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1 Introduction

Since the beginning, D-branes have been very important in the overall development of
string theory as well as in attempts to apply string theory to particle phenomenology and
cosmology. In all these endeavors, a central role is played by the D-brane moduli. These
moduli fields in general include scalar fields whose vacuum expectation values specify the
location of the D-brane, as well as background values of gauge potentials (Wilson lines) for
the gauge fields that are localized on the D-branes. The metric on the field space of these
moduli, in its various incarnations, contributes to determining the dynamics and ground
state of the theory.

For phenomenology, although these moduli fall in the adjoint representation of the
D-brane gauge group and are usually not thought of as matter fields, they have been used
as toy models for matter fields (see e.g. [1]). For cosmology, although these moduli are in
principle charged, they are uncharged under the relevant remnant gauge group, so they are
still appropriate for inflation (see e.g. [2] for a recent review). In general, the metric on the
space of D-brane moduli is of great interest also for applications.

Sometimes, quantum corrections to this metric can become relevant. Symmetries can
render the moduli potential particularly simple or in exceptional cases, can make it van-
ish. Then, quantum corrections to the metric on field space could contribute interesting
dependence on the D-brane moduli. Even if the quantum corrections are not leading, they
can have useful interpretations. For example, when the moduli are all fixed, the correc-
tions may reduce to anomalous dimensions for the D-brane moduli fields (see e.g. [3] for
a related orientifold example), that induce scale dependence in the low-energy effective
theory. Calculations of similar type can also be used to compute masses for adjoint fields,
such as one-loop Dirac gaugino masses (first calculated in [4]). The virtue of these for
phenomenology has been emphasized for example in [5].

In this paper, we continue developing the formalism for computing quantum corrections
to the metric of D-brane moduli, in Type ITA orientifolds with D6-branes at angles. The
D-brane moduli can a priori couple to orbifold-charged open string states localized at
intersections of various orbifold images of D-branes.! For example, a D-brane at angles can
intersect its own orbifold image, and therefore also states localized at these intersections
can run in an open string loop. Corrections that only appear for D-branes that have
nonvanishing intersection angle along all three two-tori are referred to as NV = 1 corrections.

There are also loop contributions due to states not localized at intersections, when
there exist branes that are parallel along one two-torus. (This is the only other nontriv-
ial option, because branes cannot be parallel along two two-tori but not the third and
still preserve supersymmetry.) Such special configurations preserve enhanced N’ = 2 su-
persymmetry, so those corrections are referred to as N' = 2 corrections. The enhanced
supersymmetry actually prevents string oscillators from contributing, so these corrections
only come from zero modes (winding or Kaluza-Klein momentum modes). These correc-

!By “orbifold-charged” we mean charge under the group of space rotations, not to be confused with the
charge under the gauge group. These states are sometimes called “twisted”, but we prefer to reserve this
terminology for operators with non-integer operator product expansions.



tions are well studied in related situations and we will be able to adapt existing results to
our configurations.

The N' = 1 contributions are less well understood. We find by direct calculation
that string loop corrections due to states localized at image intersections vanish, for any
orbifold and any brane configurations with minimal supersymmetry in four dimensions
(N = 1). There is no corresponding nonrenormalization theorem for Kéhler metrics in
minimally supersymmetric field theory. With minimal supersymmetry, there is also no
direct argument that would prevent heavy string states from running in loops, and a
priori our expressions contain contributions from massive string states, it is just that the
contributions all vanish. Therefore we have really proven a “string nonrenormalization
theorem”. In addition, it is rather rare that statements can be made about minimally
supersymmetric orientifolds that hold regardless of orbifold group or brane configuration,
but this is one such statement. Another statement of this kind was recently made about
the absence of mass renormalization due to N' =1 contributions, in [6].

It would be interesting to understand how and whether this result can be recast as a
statement about symmetries of the theory. Some tentative arguments in this direction can
be made, but at the moment we do not know how to cleanly formulate the vanishing result
in this paper in terms of symmetries. We will comment on this issue, as well as possible
generalizations, in the conclusions.

In [7] we pursued a similar calculation neglecting the contributions we consider here.
There, following the seminal work [8], we first considered a reduction of the relevant (tree-
level) effective supergravity using the standard curvilinear coordinates on the covering torus
of the orbifold, identified the correct combinations of moduli, then rewrote the worldsheet
action in terms of them. By varying this rewritten worldsheet action directly with respect
to the moduli fields of interest, we obtained the corresponding vertex operators, that then
automatically captured the full moduli dependence. In this paper, we found it useful to
generalize this strategy somewhat to obtain the moduli dependence for D-branes at angles.
Here, we will not use the standard curvilinear coordinates on the covering torus, but a
better choice of coordinate frame that is adapted to the D-branes of interest. A related
approach was used to great effect in the work by Hassan [9]. Our strategy will essentially
be to generalize this to D-branes at angles. Another relevant paper is [10], where similar
vertex operators to ours were introduced and used for tree-level string calculations.

One-loop corrections to gauge couplings have been studied in greater detail than cor-
rections to the Kahler metric, and we will make heavy use of [11] and [12] for much of the
background detail. Although our results will be valid for any orientifold and any brane
configuration, we provide some explicit examples in the appendix, focused on the 7 /Zg
orientifold and a two-stack configuration (for simplicity). We will not consider any direct
phenomenological applications in this paper, but the interested reader may consult [12] for
phenomenologically interesting spectra in the 7°/Z{ orientifold with more brane stacks.

There is plentiful literature on string calculations in toroidal orientifolds, but few make
progress on the technical details needed for the kind of calculation we present here. Some
examples of papers that develop techniques that are relevant to this work are [10, 11, 13].



2 String effective action

We begin by an overview of the dimensional reduction of the tree-level effective supergravity
action and how the D-brane moduli appear. Then we review the vertex operators with
which one can compute this supergravity action as a low-energy limit of string theory.
Finally, in section 4 and 5 we use these vertex operators to calculate string amplitudes,
from which we extract the one-loop Kéhler metric of the D-brane moduli.

2.1 Kahler variables

We will work in Type IIA string theory, but let us begin with quick reminder of why the
open string Kahler variables are defined the way they are in effective Type IIB supergravity.
In Type IIB, the open string moduli are defined as

A" = Ual — ab  (no sum over i), (2.1)

where U; is the complex structure modulus of the ith torus. The form (2.1) of the open
string moduli can be derived by dimensional reduction, as in [8]. For D9/D5-branes,
dimensional reduction gives
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(Strictly speaking this form of the action would arise in a reduction on a factorized six-torus
and some of the complex structure moduli might not be moduli in the orbifold.) The form
of the open string moduli can be inferred from the last term in (2.2). It arises from the
kinetic term of the gauge fields on the brane, i.e. from an expansion of the DBI action.

Under T-duality to Type ITA, the complex structure modulus U; of Type IIB is mapped
to the corresponding Kéhler modulus T; of the same torus. The above reduction of the
DBI action can now be redone in the Type IIA picture. In order to do so, we distinguish
the indices of coordinates according to whether they are parallel or tangent to the brane
and/or to the non-compact space-time, i.e.

|| RV
A : || brane but L R (2.3)

a : L brane .

The coordinates along the brane are denoted by {¢*, EA} and the coordinates along space-
time are {X*, X4 X°}. We work in static gauge, i.e. X4 = ¢4 and X* = ¢*. To do so,
we concentrate on a single representative of an orbit.

We are interested in expanding \/det(P[G] + F) to second order in the fluctuations
along or transverse to the branes. 7 = F'+ P|[B] and P|G| and P|[B] stand for the pullbacks



of the metric and B-field. In appendix A, we obtain for the kinetic term

1 ) ) ) N 1
\/det GW\/det Gap Z 3 ((auAi — Bi0,¢") (8" A; — Biot¢') + plzaud)zauqsz) 2
= et G /Aot Gap 3 %maw _ AP (2.4)

with
T, = B; +ip;, (2.5)

where B; denotes the component of the B-field along the ith torus, p; is the volume of the
1th torus and L; is the length of the brane along the ith torus, as discussed in more detail
in appendix A.

By analogy to (2.1) and (2.2) we define the open string moduli according to

' = Ti¢" — A; (no sum over i) . (2.6)
This is in agreement with formula (3.51) in [14].2

2.2 Real vertex operators: no relative angles

As mentioned in the previous section, the coordinates (X4, X?) are adapted to a specific
brane, with an explicit split into parallel and perpendicular coordinates. A particular
split of this kind will obviously not work for two branes at nonzero angles simultaneously.
However, for our purposes we only need to insert vertex operators on a single stack of
branes. This is because we are interested in calculating a scalar two-point function, and
inserting the two vertex operators on two different boundaries in an annulus diagram would
lead to a vanishing result after summing over all branes and their orientifold images. (We
will come back to which specific diagrams contribute to the two-point function in section 3.)
Therefore, we will only make insertions on a single boundary at a time and our variables
and vertex operators can be adapted to the stack on which we make the insertion.

But correlators of those vertex operators, even if inserted at a single stack, will involve
propagators that are determined by boundary conditions at both ends of the open string.
So we will see that amplitudes will depend on the relative angle between D-branes through
the correlators, even though the vertex operators on any given stack may be adapted to
that stack.

One can consider vertex operators for intrinsic D-brane worldvolume fields or for am-
bient spacetime fields. We will consider spacetime fields, but for completeness we write the
relation to worldvolume fields in appendix B, following Hassan [9]. The vertex operator
3

for spacetime fields can be read off from that reference.”> We use a plane wave ansatz,

2Note also the definitions of their € and @ at the bottom of pages 15 and 17, respectively.

3To be specific, formula (52) together with (8)-(11) in [9]. This reference uses a Lorentzian worldsheet,
but we will Wick rotate to a Euclidean worldsheet.This means 9; — i0;-. The vertex operators in principle
receive an overall i from the integration measure, but this is absorbed in the Euclidean definition of the
functional integral.



eg. Ay(X) = Ape?X for constant Ay, to obtain the vertex operators. Assuming a
constant matrix Eyny = Guny + By, the vertex operators for Wilson lines and D-brane
positions are

_ Y . Mo, o N TNN /M TMN | ipX
VAM - m o5 dTAM |:28TX + ?pN(/(/} + mﬂ )(1/} + mﬁ ):| € P )
Yo M| : N N
V.o = dr 1Bynor X" — GunOsX 2.7
oM \/270/ . Qb [ MN MN ( )

o - ~ -
+5PK (¢K + 77¢K) (EMN¢N - 77Ez:\r4N¢N> ]ew X,
where g, is the (dimensionless) open string coupling, and the o' factor is such that the
vertex operators are dimensionless (for the normalization factor see [15]). Also n = £1 is
defined to take the same value at both ends in the Ramond sector and the opposite value
at the two ends in the Neveu-Schwarz sector. Without loss of generality, we assign®

+1 , O=T
n= {+1 (R) } . (2.8)
1 (NS) [ '

We emphasize that the sign combinations in the above vertex operators are defined to be
T-duality covariant. For example, using the T-dual coordinate X'(w,w) = X (w) — Xg(w)
one sees that 0, — —i0,, which enforces the above sign relation between 0, X in Vy,, and
05X in Vyu . For vanishing B-field background (which we assume from now on), the vertex
operators for the Wilson lines are the same as above, but the position scalars simplify to

— Yo N o K 7K N TN in X
Vox === | dron [aaX — S (W5 40" ) (v =i )}ep . (29
where
on = oMGun - (2.10)

In static gauge, the only non-vanishing components of the fields with lower indices are
oo and Ay, cf. eq. (2.3) for the notation, and also appendix B. (That is, ¢4 = A, = 0,
but we emphasize that this is a gauge-dependent statement, as explained in detail in [9].)
Moreover, we only consider momentum along the non-compact directions so that the only
non-vanishing momentum components are p,. Thus, the vertex operators become

O[/

2

O[/

2

V2 Jox

9o
Vi = — AT, |0, X% —
& V2a! Jox ¢ [

These can be rewritten purely in terms of the holomorphic v using the boundary condi-

Vi, = 2 drAs [iGTXA + —pu (1/1“ - mﬁ“) (W‘ - mﬁ“)} ey

Pu (1/1“ - mﬁ“) (w“ - mﬁ“ﬂ ePX o (2.11)

tions. To do so, we recall that the relations between the left- and right-moving fermions in

“This is the same choice as in Polchinski [16], Ch. 10, which he calls v’ = 0.



Neumann and Dirichlet directions, respectively, are

Yo =1 O (Neumann) ,
’ o=0,7
A _ TA
P ‘GZOJ =nY o (Neumann) ,
D ygm = 1 D° (Dirichlet) , (2.12)
’ o=0,7

where of course both sides have to be taken at the same value of o, i.e. both at ¢ = 0 or
both at ¢ = 7. Using this we find

Yo . A o Al ipX
Vas = o | dras [z@TX 20 (p - ) }e :
_ 9o a / . a| _ip- X
Voo =~ | dro [a,X 2/ (p - ) }e . (2.13)

The reason that each pair of terms in the fermions added up instead of cancelling (which
would have been the other possibility) is that the combinations of worldsheet fields in the
vertex operators are defined as the pieces that are nonvanishing under the given boundary
conditions (see appendix B). However, since we have made explicit use of the boundary
condition for 1, no trace of the antiholomorphic field ¢) remains in the explicit forms (2.13).
We will make similar replacements for X in the next section.

We can also impose boundary conditions in a way that makes no explicit reference to
right-movers by using the well-known “doubling trick” (see e.g. [15]). The trick is to define
a “doubled” holomorphic fermion field extending into the “unphysical” region 7 < o < 27
by using the right-mover 1; there:

V(o,7) = {_ v  cor (2.14)

The boundary condition (2.12) at o = 7 is automatically fulfilled, while the condition at
o = 0 amounts to the quasiperiodicity conditions

vA@2m, 1) =t (0,7),

Y2, 1) = mp*(0,7) . (2.15)
We see that the definition (2.14) and the quasiperiodicity (2.15) together replace the bound-
ary condition (2.12). We can still use the expressions (2.13) for the vertex operators with

only the holomorphic 1® and ¥, and now they are simply extended to the full range 0
to 2.

2.3 Complex vertex operators: angles

In this section we write down vertex operators directly for the complex variables ®° defined
in (2.6). It might be worthwhile to contrast our approach with that of [13]. Those authors
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Figure 1. Tilted coordinates for a brane with wrapping number (n,m) = (2,1). The complex
coordinates Zg and \Iﬂé also include the length L; and perpendicular distance D;.

consider vertex operators with branch cuts in the complex plane. We work entirely in
cylinder variables, where there is no branch cut. Instead the vertex operators exhibit
quasiperiodicity as they cross through the unphysical region — in the sense of the method
of images — back into the physical region (see figure 3) below. Another difference is that
those authors begin by performing real matrix rotations, and then diagonalize to obtain
complex embedding coordinates. They can reproduce the DBI action as output. We obtain
our variables by comparing with the reduction of the DBI action as input, but we consider
adapted coordinates, so we do not need to diagonalize. Ultimately, whatever approach one
prefers they should be equivalent, and indeed we reproduce their results on D-branes at
angles, for example in (2.36) below (with the replacement U — —1/U, as we T-dualize on
a different axis). For other work in this direction see also [17].

Now on to the calculation. We want to introduce complex coordinates along the
internal tori. In the conventions of [15], we have 9, = 9+ 0 and 9, = i(0 — 0), using which
the boundary conditions are

Qi

X4 =0 Neumann, along brane (2.16)
)X =0 Dirichlet, perpendicular to brane. (2.17)

(0 +
(0 —

Qi

Now for our variables

. 1 . ' .
Zh= 7 (LZ-X2’+3 + ZDZ-XQH‘*) : (2.18)
®; = T;¢' — A; (no sum over 1), (2.19)

where X?*3 is a coordinate along the ith torus parallel to the brane (stack) and X2*4 is
transverse to it, i.e. X213 is one of the coordinates X4 and X2"** is one of the coordinates
X2, but the present notation emphasizes the relation to the ith torus, cf. figure 1. In (2.18),
L; is the length of the brane along the ith torus and D; is the distance to the neighboring
parts of the brane along the ith torus. For more details, see figure 7 and eqgs. (A.7) in the
appendix. The normalization in (2.18) was chosen in order to ensure

5
Clz—wp

(07)(2)0Z)(w)) (2.20)



at disk level, when normalizing the original real coordinates in such a way that

GIJ

T l—wP

(0X1(2)0X 7 (w)) (2.21)

Here, X!, X7 stand for any of the internal coordinates and the internal metric is given by
a product of three factors of the diagonal form given in (A.13).
Using (2.18), the boundary conditions (2.16) and (2.17) can be rephrased as

dZy = —07Z}, (2.22)
dZy = —0Zy' . (2.23)

Inverting the expressions (2.18) and (2.19) and using 7" = T3 for a background without
B-field gives

1 _
. P, — P-
L= L ! 2.24
¢ 2i(T5)2 (2.24)
and
) 1 ) _
X2 = E(Zé + Zy"), (2.25)
(3
. 1 . _
X2+t — Zh — Zg") . 2.26

Note that the boundary action and the corresponding vertex operators (2.13) involve the
position variables ¢ with a lower index instead of an upper index. Using the metric (A.13),
this can be obtained as

o Qq)i—q)i

¢i = D; 21T (2.27)

Now the boundary Lagrangian for the worldsheet bosons becomes
Ly ~ 1AL0, XA — 90, X" = 14;0. X275 — ¢;0, X+ (2.28)
_ —%(@ + B)i(0 — 5)\/%%(25 +Z8) - D? 22(;5); 0+ 5)\/;@.&(225 ~ Z3) (2.29)
— 2\/1% [(®; + B,)(D — D)(Z) + Z3) + (@ — B:)(0 + D) (Z) — 7)) (2.30)
_ éL [©:(02) — D7) + 8,073 — 0ZY)] (2.31)

where ~ means we suppress an overall constant that is restored in (2.45), and in the third
line we used D;L; = (T;)2, cf. (A.7). Using (2.22), this can be rewritten as

9 o
Lilgey ~ \Lf (:0Zy + $:0Z] (2.32)



n + mU

<

n+mU

Figure 2. Covering space. Since |n+mU| = |n+mU]|, dividing n +mU by n+mU gives just the
angle €2, In this example (n,m) = (2,1).

Before considering the fermions, let us mention that we of course did not have to
use coordinates Zy adapted to a specific brane. Another obvious choice would be fixed
orthogonal coordinates corresponding to basis vectors along the horizontal and vertical
axis in each internal covering plane. Then 6 would correspond to the rotation angle of the
brane with respect to the horizontal axis, cf. figure 1, and the relation to those coordinates
Z is simply

Zy=eY7. (2.33)

It is of course for this reason that we put the subscript 6 on our adapted Zy coordinate.
In the un-adapted Z coordinate, the boundary conditions become

07 = —e 97, (2.34)
07 = —e*997 . (2.35)

In the orbifold the angle is fixed by the wrapping numbers and the complex structure of
the spacetime torus. We see in figure 2 that

i [n+mU

We mentioned the un-adapted coordinate for completeness, but we will use the adapted
coordinate Zy as defined in (2.18) for the remainder of this paper.

We use the same logic to obtain the fermion pieces in the vertex operator as we did
for the terms with bosons. We define complex fields

1

A 1 , , ..
= = (L™ 1 iD? ) W=

> (Li¢2i+3+iD”Z}2i+4) . (2.37)

5

This leads to

B3 \/%L( b+ Th), (2.38)
Y (w) — D) (2.30)

~10 -



and the same for the fields with tildes. Using this and (2.24) and we obtain for the fermionic
contribution (suppressing a factor o/p,y*)

Lhay ~ A 409 + g — ) (2.40)
1 . =_ . .
=~ 5p %W+ 0%h) + B:(% +n¥))] (2.41)

This can still be simplified by using the boundary conditions

Tr[}A = nQLA ) ¢a = _,’7,([}11’ (242)

which can be rewritten using (2.38) and (2.39) as

U = nlj . (2.43)
Using this in (2.41), we finally obtain
Loy ~ Aa(W™ + ) + ¢ (" — 10" (2.44)
V2

=7 (@, 0] + &, T)] .
(2

We now have the result for bosons and fermions, and reinstating the factor o/p,¥* in the
fermion piece, the total vertex operators are (no summation over )

V@ _ gO

i i1 ip- Jo 77 AL
=L e\ [0Z) — o' papt Wyl e X Vg = ie;)\T [0Zf — o/ pyapt Wy e

N~T3
(2.45)
where e; is the polarization and A the Chan-Paton matrix. We emphasize again that these
vertex operators make use of coordinates that are adapted to a particular brane (stack).
Only in the special case that all vertex operators are inserted on the same brane, as we will
consider in the rest of this paper, can they be directly applied. They cannot be directly
applied for non-planar amplitudes, where vertex operators are inserted on different branes
at relative angles (which might be image branes under the orientifold action). In those
cases one must rotate the coordinates Zp (and similarly the fermions Wy) like in (2.33)
with an angle appropriate for the brane on which the vertex operator is inserted. We
note that even for planar amplitudes where (2.45) can be used, the correlators will always
depend explicitly on the relative angle, as we will show momentarily.
Before proceeding further, however, let us perform a quick test of our vertex opera-
tors (2.45), by reproducing the known moduli dependence at tree level. At disk level the
correlator has the moduli dependence

e~ 210
<V‘I>iv<i>z> ~ 12 HLj ) (2.46)
v J

where the factor e~ %19 comes from the usual dilaton dependence of a disk amplitude and
Hj L; is the volume of the cycle wrapped by the brane under consideration. This factor

- 11 -



arises from the integration over the zero modes® of X4. In order to obtain the moduli
dependence of the Kéhler metric, one should perform a Weyl rescaling, leading to an
additional factor of €2®4 = €2®10Vol™1 where Vol = [] ;(I2); is the volume of the Calabi-
Yau orientifold. This results in

disk P 2 L; e L; e 2
G<I>i<1>5 L22 ]1;[1 (TQ)] Lz2 Jl;[l /(TQ)] ‘/;(TZ)Z JI;[1 \/Vja (247)
where we used (A.7) (together with (A.18)) and (C.39). This moduli dependence precisely
agrees with known results, for example eq. (53) in [18].

We now go through the arguments of the doubling trick again for the complexified
fermion. As in (2.43), the boundary condition at each end can have a phase associated
with that end, and we now emphasize this by an index on the angle 6:

Vg, = 1 Vg, (at 0 = 0), (2.48)
Uy =nWy (at 0 =) . (2.49)

We now want to express them in terms of a single field, let us say adapted to the brane at
angle 0p. To do so we simply rotate ¥y = e_i(a”_ao)‘llgo, Wy = e_i(e’*_gﬂ)\llgo to obtain

Ty, = 10, (at o =0), (2.50)
@eo — 7']6721’(0‘"700)@90 (at o = 71') . (251)

The doubling trick again extends the fermion into the “unphysical” region 7 < ¢ < 27 by
using a translated right-mover ¥y there:

Uy, (w) , 0<Rew<m

W, (w) = , = 2.52
6o () { e?0n=0)Wy (2 — @) , 7 < Rew < 27 . (2:52)

The boundary condition at Rew = 7 is now fulfilled by construction, while the condition
at Rew = 27 becomes, using (2.48), the quasiperiodicity condition

Wg, (2) = 1000w, (0) . (2.53)

So this is a condition on the doubled holomorphic field. Therefore it is best interpreted
on the covering torus. The doubling trick for the complex bosons Z works completely
analogously.

To summarize, the angle difference 2(6; — 6y) appears as a twist of the worldsheet
fields, and hence of the vertex operators, in the horizontal direction on the covering torus.
See figure 3 for an illustration. This means that even if the direct dependence on the angle
of the brane can be rotated away for vertex operators inserted at only a single boundary
(using Z and ¥ above), the relative angle of rotation between two branes will still appear

®The integral over zero modes x4 usually produces a delta function in spacetime momenta, cf. (6.2.13)
n [15]. However, in our case there is no momentum along the X4 directions, so the zero modes x3 drop
out of the integrand. Then, the integral simply gives the volume of the three-cycle that the brane wraps.
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Figure 3. As the physical cylinder worldsheet only extends between 0 and 7, the quasiperiodicity
of our extended fields on the covering torus lies in the “unphysical” region (in the sense of the
method of images). Notice that the branes at ¢ = 0 and ¢ = 7 may be at angles, (i.e. 8y # 6,) but
this is not drawn in the figure.

in correlators of the holomorphic complex fields Z and ¥, since they must display the
requisite quasiperiodicity (2.53). This is of course reasonable physically; only the relative
angle between branes should ultimately affect physical results.

It may be useful to note that if one insists on working with a physical fundamental
region, without the doubling trick, there is a formal asymmetry between worldsheet bosons
and worldsheet fermions. In particular, the angle appears in correlators of bosons, but
for the fermions, the angle is instead hidden in the boundary relation between ¥ and 0.5
With the doubling trick, the angle appears in correlators of fermions and bosons in the
same way. We emphasize that this is only a matter of convenience and either point of view
may be adopted.

2.4 One-loop effective action

We now discuss what contributions to the one-loop effective action are expected to occur.
First of all, we do expect moduli-dependent N = 2 contributions, as discussed in the
introduction, by combining the arguments of [7] (for D5-D9 systems) or [19] (for D3-D7
systems) and [11]. With angles we may also expect additional N' = 1 contributions for
which there is no analogy without angles.

The N = 2 contributions arise if some of the branes and orientifold planes are parallel
to each other along one of the three tori. Thus, the corrections are very similar to the case
without angles, as will be discussed in more detail in section 5. Focusing on the dependence
on the Kéhler moduli 7', from [7] we expect a Kéhler potential correction that contains a
term quadratic in the D-brane scalar ®:

AK, (®,9,T,T) ~ f(T)2P + ... (2.54)

SCompare e.g. eq. (B.9) in the appendix of [13]. There, only the correlator of bosons depends on the open
string metric, which in our T-duality frame means it depends on the angle. The correlator of holomorphic
fermions, on the other hand, depends only on the closed string metric, i.e. without the angle.
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for some nonholomorphic function f(T"). From eq. (2.77) of [7] we may guess
AKy (®,®,T,T) ~ —V?E2(0,T)® + ... , (2.55)

where V2 = 0305 and E» is the generalized nonholomorphic Eisenstein series. Using the
identity” V2E5(0,7T) = —%El(O,T) we see that in fact
E(0,T) 1

J(T) ~ 25 ?(ln(|n(T)|4T2) + (T-independent terms)) , (2.56)
2 2

where 7 is the Dedekind eta function. (This can also be understood somewhat more
indirectly through well-known moduli-dependent corrections to the gauge coupling, by
using A/ = 2 supersymmetry.) We will see the form (2.56) in section 5. To discuss the
N =1 contributions, we need to introduce more details.

3 Setup

We are considering an arbitrary type ITA T°/Zy-orientifold with D6-branes at angles,
but we do not see any reason that our results would not generalize immediately to e.g.
T%/(Zyn x Zypg). The orientifold group is generated by the orbifold generator © and the
parity operator QQR, where €2 is the worldsheet parity operator and R corresponds to a
reflection along the x-axes of the three internal-space tori. The background contains brane
stacks [a] and orientifold planes Oj. Here, [a] stands for the whole orientifold orbit, i.e.
together with a particular brane a, it also contains all images under the orientifold group
actions, i.e. [a] = {ar = OFa,Ray;k = 0,..., N — 1}. Moreover, the orientifold planes
Oy, lie along the three dimensional submanifolds that are kept fixed by the action of ROF.
This implies that the image Ra can be obtained from a by a reflection along Oj. In this
paper we only consider so-called bulk branes, i.e. D-branes wrapped on combinations of
bulk cycles that are invariant under the orientifold group. This is to be contrasted with
fractional branes, that are themselves localized at fixed points. More detail in the specific
example of 79/ Zg is provided in appendix C.

In this section we would like to review which amplitudes contribute to the 2-point
function of the open string positions ¢, and Wilson-line scalars A4. The presentation
closely follows the analogous discussion for gauge-coupling corrections in section 2.2 of [11].
The first point to note is that since we are interested in the 2-point function of certain open
string scalars, only worldsheets with a boundary can contribute, i.e. the annulus and Mobius
diagrams.

For the annulus amplitude, only strings with no insertion of the orbifold operator ©*
can contribute. (We note that this is quite different from configurations with no angles,
when all twists can in principle contribute.) The argument is the following. As is well
known [15, 20] the trace in the open string channel is written

> (a,blg"©%|a,b), (3.1)
k ab

"This is eq. (C.32) and (C.15) in [7], and we also use (C.17) in [7], but note that the latter has a
spurious 1/7T5.
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where a and b stand for the branes on which the open string state starts and ends, respec-
tively. More precisely, b could either be a brane in the same orientifold orbit as a or in a
different orbit. Now, ©F|a, b) = |©Fa, ©Fb), and the latter is clearly a different open string
state than |a,b). So the rotated strings do not contribute to the trace. Strictly speaking

this argument does not hold for k = % (for even N) in which case ©N/2|a,b) = |a,b).
However, the k = %-sector contribution vanishes due to cancellation of twisted tadpoles,

which imposes
Trygne =0 (3.2)

on the Chan-Paton factors [21]. Thus, only the untwisted annulus amplitudes with £ = 0
can contribute in principle.

Among these, one has to distinguish amplitudes for which both open string ends lie on
branes with non-vanishing relative angle along all three tori, leading to N’ = 1 contribu-
tions, and those for which the two branes are parallel along one of the three tori, leading
to the N' = 2 contributions discussed in the last section. We will see in section 4 that
the A/ = 1 contributions actually vanish and we come back to the N' = 2 contributions in
section 5.

We now make a general comment. In (3.1) we could move the finite sum over k into
the trace to exhibit the projector

=

1
Pirvifold = N ok . (3.3)

0

B
Il

Because it is a projector (i.e. P02rbifold = Pybitold ), the annulus amplitude (3.1) then only
propagates invariant (orbifold-neutral) states Pypifold|a, b), in the open string channel. But
in actual calculation, the trace is performed without moving the sum over k into the trace.
That is, it is calculated for each orbifold-charged sector of the theory running in the open-
string loop separately, for open strings stretched between specific representatives of the
orbifold orbit, and then the sum is performed at the end. The localized states (N = 1
sectors) that we discuss below arise at the intersections of these orbifold (and orientifold)
images of D-branes.

Once we have identified under the orbifold action, a brane may still self-intersect in the
actual orbifold space at nonzero intersection angle. However, what is generated as factors
in the annulus amplitudes are the intersection numbers in the covering torus, as opposed
to intersection numbers in the actual orbifold space. This will hopefully be clear in the
calculation below, and in figure 11.

There is another potentially slightly confusing point here: as argued earlier, our vertex
operators are adapted to a brane at a specific angle. But the invariant (orbifold-neutral)
open-string states consist of superpositions of open strings stretched between representa-
tives of the orbifold orbit, i.e. we need to use many different angles. This is consistent
because in the covering space, the D-brane moduli of each image brane are independent,
and only when the superposition is formed to make an orbifold-neutral state do we get a
single set of D-brane moduli. This is in fact the same logic given above for states running in
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the loop: if the external-state D-brane moduli are viewed as independent charged states,
the invariant states can be formed at the very end of the calculation by summing over
charged states, i.e. effectively applying a projector.

For the Mdbius strip the situation is more complicated, as also k # 0 sectors con-
tribute, i.e. now the open string states in the loop can be rotated while traversing the
loop. Analogously to what we wrote for the annulus amplitude, we can write the M&bius
amplitude in the open string channel as a trace

D (a,d|¢" QRO |a,d') (3.4)

k a,a

where @’ € [a]. In order to see which amplitudes actually contribute, let us consider the
two cases ' = RO™a and o' = ©™a separately.
For the case a’ = RO™a we have

(a, RO™a|¢ QRO |a, RO™a) = (a, RO™a|q QRO a, RO*RO™a) (3.5)
(a, RO™a|¢TQRO%a, @™ F4)

(a, RO™a|¢" |©™ Fa, RO*a) , (3.7)

where we used
O*R = RN K (3.8)

when going from the first to the second line. It is obvious from (3.7) that there will only
be a non-vanishing contribution to the trace if m = k or if m = k + N/2. However, these
two cases are actually the same (as ©5TV/2q = ©%a) and therefore should not be counted
separately.

For the case a’ = ©™a we have instead

(a,0malgTOROF|a,0ma) = (a,0™a|¢" QRO%a, RO ™) (3.9)
= (a, 0™a|¢T RO ™Ma, RO%a) . (3.10)

We now see (again using (3.8)) that the necessary condition for a non-vanishing contribution
in the case a’ = ©@™aq is

a=ROMmg (3.11)

In other words, when a’ = ©™a we need a to lie on top of the Oy, orientifold plane to
contribute.

If we assume that none of the branes lie on top of the orientifold planes (along all
three tori), we obtain the result that the non-vanishing contributions from the Mé&bius
strip amplitudes come from the previous case a’ = RO™a, and are

ZZ(a,R@ka]qHQR@k|a,R@ka) : (3.12)
k a

It was shown in [11] that these amplitudes have the feature that in the closed string
channel only untwisted closed strings are exchanged. (This is not obvious from (3.12), but
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at least one can observe that since there are no k # 0 states that contribute to the annulus
amplitude, we expect to be able to cancel tadpoles if indeed only untwisted closed strings
are exchanged also in the Mobius strip amplitude.) It is still possible that a and RO*a are
parallel along a single torus (i.e. a lies on top of Oy along this particular torus), in which
case the contribution would preserve N’ = 2 supersymmetry.

In the following section, we will calculate the annulus and Mo6bius amplitudes in turn.

4 N =1 supersymmetric sector

In this section we consider the open strings stretched between two stacks of D6-branes
intersecting at non-vanishing angles along every internal torus, where the sum of the three
angles is zero (modulo 7):

P1+o2+p3=0, ©1,02,03#0. (4.1)

This configuration preserves N' = 1 supersymmetry in four dimensions and contributions
due to these strings are sometimes called N/ = 1 sector contributions (cf. for example [11]).
It is important not to confuse this ' = 1 untwisted sector with ©*-twisted sectors, which,
for k # N/2 and in type IIB, are also called N/ = 1 sectors.

Let us mention that the angles ¢ are related to the 6 used until now by the simple
relation
-0, (4.2)

_r
L

cf. figures 1 and 7.

4.1 Annulus amplitude

We proceed to calculate the annulus amplitude in the £ = 0 sector (the untwisted sec-
tor), since as argued above this is the only sector that can contribute. In particular, for
concreteness, we compute the 2-point function of open string scalars ®3 and ®5 polarized
along the third two-torus and belonging to the brane (stack) a. For the complex annu-
lus coordinate v4 (cf. (D.3) in the appendix), the vertex operators are integrated along
the positive imaginary axis from the origin to 74 = it/2, see figure 4. Using the vertex
operator (2.45), the expression is (see e.g. [22])

(By3) 4 = 4N/ dTA/ dva S S na 253 (Va(wa)Va(0)) (4.3)

images of
even

t/2
= §&eses / dt / dv Ztr(xlxg)tr(yg) (4.4)

1mages af
even

X1a,5 25031230 [5)e XX O () (0)) 57 (W (i) B (0)) 7

where we wrote Z%t = ZGZ0t ZG is the spacetime annulus partition function (C.42),
Z2t the internal annulus partition function from (C.43) and v = iv for v real. Also, the
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Figure 4. Integration region for v 4.

normalization is

2 ./

go &
= — 4.5
¢ 8NL§’ (45)

where N is the order of the orientifold group, and 6 = p1-ps. On-shell, § would vanish, so the

entire amplitude (4.4) would seem to vanish. However, in order to calculate the correction
to the Kéhler metric, one can temporarily relax momentum conservation and read off the
metric as the coefficient of §. Similar procedures are often used in the literature, see for
instance [3, 6, 7, 23-27]. We can now insert the expressions for the worldsheet correlators
from appendix D and perform the traces over the U(1) subgroups in which our Chan-
Paton factors sit (the matrices A\ are diagonal and have N, entries of 1, at positions that
are appropriate for the member of the orientifold orbit).

_ t/2
(P3P3) 4 = (556353/ dt/ dv Rs (4.6)
0 0
$ NNy Y s ZE SN ZR S )Gl v, )G (i, )
images a,B=even

where Gp[3](iv,7.4) is the fermionic correlator (D.13), v is

1
v =g = —(9 — ¢} (4.7)
as defined in the appendix in equation (C.44), where we note that this depends on the
brane representatives a and b, which are not indicated explicitly. Finally the function Rs
is, from (D.2) and (D.4),
2a/8 S g

_4ma’dv
t

Rs(v,1) = e SX@XO)a — ’WWM s

91(0,74)

We have left the sum over brane images implicit in (4.6), as it requires some more notation

that we will not need in this section, and we relegate the details to the appendix.
We first perform the spin structure sum over a, 3, using the quartic Riemann identity

Z Ma,89[ 5] (iv, 7')19[0‘+” (iv, 1) H I O‘J”’ 1(0,7)
«,=0,1/2 1=1,2

even

= 19[%3](11/ 7')19[1/12;;” iv,T) H I 1/12/21) ,T) . (4.9)
1=1,2
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Doing so, the amplitude reduces to
o0 dt t/2 1/2+1}3 .
<¢3¢)3>A = (556363 Z N, NbH ) W . dVR(S(V, t)GF[ 1/2 ](’LV, TA) .
images

The function Rs acts as an infrared regulator for § = p; - po — 0, but we will argue that it
does not contribute and in fact we can set Rg = 1 in the § — 0 limit.
We have now reduced the calculation to computing the integral

0 It t/2 L2ty
T = = dv Rs(v,t)GF| 1/ 1(iv, 74) . (4.10)
0 0

It will be convenient to immediately transform to the closed string channel, with ¢ =
1/t, v =2vL

00 1
I——i/ dz/ dir Rs(9, )Gl /2 )(7,2i0), (4.11)
0 0
where
S| i@, 2i0) |0
Rs(,0) = ‘%19’1(0,2@'6) (4.12)

Here we performed the modular S transformations (D.5) and (D.14).

This integral is divergent in several regions of the space of worldsheet moduli 7 and /.
There is the usual tadpole divergence for £ — oo and a possible divergence at £ — 0, and
we regulate both by cutoffs:

A 1
I= —z'/ df/ dir Rs(0, O)Gr /75 )(7,2i0) . (4.13)
o 0

The ¢ — oo divergences cancel between diagrams using tadpole cancellation conditions
from the vacuum amplitude, as we go through in detail below.

There is also a potential divergence from vertex operator collisions 7 — 0, which is
regulated by keeping a nonzero (but infinitesimal) §. We now proceed to show that this
potential divergence is cancelled for each diagram separately.

4.2 Vertex collision divergence

We are interested in the § — 0 limit of

' 12
7, /0 d Rs(0, )G [, 42,5 1(9,2it) (4.14)

The reason that we cannot simply immediately set § = 0, thereby removing Ry altogether,

is that there are vertex collision poles at 7 = 0 and at 7 = 1. First, at 7 = 0 we have:

1 -
Gr(?) = =, Rs(?) = 7P asv—0, (4.15)
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where we temporarily absorbed 2o’ into § in (4.15) i.e. 20’0 — 6. Because 7179 is
integrable for nonzero positive &, we see that in fact Rs regulates the integral in the 7 — 0
limit. (It may be useful to recall that the limit 6 — 0 is the long-distance limit in spacetime,

but there is some interplay with a short-distance singularity on the worldsheet.) Because of

2T
: AU~ 9P\ — T 2T a1~ N _ € a=1/2 1
%LHiGF[ﬁ](”’M) = é;ml e Gr[g] (v —1,2il) = =T — 31 (4.16)
there is also a corresponding pole at 7 = 1:
1 .
Gr(7) = =— Rs(¥) = (1-5)° asv—1. (4.17)

We see that Ry regulates the divergences at both poles of Gr. We would now like to show
that the divergences actually cancel each other, and we do so by isolating a function of
suitable periodicity and singularity, which turns out to be the cotangent function (as one
can easily see also from equation (4.25) below). We split the integrand as follows:

1 1
I, =Zy1+ZLys = / dv Rs(v) (Gp(V) — mcot i) —i—/ dv Rs(D)mcotn . (4.18)
0 0

Having subtracted the poles, we will be able to take the § — 0 limit of the first integral
which will be our potentially finite contribution. In the second integral we have a potential
divergence from each pole as we let § — 0. However, we need only observe that for any
nonzero 9, no matter how small,

1
T,o = / div Rs(0)m cot mir = 0, (4.19)
0

because the regulating function is even under reflection at 7 = 1/2: Rs(1 — o) = Rs(9),
and the cotangent is odd: cot(w(1 — 7)) = —cot(nr). What happens is simply that the
two poles, the one at 7 = 0 and the one at o = 1, cancel each other, see figure 5. We let
this be our regularization prescription, i.e. in principle we keep a nonzero §, but we may
make it arbitrarily small such that it will not affect our results. We note that a similar
argument was put forward in [6].

The conclusion is that we may safely set Rs = 1 in Z,, for the remainder of this
discussion.

Although it is not quite obvious at this point, we will be able to make a very similar
argument for the Mobius strip amplitude.

4.3 Tadpole cancellation

As part of our quest to compute (4.13), we will now analyze the closed-string IR behavior
(I = o0) of the integrand. This is the region that would exhibit divergences in the vacuum
amplitude if tadpoles were not cancelled, and we expect that divergences in the 2-point
function will be cancelled between diagrams if we assume that the brane configuration
cancels tadpoles. We now outline this calculation for the two-point function, with most of
the detail given in the appendix.
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Figure 5. A plot of fox Rs(7) cot(nir)di for z =0...1, £ = 0.4, § = [0.01,0.02,0.04,0.08,0.1]. For
x = 1, the integral yields zero for all nonzero values of 9.

Using the product representation of the theta functions in (D.13) it is easy to see that

: ~ 3

Gp[l/;fv3](ﬁ, 2i0) 250 W = 7 cot 0 4 7w cot mv? (4.20)
see also eq. (4.25) below. The first term is familiar from our discussion of the vertex operator
collision divergence, the second term depends on the angle, which in turn depends on the

intersection numbers.
First it is useful to recall the £ — oo divergences of the 2-point function of wvectors,
as opposed to D-brane scalars. As is well known, an efficient way to compute threshold
corrections to gauge couplings is to consider the vacuum amplitude deformed by an external

background field B and expanded to order B2. In [11] it was shown that

3
NS tadpole for vectors o I® Z cot mv’ x (regulated divergence) . (4.21)
i=1
Because cot mv? = V¢/I? (see (C.37)), this becomes of the schematic form “I?V”. This is
denoted & in [11] and it is shown that the detailed expressions for x cancel for the explicit
example of T%/(Zy x Zs).

In our calculation of the D-brane scalar 2-point function, we obtain a similar coefficient

but without the sum over the three 2-tori:

(B3P3)YY = I3 cot mv? x (regulated divergence) . (4.22)

This is also of the schematic form “I?V”, and it vanishes by vacuum tadpole cancellation,
as we show explicitly for 76/ Zg in appendix C. Note, however, that this is a somewhat
stronger result than the result that (4.21) vanishes after summing over the three two-tori.

In addition, we have the first term in (4.20), which is a possible divergence that has no
analog in the background field calculation, the divergence from vertex operator collisions:

PBeotrmy  foro—0orl. (4.23)
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We have already shown in the previous section that this kind of divergence cancels before
taking the ¢ — oo limit, and for each diagram separately, when we keep a nonzero 9.
(We showed this for the annulus diagrams and will show it for the M&bius diagrams in
section 4.5.) However, it is somewhat useful to also exhibit that in fact this divergence
would also cancel between diagrams, without using details of the integrand. This does
require some actual model-dependent calculation, which the argument of cancellation in
the integrand does not, so there is a certain complementarity of these two discussions.

Indeed, as indicated above, since the integrand is independent of the angles g, the
sum will be of the schematic form “I3”. The contribution to the coefficient of the 7-integral
from some worldsheets in some sectors are nonzero. But it is easy to check that the total
contribution to the coefficient vanishes for any brane configurations. More details are given
at the end of appendix C.6.

It now remains to calculate the finite contribution from the first term in (4.18).

4.4 Vanishing of UV-finite contribution

We want to compute the finite integral
A 1
Tinite = —i / dt / v (GF[1 22(7,2i6) — 7 cot i — 7 cot m3> L (4.24)
“w 0

Since we have argued that closed-string infrared (¢ — o0) divergences cancel between
diagrams due to tadpole cancellation, we could in principle remove the cutoff A from (4.24).
We also have the explicit £ — 0 cutoff . It will be easy to see that none of our results for
the finite part depends on these regulators. For the integrand of (4.24), it is particularly
convenient to use the representation

o0

Gp[l/;/fvg}(ﬁ, 2i() = 7 cot 70 + 7 cot T + 47 Z e~ 4 6in (2mni 4+ 2rme®)  (4.25)

m,n=1
of the fermionic Green’s function, cf. (E.3). Since this representation is perhaps not familiar
to all readers, in appendix E we provide an elementary proof that it is equivalent to
the representation (D.13) in terms of Jacobi theta functions. We then see that (4.24) is
nothing but

A 1 00
Tinite = —47ri/ dﬁ/ dv E e~ 4™ gin(27ni 4 2nma®)
”w 0

m,n=1

A > 1
= —4m'/ dat Z 64“em”/ dir sin(2mn + 2mrmu?)
I 0

m,n=1

3) V=

e /A " i o—Amtmn [cos(%mﬁ—i— 2mmu
I

2mn .
m,n=1 v=0

A o0
= 47m'/ dl Z e~ 4mtmn o
o

m,n=1

= 0. (4.26)
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Figure 6. Integration region for v.

The integration over vertex position o gives zero, by periodicity. Note that if we had not
put the UV cutoff p, the contribution would naively have diverged at the £ = 0 end (where
the exponential in the sum over m and n becomes 1). We see that the result vanishes for
any finite value of ;4 and A and thus also in the limit © — 0, A — oo.

In appendix E.1, we prove this result in a quicker and less rigorous way by contour
integration.

4.5 Mobius strip amplitude

Now we consider the Mobius strip amplitude, describing an open string starting on a brane
a and ending on one of its orientifold images, cf. (3.12). The orientifold planes of Zj are
given explicitly in the appendix; there are six distinct orientifold planes Oy, for k =1, ...,6,
but the discussion here will not need details of specific orientifolds. We assume that the
brane a along every torus does not sit on any orientifold plane, so that brane a and its
orientifold images have non-vanishing intersection angles.
Similarly to above (cf. (4.3) and (4.6)),
1 [icot1/2 it+1/2

N-1
(sB3)at = — 110 drv | dvan D 30D napZl5] (Valua) Va(1/2))5
1/2 1/2 images k=0 «f

even

00 t N—-1
= —0tesés / dt / dv Rs(v,t) > Na Y pi (4.27)
0 0 . —
images k=0
X Z Ua,BZeXt[g](TM)Zim’k[g](TM)GF[g](iV,TM)GF[%ti?](iV,TM),
a,f=even

where Tyq = % + %, vpm = iv + 1/2, see figure 6, vo is

1
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as defined in the appendix in equation (C.47), and £ is the same as for the annulus, cf. (4.5).
Note that vo depends on the sector k. The external spacetime partition function Z°* is the
same as (C.42), the internal partition function Z™¥ is given in (C.46). The phase pj, arises
from the Chan-Paton matrices representing the twist action QROF on the branes (see the
remarks below (2.11) in [11]). Note that the angle vo is that between the brane and the
orientifold plane, which is half the angle between the brane and its orientifold image. We
emphasize that unlike the annulus amplitude (4.4), the amplitude (4.27) contains k-twisted
sectors.
After summation over even spin structures using the quartic Riemann identity

2
> s 5l O[5 (v, ) [T 9152010, 7)

a,B=even i=1
2
=91 a ), T ) [T 05T (0, 7) (4.29)
i=1

with Z?:1 h; =0= Zf’zl gi, the integral of (4.27) reduces to

[e%s) t
M — _ /0 2 /0 dv Ra(v, )Gl {5720 (i, 7a0) (4.30)

Note that Rs(v,t) here is not the same as Rs(v,t) for the annulus, but it is defined anal-
ogously, cf. eq. (4.8). The explicit form of Rs(v,t) does not play any role. The correlator
can be rewritten in the closed string channel:

U, . v=4vl . ~
Gr{520) (v, man) "= —4ilGrl 52 1 (5, 60) (4.31)

where we performed the sequence ST2S of modular transformations:

it 1 1 1 1 - 1
M= ep s oy g2 [ —2) =2 =y (4.32)
2 2 TM TM TM 2
In the last step, we used the relation (see for instance [28])
1
= . 4.
t ", (4.33)
Thus, in the closed string channel the amplitude is
00 1 B
4i / de / dir Rs(,O)Gr[ 5/ 1 (7,4m) - (4.34)
0 0

We see that this is very similar to the annulus closed channel amplitude, in particular the
only non-half-integer characteristic of G is the lower one. This is as stated in section 3:
although (4.27) has k-twisted sectors, only k = 0 contributes in the closed string channel,
so we expect it to be similar to the analogous annulus result. The same argument for
cancellation of vertex collision divergences goes through and we will set Rs; = 1. The IR
behavior of the integrand can again be isolated,

(—o00 TSIN(TD + TVO)
sin(mvo) sin(7r)

Grly ] (720) = 7 cot(nD) + 7 cot(mvo) (4.35)
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and the remaining finite part is

A 1
M = 42‘/ dﬁ/ v [GF[l/éfvo] (7, 1) — 0 cot(m) —ﬂcot(ﬁvo)} . (4.36)
o 0

Using a similar representation to the one that we used for the annulus amplitude

GF[1/12/-|2—'U] (0,4pm) = mcot(mv) 4+ mcot(mr)
+47m Z (—674ﬁ>mn sin (2mnv 4 2mmo) (4.37)
m,n=1

and following similar steps as in the case of the annulus, we find
Tite =0. (4.38)

Neither annulus nor Mobius NV = 1 amplitudes contribute finite parts to the two-point
function, and we have shown that the divergent parts cancel, so there are no contributions
at all from these sectors.

5 N = 2 supersymmetric sector

In this section we investigate the cases where two branes are parallel along internal tori. The
supersymmetry condition Z?:1 v/ = 0 for annulus (Z?:l fué = 0 for Mébius) then requires
that two branes have vanishing angle along at most one torus. This configuration preserves
N = 2 supersymmetry so states associated with this kind of configuration are called ' = 2
sectors (cf. [11]). The partition functions can be obtained using (C.43), (C.46), (C.48)
and (C.49) in the appendix. The correlators remain the same as for the N' = 1 sectors.
Thus the spin structure dependence of the amplitudes is the same as in the case of N =1
sectors, and the spin structure summation proceeds in the same way using (4.9) and (4.29).
If there is a vanishing intersection angle on the ith torus, that is, if h; =0 =g; for i = 1
or 2, then the right-hand sides of (4.9) and (4.29) both vanish. In other words, if two
branes are parallel along either the first torus or the second torus, then the spin-structure
sum gives zero. Therefore, only when two branes are parallel along the third torus the
amplitude is non-zero.

Therefore, from now on we consider the case where v3 = 0 = v%. Then after spin-
structure sum, as usual in N’ = 2 sectors the functions in the numerator cancel those in the
denominator, and the entire v-dependence disappears from the integrand of the amplitude,
for all worldsheets. Thus the amplitudes reduce to the following:

= \N=2 apa [ dt [1? 3 13y —2mxt
(P3®3) 4~ = desezLy“§ /1/At2/o dv D A(t,T°, V) )e ™x (5.1)

1 —2+,A > dt 3 3\ —2mxt
= deacli?et [ TS Ve (5.2)
2 n t
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for annulus, and

- _ > dt [ —on
@3‘133%\\[4_2 = —degesLy2eM 1/4At2/0 dv T pm(t, TS,VO?’k)e 2mxt (5.3)
_ > dt or
= —JezeszLy 2eM 1/4A7FM(t,T3,V5’k)e 2mxt (5.4)

for Mobius, where a sum over branes is implicit and the lattice sums I' 4 and 'y, are given
in (C.50) and (C.51) in the appendix. Here the normalization constants & are
20/ 2a/

where ¢4 and cpq are the usual traces involving also the intersection numbers along the
two tori with non-trivial angles (these terms become the beta functions for gauge fields).

The calculation of (5.1) and (5.3) was performed for example in [11] (section 3.3) but
since the angles do not play a role, we can also use results from [29] that are summarized
in the appendix:

- A A _

(@3D) A~ = ~deges - In (BVIn(T?)|") Ly (5.6)
for annulus® (note that the superscript 3 stands for the third torus and not for the third
power),

5o \N=2 M 313 3[4 72

(P3®3)q ~ = desez~~In (T5V5, In(T°)|*) Ly (5.7)

for Mobius, and the total is
(@325) 4= + (2325)N” - (5-8)

This is of course consistent with the expectation (2.56), if we take into account the Ts-
dependence of L3, given in (A.7).

6 Conclusions and outlook

In this paper we have computed N' =1 and N’ = 2 contributions to the one-loop renormal-
ization of the Kahler metric of D-brane moduli, and shown that the N/ = 1 contributions
vanish. The N = 2 contributions, that exist for parallel branes only, do not vanish, but
are given by some explicit expressions depending on the closed string moduli.

That these N/ = 2 contributions are present is no surprise, but the vanishing of the N =
1 contributions appears nontrivial to us. It may represent an interesting statement about
the underlying string theory rather than a nonrenormalization theorem of the effective field
theory. Such statements are somewhat rare in string effective actions.

We do not know any symmetry arguments that the A/ = 1 contributions should vanish,
but it is possible that charge selection rules prohibit couplings of the kind needed to generate

these loop-level contributions.’

8Comparing to the explicit expression in the appendix, we have used a scheme for ¢t — oo divergences
where we subtract In(87%y), where x is the IR-cutoff in (5.1) and (5.3). This does not affect the moduli
dependence, of course. Also we dropped the A-terms that cancel by tadpole cancellation.

9We thank M. Goodsell for very interesting email discussions on this topic.
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In future work, it would be interesting to also compute the analogous quantities with
magnetized branes instead of branes at angles. We see no clear reason that the former
should vanish, as the configurations are not T-dual in these nontrivial backgrounds.

In more general terms, it would be interesting to understand how robust this result
is. One obvious test to subject it to would be to deform away from the orientifold point
by adding infinitesimal blowup modes. In the example of [30], it was argued that it was
discrete symmetries at the orbifold point which caused a result to vanish, and therefore
that result was nonzero away from the orbifold point. Since our amplitude is zero sector by
sector, it is not clear to us whether this is the reason for nonrenormalization, but it would
be very interesting to find out. Another direction would be to attempt the calculation at
higher genus.

The first obvious application is to D-brane inflation. One could a priori have worried
that an analogue of these corrections in smooth backgrounds would produce additional
contributions to the eta problem (see [2]). Of course, we have not shown that this gen-
eralizes to smooth backgrounds, but there are similar partial vanishing results in smooth
backgrounds (see the appendix of [31]) and one could pursue that connection further.

If the two-loop contribution does not vanish, and at the moment we see no reason why
it should, one could picture one interesting kind of application of the nonrenormalization
result in this paper, in orbifolds where there are no N' = 2 subsectors. In [1, 32] and
related work, flavor physics is studied in this context. This is very challenging in a top-
down approach; even if one can arrange good flavor structure at tree-level (for an explicit
example see [33]), it is not obviously enough, since it would be ruined by generic quantum
corrections at a level that is still inconsistent with experiment. A familiar example of how
nontrivial this can be is the GIM (Glashow-Iliopoulos-Maiani) mechanism in the Standard
Model, by which flavor-changing neutral currents are suppressed to effectively two-loop
order. Of course, we have not shown that our result generalizes to visible-sector matter
fields, and it may not.

For this and other reasons, it would be interesting to apply the same techniques to
calculating one-loop corrections to the Kahler metric of chiral matter fields. One example
of this direction can be found in [27].

In general, we find it important to further develop the technology for calculating
moduli-dependent string effective actions with minimal supersymmetry. As emphasized for
example in [34], there are still many fundamental issues for which techniques are lacking.
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A Variables from reduction

A.1 Kahler variables

In this appendix we perform a dimensional reduction of the DBI action to see what the
natural variables are to work with. For the following we refer the reader to equations (2.1)
and (2.2) in the main text.

We are interested in expanding +/det(P[G]| + F) to second order in the fluctuations
along or transverse to the branes. Here 7 = F + P[B] and P|G| and P[B] stand for the
pullbacks of the metric and B-field. Thus, we need

P[G]MV = G,ul/ + Ga(,uaz/) d’a + Gabau¢aau¢b = G,uz/ + Gab8u¢aau¢b )
P[Glua = Gua + Go(a0,)0" + Gap049"0,¢" = Gaa0,0" (A1)
PlGap = Gap + Goa0p)¢" + Gap04¢"0p¢" = Gap .

Here we assumed that all fields only vary with respect to the external coordinates X* and
not with respect to X4. Moreover, the metric is supposed to have no off-diagonal entries
with one external and one internal index.

Moreover, we will need the components of the gauge field:

Fua = Fua+ Bua — Bou0a)0” + Bap0u¢"04¢” = 0, An — Baa0ud” (A.2)
Fap = Fap + Bap — Bya0p)¢" + Bapdad"0p¢” = 0 (A.3)

and . Here we used again that all fields only depend on X# and also the fact that we only
consider untwisted components of the B-field.'® The untwisted B-field factorizes, i.e. there
is one component along each torus. This implies that the only non-vanishing components
are of the form B, 4, because Bap or By, would have legs along two different tori.

In order to proceed further, we need the form of the torus metric. There are two
metrics that are commonly used, cf. the discussion in chapter 5.1 of [15]. The first choice is

ds? = Uﬁyd:zl + UdF?? = Uﬁ ((dF")? + 201 di diy + |U 2 (d2)?) (A.4)
2 2

where #' and #? are periodic with period 1, for instance, and p denotes the volume of the
torus. Alternatively, the second choice is

ds? = U%ux1 +idz?|? = U% ((da")? + (da?)?) (A.5)

0That is, we expand the B-field only along the untwisted (1,1)-forms and not the twisted ones, cf.
formula (2.1) in [35].
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Figure 7. The wrapped brane with (n,m) = (2,1).

where now the periodicity of 2! and 22 is
(2 +iz?) = (2! 4+ iz?) + (m +nU) . (A.6)

In (A.1), we need the metric components using coordinates X“, X which are adapted to
the worldvolume of the brane, i.e. coordinates along and transverse to the brane (in static
gauge). Thus, it is more convenient to consider a different elementary cell for the torus, i.e.
the region between two neighboring parts of the brane, cf. the shaded region in figure 7.
The corresponding metric is most conveniently chosen to be flat and diagonal, similar to
the one in (A.5). However, now the new elementary cell has length and hight [36]

P’ pUz

= (A7)

P 2 2
== U D* ="
UQ\n+m " L2 |n+mU?

The integers n and m are the wrapping numbers of the brane under consideration which
wraps the cycle

II =nm + mmy . (A.8)

From figure 7, we see that the complex structure for the new elementary cell is

~ D 1 D 1
 (ww == )~ 7 (Comra ) )
Comparing with (A.5) and noting that
P DL 2
—=——=1", A.10
U, DJ/L ( )
one might be tempted to use the metric
ds® = L* ((dz™)? + (dz")?) , (A.11)
with periodicity
(z +142%) = (2 + i) + (m +n0) . (A.12)
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However, this definition would have the disadvantage that some of the moduli dependence
of the low energy effective action would be hidden in the integration region of z%. To avoid
this, one should rescale the coordinate x® in such a way that x* = 1 corresponds to the
physical distance D, in the same way as 4 = 1 corresponds to the length L. Comparing
with (A.12) we see that this can be done by rescaling z® by 1/Us = L/D. This, on the
other hand, implies a change of the metric which becomes

ds? = L*(dz™)? + D?(dz*)* . (A.13)

Now we have for the DBI action

det

Guw 0 Fuw + Gab8M¢“8V¢b GBa0u9* + (0uAp — Bpa0,0%)
0 GAB GAaau¢a - (8VAA - BAa8V¢a) 0

1 1

1
+ 5 ((0uAB = BBa0u0") (0,44 = Baad, ") = GaaG0, 60" ) GWGAB> :
(A.14)

The first term in (A.14) is a contribution to the potential which is cancelled once
tadpole cancellation is imposed. We now note that G,4 = 0 and

Gap ~ Oap GaB ~daB, (A.15)

£0a=0 #0A=8B
aN ) ~ 3 Al
o {:Oa#b “aB~\_0azB (410

as the 6-torus is a product of three 2-tori. Thus, denoting the Wilson line along the ith
torus with A; and the position modulus with ¢’, the kinetic terms of the scalars can be
rewritten as

1 . S
Vdet G,o\/det Gep Z (2 10,0 01

1 ; ; 1
- L . 7 L . ( wy
+5 (0 = Bi9,6) 0,4 — Biduo') ) @ Gﬁl)

This can be simplified using (A.7) and (A.13), resulting in

VAt Gy /det Gop ¥ % ((DpAi = Bidu6") (0" Ai = Bid"') + piouo'o" o) %

1

1 )
= /det Gpo\/det Gep o7z 109" — DA;|? (A.17)

with

Ti = BZ' + ipi s (A18)
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where B; denotes the component of the B-field along the ith torus, and p; is the volume of
the ith torus. The result (A.17) is used in section 2.1 in order to argue for the form of the
variables (2.6).

In order to obtain the kinetic term in the Einstein frame, one still has to perform a
Weyl rescaling. Although we will not need this in detail, let us end this appendix by a
closer look at this rescaling. The kinetic terms of the vectors and scalars are

/ Az \/det G g (e—‘l’ /Z d3¢ /det GCD) [— i]-‘w}"“”+2$|ﬂ&gbi —a4A?], (A.19)

where X is the cycle wrapped by the brane stack. The gauge coupling is given by the
volume of the 3-cycle wrapped by the brane stack. For a brane wrapping a calibrated
3-cycle, this volume can also be expressed as [36]

€_<1>/ d3¢ \/det Gep = €_<1>/ ReQ) = e_cb\/H p,»U{il]n,- + Uim;|? = e ?® HL,-, (A.20)
by X i i

which depends on the complex structure of the Calabi-Yau orientifold. After a Weyl rescal-
ing the kinetic term for the scalars takes the form

4 JsRe [ T;0¢" — 0A?
d*z \/det G, bz =Y Z 7 +... . (A.21)
The prefactor ff_P;er scales like the inverse of a 3-cycle volume and it should be possible

to express it in terms of the complex structure of the orientifold. Note that writing it as

e® fz d3¢\/det Gap
fY ds X \/det Gapdet Gy ’

(A.22)
it is analogous to the prefactor in (4.85) of [36].

B Variables

It is important conceptually that one could work with vertex operators that are adapted
to the intrinsic coordinates of the brane and make no reference to the ambient space.
However, there is a certain tension between this and using complex embedding coordinates
where target space rotations are simple. For our calculation we have used the latter, but
for completeness, here we discuss how we can use the former. We follow [9, 37] and, for ease
of notation, we only consider branes in a non-compact spacetime so that we do not have to
distinguish between coordinate X* and X as in (2.3). Let the spacetime coordinates be
denoted by XM the D-brane worldvolume coordinates by ¢®, and the D-brane embedding
function by XM (¢). We can introduce a set of normal vectors a}/ that are orthogonal to
9 XM in the spacetime metric Gsn, and normalize them:

8aXMGMNCL§V =0 s a?/[GMN(IﬁV = 51] . (B.l)
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We can write intrinsic field variables Aq, ngSI
Aya =0, Apd XM =A,, oMal, =9 . (B.2)
In static gauge, X* = (¥, then A, = Au- We convert back by
AagaﬂaﬂXMGMN = Ay, qglaﬁv‘[ = M (B.3)

where g,z is the induced metric on the worldvolume. Amongst other things, we note that
@ # 0, but ¢, = 0.1
The boundary conditions are'? 9, X Ny, = 0 and aiDL = 0, where

N =GO, XN + Frno. XN (on boundary), (B.4)
Dl = o . xt (on boundary), (B.5)

whereas the projections that survive are

N; =ab Ny (normal) , (B.6)
D* = g*P9 XM Gy DF (parallel) , (B.7)

and with these, the boundary couplings are
Ni¢!', DA, . (B.8)

We then expect vertex operators for the intrinsic coordinates to be converted as above:

Vi, = Guneg Vay, (B.9)
Vq}l = a{quﬁM (B.10)

where e, = 9, X V. As stated before, we will work with the vertex operators (2.7) in the
ambient space.

C Tadpole cancellation in Zg orientifold

C.1 Setup

In this section we give some background on the T°/Z{ orientifold, following [35] closely.
We take the orbifold generator of the Zg orientifold to be defined via the vector

11 1
r=1=,=,—= | . C.1
i=(53-3) (€1
There are a few different implementations of the Zg orientifold, we will focus on what is

known as the AAa lattice (see for example [35] for more on the classification). We show
this lattice with orbifold fixed points in figure 8.

"Note that standard Buscher rules mix closed string fields G and B under T-duality, but they do not mix
in the open-string field F. One can still use them with F' as follows. Set F' = 0, B # 0, perform T-duality,

then perform an O(d, d) gauge transformation to map B — F. We will not use the Buscher rules here.
“Here 0 = (1 £ 0), 50 in (42) in [9] , 0-X — 04X = —9,X.
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Figure 8. The AAa lattice.

We will consider branes wrapped only on bulk cycles, that are not shrunk to zero, as
opposed to fractional cycles. The bulk cycles are inherited from the covering torus of the
orbifold. For T /Zg, the invariant forms are dz; A dze A dzs, dz; A dzo A dzs and their
complex conjugates (see e.g. [38]), so we have b30 = p73 = p?>1 = p12 = 1, i.e. a total of
four three-cycles. We can expand a generic three cycle (not necessarily invariant) in terms
of the six elementary 1-cycles of the covering six-torus

Nn171,0,0 + M172,0,0 + N27o,3,0 + M27o,4,0 + N370,0,5 + M370,0,6 » (C.2)

with the wrapping numbers (n;,m;). Alternatively, we can expand an invariant three cycle

in terms of the four basis cycles p; as
Pk — Pp1+Qpa+Ups+ Vpy (C.3)

for some integer expansion coefficients (P, Q, U, V).'? For the basis cycles p; to be invariant
under the orbifold action © we can form orbits by acting on the elementary cycles as

p=01+0+02+6°+0'+0%r ;5 (C.4)
= 2(1 + 06 + @2)7{'173’5 (05)
= 2m1 35+ 2m24-3,5+2M21 45 . (C.6)

In total the four orbits are

p1 = 2m135 +2mo 43,5 +2m21, 45, (C.7)
p2 = 2m145 +2ma 3 5+ 2T 13 45, (C.8)
p3 = 2m1 36 + 2M24-3 6+ 2M21 46, (C.9)
pa = 2m1 46+ 2m2 3 —6 + 2M2-1,3-46 - (C.10)

At this point it is clear why there are three members a” of each orbit [a], i.e. three terms
in each line above — it corresponds to the action ©F for k = 0,1, 2. These cycles can also

13In order to comply with the notation in [35] we denote the basis cycles by p, even though we also
use p for the volume moduli of the tori, cf. (2.5) and for the Chan-Paton phase in the Mobius amplitude,
cf. (C.71). As the basis cycles only appear in this appendix, we feel that it should be always clear from the
context what we mean.
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be decomposed in terms of the elementary cycles as

p1 = 2m1 35 —4mo a5+ 2m2 35 + 271 45,
p2 = 4mas +4me 35 — 2m245 — 2mM1 35,
p3 = 2m1 36 — 4mou6 + 2m236 + 21 46,
pa = 4mae + 47236 — 2m246 — 2T1 36,
so we can sum over either. This latter representation is perhaps less intuitive (there are now
four terms in each basis cycle), but convenient: we can easily see which cycles intersect.
To do so, recall that self-intersection is zero, so a nonvanishing example is 71 35 0 T2 46 =

(m o) (m3 0 my)(m5 0mg) = 1. Our conventions are m omg = —mg om; = 1 and so on. We
then easily establish that

P10 pP3 = (—1)3é [(27‘(17375) o (_4772,4,6) + (-47’[’27475) o (2771,3,6) (015)
+(27['273,5) o] (2771,4,6) + (27‘1’17475) o (27"2,3,6)} (016)
_ (—1)3%[—8~1—8~1+4-(—1)+4-(—1)]:4. (C.17)

(Note that the formula for the intersection number contains a factor 1/N for a Zy orbifold,
cf. eq. (3.49) in [36].) Continuing like this, the intersection matrix becomes

0 0 42
0 0 24
-4 -200
-2-400

(C.18)

Lpip; = piopj =

Comparing (C.2) and (C.3) we can relate the expansion coefficients (P, Q,U, V) and the
wrapping numbers. To do so, it is convenient to note that the action of © on the wrapping
numbers is (cf. eq. (2.2) in [35]).

ni mi —my ni +m —(n1+m1) ni
nomo |, k=1: —(n2+m2) no , k=2: mo —(n2+m2)
n3 ms —ns3 —ms3 ns3 m3
(C.19)
We can then extract expressions for the expansion coefficients in (C.3) in terms of wrapping
numbers:
P = (niny — myma)ng, (C.20)
Q = (n1m2 + ming + mlmg)ng , (C.Ql)
U= (n1n2 - mlmg)TTL3, (022)
V = (nlmg + ming + mlmg)mg . (0.23)

As an example, the cycle with wrapping numbers (1,0;1,0;1,0) produces P = 1 and
Q =U =V =0, ie. it corresponds to p;. What this means is that (1,0;1,0;1,0) is one
representative in the collection of wrapping numbers that forms the orbit p;.
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Using the intersection numbers for the p, we can compute

Ly = T2 o TS = (Pup1 + Qupa + Uaps + Vapa) © (Pyp1 + Qupz + Upps + Vips)
— 2UPuVh+ Quly) + 4(PuUp + QuVi) — (a5 b) . (C.24)

These are our desired intersection numbers of orbifold invariant collections of cycles.

Finally, we want orbifold invariant collections of orientifold planes and their wrapping
numbers. The reflection R acts as (w1, m2) — (w1, 71 — m2) in the first two 2-tori and as
(m1,m2) — (w1, —m2) in the third. This means for the wrapping numbers

ny mi ni+mi —mq

R
ngmo | — | na+mo —mo | . (C.25)
n3 ms ny  —ms

The R images for the AAa lattice are then found as:

p1 = P1; (C.26)
p2 = p1— P2, (C.27)
p3 — —p3, (C.28)
P4 — pa— p3 . (C.29)

We want to form invariant combinations. Obviously p; and ps transform among themselves,
and so do p3 and p4, so we expect two sub-orbits. The first one can obviously be chosen to
be p1, and the second can be chosen as p3 — 2p4. The representatives of these two orbits
are mapped into each other by even powers RO and odd powers RO°I respectively,
so we label them by this. The wrapping numbers are:

QRO : py (ng,m;) = (1,0;1,0;1,0), (C.30)
QRO : p3 — 24 (nj,mi) = (1,1;0,1;0,~1) . (C.31)

The representatives are generated from (C.19). The complete set of O6-plane wrapping

numbers is:
10] [ 01] 1 1]
103 ]-11]83| 0o-1], (C.32)
10 10 1 0
1 1] [ 1 2] [ 9 1]
0 1|3 =102 1-1]. (C.33)
0—1 01 0—1

It may also be useful to note that if we act further with ©, we can obtain wrapping
numbers that differ from these by an even number of sign flips, but as three-cycles, those
are equivalent to this set of six.
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C.2 Trigonometry
The angle ¢ between the brane a and the y-axis is determined by

nR1 + mRy cos Oy . mRs sin Oy
V ) Sln SD = f )

cosp = (C.34)
where 0y is the angle that U makes with the z-axis, and V = Ry L is the physical length of
the cycle, i.e. before we scaled the coordinates so the horizontal basis vector is unit length
(e1 — e1/|€1| = €1/R1). Now it is easy to compute

COS (P} COS P + sin Yy sin g

cot(pp — pa) = - . (C.35)
COS (g SIN Yy — COS Yy Sin Vg

NNy 2L R+ Mamyp R2 + (ngmy + npmy) cos Oy

— C.36
I, sin Oy ( )
Vab
— E , (C.37)
where we introduced
1
Vo = oo ( anb§2 + mamyp gj + (ngmy 4+ npmy) cos 9U> . (C.38)

For a = b, this is the square of the length of brane a which can alternatively be expressed as

(C.39)

For a # b, it has no particular meaning.
Note the occurrence of the intersection numbers I, = nymy — nymg; this comes from

the ‘sin(pp — )’ in the denominator. Also note the special cases'*

2 (C.40)

V. nanb% + ma’mb% Oy =7/2),
“ T\ G (nany + mamy + Sngmy + mma)) (60 = 7/3).

where the last expression follows from U = Rg/RlewU = e™/3 for Zs,i.e. Ro/Ry = 1. One
can now write completely analogous expressions for V, o, , where Oy, is one of the orientifold
planes (C.32).

C.3 Partition functions

We consider the brane stack a as a representative of the orientifold orbit [a]. The complete
partition function is given in terms of vacuum amplitudes on each worldsheet surface,

z2= > Aab+ZZM Rat TE+T, (C.41)

a€lal,belb] a€la] k=0

Y Correct with (12) in [12].
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where a* := ©Fa denotes the orbifold image of the brane a and Ra” the orientifold image
thereof. The external partition functions are [28]

1 98)07)

Z% () = C.42
[,8](7-) (47T2O/t)2 77(7_)3 ) ( )
where 7 is 74 for annulus and 7o for Mobius. The annulus partition function is
i 19[a+” 1(0,7.4)
201500 = [] i , (C.43)
i=1 19[ 1/Qab](ovTA)
where 74 = it/2 and the angles are'®
i1 I
Uap = (cpa ¥h) = —Pap - (C.44)

This contains the rotation angle (¢ that depends on the representatives a and b.

We note that when the supersymmetry condition Zf’ goflb = 0 mod 7 holds, we can
rewrite this as equation (2.13) in [11].1® There, the angle appears in the argument instead
of the upper characteristic.

Now we need the annulus partition function for strings stretching between some brane
a and its image /. This could be either the orbifold image a¥, or the orientifold image
thereof, Ra*. We need only specialize the expression (C.43) to this case:

39T ](0,74)
Zine : (C.45)
U o[ %t )(0,74)

Even when a is rotated by an angle ¢ relative to another system of branes (or O-planes),
this of course does not affect the angle between a representative a and its image a’, so the
Aq o amplitude does not depend on the rotation angle ¢ directly.

For the Mobius vacuum amplitude!'” for strings stretching from brane a to the orien-
tifold image Ra* we have

a+2v
e 3 o [ 8- JaOOk](Ov TM)
int 3] a,Vg
Z [ ](TM) 1 a 019[1/2—1—211@ Ok](o ) ' (C46)
j= T
1/2—v? O M
where
. 1. .
Voo, = ~ (%4~ ¢0,) (C.47)

and 7o = 1t/2 + 1/2. Note that unlike (C.44), this explicitly depends on the sector k. As
before, the internal part can be rewritten with the shift in the argument instead of in the

5Note that this definition differs by a factor of i from the definition in [11].

18Tn their eq. (2.17), we set d = 3 for intersection in all three tori, ¢ — 0, 8 — 0 as there is no external
gauge field, and Z; = 1 as there are no zero modes.

n their eq. (2.23), since d’ = 0, there is no product over 4, so no dependence on nog.
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characteristics provided >, v" = 0, and then it can be checked with [11]. Here Ifjé is the
number of ROF-invariant intersections of the two branes.

If along the i¢th torus the intersecting angle vanishes, the internal partition func-
tions (C.43) and (C.46) are modified as follows:

Il i=0 T 4(t, TV}
1/2+viab S A(?’(T ) : (C.48)
920, 74) (7
for annulus and
I vi o, =0 Dyq(t, T, V2
1/24+20! =2 p:k> M(3( )Ok) (C.49)
o T.
19[ 1/2 vaOOk](O’TM) ”7 M
k
for Mébius. The zero mode contributions I' 4 and 'y to the partition functions are'®
i 17 Tavg ATl — AT G A :
DA(t, T Vi) =Y e 1Y => e AT — 9(itG ), (C.50)
m,n n
Tzvz | +Tln|2 _.TG -
Tt T8 VE,) = Ze Ot = e TOME — Y(itGpr),  (C51)

where in the latter sum, Vék refers to O-planes that are parallel to D-branes (in these
N = 2 sectors), and

1 1 T 1 1 T
A T§VJ<Tf |’m2> M= TV, (Tf W) (6.52)

For zero B-field, it is easy to see that these are in fact simply

Da(t, T, a) = Y e mtm*Litn®DP) (C.53)

m,n

with the L; and D; from (A.7), and similarly for I'yy. We can now use the known result
(see e.g. [29]) that

< dt _ A? Tiln(TH[*
—I(itG)e ™ = —— —In(87%x) — In <2> C.54
/1/A2 t (#G) e (Bm°x) VG (C54)
= VIA? — In(87%x) — In (T3ViIn(TH|*) . (C.55)

C.4 Tadpole cancellation

The charge cancellation condition is

ZN —2x 4o =0, (C.56)

where the factor of 2 arises from the fact that the O-planes come in pairs of two in ori-
entifolds with one rectangular torus (as is the case for our third torus). This can be seen

18Gee for example (2.19) and (2.27) in [11]
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nicely in figure 1 of [39]. For concreteness, we will focus on an example with two stacks a
and b, with intersection numbers (n;, m;) and (g;, p;). Then (C.56) becomes two conditions
on the wrapping numbers:

D=0, Dy=0, (C.57)
where

Dy = Ny(2ning + nimg + ming — mima)ns (C.58)
+Ny(2g192 + qip2 + P12 — P1p2)g3 — 8,
Dy = —Ny(nima + ming + mima)ms — Ny(qip2 + p1ge + pip2)ps — 8. (C.59)

We sketch the well-known derivation of this result, again specifying to two stacks only
(a generalization to more stacks is straightforward but a bit cumbersome to write down
explicitly). Take the UV limit in the vacuum amplitude, where “UV” means in the open
string sense t — 0, that is £ — oo, and focus on the Ramond sector (o, 3) = (1/2,0) piece
of the spin structure sum'® and use that in this limit,

I')(0) LSO
e -2, 79[}%](@) — — cot(mv) . (C.60)

The sum of the UV limits of the vacuum amplitudes in the R sector is then

o = (ALY + ALY+ ARy + MEY + MY k) [Tae Rsector), - (Con)

where
1 2
A}(JL]\fb} - gNaNb Z (Vak’bl + Vak’bel ‘|‘ V'Rak,bl —|— V'Rak,Rbl) 5 (062)
k,1=0
1 2
AVY - — 7]\73 Z (Vo gt + Vik rat + Viak ot + Virak Ral) » (C.63)
elle] = 570 2 : , , :
=0
1 2
‘A[[I;T]\[/b} - 6 kalZ (Vg,kﬁl + ‘/E)k,Rbl + V'Rbk,bl + VRbk,Rbl) 5 (064)
1=0
1 2 5
uv _
M = 3NakZ:0mZ:0(Vak,Om + VRak0) 5 (C.65)
1 2 5
My = 3Nbl;m;(vbk,om + VRbr,0,.) (C.66)
9 5
KW =2 V. : C.67
3m;:0 OO ( )

19This is sufficient for the vacuum amplitude as long as supersymmetry is not broken. In the presence of a
background field B supersymmetry is broken and, thus, for the B2 terms, the NS tadpoles are independent
of the R tadpoles, cf. [11].
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The additional factors of 2 and 4 in the Mo6bius and Kleinbottle amplitudes have the same
origin as the factor of 2 in (C.56). Here we introduced the notation Vg, = [, V7 (and
similarly for Vo and Vpp) with each Vajb given by (C.38).2% This can be obtained by first

noticing

Ag)f = 2N, N, H I, cot (ﬁvib> / ae, (C.68)
=1 0
3 ' ' 0o
MEDY = 8Nupi [T 155 cot (7] 0, ) /O a, (C.69)
j=1
3 oo
KW =16]]1, 0, / de, (C.70)
i=1 0

where the factors N and the phase p;, come from the Chan-Paton traces of eq. (2.11) in [11]:

ka * . a
tr((wg%g)k ) ’YQR@k) = prNa - (071)
We find that tadpoles cancel if p = 1 for all k. One then uses (C.37) from above:

. Vv
cot(vl,) = IT‘lb , (C.72)
ab
and similarly for cot(wviok). We see that the intersection numbers in the angles cancel
the explicit overall intersection numbers from multiple intersections in the amplitude.
Demanding untwisted R tadpole cancellation dg = 0 leads to (C.57) which are two

conditions on N,, N, and the wrapping numbers.?!

C.5 Sample configuration

From (C.57) it follows that the two-stack configuration of D6-branes (with the O6-plane
configuration as above) given by

a=11,0,1,0,1,0] (C.73)
b=10,1,0,1,0,—1] (C.74)

cancels all untwisted tadpoles if
4N? — 32N, +64=0, 3N —48N,+192=0, (C.75)

whence N, = 4, N, = 8.

20With a slight abuse of notation we use the same symbol Vi as in (C.38) to now denote Hj Vajb. In a
moment we will similarly use I, to denote Hj Igb, cf. the end of appendix C.6.
21One has to demand the vanishing of §r for any value of the complex structure and, thus, the coefficients

of % and % in g have to vanish independently. Hence the existence of two different conditions.
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C.6 Divergence cancellation in the two-point function

Using the notation of the previous sections, we can now write out the divergences in terms
of wrapping numbers and Rz/R;. There are no contributions from Ap), My (for b # a)
or JC when calculating a 2-point function for the brane scalars of stack a.

= R
@@%ﬁm = —2N,Np (m1(n2 — ma)+n1(2n2 + m2))n3 (Pl(Q2 —p2)+aq1(2q2 + 102))(13 Rfl
2
R
—6No Ny (ml(m +ma) + n1m2>m3 <p1((J2 +p2) + qmz)pg R% ; (C.76)
- 2 R
(@d)5Y = [—2N3 (102 = ma) + m1 (ma + 2n)) ng] il
alla R2
2 R
+ [—6]\73 <m1(n2 +ma) + nlmg) mi| =2, (C.77)
Ry
= Ry
<(I)<I>>UM\L] = |:16N (ml(nz — mg) —+ n1 2712 —+ mo >n3:| Ri
R
[ 48N (0 (ma + ma) + myma Jms| 22 (C.78)
1
We demand cancellation of
Oopt, = ( (@)%, T (PO)LY .+ <<1><I>>UMV[G]) /0 de (C.79)

for any values of complex structures, by the prefactor of % and % vanishing. The result
is two conditions for twelve integers. However, this cancellation condition should not
restrict the brane configurations any more than they have already been restricted by tadpole
cancellation. We find that as expected, the divergence factorizes

Ry Ry
1) PD— P,D
opt = 11 1R+ 2 2R1

=0, (C.81)

where P;, P, are cubic polynomials in the wrapping numbers, and D; and Dy are the
vacuum amplitude tadpole cancellation conditions given in (C.58) and (C.59). To be
explicit, we find

P1 = 2Na(m1m2n3 — nanzmi — 2n1n2n3 - nlngmg) 5 (082)

Py = 6Na(m2m3n1 + nomsmy + mlmgmg) . (0.83)

Thus, the tadpole cancellation conditions D1 = Dy = 0, that we compute by factorization of
vacuum amplitudes, already imply divergence cancellation in the scalar two-point function.
We have already imposed twisted tadpole cancellation by eq. (2.7) of [11] so we only
see the untwisted ones, cf. eq. (2.7) of [35].
Finally, we consider the “I3” contributions, where the integrand does not depend on
the wrapping numbers at all. These terms arise from vertex operator collisions and do not
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have any analog in the calculation using the background field method, cf. the discussion
around formula (4.23). For these coefficients we find

Z Ik = — Z Lok Rt (C.84)
k.l k,l

D T = Liga =0, (C.85)
kil kol

Z Iak,Oz = - Z I’Rak,Ol ) (086)
k.l k.l

so the total contribution vanishes (for the notation in these formluas compare footnote 20
above).

D World-sheet correlators

The correlators on the annulus A and Mdbius strip M are obtained by symmetrizing
the corresponding correlators on the covering torus under the involutions that define the
surfaces in the first place:

Ip(w) = Ipm(w) =27 —w (D.1)
producing (cf. the appendix of [8])
(X (w1) X (w2))o = (X (w1) X (w2)) 7 + (X (w1) X ([5(w2)))T , (D.2)

where o € {A, M}. The formulas are somewhat simpler in the rescaled variable

w

= —, R €10,1]. D.3
v=ot,  Re()€[0,1] (D.3)
The bosonic correlation function on the torus 7 in the untwisted directions is

o Vi — o, T m(v; — )2
(X (1, 70) X (va, 7)) = —Qm‘W)Q +a'ww . (D4)

We will also need the S-transformed expression on the annulus, for which v and 7 are

imaginary
_ Tﬁl(Za _l) 2
(X(v,7)X(0,0))4 = —a'In | ——T—"~ (D.5)
91(0,—7)

Since the bosons in the amplitude we are interested in are polarized in external directions
only, we will not need twisted boson correlation functions in this paper.
For untwisted world-sheet fermions in the even spin structures, the correlation function

on the torus is

ﬁ[g](yl — V9, ’I‘)19/1 (0, T)

19[%](0, 7)1 (V1 — v2,T)

Grl§] (. va)6" = (¥ ()" (v2)5” =

s . (D.6)
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Just as for bosons, fermion propagators for the remaining surfaces can be determined from
the torus propagators by the method of images. The result (taken from the appendix
of [8]) is

W)p(e))g” = Gr§l(v,1e), o€ {A M} (D.7)

In the following we will sketch the derivation using periodicity of the doubled fermionic
fields. On the covering torus, we have for a worldsheet fermion 1 with spin structure (o, 3)

¢(w + 2, T) = _eQFiaw(w7 7-) ) (D8)
Y(w+ 277, 7) = —e T Bep(w, ) . (D.9)
The signs are conventional: they are chosen such that (o, 3) = (1/2,1/2) corresponds to

double periodicity. Thus, for the Green’s function we are looking for an expression that
transforms under translations around the two cycles of the covering torus as

Grlgl(w+2m,7) = —e2maGF[g}(w, 7), (D.10)
Grlgl(w+2n7,7) = —e_ZWi’BGF[g](w,T) (D.11)

and satisfies
9Gr[5l(w,7) = 8(w), (o, B) # (1/2,1/2). (D.12)

This determines the expression to be

Grl4(v,7) = M L (anB) £ (1/2,1/2), (D.13)

where we fixed the residue at ¥ = 0 to be 1. In this subsection, o has been a generic real
number between 0 and 1. To connect to the discussion in the main text, we now give a
concrete example for the annulus amplitude. In that case, for angles v = ¢/ we have that
the generic v above is actually & + v, where & is now 0 or 1/2. In the main text we drop
the tilde and let « only take the values 0 or 1/2.

By using modular transformations of the Jacobi theta functions, it is easy to see that

Grl§) (v/m,=1/7) = 7Gp[ 5 ](v,7) . (D.14)

E g-series representation of twisted correlator

We want to find a different representation of (D.13). We begin by observing

Il s ) =95l (v +v,7), (E.1)

as is obvious from the sum representation of the Jacobi theta function. Then we have

(v +wv,7)07(0,7)
1/2 _ " ) 1Y,
GF[1/2+’U](V’ 7) (v, )01 (v, 1)

(E.2)

43 —



Figure 9. Path of integration C' in the complex z plane.

In the main text, the left hand side is the fermion Green’s function in the closed string
channel. In this section only, 7 is not the specific open-string channel 7 of the main text,
but rather we will derive a general identity for generic 7. Also, for clarity we relabel v =y,
v = z in this section only. We will prove that

fly,z) = Dily +2) 1 (0) =mcotmy + wcot mz + 4w i i ¢"" sin(2rmy + 2mnz) (E.3)
S NI 2.2
with ¢ = €?™7. This is literally a textbook problem, exercise 13 in chapter 21 of [40]. For

the reader’s convenience we will solve this problem here. Note that f(y,z) is symmetric
under interchange y <+ z. (This is rather interesting in the original variables, as one would
in general not expect the integrand to be symmetric in the vertex position and the angle.)
We will concentrate on the z dependence of f(y, z), assuming that y is away from zero. To
prove (E.3), perform the contour integration around the cell in figure 9.

1 . 1 1/2—-7/2 A .
% f(y’z)e%rmzdz - / dz (f(yvz)e%rmz - f(y,z + 7_)627rm(z+7')) (E4)
27TZ C 27TZ _1/2_7./2
1 —1/247/2 . ‘
N / dz (f(y, Z)€2mnz o f(y, 2+ 1)627rm(z+1)>
2mi —1/2—7/2
1 1/2—7/2 i o )
- = minz _ 2min(z471)—27iy
s [/—1/2—7/2 dz (f(% z)(e e ))
1 —1/247/2 ) prin(et)
. d minz __  2min(z
e I R G
1 - 1/2—7/2 o
= o= e [ gy e (85)
™ —1/2—7/2
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where n is a positive integer and we used f(y, 2+1) = f(y,2) and f(y, 2+7) = e 2" ¥ f(y, 2),
which follow from the properties of theta functions, or more directly, from the defining
transformation properties (D.10), (D.11). In fact, we do not need the explicit theta func-
tion representation of f to complete the proof, we only need to know its quasiperiodicity
properties and singularity (including the residue). Knowing that f has a simple pole at
the origin with residue one lets us immediately see that the integral on the left-hand side
of (E.4) is equal to one, because

Res[f(y, 2)e*™ 2z =01 =1. (E.6)
Thus, we obtain
1/2—7/2 . o
dzf(y,z)e¥™m* = — —— E.7
/1/27/2 (v:2) 1 —gre2mw (E7)

and assuming |¢"e~2™%| < 1, the r.h.s. can be Taylor expanded to give

1/2—71/2 , > .
/ dzf(y, z)e*™"* = 2mi Z g e ATy (E.8)

~1/2—7/2 0

On the other hand, from the pole structure and the periodicity of f(y,z) we can use the
following ansatz:

o0 o0

f(y, z) = weot(my) + mcot(mwz) + Z Z Cmpe 2T 2mmY (E.9)

m=—0o0 N=—00

where the cotangent terms arise due to the fact that the poles are located at zero. (The
Fourier series of the cotangent function itself are written down in section E.2 below.) And
note that f(—y,—z) = —f(y, 2), so it is easy to see that

Cmn = —C—m,—n, (E.l())

meaning in particular cgp = 0. On the other hand due to the symmetry under y <+ z it is
easy to show

Cmmn = Cnym- (Ell)

Inserting these pieces of information into the integral in (E.8) and using the expansion (E.18)
below for 7 cot(mz), we find

[o.9] o0
2mi + Z Cmpe 2T = 21 Z g e ATy, (E.12)

m=—o00 m=0

which by matching term by term gives

Cm,n = 27Tiqmn y Commn = 0, Con = 0 for m,n >0, (E13)
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-> >

Figure 10. Path of integration in the complex v plane.

and using (E.10) we have
Com—n = —2m¢"" , Cm-—n=0, co—pn=0 for m,n >0, (E.14)

and due to (E.11) it follows that ¢, 0 = 0 for any m.
To summarize, we are left with

o o0

oo 00
§ : § : Cm,nef%rmzef%mmy — 97 § : § :qmn6727mnzef27mmy (E15)

mM=—00 N=—00 m=1n=1

—o00  —00
— i § : § : qmne—sznze—%mmy

m=—1n=-1

oo 00
— 27 E : § :qmn (ef2ﬂznzef27rzmy o eZﬂznzeQﬂzmy)

m=1n=1

o0 o0
=47 Z Z g™ sin(2rmy + 2mnz).

m=1n=1
Thus (E.9) gives (E.3), which is what we wanted to show.

E.1 Vanishing by contour integration

Once we have convinced ourselves that the poles do not contribute, we can prove (4.26) by
performing a line integral over the deformed contour of figure 10. Because G has no pole
in the interior of the fundamental domain, we find by a similar argument to above

1
0= fdu GF[I/lz/iv](V) — (1 o 6—27riv)/0 dv GF[1/12/iv](V) . (E16)

If e?™ £ 1, the factor in parenthesis does not vanish, then the integral along the real axis
from 0 to 1 of Gr must instead vanish, which is what we wanted to show. We note that if
it had not been for the quasiperiodicity induced by the angle v, the factor in parenthesis
would vanish trivially, and the contour integration would provide no information about the
value of the integral of G from 0 to 1.
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E.2 Fourier series of cotangent function

For |e2m”/| < 1 we have that (writing = = e?m’u)
B ‘627riu +1 B . -
FCOt?TV—WZmi_ﬂ.Z —

n 1
1—=x

0o 0o 0o
= —m <Z " + Z x”) - i (1 +2 Z 627rin1/) ’
n=1 n=0 n=1

but for |e=2™%| < 1 we have that

1+ 67271'1'1/

1
meotmy = mm =+t (1 — 1/3}

n=1

F Illustrating image intersections

* 1i/f/a:>

+mi (i (i)n - nfjo <i>n> = +mi (1 +2 ie”“““’) :

n=1

(E.17)

(E.18)

Let us focus on a single brane a and its images aj, on a single 72 let us say the second one.

From (C.19) we have

Itgjja) = Ia,0a + 1o024
1 1
= i[nl-(n1+m1)+m1-m1]+§
= n%—I—nlml —|—m% .

[nl ‘n1+my - (ng + ’m1)]

For example, for [a] given by (n1,m1) = (n,1) we have for the orbit that

I[a][a} = n2 +n+ 1

= 7,13,21,31,43,... .

This is illustrated in figure 11.
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Figure 11. Orbifold multiplets of intersection points for [a] given by (n,m) = (n,1),n =2,...,10.

We see that including the origin, Ijg)q = 7,13,21,31,43,... = n?+n+ 1.
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