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constraints for spontaneously broken spacetime symmetries.

KEYWORDS: Spontaneous Symmetry Breaking, Space-Time Symmetries, Global Symme-
tries

ARX1IV EPRINT: 1306.1240

OPEN ACCESS doi:10.1007/JHEP11(2013)055


mailto:nicolis@phys.columbia.edu
mailto:penco@phys.columbia.edu
mailto:fpiazza@apc.univ-paris7.fr
mailto:rar2172@columbia.edu
http://arxiv.org/abs/1306.1240
http://dx.doi.org/10.1007/JHEP11(2013)055

Contents
1 Introduction and summary

2 Setup
2.1 Symmetry breaking pattern

2.2 Inverse Higgs constraints as gauge choices

3 Low-energy effective action
3.1 The coset construction
3.2 Strong coupling scale

4 Spectrum of Goldstones
4.1 Scaling arguments
4.2  Derivative mixings
4.3 7 sector
4.4 7,7 sector
4.5 Comparison with previous literature

5 Example: SU(2) x U(1) — U(1)
5.1 The coset construction

5.2  Linear sigma model for a complex doublet

6 Example: SO(3) — 0
6.1 The coset construction
6.2 Linear sigma model for one triplet
6.3 Linear sigma model for two triplets

6.4 Linear sigma model for (iso)spin-2 tensor

7 Interpolating fields
7.1 The “non-relativistic picture”
7.2 Counting the particles in the spectrum

8 Energy considerations
8.1 Probe-ability
8.2 Gravitational energy

9 Outlook
A Constraints from Jacobi Identity

B Broken current matrix elements

(@)

11
11
15

19
19
20
21
23
24

25
26
27

28
29
30
31
32

33
33
35

36
37
38

39

40

41




1 Introduction and summary

Perhaps counterintuitively, some of the most interesting consequences of symmetries in
physics arise when symmetries get broken — spontaneously broken, to be precise. This is
because of the Goldstone phenomenon, which identifies the existence of certain low-energy
excitations as the only consistent way to realize (non-linearly) the broken symmetries.
These symmetries tightly constrain the dynamics of the Goldstone excitations and, as a
consequence, the Goldstone sector is a universal and robust component of all systems with
spontaneously broken symmetries.

For spontaneously broken internal symmetries, the Goldstone theorem predicts exactly
gapless excitations. For spontaneously broken spacetime symmetries, there is a richer set
of possibilities. In fact, in situations in which time-translations are spontaneously broken
— for instance, by a cosmological spacetime — there might not be a conserved energy at
all, and excitations cannot even be classified in terms of their “gaps”.!

In recent work [1] it was shown that, for relativistic systems at finite density, Goldstone
modes associated with certain internal symmetries can become gapped. With the benefit
of hindsight, this is not entirely surprising. A system at finite density for a certain charge
(@ can be modeled via the effective Hamiltonian

H =H-uQ, (1.1)

where H is the system’s original Hamiltonian, and p is the chemical potential. This new
Hamiltonian is not invariant under the symmetries of H that do not commute with Q.
However, at least for small u, these can still be thought of as approximate symmetries of
H’. In the case that these approximate symmetries are also spontaneously broken with a
symmetry breaking scale much bigger than u, the corresponding Goldstones will not be
exactly gapless, but will have a small gap proportional to the symmetry breaking param-
eter p. A similar phenomenon happens for pions in QCD, which can be identified with
the Goldstone bosons associated with chiral symmetry, which, on top of being sponta-
neously broken, is also explicitly broken by the quark masses in the QCD Lagrangian. As
a consequence, the pions are not exactly massless, but acquire a small mass suppressed
by these symmetry breaking parameters. The excitations associated with spontaneously
broken approximate symmetries are usually referred to as pseudo-Goldstone bosons.
Remarkably, in contrast to more general pseudo-Goldstone bosons, the gapped Gold-
stones of the finite density systems analyzed in [1] have mass gaps that are exactly deter-
mined by the symmetry algebra. They are given by p times numerical factors that depend
only on the symmetry group’s structure constants and are thus insensitive to quantum
corrections. This non-perturbative result follows from thinking of the symmetries that do
not commute with @ as being spontaneously broken by a finite p, rather than explicitly,
in the following sense. The introduction of the modified Hamiltonian (1.1) can be viewed
as a formal trick to select a particular finite-density state |u), i.e., the ground state of H'.

IFor instance, the mass of cosmological perturbations is not well defined: the mass parameter formally
appearing in their Lagrangian can be changed by time-dependent field redefinitions, which are consistent
with all the symmetries since the background depends explicitly on time.



However, the generator of time-translations is still the original Hamiltonian H. All sym-
metries that do not commute with () are broken by the state of the system, but not by the
original Hamiltonian. That is, they are spontaneously broken. The fact that, according to
this viewpoint, they are eract symmetries of the dynamics allows one to derive exact state-
ments for the associated Goldstones’ gaps, via a modified Goldstone theorem [1]. From
now on we will thus avoid referring to these excitations as pseudo-Goldstones — we will
simply call them gapped Goldstones.

In this work we use “coset construction” techniques [2-5] to build a generic low-energy
effective field theory which recovers these gapped Goldstone modes. We find perfect agree-
ment with the general theorem of [1]. Moreover, and perhaps more interestingly, we find
that in general there are other gapped modes, which are not predicted by such a theorem,
and whose gaps are not fixed by the symmetry breaking pattern, and yet nevertheless
belong in the low-energy effective field theory. Although these modes are not predicted
by a Goldstone theorem, we will refer to them as “Goldstones” since they non-linearly
realize some of the broken symmetries, and, in particular, they reduce to standard, gapless
Goldstone bosons when the chemical potential is brought to zero. From this viewpoint,
they are on an equal footing with the fixed-gap Goldstones, only they are more difficult to
unveil, and their existence is less universal.

More specifically, the setup we consider in this work is the same as was considered
in [1]: a generic Poincaré invariant theory with internal symmetries, in a state that (i) has
finite density for one of the corresponding charges, @, and (i) breaks @ as well as some of
the other charges.? Then, since by definition the lowest-energy state at finite density is the
ground state of 1.1 for some g, and since @ is spontaneously broken by assumption, H is
also spontaneously broken, and one cannot characterize excitations in terms of eigenvalues
of H. The best one can do is use the unbroken combination H' as the definition of energy
for the excitations.

In sections 2, 3 and 4 of this work we implement this symmetry breaking pattern
directly at the level of the coset construction, and we find four different kinds of Gold-
stone modes:

1. Linear gapless: gapless excitations, with a low-momentum dispersion relation w o k.

2. Quadratic gapless: gapless excitations, with a low-momentum dispersion relation
wo k.

3. Fized gap: gapped excitations, with a low-momentum gap w ~ pu, completely deter-
mined by the symmetry breaking pattern.

4. Unfized gap: gapped excitations, with a low-momentum gap generically of order u,
but dependent on free parameters, and thus potentially tunable.

20ur results can be formally extended to situations in which @ is not broken, but in that case one can
classify excitations directly in terms of their eigevalues for the original Hamiltonian, H. With this definition
of energy all Goldstones are gapless. We discuss this further in section 8.1.



The first two classes of Goldstones were already identified in the classic paper by Nielsen
and Chadha [6], where a counting rule for them was also derived. This counting rule
has been made more powerful over the years, most recently in [7-10]. The third class of
Goldstones was identified in [1], where a counting rule was derived.®> Our coset analysis
confirms these previous results, except for a possible disagreement with the counting rule
of classes 1 and 2 proposed by [7, 8].

Perhaps most importantly, our results identify the fourth class of Goldstones. In
this work we provide a counting rule for these Goldstones, in the form of upper and
lower bounds:

ng <ng <ng+ns, (1.2)

where n; is the number of Goldstones of class . Where one lands in this range cannot be
inferred purely from symmetry considerations. From the high-energy, microscopic view-
point, the uncertainty stems from the freedom one has in choosing, for given symmetry
breaking pattern, which representation of the symmetry group the order parameter belongs
to, at least for models that are amenable to a semiclassical analysis. From the low-energy,
coset-construction viewpoint, the uncertainty stems from the freedom one has in imposing
certain “inverse Higgs” constraints [12, 13].

The current literature on inverse Higgs constraints can be ambiguous as to when in-
verse Higgs constraints can be imposed, versus when they should be imposed. In this work
we put forward an interpretation of the inverse Higgs constraints and a prescription for
when to impose them which we believe are more transparent. In particular, we emphasize
their being optional gauge-fixing conditions. As is well known, when spacetime symme-
tries are spontaneously broken, the Goldstone fields can be a redundant parameterization
of the physical excitations. However, as we demonstrate in the examples considered below,
whether they are is a question that depends of the details of the symmetry breaking mech-
anism, and not just on the symmetry breaking pattern. To be explicit, at least for weakly
coupled linear o-models, it depends on which representation breaks the symmetries. In
cases in which such redundancies are there, they really correspond to gauge transforma-
tions one can perform on the Goldstone fields that do not change the physical fluctuations
of the order parameters. One can choose gauges that are compatible with all the global
symmetries. Such gauge choices are nothing but the inverse-Higgs constraints.

Both the upper and lower bounds of (1.2) can be saturated, as we show in a number of
examples. However, the upper bound can be saturated for any symmetry breaking pattern,
while saturating the lower bound is not always possible, because some of the necessary
inverse Higgs constraints might be incompatible with the unbroken symmetries. So, while
the upper bound is universal, the lower bound can be raised for certain symmetry breaking
patterns. As suggested by the upper bound, and as we will make more precise below, the
class 4 Goldstones can be thought of as partners of class 2 and class 3 Goldstones. The
lower bound then suggests that the partners of class 2 Goldstones are always there, while
one might be able to remove some or all of the partners of class 3 Goldstones by imposing

®In a different context [11], it was argued that fixed gap Goldstones can generically arise when a spon-
taneously broken symmetry does not commute with the Hamiltonian.



inverse Higgs constraints. We confirm these expectations below, giving specific examples
in sections 5 and 6.

Two qualifications are in order. First, the coset construction yields the Goldstones’ low-
energy effective action as a derivative expansion. Since some of our Goldstones are gapped,
with a gap of order of the chemical potential u, we have to make sure that p is well below
the strong coupling scale of the low-energy effective theory, where the derivative expansion
breaks down. As we will discuss at some length below, such a situation corresponds, for
instance, to relativistic theories with standard spontaneous symmetry breaking (SSB), in
which the turning-on of a small chemical potential does not trigger a phase transition.
Thus, in these theories, one can have a large symmetry breaking scale f controlling the
derivative expansion, and a small y < f acting as an infrared deformation of the theory
and controlling the excitations’ gaps. It is somewhat puzzling that the results of [1] are
in this respect much more robust than the coset construction, being completely insensitive
to how close p is to the strong-coupling scale of the Goldstone low-energy effective theory.
It would be interesting to understand whether there exists an improved coset construction
that can dispose of the y < f assumption.

Second, and less importantly, given our high-energy upbringing, we might be tempted
to refer to an excitation’s zero-momentum gap as its “mass.” We will refrain from doing
so. Since a finite density state breaks (spontaneously) Poincaré invariance, its excitations
cannot be classified in terms of their masses — there is no “invariant mass” to talk about.

Note added: while this work was in its final stages, ref. [14] appeared with some overlap-
ping results. Ref. [14] extends the results of [1] to intrinsically non-relativistic systems, and
avoids dealing explicitly with the spontaneous breaking of spacetime symmetries. Notice
that in the real world Poincaré invariance, if broken, is always broken spontaneously rather
than explicitly. Therefore, although some aspects of ref. [14] are very general, that analysis
formally applies only to cases in which the breaking of spacetime symmetries happens at
much higher scales than the breaking of internal symmetries under consideration. In such
cases, the Goldstones associated with spacetime symmetries (e.g., phonons) probably can
be ignored, since their interactions are suppressed by a very high symmetry breaking scale.

In our work we explicitly keep track of all spacetime symmetries, including the spon-
taneously broken ones. However, we restrict our analysis to cases in which Lorentz boosts
are broken only by the finite density of the ground state, rather than, for instance, by an
underlying medium. As we will see, such a restriction is equivalent to imposing certain
inverse Higgs constraints.

Note added 2: after this work was completed, it was brought to our attention that the
possible existence of Goldstone modes with unfixed gap was first discussed in ref. [15]. In
that paper, the author discusses the unfixed gap Goldstones that are the partners of the
class 2 Goldstones in a context where Lorentz symmetry is explicitly broken. As mentioned
above, in this work we point out how unfixed mass Goldstones can also arise as partners
of class 3 Goldstones, which were not discussed in ref. [15].



Conventions: in this work we adopt a (—, +, +, +) signature for the metric. All internal
indices are raised and lowered arbitrarily. Einstein summation convention is assumed unless
otherwise stated.

2 Setup

In this section we present the symmetry breaking pattern which will be the starting point
of our coset construction: a generic Poincaré invariant theory with internal symmetries,
broken and unbroken, in a state that has finite density for one internal charge. We review
certain characteristics of symmetry breaking at finite density. We discuss the relevance of
inverse Higgs constraints for this symmetry breaking pattern. We also discuss an interpre-
tation of the inverse Higgs constraints as a gauge fixing condition.

2.1 Symmetry breaking pattern

As we briefly reviewed in the Introduction, a system at finite density for a conserved charge
@ can be described using the modified Hamiltonian

H—H =H-puQ, (2.1)

where 1 is the chemical potential associated with the charge @). The ground state |u) of
the system is defined as the eigenstate of the modified Hamiltonian H’ with the lowest
eigenvalue which, without loss of generality, we can assume to vanish:*

H'|p) = (H — pQ)|p) = 0. (2.2)

If @ is spontaneously broken then H, the generator of time translations, must be as well,
in the sense that |u) is not an eigenstate of H [16]. Thus excited states, including the
Goldstone bosons, cannot be classified as eigenstates of the original Hamiltonian H but
only as eigenstates of H — u@.
In the Lagrangian formulation, the replacement (2.1) is equivalent to the following
shift of the time derivatives:
Jg — Oy +ipQ . (2.3)

Introducing a chemical potential in this way explicitly breaks the Lorentz invariance of the
Lagrangian. However, when () is spontaneously broken, a completely equivalent description
is one in which the Lagrangian is the original, Lorentz-invariant one, but one expands about
a time-dependent background solution,

(@)(t) = e (D)o, (2.4)

where @ is the order parameter of the symmetry breaking and (®) is its expectation value
at t = 0. A field configuration of the form (2.4) was dubbed “spontaneous symmetry
probing” (SSP) in [16]. In this approach, one may consider the Lorentz invariance of the
theory to be spontaneously broken by a time-dependent field configuration.

“Such a choice can be implemented by dialing the cosmological constant [16], which, in the absence of
gravity, has no physical consequences.



Notice that both the Lagrangian and Hamiltonian formulations allow for an interpre-
tation of our physical situation in which all symmetries that are broken are only broken
spontaneously. According to this interpretation, the original time translations are also
spontaneously broken. There is, however, a new generator of time translations that is
unbroken: H’. This is the interpretation that we will take in the rest of this paper.

To study gapped Goldstones then, we consider a generic Poincaré invariant theory
with internal symmetries, in a state that has finite density for one of the internal charges,
Q. We take the ground state of the system to spontaneously break (), time translations
and boosts, as well as some additional internal charges.

To implement the coset construction for such a symmetry breaking pattern, it is helpful
to pick a convenient basis for the generators of the internal symmetries. Let us denote the
full symmetry group of the Lagrangian by G with generators ()7, and the group of internal
symmetries that are left unbroken by the ground state |u) by G’ with generators T4. We
can always choose the unbroken generators in such a way that the structure constants of
G’ are totally antisymmetric, and then choose the broken generators in such a way that the
remaining structure constants of the full group G are also totally antisymmetric.> Hence,
in what follows we will assume that all structure constants are totally antisymmetric.

In general, the charge @ at finite density is given by the sum of one broken (internal)
generator X and one unbroken (internal) generator 7':

w@Q = px X + purT. (2.5)

This leads us to consider the following pattern of symmetry breaking as the starting point
of our construction:

P'=H — uxX — urT time translations

pPi=Ppi spatial translations
unbroken = .
J; rotations
Ta internal symmetries (including 7") (2.6)
K; boost
broken = ! . 0OsEs .
X, X, internal symmetries

where we denoted with X, all the broken internal generators but X, since in what follows
the latter will play a special role.

As mentioned above, we take the boost symmetry to be spontaneously broken by
the finite charge density, rather than explicitly broken. Therefore, following the standard

5As usual, we are implicitly assuming that these internal symmetry groups are products of simple
compact Lie groups (SU(n), SO(n), etc.) and U(1) factors.

5Broken generators are defined up to a combination of unbroken ones, so one could chose a basis of
generators containing directly @, and effectively set ur = 0. However, there are other requirements on
the basis of generators, that we find more important: a) the basis should include the maximal number of
unbroken generators, this is needed for the coset construction; b) the structure constant of the Lie algebra
should be totally anti-symmetric in the chosen basis, this facilitates the calculations. In general, it is not
always possible to satisfy a) and b) together with ur = 0.



procedure [4, 5], we parametrize the coset G/G" as:

0= eix/‘Pueiw(x)Xeiﬂ'a ()X, eini(:p)Ki 7 (27)
where 7, 72, and n’ are the Goldstone fields.

2.2 Inverse Higgs constraints as gauge choices

Not all of the Goldstone fields that appear in the coset parametrization (2.7) necessarily
correspond to independent propagating degrees of freedom. This is due to the well known
fact that, whenever spacetime symmetries are spontaneously broken, there can be fewer
Goldstone modes than broken generators [4, 6, 12, 13]. A classic example of this phe-
nomenon is provided by a (d — 1)-brane in (d + 1) spacetime dimensions. Despite breaking
(d + 1) spacetime generators (one translation, one boost, (d — 1) rotations), this system
can be described at low energies by only one Goldstone field: the brane’s position in the
transverse direction [13].

At least from a semiclassical viewpoint, this mismatch between the number of Gold-
stone modes and broken generators can happen because linearly independent broken gener-
ators need not generate linearly independent local fluctuations when acting on a coordinate-
dependent expectation value of the order parameter [13]. In our particular case, this means
that the equation

0=060(z) ~ (r(z)X + 7 (2)Xa + nl(x)Kz)<<I>>(t) ) (2.8)

where (®) is defined in equation (2.4), can have some non-trivial solutions, i.e. solutions
with non-vanishing Goldstones fields.

For the symmetry breaking pattern we consider in this work (2.6), one such solution
follows immediately from the fact that our (®) depends only on time. Setting 7 = 0 and
using that, for spacetime scalar functions, K; = i(t@i —2'0y), X = (H — H' — urT)/px,
H = i0;, and that H' and T are unbroken, equation (2.8) becomes

(” - n:c) (@) =0. (2.9)

This clearly admits the non-trivial solution 7 = px n’x;, for any n*(z). The meaning of
this solution is that a localized fluctuation of (®) parameterized by arbritrary 1’ fields and
vanishing 7, can be parameterized equally well by vanishing 1* and non-vanishing 7, with
Thew = —MX nf)ld x;. Therefore, the fields n’(x) do not describe physically independent
fluctuations and, equivalently, the spectrum of low-energy excitations does not contain
independent Goldstone particles associated with the breaking of boosts. We would like to
emphasize that even this conclusion follows from some implicit assumptions, for instance,
that our order parameter ® is a spacetime scalar. This is not necessary since boosts are
spontancously broken. In principle, there can be other consistent scenarios in which the 7’
describe physically independent excitations [17].

In general, some of the 7 may also describe redundant fluctuations of the order pa-
rameter. However, whether or not that is the case depends not only on the pattern of



symmetry breaking, but also on the representation of the internal symmetry group fur-
nished by the order parameter. In other words, perhaps not surprisingly, the number of
non-trivial solutions to equation (2.8) depends in general on which representation ® be-
longs to, in line with our comment above about the importance of ® being a scalar. In
section 6 we will illustrate this point with an explicit example.

At the level of the coset construction, the “unphysical” Goldstone modes are eliminated
from the effective action by setting to zero the covariant derivatives of some of the Goldstone
modes in a way that is manifestly invariant under the unbroken group. The conditions
obtained this way are known as “inverse Higgs constraints” and are also invariant under all
the non-linearly realized symmetries [12]. Operationally, anytime the commutator between
an unbroken momentum P and a broken generator X yields another broken generator
X', ie.

[P, X]~ X +..., (2.10)

and X and X’ do not belong to the same irreducible multiplet under the unbroken sym-
metries, one can impose an inverse Higgs constraint of the form Dz’ = 0, where D is a
covariant derivative operator. In this way one can express 7 in terms of derivatives of 7.
So, for instance, for our symmetry breaking pattern (2.6) we have

[Py, Kj] = —i6ij(Py — px X — prT), (2.11)

which means that one can express the Goldstone fields 1’ associated with the boosts in
terms of derivatives of 7w by solving the constraint D;m = 0.

However, there is a fair degree of uncertainty in the literature on whether, for a given
symmetry breaking pattern, the possible inverse Higgs constraints are something that one
(i) should always impose, (7i) can impose at will, but can also choose not to impose, or (iii)
can, at times, ignore because, even when not imposed, they may arise automatically from
the unconstrained equations of motion [18]. The inverse Higgs ideology itself is confusing.
It is usually phrased as the statement that, since covariant derivatives transform covariantly
under all the symmetries, unbroken and broken alike, it is consistent with the symmetries
to set some of them to zero. But why should we start setting things to zero by hand in the
first place? In theories without symmetries, where we are not constrained to make choices
that are consistent with the symmetries, we don’t simply set to zero arbitrary combinations
of fields and derivatives. Why should we start now?

We feel that the following considerations provide a more lucid assessment of the situa-
tion. If we go back to the example of the boost Goldstone fields analyzed above, we see that
we can rephrase the existence of non-trivial solutions to eq. (2.8) as a statement of gauge
redundancy: the physical fluctuation 0® is invariant under the simultaneous replacement

ix) = ij(e) +€(x),  m(z) > (@) +px -€(x), (2.12)

where € is a generic (vector) function of ¢t and #. This tells us that, in this example, the
n' are redundant fields because their spacetime dependence can be changed at will by a
suitable choice of €. In other words, they are pure gauge fields.



In the next section we will see that the associated inverse Higgs constraint, to linear
order, takes the form

Dim =i —pxn' +---=0. (2.13)

This “constraint” should be thought of as a gauge choice. In particular, being defined
in terms of the vanishing of a covariant derivative, it is a gauge choice that is consistent
with all the (global) symmetries. For more general systems such that the 1’ are not pure
gauge fields [17], there is no gauge redundancy to begin with, in the sense that 7 and 7’
parameterize truly independent physical fluctuations §®. Thus there is no need to fix any
gauge via an inverse Higgs constraint.

Identical considerations apply to the 72 fields. As we will see in section 6, for a given
symmetry breaking pattern, there are some systems in which some of the 7® are pure gauge,
and some systems in which all of them are physical.

It should now be clear that, at the level of the coset construction, if one is only given
the symmetry breaking pattern and no further information on how the symmetries are
broken — for instance, which representations are involved — one has to entertain the
possibility that there are gauge redundancies that make certain Goldstones pure gauge.
Whether this possibility is there, and which Goldstones it involves, is signaled by which
gauge choices are consistent with the global symmetries, i.e., by the set of allowed inverse
Higgs constraints, which is determined by the procedure outlined above, in the paragraphs
immediately before and after (2.10). By choosing to impose some or all of the allowed
inverse Higgs constraints, one is effectively doing two things: (i) declaring that, yes, there
are gauge redundancies and certain Goldstones are pure gauge fields, and (i) choosing
gauge-fixing conditions that remove these redundancies in a way that is consistent with
all the global symmetries. Notice that, unlike gauge redundancies involving relativistic
spin-one gauge fields, which cannot be completely gauge-fixed directly at the level of the
action without giving up locality or Lorentz-invariance, our gauge redundancies are similar
to that of a Stiickelberg scalar in a massive gauge theory, for which one can consistently
choose the unitary gauge directly at the level of the action.

Not imposing any of the inverse Higgs constraints is also a consistent choice, which
in general defines a physically different system, because now more physical degrees of
freedom are involved. Once again, this will be manifest in the examples of section 6.
This is an important point, because it means that, unlike in the case of purely internal
symmetries [2, 3], spacetime symmetries potentially admit several inequivalent non-linear
realizations. One can have a number of Goldstone fields each realizing non-linearly several
broken symmetries, or the usual one-to-one correspondence between Goldstone fields and
broken generators.

Given that an inverse Higgs constraint is a gauge-fixing condition or a gauge choice,
rather than a “constraint” in the usual sense, and given that the “inverse Higgs” part of
its name is also potentially unclear, in the following we will refer to the imposing of an
inverse Higgs constraint as “fixing (or choosing) a gauge.”

,10,



3 Low-energy effective action

In this section we construct the generic low-energy effective action that realizes the symme-
try breaking pattern (2.6). To do so, we adopt the coset construction of Callan, Coleman,
Wess, and Zumino [2, 3] for spacetime symmetries [4, 5]. We discuss the appropriate choices
of coefficients, technical naturalness and the strong coupling scale of this effective action.

3.1 The coset construction

In order to construct an effective action that is invariant under the full symmetry group
G, one considers the Maurer-Cartan form Q~1dQ), where € is the parametrization of the
coset given in (2.7). The Maurer-Cartan form is then expanded in the basis of unbroken
and broken generators:

Q'0,Q =ie) (Py+ AlJ; + BiTa+ Dyn X + Dym® X, + Dun' K) (3.1)

The ¢,/ are spacetime vierbeins. The coefficients of the broken generators D,, D, and
Duni are the covariant derivatives of the corresponding Goldstone fields 7, 72, and 7’
respectively. These covariant derivatives transform covariantly under all the symmetries,
including the spontaneously broken ones, and can thus be used as the building blocks of
the invariant Lagrangian.

In particular, if we combine these covariant derivatives into structures that are man-
ifestly invariant under the unbroken symmetries only, then they will automatically be in-
variant under the broken ones as well. From this viewpoint, it is somewhat misleading that
we are still using a relativistic notation for the spacetime index u: since Lorentz invariance
is spontaneously broken, the 4 = 0 and u = 7 components of the covariant derivatives
have to be treated as independent. Whatever combination we write down that is invariant
under the unbroken rotations will also be invariant under Lorentz boosts.

In order to explicitly calculate the covariant derivatives for the Goldstones, we will need
as much information as possible about the structure constants of the internal symmetry
group. As mentioned earlier, we have chosen the internal generators in such a way that
the structure constants are totally antisymmetric. Now, since the T4 span the subgroup
G’, their algebra does not involve the broken generators X and Xj:

[Ta, Tg] = ifapcTC. (3.2)

The finite density state |u) must be a simultaneous eigenstate of H — pu@ and all Ty,
because such charges are unbroken. Therefore, we get:

0=[H —puxX — prT, Tallp) = —ipx fxanX°|p) (3.3)

where the index X in fx4p is associated with the generator X. If some of the structure
constants fx 4, were nonzero, then equation (3.3) would imply the existence of some linear
combinations of the broken generators X that remain unbroken. However, by construc-
tion the T4 are the maximum number of linearly independent unbroken generators, and

— 11 —



therefore we must have fxap = 0. By combining this result with equation (3.2) and using
the total antisymmetry of the structure constants, we conclude that

T4, X] = 0. (3.4)

In particular, this means that [T, X] = 0. Finally, the total antisymmetry of the structure
constants also implies that the generators X, must transform according to a (possibly
reducible) representation of the unbroken group G':

[Ta, Xa] = ifaabX°. (3.5)
We are now in a position to calculate the Maurer-Cartan form:
Q79,9 = iNS Py —ipx A X —ipr AT + i) Q' T
+O10,0x +i (O + pxdy) QY XQx + Q51 0,0k (3.6)
where Qy = ™% Qp = ei"iKi, and we used that Q;(lPHQK = A" (n)P,, with

; sinhn

Ao® = cosh, Ao =17 (3.7a)
n
sinh , ; -1 — cosh
AP =, p 4 Ai? = 6] —miry T?? (3.7b)

where n = /772. Notice that all functions of 1 appearing above are even in 7, and thus

analytic in 7.

Let us focus on the covariant derivatives for the m and 72 fields, i.e., the coefficients of
the generators X and X, respectively. Since our ultimate goal is to obtain the dispersion
relations for these fields, we need only determine their covariant derivatives up to second
order in the fields. Accordingly, we expand the above objects to second order:

1
QY XQx ~ X — fxamQr + ifXaIfIbJﬂ—aWbQJa
_ 1
OVTOx ~ T — framQr + 5fTa]fIbJ7ra7erJ : (3.8)
_ ) 1
0510,y ~ z<8#7raXa -3 fabmbawacgl> .

Since the nested commutators of the K;’s that we would get from expanding Q;(laMQK
only yield K’s and J’s, that part of the Maurer-Cartan form will not contribute to the
covariant derivatives of the m and 7? fields, which are our primary interest in this work.

Before using these expressions to determine D,m and D,7m?, there is one subtlety
we must address. As briefly reviewed in section 2.2, a consequence of having broken
spacetime symmetries is that the Goldstone fields 7' associated with the broken boosts
are not independent degrees of freedom. We can eliminate them in favor of the “physical”
Goldstone field m by choosing a gauge fixing condition of the form D;w = 0. To linear
order, we can solve this constraint for i’ and get

o;m

nx
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This shows that the covariant derivatives D, n; contain more than one derivative per field,
and therefore can be neglected compared to the covariant derivatives of m and 7 at suffi-
ciently low energies.

Note that if ux = 0 the replacement (3.9) would not be possible, but then again, for
1 = 0 boosts are unbroken — at least according to our assumptions — and the associated
Goldstone fields are not there in the first place. We will comment further about this
discontinuity for g — 0 in section 3.2.

By using the results (3.8), (3.7), and (3.9) in expression (3.6), we can read off the

remaining covariant derivatives for the 7 and 72:

. . 1
Dom =~ 7t — T(ﬁjﬂ)z — 5 fxabTams — 5 (tx fxar + pr frar) fxbrmams
15 2 2
) 1 .
Domy =~ 7ty — E(ajﬂ)(ajﬂa) + (px fxab + 47 frab) T + fxabTmh (3.10)
1 . 1
_ifabcﬂ'bﬂ'c — §(MXbe1 + w1 fror) facrToTe (3.11)

Djm, ~ 0, .

The combination of structure constants px fxabp + pr frap appears repeatedly in the
above covariant derivatives and it arises from the commutator between () and the broken
charges X,:

M[QaXa] = Z.(NXfXab +.quTab)Xb~ (3'12)

We can then simplify the covariant derivatives by rotating the broken generators X, in
such a way that the matrix M,y = pux fxab + 7 frap becomes block diagonal:

) 0 @ 0 q
M, = pdiag< 0,---,0, R . 3.13

This can always be achieved because of the antisymmetry of Fj,. Moreover, we can assume
without loss of generality that all ¢,’s are positive. Equation (3.13) then suggests that we
should split the Goldstone bosons 72 into two groups, depending on whether the associated
generators commute with @) or not. This split is very useful because it allows us to derive
additional constraints on the structure constants that follow from equation (3.13) and total
antisymmetry and that would not be apparent otherwise. Let us denote the modes corre-
sponding to commuting generators by 7¢ and the modes corresponding to non-commuting
generators by m}. Notice that the non-commuting modes always come in pairs (7, 7% ),
and each pair corresponds to a different block on the r.h.s. of equation (3.13). Then, by
using the Jacobi identity satisfied by the structure constants, one can show that

Jyvar = fxyar =0 (3.14a)
Jaarby = faa_b. X guq, (3.14b)
faa_by = fab_ay X Ogaq, (3.14c)
IXasby = [Xa_b_ X Oguq, (3.14d)
IXa_by = [Xb_ay X Ogaqy - (3.14e)
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A detailed derivation of these results is provided in appendix A. The covariant deriva-
tives (3.10) can now be rewritten in terms of the fields 7, 7%, ¢ as follows:

) 1 , 1 . 1
Dor ~ @ — —0;md 7 — ifXagWaF’B - 5fXa+b_ [(D(ﬂfi)ﬁli - (Doﬂa—)ﬂi]

2px

—%fxm+ {(Dmri)wi + (Dow“_)w’i] (3.15a)
Do 2 o= =000 = 3 for 7 = 5 foays. [(Do ) = (D)t ]

_%faa+b+ [(Dowi)wi + (D7 )wﬁ} + fxap®n?, (3.15b)
Domd = 71y + pigamy (3.15¢)
Dom, ~ 7, — puqem, (3.15d)
Djny ~ 057, (3.15¢)
Dl ~ o, (3.15f)
Djr, ~ 0jm, . (3.15g)

Since in the next section we will be interested in studying the spectrum of Goldstone
modes, we are keeping only the terms that can contribute to the quadratic Lagrangian.
In particular, for the D; covariant derivatives, we only need to keep the terms up to first
order in the Goldstones, because the D,’s always have to appear in pairs, to preserve
the unbroken rotational invariance. Likewise, the Dor} derivatives contain linear terms
without derivatives, i.e., potential tadpole terms, which we can avoid only if we multiply
Dor by another covariant derivative, or by itself.

Based on our experience with the chiral Lagrangian and other effective theories for
Goldstone bosons, we may be tempted to conclude that the low energy effective action for
the Goldstones should have the schematic form

S < f4/d4x£(D7r/f), (3.16)

where D7 stands for any of the covariant derivatives in (3.15), which of course must
be contracted in such a way that the action be explicitly invariant under the unbroken
symmetries. The scale f is some symmetry breaking scale which, loosely speaking, can
be thought of as the “size” of the order parameter and is the analog of the pion’s decay
constant. As we mentioned in the introduction, this scale does not need to coincide with
1, which is instead the scale associated with the time-dependence of the order parameter,
as shown in equation (2.4), and thus with the breaking of boosts. However, when f > p,
the naive guess (3.16) gives rise to superluminal modes unless some of the coefficients in
the Lagrangian are tuned to be of order p/f < 1.

To illustrate this point, let us focus on the mode 7 and neglect the mixing with other
modes. For simplicity, we will also assume that p ~ px ~ pp. The action (3.16) contains
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then the following terms quadratic in 7:

s T 2
S o f4/[c1D](j +cQ(DJ22) } ) fQ/[cW—;/ii(aﬂ)?

Clearly, the propagation speed c¢2 ~ % can be subluminal only if ¢;/co ~ pu/f < 1. The
reason why this tuning is not only necessary, but also technically natural, is that it can be
protected by the spurionic “CT” symmetry

W= —p, t— —t. (3.17)

As can be seen from equations (3.15), all the time components of the covariant derivatives
are odd under the symmetry transformation (3.17). This means that any term in the
Lagrangian containing an odd number of covariant time derivatives must come with an odd
number of factors of p/f if the Lagrangian is to be invariant under (3.17). More precisely,
if the terms linear in Dym and Dom® are suppressed by one power of p/f compared to the
quadratic ones, it is easy to convince oneself that quantum corrections will generate all the
other odd terms with a u/f-suppressed coefficient.

In conclusion, the most general action that we can write down using the covariant
derivatives (3.15a), (3.15b), (3.15e) and (3.19), that does not contain any tadpole term,
is manifestly invariant under the unbroken symmetries, and contains at most two deriva-
tives, is

S = f2 / d4l‘{MX bDo7 + px bo Dom® + ¢ (DOTr)2 + cq Do Do + caﬁDowaDowﬁ
+¢a Do Dom + Cao Dom® Do + ¢y Dom®Dom? + Eab(Dgﬂ'“)*Doﬂ'b (3.18)
+dapg D DITP 4 dyo D7 DIm® 4 doy Dy DIn® + doy (D) * DI’ 4 c.c.},

where, for later convenience, we combined the fields 7~ and 7, into a single complex field
¢ =7 +ir® with covariant derivatives

Djmg ~ 07, DTty = g — 111GaTq. (3.19)

A few remarks are in order. First, the coefficients in the action are in general not
all arbitrary, as they must be chosen in such a way as to make the Lagrangian invariant
under all unbroken symmetries. Second, as mentioned above, the action does not contain
a term linear in Dym,, because we require that there be no tadpoles. Finally, and perhaps
more importantly, we should comment on the strong coupling scale of the low-energy
effective theory.

3.2 Strong coupling scale

When we expand the covariant derivatives in the action above to higher orders in the
Goldstone fields, or when we add terms with higher powers of covariant derivatives, we will
generate interaction terms. As befits a theory of Goldstone bosons, all such interactions
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are non-renormalizable, and, as a consequence, get strongly coupled in the UV, at some
energy scale Aggrong. Usually this is not a problem, since one can work at energies that are
far smaller than Agtrong, where the derivative expansion provides a perturbative series that
is well behaved at arbitrarily high orders. Our case, however, is subtler because, as we will
confirm below, some of our Goldstones have a gap of order u. If we want to include these
modes consistently in the low-energy effective theory, we have to make sure that the strong
coupling scale is well above pu,

Astrong > 1 - (3.20)

We will now argue that this is a consistent assumption, but it is nonetheless an assumption,
in the sense that there physical systems that do not obey it (while others do).

Consider first a relativistic theory that features SSB in the standard sense, that is,
whose Poincaré invariant vacuum breaks some of the symmetries of the dynamics. There
will be exactly massless Goldstone bosons, one for each broken generator, whose interac-
tions get strongly coupled at some UV energy scale f. This scale can be identified with
the symmetry breaking scale. Consider now turning on a very weak density, or chemical
potential, for one of the broken charges, with 4 < f. In terms of the Goldstone fields
ma(x), this can be thought of as giving a time-dependent background to one of them, of
the form 7 (x) = pt. Such a construction is carried out explicitly in [16]. This achieves
our symmetry breaking pattern of section 2: on top of the symmetries that were already
broken by the vacuum, the new state breaks Lorentz invariance, time-translations, and all
the internal symmetries that do not commute with the charge associated with m;. The new
Goldstone excitations will be described by our action (3.18).

Some of the Goldstones will now be gapped, with a gap of order u. However, since
the strong coupling scale of the original Goldstone theory was f and since, for u < f,
the background Goldstone field we turned on can be described consistently within such
an effective theory, we reach the unsurprising conclusion that the new effective action for
the Goldstone excitations is nothing but the old one, expanded about the new background
field. In particular, the strong coupling scale is still f > p while p just plays the role of an
infrared scale, which affects the low-energy spectrum, but has no important consequences
at the level of interactions. All interactions are still suppressed by inverse powers of f.
Roughly speaking, the small scale y always appears “at the numerator,” thus suppressing
certain Lagrangian terms, rather than enhancing them. This shows that eq. (3.20) is a
consistent assumption.

Now consider instead a system in which there is no SSB in the absence of a chemi-
cal potential, for instance, liquid helium. Helium atom number is spontaneously broken,
i.e., helium atoms undergo Bose-Einstein condensation, only when there are helium atoms
around, i.e., at finite density. For such a system the role of the symmetry breaking scale
is played by the chemical potential, which also controls the strength of the Goldstone in-
teractions. To see this explicitly, consider for simplicity a relativistic superfluid, with a
phonon speed of order of the speed of light, so that we don’t need to differentiate between
time- and space-derivatives. To lowest order in the derivative expansion but to all orders
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in the Goldstone field 7, the low-energy effective action is [19]

L=P(/(7—p?—(0:m)?). (3.21)

Here P is the same function that gives, at equilibrium (i.e., for vanishing 7), the pressure
as a function of the chemical potential. If one now expands this Lagrangian in powers of
m, assuming no hierarchy among the various derivatives of P,

PO ()~ ™, n=0,1,2,... (3.22)

it is clear that all Goldstone interactions will be weighed by the only scale characterizing
the system, p, which is then the strong-coupling scale of the low-energy effective theory.

We thus reach the conclusion that both cases, i.e., Agrong > 1 and Aggrong ~ p, are
consistent and physically relevant. As to our action (3.18), the case with f ~ p is clearly
characterized by only one scale, which thus serves the role of the strong coupling scale
as well,

f~un = Asrong ~ - (3.23)

The case with f > p is more weakly coupled, but in general the strong coupling scale is
not as high as f. This is because of the inverse powers of y that are carried (via eq. (3.9))
by 7, for instance in A,*(n). It is easy to convince oneself that the strong coupling scale
in this case is a geometric average of f and pu:

f > = As‘clrong ~ Mf . (324)

The simplest scenario where this happens is provided by the Lagrangian above for a rela-
tivistic superfluid, eq. (3.21), with a function P characterized by two scales:

P(u) = f*P(u/f), (3.25)

where P is a dimensionless function with order unity Taylor coefficients.

To actually end up with a case similar to the first example we analyzed above — where
the turning on of a small chemical potential in a very weakly-coupled Goldstone effective
action had no effect on the strong-coupling scale of the theory — we need to choose a
very special structure in our effective Lagrangian (3.18). Without going into details for the
general case, if we specialize to eq. (3.21) we see that by choosing

P(u) = [*P(u2/ ?) , (3.26)

where P is regular for its argument going to zero and has generically Taylor coefficients of
order one, one gets rid of the square root structure in (3.21). As a result, when expanding
in powers of 7, one does not get any inverse powers of y. The p — 0 limit is then regular
by assumption, and one can think of the u # 0 case as a weak, infrared deformation of
that. One thus gets that the strong coupling scale of this theory is f:

f>p, mnosquareroot = Agygong ~ f - (3.27)
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To select this most weakly coupled structure directly at the level of the general low-
energy effective theory (3.18) is trickier, but one thing is certain: such a structure is
technically natural, i.e., it is not destabilized by quantum corrections. The fundamental
reason is that it corresponds to making interactions as weak as possible, and quantum
loop corrections to all Lagrangian parameters are going to be suppressed accordingly. In
detail, such a choice corresponds to having f in the denominator in interaction terms,
and p appearing only in numerators, thus playing the role of coupling constants and mass
parameters. The renormalization of Lagrangian coefficients involves the UV divergences of
loop integrals, which are analytic in the tree-level coupling constants and mass parameters.
In other words, if at the tree-level p only appears at the numerator, loop corrections are
going to keep it there.

We can get a sense of the parameter choices involved to select this most weakly coupled
version of (3.18) by considering the y — 0 limit. By demanding that the theory be weakly
coupled at energies that are parameterically higher than p, we are effectively demanding
that, at fixed energy, the theory have a smooth p — 0 limit. In particular, the number of
Goldstones should be conserved in that limit, and they should all become gapless Lorentz
scalars. That is, under our assumption that Lorentz-boosts are only broken by the chemical
potential, in the u — 0 limit we should restore boosts and thus end up with an ordinary
Lorentz-invariant theory of scalar fields. This constrains the g — 0 limit of the Lagrangian
coeflicients.

By direct substitution of (3.15) into (3.18), we find that in the 7= sector Lorentz-
invariance is recovered at p = 0 if and only if

(i = 0) = %b(,u, —0). (3.28)

As a check, notice that the simple template (3.26) obeys this constraint. Analogous argu-
ments for the whole 77, sector lead to

Ca(pp=0) =ba(p=0),  dap(p=0) = cap(p=0). (3.29)

The broken non-commuting sector 74 (or complex 7%) deserves more care. At first
glance, the relation between the ¢’s and the d’s generalize to all sectors, simply giving
dap = cap at p = 0. However, as discussed at length in section 4.3, depending on the
unbroken symmetries, for some of the (7¢,7¢) pairs we can choose gauges that get rid of
one of the two fields — let’s choose, conventionally, to keep 7% and possibly get rid of 7.
This choice has to be made before taking u to zero, with implications for the coefficients
of action (3.18) that vary from case to case and can be quite intricate. For example, if we
decide to get rid of 7¢, by eq. (4.22), the time derivatives of 7¢ will appear in those terms
of the action containing Dy7¢, while the spatial kinetic terms still appear in D;7%. Thus,
if we want to ensure that 7% has a relativistic dispersion relation in the p — 0 limit, the
pairing between time and space derivatives should be done accordingly.

For finite but small u, we expect all these constraints on the Lagrangian parameters
to be almost obeyed, with corrections suppressed by powers of u/f.
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4 Spectrum of Goldstones

In this section we derive the spectrum of our low-energy effective action (3.18). We find
the four classes of Goldstone bosons described in the Introduction and we derive a counting
rule for each of these types. We compare our results to those in the previous literature.

4.1 Scaling arguments

The effective action (3.18) is admittedly quite complicated and, at first sight, extracting
any information about the spectrum of Goldstone bosons would seem hopeless. In fact,
the standard procedure to derive the dispersion relations would require us to rewrite the
quadratic part of the action in Fourier space,

w 3 ™ f 7T
e [ (2 tan (1), o

det D(w, k) = 0 (4.2)

and to solve the equation

for w. Fortunately, in most physical applications one does not need to know the exact
form of the dispersion relations. This is because the infrared behavior of the system is
determined by the form the dispersion relations take in the & — 0 limit. Since D(w, k)
contains only terms of the form p?, pw,w?, and k?, in the absence of fine-tunings we expect

2 or w? ~ k2, or pw ~ k2. In

det D to vanish only for values of w such that p? ~ pw ~ w
other words, in the absence of fine-tunings the spectrum will only contain gapped modes
with w ~ p, linear gapless modes with w ~ k, and quadratic gapless modes with w ~ k2 /.
In this section, we are going to derive counting rules for these three kinds of modes.

To this end, we will use the fact that the total number of gapless modes can be deduced
from the behavior of D(w,0) in the w — 0 limit. In detail, we have

lim det[D(w, 0)] ~ w?(m1F72), (4.3)
w—0
where n; and no are respectively the number of linear gapless and quadratic gapless modes.
This result can be easily checked when D(w, k) is diagonal, but remains valid in any basis,
essentially by definition: the number of gapless modes is the number of w? = 0 solutions
featured by eq. (4.2) when k goes to zero.

In order to determine separately how many gapless modes have a linear or quadratic
dispersion relation, we can approach the infrared from a complementary direction, and
consider the behavior of D(0, k) in the & — 0 limit. In such a limit, linear and quadratic
modes contribute differently to the scaling of D(0, k), and we get

lim det[D(0, k)] ~ f2(mit2n2) (4.4)

Once again, this result can be checked in a basis where D(w, k) is diagonal, but is valid in
any basis, for reasons analogous to the one above. By combining equations (4.3) and (4.4),
one can easily solve for ni and ns.
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In section 4.4, we will express n1 and ns in terms of the structure constants of the
internal symmetry group, thus showing that the number of linear and quadratic gapless
modes is completely determined by the pattern of symmetry breaking. On the other hand,
the number of gapped modes generically depends on how many gauge fixing conditions one
chooses to impose.

4.2 Derivative mixings

Our task of deriving the dispersion relations for the Goldstone modes is greatly simplified
by the fact that the 7,7, and 7% sectors mix only via operators that involve derivatives.
In this section, we will derive some general results about derivative mixing that later on
will allow us to study the 7% sector separately.

Let us consider two sectors described by D1 (w, k) and D2 (w, k) respectively, and let us
assume their mixing to be described by a mixing matrix M(w, k). Based on the discussion
in the previous section, we know that the numbers of linear and quadratic gapless modes
are determined by the scaling properties of

D; Mf

det(D) = det ( M ) = det(D; — M'D; 'M) det(Dy), (4.5)

2
in the infrared. The “deconstruction” of the determinant follows from standard linear
algebra results (see, e.g., [20]). Now, the question we are interested in is the following: under
what assumptions on M is the number of linear and quadratic gapless modes unaffected
by the mixing?

Let us start by considering the case in which the modes in sector 2 are all gapped.
Then, the “mass matrix” mg = D (0,0) is non-degenerate, i.e., det mg # 0, and can thus
be inverted. It follows from equation (4.5) that

lir% det[D(w,0)] ~ lirrb det[D;(w,0) — M'(w,0) - my ' - M(w, 0)] (4.6a)
w— w—
lim det[D(0, k)] ~ lim det[Dy (0, k) — MT(0, &) - mj? - M(0, k)] . (4.6b)
k—0 k—0

Now, if M(w,k) < O(w, k), the Mfm; M terms on the r.h.s. ’s of equations (4.6), will at
most change the coefficients in front of the terms proportional to w? and k2, respectively
in Dy (w,0) and D1(0, k). However, in the absence of fine-tunings this will not change the
overall scaling of the determinants in the w — 0, kK — 0 limits. We therefore conclude that

lim det[D(w,0)] ~ lim det[D;(w, 0)], (4.7)
w—0 w—0
lim det[D(0, k)] ~ lim det[D1 (0, k)]. (4.8)
k—0 k—0

This means that, barring fine-tunings, a one-derivative mixing between two sectors does
not change the overall numbers of linear gapless and quadratic gapless modes, as long as
one of the two sectors only features gapped excitations.

Let us now consider the case in which the sector 2 contains both gapped and gapless
modes. Given that the effective action (3.18) contains at most two derivatives, each entry
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of the matrix Do(w, k) contains only terms proportional to p?, uw,w? and k2. Furthermore,
the determinant of Do (w, k) is given by

detDy = Y (~)"*/DY det D} (4.9)

i

where we denoted with Dgij ) the (7,7) minor of Dy. Barring fine-tunings or accidental
cancellations, we expect each term in the sum on the r.h.s. to scale at least as fast as
det Dy in the w — 0 and & — 0 limits (egs. (4.3) and (4.4)). Since the elements of the
inverse matrix Dy Lare

det ng )
det D2 ’
it follows that the nonzero entries of Dy*(w,0) and D;*(0,%) diverge at most as 1/w?
and 1/k%. If M(w, k) < O(w? k?), the term MD; "M will once again only change the
coefficients of the w? and k? terms in D1 (w,0) and D1(0, k), but not the overall scaling of

the determinant. Therefore, we have

(Dy )7 = (=) (4.10)

lim det[D(w, 0)] ~ lim det[D; (w, 0)] det[Da(w, 0)); (4.11)
lim det[D(0, k)] ~ lim det[Dy (0, k)] det[D(0, k). (4.12)

and we conclude that a two-derivative mixing between two sectors both containing gap-
less and gapped modes will not change the overall numbers of linear and quadratic gap-
less modes.

4.3 < sector

Let us start by considering the action for the complex 7 field, without including its mixings
with the 7 and 7® fields. From equations (3.15) and (3.18), we get:

S = f? / d4x{cabD07r“Do7rb + Cap(Dom®)* Dor® + doy D7 DI
oy (D7) DIn® + pux by (Do) + c.c.}, (4.13)
where we have defined
bap = —% [(BfXarbs + 0" faarns) — i(bfxaro + b faars )] - (4.14)

After switching to Fourier space, we find that the inverse propagator for the doublets
(mq, ™) is equal to the following block matrix:

D(w, k) = D2 w? + Dy, piw + Do p2 + Dy k2 ©20 (4.15)
Cab(w — p14a) (W + 11G) Cop(w — pga)(w — pgy) + ipx by (w — pga)
Cab(w + 1ga) (W + pgy) + ipxbap(w + 1) Crp(w + pga) (W — pgy)

where no sum over a and b is understood: for each pair of values for a and b, there is
a two-by-two block in D that, in the limit & — 0, takes precisely the form above. The
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kinetic matrix D 2 must be non-degenerate, i.e. det(D,2) # 0, in order for all the modes
associated with 7, to describe positive energy excitations. Then, it is easy to show that
the mass matrix is also non-degenerate, because if we set by, = 0 we get

Qa(sac 0 Ced é*d _Qbédb 0
det(Dyg)|; _, = det ¢ 4.16
e ( 0)‘11&1,—0 € ( 0 _QG(Sac) (Ccd C:d) ( 0 Qb(sdb ( )
[T a| det | Ca | — [ d!| det(D,2) # 0. (4.17)
: a Cut CZI; : a w

If we now turn back on by, we still expect that, in the absence of fine-tunings, all the

modes in this sector will have a gap of order p.

But we can go further: some of the modes have a gap that does not depend on any
of the arbitrary coefficients appearing in the action (4.13). This follows from the fact that
whenever w = +ug, for some a, one row or one column of D(w,0) vanish, and therefore
det[D(w,0)] = 0. This means that for each complex field m,, there is always a mode
with gap

w? = (1ga)?, for k=0, (4.18)

which is completely determined by symmetry, since the q,’s are related to the structure
constants by equation (3.13).

The existence of these fixed gap modes follows from 7,’s entering the action (4.13)
only via the combination Dgm, = (0; — i11qq)Te. This remains true even when we allow
for mixings with 7 and 7, like in the action (3.18). When we vary w.r.t. 7 to obtain the
equations of motion, we get the operator —(J; + iug,) acting on whatever was multiplying
Dy7, in the action, thus always allowing for an w = ug, solution. (The other solution,
with w = —pug,, comes from considering the 7 field). This proves that for each pair of
broken generators that do not commute with the charge at finite density, there is always a
mode with fixed gap w = |uq,|, in agreement with what was found in [1]. More precisely,
the number ng of the modes with fixed gap is given by the rank of the matrix M,y defined
in equation (3.13) or, directly in terms of the structure constants, by

ng = Srank(ux fxab + L7 fTab). (4.19)

Since any complex field such as ©* describes two degrees of freedom, one may be
tempted to conclude that for each mode with fixed gap m, = pg, there is always a partner
mode with gap m ~ p. The situation is however a bit subtler, since one can in principle
reduce the number of degrees of freedom in this sector by imposing some gauge fixing con-
ditions. This follows from the commutation relations between the unbroken Hamiltonian
Py and the generators associated with 7@ = ¢ +am:

[Po, X£] = %inguXF. (4.20)

If 7% and 7 do not transform in the same irreducible multiplet under the unbroken
symmetries, one can choose to impose the constraint Dom, = 0 and express 74 in terms
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of m%:
+_ Oomg
g

After choosing such a gauge, the quadratic part of the action (4.13) at zero momentum

+0(r%) . (4.21)

™

depends on 7w, only through the combinations

+_ Oma - 2
Dorr, = —* + pgam, +O(72) . (4.22)
Hqa

Thus, the gauge choice Dym, = 0 does not affect the mode with fixed gap m, = pgqe —
varying eq. (4.22) w.r.t. 7, yields the differential operator (97 + (1q,)?), which still allows
for the w = +puq, solutions — but removes its gapped partner from the spectrum. Based
on our discussion in section 2.2, we conclude that the existence of the first mode follows
solely from the pattern of symmetry breaking, whereas the existence of its gapped partner
is more model-dependent, or, more precisely, system-dependent. In section 6 we are going
to illustrate this point with explicit examples.

4.4 7,7 sector

The modes 7 and 7 have a one-derivative mixing with the 7 sector, which as we have
seen only contains gapped modes. Based on the general results of section 4.2, for the
purpose of determining the number of linear gapless and quadratic gapless modes, we can
therefore neglect all such mixings and study the modes w, 7® separately. Their quadratic
action takes the form:

b 4 .
S = f? / d*z [cirQ — 5 00T + pux b FxapTm® = badmd n® + copi®i?  (4.23)
X 00 f a4 b ) TP+ dpymo i d
9 aBy Xﬁ'y)ﬂ- T+ dgg0;T .

Based once again on the discussion in section 4.2, we are going to neglect all the two-
derivative mixings in the action (4.23). Then, the number of linear, quadratic and massive
Goldstones in this sector is crucially determined by the mixing matrix

0 | —bfxys

M = . (4.24)
b’ny'ya bﬂyfyoa,@ + beOcB

Since M is an antisymmetric matrix, we can always cast it into a block diagonal form:

: 0 M 0 M,
M = diag{ 0, ,0 4.25

"Equivalently, one could choose to remove 7 by imposing Dom) = 0. The two choices are for-

mally different but physically equivalent, because they are simply two different gauge choices for the same
gauge redundancy.
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Then, for each zero on the diagonal in the r.h.s. of equation (4.25) we get one linear gapless
Goldstone. This means that the total number of linear gapless modes is

ny = dim(M) — rank (M), (4.26)

On the other hand, each pair of fields corresponding to a two-by-two block in equation (4.25)
has an inverse propagator of the form

. 4.27
—iMuxw  cw? — d3k? (4.27)

2,2 1212 i
D(w, k) = (Clw dik” - GMpxw )

By setting det[D(w, k)] = 0 and solving for w, we get a gapped mode with k& — 0 dispersion
relation w ~ p, and a quadratic gapless one with dispersion relation w ~ k?/p. Since this
sector is the only one containing quadratic gapless modes, their total number is simply

1
ne =g rank (M). (4.28)

Notice that for each quadratic gapless mode, there is always an associated unfixed-gap
mode with w ~ p. Such a mode is never redundant, that is, it can never be eliminated
by a gauge fixing condition, because in this sector we have trivial commutators with the
unbroken Hamiltonian:

[P°, X, =0. (4.29)

We thus see that the total number of unfixed-gap Goldstones, n4, cannot be smaller than
the number of gapless-quadratic ones, no. In addition to this, there are in general the
unfixed-gap partners of the fixed-gap Goldstones discussed in section 4.3, whose existence
and actual number is more model-dependent, and of which we have at most as many as
the number of fixed-gap Goldstones, ns. We thus have the bound

ng <ng <ng+ns. (4.30)

Equations (4.19), (4.26), (4.28), and (4.30) are among the main results of this paper,
because they allow us to derive the number of Goldstone modes of each type from the
algebra of the internal symmetry group and the symmetry breaking pattern.

4.5 Comparison with previous literature

Although our results about the existence and number of unfixed-gap Goldstones are entirely
new, our counting rules for ny, ng, and n3 almost completely agree with those recently
proposed in [14] (see also [7-10]). There is however an apparent small discrepancy, whose
physical relevance we are going to comment about below.
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The counting rule for quadratic gapless modes derived in [14] is, in our notation,

0 | (ul[X, Xp]|)
= el | e e | e el (1)
1 0 | —(Jg) fxvs
=3 ) | Fan GO+ Fanx ) + STy | )

where V' is the spatial volume, and in the last step we used that f,s,, vanishes, and
assumed that 7' is the only unbroken charge at finite density (given that it is the only one
for which there is a non-zero chemical potential).

On the other hand, from our Goldstone action (3.18) we can immediately derive the
tree-level contributions to the current densities for the broken charges X, and Q:

08 08
0 _ S 4.32

NO

:f2;uX ba“_o(ﬂ-)’ J

so that our counting rule (4.28) can be rewritten as in equation (4.31b) but without the
term proportional to the expectation value of the unbroken current (j{).

When pz = 0, our counting rule agrees exactly with equation (4.31b) because (j{)
must vanish as well. Moreover, since X coincides with () we have by definition fx.3 = 0
and thus the counting rule for ny becomes even simpler. When pur # 0, we can use the
symmetry algebra to relate the last two terms in (4.31):

pl@Q, Xal =0 = fopr = —'ufxfaﬁx , (4.33)
Hnr

Then, the lower right block in equations (4.28) and (4.31b) clearly involve the same ma-
trices, namely fog(jq) and fagx, but not quite in the same combination. We still expect
these two equations to give the same number of quadratic gapless modes for generic values
of ux and pr. We were however unable to prove that the two counting rules are equivalent
for all values of the chemical potentials.

5 Example: SU(2) x U(1) —» U(1)

Let us now turn to some specific examples. In this section we consider the breaking of
SU(2) x U(1) down to U(1). In the case that the charge of the original U(1) symmetry
is at finite chemical potential, this system can be used as a simple model for Kaon con-
densation [10, 21]. We first use the coset construction to obtain the generic spectrum

8These identities follow from the fact that, if the symmetries generated by the X* and X were gauged,
the associated Néther currents would be ji = §S/0A% and jh = 6S/5AY where A and A, are the
respective gauge fields. In our context these symmetries are only global, but the Goldstones = and «“
can be thought of as Stiickelberg fields contributing to fictitious gauge fields as pure gauge components,
Aff = D,m, A}, = Dn®.
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of the theory. We find one massless mode, one massive mode whose mass is fixed and
one unfixed massive mode. We then consider a specific UV realization of this symmetry
breaking pattern in the form of a complex doublet. We compare our results to that of the
coset construction.

5.1 The coset construction

We wish to apply the formalism developed above to the case of SU(2) x U(1) — U(1).
The symmetry generators are denoted by L; for the SU(2) symmetry and Y for the initial
U(1). We consider a scenario in which the unbroken U(1) is given by the combination
Y + L3. Thus to guarantee that the structure constants are totally antisymmetric and the
maximum number of unbroken generators appear, we choose the following basis:

Py= Py + pQ time translations
P, =P spatial translations
unbroken = Ji rotations
1
T= —2(Y + L3) internal symmetry
K; boosts
broken = 1
{ Ly, Ly, X = —Q(Y — L3) internal symmetries
where n
px + pr px — pT
= puxX + prT = Y — Ls. 5.1
pQ = px o 7 5 L (5.1)
We parametrize the coset as follows,
0= eiz*‘}E’,Leineiﬂ'“LaeiniKi , (52)

where ¢ = 1,2. In the language that we have been using throughout, when ur # ux
the L,’s make up a pair of non-commuting broken generators X, since p[Q,Li2| =
+ilo 1 (pur — px)/ V2. Following the procedure given above, the covariant derivatives at
lowest order are given by

1

. . 1. .
Dom ~ 7 Oimdm + —=(frimy — miia) + —(ur — px)(nf +73),

2y 2v/2 4
Domy ~ 7 + %ﬂ'g,
Dgﬂ'g ~ 7:1'2 — uﬂ' (53)

\/5 1,

Djﬂ'l ~ 8j7r1,
Djﬂ’g ~ 8j7r2.

When ur = px, the generators L,’s become commuting generators X,, but the covariant
derivatives above are correct even in this limit.
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To construct the most generic Lagrangian that is manifestly invariant under the un-
broken Y + L3, we note that the 7,’s transform as a doublet under this symmetry and thus
all a indices should be contracted. The quadratic Lagrangian can thus be expressed as,

Lo =c1 uxDom + co (Doﬂ')2 + c3 (Doﬂ'a)(D()ﬂ'a) +ca (Djﬂ'a)(Djﬂ'a) . (54)

Substituting in the covariant derivatives (5.3), it is straightforward to see that the m modes
decouple from the m,’s. The 7 dispersion relation is given by

2 _ A g2
=—kK". 5.5
w =5, (5.5)
This mode is clearly massless, regardless of the coefficients ¢;. The 7,’s mix with each

other. In the zero momentum limit £ — 0, we find the masses of these two modes to be,

w+(k—>0):‘<20613—1>*\‘/);+’£ (5.6)
1
(= 0) = -

The second mode has a mass that is independent of the coefficients ¢;. In the case that
wx = pur, i.e, when Q@ ~ Y this mode is exactly massless. The first mode is generically
massive, with a mass of order ux, up. While we can tune the ¢; coefficients to make this
mode massless, there is no symmetry that protects this tuning.

Note that this theory has in principle a potential gauge-redundancy, since

[Po, L1] ~ Ly, [Py, Lo] ~ L1. (5.7)

These commutators would indicate that we could set either Dgmy = 0 or Dgmy = 0 as a
gauge-fixing condition. However, as the w,’s transform as a doublet under the unbroken
Y + L3, we cannot impose either without violating this symmetry. Thus the potential
redundancy and its removal via fixing a gauge are inconsistent with the unbroken symme-
tries, and all three Goldstones will appear as physical degrees of freedom in a theory with
this symmetry breaking pattern.

In the following subsection we consider an explicit UV theory that realizes this sym-
metry breaking pattern and verify the spectrum of this theory against that of the coset.

5.2 Linear sigma model for a complex doublet

Let us consider the above symmetry breaking pattern realized by a complex doublet ®
of SU(2),

L= (0,9)1(9,0) — m?®'® — \(dT®)?. (5.8)

We introduce chemical potentials for the charges Y — L3 and Y + L3 via the
standard replacement,
. (Y—=Ls) . (Y+ Ly
Ao — Do + ipux ——Frnt +ipp——e’ .
0 0T IHX ur NG

v (5.9)
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Let us also introduce the field redefinition,

1 di(@) +iga(a)
P(z) = 7 <U+¢1(m)+i¢2(x)> (5.10)

The expectation value v breaks the Y — Ls symmetry and is given by

2 —2m2
v:\/%. (5.11)

Around this background, the dispersion relations for the four fields ¢y 2, QELQ are given by

W2 = k2432 /2 —m? £ \/%2“%( + (32 /2 — m2)2,

O = K2+ p% /2% pr/V2.

In the zero momentum limit these dispersion relations become
wi(k — 0) = 1/3p3 —2m?2, (5.13)

2 _9m2
w_(k—0)=c_-k, c_ = %
3us —2m

- 1

W+(k — 0) = EHLX +/~LT|7
i — ]
\/iMX Hry-

The dispersion relation w, is that of the radial mode and is not captured by the coset

(5.12)

w_(k—=0) =

construction. In a scenario where the symmetries of the theory are broken even in the
absence of a chemical potential, one could take m — oo while keeping p finite and this
mode with wy ~ m would be beyond the scope of our low energy effective theory.

The dispersion relation w_ is for the massless Goldstone boson represented above
in the coset construction by 7, with the coefficients ¢; chosen so that 2%12 = 2. The
final two dispersion relations correspond to linear combinations of m; and my of the coset
construction. The dispersion relation wy corresponds to the mode of unfixed mass given
in (5.6), with the coefficients ¢; chosen so that 51 —1 = 1. The dispersion relation @_
corresponds precisely to the fixed mass Goldstone in (5.6). The coset construction tells
us that this mass is determined entirely by the symmetry breaking pattern and thus we

expect it not get corrected by quantum effects.”

6 Example: SO(3) — 0

In this section we consider a theory with an internal SO(3) symmetry which is completely
broken by the ground state, after the introduction of a chemical potential p for one of the

In fact, this particular choice of Lagrangian (5.8) has an extended SO(4) ~ SU(2)r. x SU(2)r custodial
symmetry, which can be used to exactly determine the gap of @, [14].
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SO(3) charges. In the language of Spontaneous Symmetry Probing (SSP), all generators are
broken spontaneously by a time-dependent field configuration. We consider this theory first
using the coset construction. We then consider three explicit UV theories that realize this
symmetry breaking pattern. We discuss the relevance of the Goldstone gauge redundancy
to these theories.

6.1 The coset construction

We denote the internal SO(3) generators by L;. To describe SO(3) breaking using the coset
construction, we choose our basis of generators in the following way,

Py= Py + pls time translations
unbroken = { P, = P; spatial translations
Ji rotations (6.1)
K; boosts
broken =
Ly, Lo, L3 internal symmetries

We parametrize the coset as follows,

izt Py, JimL3 im® Lo it K;
Q= Tnemise!m Jagh B (6.2)
where again a = 1,2. Now the covariant derivatives at lowest order are given by

.1 ; 1. ) 1
Dom ~ 7 — ;aﬂraﬂw + 5(71'17@ — M) — iu(ﬂ'% + 73),

Domy ~ 711 + pma, (6.3)
D07T2 ~ 7'T2 — U7,
Djﬂ'l >~ ajﬂ'l,
Dj?TQ ~ 8j7r2 .
As all internal symmetries are broken, the most general quadratic Lagrangian can be
expressed as,
Lo = ¢y uDom + co (D07T)2 +c3 (D()?T)(Doﬂ'l) +cq (D()?T)(Doﬂ‘z)
+cs5 (Dgﬂ'l)(Doﬂ'l) + ¢ (D()?TQ)(D()TFQ) + ¢y (D()Trl)(DoTrg) (64)
+cs (Djm)(Dom) + co (Dyma)(Djm2) 4 10 (Djm1)(Djma) -

All three modes mix with each other and the mixing is somewhat more involved than the
case of SU(2) x U(1) breaking. Nevertheless, in the zero momentum limit one finds three
dispersion relations of the form,

0,
w+(k_>0) = ,LLf(Cl,...,C7), (65)
L



The first mode is massless. The second mode is generically massive, with a mass of order
p that depends on the coefficients via a specific function f(cq,...,c7). The third mode has
a mass u that is fixed.
Similar to the case of SU(2) x U(1) breaking, this theory has a potential gauge redun-
dancy, as
[Po,L1] ~ Ly, [Py, La] ~ L. (6.6)

As per the usual logic [12], these commutators indicate that it is possible to set either
Domy = 0 or Dogmy = 0 as consistent gauge choice. Since there are no unbroken internal
symmetries, imposing these relations does not violate the symmetry breaking pattern,
unlike the case of SU(2) x U(1) — U(1). In what follows, we will see that whether or
not these relations should be imposed is model-dependent, in the sense that it depends on
which SO(3) representation the order parameter belongs to. We will now consider three
UV Lagrangians that realize the pattern of symmetry breaking (6.1).

6.2 Linear sigma model for one triplet

The first example we are going to consider was discussed thoroughly in [1]. Therefore,
we will content ourselves with reviewing it very briefly and we will refer the reader to [1]
for a more detailed analysis. The simplest model we can consider that realizes the sym-
metry breaking pattern (6.1) is one that contains a single SO(3) triplet ¢™ described by
the Lagrangian

1 n A n 2
L= =50u6n0"¢" = 5 (L (6.7)
In this model, the SSP field configuration
. b0
() =erts 1 0 |, (6.8)
0

with ¢g = \/v? 4+ p?/X and (L3);j = —ies;;, is responsible for breaking SO(3) completely.
In this case, besides a radial mode with mass m = VA¢p, the spectrum contains only
one massless Goldstone with linear dispersion relation and one massive Goldstone with
mass m = pu. In particular, there is no other mode with mass m ~ p. In the limit
A3 > p? one can integrate out the radial mode to get a low-energy effective action for
the Goldstone bosons.

This is the same spectrum one finds from the coset construction if one gauge-fixing
condition is imposed (in addition to the conditions necessary to eliminate the Goldstones
associated with the broken boosts). Following the logic of section 2.2, we can see why we
have a gauge redundancy in the Goldstone parameterization of the system. To start, note
that even though the internal SO(3) is completely broken, there is a time-dependent linear

combination of internal generators that acting on (¢) gives zero,'®

Ly = eMs e tls — cos(ut) Ly — sin(ut) Ly,  Lyi(¢) = 0. (6.9)

10T his is not the same as saying that such a combination is unbroken, for there are other non-vanishing
expectation values, like for instance (9,¢), which are not annihilated by it. In the language of section 7
below, the combination L; is “non-interpolating”.
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If we now consider fluctuations of the fields ¢,, they are given at lowest order in the
Goldstone fields as
Oy ’i(7T1L1 + mo Lo + 7T3L3)<QZ5> . (610)

Using the relation (6.9), we see that d¢,, is invariant (at lowest order in fields) under the
gauge transformation
T — 71+ A(2) Cf)s(,ut) , (6.11)
o — mo — A(x) sin(ut),
where A(z) is any generic function of space and time. This redundancy implies that
and 7o do not describe physically independent fluctuations.

To eliminate this redundancy we must pick a gauge. The coset construction offers two
choices for this gauge condition that transform covariantly under the desired symmetries:
either Dym; = 0 or Dyme = 0. Choosing the first condition will allow one to eliminate 7o in
favor of 71, and vice versa for the second condition. Since these are simply gauge choices,
the physical content of the Lagrangian is the same for either choice. After the gauge fixing
condition is imposed in the coset construction, one arrives at the correct spectrum for the
above UV theory.

6.3 Linear sigma model for two triplets

In our second example, we will break SO(3) with two triplets ¢, ¢. In this model, SO(3)
remains completely broken even in the limit ;1 — 0. The most generic Lagrangian for two
triplets which is invariant under Zo symmetries acting separately on the two triplets is:

_A
1

1 1 ~ A - bt 7
£=—3(0u9)" = J(& =v")" = 5(0u9)" = { (& = 0°)" = T(6-9)* = S0 (6.12)

We will assume that all coupling constants are positive and that v? > 92. At p = 0,
the term proportional to g forces ¢ and ¢ to have vacuum expectation values that are
orthogonal to each other. We will therefore consider the following SSP field configuration:

| o o 0
<¢> — pintls 0 , <¢> — iitls oo |,
0 0
with
A2 4 12) — k(A2 4 p2 - A2 + p2) — k(A2 4 p2
¢w:¢< ) O 1), ¢N:¢< ) RO 1)

This field configuration minimizes the effective potential provided x is small enough, i.e.
such that ~
— A2 2y A\ 5\~2 2
Kk <min{q VA, (~U +,u), (1}2+'L;) . (6.14)
(A2 +p2) " (W 4 p?)

If we now parametrize the fluctuations around the field configurations (6.13) as

b0+ 0! N
¢ = ezutLg, 5¢2 , b= ez,uth ®o —|—~5¢2 ’ (615)
5 563
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and plug these expression into the Lagrangian (6.12), we find that the determinant of the
inverse propagator matrix has the form

det[D(w, k)] = (w? — k* — u®)’D(w, k) , (6.16)

where D(w, k) is regular for small w and k. We immediately see that the spectrum contains
two modes with mass m = u. Incidentally, it is quite remarkable that there are modes that
have an exactly relativistic dispersion relation at tree level even though Lorentz symmetry
is spontaneously broken by the background (6.13). The function D(w,k) on the r.h.s. of
equation (6.16) is such that

lim D(w,0) ~ w2l lim D(0, k) ~ k2 5. (6.17)
Based on our discussion in section 4, we conclude that the spectrum also contains one linear
massless mode and three radial modes with mass m ~ v. Once again, in the limit p < v
we can integrate out the radial modes and obtain an effective action for the Goldstones
which is exactly the one given by the coset construction when no gauge-fixing conditions
(other than the boost ones) are imposed.

The reason why one should not impose any gauge-fixing condition in this case is be-
cause of the different mechanism of symmetry breaking. The order parameter is now given
by the pair (¢, ) which transforms according to a reducible representation of SO(3). Un-
like in the previous example, the low-energy fluctuations of the order parameter are now
all independent. This can be deduced from the fact that no spacetime dependent linear
combination of broken generators f;(x) L; satisfies both

fil®) Li(¢) =0, and fi(x)Li(¢) =0. (6.18)

Thus there is no gauge redundancy in the Goldstone parameterization of the physical
fluctuations d¢,, and d¢,,.

6.4 Linear sigma model for (iso)spin-2 tensor

Finally, let us consider a model in which the SO(3) symmetry is completely broken by
a spin-2 representation, i.e. a symmetric and traceless rank-2 tensor, acquiring a non-
vanishing expectation value. The Lagrangian for this model is:

1 i ; P 2
L=—50,00"0); — A (87, — v?) (6.19)

We will consider the SSP field configuration

Dy 0 0
(®) =eHtls | 0 —dy 0 | eHtls, (6.20)
0 0 0

with ®g = /v? + p2/\. For simplicity, let us ignore the “radial” modes and focus directly
on the Goldstone modes, by parametrizing fluctuations around the field configuration (6.20)
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as follows:

(2 0 0 ,
O = etlseimli | o _@y 0 | emim LigTimtls, (6.21)
0 0 0

The inverse propagator matrix for the 7% modes then is

w? — k2 — 32 — 20w 0
D(w,k) = 20w w? — k% — 32 0 (6.22)
0 0 4 (w? — k%)

We already see that we get one massless Goldstone with linear dispersion relation. By
setting to zero the determinant of the upper-left 2 x 2 block we get the dispersion relations

we =V k2 +4p2 + p. (6.23)

Thus, we get two massive modes with masses m = p and m = 3u. It is interesting to see

for the other two modes:

how we always get a linear massless mode and a massive mode with m = u, as predicted
by the coset construction. The second massive mode has a mass m = 3, which is different
from the mass we obtained when SO(3) was spontaneously broken by two triplets. This
shows explicitly that the mass of the second massive mode depends on the symmetry
breaking mechanism, and, more in general, on the details of the theory.

In this example, the three Goldstone modes are again independent from each other
because the equation

fi(z) Li(®) = 0 (6.24)

cannot be satisfied for any choice of f;(x) and hence no gauge redundancy exists amongst
the Goldstones. Therefore, the low-energy effective action follows from the coset construc-
tion without the need to impose any gauge-fixing conditions (other than the boost ones).

7 Interpolating fields

Not only does the standard Goldstone theorem predict the existence of certain excitations,
it also gives information about their nature, by associating them with the spontaneously
broken currents of the symmetry group, which can serve as the corresponding interpolating
fields. In the celebrated QCD example of SU(2);, x SU(2)g broken down to the diagonal
isospin SU(2), the currents are bilinear in the quark fields, which implies that the related
Goldstone particles, the pions, can be thought of as quark-antiquark bound states. What
are then the interpolating fields for our gapped Goldstones?

7.1 The “non-relativistic picture”

The point of view suggested in [1, 16] and at the basis of our coset construction, is that the
ground state |u) of a system at finite density for a broken charge @, is a state spontaneously
breaking both time translations (H) and @, but leaving the combination H' = H — uQ
unbroken. At the level of the expectation values of relativistic field operators, |u) can be
thought of as a field configuration that is spatially homogeneous and evolves in time along
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a symmetry direction, eq. (2.4). With this picture in mind, it seems natural to propose
explicitly time dependent operators as the appropriate interpolating fields of the low energy
excitations. In particular, equation (2.4) suggests to use operators of the form

O(x) = e O(z) e~HQ! (7.1)
where O(x) is a standard local relativistic operator, in particular, evolving in time with H:

dO(x)
dt

By doing so, not surprisingly, we end up defining quantities that evolve in time with the

= i[H,O(x)] . (7.2)

non relativistic effective Hamiltonian H’,

dO(x)
dt

—i[H',O(xz)], (7.3)

and that are explicitly time-dependent from the point of view of the original relativistic
theory. With this convention for the time evolution of barred operators, which we call
“non-relativistic (NR) picture”, we can write n-point functions

(1|O1(21)Oa(w2) - .. On(n)| ), (7.4)

with the usual desired properties, such as that of being invariant under a global time
translation ¢; — t; + At.

What are the NR operators j;(x) corresponding to the broken conserved currents
J ﬁ(m)‘7 In order to answer this question it is handy to choose directly the basis of broken
generators introduced in section 2, distinguishing between commuting and non-commuting
broken generators. Commuting generators are untouched by the transformation (7.1),

Th(z) = JH(x) . (7.5)

[0}

On the other hand, for each pair of non-commuting broken generators we obtain

_ 1
Jéil(x) = exp(Uqat i02)im S (T), iy = ( 01 0) ) (7.6)

with I,m = £, and ¢, is defined in equation (3.13). Explicitly, the above expression for
jflf . is a time-dependent rotation mixing the + and — components (since there is no mixing
between different values of a, we drop that index from now on):

JH (x) = J(x) cos(pqt) + J* (x) sin(uqt), -
J!(z) = —J (z) sin(pgt) + J* (z) cos(pgt) . .

Due to their explicit time dependence, the operators Ji are not conserved currents. How-
ever, they are the appropriate interpolating fields for our gapped Goldstones particles, as

we show in appendix B,

(l L, @) [n(D)) ~ va e E@TD (7.8)
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where E(p) is the fixed-gap Goldstone’s dispersion relation: E(p) = uq + O(p?). The NR-
currents are defined by (7.6)—(7.7) up to some “initial conditions” —effectively, some initial
time, by the substitution ¢ — ¢ — ty. It is not difficult to show that an appropriate choice
of tg sets to zero either of the constants vy, v_. This implies that we can always choose
either jﬁ or J* to be the only interpolating field for the fixed-gap Goldstone boson. To be
concrete, let’s conventionally choose J* as the interpolator.

As an example, consider the SO(3) single-triplet case of section 6, with SSP solu-
tion (6.15). In that example, the gapped Goldstone is clearly identified with the field ¢3
(see also [1]) and, moreover, we have ¢ = 1. The SO(3) conserved currents are

JZM = —€ijk cbjé)“qﬁk . (79)
By identifying J; with J, and Js with J_ we obtain, to first order in perturbations,
JH ~ —gosin(ut) 9" ¢s JH ~ g cos(ut)o" ¢ . (7.10)

Both currents create and annihilate ¢3 quanta, that is, the gapped Goldstone excitations,
as predicted. However, the time dependent combinations (7.7) give a more convenient and
less redundant basis:

el
[2

0, J! =~ oot s . (7.11)

7.2 Counting the particles in the spectrum

If the p — 0 limit is smooth, that is, if no phase transitions are encountered, we expect all
our Goldstone excitations — gapless and gapped alike — to become, in that limit, standard
massless relativistic Goldstone bosons. The latter are as many as the broken generators
at p = 0. So, if we now go the other way, when we turn on the chemical potential i, the
number of broken generators in general increases, but the number of Goldstone excitations
remains constant.

By looking again at the SO(3) single-triplet example we notice that, at =0, Jo and
Js are broken, while J; is unbroken. By turning on p along the J3 direction, we break SO(3)
completely. However, the NR-current associated with Jj, (J4 in the discussion above) still
does not interpolate any particle: the total number of light degrees of freedom is conserved.
Vice-versa, in those examples where SO(3) is broken completely already at p = 0 —the
two-triplet or isospin-2 case—J, is also interpolating a particle, although different from
the fixed-gap Goldstone |m(p)): the coefficient vy in eq. (7.8) still vanishes. It interpolates
an unfized-gap Goldstone, the partner of the fixed-gap one interpolated by J_.

Fixing the gauge the Don® = 0 at the level of the coset construction (section 4.3), is
equivalent to stating that .J, does not interpolate any particle. Although from the point
of view of the coset construction at finite u we seem to be completely free to treat 74 as
redundant or physical, the present discussion suggests — in the cases in which we know the
@ — 0 limit to be smooth — to look at the number of broken generators at ;1 = 0 first, and
choose covariant unitary gauge for all the Goldsone fields associated with the generators
that become broken when p is turned on.
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More generally, we can relate these arguments to those of the inverse Higgs/gauge
redundancy in the following way. If a current of broken generators does not interpolate a
Goldstone (as is the case for .J; in the SO(3) single-triplet example above), then we expect

J(®) = fi(2)X;(®) =0, (7.12)

where @ is the order parameter and f;(z)X; is simply J; written in a basis of broken
generators X;. This immediately implies a gauge symmetry for the fluctuation

of the form
m — mi + Az) fi(z) . (7.14)

This gauge symmetry is responsible for removing the spurious Goldstone bosons, giving
the correct overall counting of degrees of freedom.

8 Energy considerations

The appearance of gapped Goldstones is a direct consequence of having shifted the Hamil-
tonian H — H' = H — p@Q. As mentioned above, such a procedure is necessary when Q
and thus H are broken: in that case, excitations can only be classified in terms of their
“energies” as measured by the unbroken combination H’. But it is natural to ask what
happens when unbroken charges are at finite density, say some 1. The ground state of
this system still corresponds to the lowest eigenvalue of the operator H' = H — uT. Yet
because T and H are unbroken, the eigenstates of H' can be chosen to be also eigenstates
of the original Hamiltonian H, as well as of T'. Then, if one uses H to classify excitations,
one can run the theorem of [1] again and discover that all the once fixed-gap Goldstones
are now gapless, in agreement with more standard Goldstone theorems. In this case there
seems to be an ambiguity in how we define “energy”—should we use H or H'? Whether or
not Goldstones are gapped would depend on which operator one uses. Yet, ultimately, any
prediction for the outcome of an actual experiment should be independent of such a choice.

In this section we address this issue. Before we look in detail at some aspects of it, it is
worth pointing out that which definition of energy is the natural one to use, sometimes just
depends on the question one asks. For instance, for thermodynamical considerations, since
the combination H — uT is precisely what appears in the partition function, H’ probably
provides the more convenient definition of energy for the excitations, even though one
should keep in mind that in thermodynamical relations like E4+ PV = uN 4+ TS, E always
stands for the expectation value of the original Hamiltonian H. Another convenient feature
of H' is that it is minimized by our state |u), so that all excitations are positive energy
according to H', but not necessarily according to H. On the other hand, if one is interested
in how gravity couples to our excitations, for instance, if one wants to consider cosmological
applications of our Goldstone system, then H is probably the more convenient measure of
energy, since gravity couples to the stress-energy tensor T and, as we will see below, H
is nothing but the spatial integral of T% (see also a related discussion in [22]).
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8.1 Probe-ability

There is one aspect of being “gapped” that seems to be very concrete, and not just a
matter of definition: if, according to some definition of energy, say H’, an excitation is
gapped, then that excitation cannot be produced by working below the gap — one cannot
probe it directly at low energies. On the other hand, if one now changes one’s definition of
energy and uses H, the excitation in question becomes gapless, and now it can be probed
at arbitrarily low energies.

Notice that the resolution of the apparent paradox is not simply that what we mean
by “low energies” is different in the two cases: we might be using low-energy probes, like
for instance external photons, that are neutral under 7', and thus completely insensitive
to the change of Hamiltonian. If we stick to this case, this must mean that in the second
picture, the excitation cannot be probed because of another conservation law, i.e., not
energy conservation, but charge conservation. The charge in question is T itself of course:
by assumption, the external probe carries no 7', while the Goldstone excitation under
consideration carries the same charge ¢ as the broken generator it is associated with. But
recall that the same ¢ also determines the gap in the H' picture:

Tlm) =q|m),  H'lr)=pglw),  Hlr)=0 (8.1)

(we are implicitly subtracting the charge and energies of the ground state |u).) And so, all
Goldstones that are fixed-gap in the H' picture, carry positive charge under 7' (when p is
positive), and cannot be produced in any number, and at any energy in processes like

VY — TigTfg - - - Tfg (8.2)

where 7 stands for an external neutral probe particle — e.g. a photon — and 7, for
a fixed-gap Goldstone. In other words, their production is forbidden because of charge
conservation, regardless of the energies involved.

Are these excitations completely unprobe-able from the outside? If so, why are we
talking about them? Fortunately, their unfixed-gap partners save the day. Recall that
for each fixed-gap Goldstone, there is a potential unfixed-gap partner (see section 4.3).
In general this can be a redundant degree of freedom, removable by fixing a gauge, but
not when T is unbroken: in such a case, the Goldstone fields 7 transform linearly as
a doublet under T, and it inconsistent with the unbroken 7T to remove one and not the
other.'" Now, the crucial property of these unfixed-gap partners Tug, for our discussion, is
that they carry a charge under T' that is exactly opposite to that carried by the associated
fixed-gap excitations. As a result, pair-production processes like

VY = TigMug (8.4)

' Alternatively, one could take a complex linear combination ¢, = 7, + im, , it terms of which the
candidate gauge-fixing condition would take the form

0= DO¢’(1 ~ 8t¢a + iNQad)a 5 (83)

which — if imposed — would completely determine the time-dependence of the full complex field ¢, thus
effectively eliminating two degrees of freedom.
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are allowed, both by charge conservation, and, at high enough energies, by energy con-
servation as well. Notice that, since the energies of the external +’s are insensitive to
which Hamiltonian we are using, the energy threshold for the process to happen has to be

insensitive as well. It is, since
E'(mtg) + E'(Tug) = E(mg) + E(mug) (8.5)

where we used that the two Goldstone excitations carry opposite T-charges.

The fact that the pair-production energy threshold is the same in the two pictures,
can be used to bound the gap of m,, in the H-picture, which is that used by Nielsen and
Chadha for instance [6]. The Lh.s. of (8.5) is always bigger than E’(7,) = ug, because H'
is minimized by our finite-density state |u), and so E'(m,g) has to be positive. On ther.h.s.,
the first term vanishes, because all fixed-gap Goldstones are gapless in the H-picture. This
means that

E(mug) > pq (8.6)

which applies to all unfixed-gap partners of fixed-gap Goldstones. Once again, this result
is non-perturbatively ezact.

8.2 Gravitational energy

Often, what we mean by “energy” is ultimately gravitational energy, i.e., the 00-component
of the gravitational stress-energy tensor T MGV However, for systems at finite density, the
gravitational stress-energy tensor does not necessarily coincide with the canonical stress-
energy tensor T}, one derives via Noether’s theorem.

To see this, consider a complex scalar field at finite chemical potential:

L=|D,®-V(2]), (8.7)
where D, = 0, +ipu 52. Canonically conjugate momenta are given by

o )
E—;:(D()(I))*, H*Ei:
0P ok
The conserved current is given by J° = i(II*®* — II®). The Hamiltonian density H' =
H — pJoy coincides with the 00-component of the “canonical” stress-energy tensor:

oL
d 0, °

Do . (8.8)

Tﬁu = aﬂﬂa - guuﬁ- (89)

Using the Lagrangian given in (8.7), one has
TG = [0 + |D; @ + V(|2?) — ip(IT*®* — TI®) = H — pJ°, (8.10)

as we expect.
At finite chemical potential, the Hamiltonian H’ does not coincide with the 00-
component of the gravitational stress-energy tensor, defined as

TS, = \/2_795(3/;%5) . (8.11)
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Instead, it is H that coincides with the gravitational stress-energy tensor. Indeed, using the
Lagrangian (8.7), and coupling our scalar to a generic metric via |D,®|? — ¢"*D,®D, ®*,
one finds

T§ = M+ |D; o> + V(|2*) =H. (8.12)

Thus for gravitational considerations, H is perhaps the more relevant measure of energy.

9 Outlook

We would like to conclude our paper by emphasizing the generality of our results: they ap-
ply to any relativistic theory that exhibits spontaneous symmetry breaking in the presence
of a finite density for one of the broken charges. As such, they have potential applications
to systems as diverse as non-abelian superfluid systems like QCD at finite isospin den-
sity [23] and inflationary cosmology with internal non-abelian symmetries [16]. We plan to
investigate these applications in the near future.

The previous work of ref. [14] extends the results on linear-gapless, quadratic-gapless,
and fixed-gap Goldstones to non-relativistic systems. However, as we emphasized in the
introduction, in the real world Poincaré invariance is broken always spontaneously, and so
we feel that a complete analysis of realistic non-relativistic systems should take this into
account. For instance, it was our emphasis on the spacetime symmetries that made us
discover the fourth class of Goldstones — the unfixed-gap ones — which do not appear
in the analysis of [14].12 However, in our analysis we assumed that Poincaré was broken
only by the presence of a finite charge density. To extend our analysis to standard non-
relativistic systems in the lab, we should include in our coset construction the degrees of
freedom associated with an independent breaking of Poincaré invariance, say the phonons
of an underlying medium, and see whether and to what extent these modify our results.

Finally, while the interpretation of the inverse Higgs constraints presented here is
complementary to those in the previous literature [12, 13, 18], it would be useful to formalize
this correspondence. In particular, one would like to derive the non-linear form of the
Goldstone gauge redundancies from the symmetry algebra. It would also be interesting
to see whether it is possible (and useful) to write down gauge-invariant actions for the
Goldstone fields that are also invariant under all unbroken global symmetries. These issues
are the subject of future work.
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A Constraints from Jacobi Identity

The structure constants f7;x are not completely arbitrary, but obey some constraints that
follow from the Jacobi identity

Jriem = froxfokm + frox foxm + fook frieam = 0. (A.1)

In particular, we will find the following results useful:

1. The first result is about structure constants involving two commuting and one non-
commuting broken generators:

bx I8y, Xax + W I3y Tiaz =0 = J8yar = 0. (A.2)
2. The second result can be derived by replacing 8 with X in the previous equation:
pxIXyXar T HTIX A Tay =0 - [xvay =0. (A.3)

3. The third result is about structure constants involving one commuting and two non-

commuting broken generators:

MXja,a+,X,b_ + NTja,a+,T,b_ =0 = faa+b+‘]b = faa_b_9a- (A4)

Thus, we either have faq, b, = faa_s. = 0, or we can divide this equation by the
same equation with a <> b and, using the antisymmetry of the structure constants
we get g2 = qg. Since q, > 0 by construction, this implies ¢, = ¢, and therefore
faasby = faa_b_. Thus, we conclude that

fOéa+b+ = faa_b_a (A5a)
faa+b+ ;é 0 - da = Qp- (A5b)

4. The result above can be easily rederived with « replaced by X:

Ixarb, = [Xa_b_s (A.6a)
[xao, 0 = ¢ = g (A.6b)

5. The next result is again about structure constants involving one commuting and two
non-commuting broken generators:

MXJa,a+,X,b+ + #Tja,a+,T,b+ =0 = fanrb,Qb = _foza,bJFQa (A7a)
,Uonz,a_,X,b_ + ﬂTja,a_,T,b_ =0 = faa_b+Qb = _faa+b_Qa- (A7b)

By subtracting these two equations we get

foea,bJr (Qb - Qa) = foaa+b, (Qb - Qa)a (A8)
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Thus, if g, # g, we obtain

faa,bju = faa+b, for da ?’é db (Ag)

If we now use this result in equation (A.7b) and we remember that all g,’s are positive
by construction, we obtain

famrb, =0 for Ga ?é Qp- (AlO)

If instead g, = qp, we get from (A.7b) that

fozaber = _foca+b, for da = Qp- (All)

Thus, we conclude that

foea,bJr = focb,mra (A12a)
foa by 0 = qa =g (A.12b)

6. The result above can be easily rederived with a replaced by X:

f)(vaber = be7a+a (A13a)
fxaby 0 = Ga = G- (A.13Db)

B Broken current matrix elements

In this appendix we show that the NR currents defined in section 7 interpolate the gapped
Goldstone states.

The most general proof of the Goldstone theorem develops from the constancy in time
of matrix elements of the form

w1 = (ul[Qr(t), A0)]|m) , (B.1)

for some local operator A(x) and where @ is a broken conserved charge. The constancy
in time of k is guaranteed by current conservation and by the relativistic structure of the
theory. Its being non zero for some order parameter A(x) is the statement that the Q7 is
spontaneously broken by the state |p). In the case of broken, non-commuting charges Qg +,
the possible time dependence of the corresponding k, + can be distilled into the expression

Kae = e IVIEOL (] Q0L (0) e RN, 5 = 0)(N, = 0] A(0) [p) —c.c., (B.2)
N

where the sum is over intermediate momentum eigenstates. Such eigenstates are chosen to
be also eigenstates of H', with eigenvalues (dispersion relations) En(|p]). From (B.2), after
straightforward manipulations, one can show [1] that in order for k4 4+ to be constant and
different from zero, there must exist a state |7(p)) in the theory with Ex(p'= 0) = puqq.
This is the fixed-gap Goldstone.
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We can now focus directly on such a state. From (B.2), it follows that
Cap = (2m)Pe PO (U] @0 JD L (0) e (5= 0)) (B.3)

is a time-independent complex number different from zero. Now we want to express Cg +
in terms of matrix elements of the “tilded” currents defined in section 7. Since they evolve
with H’, we have J (0) = e_iH/tj37i(t,6)eiHlt. After this substitution, the strategy is
in a sense to “rewind” the derivation in [1], and reintroduce the spatial dependence in .J.
This is done by expressing the 7 = 0 condition in (B.3) by integrating over a delta function

5(p) = (2m)7* [ dPaeih?,
Coie = [dpdlac 1P (o v T (10 v M n() . (BA)

where we used that H' commutes with @, and that it annihilates |u). The exponentials
outside the matrix element can be transformed into the corresponding operators hitting the
state |7(p)) inside the matrix element. The energy F cancels with H' and the exponential
of the momentum operator can be used to translate jgi (t, 0) at the point # —using once
again that the momentum commutes with ¢ and annihilates |x). On the other hand, pu@
hitting (u| produces H:

Cot = /d3pd3w (pl €1 JQ 1 (t, ) e () - (B.5)

The integral of J_gyi(t, ¥) is a time dependent combination of conserved charges as follows
from eq. (7.7), and therefore commutes with H. Hence we finally obtain

Cos = / Bpdiz GBI (4] JO (1, 7) n(7)) (B.6)

Because translations are not broken, the ¥ dependence of the above matrix element is
simply €. We deduce that .J interpolates the state |7(7)) is the usual sense:

(Ul T (1, @) (@)~ e i E PP, (B.7)
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