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Abstract: F-theory SU(5) unification has been proposed as a scenario where the mass of

the top quark is naturally large, as opposed to type II SU(5) models. We analyze this claim

from the viewpoint of local SU(5) F-theory models, by explicitly computing the 10×10×5

Yukawa couplings that are developed in the vicinity of an E6 singularity. Realizing this

singularity via T-branes allows for a non-trivial mass for the top quark, while lighter

generations of up-type quarks still have vanishing Yukawa couplings. Nevertheless, we

show that by taking instanton effects into account non-vanishing Yukawas are induced for

all U-quark families, together with a hierarchical structure at the level of the superpotential.

Finally, by solving for internal wavefunction profiles we compute physical U-quark Yukawa

couplings and show that this F-theory scenario allows to describe the measured top quark

mass, as well as the observed quotients of U-quark masses.
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1 Introduction

Given the vast set of string theory vacua one may wonder what is the appropriate strategy

to draw general lessons out of realistic and semi-realistic string constructions [1]. One

would expect in particular that reproducing the Standard Model (SM) as a low energy

limit of string theory provides a rationale for the disparity of couplings that define its
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flavor structure. In this sense it has been realized that a full knowledge of the string

landscape may not be necessary to address this point. Indeed, due to the localization

properties of branes certain quantities like gauge and Yukawa couplings do not depend

on the full geometry of the compactification, but instead on the local data in the region

where SM fields are localized. This important feature allows to implement a bottom-up

approach to reproduce the SM within string theory [2], in which one first specifies the

local geometry that describes the SM sector and then considers all its possible global

completions. Because it is in this second step that the landscape arises, one may still hope

to infer a general scheme that describes the SM flavor structure from the analysis of local

string theory models.

A particular context in which this bottom-up approach can be implemented is in type

IIB compactifications with D3 and/or D7-branes. A rather attractive feature of these

local constructions is that, because all gauge interactions arise from the same region of

the compactification space, all SM gauge couplings typically depend on the same closed

string modulus and one is led naturally to a gauge coupling unification scheme. This

already suggests that a promising avenue to realize the SM coupling structure in string

theory is via constructing local GUT models, and in particular SU(5) GUT’s whose chiral

spectrum can be easily realized via D-branes. This type IIB framework has however a

serious drawback when realizing SU(5) GUT’s, namely that the U(1) selection rules that

are common in type II models forbid the presence of the up-like 10 × 10 × 5 Yukawa

coupling at the perturbative level [1]. While one may still generate this coupling via D-

brane instantons [3], the large experimental value for the top Yukawa hints at an scenario

where up-like Yukawa couplings are generated on equal footing as down-like Yukawas.

In this respect local F-theory SU(5) GUT models have emerged as a very promising

scenario [4–7], in which unification of gauge couplings and a large top Yukawa are both

realized at the same time. In this context the SM gauge degrees of freedom are localized

in a 4-cycle SGUT of the internal dimensions, while chiral matter fields in the 10 or 5̄

representations are localized at certain 2-cycles of SGUT. Finally, Yukawa couplings are

generated at the points of intersection of such matter curves, and can be computed via the

overlap integral of the internal wavefunctions for these chiral fields. In fact, because this

integral is dominated by the wavefunction profiles around the Yukawa point p, only the

information in a small region around p is necessary to understand the general features of

Yukawa couplings in local F-theory models. This in principle allows to perform detailed

computations and to obtain universal results for the flavor structure of Yukawa couplings

in F-theory GUT’s, irrespective of most of the data that describe such models.

One general lesson that has already been drawn is that fermion mass hierarchies can

be easily obtained by restricting the number of Yukawa points. Indeed, as shown in [8]

(see also [9–11]) the matrix of down-like Yukawa couplings will have rank one if there is

a single 10× 5̄× 5̄ Yukawa point pdown, with a similar statement for up-like Yukawas.

This automatically gives a flavor structure in which one family of fermions is much heavier

than the other two, whose masses can be generated by D3-brane instantons or a gaugino

condensate localized in a different 4-cycle of the compactification, along the lines of [12].1

1For different approaches to the generation of fermion mass hierarchies in F-theory see e.g. [13–16].
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Figure 1. Sources of corrections to 7-brane Yukawas in the scenario of [12]. The Yukawas on a

7-brane stack wrapping the four-cycle SGUT are modified by the gaugino condensate on 7-branes

on a different four-cycle Snp.

A detailed analysis of this scenario was performed in [17] (see also [18]) for the

10× 5̄× 5̄ down-like Yukawas of local F-theory SU(5) models. It was found that non-

perturbative effects distort the wavefunction profile of the wavefunction near the Yukawa

point in a rather non-trivial way, and that this generates a hierarchy of fermion mass

eigenvalues of the form (1, ε, ε2), with ε a small parameter that measures the size of the

non-perturbative effects. Such hierarchy is already present at the level of holomorphic

Yukawa couplings which depend on very few parameters of the F-theory model. The phys-

ical Yukawa couplings, on the other hand, depend on more detailed information of the local

F-theory model, and in particular on the hypercharge flux FY which is the agent necessary

to break the SU(5) gauge symmetry down to the SU(3) × SU(2) × U(1)Y . This latter

dependence allows to explain why at the unification scale the Yukawas for the leptons are

larger than those of D-quarks.

The purpose of this work is to extend this previous analysis and apply the scenario

proposed in [12] to the computation of up-like 10 × 10 × 5 Yukawa couplings. The com-

putation of such couplings is already involved in the absence of non-perturbative effects,

because of the non-trivial local geometry that is associated to such couplings. Indeed, it

has been shown that in order to reproduce the desired rank one structure one must either

take into account the phenomenon of 7-brane monodromy [19] or to describe this Yukawa

point via non-Abelian 7-brane profiles [20, 21], dubbed T-branes in the second reference.

In this paper we will take the latter approach and compute up-like Yukawa couplings for a

T-brane background in the presence of non-perturbative effects, merging the setups of [12]

and [21]. As we will see, one again obtains the hierarchical structure (1, ε, ε2) for up-like

fermion masses when both setups are combined. Again, this hierarchy arises at the level of

holomorphic Yukawa couplings and permeates to the eigenvalues of the physical Yukawa

matrix, which we compute via wavefunction overlap. We then show that for a reasonable

choice of local model parameters one may obtain a O(1) Yukawa for the top quark, jus-

tifying the initial motivation that led to consider F-theory SU(5) models as opposed to

– 3 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
5

their type IIB cousins. Finally, we also show how the above hierarchical structure allows

to accommodate the observed ratios of U-quark masses, by using quite similar parameters

to those necessary to accommodate D-quark and lepton masses in the same SU(5) scheme.

This paper is organized as follows. In section 2 we review the construction of local

F-theory GUT’s, with emphasis on the geometry that describes up-like Yukawa couplings.

In section 3 we construct a local E6 model in which such Yukawas are generated at a single

point. In section 4 we perform a residue computation in order to compute the holomorphic

Yukawa couplings of such local model, showing that the presence of non-perturbative effects

generates a rank 3, hierarchical Yukawa matrix. In section 5 we compute the explicit

wavefunction profile for the chiral zero modes of this model, and in particular the corrections

to such wavefunctions due to the presence of non-perturbative effects. In section 6 we

use such wavefunctions to compute the matrix of physical up-like Yukawas, matching the

results obtained via residues, and discuss how such Yukawa structure allows to reproduce

U-quark masses that are consistent with current experimental data. Final comments and

conclusions are left for section 7.

Several technical details have been relegated to the appendices. Appendix A contains

details in the computation of zero mode wavefunctions and their corrections due to non-

perturbative effects. Appendix B discusses the choices of fluxes on the local E6 model

motivated by the concept of local chirality and doublet-triplet splitting. Appendix C

describes the geometry of the elliptic fibration that is associated to the local E6 model.

2 Non-perturbative effects in local F-theory models

One of the most interesting features of GUT models in F-theory is that they naturally lead

to a bottom-up approach [2] for building realistic string theory vacua. In particular, in order

to analyze the GUT gauge sector of the 4d effective action one just needs to describe the

F-theory model in a local patch of the compactification manifold, namely around a 4-cycle

SGUT where all the fields charged under the GUT gauge group are localized. In the following

we review the basic features of such local F-theory models, with particular emphasis to

the geometry that describes the generation of up-like Yukawa couplings. We also review

why, in models with hierarchical fermion masses, the presence of non-perturbative effects

is necessary in order to obtain a realistic pattern of Yukawas, and how the inclusion of

those non-perturbative effects can be made compatible with the above local approach in

the same spirit as [12, 17, 18].

2.1 Local F-theory models and up-type Yukawas

In the standard approach to F-theory GUT model building [4–7] (see [22–26] for reviews)

one considers an elliptic fibration on a threefold base B such that the fiber singularity type

over a 4-cycle SGUT corresponds to the desired GUT gauge group GGUT. For the purpose

of analyzing the gauge theory related to GGUT one may then focus on the region of B that

contains SGUT, which in the bottom-up terminology of [2] is described as building a local

F-theory model.
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A crucial feature of these local geometries is that the fiber singularity on the bulk of

SGUT must correspond to a Dynkin diagram such that the related Lie group is GGUT.

However, on certain complex submanifolds of SGUT one may have that the fiber singularity

is enhanced and corresponds to a higher rank gauge group containing GGUT. In particular,

on certain curves Σi ⊂ SGUT the singularity will correspond to the groups GΣi ⊃ GGUT.

This geometry is usually interpreted in terms of a stack of (p, q) 7-branes wrapping SGUT

and generating the gauge group GGUT, as well as additional 7-branes wrapping divisors

Si ⊂ B such that Σi = Si∩SGUT. Just like in type IIB, the intersection curves Σi (dubbed

matter curves of SGUT) will localize matter fields charged under GGUT. The representation

of the matter field can be read from the enhanced group GΣi : if we consider GGUT = SU(5),

then matter curves Σ10 with enhancement to SO(10) will contain matter in the 10 or 10

representations, while curves Σ5 with enhancement to SU(6) will contain matter in the 5

or 5̄. Finally, when two or more of these matter curves meet at a point p there will be

further enhancement to a group Gp, which signals the appearance of a Yukawa interaction

between the matter fields of the curves meeting at p. Again, the enhanced group Gp tells

us which kind of Yukawa coupling is being developed at this point. For GGUT = SU(5),

down-like 10× 5̄× 5̄ Yukawa couplings correspond to points of SO(12) enhancement, while

for up-like 10× 10× 5 Yukawas we expect an enhancement to E6.

As pointed out in [4–7] an alternative description of these local models can be given in

terms of a 8d action related to the 7-branes wrapping SGUT and those intersecting them.

This 8d action is defined on a 4-cycle S, on which we need to perform dimensional reduction

in order to obtain the effective 4d gauge theory. In this sense the Yukawa couplings between

4d matter fields can be computed from the superpotential

W = m4
∗

∫
S

Tr (F ∧ Φ) (2.1)

where m∗ is the F-theory characteristic scale, F = dA − iA ∧ A is the field strength of

the 7-branes gauge boson A, and Φ is the so-called Higgs field: a (2,0)-form on the 4-cycle

S describing the 7-branes transverse geometrical deformations. Both A and Φ transform

in the adjoint of a non-Abelian gauge group G that contains GGUT and GΣi , which for

the purposes of analyzing Yukawa couplings at p it can be taken to be Gp. Finally, the

dynamics of this system is also encoded in the D-term

D =

∫
S
ω ∧ F +

1

2
[Φ, Φ̄] (2.2)

where ω stands for the fundamental form of S. These two functionals determine the

conditions that the 7-branes must satisfy in order to have a stable local F-theory model,

as well as the equations of motion for the 7-brane zero mode fluctuations.

From this perspective the presence of matter curves and Yukawa points is understood in

terms of the background profile 〈Φ〉 for the Higgs field, which in the absence of worldvolume

fluxes F depends holomorphically on the complex coordinates of S. At a generic point of S

this background will only commute with the generators of the subgroup GGUT×
∏
a U(1)a ⊂

Gp. At particular complex curves Σi the rank of 〈Φ〉 will jump down and there will be an
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enhancement of the commutant group, signaling the presence of matter fields localized at

such curves. Finally, the commutant group will be maximal at the point where the matter

curves meet, namely the Yukawa point p.

In section 3 we will describe a local F-theory model with Gp = E6 and GGUT = SU(5)

precisely from this perspective. As will be illustrated there another important ingredient

of the model is a background profile 〈A〉 for the 7-brane gauge boson or in other words a

7-brane worldvolume flux 〈F 〉 along S. The presence of this worldvolume flux is important

for two reasons. First it creates a 4d chiral spectrum, selecting a 4d chirality for the zero

modes at a given matter curve. An important feature of these 4d chiral modes is that their

internal wavefunction profile is non-trivial along the matter curves Σi, and so typically they

are fully localized on a particular neighborhood of the GUT 4-cycle. Second, it allows to

break the gauge group as GGUT → GMSSM by switching on a component of the flux along

the hypercharge generator QY [6].

In a nutshell, describing the F-theory local model in terms of the 7-brane 8d action

allows to encode the local model data in terms of the background profiles 〈Φ〉 and 〈A〉.
The 4d chiral modes are described in terms of their internal wavefunction profiles, and the

Yukawa couplings between these modes in terms of their overlapping integrals. Using these

ingredients one may argue that Yukawas can be computed by simply looking at a region

of S near a Yukawa point p. Moreover, it was proposed in [9] an scenario where all up-like

Yukawas are generated from a single Yukawa point pup, and all down-like Yukawas from

pdown, in order to obtain a hierarchical pattern of fermion masses. In order to compute

up-like (or down-like) Yukawa couplings in such scenario one may then only describe the

F-theory GUT model in the vicinity of a single point. This ultra-local approach has been

pursued in [8, 9, 17, 18, 21, 27, 28] and it is also the one followed here in order to compute

up-like Yukawa couplings.

Describing up-like Yukawa couplings ultra-locally involves an important subtlety with

respect to describing down-like Yukawas. Namely, in a 10× 10× 5 point it may be the

case that two different 10 matter curves meet. If this is so the pattern of fermion masses

will display the wrong hierarchy, with two heavy and one light families. It was however

pointed out in [19] that two 10 curves that locally seem different may be understood as

two branches of the same smooth curve Σ10 by taking into account the phenomenon of

7-brane monodromy and that, precisely when this happens, up-like Yukawas are developed

at the intersection of Σ10 and a 5 matter curve Σ5, with just one heavy family of up-type

quarks, in agreement with empirical data. Unfortunately, a local wavefunction analysis for

this sort of geometry has proven to be challenging [19, 20].

In this work we would like to analyze up-like Yukawa couplings from a different ap-

proach, namely following the proposal in [21] to realize 10× 10× 5 couplings by means

of T-brane configurations.2 As discussed in [21], F-theory models based on T-brane back-

grounds generalize the concept of 7-brane monodromy and allow to develop up-like Yukawas

that result in just one heavy family of up-type quarks. A characteristic feature of T-branes

is the fact that the Higgs profile 〈Φ〉 does not necessarily commute with other elements

2See [20] for a previous analysis of F-theory models with a non-Abelian Higgs background.
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of the background, and in particular we have that [〈Φ〉, 〈Φ〉] 6= 0. As a result, in order to

satisfy the D-term (2.2) a compensating non-primitive background flux 〈Fnp〉 needs to be

switched on, unlike in standard models of intersecting 7-branes. Such background fluxes

will satisfy complicated differential equations which in simple T-brane examples like the

ones considered in [21] and in this paper can be related to the Painlevé equation of the

third kind (see [29] for more involved systems). This will of course complicate the analysis,

but as we will see within the ultra-local approach one can still solve for the zero mode

wavefunctions and compute the matrix of physical Yukawa couplings.

As a first application of our results one can verify that the resulting pattern of up-like

Yukawa couplings indeed reproduces just one heavy family of up-like quarks. In fact, as

could be advanced from the results of [21] the up-like Yukawa mass matrix is exactly of rank

one, and so two families of quarks are massless. To circumvent this rank one problem one

must implement the proposal in [12] and take into account how external non-perturbative

effects contribute to the Yukawa couplings, as we discuss in the following.

2.2 Adding non-perturbative effects

In addition to the divisor SGUT and Si that describe the local GUT model, a global F-

theory compactification will contain other set of divisors of the threefold base B that

are also wrapped by branes. Typical examples are hidden sector 7-branes that develop a

gaugino condensate, or Euclidean 3-branes that contribute to the superpotential of the 4d

effective theory. As pointed out in [12] the non-perturbative effects sourced by these sector

will also contribute non-trivially to the Yukawa couplings of a local F-theory GUT model,

by adding a contribution to the superpotential (2.1) that allows to increase the rank of the

Yukawa matrix from one to three.

The basic idea of [12] is that non-perturbative effects in a 4-cycle Snp ⊂ B will generate

a superpotential of the form

Wnp = m3
∗ e
−fnp = m3

∗ e
−Tnp−f1−loop

np (2.3)

where Tnp =
∫
Snp

J2+iC4 is the gauge kinetic function of a 7-brane wrapping Snp computed

at tree-level, and f1−loop
np contains threshold corrections. These corrections will depend on

4d gauge invariant operators that involve 7-brane fields, and in particular they could depend

on the Yukawa couplings of the GUT sector, as the results of [30] already hint.

One can in fact check this claim explicitly for F-theory local models because, following

the computations in [12], one arrives to the expression

f1−loop
np = − logA − 1

8π2

∫
S

STr(log hF ∧ F ) (2.4)

where A depends on the bulk moduli of the three-fold base B and all the dependence of

the GUT 7-brane fields is encoded in the integrand. The fact that the superpotential is

sourced from Snp is encoded in the presence of h, which is the holomorphic divisor function

of this 4-cycle Snp = {h = 0}. Expanding this expression as in [12] one finally obtains

Wnp = m4
∗

[
ε

2

∑
n∈N

∫
S
θn STr

(
Φn
xyF ∧ F

)]
(2.5)

– 7 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
5

where

ε = A e−TnphND3
0 (2.6)

with h0 =
∫
S h and ND3 = (8π2)−1

∫
S Tr(F ∧ F ) ∈ N, and where θn is proportional to the

nth derivative of h normal to S. See appendix C of [17] for explicit expressions of these

quantities and a detailed derivation of (2.5).

Notice that (2.5) is written in terms of the GUT 7-brane fields Φ and A, just like the

tree-level superpotential (2.1). As a result one can add up both expressions and apply the

ultra-local approach to compute 7-brane zero mode wavefunctions near a Yukawa point.

This computation was carried out in [17] for the down-type Yukawa point pdown obtaining

that thanks to (2.5) a hierarchical, rank 3 matrix of Yukawas is generated. In fact, it was

found that this effect is already captured by the first term of the sum in (2.5), namely

the term that depends on θ0 and which is the least suppressed in the derivative expansion

of h. Hence, in order to see if non-perturbative effects solve the rank 1 problem for up-

type Yukawa couplings one may simply consider this first term of Wnp and write the

corrected superpotential

Wtotal = m4
∗

∫
S

Tr (F ∧ Φ) + ε
θ0

2
Tr (F ∧ F ) (2.7)

where θ0 = (4π2m∗)
−1[log h/h0]z=0. Notice that for θ0 non-constant the second term

in (2.7) is not a total derivative, and as in [17] it will have a non-trivial effect on the 7-

brane fields. Finally, as shown in appendix C of [17] these non-perturbative effects do not

correct the 7-brane D-term. In the following (2.2) and (2.7) will be the two expressions in

which our local wavefunction analysis will be based.

3 The E6 model

In the following we describe the E6 local F-theory model which will serve to compute up-

type quark Yukawa couplings. Similarly to the SO(12) model of [17], one may first consider

the 7-brane Higgs background that defines the structure of matter curves and breaks the

E6 symmetry down to SU(5), and then describe the background 7-brane flux that induces

4d chirality and breaks the GUT spectrum down to the MSSM.

Unlike in the SO(12) case the Higgs background will be in part specified by a T-brane

configuration and, as mentioned above, this implies that the Higgs and flux backgrounds

are related by the equations of motion. As we will see in section 5 this feature of T-branes

will have a direct impact on the zero mode wavefunctions localized at the matter curves,

and this will in turn affect the physical Yukawa couplings computed in section 6.

3.1 Matter curves near the E6 point

In the standard framework of SU(5) local F-theory models, 10× 10× 5 Yukawa couplings

are developed at points p where an enhanced E6 symmetry occurs. This implies that in

order to compute such Yukawas we must consider a 7-brane action where the fields Φ and

A take values in the adjoint of E6. Both Φ and A will have non-trivial background profiles

– 8 –
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along the 4-cycle S, and so the gauge symmetry group will not be E6 but a subgroup that

commutes with both 〈Φ〉 and 〈A〉 at any point of S.

A local SU(5) model with E6 enhancement, dubbed E6 model in the following, can be

described by specifying the profiles 〈Φ〉 and 〈A〉 in the vicinity of a 10 × 10 × 5 Yukawa

point. By construction, 〈Φ〉 and 〈A〉 are functions of S valued in the Lie algebra of E6, and

〈Φ〉 is such that at a generic point of this neighborhood it breaks the E6 symmetry down

to SU(5)×U(1)n, with n = 0, 1, 2. Then, by neglecting the effect of the worldvolume flux

〈A〉, we can identify GS = SU(5) as the GUT gauge group of this model. In addition, the

profile 〈Φ〉 will describe the different matter curves, that is the curves of S at which chiral

modes in the representations 5 or 10 are localized.

This picture can be understood in more detail by expressing the local model data

in terms of Hermitian generators Qα of E6. These generators can be decomposed as

{Qα} = {Hi, Eρ}, where Hi generate the Cartan subalgebra of E6 and Eρ correspond to

the roots of E6. More precisely we have the usual relation

[Hi, Eρ] = ρiEρ (3.1)

where ρi is the i-th component of the root ρ. The 72 non-trivial roots are given by

(0,±1,±1, 0, 0, 0) (3.2)

where we should consider all possible permutation of the underlined vector entries, and

1

2

(
±
√

3,±1,±1,±1,±1,±1
)

with even number of +′ s (3.3)

Near the up-type Yukawa point one can decompose the background profile of Φ as a

linear combination of the above generators, with arbitrary functions of the 4-cycle S as

coefficients. If we parametrize the complex coordinates of S as (x, y) then we have that

Φ = Φxy dx ∧ dy and so in general

〈Φxy〉 =
∑
i

gαQα (3.4)

with gα ≡ gα(x, x̄, y, ȳ) functions in the vicinity of the Yukawa point and Qi ∈ {Hi, Eρ}.
For simplicity, the generators Qα are often chosen to lie within the Cartan subalgebra of E6,

because then one can understand the background (3.4) as a configuration of intersecting

7-branes. For instance, one may consider the following background

〈Φxy〉 = m3/2√xP + µ2 (bx− y)Q (3.5)

where m and µ are real parameters with the dimension of mass, b is a complex adimensional

parameter and P and Q are the following combinations of Cartan generators

P =
1

2

(√
3H1 +H2 +H3 +H4 +H5 +H6

)
(3.6)

Q =
1

2

(
5√
3
H1 −H2 −H3 −H4 −H5 −H6

)
(3.7)
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Given a background (3.4) one can analyze the symmetry breaking pattern of the local

model and understand the structure of its matter curves [5, 6]. The basic quantity to look

at is [〈Φxy〉, Eρ], which will be a function valued on the Lie algebra of E6 and tells us to

which subgroup the initial E6 group is broken. For instance, for the background (3.5) the

set of generators that commute with 〈Φxy〉 for all points of S is the set of roots

(0, 1,−1, 0, 0, 0) (3.8)

as well as the Cartan generators. This implies that the subgroup of E6 that remains as

a gauge symmetry group is given by SU(5) × U(1)2, and the GUT gauge group can be

identified with GS = SU(5).

At particular submanifolds of S there will be extra sets of roots that commute with

〈Φxy〉, implying an enhancement of the bulk symmetry group. In particular we have that

there is such enhancement for two different holomorphic curves, namely

Σ5 = {bx− y = 0} → ±1

2

(√
3, 1,−1,−1,−1,−1

)
(3.9)

Σ10 = {µ4(bx− y)2 = m3x} → ±(0, 1, 1, 0, 0, 0) (3.10)

or ±1

2

(
−
√

3, 1, 1,−1,−1,−1
)

where at the l.h.s. we have displayed the matter curve or curve of enhancement and at the

r.h.s. the extra roots that commute with 〈Φxy〉 at such curve. At the curve (3.9) there are

ten additional roots that together with (3.8) and the Cartan subalgebra generate the group

SU(6) × U(1). These extra roots transform as either a 5 or a 5̄ representation of SU(5),

and so will the zero modes that are localized there [5, 6]. Following the common practice

one then dubs bx− y = 0 as the 5 matter curve Σ5 of the local model. At the curve (3.10)

there are 20 extra unbroken roots transforming in the representations 10 and 10 of SU(5),

enhancing the bulk symmetry group to SO(10)×U(1) and giving rise to a 10 matter curve

Σ10. Finally, at the intersection point pup = {x = y = 0} of both curves 〈Φxy〉 = 0, and so

the full E6 symmetry remains unbroken. It is at this point where a Yukawa 10 × 10 × 5

must be generated via triple overlap of zero mode wavefunctions.

The 10 curve (3.10) requires some further explanation, as the roots that enhance the

symmetry are not the same all over it. Indeed, at the branch
√
x = bx − y we have that

the roots in the first line of (3.10) are the ones that commute with the background, while

for −
√
x = bx− y the roots of the second line are the ones commuting with 〈Φxy〉. While

this make look puzzling, it was realized in [19] that the zero modes of the two branches of

the 10 curve (3.10) are identified by the phenomenon of 7-brane monodromy. In fact, it

was also pointed out in [19] that such monodromy is necessary in order to achieve precisely

one heavy generation of up-type quarks whenever 〈Φxy〉 takes values in the Cartan of E6,

and a background similar to (3.5) was proposed as a candidate to obtain realistic up-like

Yukawas. However, the analysis in [19, 20] shows that it is not obvious to find non-singular

solutions for the zero mode wavefunctions near the intersection point of matter curves

in such monodromic 7-brane configurations. As this is the region of larger wavefunction

overlap and the one that contributes most to the value of the Yukawa couplings, this

complicates the computational and predictive power of such local model.
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One can however consider an alternative background for the transverse position field

Φ, based on the proposal made in [21] of describing up-like Yukawa couplings via T-branes.

Indeed, let us consider the background

〈Φxy〉 = m(E+ +mxE−) + µ2(bx− y)Q (3.11)

where all quantities are as in (3.5) except for the generators E± whose corresponding roots,

also denoted E±, are defined as

E± = ±1

2

(√
3, 1, 1, 1, 1, 1

)
(3.12)

and satisfy the relation [E+, E−] = P . More precisely, the triplet {E+, E−, P} generates

the su(2) factor of a su(5) ⊕ su(2) ⊕ u(1) maximal Lie subalgebra of e6, under which the

E6 adjoint decomposes as

78→ (24,1)0 ⊕ (1,3)0 ⊕ (1,1)0 ⊕ (10,2)−1 ⊕ (10,2)1 ⊕ (5,1)2 ⊕ (5,1)−2 (3.13)

From this decomposition it is manifest that the pair of 10’s described above transform as

a doublet of the SU(2) generated by {E+, E−, P}. In particular if we define

E10+ = (0, 1, 1, 0, 0, 0) E10− =
1

2

(
−
√

3, 1, 1,−1,−1,−1
)

E
10

+ = −(0, 1, 1, 0, 0, 0) E
10
− = −1

2

(
−
√

3, 1, 1,−1,−1,−1
)

(3.14)

we have the relations

[E±, E10∓ ] = E10± , [E±, E10± ] = 0, [P,E10± ] = ±E10± . (3.15)

Let us analyze the gauge symmetry group of this background and the structure of

matter curves. Just as in the previous case we have to look at the commutant of 〈Φ〉 as a

function of the coordinates x, y. The gauge group is the commutant at generic points while

the matter curves are identified by finding jumps in its rank [21]. For the background (3.11)

one can easily check that the set of roots of the subalgebra su(5)⊕ u(1) ⊂ e6 do commute

at generic points in S and so we can identify the GUT gauge group with SU(5).

Regarding the matter curves, we find that at Σ5 = {bx − y = 0} the roots (5,1)2 =
1
2(
√

3, 1,−1,−1,−1,−1) = E5 and (5̄,1)−2 = 1
2(−
√

3,−1, 1, 1, 1, 1) = E5̄ commute with

〈Φ〉, since

[〈Φ〉, E5] = 2µ2(bx− y)E5 (3.16)

[〈Φ〉, E5̄] = −2µ2(bx− y)E5̄ (3.17)

and so at Σ5 the symmetry group enhances to SU(6) × U(1). Similarly, the action of 〈Φ〉
on the sector (10,2)−1 is given by

[〈Φ〉, R+E10+ +R−E10− ] =

(
−µ2(bx− y) m

m2x −µ2(bx− y)

)(
R+E10+

R−E10−

)
(3.18)
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while for the conjugate sector (10,2)1 we have

[〈Φ〉, R′+E10
+ +R′−E10

− ] =

(
µ2(bx− y) −m2x

−m µ2(bx− y)

)(
R′+E10

+

R′−E10
−

)
(3.19)

where R±, R
′
± are functions on S. At Σ10 = {µ4(bx − y)2 = m3x} the matrices in (3.18)

and (3.19) have vanishing determinant so there are additional roots commuting with 〈Φ〉,
and therefore a jump in the rank of the symmetry group.3 We therefore identify Σ10 with

the 10 curve of this T-brane background. Notice that we arrive to the same matter curves

Σ5, Σ10 if we consider the action [〈Φ̄〉, ·], and that as before they both meet at the Yukawa

point pup = {x = y = 0}.4

Finally, one can further generalize the above T-brane background by considering the

following Ansatz

〈Φxy〉 = m(efE+ +mxe−fE−) + µ2(bx− y)Q (3.20)

with f ≡ f(x, x̄, y, ȳ) an arbitrary real function in S. It is easy to check that everything

works as before, and that we recover the same two matter curves Σ5 and Σ10. As we will

see in the following, the more general Ansatz (3.20) is required by the equations of motion

for the background, with a very specific choice of real function f .

3.2 The T-brane background

When considering a background profile for the 7-brane position field Φ of the form (3.4),

one should make sure that it satisfies the equations of motion that arise form the 7-brane

superpotential (2.1) and D-term (2.2). These read

∂̄AΦ = 0 (3.21a)

F (0,2) = 0 (3.21b)

for the F-term equations and

ω ∧ F +
1

2
[Φ, Φ̄] = 0 (3.22)

for the D-term equation. Evaluating these equations at the level of the background, one

sees that setting 〈A〉 = 0 and choosing gα to be holomorphic functions in (3.4) the F-term

equations (3.21) are trivially satisfied. If in addition 〈Φ〉 only involves Cartan generators

then [〈Φ〉, 〈Φ̄〉] = 0 and the background D-term equation (3.22) is also satisfied. This sort

of configuration is nothing but the standard strategy to build F-theory GUT models, since

the above profile for 〈Φ〉 corresponds to a set of 7-branes wrapping different divisors of the

threefold base B. On top of this background we can add non-trivial worldvolume fluxes 〈F 〉

3At Σ10 both roots R ≡ E10+ + µ2

m
(bx− y)E10− and R′ ≡ µ2

m
(bx− y)E

10+ + E
10− commute with 〈Φ〉

but since these are not conjugate to each other the enhanced algebra is a complex subalgebra of eC6 that

is not the complexification of a real algebra. Thus, we cannot associate a real gauge group to the matter

curve Σ10 in agreement with the discussion in section 4.1 of [21].
4Note that for this local model 〈Φxy〉 6= 0 at pup, and so the symmetry group is no longer E6 at the

Yukawa point. As discussed in [21] this is a general feature of T-brane configurations, see also appendix C.

By abuse of terminology, we will still refer to this point as the E6 point of the local model.
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such that eqs. (3.21) and (3.22) are still satisfied, which usually corresponds to switching

on a worldvolume flux for each of these 7-branes.

However, our previous discussion led us to 7-brane backgrounds of the form (3.11),

where 〈Φ〉 does not lie along the Cartan generators of E6. Because the functions in (3.11)

are holomorphic, this background does satisfy the F-term eqs. (3.21) for 〈A〉 = 0, but

because now [〈Φ〉, 〈Φ̄〉] 6= 0 the D-term is no longer satisfied in this case. Hence, for

configurations where 〈Φ〉 is not along the Cartan a non-trivial worldvolume flux 〈A〉 should

always be switched on in order for the equations of motion to be satisfied. Notice that this

modifies the F-term equations (3.21), and in fact this prevents to find a simple solution for

a 7-brane background with the profile (3.11).

Nevertheless, following [21] one can show that the more general Ansatz (3.20) does

correspond to a solution to the equations of motion if the appropriate background flux

〈A〉 is added to it. The basic idea is to realize that the backgrounds (3.11) and (3.20) are

related by a complexified gauge transformation. These transformation act on the 7-brane

fields as

Φ → gΦ g−1, A0,1 → A0,1 + ig ∂̄g−1 (3.23)

where g is obtained by exponentiation of an element of the complexified e6 Lie algebra. In

particular we can take

g = e
f
2
P (3.24)

with f a real function, so that f/2P is an element of the complexification of the su(2)

factor within su(5)⊕ su(2)⊕ u(1) ⊂ e6. Indeed, it is easy to see that acting with (3.24) on

the background (3.11) and using that [P,E±] = ±2E± one obtains (3.20).

Complexified gauge transformations leave the F-term equations (3.21) invariant, while

the D-term equation (3.22) transforms non-trivially under them [8]. Hence, starting with a

solution to the F-term equations one can produce a new one by acting with (3.24). A very

simple solution of the F-term equations consists in taking 〈Φ〉 as in (3.11) and 〈A0,1〉 = 0.

Acting with (3.24) on such background one obtains

〈Φxy〉 = m(efE+ +mxe−fE−) + µ2(bx− y)Q, 〈A0,1〉 = − i
2
∂̄fP (3.25)

which will automatically solve F-term equations, while the D-term equations will constrain

the function f . Reversing the logic, one could start with a 7-brane background such that

〈Φ〉 and 〈A〉 are specified by (3.25) and 〈Φ̄xy〉 = 〈Φxy〉†, 〈A1,0〉 = 〈A0,1〉†. Then, by acting

with the inverse of the complexified gauge transformation (3.24) one can obtain a (non-

physical) background in which 〈Φxy〉 is given by (3.11) and 〈A0,1〉 = 0. This transformed

background is usually dubbed holomorphic gauge [27], and although non-physical it is a

very useful tool to analyze F-term dependent quantities like holomorphic Yukawas, as we

will see in the next section.

In the background (3.25) we have that

[〈Φxy〉, 〈Φ̄x̄ȳ〉] = m2(e2f −m2|x|2e−2f )P 〈F1,1〉 = −i∂∂̄fP (3.26)

and so taking the Kähler form to be

ω =
i

2
(dx ∧ dx̄+ dy ∧ dȳ) (3.27)

– 13 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
5

we obtain that at the level of the background the D-term equation reads

(∂x∂x̄ + ∂y∂ȳ) f = m2(e2f −m2|x|2e−2f ) , (3.28)

which is a rather involved non-linear equation. Nevertheless, switching to polar coordinates

x = reiθ in the x-plane and taking the Ansatz f = f(r) it simplifies to(
d2

dr2
+

1

r

d

dr

)
f = 4m2(e2f −m2r2e−2f ) . (3.29)

If we now define the function h(r) such that

e2f(r) = mre2h(r) (3.30)

then the equation turns into(
d2

dr2
+

1

r

d

dr

)
h = 8m3r sinh(2h) . (3.31)

Finally, if we perform the change of variables s = 8
3(mr)3/2 we have(

d2

ds2
+

1

s

d

ds

)
h =

1

2
sinh(2h) (3.32)

which is nothing but a particular case of the Painlevé III differential equation, more pre-

cisely the one found in [21] in the context of T-brane configurations. Solutions to this

equation have been found in [37] by requiring that they are bounded at r → ∞. Since in

the present context we are only describing a local patch of the 7-brane configuration we

may focus on the asymptotic behavior of the Painlevé transcendent near the origin

f(r) = log c+ c2m2xx̄+m4(xx̄)2

(
c4

2
− 1

4c2

)
+ . . . , (3.33)

where as in [21] we have imposed regularity of the gauge transformation (3.24) at r = 0.

Note that the solution is parametrized by a real dimensionless constant c, a parameter

which should be fixed by the details of the global completion of the 7-brane local model.

A natural value for c can be obtained by extending the solution for f(r) to all the real axis

and requiring absence of poles. One then obtains [37]

c = 31/3 Γ
[

2
3

]
Γ
[

1
3

] ∼ 0.73 (3.34)

where Γ is the Gamma function. We would then expect that having no poles in a region

around the Yukawa point selects an interval for the possible values for c around (3.34).

Fixing the value of c and m fixes the T-brane background of the model, and in particular

the non-primitive fluxes in (3.26) that are necessary to satisfy the D-term equation.
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3.3 Primitive worldvolume fluxes

On top of the flux in (3.26), the above model admits additional contributions to the back-

ground worldvolume flux 〈F 〉 if they do not spoil the F-term and D-term conditions. The

simplest way to introduce them is to consider primitive (1, 1) fluxes 〈F 〉 in the Cartan of

E6. Considering such fluxes is important to complete the local F-theory model, not just

because they will be generically there, but also because they play an important role for

the phenomenology of the model. On the one hand they will generate 4d chirality for the

SU(5) spectrum, and on the other hand they will break the SU(5) gauge group down to

SU(3)× SU(2)×U(1)Y .

More precisely, let us consider the worldvolume flux

〈FQ〉 = i [−M(dy ∧ dȳ − dx ∧ dx̄) +N(dx ∧ dȳ + dy ∧ dx̄)]Q (3.35)

where the generator Q is given by (3.7), and M and N are flux densities near the Yukawa

point that we will approximate by constants. It is easy to check that adding such flux

will not spoil the equations of motion for any value of M , N , which will be considered as

real parameters of the model in the following. The presence of such worldvolume flux will

induce 4d chirality in the matter curves. Indeed, the modes of opposite chirality 5, 5̄ and

10, 10 feel the background (3.25) in a similar way, and so whenever there is a zero mode

solution for one chirality there will be a solution for the opposite chirality as well. This is

no longer true for the background flux (3.35), that will select locally modes of one chirality

or the other depending on the sign of M and N . A more detailed discussion of the local

chirality index can be found in appendix B.

Besides inducing 4d chirality, worldvolume fluxes break the SU(5) gauge group when

switched on along the hypercharge generator [6]. In general realistic GUT F-theory models

will have such worldvolume flux, which we can represent locally as

〈FY 〉 = i
[
ÑY (dy ∧ dȳ − dx ∧ dx̄) +NY (dx ∧ dȳ + dy ∧ dx̄)

]
QY (3.36)

where NY , ÑY are local flux densities and

QY =
1

3
(H2 +H3 +H4)− 1

2
(H5 +H6) (3.37)

is the hypercharge generator. Following the common practice we will refer to (3.36) as

the hypercharge flux of the local model. This flux will enter into the Dirac equation for

the zero modes and, just as in the local SO(12) model of [17], it will be the only quantity

that will distinguish between particles within the same SU(5) multiplet but with different

hypercharge, cf. table 1 below.

3.4 Summary

Let us summarize the details of the E6 model which we will use to compute up-like Yukawa

couplings. If we parametrize the four-cycle S by the complex coordinates x, y, the Higgs

background that breaks E6 → SU(5)×U(1) is given by

〈Φxy〉 = m(efE+ +mxe−fE−) + µ2(bx− y)Q (3.38)
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where m and µ are real parameters with the dimensions of mass, a, b are adimensional

parameters and E± and Q are the E6 roots given respectively by (3.12) and (3.7). The

real function f ≡ f(x, x̄) will solve the equation (3.28) and can be approximated locally

by (3.33). Finally, one may choose different values for the parameter b. For the sake of

concreteness when computing physical Yukawas we will restrict to the case

b = 1 (3.39)

although our discussion can be easily generalised to other values of b.

The worldvolume flux of this model will be given by

〈F 〉 = 〈Fp〉+ 〈Fnp〉 (3.40)

where 〈Fnp〉 is the non-primitive flux that is necessary to compensate the contribution of

[〈Φxy〉, 〈Φ̄x̄ȳ〉] to the D-term equation (3.22), and reads

〈Fnp〉 = −i∂∂̄fP (3.41)

with the E6 generator P given by (3.6). In addition we have that

〈Fp〉 = iQR(dy ∧ dȳ − dx ∧ dx̄) + iQS(dx ∧ dȳ + dy ∧ dx̄) (3.42)

is the primitive flux needed to generate chirality and further break the gauge group as

SU(5)→ SU(3)× SU(2)×U(1)Y . Here we have defined

QR = −MQ+ ÑYQY , QS = NQ+NYQY (3.43)

with QY the hypercharge generator (3.37) and M , N , NY , ÑY real flux densities. Because

of the presence of the hypercharge generator, zero modes within the same SU(5) multiplet

but with different hypercharge will feel a different worldvolume flux, and this will translate

into a different internal wavefunction profile for each of them. We have summarized in

table 1 the different sectors that arise in the E6 model together with their charges under

the MSSM gauge group and the worldvolume flux operators (3.43). The latter charges are

defined as

[QR, Eρ] = qREρ, [QS , Eρ] = qS Eρ (3.44)

and so are given by a linear combination of flux densities.

As we will see in section 5, the quantities qR, qS enter into the expressions for the

internal wavefunctions of the MSSM chiral zero modes. In fact, these charges determine

which sectors of those in table 1 have localized zero modes near the Yukawa point. In order

to construct a local model with the MSSM chiral spectrum we need to impose that chiral

modes only arise from the four first rows of table 1. This will impose some constraints on

qR and qS , which will in turn impose constraints in the values of the flux densities M , N ,

NY , ÑY , as we briefly describe below and in more detail in appendix B.

One important constraint comes from avoiding the doublet-triplet splitting problem of

4d SU(5) GUT models. Following [6], one can do so by adjusting the fluxes so that the
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Sector Root GMSSM qR qS

101 (0, 1, 1, 0, 0, 0)⊕ 1
2

(
−
√

3, 1, 1,−1,−1,−1
)

(3̄,1) 2
3

M + 2
3ÑY −N + 2

3NY

102 (0, 1, 0, 0, 1, 0)⊕ 1
2

(
−
√

3, 1,−1,−1, 1,−1
)

(3,2)− 1
6

M − 1
6ÑY −N − 1

6NY

103 (0, 0, 0, 0, 1, 1)⊕ 1
2

(
−
√

3,−1,−1,−1, 1, 1
)

(1,1)−1 M − ÑY −N −NY

51
1
2

(√
3,−1,−1,−1, 1,−1

)
(1,2)− 1

2
−2M − 1

2ÑY 2N − 1
2NY

52
1
2

(√
3, 1,−1,−1,−1,−1

)
(3,1) 1

3
−2M + 1

3ÑY 2N + 1
3NY

101 (0,−1,−1, 0, 0, 0)⊕ 1
2

(√
3,−1,−1, 1, 1, 1

)
(3,1)− 2

3
−M − 2

3ÑY N − 2
3NY

102 (0,−1, 0, 0,−1, 0)⊕ 1
2

(√
3,−1, 1, 1,−1, 1

)
(3̄,2) 1

6
−M + 1

6ÑY N + 1
6NY

103 (0, 0, 0, 0,−1,−1)⊕ 1
2(
√

3, 1, 1, 1,−1,−1) (1,1)1 −M + ÑY N +NY

51
1
2

(
−
√

3, 1, 1, 1,−1, 1
)

(1,2) 1
2

2M + 1
2ÑY −2N + 1

2NY

5̄2
1
2

(
−
√

3,−1, 1, 1, 1, 1
)

(3̄,1)− 1
3

2M − 1
3ÑY −2N − 1

3NY

X+,Y+ (0, 1, 0, 0,−1, 0) (3,2) 5
6

5
6ÑY

5
6NY

X−,Y− (0,−1, 0, 0, 1, 0) (3̄,2)− 5
6

−5
6ÑY −5

6NY

Table 1. Different sectors and charges for the E6 model.

sector of triplets 52, 52 does not feel any net flux and it is then a non-chiral sector without

any localized 4d modes. As discussed in appendix B, this condition amounts to impose

that qS(52) = qS(5̄2) = 0 or in other words that

NY + 6N = 0 (3.45)

On the other hand, we would like to have a localized chiral mode in the sector 51 but not

in 51. This amounts to require that qS(51) > 0 which, using (3.45) translates into

N > 0 (3.46)

In addition, we should require that there are localized chiral modes in the sector 10i but

not in 10i for i = 1, 2, 3. This can be understood in terms of the condition qR(10i) > 0

with is achieved by imposing

M + qY ÑY > 0 for qY =
2

3
,−1

6
,−1 ⇒ −3

2
<
ÑY

M
< 6 (3.47)

Non-perturbative effects. Finally, an essential piece of the model are the non-

perturbative effects whose source is located at a 4-cycle Snp ⊂ B whose embedding is

defined by a holomorphic divisor function h(x, y, z). As discussed in section 2 such effects

will shift the tree-level superpotential to (2.7), where θ0 = (4π2m∗)
−1[log h]z=0. As the
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specific value for θ0 depends on Snp and hence on the global completion of the local model,

we will assume θ0 to be a general holomorphic function on x, y that near the Yukawa point

can be approximated by

θ0 = i(θ00 + θxx+ θyy) (3.48)

In general, the presence of such non-perturbative effects will modify the local E6 model

described above, in the sense that the shift in the 7-brane superpotential modifies the F-

term equations (3.21) to

∂̄AΦ + ε ∂θ0 ∧ F = 0 (3.49a)

F (0,2) = 0 (3.49b)

and so 〈F 〉 and 〈Φ〉 need to be shifted from the original values in order to satisfy these new

equations. These non-perturbative corrections to the 7-brane background for the E6 model

will be computed in subsection 5.2. Nevertheless, as shown in [17] such corrections to the

background cancel each other out in the computation of holomorphic Yukawa couplings,

and so one may still consider (3.38) and (3.40) for such purpose. Using this fact, in the

next section we will show that the effect of (2.7) is to generate a hierarchical rank 3 matrix

of up-type holomorphic Yukawa couplings.

4 Holomorphic Yukawas via residues

The purpose of this section is to compute the holomorphic piece of the 10×10×5 Yukawa

couplings for the E6 model above, and to show that the effect of the non-perturbative

superpotential in (2.7) is to increase the rank of this Yukawa matrix from one to three. As

pointed out in [8] holomorphic Yukawas in intersecting 7-brane models can be computed

via an elegant residue formula that only depends on the 7-brane background data around

the Yukawa point. Such residue formula was generalized to include the effect of the non-

perturbative superpotential (2.5) in [17], and to include T-brane configurations in [21]. Our

first task will then be to generalize all these previous results and derive a residue formula

that includes both T-brane configurations and non-perturbative effects, mainly following

the computations of appendix D of [17].

4.1 Non-perturbative Yukawas and residues

As explained in section 2, in order to compute 7-brane Yukawa couplings in the presence

of non-perturbative effects we need to consider the superpotential

W = m4
∗

∫
S

Tr(Φ∧F ) +
ε

2
θ0Tr(F ∧F ) (4.1)

where θ0 is a holomorphic section on S and ε is a small parameter that measures the strength

of the non-perturbative effects. From this superpotential follow the F-term equations (3.49)

that together with the D-term equation (2.2) form the equations of motion to be solved

for the 7-brane background and zero modes.
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To proceed we separate the 7-brane bosonic fields as

Φxy = 〈Φxy〉+ ϕxy Am̄ = 〈Am̄〉+ am̄ (4.2)

and expand the equations of motion to linear order in the fluctuations (ϕ, a) and their

conjugate fields (ϕ†, a†). From the F-terms (3.49) we obtain the zero mode equations

∂̄〈A〉a = 0 (4.3a)

∂̄〈A〉ϕ− i[a, 〈Φ〉] + ε∂θ0 ∧ (∂〈A〉a+ ∂̄〈A〉a
†) = 0 (4.3b)

while the D-term gives

ω ∧ (∂〈A〉a+ ∂̄〈A〉a
†)− 1

2

(
[〈Φ̄〉, ϕ] + [ϕ†, 〈Φ〉]

)
= 0 (4.4)

Here 〈A〉 and 〈Φ〉 are such that they satisfy the equations of motion (3.49) and (3.22) at

the level of the background. Using this fact and following [17] one obtains that the general

solution to the F-term equations (4.3) is given by

a = ∂̄〈A〉ξ (4.5a)

ϕ = h− i[〈Φ〉, ξ] + ε∂θ0 ∧ (a† − ∂〈A〉ξ) (4.5b)

where ξ is a 0-form in the adjoint representation of complexified algebra (in our case eC6 ),

and h is a (2, 0)-form also in the adjoint and such that ∂̄〈A〉h = 0.

We may now consider again the superpotential (4.1) and expand it to cubic order

in fluctuations in order to compute the Yukawa couplings via the triple overlap of zero

modes. Notice that the superpotential piece proportional to ε introduces a dependence

on a† in such triple overlap. Nevertheless, when taking into account the solutions (4.5)

one can show that all the terms containing the fluctuations a† arrange themselves into

total derivatives and do not contribute to the Yukawa couplings. We refer the reader to

appendix D of [17] for a more detailed discussion of this point, and here we simply state

the final result, namely that Yukawa couplings are computed from the integral

Y = −im4
∗

∫
S

Tr (ϕ∧ a∧ a) (4.6)

where the zero mode components (a, ϕ) have the form

a = ∂̄〈A〉ξ (4.7a)

ϕ = h− i[〈Φ〉, ξ]− ε∂θ0 ∧ ∂〈A〉ξ (4.7b)

with ξ and h as above. Using these expressions (4.6) can be rewritten as

Y = −im
4
∗

3

∫
S

Tr
(
h ∧ a ∧ a− ∂̄〈A〉(ϕ ∧ [a, ξ])− ε∂〈A〉(θ0∂〈A〉(a ∧ a ξ))

)
(4.8)

Since ∂〈A〉, ∂̄〈A〉 act on gauge invariant objects they reduce respectively to ∂ and ∂̄, so

the last two terms in (4.8) are boundary terms that vanish upon integration because they

involve localized fields (a, ϕ). The first term can be expressed as

Y = −im
4
∗

3

∫
S

Tr
(
h ∧ ∂̄〈A〉ξ ∧ ∂̄〈A〉ξ

)
(4.9)
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and can be computed by evaluating a residue at the Yukawa point. To see this it is

convenient to use the invariance of the superpotential (4.6) under complexified gauge

transformations
a → a+ ∂̄〈A〉χ

ϕ → ϕ− i [〈Φ〉, χ ]
(4.10)

in order to take the 7-brane background to the case where 〈A0,1〉 = 0, usually dubbed

holomorphic gauge [21, 27]. There the covariant derivative ∂̄〈A〉 is replaced by ∂̄ and the

Higgs background reads

〈Φ〉 = 〈Φ〉(0) + ε ∂θ0 ∧ 〈A1,0〉(0) (4.11)

where 〈Φ〉(0), 〈A〉(0) stand for the solution to the background equations of motion in the

limit ε→ 0 and in the holomorphic gauge. As a result, ξ satisfies the equation

Ψξ dx ∧ dy = i(ϕ− h+ ε∂θ0 ∧ ∂ξ) (4.12)

where Ψ is a holomorphic matrix defined by [〈Φ〉(0), ξ] = Ψξ dx ∧ dy. This equation can

be solved in perturbation theory, obtaining

ξ = ξ(0) + iεΨ−1
(
∂xθ0∂yξ

(0) − ∂yθ0∂xξ
(0)
)

+O(ε2)

ξ(0) = iΨ−1 (ϕxy − hxy) (4.13)

One may then plug this solution for ξ into (4.9) with ∂̄〈A〉 → ∂̄ and, by integrating the total

derivatives, convert it into a surface integral around the Yukawa point. As in [8, 17, 21],

the localized modes ϕxy that appear in (4.13) do not contribute, and we end up with an

expression of the form

Y = m4
∗fabc

∫
R

(ηaηbhcxy) dx ∧ dy (4.14)

where fabc are structure constants of the symmetry group Gp at the Yukawa point p,

R is diffeomorphic to the product of two circles surrounding p, and η are the auxiliary

holomorphic functions

η = −iΨ−1hxy + εΨ−1
(
∂xθ0∂y(Ψ

−1hxy)− ∂yθ0∂x(Ψ−1hxy)
)

+O(ε2) (4.15)

related to ξ by removing the dependence on ϕxy. Finally, we can express (4.14) as a

residue formula evaluated at the Yukawa point p

Y = m4
∗π

2fabc Res p(η
aηbhc) (4.16)

where for simplicity we have removed the subindices to hxy. In the following we will apply

this residue formula to the E6 local model constructed in section 3.

4.2 Holomorphic Yukawas

In order to apply the above residue formula to the E6 model of section 3 let us first

gather the information which is relevant for computing the residue. Clearly, in order to

compute the residue we only need to know the details of the model around the Yukawa
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point pup = {x = y = 0}, and so the local description of the E6 model that was given in

section 3 is justified. Moreover, from all the parameters that are involved in the local E6

model only a few of them are relevant for computing (4.16). In fact, as can be deduced

from our previous discussion there are basically only two quantities which are relevant in

the computation of the residue: the Higgs background 〈Φhol〉 that solves the equations of

motion in the holomorphic gauge and in the absence of non-perturbative effects, and the

holomorphic function θ0 that encodes the information of such effects in the vicinity of the

Yukawa point. For the reader’s convenience we repeat both quantities here:

〈Φhol
xy 〉(0) = m(E+ +mxE−) + µ2(bx− y)Q (4.17)

θ0 = i(θ00 + θxx+ θyy) (4.18)

As discussed in section 3 the Higgs vev (4.17) specifies the two matter curves Σ5 and Σ10

where the chiral modes of the 5-plets and 10-plets are localized. For each of these two

sectors we need to specify the pair (h, η) that will enter into the residue formula (4.16),

and will couple to each other via the structure constants fabc of E6.

Sector 5. In this case the matter curve is given by Σ5 = {bx − y = 0} and there the

localized zero modes may arise in two possible sectors: along E5 = 1
2(
√

3, 1,−1,−1,−1,−1)

and along E5̄ = 1
2(−
√

3,−1, 1, 1, 1, 1). We will consider the case where, due to the presence

of worldvolume fluxes, we have a chiral spectrum and a single zero mode in the sector 5

and none in 5̄.5 The action of (4.17) in this zero mode sector is such that

Ψ = 2µ2(bx− y) (4.19)

It then only remains to specify the value of h for this sector. While in principle h =

h(x, y) may be any holomorphic function in the vicinity of x = y = 0, one may follow the

philosophy in [8] and apply a gauge transformation of the form (4.10) with χ holomorphic.

Such transformation will not take us away from the holomorphic gauge and will be able to

remove any dependence of h on the complex coordinate bx− y. We then have that in this

sector h can be taken to be an arbitrary holomorphic function of the orthogonal coordinate

x+by. Because by assumption we only have one zero mode we will take it to be a constant,

following the standard practice in the literature [9]. We then have that

h5/γ5 = 1 (4.20)

iη5/γ5 =
1

2µ2(bx− y)
− ε θx + bθy

4µ4(bx− y)3
+O(ε2) (4.21)

with γ5 a real constant to be computed via wavefunction normalization in the next section.

5For vanishing hypercharge flux, and for the choice (3.39) the condition that chiral modes localized near

the Yukawa point arise from the 5 sector is implemented by (3.46), while the fact that this is the only

zero mode at this curve depends on the global aspects of the model, and we will take it as an assumption.

When introducing the hypercharge flux NY and imposing the condition (3.45) the SU(5) spectrum will be

broken and there will only be a localized mode in the sector 51, namely the MSSM Higgs doublet Hu. The

holomorphic Yukawas computed in this section will also be valid for the case, with the only replacement

5→ 51. See sections 5 and 6 for more details.
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Sector 10. In this case the curve is given by Σ10 = {µ4(bx − y)2 = m3x} and the

localized modes live in the root subspace spanned by (3.14). As before, we will assume

that worldvolume fluxes are such there are exactly three chiral zero modes within the

subspace spanned by E10+ = (0, 1, 1, 0, 0, 0) and E10− = 1
2(−
√

3, 1, 1,−1,−1,−1) (see

appendix B for more details) and that these will be our three families of 10-plets in our

SU(5) GUT model.

The action of (4.17) in this sector is such that

Ψ

(
E10+

E10−

)
=

(
−µ2(bx− y) m

m2x −µ2(bx− y)

)(
E10+

E10−

)
(4.22)

as can be read from (3.18). As before we need to specify h10, which now will be an

SU(2) doublet of arbitrary holomorphic functions. Again, by performing an appropriate

holomorphic gauge transformation (4.10) we can restrict ourselves to a very particular form

for h10 since [21]

h10 =

(
h+(x, y)

h−(x, y)

)
− iΨ

(
χ+(x, y)

χ−(x, y)

)
=

(
0

h(bx− y)

)
(4.23)

for arbitrary h± and appropriate choices of χ±. While h can be any holomorphic function

on the coordinate bx−y, under the assumption that we have three zero modes in this sector

we can take them to be the monomials γi10m
3−i
∗ (bx − y)3−i, with γi10 some normalization

factors to be fixed in the next section. We finally have that

hi10/γ
i
10 =

(
0

m3−i
∗ (bx− y)3−i

)
(4.24)

iηi10/γ
i
10 = −

[
m3−i
∗ (bx− y)3−i

µ4(bx− y)2 −m3x

](
m

µ2(bx− y)

)
+O(ε2) (4.25)

+ε
2µ4(θx + bθy)(bx− y) +m3θy

(µ4(bx− y)2 −m3x)3
m3−i
∗ (bx− y)3−i

(
2mµ2(bx− y)

(m3x+ µ4(bx− y)2)

)

+ε
(θx + bθy)

(µ4(bx− y)2 −m3x)2
m3−i
∗ (bx− y)2−i

(
2mµ2(bx− y)(6− i)

m3x(3− i) + (4− i)µ4(bx− y)2

)
which has a rather complicated O(ε) correction to ηi10. Nevertheless, the result that one

obtains from applying the residue formula is still quite simple, as we will now see.

10 × 10 × 5 Yukawas. Let us now apply the explicit expressions for (h5, η5) and

(h10, η10) to the residue formula (4.16) for the Yukawa couplings. An important sim-

plifications arises from the fact that the structure constants of E6 satisfy

Tr([E5 i, E
M

10 jk ]E N
10 lm) = εijklmε

MN (4.26)

where i, j, k, l,m are su(5) indices and M,N = ± are su(2) indices. As a result the non-

trivial contributions to the 10× 10× 5 Yukawa will be of the form

Y = m4
∗π

2Res (0,0)

(
εMNη5η

M
10h

N
10

)
= m∗π

2Res (0,0)

(
η5η

+
10h
−
10

)
(4.27)
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where the contractions of the SU(5) indices have been left implicit. In the first equality we

have used that any other contribution will contain a term of the form εMNη
M
10η

N
10 and so it

will vanish identically, and in the second equality we have used that in our solution (4.24)

h+
10 = 0. Hence, even if (4.25) has a complicated expression only the terms proportional

to E10+ will be relevant when computing up-like Yukawa couplings.

Let us proceed by computing (4.27) explicitly. At zeroth order in ε we have a contri-

bution of the form

Y ij
tree = m4

∗π
2γ5γ

i
10γ

j
10 Res (0,0)

[
m(m∗(bx− y))6−i−j

2µ2(bx− y)(µ4(bx− y)2 −m3x)

]
(4.28)

= − m4
∗π

2

2m2µ2
γ5γ

i
10γ

j
10 δi3δj3

and so at this level only Y 33 is non-zero. At order O(ε) we get a contribution of the form

Y ij
np = ε

m6
∗π

2

4m2µ4
[bθy + θx] γ5γ

i
10γ

j
10 δ(i+j)4 (4.29)

from the O(ε) correction to η5. In fact, one can check that the O(ε) correction to η10 do not

contribute to (4.27) and that we are left with the following 10× 10× 5 Yukawa couplings:

Y ij =
π2γ5

4ρµρm

 0 0 ε̃ρ−1
µ γ1

10γ
3
10

0 ε̃ρ−1
µ γ2

10γ
2
10 0

ε̃ρ−1
µ γ1

10γ
3
10 0 −2γ3

10γ
3
10

+O(ε2) (4.30)

where we have defined the slope densities

ρµ =
µ2

m2
∗

ρm =
m2

m2
∗

(4.31)

as well as the non-perturbative parameter

ε̃ = ε (θx + bθy) (4.32)

As claimed, we obtain a Yukawa matrix such that in the absence of non-perturbative

effects has rank one, but when taking them into account increases its rank to three.6 Note

that the eigenvalues of this matrix display a hierarchical structure (O(1),O(ε̃),O(ε̃2)), as

we will discuss in more detail in section 6.

An interesting feature of this Yukawa matrix it that its entries depend on very few

parameters of the model, most notably ε̃, ρµ and γi10. In fact the last set of parameters

can be understood as wavefunction normalization constants that cannot be determined

from the analysis of this section. Instead, they can be calculated by computing zero

mode fluctuations in a physical background and demanding that their 4d kinetic terms are

canonically normalized, which is the task that we will endeavor in the next section. As we

will see, γi10 will depend on the worldvolume flux densities of the model, and in particular

in the hypercharge flux densities in (3.36). As U-quarks with different hypercharge feel FY
differently, γi10 will take different values for each of them, and this will give rise to a rich

structure of physical Yukawa couplings to be analyzed in section 6.

6More precisely, the condition for rank enhancement is that ε̃ 6= 0, which seems to indicate that the

pull-back of θ0 along Σ5 must be non-trivial.
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5 Zero mode wavefunctions at the E6 point

An remarkable aspect of the computations of the last section is that, in order to arrive

to the Yukawa matrix (4.30), we did not have to fully solve for the chiral zero mode

wavefunctions. Instead, we solved for the F-term equations and used the invariance of the

superpotential under complexified gauge transformations. The price to pay for using that

trick is that we do not have any physical criterium to fix the constants γ5, γi10 that appear

in the Yukawa matrix, because the wavefunctions that we are using are not in a physical

gauge. As pointed out in [8] this is because via our previous computation we are only

computing the holomorphic piece of the Yukawa couplings, and not their actual physical

values. In order to compute physical Yukawa couplings we also need to solve the D-term

equations for the zero mode wavefunctions and the demand that their corresponding 4d

fluctuations have canonically normalized kinetic terms. This will fix the constants γ5, γi10
in terms of the data of the local model and provide us with the physical Yukawa matrix to

be analyzed in the next section.

As we will see, solving analytically for the zero modes D-term equations is a rather

involved task, mainly because they involve the Painlevé transcendent f found in subsec-

tion 3.2. Nevertheless, we will be able to do so for a certain region of parameters of our

local model, and we expect that our general conclusions are valid for other regions as well.

We will first compute these physical wavefunctions in the absence of non-perturbative ef-

fects, which will already allow us to compute the normalization factors γ5, γi10 to a good

approximation. We will then include the corrections induced by non-perturbative, in the

spirit of [17, 18]. As a cross-check of our results, we will use the corrected wavefunctions

to rederive the Yukawa matrix (4.30), now with the factors γ5, γi10 fixed.

5.1 Perturbative zero-modes

In the absence of non-perturbative effects (i.e., ε = 0) the zero mode equations (4.3)

and (4.4) reduce to

∂̄〈A〉a = 0 (5.1)

∂̄〈A〉ϕ+ i[〈Φ〉, a] = 0 (5.2)

ω ∧ ∂〈A〉a−
1

2
[〈Φ̄〉, ϕ] = 0 (5.3)

In fact, while the above equations are written for bosonic fluctuations, the same equations

apply for the 7-brane fermionic zero modes, pairing up into 4d N = 1 chiral multiplets

(am̄, ψm̄) and (ϕxy, χxy) with the same internal profile. In the following we will display the

solutions to these equations for both the 5 and 10 sectors of the E6 model, leaving most

of the technical computations to appendix A.

Sector 5. To solve for this sector it is useful to write the Ansatz ax̄
aȳ
ϕxy

 = −→ϕ 5E5 E5 =
1

2

(√
3, 1,−1,−1,−1,−1

)
(5.4)
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so that in a particular gauge for 〈A〉 the zero mode equations translate into
0 Dx Dy Dz

−Dx 0 −Dz̄ Dȳ

−Dy Dz̄ 0 −Dx̄

−Dz −Dȳ Dx̄ 0




0

−→ϕ 5

 = 0 (5.5)

with

Dx = ∂x +
1

2
(qRx̄− qS ȳ) Dy = ∂y −

1

2
(qRȳ + qS x̄) Dz = 2iµ2(x̄− ȳ) (5.6)

and Dm̄ their conjugates. The quantities qR and qS are constants the depend on the flux

densities of the model as indicated in table 1, and for concreteness we have taken the

choice (3.39) for the Higgs background 〈Φxy〉.
Following [17] one can easily solve this system of equations, obtaining

−→ϕ 5 = γ5

 i ζ5
2µ2

i (ζ5−λ5)
2µ2

1

 χ5, χ5 = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄)+(x−y)(ζ5x̄−(λ5−ζ5)ȳ)) (5.7)

with λ5 the lowest solution to

λ3
5 − (8µ4 + (qR)2 + (qS)2)λ5 + 8µ4qS = 0 (5.8)

and ζ5 = λ5(λ5−qR−qS)
2(λ5−qS) , see appendix A for further details.7

Notice that, because they depend on the hypercharge flux, qR and qS take different

values for the two subsectors 51 and 52 of table 1, and so the same is true for λ5, ζ5.

In particular, imposing (3.45) we find that qS(52) = 0 and that the wavefunction for this

sector is not localized along Σ5, as we briefly comment below.

Sector 10. This sector is more involved because the zero modes lie along the root sub-

space spanned by E10+ = (0, 1, 1, 0, 0, 0) and E10− = 1
2

(
−
√

3, 1, 1,−1,−1,−1
)

and so the

appropriate Ansatz is  ax̄
aȳ
ϕxy

 = −→ϕ 10+E10+ +−→ϕ 10−E10− (5.9)

from which one can write an equation analogous to (5.5). Because E10± transform as a

doublet of the SU(2) generated by {E+, E−, P}, cf. (3.15), it is useful to represent these

wavefunction components with the following doublet notation

a =

(
a+

a−

)
ϕ =

(
ϕ+

ϕ−

)
(5.10)

7As shown in the appendix we may multiply χ5 by an arbitrary holomorphic function of a linear com-

bination of x and y and find further solutions to the zero mode equations. By assumption there should be

a single zero mode in this sector, hence a single holomorphic function specified by the global geometry of

the model. Nevertheless the main contribution to the Yukawa couplings comes from the average value of

such function around the Yukawa point, so we may safely approximate it by a constant, consistently with

the choice made in eq. (4.20).
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where a±x̄ , a±ȳ , ϕ±xy belong respectively to −→ϕ 10± . Then, following the strategy in [17, 18],

we use the solution for the F-terms equations (5.1) and (5.2) to write a in terms of ϕ, and

then substitute in the D-term equation (5.3) to find an equation for ϕ.

It is instructive to first consider the case where the primitive flux 〈Fp〉 in (3.42) is

absent. Then solution to the F-term equations is in fact quite similar to the one found in

the previous section in the holomorphic gauge, cf. (4.7), and reads

a = efP/2∂̄ξ (5.11a)

ϕ = efP/2 (h− iΨξ) (5.11b)

where ξ and h are also doublets with components ξ± and h± and

P =

(
1 0

0 −1

)
Ψ =

(
−µ2(x− y) m

m2x −µ2(x− y)

)
(5.12)

In particular, notice that Ψ is the same matrix as in (4.22) after taking the choice (3.39).

From (5.11b) we obtain

ξ = iΨ−1
(
e−fP/2ϕ− h

)
(5.13)

which is the analogue of the lower equation in (4.13) for the physical background (3.38).

Finally, the D-term equation for the fluctuations (5.3) reads

∂xax̄ + ∂yaȳ +
1

2
∂xfPax̄ − ie−fP/2Ψ†efP/2ϕ = 0 (5.14)

which by using (5.11a), and recalling that f only depends on x, x̄, we find

∂x∂x̄ξ + ∂y∂ȳξ + ∂xfP∂x̄ξ − iΛ† (h− iΨξ) = 0 (5.15)

where we have defined

Λ = efPΨe−fP =

(
−µ2(x− y) me2f

m2xe−2f −µ2(x− y)

)
(5.16)

To proceed it is convenient to make the following change of variables

U = e−fP/2ϕ ⇒ ξ = iΨ−1 (U − h) (5.17)

and express (5.15) entirely in terms of the doublet U

∂x∂x̄U + ∂y∂ȳU − (∂xΨ)Ψ−1∂x̄U + (∂yΨ)Ψ−1∂ȳU + ∂xfΨPΨ−1∂x̄U −ΨΛ†U = 0 (5.18)

so that the dependence on h drops completely. However, the D-term equation gives a

coupled system of equations for U+ and U− that are quite involved to solve. Nevertheless,

as discussed in appendix A in the limit m � µ they decouple and one can prove that

there is no localized mode for U+, which we henceforth set to zero. Moreover, near the

Yukawa point pup = {x = y = 0} one can approximate f = log c + c2m2xx̄ + . . . and
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solve analytically for U−, finding U− = exp(λ10xx̄)h with λ10 the negative solution to

c2λ3
10 + 4c4m2λ2

10 −m4λ10 = 0. At the end one finds the solution

−→ϕ j
10+ = γj10

 iλ10
m2

0

0

 ef/2χj10
−→ϕ j

10−
= γj10

 0

0

1

 e−f/2χj10 (5.19)

where ef/2 =
√
c em

2c2xx̄/2 and χj10 = eλ10xx̄ gj(y), with gj holomorphic functions of y.

Switching on the primitive worldvolume fluxes will amount to replace ∂x,y → Dx,y in

the D-term equation, with Dx,y defined in (5.6), and similarly for ∂̄ in the F-term equations.

Still, in the limit m� µ and near the origin one finds a localized solution for U− and the

wavefunctions read

−→ϕ j
10+ = γj10

 iλ10
m2

− iλ10ζ10
m2

0

 ef/2χj10
−→ϕ j

10−
= γj10

 0

0

1

 e−f/2χj10 (5.20)

where λ10 is the negative solution to

m4(λ10 − qR) + λc2
(
c2m2(qR − λ10)− λ2

10 + q2
R + q2

S

)
= 0 (5.21)

and ζ10 = −qS/(λ10 − qR). The scalar wavefunctions χ10 read

χj10 = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄)+λ10x(x̄−ζ10ȳ) gj(y + ζ10x) (5.22)

where gj holomorphic functions of y + ζ10x, and j = 1, 2, 3 label the different zero mode

families. Following [9] we will choose such holomorphic representatives to be

gj = m3−j
∗ (y + ζ10x)3−j (5.23)

Finally, notice that within each family the wavefunctions differ for each of the sectors

101,2,3 of table 1 because they have different hypercharges and so qR and qS take different

values for each. From the results of the previous sections we expect that this difference

will only appear in the physical Yukawa couplings via different normalization factors γj10,

which we now proceed to discuss.

Normalization factors. Having obtained explicit expressions for the zero mode wave-

functions one may now require that the 4d chiral modes have canonically normalized kinetic

terms. The 4d kinetic terms for the wavefunctions of a sector ρ that one obtains via di-

mensional reduction are

Kij
ρ = 〈−→ϕ i

ρ|−→ϕ
j
ρ〉 = m2

∗

∫
S

Tr (−→ϕ i
ρ
† · −→ϕ j

ρ) dvolS (5.24)

where i, j are family indices. To have canonically normalized kinetic terms we need to

impose that Kij
ρ = δij . In the case of the sector ρ = 5 there is only one family and we can

easily achieve canonical kinetic terms by adjusting the value of the constant γ5. In this

case the integral (5.24) reads

K5 = m2
∗|γ5|2||−→v 5||

∫
S
χ∗5χ5 dvolS (5.25)
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with χ5 given by (5.7), and −→v 5 = 1
2µ2 (iζ5, i(ζ5 − λ5), 2µ2)t. Due to the convergence

properties of χ5 we can compute the above integral by extending the patch in which we

define our local model to C2. We find that the required value for γ5 is

|γ5|2 = − 4

π2

(
µ

m∗

)4 (2ζ5 + qR)(qR + 2ζ5 − 2λ5) + (qS + λ5)2

4µ4 + ζ2
5 + (ζ5 − λ5)2

(5.26)

see appendix A of [17] for details of the derivation. Here λ5 and ζ5 are defined as in (5.7)

and so depend on the worldvolume flux densities qR and qS , which are given in table 1

for both sectors 51 and 52. Hence in general both members of the 5-plet have different

normalization factors. In fact, for the sector 52 = (3,1)1/3 that could contain a Higgs

triplet we find that γ52 = 0 after we impose the condition (3.45).8 That is because the

integrand in (5.24) is not localized along the curve {x = y} ⊂ C2, which is turn related

to the fact that this is a non-chiral sector of the model and one may assume that it only

contains massive modes.

Notice that for the 10 sector (5.24) reads

Kij
10 = m2

∗

∫
S

Tr(−→ϕ i
10+
†−→ϕ j

10+ +−→ϕ i
10−
†−→ϕ j

10−
)dvolS (5.27)

= m2
∗(γ

i
10)∗γj10

∑
κ=±
||−→v 10κ ||

∫
S
eκf (χi10)∗χj10 dvolS

with the vectors −→v 10± defined in (A.23). Because the integrand needs to be invariant under

the rotation (x, y) → eiα(x, y) to have a non-vanishing result we deduce that Kij
10 = 0 for

i 6= j, and so we only need to adjust the constants γj10 in order to have canonical kinetic

terms in this sector. In particular we obtain that the required result is

|γj10|
2 = − c

m2
∗π

2(3− j)!
1

1
2λ10+qR(1+ζ2

10)−m2c2
+

c2λ2
10

m4
1

2λ10+qR(1+ζ2
10)+m2c2

(
qR
m2
∗

)4−j
(5.28)

which not only depend on the family index j, but also on the sectors 101,2,3 of table 1,

again via the flux densities qR and qS and the quantities λ10, ζ10 that depend on them.

Finally, notice that the effects of the non-primitive flux (3.42) in this sector appear through

the dependence on the constant c.

5.2 Non-perturbative corrections

Let us now see how the presence of non-perturbative effects modifies the above wavefunction

profile. As stated before, at the level of approximation that we are working these effects

amount to add the term proportional to ε in the F-term equation (3.49). This will modify

the 7-brane background 〈Φ〉 and 〈A〉 as well as the wavefunction profiles that were just

computed for ε = 0. These deformations are particularly involved for the T-brane sector

of our background and as a consequence for the wavefunctions of the 10 matter curve.

Nevertheless, as we will see the O(ε) corrections to the 10-plet wavefunctions only affect

8For qS = 0 the parameter ζ5 defined below eq. (5.7) reduces to ζ5 = 1
2
(λ5−qR) which upon substituting

in (5.26) shows that γ52 = 0.
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the Yukawa couplings at O(ε2), and so they can be neglected to the level of approximation

of (4.30). In the next section we will see that we can reproduce (4.30) via the triple overlap

of the O(ε) corrected wavefunctions, now with explicit expressions for the normalization

factors γ5, γi10.

Corrections to the background. Following section 4, we can solve the equations of

motion for the background for ε 6= 0 in the holomorphic gauge if we take 〈A0,1〉 = 0 and

〈Φ〉 as in (4.11). There 〈Φ〉(0), 〈A1,0〉(0) are given by the background at ε = 0 and in the

holomorphic gauge. Let us first assume that the primitive fluxes (3.42) vanish. Then we

have that 〈Φ〉(0) is given by (3.11) and 〈A1,0〉(0) = i∂f P and so in the holomorphic gauge

〈Φxy〉 = m(E+ +mxE−) + ε θy∂xf P + µ2(x− y)Q (5.29)

where we have used that f = f(x, x̄) and taken the choice (3.39). One may now perform

a complexified gauge transformation (3.23) in order to go to a real gauge that satisfies the

D-term (3.22) up to O(ε2). For this we need generalize the Ansatz (3.24) to

g = e
f
2
P e

ε
2

(kE++k∗E−) = e
f
2
P +

ε

2
(k ef/2E+ + k∗e−f/2E−) +O(ε2) (5.30)

with f as above and k a complex function of x, x̄. From this transformation we obtain the

physical background

〈Φxy〉 = m(efE+ +mxe−fE−) + ε
[
θy∂xf +

m

2
(mxk − k∗)

]
P + µ2(x− y)Q+O(ε2)

〈A0,1〉 = − i
2
∂̄fP − i ε

2

(
∂̄k efE+ + ∂̄k∗ e−fE−

)
+O(ε2) (5.31)

Inserting (5.31) into the D-term equation we recover that f has again to satisfy the Painlevé

equation (3.28) while k satisfies a more complicated differential equation given in ap-

pendix A. Using that near the origin f = log c+m2c2xx̄+ . . . we find the solution

k = θ̄y c
2mx+ θy

1− c2

2c2 − 1
m2x̄2 + . . . (5.32)

where the dots stand for higher powers of x, x̄.

Finally, let us restore the presence of primitive fluxes (3.42). As these fluxes commute

with all the other elements of the background their presence does not modify the discussion

above, and we can add their contribution to the corrected background independently. At

the ends one finds

〈Φxy〉 = m(E+ +mxE−) + ε
[
θy∂xf +

m

2
(mxk − k∗)

]
P (5.33)

+µ2(x− y)Q+ ε [θy(x̄QR − ȳQS) + θx(x̄QS + ȳQR)] +O(ε2)

〈A0,1〉 = 〈Ap0,1〉 −
i

2
∂̄fP − i ε

2

(
∂̄k efE+ + ∂̄k∗ e−fE−

)
+O(ε2) (5.34)

where 〈Ap0,1〉 stands for the potential of the primitive flux (3.42) in a physical gauge. Notice

that the O(ε) corrections to the worldvolume flux lie along the non-commuting generators

E±, while for the Higgs background they lie along the Cartan of E6.
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In the following we will solve for the wavefunctions that satisfy (4.3) and (4.4) for

the pair (a, ϕ) and at first order in the non-perturbative parameter ε. That is, we will be

looking for solutions to the system

∂̄〈A〉a = O(ε2) (5.35a)

∂̄〈A〉ϕ− i[a, 〈Φ〉] + ε∂θ0 ∧ ∂〈A〉a = O(ε2) (5.35b)

ω ∧ ∂〈A〉a−
1

2
[〈Φ̄〉, ϕ] = O(ε2) (5.35c)

where 〈A〉 and 〈Φ〉 are respectively specified by (5.33) and (5.34).

Sector 5. The sector 5 is relatively simple due to the fact that its zero modes are not

charged under the generators of the su(2) algebra {E±, P}. More precisely, for this sector

〈A0,1〉 reduces to 〈Ap0,1〉, and 〈Φxy〉 to the second line of (5.33). As a result, solving the

zero mode equations (5.35) for this sector is very similar to the analogous problem for the

SO(12) local model of [17]. Hence in the following we simply present the final result, and

refer the reader to appendix A and section 5.1 of [17] for further details.

The solution to the non-perturbative zero mode equations is given by

−→ϕ 5 = γ5

 i ζ5
2µ2

i (ζ5−λ5)
2µ2

1

χnp
5 , χnp

5 = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄)+(x−y)(ζ5x̄−(λ5−ζ5)ȳ))(1 + εΥ5)

(5.36)

with λ5, ζ5 defined as in (5.7). The O(ε) non-perturbative correction is

Υ5 = − 1

4µ2
(ζ5x̄− (λ5− ζ5)ȳ)2(θx + θy) +

δ1

2
(x− y)2 +

δ2

ζ5
(x− y)(ζ5y+ (λ5− ζ5)x) (5.37)

with the constants δ1, δ2 given by (A.42) and (A.43) respectively. As in [17] one can check

that the corrections to the norm (5.26) only appear at O(ε2), because O(ε) terms that

appear in the integrand of (5.25) are not invariant under the rotation (x, y)→ eiα(x, y).

Sector 10. Similarly to the case of perturbative zero modes, finding the non-perturbative

corrections to the wavefunctions of the sector 10 is in general rather involved. Nevertheless,

taking the same approximations as in the perturbative case, one may understand how this

corrections look like and argue that they will not be relevant for computing the matrix of

physical Yukawa couplings.

The first step is to switch off the primitive fluxes and realize that, in the same way

that a = ∂̄ξ and (4.12) solve the F-term equations (5.35a) and (5.35b) in the holomorphic

gauge, in the real gauge they are satisfied by

a = g ∂̄ξ (5.38a)

ϕ = g (h− iΨξ − ε∂θ0 ∧ ∂ξ) = g U dx ∧ dy (5.38b)

with g given by (5.30) and Ψ given by (4.22). Here a, ϕ, χ are SU(2) doublets as in

eq. (5.11). The same applies to U , which can be expanded in powers of ε as

U = U (0) + ε U (1) + O(ε2) (5.39)
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where U (0) corresponds to solution found for ε = 0, namely

U
(0)
− = eλ10xx̄h(y) U

(0)
+ = 0 (5.40)

Then, similarly to (4.13) one may solve for ξ as

ξ = ξ(0) + iεΨ−1
[
U (1) + ∂xθ0∂yξ

(0) − ∂yθ0∂xξ
(0)
]

+O(ε2)

ξ(0) = iΨ−1(U (0) − h) (5.41)

and then solve for U (1) by inserting this expression into the D-term equation (5.35c). As

in the perturbative case this problem can be easily solved in the limit µ → 0, obtaining

that U
(1)
− = 0. As a result, in this limit we have the structure

ξ+ = ξ
(0)
+ + 0 +O(ε2) ξ− = 0 + ε ξ

(1)
− +O(ε2) (5.42)

that is, the O(ε) corrections to ξ are contained in the opposite doublet as the tree-level

contribution. The same statement applies to a and ϕ. Indeed, we have that

ϕxy = g(0)U (0) + ε(g(0)U (1) + g(1)U (0)) +O(ε2) (5.43)

where we have decomposed g = g(0) + εg(1) +O(ε2) as in (5.30). Then, because g(0) only

involves P and g(1) involves E± we have

ϕ+ = 0 + ε ϕ
(1)
+ +O(ε2) ϕ− = ϕ

(0)
− + 0 +O(ε2) (5.44)

Finally, a similar argument shows that a+ = a
(0)
+ +O(ε2) and a− = a

(1)
− +O(ε2) and so the

wavefunctions (5.20) have a correction of the form

−→ϕ 10+ =

 ••
0

+ ε

 0

0

•

+O(ε2) −→ϕ 10− =

 0

0

•

+ ε

 ••
0

+O(ε2) (5.45)

One can check that this structure remains even after we restore the presence of non-

primitive fluxes. Then, since the O(ε) correction vector is orthogonal to the 0th-order

solution, it is easy to see that no O(ε) correction to the normalization factors γj10 arises by

plugging these corrected wavefunctions into (5.28).

6 Physical Yukawas and mass hierarchies

Given the above solutions for the non-perturbative wavefunctions one can insert them

into (4.6) and compute their triple overlap to obtain the matrix of physical Yukawa cou-

plings, that is the Yukawas in a basis where 4d kinetic terms are canonically normalized.

As we will see below the final result for the U-quark Yukawa matrix is

YU =
π2γ5

4ρµρm

 0 0 ε̃ρ−1
µ γ1

Lγ
3
R

0 ε̃ρ−1
µ γ2

Lγ
2
R 0

ε̃ρ−1
µ γ3

Lγ
1
R 0 −2γ3

Lγ
3
R

+O(ε̃2) (6.1)
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tanβ 10 38 50

mu/mc 2.7± 0.6× 10−3 2.7± 0.6× 10−3 2.7± 0.6× 10−3

mc/mt 2.5± 0.2× 10−3 2.4± 0.2× 10−3 2.3± 0.2× 10−3

md/ms 5.1± 0.7× 10−2 5.1± 0.7× 10−2 5.1± 0.7× 10−2

ms/mb 1.9± 0.2× 10−2 1.7± 0.2× 10−2 1.6± 0.2× 10−2

Yt 0.48± 0.02 0.49± 0.02 0.51± 0.04

Yb 0.051± 0.002 0.23± 0.01 0.37± 0.02

Table 2. Running mass ratios of quarks at the unification scale and for different values of tan β,

as taken from ref. [38]. The Yukawa couplings Yt,b at the unification scale are also shown.

where

ρµ =
µ2

m2
∗

ρm =
m2

m2
∗

ε̃ = ε (θx + θy) (6.2)

are all flux-independent parameters. The worldvolume flux dependence (and in particular

the hypercharge dependence) is encoded in the normalization factors γ5 and γiR,L, where

γ5 is given by (5.26) with the values of qR, qS for the sector 51 of table 1. Finally, γiR is

given by (5.28) using the values of qR and qS in the first row of table 1, and similarly for

γiL with the values in the second row.

We would like to see if this structure for Yukawa couplings allows to fit experimen-

tal fermion masses. Since our expressions apply at the GUT scale, presumably of order

1016 GeV, the data need to be run up to this scale. Table 2 shows the result of doing so

for the MSSM quark mass ratios, for different values of tanβ as taken from ref. [38]. In

the following we will analyze if this spectrum can be accommodated in our scheme.

6.1 The physical Yukawa matrix

Let us first perform the computation of the physical Yukawa matrix. Inserting the zero-

mode wavefunctions for the 5 and 10 sector into the cubic coupling (4.6) and applying the

E6 group theory relations we obtain

Y ij
U = m4

∗

∫
S

det
(−→ϕ 5,

−→ϕ i
10M ,

−→ϕ j

10N

)
εMN dvolS (6.3)

with M,N = ± and εMN the su(2) antisymmetric tensor. To obtain the Yukawas at zeroth

order in ε we just need to plug into (6.3) the perturbative wavefunctions computed in

subsection 5.1. One then finds the expression

Y
(0)
U

ij = 2m4
∗ γ5γ

i
10γ

j
10 det

(−→v 5,
−→v i10+ ,−→v j

10−

)∫
S
χ5χ

i
10χ

j
10 dvolS (6.4)

where the vectors −→v ρ are defined as in (A.6) and (A.23), and χρ are the perturbative scalar

wavefunctions of (5.7) and (5.22). As the product of these three wavefunctions is sharply
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localized around the origin one can replace the domain of integration by C2. Taking the

holomorphic representatives for each family as in (5.23) one obtains

Y
(0)
U

33 = − π2

2ρµρm
γ5γ

3
Lγ

3
R Y

(0)
U

ij = 0 for i 6= 3 6= j (6.5)

where the slope densities ρm,µ are defined as in (6.2), γ5 is the normalization factor (5.26)

evaluated for the sector 51 of table 1 and γiR,L are the normalization factors (5.28) evaluated

for the sectors 101,2 of the same table. Then, as expected from our construction, obtains

a rank 1 Yukawa matrix at the perturbative level, which moreover is in perfect agreement

with the result of the residue computation of section 4.

The O(ε) contribution to (6.3) can be written as

Y
(1)
U

ij = 2m4
∗

∫
S

[
det(−→ϕ (1)

5 ,−→ϕ (0) i

10+ ,
−→ϕ (0) j

10−
) + det(−→ϕ (0)

5 ,−→ϕ (1) i

10+ ,
−→ϕ (0) j

10−
)

+ det(−→ϕ (0)
5 ,−→ϕ (0) i

10+ ,
−→ϕ (1) j

10−
)
]

dvolS (6.6)

where we have split the corrected wavefunction (5.36) as −→ϕ 5 = −→ϕ (0)
5 + ε−→ϕ (1)

5 and similarly

for the wavefunctions −→ϕ i
10± = −→ϕ (0) i

10±
+ ε−→ϕ (1) i

10±
in the sector 10.

Performing the integral of the first term in (6.6) one obtains

Y
(1)
U =

π2γ5
4ρ2

µρm

 0 0 γ1
Lγ

3
R

0 γ2
Lγ

2
R 0

γ3
Lγ

1
R 0 0

 (θx + θy) (6.7)

matching the result (4.30) for the case (3.39) that we are considering. Recall that in the

computations of section 4 the O(ε) corrections to the Yukawa matrix came entirely from the

corrections to the wavefunction in the 5 sector, while the corrections to the 10 sector did

not contribute to the Yukawas. One can argue that the same will happen here as follows.

First notice that due to the zero mode structure (5.45), −→ϕ (0) j

10−
and −→ϕ (1) i

10+ are proportional

to each other up to multiplication by a complex function, and so the determinant in the

second term of (6.6) vanishes identically. Second, for ζ10 = 0 the tree-level wavefunctions
−→ϕ (0) i

10+ only have one non-vanishing component (cf. (5.20)), and one can then see that

the same applies to −→ϕ (1) i

10−
, so that the third determinant in (6.6) vanishes as well. For

ζ10 6= 0 such determinant may not vanish identically, but its integral should vanish because

ζ10 is proportional to the flux qS and the integral (6.3) should not depend explicitly on

background worldvolume fluxes. Indeed, recall that (6.3) is equivalent to (4.6), which is

invariant under complexified gauge transformations. Such transformations can be used to

gauge away any dependence on the worldvolume flux, and so the result obtained for qS = 0

should be true in general. In fact, one can use a complexified gauge transformation to take

the wavefunctions computed in the previous section to the ones used in section 4 in the

residue formula, which is why both results match.9

9In relating wavefunctions by a complexified gauge transformation we assume that the definition of fam-

ilies in terms of monomials is preserved. That is, we assume that the choice of family representative (5.23)

is mapped to (4.24) by a complexified gauge transformation that removes the flux dependence from the

wavefunction.
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Finally, adding up these two results as

YU = Y
(0)
U + ε Y

(1)
U +O(ε2) (6.8)

we obtain (6.1), as claimed above. In the following we will analyze if given these up-like

Yukawas we can reproduce the data in table 2.

6.2 The top quark Yukawa

The Yukawa for the top quark is given by the 33 entry of (6.1). To analyze its value it is

useful to express the quantities ρµ and ρm as

ρµ =

(
µ

m∗

)2

= (2π)3/2g1/2
s σµ ρm =

(
m

m∗

)2

= (2π)3/2g1/2
s σm (6.9)

where σµ = (µ/mst)
2 and σm = (m/mst)

2 are the 7-brane intersection slopes measured in

units of mst, the scale that in the type IIB limit reduces to the string scale mst = 2πα′

and which is related to the F-theory scale as m4
st = gs(2π)3m4

∗ [17]. We then have that

|Yt| = (8πgs)
1/2σmc γ̃51 γ̃101 γ̃102 (6.10)

where

γ̃51 =

(
−

(2ζ51 + q51
R )(q51

R + 2ζ51 − 2λ51) + (q51
S + λ51)2

4µ4 + ζ2
51

+ (ζ51 − λ51)2

)1/2

(6.11)

γ̃10i =

− q10iR

m4

2λ10i+q
10i
R (1+ζ2

10i
)−m2c2

+
c2λ2

10i

2λ10i+q
10i
R (1+ζ2

10i
)+m2c2


1/2

i = 1, 2 (6.12)

with q10iR,s , i = 1, 2 the values of qR,S in the ith row of table 1, q51
R,S the ones in the fourth

row, etc. Notice that this expression is quite similar to the one obtained for the third

generation of down-like Yukawas in [17] (cf. eq. (7.8) there) , except for an extra factor of√
2c which for the value (3.34) is very close to 1. Hence in principle one expects that the

Yukawa of the top and of the bottom are of the same order of magnitude, which in the

scheme of the MSSM would favor a large tanβ.

From (6.10) one may proceed as in [17] and estimate that primitive worldvolume flux

densities are of the order

M,N ' 0.29 g1/2
s m2

st (6.13)

with gs not too small. In fact, the diluted flux approximation is one of the requirements that

we need to impose in order to be able to trust the 7-brane effective action that led to the

zero mode equations of section 5. A further self-consistency restriction comes from the fact

that the non-primitive flux (3.41) must be slowly varying in the region where wavefunctions

are localized. As discussed in appendix A, this leads to the condition (A.29). Finally, recall

that in order to simplify the 10-plet zero mode equations restricted ourselves to the region

of the parameter space such that m � µ. All these approximations are only important
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for computing the normalization factors for the wavefunctions, while the computation of

holomorphic Yukawas in section 4 is independent of them.

Given these restrictions one can see that one may accommodate a realistic value for

the Yukawa of the top at the unifications scale. Indeed, if one for instance takes the values

(in units of mst)

M = 0.3 , N = 0.03 , ÑY = 0.6 , NY = −0.18 , m = 0.5 , µ = 0.1 , (6.14)

with gs = 1 and c as in (3.34) one obtains

Yt = 0.5 (6.15)

in quite good agreement with the values of table 2. One can also check that the wavefunc-

tions are sufficiently localized in a region where the first two terms of (3.33) are a good

approximation for the Painlevé transcendent.

6.3 Up-type quarks mass hierarchies

In order to analyze the flavor hierarchies among different U-quarks let us consider the

matrix

YU
Y 33

=


0 0 −1

2 ε̃ρ
−1
µ

γ1
L

γ3
L

0 −1
2 ε̃ρ
−1
µ

γ2
Lγ

2
R

γ3
Lγ

3
R

0

−1
2 ε̃ρ
−1
µ

γ1
R

γ3
L

0 1

+O(ε̃2) (6.16)

whose eigenvalues are

λ1 = 1 +O(ε2)

λ2 = −ε 1

2ρµ

γ2
Lγ

2
R

γ3
Lγ

3
R

(θx + θy) +O(ε2)

λ3 = O(ε2).

where we have used the expression for ε̃ in (6.2). This yields automatically a hierarchy

of U-quark masses of the form (1, ε, ε2) in fact quite similar to the one found in [17] for

the D-quarks and leptons. As in there, the quotient of quark masses of different families

is rather simple. Namely identifying the first and second eigenvalues with the third and

second generations of U-quarks we have

mc

mt
=

1

2

(
q101
R q102

R

µ4

)1/2

ε (θx + θy) (6.17)

=
1

2

M

µ2

(
1 +

2ÑY

3M

)1/2(
1− ÑY

6M

)1/2

ε (θx + θy)

where we have used that q101
R = M + 2

3ÑY and q102
R = M − 1

6ÑY . Hence it is quite easy

to accommodate the hierarchy between the charm and the top quark with a small non-

perturbative parameter ε. In fact, one may consider the ratio of flux densities ÑY /M ∼ 1.8
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obtained in [17] for the down-like Yukawa point pdown and apply it to this expression, since,

if the two Yukawa points pup and pdown are not far away the flux densities should be alike.

One then obtains that a realistic mass ratio requires

M

µ2
ε (θx + θy) ' 4× 10−3 (6.18)

which can be achieved by taking ε̃ = ε (θx+θy) ∼ 10−4 as in [17] and M and µ as in (6.14).

Of course a more detailed analysis would require to embed both Yukawa points pup and

pdown in the same local model, possibly in a region of E7 or E8 enhancement. We leave

such analysis for future work.

7 Conclusions and outlook

In this paper we have analyzed the structure of up-like Yukawa couplings in F-theory models

of SU(5) unification, taking into account the contribution of non-perturbative effects. More

precisely, we have considered an explicit local model based on a T-brane background and

such that up-like 10× 10× 5 Yukawa couplings are generated at the intersection of a 10

and a 5 matter curve. From the general results of [21] one expects to obtain a rank one

matrix of Yukawas from such configuration, as we have verified in our model. We have

then incorporated an extra ingredient to this local model, namely the presence of non-

perturbative effects sourced by distant 4-cycles of the compactification, along the lines

of [12]. As shown in [17, 18] one may easily incorporate these effects into the ultra-local

approach that allows to compute Yukawa couplings, with the general result that the rank

of the Yukawa matrix is enhanced from one to three.

We have seen that this statement remains true for up-like Yukawas, by computing the

non-perturbative corrections to these couplings in a local E6 model based on T-branes.

Moreover, we have obtained an U-quark mass hierarchy of the form (O(ε2),O(ε),O(1)), as

an explicit computation of the Yukawa matrix shows. This hierarchy is already manifest at

the level of the holomorphic Yukawa couplings, which we have computed via a generalized

residue formula, and is also recovered in the matrix of physical Yukawas computed via

wavefunction overlap. In fact, this hierarchical structure is similar to the one obtained

in [17] in the context of 10× 5̄× 5̄ Yukawa couplings, and it allows to reproduce ratios

of quark and lepton masses compatible with experiment once that the flux dependent

normalization factors of the different wavefunctions are taken into account. Finally, we

have verified that in this scheme the physical Yukawa for the top is of the right order of

magnitude, which is the main motivation to consider SU(5) F-theory GUT’s as opposed to

their type II analogues.

Computing zero mode wavefunctions for a T-brane background is in general a rather

involved task, mainly because the background itself is described by complicated non-linear

differential equations like Painlevé equations. These complications however disappear when

computing holomorphic Yukawas, as our results of section 4 show. In this respect, one can

conclude that the hierarchical structure obtained in eq. (4.30) is a rather robust prediction

of this class of SU(5) F-theory models. An intriguing result that we have obtained in this
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context is that the non-perturbative contributions to the Yukawa couplings arise from the

O(ε) corrections to the internal wavefunction for the up-Higgs Hu. In fact, a rank 3 matrix

of Yukawas is generated only if the holomorphic function θ0 that locally describes the non-

perturbative effects is non-constant along the Higgs curve 5H . It would be interesting to

have a deeper understanding of such result, and what does it implies for a global completion

of our local model.

The full complexity of the T-brane background becomes important when computing

zero mode wavefunctions in the 10 matter curve, and in particular for the O(ε) corrections

to these wavefunctions. We have however found that applying the limit µ/m → 0 to the

T-brane background (3.38) drastically simplifies these zero mode equations and allows to

solve for them analytically. It would be very interesting to extend our results away from

this limit, although the fact that we recover the same Yukawa matrix as in the residue

computation hints that our results capture most of the relevant physics. It would then

be interesting to see if these wavefunctions near the E6 point can be used to compute

other quantities of phenomenological interest in F-theory GUT’s, like higher dimensional

operators that trigger proton decay [39, 40] and soft SUSY-breaking terms [41].

Besides computing physical Yukawas for arbitrary µ our results can be extended in a

number of ways. First one could consider the contribution of further terms in the expan-

sion (2.5) that describe the non-perturbative effects. From the results of [17] terms propor-

tional to θn with n > 0 should not alter the hierarchical structure that we have obtained

here, but they could be important in order to compute explicitly the Yukawa couplings of

the lightest generation. Such task would in addition involve extending our computations

to O(ε2) in the non-perturbative parameter ε, which would also be important to compute

the CKM matrix for these models. In fact, because the CKM matrix involves considering

both Yukawa points pup and pdown simultaneously, it would make sense to consider local

models of E7 or E8 enhancement to implement our approach [29]. Finally, it would be

interesting to see how the ultra-local parameters that determine the Yukawa couplings are

realized in local and global completions of our F-theory SU(5) model [42–49]. We hope to

return to these points in the future.
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A Wavefunctions at the E6 Yukawa point

In this appendix we will present the strategy pursued to solve the equations of motion for

the fluctuations in a real gauge that allow to compute the normalization factors. We will

see that the computation for the 10 sector is quite involved due to the T-brane background

and in order to find an analytic solution we restrict to some particular region of parameters.

In contrast the solution for the 5 sector can be computed exactly since it does not feel the

non-Abelian part of the Higgs background.10

Zero modes for the 5 sector. For the 5 sector we follow closely the computations in [18]

and [17]. We recall from the main text that the equations of motion for the fluctuations

can be written as

DAΨ = 0 , (A.1)

which are reminiscent of a Dirac equation. To solve (A.1) it is convenient to take its modulo

square for it is possible to decompose the operator D†ADA as

D†ADA = −∆14 + M , (A.2)

where the Laplacian ∆ is defined as ∆ = {Dx, Dx̄}+{Dy, Dȳ}+{Dz, Dz̄} and the matrix M

will depend on the worldvolume fluxes and intersection slopes. Whenever the flux matrix

M and the Laplacian commute (for instance this happens in the case of constant fluxes

and abelian Higgs) it is possible to diagonalize simultaneously these two operators. We will

start by diagonalizing the operator M and then use its eigenmodes to solve the complete

set of equations. As an aside we mention that the strategy outlined so far is general and

not restricted to the 5 sector. The issue in the 10 sector that spoils its efficiency is that

the operator M will be function of non-constant fluxes and thus it will not commute with

the Laplacian.

For the 5 sector the operator M has the form

M5 =


0 0 0 0

0 −q5R q5S 2iµ2

0 q5S q5R −2iµ2

0 −2iµ2 2iµ2 0

 =

(
0 0

0 m5

)
. (A.3)

The eigenvalues of the matrix m5 are solutions of the secular equation

λ3
5 − (8µ4 + (q5R)2 + (q5S)2)λ5 + 8µ4q5S = 0 . (A.4)

We will call the solutions of (A.4) λi5 chosen to satisfy the inequality λ1
5 < λ2

5 < λ3
5. The

eigenvectors of m5 are

−→v i =

 i
ζi5

2µ2

i
(ζi5−λi5)

2µ2

1

 , ζi5 =
λi5(λi5 − q5R − q5S)

2(λi5 − q5S)
. (A.5)

10The computation for the X,Y -boson wavefunctions at the bottom of table 1 proceeds exactly as in

appendix A of [17] and so will not be repeated here.
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Knowing the form of the eigenvectors of M5 we can look for a solution of (A.1) of the form

Ψ5 =

(
0
−→v 5

)
χ5E5 . (A.6)

with −→v 5 = −→v 1. Plugging this in (A.1) we have that the function χ5 has to satisfy[
−ζ1

5Dx + (λ1
5 − ζ1

5)Dy + 2iµ2Dz

]
χ5 = 0 , (A.7a)[

2iµ2Dȳ + (ζ1
5 − λ1

5)Dz̄

]
χ5 = 0 , (A.7b)[

2iµ2Dx̄ + ζ1
5Dz̄

]
χ5 = 0 . (A.7c)

The solution of this system of equations is

χ5 = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄)+(x−y)(ζ5x̄−(λ5−ζ5)ȳ))g5
(
(λ1

5 − ζ1
5)x+ ζ1

5y
)
, (A.8)

where g5 is a holomorphic function.

Zero modes for the 10 sector. We recall here the main strategy outlined in the main

text that will allow us to find a solution to the intricate equations for the fluctuations in

the 10 sector. We start finding the general solution to the F-term equations that take the

following form

a = efP/2∂̄ξ , (A.9a)

ϕ = efP/2(h− iΨξ) , (A.9b)

where h is a doublet of holomorphic functions and ξ is a doublet of regular functions. Note

that the fluctuations in (A.9) will solve the F-term equations in holomorphic gauge for the

primitive fluxes: once we know the fluctuations it will be easy to pass to a real gauge

areal = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄) a , ϕreal = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄) ϕ . (A.10)

In principle ξ and h should be determined asking for the fluctuations to solve the D-term,

however it is convenient to define U = e−fP/2ϕ and express the D-term equations in terms

of this new doublet which is related to ξ as

ξ = iΨ−1(U − h) . (A.11)

In the D-term equations the dependence on h will completely drop and it will be fixed

asking for regularity of ξ once the solution for U will be known. Here we expand the

equations (5.18) for U in terms of the doublets:

∂x∂x̄U
++∂y∂ȳU

+− µ
2

D0

(
µ2y∂ȳU

++m∂ȳU
−)+ ∂xf

D0

[
(µ4y2+m3x)∂x̄U

++2mµ2y∂x̄U
−
]

+qx∂x̄U
+ + qy∂ȳU

+ −
(
µ4yȳ +m2e2f

)
U+ + µ2m

(
ȳ +myx̄e−2f

)
U− = 0 , (A.12a)

∂x∂x̄U
− + ∂y∂ȳU

− +
1

D0

(
m2µ2y∂x̄U

+ +m3∂x̄U
− −m2µ2x∂ȳU

+ − µ4y∂ȳU
−
)

+qx∂x̄U
− + qy∂ȳU

− − ∂xf

D0

[
(µ4y2 +m3x)∂x̄U

− + 2m2µ2xy∂x̄U
+
]

(A.12b)

+µ2m
(
mxȳ + ye2f

)
U+ −

(
µ4yȳ +m4xx̄e−2f

)
U− = 0 ,
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where in the previous equations we defined D0 = µ4(x − y)2 −m3x, qx = qRx̄ − qS ȳ and

qy = −(qRȳ + qS x̄). To solve these equations which look extremely complicated we need

some simplifications. First of all since we know the behavior of the Painlevé transcendent

only in a neighborhood of the origin we will restrict our attention to the region mr � 1.

Second we will look to a particular region in the parameter space where µ � m. The

equations for the doublet U greatly simplify and take the following form

∂x∂x̄U
+ + ∂y∂ȳU

+ + qx∂x̄U
+ + qy∂ȳU

+ − ∂xf∂x̄U+ −m2e2fU+ = 0 , (A.13a)

∂x∂x̄U
−+ ∂y∂ȳU

−− 1

x
∂x̄U

−+ ∂xf∂x̄U
−+ qx∂x̄U

−+ qy∂ȳU
−−m4e−2fxx̄U−= 0 . (A.13b)

Since the equations for U+ and U− are now independent we will solve them separately.

We start with U+ which will not admit a localized solution and then move to U−.

Solution for U+. Using the known asymptotic form of the Painlevé transcendent in a

neighborhood of the origin we find that the equation for U+ becomes

∂x∂x̄U
+ + ∂y∂ȳU

+ + (qx −m2c2x̄)∂x̄U
+ + qy∂ȳU

+ −m2c2(1 + 2m2c2xx̄)U+ = 0 . (A.14)

This equation is in general very difficult to solve, but some simplifications occur if we take

qS = 0.11 In this case we can take the function U+ to be a function of r =
√
xx̄ times a

holomorphic function of y

U+ = g(y)G(r) . (A.15)

Using this form we see that the equation for U+ becomes an equation for G(r)

G′′(r) +
1

r
G′(r) + 2r(qR − c2m2)G′(r)− 4c2m2

(
2c2m2r2 + 1

)
G(r) = 0 . (A.16)

Eq. (A.16) has a regular singular point at r = 0 and it can be shown easily that at this point

there is an analytic solution and a solution with a logarithmic singularity that diverges and

must be discarded. Up to normalization the analytic solution has a series expansion

G(r) = 1 +m2c2r2 + . . . . (A.17)

This function is not localized at r = 0. Thus, in the following we set U+ = 0.

Solution for U−. The equations for U− once we take into account the asymptotics of

the Painlevé transcendent has the following form

∂x∂x̄U
− + ∂y∂ȳU

− − 1

x
∂x̄U

− + (qx +m2c2x̄)∂x̄U
− + qy∂ȳU

− −m4c−2xx̄U− = 0 . (A.18)

The solution to this equation is quite simple

U− = eλ10x(x̄−ζ10ȳ)gj(y + ζ10x) , (A.19)

11According to the results in appendix B the flux qS does not affect the convergence of the wavefunction

in the 10 sector for µ� m so the conclusion that we arrive at should be valid also for qS 6= 0.
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where gj(y+ζ10x) are holomorphic family functions, λ10 is the lowest root of the polynomial

m4(λ10 − qR) + λc2
(
c2m2(qR − λ10)− λ2

10 + q2
R + q2

S

)
= 0 (A.20)

and

ζ10 = − qS
(λ10 − qR)

. (A.21)

Using (A.9a), (A.9b) and (A.11) one gets the physical fluctuations in the main text (5.20)

which we repeat here for convenience,

−→ϕ j
10+ = γj10

−→v +e
f/2χj10

−→ϕ j
10−

= γj10
−→v −e−f/2χj10 (A.22)

with

−→v 10+ =

 iλ10
m2

− iλ10ζ10
m2

0

 −→v 10− =

 0

0

1

 . (A.23)

The scalar wavefunctions χ10 read

χj10 = e
qR
2

(|x|2−|y|2)−qS(xȳ+yx̄)+λ10x(x̄−ζ10ȳ) gj(y + ζ10x) (A.24)

where gj = m3−j
∗ (y + ζ10x)3−j for i = 1, 2, 3. In order to compute the norm for the 10

sector we have to include the scalar product in the su(2) algebra. Thus, to have canonical

kinetic terms we must impose the following matrix is the identity

Kij
10 = m2

∗

∫
S

Tr(−→ϕ i
10+
†−→ϕ j

10+ +−→ϕ i
10−
†−→ϕ j

10−
)dvolS (A.25)

= m2
∗(γ

i
10)∗γj10

∑
κ=±
||−→v 10κ ||

∫
S
eκf (χi10)∗χj10 dvolS

The only non-vanishing elements are those in the diagonal which can be computed using

the formulas in appendix A in [17] leading to

|γj10|
2 = − c

m2
∗π

2(3−j)!
1

1
2λ10+qR(1+ζ2

10)−m2c2
+

c2λ2
10

m4
1

2λ10+qR(1+ζ2
10)+m2c2

(
qR
m2
∗

)4−j
. (A.26)

When computing the wavefunctions and normalization factors we assumed that we

could approximate the Painlevé function f to second order in the coordinates. Now that

we have the wavefunctions we revisit this assumption to see whether this is indeed a

consistent approximation. Recall from (3.33) the form of the Painlevé solution including

the neglected higher order term

f(r) = log c+ c2m2r2 +m4r4

(
c2

2
− 1

4c2

)
+ . . . . (A.27)

The additional contribution will become important at r = r0 where it is of the same order

or magnitude as the r2 term, namely

c2m2r2
0 ∼ m4r4

0

∣∣∣∣c2

2
− 1

4c2

∣∣∣∣ =⇒ r2
0 ∼

4c4

|2c4 − 1|m2
. (A.28)
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A consistent approximation requires that at such r0 the wavefunction is sufficiently damped

so that the effect of higher order terms is in fact negligible. The damping of the wavefunc-

tion can be read off from (A.22) and is controlled by the |x|2 coefficient in the exponential.

Thus, the wavefunction will be exponentially small at r = r0 when

−
(
qR
2

+ λ10 ±
m2c2

2

)
r2

0 � 1 (A.29)

where the term ±m2c2/2 comes from the factor e±f/2 in (A.22). Using the value of the

critical radius r0 in (A.28) we get a condition on the parameters m, qR and qS , namely

−
(
qR
2

+ λ10 +
m2c2

2

)
4c4

|2c4 − 1|m2
� 1 (A.30)

where we took the plus sign in (A.29) since it is more restrictive. It is perhaps useful to

consider the particular case qS = 0 since the above condition becomes more transparent

and according to the discussion in appendix B this should not affect the convergence of the

wavefunction. Thus, taking qS = 0 one can get a simple solution for λ10 and (A.30) becomes√( qR
m2

+ c2
)2

+
4

c2

2c4

|2c4 − 1|
� 1. (A.31)

Non-perturbative corrections. In this section we present some details on the com-

putation of the correction to the background and fluctuations in a real gauge due to the

non-perturbative effects.

Background. As explained in the main text one can compute the correction to the

background using the same strategy as for the tree level solution. Namely, one solves first

the F-terms and performs an arbitrary complexified gauge transformation (see eq. (5.30))

on the solution which is then plugged in the D-term equation. This yields an equation for

such transformation which in our particular case is given in terms of the functions f and k.

Taking the background fields in a real gauge (5.31) and imposing they satisfy the

D-term equation we arrive at the Painlevé equation (3.29) for f and to the following

equation for k,

cosh f ∂x∂x̄k + ∂xf∂x̄k e
f − ∂xk∂x̄f e−f +mef (m2x̄k∗ −mk + 2θ̄y∂x̄f)

−m2x̄e−f (m2xk −mk∗ + 2θy∂xf) = 0. (A.32)

One can solve this equation near the origin following the same reasoning given around

eq. (3.33) according our local approach. Thus, it is enough to know the solution to the

Painlevé equation for f to second order, namely f = log c+m2c2xx̄+ . . . , which yields the

solution to k given in the main text,

k = θ̄y c
2mx+ θy

1− c2

2c2 − 1
m2x̄2 + . . . (A.33)
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Sector 5. This sector in not charged under the SU(2) ⊂ E6 where the T-brane lives so

the analysis of the correction to the physical wavefunction reduces to that of section 5.1

in [17]. The equations of motion read

∂̄〈A〉a = 0 (A.34)

∂̄〈A〉ϕ+ i[〈Φ〉, a] + ε ∂θ0 ∧ ∂〈A〉a = 0 (A.35)

ω ∧ ∂〈A〉a−
1

2
[〈Φ̄〉, ϕ] = 0 (A.36)

which in a holomorphic gauge reduce to

∂x̄aȳ − ∂ȳax̄ = 0 (A.37)

∂m̄ϕxy + i2µ2(x− y)am̄ = iε [θy∂xam̄ − θx∂yam̄] +O(ε2) (A.38)

for the F-terms while the D-term is

{∂x + x̄qR − ȳqS} ax̄ + {∂y − ȳqR − x̄qS} aȳ − 2iµ2(x̄− ȳ)ϕxy (A.39)

= iεθ̄x {yqR + xqS}ϕxy − iεθ̄y {−qRx+ yqS}ϕxy.

The correction to the wavefunction is found to be

ϕ
(1)
5 = m∗γ5e

(x−y)(ζ5x̄−(λ5−ζ5)ȳ))Υ5 (A.40)

with λ5, ζ5 defined as in (5.7) which depend on the subsector 5r, r = 1, 2, and

Υ5 = − 1

4µ2
(ζ5x̄− (λ5− ζ5)ȳ)2(θx+ θy) +

δ1

2
(x−y)2 +

δ2

ζ5
(x−y)(ζ5y+ (λ5− ζ5)x) (A.41)

with the constants δ1 and δ2 given by

δ1 =
2µ2

λ2
5

{θ̄x(qR(ζ5 − λ5) + qSζ5) + θ̄y(qRζ5 − qS(ζ5 − λ5))} (A.42)

δ2 =
2µ2ζ5
λ2
5

{θ̄x(qR + qS) + θ̄y(qR − qS)}. (A.43)

The holomorphic terms in Υ5, which depend on θ̄x and θ̄y through δ1 and δ2, are needed to

satisfy the corrected D-term equation. Going back to a real gauge we arrive at eq. (5.36)

in the main text.

Sector 10. As argued in the main text there is no actual need to compute the corrections

to the 10 sector in the µ� m approximation since these do not modify the normalization

factors or induce mixing. Here we complete the argument by showing that in eq. (5.43)

U
(1)
− = 0.

We know from the discussion below eq. (A.16) that U
(0)
+ = 0, which implies ξ

(0)
− = 0.

Then, from (5.41) it follows

ξ
(1)
+ =

i

m2x
U

(1)
− . (A.44)
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Moreover, from (5.30) and (5.38) we obtain

a
(1)
+ =

i

m2x
ef/2 ∂̄U1

− ; ϕ
(1)
− = e−f/2 U

(1)
− (A.45)

which when substituting in the D-term yield

∂x∂x̄U
(1)
− −

1

x
∂x̄U

(1)
− + ∂xf∂x̄U

(1)
− + qx∂xU

(1)
− + qy∂yU

(1)
− −m4e−2fxx̄U

(1)
− = 0. (A.46)

This equation is the same as (A.13b) so the solution near the origin is given by U
(1)
− =

eλ10x(x̄−ζ10ȳ)s(y) which is localized. However, in order to ensure that ξ
(1)
+ given in (A.44) is

regular at x = 0 it must be that s ≡ 0. Thus, we take U
(1)
− = 0 which yields the particular

form (5.45) for the correction.

B Doublet-triplet splitting and local chirality

When constructing the E6 model in the main text we made some particular choices of

fluxes to have the correct chiral modes and doublet-triplet splitting. In this appendix we

discuss in more detail these choices.

The Higgs background 〈Φ〉 generally produces matter curves Σρ where we find localized

modes in the transverse direction for both chiralities. Only when non-trivial gauge fluxes

are included a specific chirality is selected. More precisely, to have a chiral spectrum in

the sector ρ living at Σρ we must ensure that∫
Σρ

TrR 〈F 〉 6= 0. (B.1)

where R is the representation of the subgroup generated by 〈Φ〉 and 〈F 〉 under which

fermions in the sector ρ transform. This condition requires a global knowledge of the

matter curve Σρ along SGUT and the flux along it. However, we cannot impose (B.1)

in practice since we do not know the geometry or fluxes away from the Yukawa point

so we need an alternative characterization of chirality suited to our local approach. The

notion of local chirality was discussed in [28] and it boils down to demanding that matter

wavefunctions of a certain 4d chirality are localized near the Yukawa point p. Indeed, when

gauge fluxes are included such that the wavefunction for a given sector ρ is localized in the

region around p, its conjugate sector ρ̄ will not contain any localized mode in that same

region, and this signals a net local chirality.

A simple way to obtain a condition on the fluxes to have local chirality is to first

T-dualize in the z, z̄ directions to a system of magnetized D9 branes and look at the index

theorem in 6d. As explained in appendix A of [18] under T-duality we get a gauge field

along z̄, 〈Az̄〉 = 〈Φxy〉, so we end up with magnetic fluxes Fxz̄ = DxΦxy and Fyz̄ = DyΦxy.

For T-brane backgrounds we also have a flux along the zz̄ direction, Fzz̄ = i[Φxy,Φ
†
xy].

The Dirac index for a given representation R in 6d reads

indexR /D =
1

48(2π)2

∫ (
TrR F ∧F ∧F −

1

8
TrR F ∧TrR∧R

)
(B.2)
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where F is the gauge flux and R is the Riemann tensor. The local chirality notion in this

setup translates into asking that the integrand is different from zero at the Yukawa point.

Since the second term in (B.2) vanishes for flat spaces we should look at the quantity12

IR ≡
i

6
TrR (F ∧F ∧F )xx̄yȳzz̄ = iTrR

(
Fxx̄{Fyȳ, Fzz̄}+ Fxz̄{Fyx̄, Fzȳ}+ (B.3)

Fxȳ{Fyz̄, Fzx̄} − {Fxx̄, Fyz̄}Fzȳ − {Fxȳ, Fyx̄}Fzz̄ − {Fxz̄, Fyȳ}Fzx̄
)
.

The condition to have local chirality in a given sector ρ is that IR < 0 for such sector in a

given region. For the case of intersecting branes the flux Fzz̄ vanishes and the representation

R is abelian so IR reduces to the criterion for local chirality discussed in [28] and [17].

In the following we compute IR for every sector in the E6 model which gives the

conditions on the fluxes to have both chirality and doublet-triplet splitting.

Sector 10. For the 10 sector the representation R under the broken part su(2)⊕ u(1) is

2−1 so the fluxes are 2× 2 matrices which we write in terms of P, E+, E− defined by

P =

(
1 0

0 −1

)
E+ =

(
0 1

0 0

)
E− =

(
0 0

1 0

)
.

Taking into account the T-brane background (3.25) together with the primitive fluxes (3.42)

we have

−iFxx̄ = −qR(10i)I2 −m2c2P −iFxȳ = qS(10i)I2

−iFyȳ = qR(10i)I2 −iFxz̄ = ibµ2I2 − 2im2c2x̄

(
mcE+ − m2x

c
E−
)

−iFzz̄ = m2c2P −iFyz̄ = −iµ2I2

where the index i runs through all the particles with different hypercharge within the 10

multiplet according to table 1 in the main text. Using the expression in (B.3) we find that

for this sector the local index is

I2−1 = −2m4c4qR(10i)− 4bµ4qS(10i) + 2(1− b2)µ4qR(10i) (B.4)

where we dropped some x-dependent terms since these are negligible compared to the

constant terms near the origin. In fact, when computing localized wavefunctions in section 5

we take the approximation µ� m which yields

I2−1 ≈ −2m4c4qR(10i). (B.5)

Thus, the condition I2−1 < 0 translates into qR(10i) > 0 for every i. Taking into account

the different values of the hypercharge we arrive at eq. (3.47) in the main text. Notice

that this condition can also be read off from the physical wavefunction (5.20) which is only

convergent for qR > 0.

12We take F = Fαβ̄ dx
α ∧ dx̄β̄ so we include a factor of i to make TrRF

3
xx̄yȳzz̄ a real number.
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Sector 5 and doublet-triplet splitting. The 5 sector contains the Higgs doublet and

a triplet that should not be present at low energies. This means that we must include a

hypercharge flux such that it yields a chiral spectrum for the doublets while keeping the

triplet sector non-chiral. In terms of local chirality, the index (B.3) should be negative for

the doublets and vanishing for the triplets. Since this sector transforms as 12 under the

broken su(2)⊕ u(1) it does not feel the T-brane background and the index reduces to the

expression in [17], namely

I12 = det m5i = idet

Fxx̄ Fyx̄ Fzx̄
Fxȳ Fyȳ Fzȳ
Fxz̄ Fyz̄ 0

 . (B.6)

Given the Higgs background (3.25) and fluxes (3.42) the matrix m5i is

m5i =

−qR(5i) qS(5i) 2ibµ2

qS(5i) qR(5i) −2iµ2

−2ibµ2 2iµ2 0

 (B.7)

which yields

I12 = −8µ4b qS(5i) + 4µ4(1− b2)qR(5i). (B.8)

For the particular choice b = 1 the second term vanishes and I12 = −8µ4qS(5i) so in order

to have doublet triplet splitting we must ensure

qS(51) > 0, qS(52) = 0 =⇒ NY + 6N = 0, N > 0. (B.9)

Again, one can check that this condition is precisely what is needed to make the physical

wavefunction (5.7) convergent. On the other hand, for the triplets the wavefunction is

localized only in the transverse direction to the matter curve but not in the longitudinal one.

Notice that the choice b = 0 is troublesome since it does not allow to have doublet-

triplet splitting and chiral quarks. Indeed, for b = 0 the condition for having non-chiral

triplets is qR(52) = −2M + 1
3ÑY = 0. However, this is incompatible with having chirality

in the 102 subsector which requires qR(102) = M − 1
6ÑY > 0.

C Elliptic fibration for the E6 singularity

In the main text a local description of the GUT divisor has been used without any reference

to its embedding into a three-fold used for the compactification. In this appendix using

deformation of ADE singularities we will be able to have a local description of the geometry

of the elliptic fibration around the E6 point and have a further check of the location of the

matter curves. We start recalling that the general form of an unfolded E6 singularity is

Y 2 = X3 +X(ε2z
2 + ε5z + ε8) +

(
z4

4
+ ε6z

2 + ε9z + ε12

)
. (C.1)
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Here X,Y ∈ C2 are coordinates in the elliptic fiber13 and z is a local coordinate in the

base manifold. The Casimir invariants of E6 whose explicit expression can be found in the

appendices of [50], will be determined by a particular choice of Higgs background on the

GUT divisor. It is convenient to define

f = ε2z
2 + ε5z + ε8 , g =

z4

4
+ ε6z

2 + ε9z + ε12 . (C.2)

Now inspecting the equation defining the elliptic fiber we can see that it will be singular

whenever

∆ = 27g2 + 4f3 = 0 . (C.3)

If we specialize to the Higgs background presented in the main text we find that the Casimir

invariants have the following expression

ε2 =
1

6

(
−3m3x− 5µ4(x− y)2

)
(C.4a)

ε5 = − 8

81
µ6(x− y)3

(
15m3x+ µ4(x− y)2

)
(C.4b)

ε6 =
1

1944

[
81m9x3 − 135µ4m6x2(x− y)2 − 1125µ8m3x(x− y)4 + 155µ12(x− y)6

]
(C.4c)

ε8 =
1

34992

[
− 729m12x4 + 4860µ4m9x3(x− y)2 − 15390µ8m6x2(x− y)4−

5460µ12m3x(x− y)6 + 335µ16(x− y)8
]

(C.4d)

ε9 =
2µ6(x− y)3

19683

(
1215m9x3 − 4941µ4m6x2(x− y)2−

675µ8m3x(x− y)4 + 305µ12(x− y)6
)

(C.4e)

ε12 =
1

5668704

[
6561m18x6 − 65610µ4m15x5(x− y)2+

317115µ8m12x4(x− y)4 − 536220µ12m9x3(x− y)6 − 289305µ16m6x2(x− y)8+

27846µ20m3x(x− y)10 + 15325µ24(x− y)12
]

(C.4f)

In order to analyze the singularity it is convenient to define a shifted variable z′ =

z − 1
27µ

2(x− y)
(
9m3x+ 7µ4(x− y)2

)
. In terms of z′ the discriminant takes the form:

∆ = −1

8
z′5
[
µ2(x− y)

(
m3x− µ4(x− y)2

)4]
+O

(
z′6
)
. (C.5)

Thus we can conclude that the fiber will be singular at z′ = 0, and moreover the singularity

will enhance at the loci x = y and m3x = µ4(x − y)2. It is quite simple to analyze these

singularities using Kodaira classification, see table 3. As a further check of the structure of

the fiber over the discriminant locus we can try to resolve the singularity and analyze the

intersection pattern of its components. It is first convenient to pass from the Weierstraß

13Here we are describing the elliptic curve in an affine patch so that X and Y are inhomogeneous

coordinates. However it is easy to go to the usual Weierstraß form of the elliptic fiber taking the projective

closure of (C.1) in P1,2,3. If we call the homogenous coordinates of P1,2,3 (u, v, w) then we have X = vu−2

and Y = wu−3 in the affine patch P1,2,3 r Z(u).
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Singular locus ord(f) ord(g) ord(∆) Singularity

z′ = 0 0 0 5 A4

z′ = 0

x = y
0 0 6 A5

z′ = 0

m3x = µ4(x− y)2
2 3 7 D5

z′ = 0

x = y = 0
∞ 4 8 E6

Table 3. Singularity types of the E6 model.

form to the Tate form of the fibration. This can be achieved using the following change

of variables

(X,Y )→
(
X+

1

12

(
m3x−µ4(x−y)2

)2− 2

3
µ2z′(x−y), Y +

1

2
X
(
m3x−µ4(x−y)2

)
− z
′2

2

)
.

(C.6)

This change of variables gives the following elliptic fiber:

Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6 , (C.7)

where:

a1 = m3x− µ4(x− y)2 , a2 = 2µ2z′(y − x) , a3 = −z′2 , a4 = a6 = 0 . (C.8)

We note that since a6 = 0 our fibration is a case of the so-called U(1)-restricted Tate model

which was introduced in [51].14 An explicit resolution of this class of fibrations was given

in [31] using toric methods: of particular interest is the Yukawa point where the extended

Dynkin diagram of E6 does not appear in any possible toric resolution.15,16 The fact that

we can not recover the extended Dynkin diagram of E6 matches a distinctive feature of

T-brane backgrounds, see footnote 4. In fact if the complex structure of the Calabi-Yau

hypersurface is tuned to avoid monodromy like in [36] it is possible to find a resolution of

the singularities that lead to the extended Dynkin diagram of E6.

14These kind of models admit a global section in addition to the usual section of the elliptic fibration

and this introduces additional massless U(1) generators in the spectrum. However this is an artifact of the

choice of minimal E6 singularity in (C.1). If we had added a term z5 then a6 would no longer be zero,

however this contribution can not be captured in our local approach [19].
15The resolution of singularities in the context of SU(5) models and the appearance of non-Kodaira fibers

has also been studied in [32–34]. For a systematic analysis of the resolution of singularities of Tate models

and the appearance of exotic fibers see [35].
16There are six different resolutions of (C.7) that come from different triangulations of the toric ambient

space. The actual number of triangulations of the toric ambient space is larger but some triangulations

become equivalent once we restrict to the Calabi-Yau hypersurface.
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[3] R. Blumenhagen, M. Cvetič, D. Lüst, R. Richter and T. Weigand, Non-perturbative Yukawa

couplings from string instantons, Phys. Rev. Lett. 100 (2008) 061602 [arXiv:0707.1871]

[INSPIRE].

[4] R. Donagi and M. Wijnholt, Model building with F-theory, Adv. Theor. Math. Phys. 15

(2011) 1237 [arXiv:0802.2969] [INSPIRE].

[5] C. Beasley, J.J. Heckman and C. Vafa, GUTs and exceptional branes in F-theory — I, JHEP

01 (2009) 058 [arXiv:0802.3391] [INSPIRE].

[6] C. Beasley, J.J. Heckman and C. Vafa, GUTs and exceptional branes in F-theory — II:

Experimental predictions, JHEP 01 (2009) 059 [arXiv:0806.0102] [INSPIRE].

[7] R. Donagi and M. Wijnholt, Breaking GUT Groups in F-theory, Adv. Theor. Math. Phys. 15

(2011) 1523 [arXiv:0808.2223] [INSPIRE].

[8] S. Cecotti, M.C. Cheng, J.J. Heckman and C. Vafa, Yukawa Couplings in F-theory and

Non-Commutative Geometry, arXiv:0910.0477 [INSPIRE].

[9] J.J. Heckman and C. Vafa, Flavor Hierarchy From F-theory, Nucl. Phys. B 837 (2010) 137

[arXiv:0811.2417] [INSPIRE].
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[18] L. Aparicio, A. Font, L.E. Ibáñez and F. Marchesano, Flux and instanton effects in local

F-theory models and hierarchical fermion masses, JHEP 08 (2011) 152 [arXiv:1104.2609]

[INSPIRE].

– 49 –

http://dx.doi.org/10.1088/1126-6708/2000/08/002
http://arxiv.org/abs/hep-th/0005067
http://inspirehep.net/search?p=find+EPRINT+hep-th/0005067
http://dx.doi.org/10.1103/PhysRevLett.100.061602
http://arxiv.org/abs/0707.1871
http://inspirehep.net/search?p=find+EPRINT+arXiv:0707.1871
http://arxiv.org/abs/0802.2969
http://inspirehep.net/search?p=find+EPRINT+arXiv:0802.2969
http://dx.doi.org/10.1088/1126-6708/2009/01/058
http://dx.doi.org/10.1088/1126-6708/2009/01/058
http://arxiv.org/abs/0802.3391
http://inspirehep.net/search?p=find+EPRINT+arXiv:0802.3391
http://dx.doi.org/10.1088/1126-6708/2009/01/059
http://arxiv.org/abs/0806.0102
http://inspirehep.net/search?p=find+EPRINT+arXiv:0806.0102
http://arxiv.org/abs/0808.2223
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.2223
http://arxiv.org/abs/0910.0477
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.0477
http://dx.doi.org/10.1016/j.nuclphysb.2010.05.009
http://arxiv.org/abs/0811.2417
http://inspirehep.net/search?p=find+EPRINT+arXiv:0811.2417
http://dx.doi.org/10.1088/1126-6708/2009/09/036
http://arxiv.org/abs/0907.4895
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.4895
http://dx.doi.org/10.1007/JHEP01(2010)029
http://dx.doi.org/10.1007/JHEP01(2010)029
http://arxiv.org/abs/0910.2413
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.2413
http://dx.doi.org/10.1103/PhysRevLett.104.231601
http://arxiv.org/abs/0910.5496
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.5496
http://dx.doi.org/10.1088/1126-6708/2009/02/016
http://arxiv.org/abs/0811.2157
http://inspirehep.net/search?p=find+EPRINT+arXiv:0811.2157
http://dx.doi.org/10.1007/JHEP01(2010)127
http://dx.doi.org/10.1007/JHEP01(2010)127
http://arxiv.org/abs/0912.0853
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.0853
http://dx.doi.org/10.1007/JHEP06(2010)092
http://arxiv.org/abs/1002.1790
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.1790
http://dx.doi.org/10.1007/JHEP02(2011)108
http://arxiv.org/abs/1009.6000
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.6000
http://dx.doi.org/10.1007/JHEP03(2013)140
http://arxiv.org/abs/1211.6529
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.6529
http://dx.doi.org/10.1007/JHEP08(2011)152
http://arxiv.org/abs/1104.2609
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.2609


J
H
E
P
1
1
(
2
0
1
3
)
1
2
5

[19] H. Hayashi, T. Kawano, R. Tatar and T. Watari, Codimension-3 Singularities and Yukawa

Couplings in F-theory, Nucl. Phys. B 823 (2009) 47 [arXiv:0901.4941] [INSPIRE].

[20] H. Hayashi, T. Kawano, Y. Tsuchiya and T. Watari, Flavor structure in F-theory

compactifications, JHEP 08 (2010) 036 [arXiv:0910.2762] [INSPIRE].

[21] S. Cecotti, C. Cordova, J.J. Heckman and C. Vafa, T-branes and monodromy, JHEP 07

(2011) 030 [arXiv:1010.5780] [INSPIRE].

[22] J.J. Heckman, Particle physics implications of F-theory, Ann. Rev. Nucl. Part. Sci. 60

(2010) 237 [arXiv:1001.0577] [INSPIRE].

[23] T. Weigand, Lectures on F-theory compactifications and model building, Class. Quant. Grav.

27 (2010) 214004 [arXiv:1009.3497] [INSPIRE].
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[41] P.G. Cámara, L.E. Ibáñez and I. Valenzuela, The String Origin of SUSY Flavor Violation,

arXiv:1307.3104 [INSPIRE].

[42] A. Collinucci, New F-theory lifts. II. Permutation orientifolds and enhanced singularities,

JHEP 04 (2010) 076 [arXiv:0906.0003] [INSPIRE].

[43] R. Blumenhagen, T.W. Grimm, B. Jurke and T. Weigand, F-theory uplifts and GUTs, JHEP

09 (2009) 053 [arXiv:0906.0013] [INSPIRE].

[44] R. Blumenhagen, T.W. Grimm, B. Jurke and T. Weigand, Global F-theory GUTs, Nucl.

Phys. B 829 (2010) 325 [arXiv:0908.1784] [INSPIRE].
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