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ABSTRACT: The AdS/CFT correspondence relates Wilson loops in ' =4 SYM theory to
minimal area surfaces in AdS space. If the loop is a plane curve the minimal surface lives
in hyperbolic space Hj (or equivalently Euclidean AdSs space). We argue that finding the
area of such extremal surface can be easily done if we solve the following problem: given two
real periodic functions Vp 1(s), Vo,1(s+27m) = Vj,1(s) a third periodic function V5(s) is to be
found such that all solutions to the equation —92¢+ [Vo + 3(A+ $)Vi + (A — $)Va] ¢ = 0
are anti-periodic in s € [0,2n] for any value of A\. This problem is equivalent to the
statement that the monodromy matrix is trivial. It can be restated as that of finding a one
complex parameter family of curves X (A, s) where X (A = 1,s) is the given shape of the
Wilson loop and such that the Schwarzian derivative { X (], s), s} is meromorphic in A with
only two simple poles. We present a formula for the area in terms of the functions Vp 12
and discuss solutions to these equivalent problems in terms of theta functions. Finally,
we also consider the near circular Wilson loop clarifying its integrability properties and
rederiving its area using the methods described in this paper.

KEYWORDS: Gauge-gravity correspondence, AdS-CFT Correspondence

ARX1v EPRINT: 1406.4945

OPEN AcCESS, (© The Authors.

Article funded by SCOAP?. doi:10.1007/JHEP11(2014)065


mailto:markru@purdue.edu
http://arxiv.org/abs/1406.4945
http://dx.doi.org/10.1007/JHEP11(2014)065

Contents

1 Introduction 1
2 Statement of the problem and notation 3
3 Solution given the parameterization X (0) 6
3.1 Expansion near the boundary of the disk 6
3.2 Shape of the Wilson loop 7
3.3 Solution of the linear problem along the boundary 8
3.4 Expansion for the spectral parameter A — 0 10
3.5 Computation of the area 12
4 The condition of vanishing charges 14
4.1 The R-function 16
5 Near circular Wilson loops 17
5.1 Perturbing the equations of motion 18
5.2  Derivation using the Schwarzian derivative 20
6 Solution in terms of theta functions 21
7 Conclusions 22
A The Plateau problem in flat space 23
B Definition of the renormalized area 25
C Wavy Wilson line 27

1 Introduction

The most fundamental operator in a gauge theory is the Wilson loop. It can distinguish
a confining from a non-confining phase, it determines the quark/anti-quark potential and
by expanding it at small distances one can obtain the expectation value of any local gauge
invariant operator. Thus, one of the first and most important results of the AdS/CFT
correspondence [1-3] was to give an alternative computation of the Wilson loop at strong
coupling in N/ = 4 SYM by relating it to a minimal area surface in AdS space [4, 5].
Much work has been devoted to the computation of explicit examples of Wilson loops.
For Euclidean curves, the most studied case is the circular Wilson loop [6-13] although
another cases have been considered [14-18]. In the case of Minkowski signature the light-
like cusp [19] turns out to be particularly interesting because of its relation to scattering



amplitudes [20-27]. To find solutions in all those cases it is important to exploit the
integrability properties of the equations of motion which are the same as those of the
closed string. Recently, in the case of closed, Euclidean, plane Wilson loops (with constant
scalar) an infinite parameter family of analytical solutions was found using Riemann theta
functions [28, 29] following results from the mathematical literature [30, 31] and from
previous results for closed strings [32-41]. This integrability construction for the Wilson
loop was further discussed in [42] and also in [43-57]. More recently, certain integrability
properties of the near circular Wilson loop were explained in [58].

In this paper we study in detail the integrable structure that allows the computation of
those surfaces. Integrability of the string sigma model implies the existence of an infinite
number of conserved quantities given by the holonomy of a certain flat current along a
non-trivial loop. A standard application of integrability is to use the conserved quantities
to determine the evolution of a string once a complete set of initial data is given, namely
the initial position and velocity of the string. Instead, in the Euclidean case considered in
this paper, the world-sheet has the topology of a disk and all loops are trivial implying that
all the conserved quantities vanish. Equivalently, instead of a complete set of boundary
data we are only given half of it, in this case the position. If we choose the other half,
namely the radial derivative, arbitrarily, the solution we find will not correspond to a
surface that closes smoothly. The condition of vanishing charges is precisely equivalent to
the condition that the surface closes smoothly and allows to determine the other half of
the boundary data in order to set up the computation as an initial problem. Therefore,
we argue that the vanishing of the holonomy is the defining property of the Wilson loop
and should be used as the basis of constructing the surface and computing the area. The
problem is closely analogous to the one of solving the Laplace equation 0¢(z,%) = 0 on a
disk |z| < 1 given the value at the boundary |z| = 1. If we know the function and its radial
derivative at the boundary then, using the Laplace equation, all higher radial derivatives
are determined and the solution can be reconstructed, namely we would have an initial
value problem. But we are only given the value of the function. If we choose arbitrarily
the normal derivative, continuing the function to the interior will lead to a singularity. The
condition for the solution to be smooth is that the normal derivative and the function are
related by a dispersion relation which expresses the vanishing of all conserved quantities,
2=1 dzz"0¢ = 0, Vn € Z>o. Equivalently, g,>0 = 0 establishes that
0¢ is holomorphic in the disk. Moreover, the problem of solving the Laplace equation is

in this case ¢, =

directly related to the problem of finding a minimal area surface ending on a given contour
in flat space. That problem is obviously related to the one we discuss in this paper and for
that reason we summarize it briefly in the appendix.

This paper is organized as follows. In the next section we introduce the notation
and define the problem. In the following section we show that given two real function
at the boundary of the disk, the area can be easily computed. In analogy with the
Laplace equation, one of those functions is given by the data of the problem whereas
the other follows from a consistency condition. This is analyzed in the subsequent sec-
tion where the consistency condition is seen to be that all conserved quantities vanish.
This problem is equivalent to the following one: given two real periodic functions Vp1(s),
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Figure 1. The unit disk |z| < 1 on the left is mapped to a surface X(z,2), X(z, z), Z(z,z) on
the right. The objective is to find the surface of minimal area ending on a given boundary contour
X(s), namely Z(r =1,0) =0 and X(r = 1,0) = X(s(0)) for some reparameterization s(6).

Vo,1(s+2m) = Vi 1(s) a third periodic function Va(s) is to be found such that all solutions to
the equation —92¢ + [Vo + 3(A + 3)Vi + 5(A — 1)V2] ¢ = 0 are anti-periodic in s € [0, 27]
for any value of A. Equivalently, one can try to find a one complex parameter family of
curves X (A, s) such that X (A = 1, s) is the shape of the Wilson loop and the Schwarzian
derivative { X (), s), s} is meromorphic in A with only two simple poles. Finding the relation
between those problems and the minimal area problem is the main result of this paper.
Unfortunately we were not able to find a straight-forward and general analytic or numerical
solution to those problems leaving that for future work. Instead we find particular solu-
tions based on theta-functions and also perturbatively around the circular solution. Those
cases reproduce known solutions and provide an illustration of the techniques described in
this paper.

2 Statement of the problem and notation

Consider Euclidean AdS3 or equivalently hyperbolic Hs space parameterized by a real Z

and a complex X coordinate with metric given by

o dZ 2 pdXxdX
-

and an R? = C conformal boundary parameterized by X and located at Z = 0. We are

ds (2.1)

looking for a minimal area surface in this space ending on a given boundary curve X(s).
More precisely, as depicted in figure 1, given a complex coordinate

z=o0+ir=re?, (2.2)

we look for a minimal area embedding X (r,0), Z(r,0) of the unit disk |z| = r < 1 into
Hs such that Z(r = 1,0) = 0 and X(r = 1,0) = X(s(#)) for the given curve X (s). At
this point we allow for a boundary reparameterization s() since we want to preserve the
freedom to choose conformal coordinates in the unit disk.

To write the condition of minimal area, it is convenient to describe Hg as a subspace
of R3! defined by the constraint

X2 - X} - X5 -X53=1, (2.3)



with an obvious SO(3,1) = SL(2, C) global invariance. This space has an S? boundary at
infinity. The relation to the Poincare coordinates is straight-forward:

1 X1 +1X - X —iX
J=—" :w7 X o 1T (2.4)
Xo—X3 Xo—Xg XO_XS
The area in the conformal parameterization of the surface is given by
1 _
S = 2/ (ﬁXuaX“ + A (X, XH — 1)) do dr (2.5)

where A is a Lagrange multiplier, the i indices are raised and lowered with the R*! metric
and 0, 0 denote derivative with respect to z, Z. A minimal area surface is given by real
functions X,,(z,Z) obeying the equations:

00X, = AX,, (2.6)

where A, is given by
A =-0X,0X" (2.7)

Finally, we should additionally impose the Virasoro or conformal constraints which read
0X,0X" =0=0X,0X". (2.8)
These equations can be rewritten using the matrix

X — (Xo—l—Xg X1 —iXy

= Xy + X0 2.9
Xl—l-’iXQ X(]—X3> 0+ Aid, ( )

where ¢’ denote the Pauli matrices. Notice also that the Poincare coordinates are simply

given by
1 Xo1
Z=—\ X=22 2.10
Xoo Xoo (2.10)
The matrix X satisfies
XM =X, detX=1, 90X =AX, det(dX) =0 = det(dX), (2.11)

as follows from the definition of X, the constraint (2.3), the equations of motion (2.6) and
the Virasoro constraints (2.8). We can solve the constraint X = X by writing

X =AAT, detA=1, AeSL2C). (2.12)
The equations of motion have a global SL(2,C) = SO(3,1) symmetry under which

X = UXU'T, A—UA, UecSL(2C). (2.13)
In the new variable there is an SU(2) gauge symmetry

A= AU, Uz z2) € SU?2), (2.14)



since this leaves X invariant. It is useful to define the current
j=A"YdA = Jdz + Jdz, (2.15)
which is invariant under the global symmetry and, under the local symmetry transforms as
j= U U +UTAU . (2.16)

Using the local symmetry and the equations of motion, this current can be put in the form
(see for example [28, 29])

—30a  f(z)e™® ) $0a Le”
J = ,  J= , (2.17)
Ae® 30a —f(z)e® —30a

where f(z) is an arbitrary holomorphic function df = 0, « is a real function in the unit
disk |z| = r < 1 such that
Do = &** + ffe 2 (2.18)

and \ in eq. (2.17) is an arbitrary parameter known as the spectral parameter. Under these
conditions, the current

j=Jdz+ Jdz, (2.19)

satisfies
dj+jiNj=0, (2.20)

for all values of A\. As an aside, notice also the validity of the reality condition

E (—i)]T T (2.21)

Therefore, a way to solve the equations of motion is to first solve eq. (2.18) then plug «
into the definitions for .J, J, namely eq. (2.17), and solve for A:

OA = AJ, (2.22)
OA = AJ. (2.23)

Finally, the surface is determined as X = AAf. This procedure, in fact, defines a one
parameter family of surfaces, one for each value of A\. The only ones that are solutions of
the equations of motion are those corresponding to |A\| = 1 and they turn out to have all
the same area. For concreteness, we take the solution we are interested in to be the one
for A = 1.

In any case, the equation for o is non-linear but the ones for A are linear since J, J are
known once « is known. This is the main idea of the Pohlmeyer reduction [59] which we
rederive here as it applies to our particular problem. Similar considerations in the context
of string theory are well-known, for example see [32-41, 43-57] and [60].



Notice that, TrJ = TrJ = 0 implies that det A is constant independent of z, Z. Since
we need det A = 1 we can just normalize A dividing by a constant. Furthermore it is

A— <¢1 “42> , (2.24)

convenient to write

U1 o
where the vectors 1) = (1,12) and ¢ = (1, 1)2) are linearly independent and satisfy

oY =, Fp =, (2.25)

and the same for ¢. They have to be linearly independent and are normalized such that
the (constant) determinant det A = 1/111;2 - 1/121;1 = 1. There is still a certain ambiguity in
choosing v, ¥ but those correspond to SL(2,C) = SO(3,1) transformations of X.

In [28, 29] it was shown, following [30, 31] how to find an infinite parameter family
of solutions to the equations in terms of theta functions. In what follows we are going
to discuss how the integrability properties of the equations of motion can be exploited to
further understand this problem and use those solutions as example.

3 Solution given the parameterization X (0)

As mentioned before, the boundary curve data is given as a function X(s), s € [0, 27| and
is related by an unknown reparameterization s(f) to the boundary value X (r = 1, 0) of the
function X (z, z) in the conformal parameterization of the disk. In this section we are going
to assume that such reparameterization is known and show how the data X (6) allows for a
simple computation of the area. At the end of the section we rewrite the formulas in terms
of the parameterization X (s) at the expense of introducing an unknown function V(s).
In the next section we discuss how to determine such function. We start by studying the
properties of the function o and how it can be reconstructed from certain boundary data.
Later we show that such boundary data can be obtained from X () and that, from there,
the area simply follows.

3.1 Expansion near the boundary of the disk

The function « determines the metric induced on the surface as
ds® = 4e**dzdz . (3.1)

Since the induced metric diverges at the boundary Z = 0 of Hj3 (due to the factor % in
the metric), it follows that

a(r,§) - oo, when 7r—1. (3.2)
Consider now the equation (2.18) for «

Do = ** + ffe 2 (3.3)



for a given analytic function f(z) in the unit disk. To expand the solution near the boundary
it is further convenient to define the coordinate

E=1-1%, (3.4)
that vanishes at r = 1. Expanding near £ = 0 we find the solution
a=—In&+ B (0)(1+ €& + Ba(0)¢* + O(&°). (3.5)

The arbitrary function £2(6) completely determines the solution since all the higher coef-
ficients are algebraic functions of f(z), B2 and its derivatives. For example

— i 102 1 2 _ i % g
Ba(0) = 1O’f(€ )+ 552 4052 + 1052- (3.6)
The function S2(f) can also be defined as
B2(6) = 1e?ie(aQa — (00)?) : (3.7)

6

r—1

Since the function f(z) is completely determined by its boundary value f(r = 1,6), the
functions «a(r,0) and f(z) are completely determined by two functions f(r = 1,6) and
B2(0). This data however is redundant, if we are given f(r = 1, ) choosing (5(6) arbitrarily
should lead to a singular solution in similar fashion as it happens for the Laplace equation
if we give the value of the function and the normal derivative. Let us assume for the
moment that we know those functions and want to find the shape of the curve where the
corresponding surface ends.

3.2 Shape of the Wilson loop

Having computed the expansion for «, the expansion for J and J immediately follows.
Having .J, J we have to solve the linear problem

d(1,¢2) = (Y1,92)] - (3.8)
Given two linearly independent solutions (t1,2) and (¢1,13) we construct
1 P
A = 7 7 ) 3.9
(7#1 P2 (3:9)
and then
X = AAT. (3.10)

The shape of the boundary is given by!

7% Tk 1+ wyz};
P P R L S ) Yid
Koo 1} + oty thr | 14 293

Y11

(3.11)

1Some formulas are more conveniently written in terms of X instead of X but it is completely equivalent
since they are just conjugate of each other.



and the functions should be evaluated at the boundary of the disk. Using the expansion
obtained for « it follows that, at leading order

A

0
~_ 2 12
Oethr 2° P2, (3.12)
)
Ogthy =~ G (O (3.13)
Defining
Y1
= 3.14
b S
it follows that \ .
) A L R—— L 1
O¢ 256 +2)\§e , (3.15)
the only possible solution is that
H(¢ — 0) = £ (3.16)

Replacing in the value for X, namely eq. (3.11) we find the contour of the Wilson loop as

X:ﬂ X:ﬁ

i e . (3.17)
Since 91, 1 solve a linear problem with a current holomorphic in ), we find the very
important property that the boundary contour X (6, \) is a holomorphic function of A (and
X (6,)) is anti-holomorphic). More precisely, X (6, A\ = 1) gives the shape of the Wilson
loop and the solution of the linear problem extends that to a holomorphic, one parameter
family of contours X (#,)). As mentioned before, when |A\| = 1, those contours define
minimal area surfaces with the same area as the original one. Finally, notice also that we
can take two different solutions of the linear problem and get the contour

Ay; + By  AX+B

X - i ,
Cyi+Dy;  CX+D

AB,C,DcC, AB-CD=1, (3.18)

namely a global conformal transformation of the first one. Since the theory is conformal
both are equivalent. Therefore, if we know the solutions to the linear problem near the
boundary we can reconstruct the shape of the Wilson loop. As we discuss next, to find
it, it is not necessary to solve the linear problem inside the disk, we only need to solve a
differential equation along the boundary. So, given the boundary curve X (6) in the correct
parameterization, we can determine f(r = 1,0) and (2(f) thus completely determining
f(2) and a(r,0).

3.3 Solution of the linear problem along the boundary

At fixed radius on the disk we can solve the linear problem

(o1, Optha) = (v1,402) I, (3.19)



with

g0 _ I Iy ; —yrOa zfe® = 5ze? _ (3.20)
Jé Js, e + zZfe”® 31
Simple algebra leads to an equation just for 1:
2 0 0 0 0 ']201
89¢1 - agwl(T‘I'J —1—89 an21) +w1 (detJ + Jllag In (]101> =0. (321)

Taking into account that TrJ = 0 and defining
1

x(0) = U, (3.22)
VI
we get

— X+ V(0,r)x =0, (3.23)

with .

1 1 J

V(0,r) = —563 InJY + (@ In JY)? — det J? — J¥, 99 In 7201 . (3.24)

11

Although this is valid for any value of r we want to study what happens as » — 1. In that
limit the potential is finite and equal to

1 4 1 -
V(O,r=1)=V(0) = = +68:(0) — FO)I" + 77 [(0). (3.25)
Also, near the boundary,
V1= A
JY =i : Exeit 4 o), (3.26)
and therefore in eq. (3.22), the factor \/% makes x(¢) antiperiodic instead of periodic as

11(0). Given two linearly independent solutions of this equation y; and x; the shape of
the Wilson loop is given by
X=X (3.27)
X1
Now we can use a well-known property of the Schwarzian derivative (that follows by simple
computation) to obtain

(X0} = {Xle} = —2V(0). (3.28)
X1
Namely, the Schwarzian derivative of the shape of the contour is given by
= 1 A 2 L
{X*, 0} = 5 — 1262(0) +2 f(O)Ne?? — X6—229 f(6). (3.29)
If we take A = 1 as defining the Wilson loop of interest then we have the very simple
relation
= 1
Re{X,0} = 5~ 12/2(0) , (3.30)
Im{X,0} = 4Im [f(e)e%"] . (3.31)



Summarizing, given the boundary contour X (#) we can compute the Schwarzian derivative
and from there we get the necessary boundary data

52(6) = 57 — 15 RelX, 0}, (332)

Im [ f(e)e%ﬂ - %Im{)_(, 0} . (3.33)

Since 22 f(z) is holomorphic we can reconstruct z2f(z) in the interior of the disk from the
imaginary part at the boundary using the formula

Re(:2 ()], = 5 (21 (:)) cotan (252 ) (334

This means that, if we are given {X, 0} for A = 1 we can reconstruct it for any value of
A as

(XA, 0} = {X,0} + % </\ - % - 2) Im{X, 0} (3.35)

+% <)\ - i) ][ Im({X,0'}) cotan (9 - 9/> do’ | (3.36)

Now we can write {X*(6),0} and the linear problem along the boundary direction @ be-

comes

1 _
= 9jx(0) = S{X(0),0} x =0, (3.37)

which should have anti-periodic solutions for any value of A\. Now we show that given this

data it is possible to compute the area of the surface.

3.4 Expansion for the spectral parameter A — 0

It is useful to compute the behavior of the solution for A — 0. In this region it is convenient
to introduce a new spectral parameter y such that

A= _yZ _ (3.38)
The equations for 1, ¢y are
o — —%awl - fewg (3.39)
Mg = fe™ "Y1 + %80&#2 (3.40)
Iy = %50401 — e " fihy (3.41)
Py = —:;eazpl — %50&1/)2. (3.42)
Defining
F= eazi; , (3.43)

~10 -



it is easy to find that

2

OF = —yze?a — fe 2o p? (3.44)
- - -4
OF = 20aF — f + ?Fz. (3.45)
Now the expansion
F=x2/F+42 iélnf— L da +O(y?) (3.46)
2 16 4 ’

follows. From here the corresponding expansion for 11 2 is

Iny; = —éa F ;/ \/}‘dz + i + yCi1 + O(y?) (3.47)
Inty = %a T 5 / \/}‘dz - ilnf—i— yCa1 + O(y?) . (3.48)
The coefficients (11 and (a; obey
a(\/ f¢u) = ?%e%‘ (3.49)
(\/ f¢ar) = i%ffef%‘ : (3.50)

The main significance of these equations is that the corresponding right-hand sides are
total derivatives, a fact that will be important when computing the area. For that purpose
it is only necessary to know the coefficient (2; at the boundary. To obtain it, we need to
solve the linear problem at the boundary for the function 3. In analogy with eq. (3.22),
we start by rewriting the functions o as

Yo = V' Ji2X (3.51)

where Ji2 behaves, near the boundary as

ivI—€ _,
Jig = - ¢ g6 o 4 o), (3.52)
and x obeys the equation
1
dgx=Vx = AVttt vV, (3.53)
with 1 1
Vo =—4fe 2 v = Zfem, Vo =~ +66(0), (3.54)
similar to eq. (3.25). Writing
x=¢€%, S=>y'S,, (3.55)
n=-—1

- 11 -



and using o = —In¢ + O(€2) we find that
1 1. 1
Inepe = 50& — 519 + 55_1 +So+yS1+... (356)
Comparing with the previous result we should have
= 1, 1
S_ = ;2/ \/}dz, So — 520 = —Zlnf, Sp = (o1 (3.57)

The coefficients .S, can be found independently by solving the differential equation. The
first coefficient S_; turns out to be equal to

S =+ /09 VV_1(0))do' = +2i /00 e \/}‘de’ =72 / \/}’dz, (3.58)

up to an arbitrary integration constant. The next two coefficients are then determined

from
So = 11V —1'9 11‘ C 3.59
b= V=gl gl G (359
! 1 12 o 1 2
S ==+ ~ {/()"—489‘/_1 —16(89v_1) ) (3.60)

where Cj is an irrelevant constant. The values Sy and S_1 agree with the expectations and
the value of S1 determines the coefficient (o1 = S1. The rest can be found recursively

1 n
bl = 257, =S => 58, | - (3.61)
A =

but they are not going to be needed in this paper. It is interesting to note that the

periodicity condition
2m
1 =0, (3.62)

is non-trivial in terms of the right hand side of eq. (3.61). These conditions are equivalent
to the vanishing of the holonomy and will be written later in a different way.
3.5 Computation of the area

The area is defined, in principle, as
Ag =4 / e*dodr . (3.63)
D

This quantity however is infinite. Introducing a regulator e — 0 it is shown in the appendix
that the area can be written as

L _
Ago = o2 —4 / ffe 2 dodr, (3.64)
D

€

- 12 —



where L is the length of the boundary curve. Therefore the finite part of the area, and the
one that is interesting for physical applications, is defined as

Ap = =21 — 4/ ffe **dodr . (3.65)
D
As a comment, this result implies that [61]
Ap < —2r. (3.66)

The equality is valid for the half-sphere whose boundary is a circle. Using eq. (3.50) we find
Ap=-21F 8/ 0 <\/}C21> dodr . (3.67)
D

z=o0+ir =re?, (3.68)

Choosing coordinates

it follows that

Af =21 F 4 yg di\/}(gl , (369)

where the integral is over the unit circle in the z plane. From the previous section we can
use that

Sy = izieﬂ‘e\/}, S1 = Car, (3.70)
to write

Af = —27rj:2i§I§S’1Sld6 = —2w¢2¢§1§s_151d9, (3.71)

where we integrated by parts and use periodicity in 6 to eliminate a boundary term. Using
some algebra we obtain

_ 1
-1

= o7+ % g;l (Re{X,0} — {S_1,0}) do, (3.73)
-1

where we used egs. (3.54), (3.30), namely that Vj = —3Re{X, 6}. This formula shows that
if we indeed know the function X (6), we can compute f(f) from egs. (3.36), (3.29) and
thus the area. As we have already mentioned a few times the function X () is related ot
the curve X (s) by an unknown reparameterization s(). It is therefore useful to rewrite
the formulas in terms of X (0(s)). Since for any function F(6(s)):

{F,0} = {5,0} + (0ps)*{F, s}, (3.74)
we obtain [ Re(X. s} — {w.s)
{ e{X,s} —{w,s
Ap =21+ 2¢ 9. 1nw ds, (3.75)

where we defined the complex variable

w = / Vfdz, (3.76)

~13 -



such that S_; = +2w. The sign in the equation should be chosen such that the condi-
tion (3.66) is satisfied, i.e. Ay < —27. In this form the expression for the area is manifestly
reparameterization invariant (using eq. (3.74) to change parameterization s — s'). If we
consider w(s) as a given (complex) function we can define X (w) with the understand-
ing that derivatives are taken as 0,X (w) = ngg . With such definition and using that
Re{X, s} = $({X, s} + {X,s}) and eq. (3.74) we find the following interesting expression
for the area

A= —om+ i?ﬁ [{X, 0} + (X, w}] wdw, (3.77)

indicating that, if we were to extend X (w) to the interior of the contour w(s), the area is
related ot the double poles of { X (w), w}.

Summarizing, since X (s) is given, the problem of computing the area reduces to finding
the complex contour w(s). This is highly non-trivial and is the equivalent of finding the
normal derivative given the value of the function in the Laplace problem. In that case the
known solution is to use a dispersion relation such as eq. (3.34). Equivalently one can use
the vanishing of an infinite set of conserved quantities as described in the appendix. In the
present case we can rewrite the problem in an interesting way, as done in the next section,
but at present we cannot give a general solution.

4 The condition of vanishing charges

In the previous section we found that the area is completely determined if we have the
contour X (s) and the function w(s). If we were given the function X (€) in the conformal
parameterization, then we could compute w(s) by integrating 1/ f(z) which is determined
by the imaginary part of the Schwarzian derivative { X, #}. However, the function (s) that
would determine X (6) from X (s) is unknown. Given X (s) and eq. (3.36) we can write
instead

(XM, s} = {X,5) + % <)\ + % _ 2) Im{X, s} — <>\ _ i) Va(s), (4.1)
where we used the following property of the Schwarzian derivative
Re{X,s} = {0, s} + (0:0)°Re{X,0}, Im{X,s} = (0:0)*Im{X,6}, (4.2)
and introduced the unknown function V5(s). From egs. (4.2) and (3.29) we identify
Va(s) +Vi(s) = 2707007, Vils) = —3Im{X.s}, (4.3

and then?

w(s) = / V(s T Vi (s) ds (4.4)

Namely, the function Va(s) completely determines w(s) and thus the area. It also gives the
Schwarzian derivative as

[(XM(s), 5} = Re{X, s} — \(Osw)? + %(aswﬁ . (4.5)

2The square root should be defined such that w(s) is continuous (and periodic).
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To determine Va(s) we change variables § — s in eq. (3.37) obtaining
1 _
—020+Ve=0, V(s)=—{X"s}, (4.6)

where we replaced x(0) = v/0s0 ¢(s). For A = 1 the equation has two anti-periodic solutions

9o 1 _ X6 47
(z)a( ) \/&T(SY ¢b ) _(S) ( )

Notice that X (s) = ¢p(s)/da(s). For general values of A the solutions of such differen-
tial equation might not be anti-periodic. In particular take two solutions satisfying the
boundary conditions

$1(0) =1, 95¢1(0) =0, ¢a(s) =0, s¢p2(0) =1. (4.8)

Since the potential V (s) is periodic with periodicity 2, a shift in s by 27 defines two new
solutions [62]

$1(s) = d1(s+2m) = AN (s) + B(N)oa(s), (4.9)
$2(s) = ¢a(s + 2m) = C(A)¢1(s) + D(N)a(s) - (4.10)

This defines the monodromy matrix as
Q= (A(/\) B(/\)> . (4.11)

Since the Wronksian W = ¢1¢, — ¢2¢) = 1 = AD — BC we have Q € SL(2C). The
quasi-momentum p(A) is defined from the trace of the monodromy matrix as

TrQ = A(N\) + D(N\) = 2cos(p(N)), (4.12)

and determines a set of conserved quantities. However, the monodromy matrix should be
trivial. We know that the linear problem can be solved in the disk which has no non-trivial
loops and therefore the solutions 1 2 are periodic. Thus, the corresponding solutions x are
anti-periodic for any value of A\ and p(\) = w. Thus, the problem of finding V5(s) reduces
to the following problem:

Problem: consider the equation

) 1 1 1
~SEHVONSIND =0, VO Vol tg (A4 ) V)5 (A5 ) 1aGe), (413
where Vp(s) : R — R and Vi(s) : R — R are known periodic functions of s with period
27, determine the periodic function Va(s) : R — R such that, for any value of A, all
solutions ¢(s) of the equation are antiperiodic in s, i.e. ¢(s + 2m) = —¢(s). In our case
Vo(s) +iVi(s) = —3{X, s} and the resulting Va(s) can be used in egs. (4.4) and (3.75)
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to find the area. If one so prefers, defining the function ¢ = e%“(b we can say that all
solutions of the equation

— 02 + 0 + [V(A, s) + ﬂ Y =0, (4.14)
are periodic in s = [0, 27|, for any value of \.

In any case, this problem is equivalent to the following one: given a curve X (s) in the
complex plane (or Riemann sphere), determine a one complex parameter family of curves
X?*(s) such that X*=1(s) = X(s) and such that the Schwarzian derivative {X*(s), s} is a
meromorphic function of A with only a simple pole at A = 0 and a simple pole at infinity.
That is

(XN(s), 5} = —2 [Vo(s) + % <>\ + i) Vi(s) + % <)\ - D vg(s)] NORE)

for some functions Vg1 2(s). Since X*(s) = 1 is known, the functions V; ; are known, only
Va(s) follows from solving this problem.

The two problems are equivalent. Given a function Va(s) in the first problem, one
can find two linearly independent solutions ¢;(s) and ¢;(s) that should be anti-periodic
according to the statement of the problem. Taking

XAs) = 218 : (4.16)

solves the second problem. Vice-versa, given a family X*(s) that solves the second problem,

V5, follows. That all solutions of the linear problem are anti-periodic follows by simply
exhibiting the following basis of solutions:

Vo xX ) T 0. X (s)

If any of these two equivalent problems is solved, then the area of the minimal surface

Pa(s) = (4.17)

can be found. Unfortunately we were not able to find a generic analytical or numerical
procedure to solve this problem. In the following we are going to give the solution of the
case of small perturbations around the known circular Wilson loop and also a solution in
terms of theta functions.

4.1 The R-function

Most of the paper is based on the Schwarzian derivative, a conformal invariant. In this
subsection we just mention the possibility of defining another invariant. Given two linearly
independent solutions of the boundary problem ¢;(s) and ¢2(s) normalized such that the
Wronskian W = ¢1(s)@h(s) — ¢} (s)p2(s) = 1 we define

R(s,8') = ¢1(s)pa(s') — d1(s')pa(s) . (4.18)

The main property of R(s,s’) is that it does not depend on which two solutions we choose.
Namely if we consider two other (equally normalized) solutions:

b1 = a1 +bdy, Gy =c1+dpy, ab—cd=1, (4.19)
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then the R-function defined with (131,2 is the same in view of the condition ab — c¢d = 1.
Such condition is required for the Wronskian to be one. The function R(s, s) is related to
the local cross ratios [29] defined as

0sX (s)0y X (s) 1
(X(s) — X(s)2 R%(s,8)’
as can be seen by using X (s) = ¢1(s)/¢2(s) and the condition that the Wronskian is one.

Y(s,s') = (4.20)

Other interesting properties are
RMs,s) =0, 0,RMs,s)] =-1, R(s+2ms)=—R(s,s)=R(s,s+2m), (4.21)
s'=s
and the equation
(9% — 0%)RN(s,5') = (V(s) — V(s'))RNs, "), (4.22)
where the potential V(s) is the one in eq. (4.6). Equations of this type are studied for
example in [66] and could provide a good way to approach the problem but we leave a
more detailed study of the function R(s,s’) for future work.

5 Near circular Wilson loops

The near circular solution was originally studied by Semenoff and Young [63], those results
were extended to all loops in [64] by using a previous result from Drukker [65]. The
integrable properties of those solutions were recently discussed in [58]. Here we consider
the near circular solutions as an illustration of the discussions in this paper. First we
describe the solution in the usual approach of perturbing the equations of motion and then
we show that the same results can be obtained, perhaps even more straight-forwardly using
the methods of this paper. One caveat is that in our approach, the limit A — 0 is relevant
but it does not commute with the small perturbation limit. For that reason we need to
redo the computation of the area. Before going into the derivation let us summarize the
results. The circular Wilson loop is a map from the unit disk parameterized by z = re',
r < 1 into Poincare AdS such that the boundary r = 1 maps to the circle X = . If we
parameterize the fluctuations as
X = 0¢0) (5.1)
what we find in this paper is that we have to analytically continue the function £(6) to a
function g(z) such that
£(0) = 2Relg(z = )] . (5.2)
Having done that, the function f(z) in the definition of the flat current, namely eq. (2.17)
is given by
f(2) = 5 (0% +30%), (53)

and the area is given by
Ay ==2n i ) db 9(6) (059(6) + 209 (0)) (5.4)

where g(f) is the complex conjugate of g(6). Let us see now how this is derived, first in
the standard approach of perturbing the equations of motion and then with the method

we are discussing, namely using the Schwarzian derivative of the contour.
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5.1 Perturbing the equations of motion

In the notation of this paper, the circular solution is given by

1 1z 1 142z 2z
Ag= —— . X = AgAl = , 5.5
0 1/1_25<21> 0 050 1—22( 2z 1+zz> (5:5)

or equivalently, using z = re':
1—7? 2r o 2r
- = X = —10 5.6
L+7r2 1+r2° 0 1+r2° (56)
or, in embedding coordinates,
XpiXe— 20 x, LT oy (5.7)
1 2 — 1 . 7'2 ) 0 1 o T2 3 = 9
The flat current is
1 -1z 0 _ 1 iz 1
J = 2 J = 27 A 5.8
1—z§<)\ 5,2)’ 1—z2<0—; ’ (5:8)
so that .
€a = 1_722, f(Z) =0. (59)

If the function f(z) vanishes, we obtain the circular solution, therefore we need to consider
a first order fluctuation such that f(z) # 0. By looking at eq. (3.3) we see that the variation
of o is second order and therefore it can be ignored. Thus, the variation of the flat current
is simply

§J=(1—-22)f(2)oy, 0J=—(1—2z22)fo_. (5.10)

Notice that
Tr(6J6J) = (1 — 22)%ff = —e 22f f, (5.11)

implying, from eq. (3.65) that
A= —-2m+ 4/Tr(<5J5J)deT. (5.12)

A fluctuation in A can be parameterized as
A=e"Ay~Ay+ HAy, (5.13)
for a traceless matrix H that should obey

OH = AgdJAG',  OH = AgdJA;?, (5.14)

OH = f(2) (__;2\; )\12,)’ 8H=—f<_

namely

z —

(5.15)

=
Iy
> =
N W
[\
N———
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The solution follows by simple integration and is more conveniently written in terms of a
holomorphic function

9(z) = —» /Zf(z’)dz’ + 2/Z () — i/ P2 )d (5.16)

so that ]
f(z)= —5(283g +30%g) . (5.17)

Here it might not be clear why we define g(z) this way but in the next subsection it appears
quite naturally. Now we have

H = H(z,\) — <H (z, _D)T , (5.18)
with
H(z,\) = 2(22829 + 209 — g)o, — <8g + ;,282g> o4+ %)\2z382go, : (5.19)
Given H we can reconstruct the matrix A and from there the shape of the boundary
contour as
X = “2; . ~ %e_w (1 + Hyp — Hoo + AzHyg — )\1ZH21> . (5.20)
~ ie—w—xg(z)—%g(z)‘ (5.21)

Taking A = 1 as the original contour and matching with eq. (5.1) we find that g(z) is an
analytic function in the disk whose boundary value is determined by the fluctuation £(0) as

£(0) = 2Re[g(z = €)]. (5.22)

This completely fixes the function g(z).
The Area can be computed from eq. (5.12) by noticing from eqs. (5.14) and (5.18) that

H(z,\)0 (H <z, —i)ﬂ } : (5.23)

Integrating by parts and using the value for H from eq. (5.19) we find

o2 55 dO'Tr (H(z, N <H (z, —i)>T) (5.24)

— onti 55 d0.9(0) (833(6) + 953(0)) - (5.25)

Tr(6J 6J) = Tr(OHOH) = —0 {Tr

Ay

The surface itself can be obtained by replacing H in eq. (5.13) and then using X = AAT,
In this way it follows that, in Poincare coordinates, the perturbative solution is

07 = 1 J:Z [9(2) +9(2) + 1 12(239(2) + 289(2)} (5.26)
o= 1-2;2 [W)* 9(2) + iz(zag(@ﬂag(z))} : (5.27)
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5.2 Derivation using the Schwarzian derivative

The method described in this paper is particularly simple for this case because the fluctua-
tions do not affect & meaning that the world-sheet metric remains conformal and therefore
the parameterization X (0) = ¢?=¢(®) is already conformal!, i.e. we do not need to find the
reparameterization s(#). The Schwarzian derivative of the contour X = e~ is at first

order in £;
(X,0) = % (00 + 9p) . (5.28)
and thus
Re {X,0} = % ~ By(0) =0 (5.29)
Im{X,0} = —(95¢ + 0p) = —2i(f(0)e*’ — f(0)e™"), (5.30)

where we used eq. (3.29) with A = 1 or, equivalently, egs. (3.30), (3.31). Since £(0) is
periodic we can write it as

5(9) =& + Z <€n€in9 + Ene_“w) . (5.31)

n>1

On the other hand f(z) is analytic in the unit circle and then

FR) =D fz" = fO) =) fae™. (5.32)

n>0 n>0
It follows that 1
faa = 51— n?)én . (5.33)
Equivalently, if we define the analytic function
9(2) = %50 +) &n2", (5.34)
n>1

and use the relation (5.33), we obtain
1
f(z)= —5(2839 + 20%g), (5.35)

that justifies this somewhat curious expression we introduced in eq. (5.3). This completes
the calculation of the analytic function f(z), the only data we needed to compute the area:

Ap = =21 — 4/ ffe *dodr = —21 — 4/ ff (1 = 22)>2dodr, (5.36)
D D

where we used egs. (3.65) and (5.9). Previously we used the limit A — 0 to show that the
integrand is a total derivative. This limit is tricky here since % — o0 in the Schwarzian
derivative (3.29) violating the condition of small perturbation. However the integrand can
be shown to be a total derivative by simple inspection:

OF = ff(1—22)?%= —%f’(za?’g +29%g) (1 — 22)? (5.37)

Fe—F 32(1 2220 + (1 — 22)9g + 29 . (5.38)
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In this way the area simplifies to
Ap=—21—2 9§ doe PF(r=1,0). (5.39)

But
F(r=1,0)= - f(6)g(9). (5.40)

From eq. (5.35) and expanding the derivatives it follows that

PP — yﬁd@ ¢~21 7(0)9(0) (5.41)
= o1 — ygdee‘?”g(e) [20°g + 30%9]| _, (5.42)
_ onti 515 d09(0) (9sg + 95(0)) | (5.43)

namely the same expression derived in eq. (5.25). To complete this subsection let us
mention that the boundary linear problem is

~Bx+Vx=0, (5.44)
where
V= —{X\0) = —2 + 2039+ Oug) + (937 + Dh) (5.45)
2\ 47 2 A0 ’
with two anti-periodic solutions
—1; 1 . 1 .a =
x1=e 2% [1 + 59 —i09) + 579 — 2899)] (5.46)
1, 1 . 1 _ ca —
X2 = ez’ [1 = ;Mg +i0g) = 51 (3 + 1599)} 7 (5.47)

at first order in the perturbation. It should be noted that these expressions are not valid
in the limits A — 0, co since the corrections would not be small.

6 Solution in terms of theta functions

In [28, 29] an infinite parameter family of minimal area surfaces was obtained analytically in
terms of theta functions. Those solutions provide an infinite parameter family of solutions
to the problem described in section 4. We are going to write here those solutions. Making
this section self-contained would make it too long and take it out of the scope of this
paper. For that reason we refer the reader to [29] for definitions, notation and the identities
necessary to prove that these are indeed solutions of the problem in section 4. General
references on theta functions are, for example, [67-70] and their application to integrable
systems can be found e.g. in [31].

In our case, first we introduce two theta functions 6, 0 associated with a hyperelliptic
Riemann surface and such that they differ by an odd half-period. Then a vector {(s) € CY
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is defined as ((s) = 2wsz(s) + 2w1Z(s) where wy 3 are constant vectors and z(s) is a closed
curve in the complex plane such that (C(s)) = 0 for any s. The potential is then given by

V(s) = —%{z, s} + \0s2)% — %(852)2 (6.1)

~ D39(0) | D36(0)

—4(0,2)? |2D31n 0(((s)) Dgé(o) 6(0) |’

(6.2)

where D3 indicate derivative in the direction of the vector ws. For any value of A there are
two anti-periodic solutions to

— 929(s) + V(s)p(s) =0, (6.3)
given by
_ 1 ) =) s
v o0 (6.4)
N 4
¢b _ 1 O(C(S) + fl) HzHvz (65)

Vi 0Ck)

where 4 denotes a point in the hyperelliptic Riemann surface whose projection on the
complex plane is A. The constants u, v are given by

u:2D31n9(/14), y:2D11né(/14> . (6.6)

It is clear then that the two solutions correspond to choosing p4 as each of the two points on
the Riemann surface that project to the save value of \. We found these solution by using
the already known results of [29]. It should be interesting to use the techniques of [31] to
directly solve the problem.

7 Conclusions

In this paper we have studied the problem of finding the area of the minimal surface
bounded by a given contour in the boundary of three dimensional hyperbolic space. We
were able to give a formula for the area that depended on finding the correct parameteri-
zation for the contour, in close analogy to the case in flat space. To determine the correct
parametrization we recast the problem as the one of finding a potential V5(s) that satisfies
a curious property equivalent to the vanishing of the monodromy, or equivalently of the
conserved charges. In the case of flat space the correct parameterization can in principle be
found by minimizing a certain functional. In our case, the problem of finding V(s) seems
more challenging. In fact, we do not know of a general analytic or numerical procedure
to solve it. It seems that the problem can be treated at least numerically but we leave
that for future work. It would be interesting to relate this problem to the TBA equations
appearing in an alternative approach based on taking the limit of light-like Wilson loops
and developed in [73].
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More broadly, and speaking generally, the method we discussed can be thought as
converting a boundary problem into an initial value problem for which integrability methods
are more suited. In analogy with the Laplace equation, the vanishing of the conserved
charges is the integrability equivalent of the holomorphicity condition that relates the
boundary value of the function with the value of the normal derivative. In string theory
language, it determines the semi-classical state of the string. It is reasonable to speculate
that the same idea might be extended to the quantum case and used to determine a
boundary state for the string.
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A The Plateau problem in flat space

The Plateau problem is to prove the existence of a minimal surface bounded by a given
contour in R™. It was solved in the 1930s by Jesse Douglas [71] by writing a certain
functional over the possible reparameterizations of the contour and showing that it always
has a minimum and that such minimum defines the minimal surface. We are not concerned
here with the details of the proof but instead with the techniques he used because they
have some parallel with what we tried to do in this paper. In fact the usefulness of that
construction for the AdS case was already pointed out in [72].

Using the same notation than in the main part of the paper, the surface is given by a
map of the unit disk |z| < 1 with z = o +iT = re? into R™ through functions X;—1. ,(z, 2).
If the parameterization is conformal, the area is given by

A— % / (0, X002 + (0. X,)?] dodr . (A1)
The equations of motion are
00X; =0, (A.2)
solved by
1 _
Xi = 5 o)+ 5:(2) (A3)

where g;(z) are holomorphic functions that can be determined from the boundary value
Reg(e'?) = 2;(). At the boundary we are going to write

gi(e”) = wi(0) + i&i(9) (A.4)

where &;(6) is the imaginary part that can be determined by the dispersion relation:

€(00) = —% ][ 25(6)cotan (9 _290> i . (A5)
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Before continuing let us just mention that the dispersion relation is equivalent to the
vanishing of an infinite set of conserved quantities given by

In = ygdz 2"0¢, n € ZL>g. (A.6)

The reason we call the ¢, conserved quantities is that they are given by the holonomy
of the conserved currents j, = 220¢, namely the j, satisfy 0j, = 0. Going back to the
condition g, = 0, it relates x;(0) and &(#) through

7

. yﬁda ¢ Dp — i) = 0, (A7)

an

which after expanding z;(#) and £() in Fourier modes:

1 = ind = ,—inf
xi(0) = 0 + 5 Z_:l(xine + Zine” ") (A.8)
1 = in e, —inl
&(0) = &0+ 5 D (Gwe™ +&me™™), (A.9)
n=1
implies
in = iZTin, Yn <0, (A.10)
namely
_ ,_ioo Coinl = —inf
&i(0) = &0 — 5 nz_:l(xme Tine ). (A.11)

Therefore, the condition ¢, = 0, ¥n > 0 is equivalent to the statement that x;(6) and &;(0)
are the real and imaginary part of the boundary value of the holomorphic function

9i(2) = wio +i&io + Y _ win2", (A.12)

n>1

or equivalently to the dispersion relation (A.5). After this brief detour, let us go back to
the main problem.
The equations of motion (A.2) should be supplemented by the conformal constraint
that reads
(9g:)? =0. (A.13)

Since (0g;)? is a holomorphic function it is enough to impose that its imaginary part
vanishes at the boundary of the disk to ensure that it vanishes everywhere. Namely, we
only need

891‘2'89& =0. (A.14)
Now we can compute the area by simple integration by parts obtaining

1

1
A= ¢ Xi0,Xid0 = 55 24(0)09E:(0) do (A.15)
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We have
1 [ 2i(0) — xi(6o)
) sin? (25)

From here, the area, after symmetrizing the expression, is given by

— zi( 00))
df dby . A.17
167T %% sin2 9 90) 0 ( )

It seems that the problem of computing the area given the contour z;(6) is solved but,

9p&i(0o) = — (A.16)

of course, the issue is the one that we mentioned before, we are only given z;(s) in some
parameterization and we need to allow for an unknown reparameterization 6(s) so that we
can choose conformal coordinates on the disk. How do we choose 0(s)?. If we take a wrong
0(s) the functions z;(#) are still defined and we can always analytically continue them to
compute &;(0) and also compute the (wrong) area using eq. (A.17). The mistake will only
appear if we check the conformal constraint, namely

0 = Bpripts — — - 9gxi(0) [x:(6) — i (6o)] 7 (A18)

A7 sin2 < 9—290 )

will not actually vanish for the wrong parameterization. As pointed out by Jesse Douglas,
from all possible reparameterizations 6(s) the one that minimizes the formula (A.17) is the
same one that satisfies the conformal constraint. Indeed, if the parameterization changes
by 0(s) = 0(s) + 06(s) the variation of x;(0) is

(5.%' = 8937159 . (A.19)

Performing such variation in eq. (A.17) thought as a functional of the parameterization (s)
shows that the condition for the variation to vanish is precisely the conformal constraint
written as in eq. (A.18).

Having summarized the flat space case, we just want to take away two simple ideas.
The area is determined by the contour and the normal derivatives of the functions X;(r, )
at the boundary. The latter can be obtained from a dispersion relation if the correct
parameterization 6(s) is known. In this case there is a very beautiful result that the
correct parameterization minimizes a functional whose minimum value can be identified
with the area. In our case the unknown parametrization was rewritten in terms of the
potential Va(s) and determined from the condition that all charges vanish.

B Definition of the renormalized area

In this appendix we derive the formula for the finite part of the area. This derivation can
be found in [28] but we include it here for completeness since computing the area is the
main purpose of this paper. The area is defined naively as

Aso = 4/ e**dodr (B.1)
D
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but, as already mentioned this definition fails since the integral diverges near the boundary.
The divergence is regulated by taking a contour at fixed Z = € and expanding the area as

A= 4/ e*dodr = L + A+ O(e), (B.2)
Z>e €

the divergent term is known to be given by the length of the contour and the finite piece
Ay is the one we are after. Using the equation of motion for a we find

A= % (Va.n) dl — 4 / ffe **dodr, (B.3)
where n is a unit vector normal to the contour Z = ¢, namely
vZ
= ——=—. B4

The functions X, X and Z are regular in the disk including the boundary. The equations
of motion imply

VXVZ = %ZVQX, (B.5)

namely that VX and VZ are perpendicular at Z = 0 and also VXVZ ~ ¢ when Z = e.
Furthermore, the equation of motion for Z implies

(VZ)? - |VX|* =2ZV?Z . (B.6)
Finally, near the boundary, Z behaves as
Z=e%h, (B.7)

where h is a non-vanishing positive function. Using that the length of the contour is
given by

L= 55 IVX|de, (B.8)

it follows that

L 1 V%@ .
Ac==+< —4 2 B.
. + 5 \Ve—a|d€ /ffe dodrt , (B.9)
substituting the expansion (see eq. (3.5))
et =10, (B.10)
it follows that
Ap =21 — 4/ff62°‘dad7', (B.11)

as used in the main text.

— 96 —



C Wavy Wilson line
In [63], a Wilson loop with the shape
X =s+1ii(s), (C.1)

was considered in the limit \C | < 1 as a perturbation of the straight line X = s. Here
¢ = 0sC. The area was found to be given by

RN GO}
Ay = —47r/oo dsds ( . (C.2)

s—4)?

Consider now an analytic function {(w = s + i7) in the upper half plane Im(w) > 0 such
that its real part, on the real axis 7 = 0 equals (;(s). Let us denote the imaginary part
on the real axis as (2(s), namely ((s) = (1(s) + i¢2(s). By a standard dispersion relation
we have

B ASIC)

) s—¢

Ca(s') = ds, (C.3)

and further

c')s/][ él(s) ds = ][ —él(s) — %58/) ds . (C4)

s—s (s —s

Integrating by parts and using some algebra we then find
1 [ . :
0Af = 2/ C1(s)C1(s)ds . (C.5)
—00
To match with the formula (5.25) in the main text we consider the near circular Wilson loop
X = 020 0) (C.6)

and do a conformal transformation to the wave Wilson line by doing

- X+1 6 1
X = —’LX ] = —Cotan§ - ZSlnngl(e) . (C?)
We identify then
0 1
s = —cotans,  i(s) = ——s 2 01(0) - (C8)
2 sin? ¢

Using the same map for the world-sheet, namely

z+1
z—1

we find that the interior of the unit disk |z| < 1 maps to the upper half plane Im(w) > 0
and therefore we identify the analytic function ((w) as

C(w) = =1+ w?)g(z(w)), (C.10)
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and thus 1

Gols) = — g g92(6) (C.11)
2

Sin

Replacing in eq. (C.5) and expanding it follows that

2
§A; = —2/ dd g2(91 + 91") , (C.12)
0

in agreement with eq. (5.25).
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