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ABSTRACT: In the classical pure spinor worldsheet theory of AdSs x S° there are some
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deformations describe the linear dilaton background. But the deformation corresponding
to the nonphysical vertex differs from the linear dilaton in not being worldsheet parity even.
The nonphysically deformed worldsheet theory has nonzero beta-function at one loop. This
means that the classical Type IIB SUGRA backgrounds are not completely characterized
by requiring the BRST symmetry of the classical worldsheet theory; it is also necessary to
require the vanishing of the one-loop beta-function.
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1 Introduction

The pure spinor formalism for the classical Type IIB supergravity was developed in [1]. As
typical for theories with extended supersymmetry, the formalism is technically challenging
and involves many subtle geometrical constructions. Moreover, even the basic postulates
of the formalism are not completely clear (at least to us). We would like to have some set
of axioms which would allow us to encode the space-time dynamics (SUGRA) in terms of
the worldsheet dynamics. Naively, the set of rules can be as follows:

“Postulate the action of the form:

/dTerT [Apn(x,0)042™0_2" + Apma(z,0)0L2™0_0%+

+ Agm (,0)040%0_2™ + Anp(x,0)0,070_0° +
+wp(0- + A_(2,0))Ar + wr—(04+ + A4 (2,0))Ar +
+ < WLy WR-_ALAR >] (1.1)

where A\ and w are pure spinors and their conjugate momenta, and request that it satisfies
the properties:

e (Classical 2d conformal invariance
e Lagrangian is polynomial in A and w

e Two separate conserved ghost number charges, left for A , wpy and right for
A R, WR—
e Nilpotent BRST symmetry

The constraints guarantee that these coupling constants Apsn(z, ) encode a solution of
the Type IIB SUGRA.”
We believe that this is not very far from the truth, but there are subtleties.



In order to better understand the pure spinor formalism, it is useful to consider explic-
itly various specific examples beyond the flat space. The most symmetric non-flat example
is AdSs x S° which was constructed in [2]. In [3] we have discussed a special class of defor-
mations of AdS5 x S° known as 3-deformations. At the linearized level, we have explicitly
constructed the corresponding deformations of the pure spinor action. They are described
by the integrated vertex operators, which are products of two global symmetry currents
with some constant coupling constant B:

U= B%j, A jp (1.2)

1.1 Non-physical vertices

As was pointed out in [3], some apparently well-defined vertex operators of the form (1.2)
do not correspond to any physical deformations of the AdS5 x S° background. They have:

B f #0 (1.3)

where f,;° is the structure constants of the SUSY algebra g = psu(2, 2|4). We will call such
vertices “non-physical”. Their appearence does not lead to any obvious contradiction, if
one can either consistently throw them away, or perhaps learn to live with them. Throwing
them away should presumably correspond to an additional restriction of the allowed BRST
cochains, similar to the semi-relative cohomology of the bosonic string [4-6].

In this paper we will study the flat space limit of these unphysical vertices.

1.2 Flat space limit of SUGRA excitations

We will start by pointing out the following general fact about the flat space limit of
SUGRA solutions.

Given a general nonlinear solution (“the background”) of the Type IIB SUGRA we
can consider the linear space of its infinitesimal deformations (“excitations”). Such excita-
tions correspond to solutions of certain linear differential equations, namely the SUGRA
equations of motion linearized around this background).

In particular, let us look at the flat space limit of the excitations of AdSs x S°. Both
the flat space sigma-model and the sigma-model of AdSs x S° are invariant under a parity
symmetry. Therefore linearized excitations can be separated into parity-odd excitations
and parity-even excitations. Let us restrict ourselves to the bosonic excitations. Those
excitations which involve NSNS and RR B-fields (i.e. RR 3-form field strength) are parity-
odd, while those which involve metric, dilaton, axion, and the RR 5-form field strength
are parity-even.

Let us pick some particular excitation and look at its Taylor expansion around a
fixed “marked point” .. Consider only the leading term in the Taylor expansion. It is a
polynomial in x — x,. We claim that:

The leading term of a parity-odd excitation of AdSs x S° (1.4)
is a polynomial solution of the flat space linearized SUGRA '



Proof. Equations of motion of Type IIB SUGRA are systematically reviewed in [7]. For the
leading approximation to the flat space limit of AdS5 x S°, we get the following linearized
equations for Hygys and Hgp:

, 2.
d* (Hysns +iHRR) = —50% UHysws+itinn) F5 (1.5)

where UHysys+iHrr)E5 18 the substitution of the complex 3-form Hygsys + tHgrg into
the RR 5-form field strength of AdSs x S°. We have to prove that the leading term of
Hysns + iHRgpr is a solution of the linearized SUGRA in flat space. We expand (1.5) in
Taylor series. For the term with the leading power of x, all that matters is the term with
the maximal number of derivatives. It is the same as in flat space:

d*fat (Hvsns +iHgrr) = 0. (1.6)

1.3 Flat space limit of non-physical vertices

Although the non-physical vertices do deform the AdS action consistently, and in a BRST-
invariant way, they do not correspond to any linearized supergravity solution. We can see it
in the flat space limit. We expand the vertex around a fixed “marked point” z, € AdSs x S°
and look at the leading term. We observe that the SUGRA fields read from the leading term
do not solve the linearized SUGRA equations in flat space. This confirms the observation
of [3] that the non-physical vertex does not correspond to any deformation of AdSs x S°. If
the non-physical vertex corresponded to a valid deformation of AdSs x S°, then this would
be in contradiction with (1.4).

Moreover, it turns out that there is an essential difference between the non-physicalness
of the AdS deformation vertex (1.2) and its flat space limit. In case of AdS, the vertex
given by eq. (1.2) at least deforms the worldsheet action in AdSs x S° in a consistent way.
Its flat space limit, however, does not even provide a consistent deformation of the flat
space worldsheet action. How can it be?

1.4 Wild deformations of the BRST operator

The mechanism is the following. Remember that usually the BRST-invariant deformations
of the worldsheet action are accompanied by the corresponding deformation of the BRST
operator! ). The deformations of the BRST structure are tied to the deformations of the
action. But in the special case of flat space there are “wild” deformations of the BRST
structure, which do not require the deformations of the action:

e We can deform the BRST structure keeping the action fixed.

We will call these deformations of ) “wild”, in the sense that they are not tied to the
deformations of the action. These “wild” deformations of the BRST structure play an
important role in the flat space limit of the unphysical S-deformations. Let us consider a
[B-deformation of the AdS space and expand everything around flat space. If the expansion
of the B-deformation vertex starts from R~3, then the flat space limit is perfectly physical;

!Because the BRST-invariant integrated vertex is only BRST-invariant on-shell.



it is just a constant RR 3-form field strength. But for some vertices (or, equivalently, for
some choice of the expansion point z, € AdSs x S®) the expansion starts with R~*. In this
case we get:2

S = R72Sﬂat + / R73UAds RR 5—form + /ER4U5 + ... (1.7)

Here R is the radius of AdS space, ¢ the small parameter measuring the strength of the
[B-deformation, Uaqs RR 5-form 18 the integrated vertex corresponding to the deformation
of flat space into AdS, and Ug is the leading term in the expansion of the 3-deformation
integrated vertex around the marked point. It turns out that the BRST operator of the
unphysical g-deformation, in the flat space expansion, contains a wild piece at the lower
order then one would expect:

Q= Qfas + eR ' ApiiaQ + . .. (1.8)

where Ayi1q@ is a wild deformation of Qga¢. Note that the BRST operator gets deformed
at the order R~!, although naively one would expect R~2. Then we get:

(AwildQ) Sﬂat =0 (19)
(Awild@) Uads RR 5—form = @fat Up (1.10)

This means that Ug is not even BRST closed.

In other words, when studying the flat space limit of this S-deformation, it only makes
sense to consider the deforming vertex up to the relative order R~'. But as we see in
eq. (1.7), the beta-deformation starts only at the relative order R~2 (the term with Ug).
In this sense, the flat space limit of our beta-deformation only affects the BRST operator
without touching the action.

1.5 Deformations of the normal form of the action

However, as explained in [1], in order to read the SUGRA fields from the worldsheet
action, we have to first bring the action to some special normal form. The definition of
this normal form does depend on the BRST operator; therefore the normal form of the
action does get deformed in the flat space limit. We will discuss this in section 6. We
will find that the leading term in the near-flat space expansion of the nonphysical vertex
would have resembled the linear dilaton, but differs from it in not being worldsheet parity
invariant. This leads to the axial asymmetry of the vector components of the worldsheet
Weyl connection, and consequently to the anomaly at the one-loop level.

Conclusion. A classical Type IIB background is not completely characterized by requir-
ing the BRST symmetry of the classical worldsheet theory; it is also necessary to require
the vanishing of the one-loop beta-function.

2Usually the action is defined with the overall coefficient R?; then the flat space term is of the order 1.
We prefer to define the action so that the flat space is of the order R~2.



Open question. It is not clear to us if there exists such nonphysical vertices in the
backgrounds other than flat space and AdSs x S°. We suspect that, even forgetting about
the quantum anomaly, the non-physical deformation of the classical sigma-model in curved
space-time will be obstructed at the higher orders of the deformation parameter. (Although
in flat space-time, section 4.1.6 shows that it is actually unobstructed.)

In the rest of the paper we will provide technical details.

2 AdSs x S° and its 3-deformations

2.1 Pure spinor formalism in AdS5 x S°
2.1.1 The action

The action is:
9 1 3 1
Saqs = [ d°zStr §J§+J§_ + in_Jg_ + 1J3+Ji_ + [ghosts] (2.1)

1

where the currents are J = —dgg~ ', g = e’¢®, and the indices with the bar denote the

Z, grading.
2.1.2 Parity symmetry
There is a parity symmetry 3:
N(rE) =77F
X(g) = Sg5~! (2.2)
where S is an element of PSU(2,2[4) given by the following (4]4) x (4|4)-matrix:

S = diag(e”“,ei“/4,ei”/4,ei”/4,e_i“/4,e_i”/4,e_i”/4,e_i“/4) (23)

Under this symmetry:
S(Jag) = 8Jpy-S7 (2.4)
In particular:
Y(J3,) =SS! (2.5)

A generic string theory sigma-model does not have any parity symmetry. Parity invariance
is a property of those backgrounds which only involve the metric, axion-dilaton and the
RR 5-form field strength, but neither the B-field nor the RR 3-form. AdSs x S° is one of
such parity-invariant backgrounds.

2.2 [-deformations

The B-deformations are the simplest deformations of the pure spinor action. The cor-
responding integrated vertex is just the exterior product of two global symmetry cur-
rents [3, 8]:

Sads — Sads + /€B“bja A Jb (2.6)



where ¢ is a small parameter measuring the strength of the deformation, and B% is a
constant super-antisymmetric tensor with indices a, b enumerating the generators of the
algebra of global symmetries g = psu(2,2[4). It turns out that when B is of the form
B = fab_Ac for some constant A¢, the deformation can be undone by a field redefinition.
Therefore the space of linearized [-deformations is:

H=(gNg)/g (2.7)

2.3 Physical and unphysical deformations

Physical §-deformations have zero internal commutator:

Hphys = (8N 8)o/8 (2.8)

Here (g A g)o means the subspace consisting of ). & A n; such that:

Z[fiﬂh'] =0 (2.9)

(2

Physical deformations describe solutions of linearized SUGRA on the background of
AdS5 x S°.

It was explained in [3] that the deformations which belong to the complement H\Hphys
do not correspond to any SUGRA solutions. The spectrum of linearized excitations of
SUGRA on AdS5 x S® does not contain states with such quantum numbers. Attempt to
naively identify the supergravity fields gives the Ramond-Ramond field strength which is
not closed: dHgrr # 0. This contradicts the SUGRA equations of motion.

For example, consider B of the form:

pab _ { @b A€ if hoth a and b are even (bosonic) indices (2.10)

0  otherwise

with some constant A € so(6) C psu(2,2[4). The corresponding SUGRA solution would
be constant in the AdS directions, and would transform in the adjoint representation of
s0(6) (the rotations of the S°). But there is no such state in the SUGRA spectrum [9].
Even without consulting [9], that there is no SUGRA solutions with such quantum
numbers. Let us study the representations of SUGRA fields, even without equations of
motion (off-shell). They are various tensor fields. A tensor field transforms in some rep-
resentation p of the small algebra so(5) C so(6) (we are looking only at the S° part).
According to the Frobenius reciprocity, a representation of so(6) enters as many times as
p enters into its restriction on so(5). In particular, the adjoint representation of so(6)
decomposes as follows:
adso(ﬁ) = adso(g,) @ Vecso(g,) (2.11)

But Type IIB SUGRA does not contain vectors, and the only 2-forms are: x5 Hngng and
x5 Hppr. In the space of 2-forms on S°, the only subspace transforming in the adjoint of
s0(6) are dX; AdX; where S° is parametrized by X2+...+ X2 =1. But Hysns and Hgg
are closed 3-forms, while x5(dX; A dX;) is not.



3 Pure spinor formalism in flat space

3.1 Action, BRST transformation, supersymmetry and parity

The action in flat space is:
1
Sfat = /d7'+d7'_ [2a+xma_xm +p+0-0p +p_010R +

+ UJ+8_)\L + w_8+)\R] (31)

where x, 07, r are matter fields and A are pure spinor ghosts, and p+,w+ are their conjugate
momenta. The BRST transformation is generated by the BRST charge:

Qflat = /dT+ALd+ —i—/dr)\Rd_ (3.2)

where d4 is some composed field built from p4, 0, O+x, the explicit expressions are in
section 5.2. The corresponding symmetry (called “BRST transformation”) acts in the
following way:

€Qfiat O1,r = €ALR
1
€Qfar ™ = 3 ((eALT™OL) + (eARI™6OR))
€Qpat AL, =0

€Qfar W+ = €d4
€Qfat d4 = T Therr,

€Qaar d— =TT e R (3.3)
or in compact notations:
0 0 1 0
€Qflat = EAL—— 90, + EAR% + — ((eALT™0L) + (eART™OR)) — oz +
+ed 0 +ed 0 + (II''TyeAL) s 0 + (1T eAR) o (3.4)
T ow, T Ow_ A S s R S ’

We will use the small-case ¢ for both the conserved charge and the capital @ for the cor-
responding symmetry action. The BRST operator eQg,; has the following key properties:

1. It is a symmetry of the action

2. It is nilpotent: Qﬁat = 0 (up to gauge tranformations)

Besides the BRST invariance, the flat space action is also invariant under the super-
Poincare transformations. In particular, there are supersymmetries t3 and té which act

as follows:
0 1 0
a3 - m
QAT Laea R (KL 0) 5
& s O 1 m 0
Kits = R(‘)Qa §(HRF HR)(%T" (3.5)

where k¢ and n% are constant Grassmann numbers, enumerating the SUSY generators.



The flat space theory has parity invariance, as eq. (2.2) of AdSs x S°. It exchanges 7+
with 77~ and 67, with 0g.
3.2 Using AdS notations in flat space

Even in the strict flat space limit, it is still convenient to use the AdS notations.
For example:

[aL, (9+9L]m - (0LF”8+0L) (36)
[0, 0R]™ = (0, F™™PTT,,0R) (3.7)
By, 0% = (ﬁBglrmeL> (3.8)

where F™4" is the RR 5-form field strength of AdSs x S° in the flat space limit. We
will also put Z,4 indices on the currents; the Lorentz currents will be denoted jp4, the
translations jo+, and the supersymmetries js+ and ji+.

4 Deformations of the flat space structures

4.1 Deforming Qgq.; keeping Sg,; undeformed
4.1.1 Construction of the deformation

Consider the following infinitesimal deformation of the BRST charge, parametrized by the
constant bispinors Bgﬁ and ng :

€4B = €qflat + €Ayilag
vhere €Ayilag = £ / ((OLT e )T 07) BYP Sp drt +
te / ((eereAR) ggej%) B’S, dr (4.1)
Notations:
® (gat is the standard flat space BRST charge (3.2).
o Bgﬁ and Bgﬂ are constant bispinors, Bgﬁ = Bga, Bff = B}ﬁ;&.

e ¢ is a small parameter, measuring the strength of the deformation; it should not be
confused with ¢ — the formal Grassmann number. Note that ¢ is bosonic and € is
fermionic. To the first order in € the deformed BRST operator is a new nilpotent
symmetry of the action.

e Spi and S5 are the holomorphic (left) and the antiholomorphic (right) supersym-
metry charges® (see egs. (5.31) and (5.32) for the explicit formulas)

3The fact that the supersymmetry charges are holomorphic or antiholomorphic is special to flat space,
and is crucial for our construction.



It follows from the definition that Ayiqq is a conserved charge. Indeed, on-shell 0_Sz, =
8+SB_ =0and 0_0;, =0,0gr=0_A\ =0d: g = 0.

The deformation Ay;qq consists of the “left” piece (proportional to Br) and the “right”
piece (proportional to Bg). These two pieces provide two separate deformations, the left
one and the right one. They are separately well-defined.

4.1.2 Proof that Ajqq anticommutes with ¢qa;

We will prove this using the Hamiltonian formalism. Let us calculate the Poisson bracket:

{@aat, Avwildq} = Qaat Awildq (4.2)

Notice the descent relation for the density of Ayiaq:
Quac (01T AT 07) B85, ) =

1
=9, (6 ((0LTmé AL )TT07) By <<9ereAL)rggei)> (4.3)

which follows from the descent of the SUSY current:
1 m
GQﬂatSa+ = 8+ <3(9LFm€)\L)Fo¢’yez> (44)

which can be derived by an explicit calculation, or as a limit of the similar relation in the
AdS5 x S% sigma-model derived in [10] and reviewed in [3]. Let us introduce the notation:

vLa(e) = ((QLFmE)\L)FZl»y(QZ) (4.5)

With this notations we have:
o 1 o
€Qfat (vLa(e/)BLBSng) = 68+ (vLa(el)BLBng(e)) (4.6)

There is a similar descent relation for the charge density of the right deformation. Eq. (4.6)
means that the Qqa¢-variation of the density of Ayqqq is a total derivative, and this implies:

{gat: Awilaq} = Qaat Awilag =0 (4.7)
4.1.3 Deformation of the BRST transformation

This deformation of the BRST charges corresponds to the following deformation of the
BRST transformation:

€Qp = €Qfat + AwilaQ (4.8)
where AyiaQ = eBY ((9ereAR)rgng) th+ eB7Y (01T meAr) T 07) 5 +
0 0 0 0
«@ la a— a0 a— o 4.
h +8poz+ * +8wa—i— h Opa— ! Owg— ( 9)

where t. and t% are the right and left SUSY generators given by eq. (3.5), and
katslo+t,ka—,ls— define some infinitesimal shifts of the momenta py,wy. We will not
need the explicit formula for these shifts; they are canonically defined in terms of the shifts
of x and 0 generated by t% and t?ﬁ’.



4.1.4 When such a deformation can be undone by a field redefinition?

Sufficient condition. Consider the special case when By, satisfies:
m By =0 (4.10)
In this case exists Wy,
vLa(€) B vrs(e) = €Qpar (¢W) (4.11)

The structure of Wy, is [0 Ar]. This implies:

Qs (vLa(e')Bgﬂsﬁ+ - (‘L(e’WL)) =0 (4.12)

Because the cohomology in conformal dimension 1 is trivial, this implies the existence
of yr4:
vLa(€) B Say = 04 (€WL) + € Qparyry (4.13)
(See the discussion in appendix A.) We observe that 0_yr 4 =~ 0. Thus yr+ is a conserved
at

current of the flat space theory generating some transformation Y7. We have therefore:

QB = Qfat + [YL, Qftat] (4.14)
Therefore if (4.10) then the deformation Qp — Qgat is trivial.

Necessary condition. Let us assume that exists a vector field Y7, satisfying eq. (4.14).
Let us assume that Y7, is a symmetry of the Sq,¢; in the next section 4.1.5 we will give a
proof without this assumption. Then the conserved current ULQBE‘B Spy corresponding to

Qg) satisfies:
vLaB8? S5y = Yijga rSTS + 040 (4.15)

for some holomorphic ¢. Using that Qgatjaat BrsT+ = 0, this implies:

Qﬁat (ULaBgﬁsﬁ—&-) = a+ (Qﬁatgb) (416)

Therefore:
0LaBv1g = Qpard (4.17)

In the rest of this paragraph we will prove that this is only possible when (4.10). Indeed,
suppose that (4.10) is not satisfied. Without loss of generality, we can assume: Bgﬁ =
Bmenﬁ . We want to prove that (ULBUL) represents a nonzero cohomology class of Qgat.
Remember that Q. is defined in (3.3). Let us formally split  into z7, and zg:

" =y + R (4.18)
1

€Qnarzy = 5 (eALI™01) (4.19)
1

Qa2 = 5 (EARI™0R) (4.20)

,10,



Let us extend the BRST complex? by including functions of x7 and zp (and not just of
their sum). Then (v;Bvy) is BRST trivial:

(’ULB’UL) = Qpat A (4.21)
where A = A (z1)(0LT™AL) + (dA)mn 02N ] + . (4.22)

where A,,(xr) is such that:
d+dA = xB (4.23)

In other words, A is the Maxwell field created by the constant charge density B. The
question is:

e Is it possible to correct A by adding to it something Qg.¢-closed, so that the corrected
A depends on xy, and xg only through x = 2y + xg?

If this is possible then (ULBUL) is Qaat exact. We will now prove that it is not possible to
make such a correction of A, and therefore (v Bvy) is cohomologically nontrivial.
A function of xy,xg,0,0r, A1, AR can be written in terms of x,0r,0gr, Ar, A if and

only if it is annihilated by 3™ % — 8{%) for any constant vector y”*. Notice that:

Qiat [ym< 0 0 > A] =0 (4.24)

a,.m  a.,.m
o7’ ox'y

— this is because y™ (% — %) commutes with (Qq,; and annihilates (ULBUL). Let

us consider the following solution of (4.23):

1

AH:TS.TJ

’B, (4.25)
Then F,, = % (B, — x,By). We see that (y0,, — y0s,) A represents a nontrivial co-
homology class of Qgat, corresponding to the Maxwell field of the constant field strength
y A B. Now the question is:

e Is it possible to obtain this cohomology class by acting with (yd,, — y0s,) on some
cohomology class Z of Qqat?

In other words, is it possible that exists Z such that:

(YOz), — YOy ) A = (Y0y, — Y0py)Z (4.26)
QﬁatZ =0 (427)

(such a Z will necessarily be nontrivial in the cohomology of Qq.t)? If and only if this
were possible, then we could modify A by subtracting from it a representative of Z (and
since Z is closed, this will not change the defining property (4.21)) so that the modified
A depends on zj, and xp through x = z + zg. Then eq. (4.21) would have implied
that (v Buy) is BRST exact. We will now prove that this is impossible.

1 want to thank M. Movshev for teaching me this trick.

— 11 —



Suppose that exists Z such that (4.26) and (4.27). As we already said, since the
Qfat-cohomology class of (y0;, — y0xj,) A is nontrivial, Z should be also nontrivial
in Qgat-cohomology. Modulo Qgat-exact terms Z has to be of the following form:

ZzZ = ZLm(-TLa .%'R)(QLFmAL) + ZRm(.CEL, wR)(HRFm)\R) + [%)\93] + [)\95] (4.28)
where Zr,, and Zp,, are quadratic in z. For (4.28) to be Qgat-closed we need:
ax?%ZLm = az’L" ZRn (429)

Since both Zr,, and Zg, are quadratic polynomials in (zr,zr), let us introduce
the notations:

Zim = ZLm,oL + ZLm,LR + ZLm,RR
Zgm = ZRm,L.L + ZRm,LR + ZRm,RR (4.30)

where e.g. Zpy 11, is the term with zpzp in Zpp,, etc. Eq. (4.29) implies that the
term with xrzy in Zr,, and the term with zpx; in Zg,, can be gauged away by

Qfiat (2Zpn,12h):
Zrmir(@r, 2r)(O0LT™AL) + Zrmrr(xn, R) (ORI AR) = Qat(2Zpn,L12R)

Similarly, the terms with zrzr in Zr,, plus terms with zpxr in Zg,, are
Qfat(2Z 1y, rr2Y}), where Zp, rr is the coefficient of zpzp in Zr,. After such a
gauge transformation, we are left with:

A = Zpm(@0)(0LT™AL) + Zrm(2R) (ORI AR) + [2A0°%] + [A6°] (4.31)

Now we observe that this corresponds to a pair of Maxwell fields with the field
strength linearly dependent on the spacetime coordinates. One of these two Maxwell
fields corresponds to Zr,,, and another to Zg,,. Up to gauge transformations, both

transform in the traceless part of the %D of s0(1,9). At the same time, the cohomol-
ogy class of (Y0, — Y0y, )A is parametrized by the vector B, therefore it transforms
in a vector (i.e.[]) of so(1,9). This implies that (4.26) is impossible.

4.1.5 Another proof of the necessary condition for triviality

Let us take B = Bmf%ﬁ . Suppose that exists an infinitesimal field redefinition Y7 such
that (4.14). Let us study the action of Y7, on A\;. We observe:

Qaatdr = AL (4.32)
(@B — Qnar)fr = BI™OL(0,T"AL) (4.33)

Therefore in order to satisfy (4.14) we should have:

YL = BI™0L (0T AL) + Quar 2 (4.34)
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for some = (we have = = Y7,0¢). Moreover, we should satisfy the pure spinor constraint:
(ALTRYZAL) =0 (4.35)

Notice that Yz Az is necessarily Qgai-closed, and that Z is necessarily of the form [62B].
The only expression of the form [#?\B] which satisfies (4.35) would have been:

YL = D™ ABYOT),,,0) (4.36)
but this is not BRST closed and therefore is not of the form (4.34).
Comment. But when B is a 5-form rather than a vector, see eq. (A.19).

Conclusion. Eq. (4.10) is a necessary and sufficient condition for the triviality of the
deformation. In other words, the deformation of the flat space BRST operator parametrized
by BZ‘B can be undone by a symmetry of the action if and only if (4.10).

4.1.6 Extension to higher orders

It should be possible to extend the deformation (4.8) to higher orders in €. Let us for now
put Br = 0 in (4.8); that is, restrict ourselves to the “left” deformations only. We get:

{QB.Qp} =& ((ermA) (armB(%))Q —

= 2(AT™N\) (AT BI™\) (9r“3§0> —

00

If B is a 5-form, then one can see that this is BRST exact; but in fact we have already

— 2(AT™\) (0T N) <0FmBF”Ba) (4.37)

seen in section 4.1.4 that in this case Qg is a trivial deformation of Q.. If B is a 1-form,
then the obstacle is proportional to B,,B,,. To calculate the coefficient, we observe:

(BT \) (6T BT \)0r™ — %(ermx)(ernx)armmn + Qauil. ) (4.38)
This means:
{QB,QB} = —%52(91“7”)\)(01“")\) <0FmBF”B§0) + [Qfat, - - -] (4.39)

In Qqar cohomology this is proportional to B, B,,. To calculate the coefficient of propor-
tionality we can substitute B ® B = I'* @ T*. We get:

(@o.@u} = 2BEEEr O (007 0 + O] (00)

Where |B|?> = B, B,,. When B is a lightlike vector, we can construct Qg) such that
the operator:

00

. One can continue this procedure to

Qp = Qnat +(0T™A) <9Fm36> +22Q (4.41)

which is nilpotent up to the terms of the order &3

higher orders in . The only invariant which can arise is |B|?. Therefore we conclude that
the deformation Qg.c — @p is unobstructed when B is lightlike, i.e. |B|? = 0.
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4.1.7 Relation to f-deformation

The deformation of the AdS action given by (2.6) preserves the BRST invariance of the
action, but actually changes the action of the BRST transformation. Indeed, the deforming
vertex is only BRST-closed on-shell:

Qads < / B, A jb> o~ (4.42)

AdS

where = means “up to the equations of motion of the AdS o-model”. Because (4.42) only
holds on-shell, the deformed action is not invariant under the orginal BRST transformation,
but instead under a deformed BRST transformation. The necessary deformation of the
BRST transformation was constructed in [3], where it was called Q1:

e =4 (g_l(e)\g - eAl)g)a B ¢, (4.43)

Here t;, are generators of g = psu(2,24). Expanding (g7 (eAs — e)\l)g)I in powers of x
and 6, we get:

(97" (X3 — €A1)g); = eQUy — g[eL, 00, eA]] + ... (4.44)

where Wy = 0 — [, 0,] + éwR, 050,11 (4.45)

where dots stand for the higher order terms. Similarly:

_ 4
(g Leds — e)\l)g)g =eQU3 + 5[93, [Or, €AR]] + ... (4.46)
1
where W3 =0 + [z,0R] — g[eL, 0L, 0R]] (4.47)
We conclude that:

e up to a BRST exact expression €@ is identical to eQp of (4.8). This means that the
leading effect in the flat space limit of this particular nonphysical S-deformation is
to deform the BRST structure of the flat space action as in Eq (4.8).

4.1.8 Field reparametrization K

Let us consider a particular example of B®, when the only nonzero component has both
upper indices a and b in g1, and B has the form:

BoB = gaB pm (4.48)
In this case:
16 o .3
Q1= — g[ Bro, [01, 00, eAL]] ]* to, + [eQ , K1 (4.49)
where K| = 4[BL27 \Ifl]a ti (450)

This means that €@y is of the form (4.8) after a field reparametrization specified by the
vector field K7,.
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Similarly, consider the case when the only nonzero components of B% are the following:

B = o8 B® (4.51)
In this case:
16 & .1
6Q1 = E[ BR2 s [QR, [QR,G/\R]] ] td + [GQ y KR] (4.52)
where Kp = 4[Bpo, ¥3]% t} (4.53)
Action of K on Sags-
KSAdS = — /dzT Str (a+[BQ, ‘111] j1, - 8,[32,\1'1] j1+) (454)
Observe that j1— = —0_6g + ... and j14 =3 040 + ... With our definition of j1 we have:
1 . .
§.Saas = ~1 /d27 Str (04§ j— — 0-& j+) (4.55)

4.2 Deforming (Sha;, Qfiat) to (Sads, Qads)

Going from flat space to AdS changes the action, by turning on the RR five-form field
strength. To describe the corresponding deformation of the action it is useful to introduce
a small parameter 1/R, which corresponds to the inverse radius of the AdS space. The
scaling of the basic fields is as follows:

r~R, Orr~R ' piode~ R
ALr~ RY?, wy ~ R3/? (4.56)

With these notations the flat action (3.1) is of the order R=2. (Usually there is an overall
coefficient R~2 in front of the action, then the action is of the order 1. But we will prefer
to omit this overall coefficient.)

The RR five-form deforms the action as follows:
Shat — Sfat + /Fagdadﬁ“ +... (4.57)

where ... is for terms containing . We observe that the deformation term is of the order
R~3 (while the Sga is of the order R~2).
We will denote the AdS deformation vertex Uagqs:

Unds = F“Bdadé + [terms with 6] (4.58)

(The complete formula is (5.33).) Once again, observe that the flat space action is of the
order R~2, and the deformation Uagqg is of the order R73.
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4.3 Interplay between the two deformations

We have considered two deformations of the flat space superstring: the deformation (4.8)
which leaves the action invariant and only changes the BRST structure, and the defor-
mation from flat space to AdSs x S°. Let us look at the interplay between these two
deformations. The action of Qg.; on Uags is a total derivative on the equations of motion
of Sqat. But the deformed ) generally speaking acts nontrivially:

Qﬂat/UAdS =0 (4.59)
QB/UAds = R (4.60)

where ~ - means equality up to the equations of motion of flat space. In the next section
we Wlll see that (4.60) is important for understanding the flat space limit.

5 Flat space limit of the B-deformation vertices

5.1 Flat space limit of the AdSs; x S° sigma-model
5.1.1 Coset space and BRST operator
We choose the following parametrization of the PSU(2,2[4)/(SO(1,4) x SO(5)) coset space:

g=-eleX (5.1)
The action of the BRST operator on the matter fields:
€Qg = €(A\L + Ar)g +w(e)g (5.2)

where w(e) is some compensating SO(1,4) x SO(5) gauge transformation.

In terms of 6 and x:

0 0 1 0
eQ—e)\Lae +6)\R89R *([6)\[‘,9[,]"‘[6)\1%79]{])87_
1 0 0
é[eLa 01, eAR]] 5~ 90, [9L> [Or, 6)\LH89L +
1 0 1 0
g[GR, [&ihﬂ@ + 5 [0r, [9R7€>\RH89L
1 0 1 0
6[9R7 [6R7 €ALH 89]2 [9R7 [eLa CAR]] 80R (53)
1 0 1 0
§[9L> [935 6)\RH aaR [9147 [9L7 6>\LH aaR
1 a 0
Z[GL, 9z, [9R,6>\L]]]8X ﬂ[GL, [Or, [9L,€AL]]]87 +
1 0 1 0
*4[91?7 01,01, eAL]]) 5= 8X [91?7 [0r, [0r, 6)\Lmax +
1 0 0
Z[eRv [91?7 [gLv EARH] (9X 7[0R7 [0L7 [eRv EAR]]] 9x +
1 0 0
Z[QL, [0, [Or, EARH](‘)X [9L, 0r,[0L, EAR”]aX +... (5.4)
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In this formula, the first line is of the order 1, and the following lines are of the order R~!, and the
dots stand for the terms of the order O(R~?2). The currents:

—J=dgg ' = (deXe X )e  +dele? = (5.5)

(dX+ X, dX]) e’ +do+ = [e de] + [9,0,d9]+%[9,9,9,d6‘]+

1

—Jg:d9L+[HR,dX}—i—f[@,H,d@}L—&-... (56)
1 1

—Jy=dX + = [9 do)3 + 510,10, dX])z + 5;10.0,0,d0)3 + .. (5.7)

_Ji:d9R+[9L,dX]+g[e,e,de]RJr... (5.8)

The action (2.1) modulo terms of the order R~3 and higher is:

S = /d% {leaRa_oL + %R*2a+xa_a:+R*2(L3+L4)+... (5.9)

where:
L= — %([eR,meR] 8_x)—%(8+a:, 0,,0.0.]) (5.10)
Ly = i([&ﬁm] 0,,0.0,]) — i([aR,moR],[e)R,a_aR]) + (5.11)
%([GR,&@R] [0r,0-6L]) — (5.12)
— 2 ([0r 060), 0, 0-60) — £ (01,0, 01,0 65]) (5.13)
— 202,005, 0m, 0_01) (5.14)

5.1.2 First order formalism

We get rid of the leading term R™'9,0r0_607, using the first order formalism:

5= / &r [ (514 0_0,) + R~2(5s_0-07) — R (prspo_)+

+ §R728+$a_:(} + R? ( L3+ L4) + ... (5.15)

where dots stand for the terms of the higher order in R~! (including terms the order R~3,
of which the one which depends on p, namely R~3(p1.p3_), we put explicitly on the first
line). Integrating out pi:

prs = RO, 0, p3 = RO_0y, (5.16)

generates R~10, 0r0_01 and brings us back to (5.9).
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Importantly, we can remove the leading nonlinear terms R~2(L3 + L4) by a redefinition

of p. (Otherwize the flat space limit would not have been a free theory.) It is done as follows:

- 1
P14 = P14 + i[eL; Oyx] +
1 1
+ 54100, (02, 0401]] + (01, (O, 0+0r]] +

1 1
+ 6[93’ [Or, 040L]] + 6[91%, 01,04+ 0R]]

_ 1
p3— =P3— + 5[91%,(9—96] +

1 1

+ ﬁ[eR, [Or,0_0R]] + ﬂ[ﬁR, [0r,0-0r]] +
1 1

+ 6[9[/7 [0L78—9R]] + 6[0[/7 [9R7 8—911]]

After these changes of variables, the leading terms in the action are:
2 -2 -2 |
S = /d T |:R (p1+3_«9L) + R (p3—3+93) + iR 8+138_33‘

5.2 Relation between Ji. and d+

We observe that in the flat space limit J3_ and Ji4 go like R=3/2. We identify:

Jiy = —dy + O(R™/?)
Jy- = —d_ +O(R™°/?)
In terms of z and 6, at the order R—3/2:
Jip = —040r — [01,042] —
— 5102, 100,0.00]) — 5 10m, 108, 0,.01]) =
= iy — 5l00.040] — 5001 101,0:61]
5.3 Global symmetry currents

The matter contribution into the global symmetry currents:

—J+ = 9_1 (J:§+ +2J3, + 3JI+) g
jo=9" (35 42/ +Ji)yg

For example consider the global symmetry currents js; and j3_.
Up to O(R~"/2) and up to terms which do not contain 9, 0p:

. 2
J3+ = 04 V3 + 4[6+0R71'] + 2[9];, [QL, 6+93]] + 5[03, [QR, 8+QR]] + ...

1
where W3 = 0, + [l’, 93] — g[@L, [GL,HRH
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Up to O(R™%/2):

. 2
j3— =0_Vg—40_0 — g[@L, [(9[,,8_93“ +... =

:ajg—wy+4wm1ﬂ+§w&w&&ﬁﬂ—h“ (5.26)

Similarly:
Jis = 000y + Ady. — A[0p, D] — %[(h, 0,,0.00]] + ... (5.27)
jio = 0_Wy —4[0_0r,z] — 2[0R, [0r, 0_0L]] — g[eL, [0r,0-6L]] +... (5.28)

where W, is given by (4.44). The density of a local conserved charge is defined up to a
total derivative.
Therefore, let us redefine j+ — Si, by removing total derivatives:

J3+ = 0+ W3 + S34
J1x = 0£Vy + Siy (5.29)

In the flat space expansion:
S, ~R3? 8 _~RP? 8 ~R3? G5 ~ RO (5.30)

We should identify 574 and S3_ with the supersymmetry currents of the flat space super-
string. Explicitly we have:

1 1
Siy =4 <p1+ - 5[9L,3+CU] - ﬂ[eb [9L78+9LH> -

_ 4 <d1+ 01, 0.4] — %[HL, 01, a+9L]]> (5.31)

- 2%[91%, [0r, 3—91%]]) =

[Or, [Or, 39}2]]) (5.32)

1
—53_ =4 <p3_ — 5[93,8_1']

—4 (dg ~ (b, 0] — ¢

Uags in terms of the global currents. Now we can write eq. (4.58) precisely, including
the terms with 6:

Uags = Str(S1453-) . (5.33)
5.4 TUnphysical vertex of the order R~

Let us consider the following example of the unphysical vertex:

Us = [j14.d3_] + Uay.di-] = [S14,S3_] = R™® (5.34)

In this case the flat space limit of the unphysical vertex appears to be perfectly physical,
and in fact corresponds to turning on the constant RR 3-form field strength. Indeed, there
is a term of the type did_ plus terms containing 6’s:

U = [dy,d_] + ... (5.35)
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A careful analysis of the index structure shows that this actually corresponds to the con-
stant RR 3-form field strength.

The flat space limit of the vertex operator for the beta-deformation is generally speak-
ing of the order e R~3. It typically starts with zdxz Adx, plus terms of the type d d_ (which
are also of the order R™3, since d are of the order R=3/2). Plus terms with 6. The leading
bosonic term zdx A dx describes a NSNS Bygns-field. At the order eR™3 we can only see
the constant NSNS field strength Hygsnys. The terms with dd_ describe the constant RR
field strength Hrr. We conclude that we see some constant Hygys and some constant
Hprp. This is nice.

But let us expand it at a different point in AdS, the point at which the field strengths
are zero. Then the leading terms in the vertex will be of the order R™4.

5.5 Unphysical vertex of the order R~*

5.5.1 Definition of the vertex and how the descent procedure does not work

Consider another example of the unphysical vertex:
Us = % Str( [B2, ji] A1 + [B2,js] Ajs ) = (5.36)
= Str ( Bj [Jodd  Jodd)) (5.37)
The flat space limit of an unintegrated unphysical vertex was derived in [3]:
Va. fiat = [[0R, [OR, €AR]]; [OR, [Or, €AR]] + ([0, (0L, €AL]], (01, [0L, €AL]] (5.38)
What happens if we apply to it the flat space descent procedure? Observe:
O—[0r. [Or, eAr]] = Q(353-) (5.39)

Notice that in flat space the supersymmetry current Ss_ is holomorphic. Therefore the
second step of the descent procedure is zero:

O] [0, [0r, Ar]] , S3_]=0 (5.40)

This means that the corresponding integrated vertex, defined by the descent procedure, is
zero. (If it were not zero, it would have been of the order R~3.)

Conclusion. The leading flat space limit of (5.36) is not related to V5 g,y by a descent
procedure.

5.5.2 Explicit formula for the vertex in flat space

We observe:
eQ/U2 = —/Str( [ Bs, g t(err — eAr)g] (djr + djs) ) (5.41)

The variation is proportional to the equation of motion dj; = 0, dj3 = 0. To compensate
this variation we need the field redefinition:

Q1 =14 [ By, g Y(eA, — edRr)g ];ti +4 [ By, g YeAr — eXRr)g ]?ti (5.42)
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Then the deformed action:
Sads + /Str( B2 jodd A jodd) (5.43)

is invariant under the deformed BRST transformation ¢(Q + @Q1).
To get the expression starting with R4, we do the field redefinition with the vector
field K given by (4.50) plus (4.53). Then the deformed action

Saas + K Sags + / Str (BQ Jodd N jodd) (5.44)

is invariant under the deformed BRST transformation:

€Q + €Q)
where €Q)] = €Q1 + [K,eQ] =
16 a3, 16 gl
= —g[BQ, [9[,, [HL, EAL]H to, + 3[32, [QR, [HR, 6)\3]]] ty (5.45)

Using (4.54) we get:

Sads + K Saas + /Str( By ji A j1) + /Str( By j3 A js) =

= Saas + <—/d27 Str (04 [B2, ¥1] j1- — 0-[B2, V1] ji4) +

+/d27' Str([Bz, ji+] j1-) + (1 — 3)) =

= Sads + </ d?7 Str ([Bsy , (jip — 04+ %1)] (j1o —0_W1) )+ (1 — 3)) =

— Spas + / 7 Str (Bs [S14, 1] + Ba [Sss, S5 ) (5.46)
Now formulas of section 5.3 imply that the flat space limit is of the order R~%:

Ut = Sto(Botds ] + 200,01 o] + 3100, 0 1]

2
—4ds_ + 4]0, 0_x] + g[@R, [Or,0_0R]] :|+

+ By [4d1+ 4[0y,0, 4] — g[eL, 02,0,0.]] (5.47)
~dld o] = 2on Proda ] - S o]l ) 6.08)

where . .. stand for the terms of the same order R~* containing higher number of thetas.
Also the ghosts contribute:

Us, fiat, gh = 4 [[0r, {w1+, Ar}] , Ss-] (5.49)

but their contribution will not be very important here.
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We observe that there is the term zdd_, more precisely:
16 Str ([ B2, z][d1+,ds—]) (5.50)

which usually corresponds to the Ramond-Ramond field. Since it is odd under the world-
sheet parity (i.e. under the exchange dy <+ d_) we should have concluded that it corre-
sponds to the Ramond-Ramond 3-form field strength H. But we also find that dH # 0.
In the usual notations (5.50) would correspond to H = tp,a. L, where F' is the leading
flat space limit of the RR field of AdS5 x S°. This is not a closed form. Naively this is in
contradiction with [1], as dH = 0 is one of the SUGRA equations of motion. The resolution
is, as explained in section 1.4, that Us g, is actually not annihilated by Qfat-

5.6 Demonstration of the l.h.s. of (1.10) being nonzero

Let us calculate the variation of the AdS action along the vector field (4.8). We get the
following expression of the order R~*:

(1B2. 161 02, eALT]I* 1) Saas = (5.51)

= /d% Str (0_[0r, [0, eAp]] S1t — 04 (01, [01,eAL]] S1-) (5.52)

The term with 0_[0r, [0, €AL]] Si+ generates:

/ d?7 Str ([ds_, [0r, eAp]] diy + [01, [d3—, eAr]] diy) (5.53)

which does not have anything to cancel with. This demonstrates that the L.h.s. of (1.10)
is nonzero.

5.7 Parity even physical vertex

It is also interesting to consider the following physical vertex:

1 . . . .
U3, phys = 3 Str ( [B2, 1] Aj1 — [B2,73] Ajs) (5.54)

It differs from (5.36) by the relative sign of the two terms. Unlike (5.36), this vertex does
satisfy the physical condition (2.9), and does correspond to a meaningful excitation of
AdSs x S°. Notice that Uz, phys 18 parity-even, therefore it should correspond to either a
metric, or a dilaton, or a RR 1-form, or a RR 5-form.

As becomes clear from section 6, the flat space limit of the parity even vertex is the
linear dilaton background. (Whereas the parity odd vertex is unphysical and does not
correspond to anything.)

6 Bringing the action to the normal form of [1]

This section was added in the revised version of the paper.
Generally speaking, given a sigma-model, we can always rewrite it in many different
forms using field redefinitions, introducing Lagrange multipliers, alternative gauge fixings,
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etc. In order to make contact with the spacetime description in terms of Type IIB SUGRA
fields, the authors of [1] used a special “normal form” of the sigma-model action. The
definition of this normal form depends on how the BRST symmetry acts. Although in
our case the action of the sigma-model does not change, but the BRST operator does
get deformed. Therefore, the normal form of the action does get deformed. We will now
study the deformation of the normal form of the action. We will show that it leads to the
nontrivial spin connection. It turns out that the vector components of the left and right
spin connections do not coincide (contrary to what was conjectured in [1]); this is why the
deformation is nonphysical.

We will use the notations of [1]; we also recommend [11] for the detailed explanations
of the formalism. We will continue using the flat space notations (with I'-matrices) and
the AdS notations (commutators and Str) intermittently, as explained in section 3.2.

6.1 Action in terms of d

As we explained, the action is undeformed:
Sfat = /dT+dT [;&ra:m@_xm + Dot 0_0F 4 pa_0,0% + (6.1)
+ Watr O-AF + w&_ap\%] = (6.2)
= /dT+dT_ Str B&rﬂ:g@:@ + p1+0_0p + p3_040Rr +
+ w4 0_Ar + w3_8+)\R] (6.3)
(Eq. (6.1) uses traditional notations, while eq. (6.3) uses AdS notations.) The deformation

only touches the BRST operator. In order to bring the action to the form of [1], we need
to trade py for di, where d4 is defined as the density of the BRST charge:

Qrr = }I{ALRdi (6.4)

In the undeformed theory, the relation between di and pu is given by egs. (5.31), (5.32):
1 1

i+ = di+ = 5[0, O+a] = 2l0r, (01, O10.]] (6.5)
1 1

p3- =ds- — S0, 0-a] - §[9R7 [0r, O—0R]] (6.6)

After the deformation, this relation is modified. Let us consider the case when Br = 0
(only the left deformation):

1 1
it = diy — 50z, Oya] = olfr, [, O+61]] +
+ [eln [QL, [B27 Sl-i-m (67)
1 1
p3- = d3— = 5[0r, 0-2] = C[Or, [0, O-OR]] (6.8)
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Let us substitute S14+ from (5.31) into (6.7):

1
- g[eL, 01, 040r]] +

14 [eL, [eL, [32 | (dH ~ [Br, O]~ 10w, [0, amn)”] (6.9)

1
p14 = diy — 501, Oia]

Therefore, we get the following formula for the action, which at this point is almost in the
normal form of [1]:

1
S = /dT+d7‘_ Str <2a+.1‘26x2 +di1 00 +d3_ 0,0 —

1 1
— 5[(9[,, 8+$]879L — g[HL, [QL, 8+9L]]8,9L —
1 1
— 5l0r, 0-210+:0r — C(0R, [0r, O-OR||0O+0R + (6.10)
+ wi+0-A3 + w3_04 A\ +
1
+ 4 [32 : <d1+ —[0r, Oyx] — 6[9L> 0L, 8+9LH>] 0L, 0L, 3—9L]])

6.2 B-field
In particular this allows us to read the B-field part:

By dZM N dzN = Str< — %[QL, dao]dfy, — %[eL, 01, d9r)] dbr, —

1 1
- 5[9}2, dzz]dOr — g[OR, [0r, dOR]] dr —
1
—4 [Bz, <[9L, dza] + éva 9z, d9LH>} 0,10z, d9LH) (6.11)
The 3-form field strength H = dB is:

1
[dOr, , dxo)dOr, + Z[daL , dOr) [0r , dir] —

1

1 1
— i[deR y dxg]dGR + Z[deR y d@R] [03 y ng] —
1
—4 |:BQ , <[d9L, d.l‘z] + Z[QL, [d@L, d@LH>:| [9L ,[HL, d@LH +

1
+6 [32 ; <[<9L, dxa] + 6[9L, 0L, d9LH>] [0, [dbr, d9LH) (6.12)
For example, let us demonstrate that:
Heopm AN =0 (6.13)

in accordance with [1]. The last row in (6.12) does not contribute, because {Ar, , A} = 0.
In the previous rows, the terms containing dxdfrdf; combine into:

%sm (s [ dy, — A1Bo. 01, (00, d6,)]) . by — 4(Bs, 01, [0 d6:]]) ] ) (6.14)

Notice that eQfr, = e\ + 4 [Ba, [01, [0L, €AL]]] and (6.13) follows.
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6.3 Torsion

The action (6.10) is almost in the normal form, but not completely. To complete the
procedure described in [1] we have to eliminate some components of the torsion, namely
T,3". Let us therefore study the torsion.

The 16-beins E* and E% are defined as the coefficients of di in the worldsheet ac-
tion (6.10):

EY=EYdZM = det —4 By, [0, [0, dL]]]* (6.15)
EY = B$;dzM = do% (6.16)

Notice that the pure spinor terms in the action (6.10) are the same as in flat space, therefore
QM% = QM% = 0. Therefore the torsion is defined as in flat space: T = T]‘\’}NdZMdZN =

dE®, T® = T ydZMdZN = dE®. In particular:

T =—6[B,, [0, [d0L, , doL]]] (6.17)
in other words 7., = — 6 [i5(By T'l01)" (6.18)

Here the notation B"" stands for: B™ for m € {0,1,...4} and —B™ for m € {5,...,9}.
The difference between B and B does not play any role in our discussion here; it is an
artifact of notations in section 3.2.

Removing T,j5. Asinstructed in [1], we have to remove T gﬂ by a special field redefinition

which at the same time modifies the spin connection QZ" "] and Q(()f) . This is done in the
following way. Notice that the following field redefinition d — d, parametrized by h%*(Z):

dot = dat + BPTE 5(w Ty Ty N) (6.19)

does not change the expression (6.4) for the BRST current, and therefore is a residual field
redefinition preserving the normal form of [1] of the worldsheet action/BRST structure.
This field redefinition changes the string worldsheet action by adding to it the term:

0_ZME{TE 5" (w Ty Ty A) (6.20)

which encodes the modification of the left connection €:

Q) =Tk pks ol = pln s (6.21)
This changes the T y:
Tiin = Tiin + 2B 0§ = Ty + B3 By Thp Tl T b (6.22)
Taking h®* as follows:
he® = 6B50% (6.23)

we get rid of T(Z,B (i.e. the T;ﬁ calculated with this new € is zero) at the price of generating
Q) and ol given by (6.21). Notice that QS) = 0, as it should be. Also notice that the
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right connection remains zero, both QE;) and Q. According to [1] we should then be able
to solve the equations (D, + Q((f))@ =0 and (D4 + QS))CI) = 0 which imply:

9 m B 9 HMrm B
(&O% + FO@BeLaxim + 632 Faﬁ9L> (I) — O (624)
0 3 0
-+ 10— | = 2
<8€%+ 04/30R81””> 0 (6.25)

The first of these equations can be solved by the linear dilaton:®
® = —6B, ™ + const (6.26)

but this does not satisfy the second equation (6.25). In fact, (6.25) immediately implies
that ® = const. This result can be also formulated in the following way:

e it is not true in this case that ngl) = ?27(5)

Notice that the equality of the vector component of the left and right spin connections was
only conjectured (but not proven) in [1]; our construction provides a counter-example to
this conjecture.

We feel that this problem only arizes for the states of low momentum, although it is
not very clear what “low momentum” would mean in a generic background. Perhaps the
non-physical vertex only exists in AdS and flat space, and the corresponding deformation is
obstructed at the higher orders of the deformation parameter. In any case, as was demon-
strated in [3], the non-physical vertices go away if, in addition to the BRST invariance,
we also impose the 1-loop conformal invariance. This suggests that a modification of the
BRST complex, taking into account the additional structure provided by the b-ghost [4-6],
would take care of the problem.

A Vector field Y7,

A.1 Ansatz for y,

It is usually assumed that the pure spinor BRST cohomology at the positive conformal
dimension is trivial. We do not have a general proof of this fact. Let us consider a
particular example which we needed in section 4.1.4:

QﬂatM+ =0
where My = (01 \) (0T )0 B Spy — 4 (W) (A1)

We want to prove that exists such y, that M, = Qga.ty+. We do not have the complete
proof, but only a schematic expression:

yr =00, N+ [00.010rd, ] + [020,601] + [01 04 ] (A.2)

5Tt is not surprizing that the linear dilaton is involved. In the case of bosonic string, also the linear
dilaton background does not deform the worldsheet action on a flat worldsheet, but does deform the BRST
trasnformation. We would like to thank Nathan Berkovits for suggesting to look at it from this angle.
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where Npp,p 4 = (AL'mnwy ) is the contributions of the pure spinors to the Lorentz current.
The term with [0, N ] is necessary because Sg contains dg,, and its coefficient in M,
(which is (HLFm)\L)(OLFm)aBgB) is not Qgat-exact. Such term can only come from the
BRST variation of something of the type [0.0;N+]. In the next section we will discuss the
structure of this term.

A.2 The term 00N,

In order to obtain the term (HLFmAL)(QLFm)aBgﬁdJF, we need the first term [07,0 N, ]
in (A.2) of the form:

[QLHLN_._} ~ Blmnpq(HLFlm”GL)()\Lquw+) (A3)
where Bjp,ppq is a self-dual antisymmetric tensor defined so that:

Blmnpqr B

tnpg = B (A.4)
We observe that Qgat of so defined [0;07 N ]| does not contain w :
Blinnpg (02T Ap)(ALTPw, ) = 0 (A.5)
Let us prove (A.5). This is equivalent to:
Blimnpg (0T F TP, ) = 0 (A.6)

for any self-dual 5-forms F and B, with F = Ejklml“ijklm. To prove (A.6), we consider
particular values for F and B. Let us work in the Euclidean signature: T3 =T2 = ... = 1.
Modulo SO(10) rotations, there are exactly 3 cases to consider.

Case 0.
f _ B\ _ F01234 + Z'F56789 <A7)
In order to calculate Blmijk(erFlm]? FijkGL), we need:

F[01|(F01234+ir56789)1—\\234] +ZT[56|(F01234+ZT56789)F|789] _

— (01231 | p56789)2 _ ) (A.8)
Case 1.
F — 01234 | ;56789 (A.9)
B — 701235 _ ;46789 (A.10)

To calculate B,k (w+I‘lm.7/-: %01, consider:

120 (F[01\(Fo1234  {T'56789)I285] _ ;pld6] (01234 | ZT56789)F|789]> _
— 79 TIOU(01234 4 ;p56T89YPI235 | gg PSIOI([O1284 4 56789y PI123]
— 48 ¢ TU6I(T01234 56T PIT8] _ 7o ; DI6T|(T01234 | 5678 IS
=0 (A.11)
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Case 2.
F = 701234 156789 (A.12)
B = 101256 | ;134789 (A.13)
In order to calculate Blmijk(w+Flm.7? FijkGL), we consider:
120 (F[Ol\(F01234 4 ir56789)1—x\256} + iI‘[34|(I‘01234 + ZT56789)F|789]> _
— 36 F[01\(F01234 + Z-F56789)F|2]56 +12 F56(F01234 + Z~F56789)F201 _
_ 36 F5[2|(F01234 + Z-F56789)F|01}6 436 F6[2|(F01234 + Z-F56789)F|01]5 +
1121 F34(F01234 + ZT56789)F789 14364 F[Sg\(F01234 + ir56789)r7]34 _
—36i F3[7| (F01234 + 1:1156789)]__“89}4 +364 1‘\4[7‘(1‘\01234 + Z'F56789)I1|89]3 _
=0 (A.14)
Therefore, in this case also By (w+Flm]? I'*g;) = 0. This concludes the proof of (A.5).

Proof that Blmnpq(GI‘lm"G))\I‘pq is not BRST-exact. The only possibility for it to
be BRST-exact would be:

Biannpa (01T 9,)ALT" 2 Q (Bignnpg (627610, 17) (A.15)
The r.h.s. is a linear combination of two BRST-closed expressions:
Biinnpg(OLT™0)ALT?! and  Bipppg (02T \)0, TP (A.16)
These expressions are linearly independent. Indeed, we have:
Blinpg (0T 01 )(ALTP TFAL) = 0 (A.17)
Biinnpg (02T ML) (0,771 TR AL) # 0 (A.18)
Therefore (Q (Blmnpq(HLFlm"GL)HLFm) Fk)\L) is nonzero.
But Blmnpq(HLFlm"QL)()\LF”q I'*\1) is zero. This implies that (A.15) is false.
A.3 Pure spinor redefinition

Therefore the vector field Y7, of section 4.1.4 involves an infinitesimal redefinition of the
pure spinor field:

YIA? = Biynpg (0T™™0) (ALP9)* (A.19)

which preserves the pure spinor condition: (ALT*YzAz) = 0.
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