integrate by parts again we find
54Sps = ;R}{; Tr / 42 D, XU, F* + XU, D, F"
Tilg
_ o gy / 4%z D, XU, F* — i[X8, X°)*U,DHX8
2m Re (4.12)
+ XU, (D, F* —i[X? D"X’] — i[X®, D"X"])

o Tr / d°z D, XU, F* —i[X8 X]*U,D*X?
21 Rg

where in the last line we have used the equation of motion for A,. Thus to first order in ¢,
the Alpha deformation eq. (4.12) and the Omega-deformation eq. (4.4) agree on-shell (up
to the switch U, <> *U, and Rg <> Rig). In particular one can map them to each other
via the field redefinition
A, = A, +iX"U, . (4.13)
Next we need to look at the Alpha-deformation at higher orders. To this end consider
a single Dg-brane. The truncated action to all orders in € (expanded up to second order in
the space-time derivatives) is given by

1 1 1 . ‘
5’64 =—— /d4x [4FWF“” +5A2 ((%Xg +iU* *Fw\> (0" X9 +1U, » F1P)
9a

1 1 1
- 5c‘),pfgaﬂxg + W(cwa)u)(g)2 + 5(Uﬂa,pcs)2 . (4.14)
where )
R 4
2 6
=2T— = ——. 4.15

This is weakly coupled when g?q < 1, i.e. g% > 1. To obtain the non-Abelian action we
simply replace all fields by their non-Abelian version:

1 1 1
S, =——Tr / dz [FWFW + <D#X9 +iU * FM> (DFX® +iU, x F7)

94 4 2A2
1 1 1 1
D, XD*XE + —(U*D, X2 + (UMD, X®)2 — — (X8 XD?|. 4.1

Note that in the Omega-deformed action eq. (4.6), € appears only up to quadratic
order, while in the Alpha-deformation, all orders are present. We see that the e-expansion

is independent of the expansion in space-time derivatives.



4.3 An SL(2,R) family of solutions

After having discussed the cases A = 1 and A = 5, let us discuss the generic case which
interpolates between the two. After reducing on #'°, the resulting type 11A background is

given by
_ R(A) UMUV o v 812 (d$9)2 =112 R%OR%(d06)2
9="ph [(5,“, A2 dat dz” 4 (d2®)” + A2 + (dZ-)* | + RR(A)
B:d@U/\dx97 —o_ (_E_ v 7
R A2 R(A)
R U A da® A dfs
C, = RIAP (bd Ry + ac R§ A?) d6°, O3 = —bRio——5
(4.17)

where R? = d?R3, + 2R% and R(A)? = d?R2, + 2 R2A%
Consider now the DBI-action of a single D4-brane. As usual we can neglect the depen-
dence of the fields on the compact direction #% and the resulting effective action at second

order in the space-time derivatives is?

1 1 1
SA = 7 d'z [4F‘”’FW +5 (0" +UMUY) 9,X%0,X®

2 2 2
9In 9 90 . 9A 2 94 92
—|— M <8MX + dgi[‘F/U/UV — ICgA*FMVUV) + C 2A92A (U'u 8MX ) :|

i 17
+ 7 Rel7] / d*x F*«F,,, (4.18)

where
2 2 2 2 2 2 2 2 d29£22
gr = cga+dgq, A = € gaA + A (4.19)
and
271 /g3 2m1A /g3
_(l( Wl/gﬂ)_'_b T(A)_a( 1 /gQ)+b (420)

T eri/gd)+d T c2rin/) +d’

so that 27/g% = Im[7] and 27/g% = Im[7(A)]. We see that g interpolates between g4 and
go but is rarely weakly coupled. Note that the F'A F' term is undeformed and corresponds
to the second Chern class of the four-dimensional space-time for any value of e.

The non-Abelian version of the action eq. (4.18) is obtained following the same prin-
ciples of compatibility with T-duality used to arrive at Equation (4.4). The coefficient of
the term ([X®, X%])2 is obtained by completing the square. The action takes the form

1 1 1
SA = 7 Tr/d4:c{4F‘“’FW + §D“XSD,Q(8

91

+ 2A0%

2
(DHX9 +d22F,, U - ich*FWU”>
9A 9a

*We used the identity 2 (U Fp, + U"F,,)* = (A = 1) (F* Fu, + F*'%F,).



2
+ <deU“DMX8 —i[X8, X9]> ]

gAa
+ @ <A(U“D XS)Q + l(U”D X9)2) }
2 K A I
9IA

i v
+ 7 Rel7] Tr/d4a:F“ *F . (4.21)

The family of truncated gauge theories obtained by A € SL(2,Z) lift by construction
all to the same (2, 0) theory in six dimensions. Therefore they all flow to the same infrared
fixed point. Alternatively, for A € SL(2,R)/SL(2,Z) the truncated theories are not be
completed by the same (2,0) theory in the uUv and would not be equivalent in the IR.

There are different ways of interpreting the expression eq. (4.21) for the action. On
the one hand, it can be understood as a deformation of flat space with extra couplings;
on the other hand it can be interpreted as an action in curved space. In this spirit one
observes that the gauge part of the action can be written also as

VG

"gg/;uge = _@FHVF/LIV/GMM G", (4.22)
where o
G;w = 5,uz/ - ﬁ (423)

When €; = +ey this is the metric of a cigar interpolating between R* at the origin and
R3 x S' at infinity; this geometry is the underlying reason of the localization properties of
the Omega-deformed action. A more detailed analysis of the Riemannian properties of G
is presented in appendix A.

If we limit ourselves to terms up to first order in € in the action eq. (4.18) we find

1 1 1 1
SA = —g /d4x |:4Fp,VFul/ + 5 aMX8 (‘_)“XS + 5 aMXQ aNXg+
+ (dgﬂ P _ ich*F”V> aquUv] B iRe[T] /d49” FuxFu + O(€), (4.24)

gA gA

which can also be put in a more suggestive form:
i5h = 7 [ d% (S F + £ 0,X50,X5 + & 0,X° 0,X° + & ¢ P 9, X
18% = —(1—-17) dJTZuV w5 O pi T 5 pAt” e uX Uy
i
-1 +7) / d*x FxF, + O(), (4.25)
where ¢ = arg(dgg £icga) = arg(dR1o £ icRg).
In the non-Abelian case, the first-order action has an extra contribution from the

commutator [X®, X]:

1 1 1 1
iSh=—(r—7)Tr / d*z [4FWFW + iD“XSDMXS + ED“X9D“X9 — 5[X8,X9]2

~10 -



i (dgﬂ FHv _ ich*F”V> D, XU, —idZ2[X8, Xg]U“DMXB]
gAa gAa gA

- i(T +7)Tr / Az F o 4F, + O(?) . (4.26)

A nicer form is obtained if we partially integrate the xF term and use the EOM for A as
was done earlier in eq. (4.12). On-shell,

Tr[xF,,U,D, X" = Tr[F,,*U"DFX? — i[X® X]*U*D, X%, (4.27)

resulting in

1 1 1 1
iS4 =—(r—7) T&"/d“a: [4FWFW + 5 DX D, X" + SD, XD, X7 - J[XF, X7

+ (deU” —icd *U“) (F,,D"X? — i[XS,Xg]DuXS)}
ga ga
i

- Z(T +7)Tr / Az F o+ F o, + O(?). (4.28)

In a more suggestive form,

1 1 1 1
iSh=—(r—7)Tr / d'z LFWFW + §DNX8DMX8 + 5DMX9DMX9 - 5[X8,3<9]2
+eled Ay (R, DVXO — i[X5, X9]DMX8)]
— i(T +7)Tr / Ad*x F o xF ., + O(?),  (4.29)
where we used the fact that *U = d~'xdU and (d~'xd)?U = U.

The formulae above show that in the Abelian (and in the non-Abelian on-shell) case
the first order deformation remains essentially the same for any choice of A and it only
depends on a phase ¢ = arg(dgq +icga) = arg(dR19 £+ icRg) generalizing what we had
already observed for the cases of the Alpha- and Omega-deformations. The SL(2,7Z) acts
as a rotation of the e-parameters in the complex plane.?

To summarize, let us review some special choices of the SL(2,Z) element A:

e when A is the identity, g3 = g3 and ga = g4/A, and we recover directly the Omega-
deformation of eq. (4.5);

2 =g4 =1/g2, g2 = Agy = A/gd. We find the Alpha-
);

e when A is T" = (}7), g2 = ¢4 and g2 = ¢3/A, and we recover the Omega-

e when A is S = ((1)_01)
Nl

deformation of eq. (4.14

deformation plus a topological term Spn = S + "Ii [ FAF.

3In this paper, the €; are real for A = 1. The SL(2,Z) rotates their phases together, thus leaving their
ratio real. This is to be contrasted with the more general case of complex ¢; for which two independent
deformations must be introduced, see the discussion in [13].
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e when A is ST" = (’f _01), 93 = 94 = 1/93, g2 = Ag4 = A/g3, and we recover the
Alpha-deformation plus a topological term Sgp» = S4 + %i JFAF.

The SL(2,Z) elements A = T™ are the only ones that cause A to drop out from the action.
In this case (i.e. the Q-deformation), therefore, there are no corrections of order higher
than €. The interpretation of extra couplings added to the flat space action is now the
more natural one (notice that vVG/g3 = 1/g3).

So far the discussion has focused on the case where both 2% and z'° are periodic,
leading to the so-called elliptic models on the Dg4-branes. However we can easily extend

the results to the case where one direction is non-compact. To this end, instead of (3.8)

(o) = () (20)

We can write down the metric and find an SL(2, R) family of truncated theories by reducing
on y'% = y19 + 27 R’. In this case the Dg-branes are extended along 3% but terminate on

we introduce the coordinates

the NSs-branes that are located at fixed values of 4%, say y® = 0 and 4% = I. From the
point of view of the Dg-branes this is effectively a compactification along 4°. The result
for a single D4-brane is

l 1 1 1
St = 5 / d4x[4c2+ LA M,,+§(5“”+U“U”)8MX8 9, X"
- = X9 F,UY —i F, U -« 1y x9
202A+d2<8“ +c2+d2 wlU 102+d2*“U> +202A2—|—d2(U Iy )
il bd+ac 4 Y
87TR/62+d2/d xz F* *FMV' (431)

Following previous arguments we see that the non-Abelian version is

St = -

l 1 1 1
Tr [ d*zl = ———F*"F -D*X®D, X8
R / x{4c2+d2 w ety "

2 2 2
+ ;;A*jcp (D,p(9 + CQiCpFWU” i CQEdQ*FWU”>
11
PN
T S
2 ENT |

(dU"D, X5 —i[X5, X9))°

(A*(U"D,X®)? + (U'D,X")?) }

il bd+ac
8T R 2 + d?
However here one cannot argue that the SL(2,7Z) subset of SL(2,R) is a duality group.

Tr / d*x FPF . (4.32)

5 Seiberg-Witten actions from M-theory

Until now, we have arrived at the gauge theory actions by first reducing to type I1A string
theory, which has resulted in truncated actions which were exact in the deformation param-
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eters ¢;. In the following, we will take the different approach of using directly the EOM of
the M5-brane in six dimensions and integrating them over the compact two-cycle that the
Mpg is wrapping to arrive at a four-dimensional result. The resulting gauge theory action
in four dimensions is exact at the quantum level, as it is independent of the compactifi-
cation radius that fixes the gauge coupling in type IIA. It is however difficult to treat the
deformation to all orders, so we must proceed order by order.

In order to compare the results obtained this way with the truncated theories that we
have obtained in the last section, we can take a weak-coupling limit of the effective theory
we will be discussing in the following. Since all the truncated theories lift to the same (2,0)
theory on the Mg-brane, they also all flow to the same IR theory. We can therefore choose
any representative of the SL(2,Z) for our comparison.

5.1 Comparison with the first order result

The low energy effective action for an M5-brane in the flux background corresponding to
the Alpha-deformation was computed to linear order in € in [17], where the Mg-brane still
wraps a Riemann surface 3:4

) o o
is—- [do(r-n) [2 Oyt B b 4 Oy g, 1 a)*F“”*U,,]

i(a+a) i(a+a)

—(r+7) [FW*FW + wu F" + 9, *F ‘“’*UV] , (5.1)

where a is the Sw scalar (for simplicity, we are considering the SU(2) case):

dap OAsw
a %4 SW ap 7{9 SW T= vl (5.2)

where wu is the modulus of ¥, A, B are the A- and B-cycles of X, and Agy the SW one-form.

In order to compare this result with the truncated theories, we need to go to the weak
coupling limit. In this language, this corresponds to the large u-limit, where

7(a) =1/g* (5-3)
is a real constant. In the self-dual case w = *w, the action reduces to
S——2 [ate |t 0,0 0,a+ Epbm + Lapm 4
-y 2 |5 0ua G+ Fy +§a Wy | - (5.4)
Let us compare with the truncated action from the D4-brane given in Eq. (4.7) in the
Omega-background at first order in e:
1

1 L1 L1 _ 1 _
SD4 = —% Tr/d X |:4FMVFM -+ iDMQ D#(b —+ §[¢7 @] -+ ZDM (@ — @) F/U'pUp:| .
(5.5)

“Note that we have rescaled w — w and performed a field redefinition a — i@ in the results of [17] to
agree with the conventions of this paper.

~13 -



The two actions are different, since one was obtained by integrating out the high energy
modes and the other by truncating them. They are however related by a field redefinition
and the addition of a @-exact term. The field redefinition corresponds to a different gauge
choice for the B-field in type IIA.

The truncated action is the bosonic part of a supersymmetric action [21] which is
invariant under the action of the operator Qq defined by

QQAM = ‘Il,ua
QQ‘I’“ =D, ®+iF,U",
Qa¥ = [®,®] +iU"D,®,

QQ‘i',uu = 2H,u117 (56)
Qa® =iU"T,,,
Qu® =",

\QQHMV = % (U)\ a[)\‘il;w] + a[,u(UA‘il)\u}) + [q)’ \ijw/]) >

where ¥ are the fermions (after a topological twist) and H,,, is an anti-self dual auxiliary
field. This charge squares to the Lie derivative® in the direction of the vector iU* 9,

Qi =iLly. (5.9)

Adding a term proportional to Qo (¥ ,F**U,), the linear term D,®F* U, can be elimi-
nated from the Q-deformed action:

i _ _
Shy =Sps+ = Tr / d'z Qo (¥, F*U,)
2gQ
1 1 1 _ 1
== Tr/d4:n [FWFW +5Du®D'® + ]

_ 1 _
® P° - —D,PF™U,| . (5.10
=z : B D, (50

Consider now the field redefinition A — A — % iU®. After integrating by parts, the action
becomes

1 1 1 = 1 - 1 -
! 4 v 2 v
Spby = ——g% Tr/d x [4FWF“ + §Duq’ D/® + g[‘I),@] + —4i‘I’F“ ww,] . (5.11)
This action matches with the weak coupling limit of the IR theory if we take

1/g% = Im(r), & = —aos, A, =24,03. (5.12)

5Note that even though Q?z =iLy # 0 it still follows that adding a Qg)—exact term QQA to the action
does not change the partition function if A is invariant under the action of £yy. The argument is similar to
the standard one: consider the action S + tQqA, then

%/D@ explS + tQaA] = /D@ QaAexplS + tQaA] = /D@ Qa [Aexp[S + tQaA]] =0, (5.7)

since Qq is a functional differential for the path integral. This holds for any scalar A, since i9,U"* = 0
turns the Lie derivative into a total derivative:

LuA = U"9,A = 0, (U*A). (5.8)
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5.2 Second order SW action for the scalar sector

To first order in € the resulting low energy sw effective action receives source terms from
the background flux but the underlying geometrical structure is unchanged. Therefore it is
interesting to determine whether or not the geometry of the sw curve is altered at higher
orders in €. The main difference is that at second order in €, the metric receives corrections,
however the four-form flux remains the same as at order €. In particular, the metric is no

longer flat and as we now show it has the structure of a C2-bundle over R, where the
U;LUU

metric of RY is conformally equivalent to G, = 6, — . For simplicity, we will limit
ourselves in the following to the selfdual case €1 = es.

To proceed we introduce new, adapted, complex coordinates. For any A € SL(2,R),
we can introduce complex coordinates v, s. For A € SL(2,7Z), the complex structures are
all equivalent. In the following section, we will remain with A = 1 as this leads to the
simplest result for the metric. Let us define

—_ Al/2.8 i _a°
{”_i/ T oA (5.13)
S§=T +1°5% .

The bulk metric now becomes

U, —5 3
d32:A2/3[<5W— 5 >dx“dx”—|— <ds+828dlogA) <d§—82sdlogA>

n % (dv _ gdlog A) (dﬁ - ;}dlogA)] (5.14)

This is precisely a C?-bundle over R” with connection

S —

A% = QSdlogA, A”:%dlogA. (5.15)

The background field now takes the form
1
G4:—é(dD/\w—i—2d(D/\U)/\logA), (5.16)

where D = (s — 5)dv +vd(s — 3).

BPS embedding at second order. The natural guess is that at second order, the M5-
brane is still a holomorphic object, ds = 0, but now with respect to the bundle in eq. (5.14).
To check this, we calculate the Killing spinors preserved by the Mg-brane and show that
they are the same as the ones preserved by both the lifts of the NS5- and D4-branes when
taken separately. It follows that Witten’s construction still applies and the NS5/D4 system
is lifted to a single Mg-brane wrapped on a Riemann surface in the new complex bundle.

In presence of the Ms-brane, the physical quantity is not the flux G but the pullback
of the three-form C' that appears explicitly in the Bogomol'nyi-Prasad-Sommerfield (BPS)
condition. In this case, the supersymmetry condition selects the choice of gauge C' =
—éD A w, where D is given in eq. (5.16). Note that in this gauge, the three-form C
depends explicitly on 2'° and cannot be reduced to type IIA.
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The embedding for the Mg is obtained by requiring that the preserved supersymmetries
are the same as in the string theory D-brane realization in terms of D4s suspended between
NSss. In other words, we require that

s s Py = o, (5.17)

where TINS5 and IIP4 are the projectors for the Mpg-branes obtained by lifting respectively
the NSgs and the D4s. In our choice of vielbein (see eq. (B.1)), these projectors are written
in terms of the following gamma matrices:

TN = — 7919380, (5.18)
i
P4 = A2 1026(10) {713 — e/ (20)% + (21)2 y03 — e/ (22)2 + (27)? ’YlQ} ) (5.19)

where the lower-case y-matrices are in the tangent frame.
The expression for the projector IIM5 depends on the selfdual three-form hs which at
this order in € satisfies the condition

1 4
dhs = —7Ci. (5.20)

It follows that our ansatz for the complete embedding has to include both the gauge choice
for hs and the geometry of the Mg-brane.

Let us consider a brane extended in { 2°, ..., 23 } and wrapping a Riemann surface ¥ =
{s=s(z),v =z} in the complex bundle geometry described in eq. (5.14). The pullback
of the four-form flux is given by

Gy==(0s—05)dz AdZ Aw, (5.21)

N | —

and using the result of [17] we make the following ansatz for the selfdual three-form:
Lia o4 1 _ A\ 1=
hgz—z (034—1*03) =-3 (s—s—z@s)dz/\w. (5.22)

After some straightforward but tedious computations involving large matrix products, we
find that this ansatz satisfies the BPS condition Hi% 15 1124 )y = 0 and the M5 is indeed
holomorphically embedded in the C?-bundle.

The scalar equation. Now that we have found a supersymmetric embedding for the M5-
brane, we want to study the effective theory describing the oscillations around the ground
state, following [16, 17, 27]. This will describe the 1R limit of the Q-deformed sw theory.
In this paper we concentrate on the scalar fluctuations around the supersymmetric
configuration and set the fluctuations of the worldvolume three-form to zero. That this is
a consistent solution to the equations of motion follows from the first order action computed
in (5.1) which admits the solution F},, = (a — @)w,, and this corresponds in turn to no
fluctuations of the three-form (F,, = 0 in the notation of [17]). If we only consider scalar
fields, the Mb5-brane is a generalized minimal surface, i.e. the action is simply given by the
square root of the determinant of the pullback of the metric plus terms that come from the
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background flux. While the purely metric terms come from a six-dimensional action, the
flux terms do not seem to. Nevertheless reducing the system on the Riemann surface does
lead to a system with a four-dimensional action that corresponds to the usual SW action
but with an R? metric as we now show.

In the ground state, the M5-brane is wrapped on the direct product of R? and a
Riemann surface ¥ = {s = s(z), v = z}. We consider fluctuations in which the Mz is
wrapped on a fibration of the same Riemann surface ¥ over R? where the moduli u’ of ¥
depend on the spacetime coordinates z#. In this paper we will restrict ourselves to the
SU(2) case in which there is a single modulus u. We expect that our result will simply
generalise in the obvious way for more complicated cases. In other words, the M5-brane is
wrapping the manifold

{zt =at,u=0,...,3;v=25=s(z|ulx"))}, (5.23)

so that 0,5 = g—z 0y5.
The scalar equation of motion for a single M5-brane is given by [28]

2
(§™" = 16 BV ) Vi O XM = =2 G . (5.24)

Our aim is to derive a four-dimensional deformed action S; from here. To do so, we
will treat the L.h.s.and the r.h.s.of eq. (5.24) differently. The lLh.s.directly corresponds to

an action in six dimensions (which is only possible since we are considering only
the scalar sector) which can be straight-forwardly reduced to four dimensions. On the
other hand the r.h.s.does not seem to arise from an action in six dimensions. So we will
integrate the r.h.s.over ¥, which will result in an EOM in four dimensions, from where we
can reconstruct ZF-B-S-. The end result will be % = Js .,%l'h's‘ dz Adz — grhs.

Let us first consider the Lh.s.. The pullback of the bulk metric given in eq. (5.14)

takes the form

o A3 U,U, A A A
ds” = 5 dej — % + 0,8 0,5 + 245, 8,,3) dat dx” + 2 (AZ 0s + AZ) dat dz

+ (1+10s|*) dz dz] +cc. (5.25)

In order to study the fluctuations, we limit ourselves to terms up to second order in the
spacetime derivatives (note that the two-form w = wy, dz# A daz” contains one spacetime
derivative). This implies that the generalized metric including terms in € and 0, up to
second order is given by

Gmn = (§™" = 16 KPR, )T = G + 16 hmpgh, P + O(€)
= Gun + 262 (s — 5 —285)7d22 + O(}) + O(83).  (5.26)

Since the covariant derivative appearing in eq. (5.24) is taken with respect to the metric
g, the Lh.s.has the form of the EOM for a minimal surface with metric g at second order
in the derivatives. As such it descends from the action

shhs. — [ 462\ /det g. (5.27)
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The bundle in the bulk being non-trivial we expect the presence of a covariant derivative

in the action. In fact it is convenient to write explicitly the result of the expansion at

second order in € and 0,:

€ = €
Vdetg = (8" +UHUY)0,50,5 + 53}“ (20505 +2050,5) — 5} (s —38)az"0u(s —5).

(5.28)

Having obtained a six-dimensional Lagrangian corresponding to the 1.h.s.of the EOM we can

write the corresponding four-dimensional one by integrating over the Riemann surface 3

glhs. _ / ZLhs g pdz. (5.29)
%

Thus to evaluate the reduction of the l.h.s.over the Riemann surface we encounter three
integrals, I, ..., I3 coming from the three terms in (5.28).
The first is the integral of d,,s 0,,5. Since the field s depends on z* via the modulus u
we find 0,5 = (0s/0u)0,u. The corresponding integral was already evaluated in [27]:
_ 1 _ _
I = | 0us0,5= T (1—7)0ua0,a, (5.30)
b 1
where 7 is the period function of X and a is the Sw scalar.
Next we consider the second term which involves
2 2

I = 6256“/2288 0,5 = %x“ 8Mu/zzasg; dz ANdz. (5.31)

Using the explicit expression of s(z|u) for SU(2) (see [15]) one sees that J0s/0z =

—22(0s/0u), and hence

62

I=——_a" (m/E 0s]*dz Adz. (5.32)

We now observe that this integral over 3 does not depend on the modulus u. To this end
we first write it as a total derivative: I = %x“lﬁ with

I = / 0s]*dz Adz = / d(s d5dz) (5.33)
b b
so that it reduces to an integral on the boundary of X:
I = }[ s0s5dz. (5.34)
ox

Since there are no poles only the contribution at infinity remains. At infinity we have
s ~1n(222) + O(1/22) and 95 ~ 1/z + O(1/z?). Thus the integral is

I, = / In(22) 4 (5.35)

z

plus terms that vanish at large z. So the integral is divergent but the divergence does not
depend on u or u and hence it does not depend on z*. It turns out that it will be canceled
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by the r.h.s.. Therefore, up to a 9, derivative® it follows that
L= 6212/ 052 dz A dz . (5.36)
b

The third term appearing in the reduction of the Lh.s.is, up to a J, derivative, simply

2

13:—6236“/ (s—§)8ﬂ(s—§)dz/\d2262/ (s— 5)7dz A dz. (5.37)
) )

In summary, the contribution of .Lﬂl'h‘s' to the four-dimensional action is given by

g}h's' =" +UrUY) L+ Ix + L+ 15
1
=5 (1 —7) (8" + U*U") 9,0 0,a (5.38)

1

—|—62(u—|—ﬁ)/\8s|2dz/\d2+62/(S—E)de/\dé.
b )

Let us next consider the r.h.s.in the equation of motion (5.24), —2GM,,,,h™"P. For
consistency with the 1.h.s.we consider only variations which keep > holomorphic and discard
the factor (14 |ds|?)~ [27]. Of the resulting expressions, only the cases XM = s, 5 are
non-trivial and take the form (i.e. see [17])

E = <—§Gsmnphm”p> (1+ \8s|2) = 2¢2 (s —5— 25§) . (5.39)

This is related to the variation of the four-dimensional action $4r.h.s. with respect to the

Sw scalar a:” 5 d
azf'h& = OTZ /Z EAAdZ. (5.40)

S.

This can in turn be expressed in terms of a variation of $4r.h. with respect to the

modulus u: 5
= grhs. / EXNdz. (5.41)
5U »

Explicitly, this is given by

/E)\/\d22262/(8—5))\/\d2—262/z(§§)\/\d2
¥ ¥ ¥

0 -0
:262/(3—5)Sdz/\d2—262/28§8dz/\d2
b b

ou ou
_ed (3—§)Zdz/\d2+62/ 18s]*dz Adz. (5.42)
ou b b
Hence
grhs 62/ (s g)szdHEzu/ 19s[2dz A dz + F(a), (5.43)
by by

As usual we assume that the fields vanish quickly at infinity in the directions z*.

or.hs.
025 7 05 Gondz = 2 [, L8PS dandz = 2 g s

ds

If fGr'h'S' were to exist, then [ EAAdZ = [
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where F'(u) is an arbitrary function that we can fix requiring the action to be real:
F(a) = 62u/ |0s]*dz Adz. (5.44)
by

Combining the L.h.s.with the r.h.s.we find that the final expression for the four-dimensional
action for the scalar sector of the deformed sw action at second order in € is

Sscal _ / d4a; (gi.h.s. o $4r.h.s.> _ _/ d4a: Im(T) (5#1/ + 62UuUu) 8HCL d,a
R4 R4
_ / de Tm(r(A)VAet GG™ 9,0 dya,  (545)
R

where G, is the metric of R? and 7(A) = A7 as in eq. (4.20) for A = 1. Note that 7
remains the same as in the undeformed case albeit expressed in terms of new variables
reflecting the modified complex structure. Despite having treated only the scalar sector
to avoid technical complications, important quantities such as the period function 7 can
be read off directly from our final result.

6 Conclusions and outlook

In this note we have introduced a new family of deformed supersymmetric gauge theories
with four supercharges which include the Omega-deformation and its S-dual that we chris-
ten the Alpha-deformation. Since they are obtained via dimensional reduction from the
same six dimensional (2, 0) theory, they are all completed by the same theory in the uv and
flow to the same point in the IR. This latter can be described explicitly as a deformation of
the standard sw theory in terms of membrane dynamics. In the self-dual case (e; = €3), at
first order in €, the type I1A brane construction lifts to a single M5-brane wrapped on a Rie-
mann surface as in Witten’s undeformed result, but with a background flux [17]. At second
order in the deformation, we still have the same spectral curve of the undeformed sw theory
but in terms of different variables that describe a different complex structure coinciding with
the standard one only for ¢ = 0. Geometrically, this corresponds to the fact that, even in the
ground state, the M5-brane wraps a Riemann surface which is non-trivially fibered over R.
A number of interesting open problems present themselves at this point.

e Calculating the deformed sw theory to all orders in ¢, including quantities such
as the susy transformations, the embedding of the My5-brane and the prepotential,
would substantially improve our understanding which is currently based only on the
quadratic order of the deformation. The calculation of scattering amplitudes and
correlation functions of the deformed sw theory would then also come into reach.

e Exploring the non-selfdual deformation €; # €5 is another important next step. It
is currently unclear whether Witten’s construction extends to this case as it is not
obvious that a single Mg would realize the possible Coulomb branch of this theory.

e In the case of the truncated theories we have constructed the bosonic part of su-
persymmetric gauge theories and have explicit expressions for the preserved Killing
spinors. It would be instructive to add the fermionic sectors to the resulting actions.
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e As the deformed theories studied in this article are examples of supersymmetric theo-
ries on curved spaces, it would be interesting to compare our results to recent advances
in the literature on this topic [10, 11]. While we start from the full eleven-dimensional
supergravity solution, we are studying the dynamics of the branes neglecting the back-
reaction. In this sense, the pull-backs of the bulk fields are frozen and do not need to
satisfy any equations of motion.
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A The geometry of R?

All the gauge theories realized in this paper are based on geometries which are conformally
equivalent to the one of the Omega-deformation R%. In order to study this geometry it is
convenient to introduce a coordinate system in which flat space is written as

1
ds? = = [dr2 + 72(dw? 4 sin®w de)] + 7(df + coswdip)?. (A.1)
r
The coordinate change to rectangular is given by

r= (%" + (@)’ + (%) + (%),

(332)2+($3)2

1 (@02 (z1)2> (A.2)
¢ = arctan 75 — arctan %’

w = 2arctan

w

1
¢ = arctan 75 + arctan 7.

8

This coordinate system is familiar from the study of Taub-Newman-Unti-Tamburino
(Taub-NUT) spaces, which are usually put in the form

11 1
ds? = <T + )\2> [dr? + r?(dw? + sin® w dy?)| + +—(df + cosw dvp)?, (A.3)
A2

where ) is the asymptotic radius in the direction € for large r (i.e. far away from the center
of the Taub-NUT).

The metric for R? in the case €; = ez = € is easily expressed using the generator of the
rotation U that takes the form

€

U=U,da" = €gg,da" = 7 )(dﬁ + coswdy), (A.4)
T
2
A =14+U,g"U, =1+¢ér= V;E (A.5)
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It follows that the metric G, is given by

o

(r )[dr +r (dw + sin? w dy )}

G dat dz”

(dep + cosw dap)? (A.6)

V(r) + e

where V(r) = 1/r. Thus R? can visualized by writing R* as a cone over S? and then writing
S3 as a S Hopf fibration over S2. Near the origin R? looks like R*. However whereas the
radii of both the S? and S' grow without bound in R?*, in R? the S* fibre only grows to a
finite radius at infinity.

Symmetries. In the form (A.6) it is easy to describe the symmetries of the space. Let
J1, J2, J3 be the generators of su(2),

J1 =sinwsinpdy + cos pdw ,
Jo = sinw cos pdy — sin ¢ dw, (A.7)
J3 =d¢ 4+ coswdy.

The metric of R? is written as

1

2 2 2/ 72 2 2
ds®* =V (r) [dr® +r (J1+J2)]+WJ3,

(A.8)

and since J + J3 is the metric of a two-sphere of unit radius, it is immediate to see that
the space has isometry SU(2) x U(1). The four corresponding Killing vectors are given by

Ki = cos¢ 8, — Sn¥ Dy + siny Jg,

fan w Sinw
Kz =sint 0y + {5 0y — 08 05 (A.9)
K3 = 8y, '
Ki= 0,

Just like the Taub-NUT geometry interpolates between flat R* and R? x S' with radius 2,
also R? interpolates between the same geometries, the only difference being that the asymp-
totic radius of the St is 2/e.

e For r — 0, V(r) + €2 ~ 1/r so the metric becomes

1
ds? = - [dr? + r2(J + J3)] +rJ5 = dp? + 2 (J1 + J2+ T3, (A.10)
which is flat space written as a cone over a three—sphere.

e For r — oo we find V(r) + €2 ~ €% and the limit geometry is R3 x S*:
1
ds? = dr? + r2(JF + J3) + - dep?. (A.11)
€

In analogy with the two-dimensional geometry described in [19], we find that R? is a four-
dimensional cigar of asymptotic radius 2/e.

8The factor 4 accounts for the fact that J? + JZ 4+ JZ is a three-sphere of radius 2.
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Figure 1. The geometry of R? interpolates between flat R* at the origin and R? x S* at infinity

in the radial direction.

Hypercomplex structure. The similarity between the metric of R? and the one for

a Taub-NUT space can be used to prove that our manifold is hypercomplex (but not hy-

perkéhler). Rewrite the metric in the form

1
ds? = V(dui + duj + duj) + mjg

where
up = rsinwcosy,
uo = rsinwsiny
U3 =T COSW,

V= (uf +uj +u3) "2

In terms of these coordinates one can define the following complex structure:

Idu; = —dus, Idug = —/V(V+e2)Js=—-AVJ;.

One shows that I is integrable and that it is preserved by the metric:
g(IX,IY) = g(X,Y), VX,Y € AR?.

The associated Kahler form is given by

\%4
wy = \/;du;g/\JngVdul A dus :A_ldU3/\J3+VdU1/\dUQ.

Using the fact that dJ3 = xdV we find that the differential of wy is

dwy =d[(A7Y — 1) dus A J5],

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

and does not vanish for € # 0, so that the manifold is not Kéhler. Finally one finds that

there is a (2,0) form Qi:

Qp = (du1 + idUQ) VAN (dU3 + iAVJg) .

(A.19)

Using the SU(2) symmetry discussed above we can define two more complex structures

that are preserved by the metric g:

Jd’LLQ = — dU3 s Jdu1 = —AVJg s
Kdug = —duq, Kdus = —-AV J;3,
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and their associated Kéahler forms

wy = A7 dug A Jg 4+ V dug A dus (A.22)
wr = A7V dug A J5 + V dus A duy . (A.23)

The three complex structures anticommute and generate an action for the algebra of quater-
nions IJK = — 1 on R? which acquires a hypercomplex structure.

Riemannian geometry. We conclude this appendix with the expressions of the volume
element, the scalar curvature and the Ricci tensor for R2:

vol = wy A wy = %Jg Adug A dug A dug = Tsz“" drAdp Ady Adw, (A.24)
3e? 1
R= 5 (1 + N) (A.25)
_ 3¢ [9pdr d¢ 1

B Non-linear supersymmetry

For completeness let us give the preserved supersymmetries of the deformed background
with the four-form flux given in eq. (5.16). The analysis of the Killing spinors preserved in
the bulk for finite values of € is more complicated, but follows along the same lines as the
one in the first order case discussed above. The sixteen Killing spinors n preserved by the
bulk are most conveniently expressed using the following (inverse) vielbein [14]:

ey = A1/3 (z° 9o + 21 01) , (B.1a)

e = A1/3 ( 2t 9y + 2001 + 6\/W89) , (B.1b)

ey = A1/3 (22 02 + 2% 03) | (B.1c)
ey = Al/g ( 250y + 22 03 +e\/ﬂag) (B.1d)
e A}/36A’ A—14,...8, (B.1e)
€ A}/3 (ezv Oop—€x° 01 +ex’ 0y —ex 83—1—89) (B.1f)
el = A3 0yp. (B.1g)

In this basis, the spinors 7 are given by

[ AY5 (1 4 ~10) explgr1y01] explpa2s] (o1 + Y23) o,
n= (B.2)

A6 (1 — 419) Tg exp[p1701] explpayas] (o1 + Y23) 71,

where 79 and 7, are constant real spinors, y4 are gamma matrices satisfying {v4,v5} =
2648, Tg = €A™ (m1p1 + y3p2), prexpli¢n] = xo + iz and pgexpli o] = xg +ix3.
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