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1 Introduction

The study of four-dimensional configurations with reduced supersymmetries is crucial to
connect string theory with phenomenology. Even if in many physically interesting situa-
tions supersymmetry is expected to be broken, the scale of supersymmetry breaking can
be much lower than the compactification scale, and studying supersymmetric compactifica-
tions is a first step towards understanding the non-supersymmetric setups. In particular,
supersymmetry has been shown to constrain the allowed internal geometries to certain
specific classes. When no fluxes are turned on, supersymmetric backgrounds of type 11



supergravity of the form M; g = R'3 x Mg require the internal manifold Mg to be Calabi-
Yau [1]. Such manifolds satisfy an algebraic condition, namely the existence of a global
section on the spinor bundle over T'Mg (i.e. there should be a globally defined nowhere
vanishing internal spinor), and a differential one, that the spinor is covariantly constant.
The algebraic condition is necessary in order to recover a supersymmetric (N = 2) ef-
fective theory in four dimensions, while the differential one is required in order to have a
supersymmetric vacuum.

Turning on fluxes on the internal manifold is phenomenologically and mathematically
interesting in many respects. They were primarily motivated in light of their potential to
solve the problem of moduli stabilization [2]. Their presence also leads to warped spaces,
which are of interest in the Randall-Sundrum scenario [3], giving a stringy origin to the
hierarchy of scales [2]. From the mathematical point of view, while they leave the algebraic
constrain intact, vacua with fluxes are possible on manifolds which have weaker differential
properties. Rephrasing these constraints in a similar language as those for fluxless solutions
was very much guided by the framework of generalized complex geometry developed by
Hitchin [4, 5].

Generalized complex geometry was used in [6, 7] to characterize N' = 1 vacua. In
analogy with the fluxless case, off-shell supersymmetry requires an algebraic condition to
hold, namely the existence of a pair of pure spinors on the spinor bundle over the generalized
tangent bundle T'Mg & T* Mg. These pure spinors geometrize the entire NS-NS content of
type II string theories, as they determine the metric, B-field and dilaton. To describe
a vacuum, the pair of pure spinors should also satisfy specific differential conditions [7],
namely the pure spinor that has the same parity as the R-R fluxes should be closed (and
thus the manifold is said to be generalized Calabi-Yau), while the non closure of the second
pure spinor is due to the R-R fluxes. Alternatively [8, 9], these conditions can be obtained
from the F and D-terms of the effective four-dimensional gauged supergravity [10-12]. It
has been also proven that the pure spinor equations can be deduced from a generalized
calibration condition for D-branes [13, 14].

The R-R fields are not geometrized in the language of generalized complex geometry.
Including them in some geometric structure necessarily demands enlarging the generalized
tangent bundle, so that it includes the extra charges carried by D-branes. The natural gen-
eralization appears to be Exceptional (or Extended) Generalized Geometry (EGG) [15-17],
its name alluding to the covariance under the exceptional groups appearing in U-duality.

The algebraic conditions to have N’ = 2 supersymmetry in four-dimensions have been
worked out in the language of EGG in [18]. Very much in analogy to the generalized
complex geometric case, they require the existence of two algebraic structures on the ex-
ceptional generalized tangent bundle (in fact one of them, rather than a single structure, is
actually a triplet satisfying an SU(2)g algebra), which are built by tensoring the internal
SU(8) spinors. The SU(2)g-singlet structure, that we call L, describes the vector multiplet
moduli space, while the triplet of structures (named K,) describes the hypermultiplets. In
type IIA (IIB) the structure L contains a difference of two even (odd) O(6,6) pure spinors,
plus extra vectorial degrees of freedom, while the structures K, contain their odd (even)
chirality counterparts, plus an additional bivector, two-form and a couple of scalars.



Differential conditions in order to have an N’ = 1 vacuum in this language have been
studied in [19],! where it was found that A’ = 1 supersymmetry requires on one hand
closure of both L and r*K,, where r® is a vector pointing in the direction of the N’ =1
supersymmetry preserved. On the other hand, the structure along the complex orthogonal
direction? is closed upon projecting onto the holomorphic sub-bundle defined by L.

The aim of this paper is to investigate the differential conditions on these structures
required by N = 2 supersymmetric vacua on four-dimensional Minkowski space, and their
corresponding expression in terms of the O(6, 6) pure spinors that they contain. A generic
N = 2 theory possess an SU(2)r R-symmetry, which must left be unbroken in the A" = 2
compactification, and therefore the conditions should be the same for the three K,. We
expect that A/ = 2 supersymmetry should be translated into integrability of the structures
L, K,. We show in this paper that all but one component of the derivative of L and K,
are required to vanish. The two components (one in the derivative of L and one in the
derivative of K) that do not vanish, involve representations that should be projected out in
order to obtain a standard N' = 2 effective four-dimensional supergravity description (i.e.
a description without massive gravitini multiplets), but are there in the ten-dimensional
formulation. We work in type ITA, though we expect the same equations to hold in type
IIB.3 We also write these equations in the language of GCG, i.e. we find the equations
governing the two pairs of pure spinors that build up L and K. These equations involve
the twisted differential d — HA, and the R-R fluxes appear on the right hand side only
when we consider the extra degrees of freedom.

Conditions for unbroken N = 2 supersymmetry for type IIB compactifications on
conformal Calabi-Yau manifolds were obtained in [20], by further restricting the N' = 1
requirements found in [21].* On more general manifolds and using the generalized geometric
language, our current understanding of the conditions for N' = 2 vacua amounts to checking
whether there are two pairs of pure spinors giving the same metric, B-field and dilaton,
which separately satisfy the A’ = 1 conditions.® This is how N = 2 solutions have been
obtained in [22] (for their description in terms of N' = 2 gauged supergravity see [23])
and [24]. On the other hand, a detailed analysis of the supersymmetric conditions leading
to N = 2 AdS, or Minkowski vacua from a gauged supergravity point of view is done in [25,
26], which provide concrete examples, some of which in the context of flux compactifications
of M-theory. We will make contact with these works in the discussion.

!Steps in this direction were done in [18] (see also in [16] for the M-theory case), where a set of natural
E7(7y-covariant equations was conjectured to describe N = 1 vacua.

2The splitting into parallel and orthogonal directions with respect to U(1)g is the same as the one used
to identify respectively the D-term and superpotential out of the triplet of Killing prepotentials in N' = 2
theories.

3The R-R 4-form flux appears explicitly on the r.h.s. of one of the EGG equations, and it should get
appropiately modified in the type IIB case.

4The N = 1 conditions require the 3-form flux G3 to be of type (2,1) and primitive i.e. in the 6 of
Calabi-Yau SU(3)y holonomy. In A" = 2, the SU(2)r symmetry, which embeds in SO(6) as SU(2). x
SU(2)r x U(1) C SO(6), splits the 6 into 3+ 2+ 1 under SU(2), C SU(3)y. In order to preserve N' = 2
supersymmetries, the flux G3 should satisfy a further constraint: it must be in the 3 representation, or
more precisely in the (3,0)2 of SU(2)r x SU(2)r x U(1).

5Note that for such thing to happen, the manifold needs to have at least two never parallel globally
defined internal spinors, or in other words have SU(2) (or smaller) structure.



The study of N' = 2 vacua is interesting also for the applications of the AdS/CFT
correspondence in settings with reduced number of supersymmetries. This has for instance
been investigated in the circle reduction of M1 giving a massive deformation of the
AdS, x Mg backgrounds [27], as well as for a first order perturbative expansion in the
Romans mass [28, 29] .

The paper is organized as follows: in section 2 we introduce the necessary concepts
of generalized complex geometry. In section 3 we show the main features of the extended
or exceptional version of generalized geometry. In section 4 we present the differential
conditions on the algebraic structures required by AN/ = 2 supersymmetry on-shell. In
section 5 we write the equations for vacua in terms of pure spinors, and we finish by
a discussion in section 6. Appendix A reviews the generalized complex and exceptional
geometric formulation of N = 1 vacua. Appendix B shows the different components of
the algebraic structures in terms of pure spinors. Appendix C contains the tensor product
formulae needed in computing the derivatives of the algebraic structures. Appendix D
gives the equations on the SU(8) spinors obtained from the ten-dimensional supersymmetry
transformations, and appendix E includes the details of the derivation of the eqs. presented
in sections 4 and 5.

2 Generalized complex geometry

In Generalized (Complex) Geometry [4, 5], one constructs algebraic structures on the
generalized tangent bundle TM & T*M. These structures appear in compactifications of
type II theories as they are constructed from the tensor product of two internal spinors. We
will concentrate on compactifications of type ITA to four-dimensional warped Minkowski
space, i.e. the ten-dimensional metric is

ds? = 2, datde” + dst . (2.1)

In order to recover an N = 2 effective action in four-dimensions, the following splitting of
the ten-dimensional spinors should be globally well-defined

el=¢t ®17}_ + h.c.

2.2
2= @k the 22

where the minus (plus) sign on the chirality of 1? is for type ITA (IIB). We will later see that
this is not the most general ansatz for the four-six splitting, but in terms of the effective
4D theory, as well as to study A = 1 vacua, one can always make a redefinition such that
the splitting has this form. This is not true though when we study A/ = 2 vacua. We will
come back to this point several times in the text.

Tensoring the two internal spinors, one can build Weyl pure spinors® of O(6, 6), namely

_ 2 — — 2
ot = Oplnl, @ =eOpin” (2.3)

6 A spinor is said to be pure if its annihilator space, defined as Lo = {z+& € TMEBT*M’(x+§) -® =0}
is maximal (here - refers to the Clifford action X -® = XTI ®, A=1,...,12), i.e. 6-dimensional in our case.



where the plus and minus refer to spinor chirality, and ¢ is the dilaton, which defines the
isomorphism between the spinor bundle and the bundle of forms. Using Fierz identities,
these can be expanded as

6
1L 1 .
2 2
s = 2D (1 i)y (2.4)
k=0

Using the isomorphism between the spinor bundle and the bundle of differential forms
(often referred to as Clifford map):

Ay Y™™ = Ay d™ N A da™E (2.5)

the spinor bilinears (2.4) can be mapped to sums of forms. Under this isomorphism, the
inner product of spinors ®y is mapped to the following action on forms, called the Mukai
pairing

(@,x) = (®As(x))s,  where s(x) = (=)™ (2.6)

and the subindex 6 means the six-form part of the wedge product.

For Weyl O(6,6) spinors, the corresponding forms are only even (odd) for a positive
(negative) chirality O(6,6) spinor. In the special case where ' = n? = 7, familiar from
the case of Calabi-Yau compactifications, we get

P =e% M dT = —ie?Q (2.7)

where J, () are respectively the symplectic and complex structures of the manifold. Pure
spinors can be “rotated” by means of O(6,6) transformations. Of particular interest is the
nilpotent subgroup of O(6,6) defined by the generator

00
o (52). .

with B an antisymmetric 6 x 6 matrix, or equivalently a two-form. On spinors it amounts
to the exponential action
ot — e Pot = oF (2.9)

We will refer to ® as naked pure spinor, while ®p will be called dressed pure spinor. The
pair (<I>JDF, ) defines a positive definite metric on the generalized tangent space, which in
turn defines a positive metric and a two-form (the B field) on the six-dimensional manifold.

In an analogous way as an O(6) spinor defines an SU(3) structure (i.e., it is invariant
under an SU(3) subgroup of O(6)), a pure O(6,6) spinor defines an SU(3,3) C O(6,6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the coset O(6,6)/SU(3,3). Furthermore, two O(6) spinors which are never parallel, define
an SU(2) structure, which is the intersection of the two SU(3) structures. Similarly, two
pure O(6,6) spinors, whenever they satisfy the following compatibility condition

(@, 7407y =0, A=1,...,12, (2.10)



define an SU(3) x SU(3) structure. Pure spinors which are tensor products of O(6) spinors
as defined in (2.3) are automatically compatible.

We finish this section by mentioning that the 6d annihilator space of an O(6,6) pure
spinor can be thought as the holomorphic bundle of a generalized almost complex structure
(GACS) J, which is a map from T'M & T* M to itself such that it satisfies the hermiticity
condition (J'nJ = n) and J? = —112. Therefore there is a one-to-one correspondence
between a pure spinor of O(6,6) and a GACS. The GACS can be obtained from the pure
spinor by [10, 11]7

HEt TA +
JHp = im (2.11)

3 Exceptional generalized geometry

To incorporate the R-R fields to the geometry, in exceptional generalized geometry
(EGG) [15, 16] one extends the tangent space (or rather the generalized tangent space
T @ T*) such that there is a natural action of the U-duality group on it. In this paper we
will be interested in compactifications of type II theories (and in particular we will work
with type ITA®) on six-dimensional manifolds, where the relevant exceptional group is Erepy.
Shifts of the B-field a well as shifts of the sum of internal R-R fields C~ = Cy + C3 + C5
correspond to particular E77) adjoint actions. To form a set of gauge fields that is closed
under U-duality, we also have to consider the shift of the six-form dual of Bs, which we
will call B.”

In what follows, we will mainly use the decomposition of E7(;) under SL(8,R). This
subgroup contains the product SL(2,R) x GL(6,R), and allows to make contact with
SU(8)/Zsa, the maximal compact subgroup of Er(7y. The latter is the group under which the
spinors transform, and therefore the natural language to formulate supersymmetry using
the Killing spinor equations.

In our analysis we will use the fundamental 56, the adjoint 133 and the 912 repre-
sentations of Fr(7). The first one decomposes under SL(8, R) as

56 = 28 4 28’ (3.1)
v = (Vap, V/ab> (3.2)
where a,b=1,...,8 and vy, = —14,. We will also denote 6d coordinates by m,n =1,...,6

and SL(2,R) indices by 4,5 = 1, 2.
The adjoint has the following decomposition

133 =63+ 70 (3.3)
H = (Mab7 :uabcd)

"The correspondence is actually many-to-one since rescaling the pure spinor by a complex number gives
rise to the same GACS.

8Many things can be easily translated to type IIB by switching chiralities.

“Equivalently these are shifts of the dual axion B, .



where the first piece corresponds to the adjoint of SL(8,R), and we have u%, = 0 and figpeq
is fully antisymmetric. We also define ;¢ = %e“deef IR ftapeq = () 2bed 10

For the 912 we have

912 = 36 + 420 + 36" + 420’ (3.4)
¢ = (Gabs Pabe”s 8", ¢/ a)

With Gab = Gpas Pabe” = Plap” and dapc” = 0.

The fundamental representation is where the charges live. Momentum and winding
charges are embedded respectively in /™ and v1,,, while D0, D2, D4 and D6-brane charges
in 12, vy, V™ and vig (for more details, see [19)]).

The gauge fields live in the adjoint representation. Their embedding in terms of the

SL(8,R) components in (3.3) is the following [19]

ulys =B, o =—Ch p"e = (xCs))™ (3.5)

tmn12 = —Bmn , Hmnp2 = _Cmnp .

Finally, the fluxes live in the 912, and are embedded as'!

]
e
¢22 = €¢(*F6) ) ¢mn21 = _?an
1 ¢
¢/11 — 6¢F0, ¢/m’pr2 _ _5(*H)mnp’ ¢/mn12 _ —%(*F4)m" ) (3.6)

3.1 Eq(r) structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group, which in the case at hand is SU(8). The action of this group on the spinors!?

is manifest if we combine the two ten-dimensional supersymmetry €', €? as follows
el 1 1 2 2
2= (C®0 +(®0°+h.c (3.7)

1,2 . . . : .
where ¢~ are four-dimensional spinors of negative chirality, and %2 are never parallel,
and can be parameterized as

m_<§>, ¥_<§>. (3.8)

The notation is chosen so that the standard ansatz for the ten-dimensional spinors (2.2)
(used for example in [10, 11]) corresponds to 7' = 72 = 0. Introducing 7! gives us the most
general ansatz for four-dimensional N' = 2 supersymmetry.

10WWe use * for the eight-dimensional Hodge dual, while % refers to the six-dimensional one.

HThe factors of the dilaton in these formulae appear because on one hand we are using an eight-
dimensional metric of the form written in (B.1), and on the other we have to consider the 912 repre-
sentation weighted by the factor g71/4ef¢. Then ¢'**, for instance, transforms as e® ® R. For more details
see appendix B.

2For conventions on spinors see appendix B of [19].



A nowhere vanishing spinor @ defines an SU(7) C SU(8) structure. The pair (6*,6?)
defines an SU(6) structure.!> Without loss of generality, we can choose a basis where the
spinors are orthonormal, namely

0r67 = o7 . (3.9)

where I = 1,2 is a fundamental SU(2)g.

The two spinors can be combined into the following SU(2)g singlet and triplet struc-
tures, which replace the pure spinors of GCG, and parameterize respectively the scalars
from vector multiplets and hypermultiplets

1 _
L =e%;0'07, K, = 56*%,1/910], (3.10)
The triplet K, satisfies the su(2) algebra with a scaling given by the dilaton, i.e.
(Ko, K3) = 26 %eqpe K, . (3.11)

L and K, are the Ey) structures that play the role of the generalized almost complex
structures T and ®~. They belong respectively to the 28 and 63 representations of
SU(8), which are in turn part of the 56 and 133 representations of (7).

We will use the SL(8, R) decomposition of L and K,. The former is obtained from the
SU(8) object in (3.10) by

2
L = \'ab b — [Laﬁrabga (3.12)

where A and ) are respectively the 28 and 28’ (real) components of L, and o, 3 = 1,...,8
are Spin(8) spinor indices. As for K,, given that it is in the 63 representation of SU(S),
we get that its SL(8,R) components are

1
Kab _ _ZKaﬁFab/Ba
7
Kaped = gKa,BFabcdﬁa (3.13)

where K% = —K% (and K% = K%.§®) and xKpeqg = —Kapeq (the symmetric and self-
dual pieces would be obtained from the 70 representation K“%7  which is not there).
We give in appendix B the different SL(8,R) components of L and K, in terms of
bilinears of the 6d spinors ', 7’ in (3.8) that build up 6.
The structures L and K, can be dressed by the action of the gauge fields B, B and
C~, i.e. we define i i
Lp=eYeBe BL, K,p =e“ePe PK,, (3.14)
where the action of C, B, B on L and K is given respectively by (C.3) and (C.4) and we
have to use their embedding in FEy(7), given in (3.5). They span orbits in E;(;) which

13Note that an SU(6) structure can be built out of a single globally defined internal spinor 7, taking
n' =n? =n, 7 = 0. However, this type of SU(6) structure (for which many of the components of L and K
defined in (3.10) vanish), does not admit A = 2 vacua with non-vanishing fluxes.



are respectively Special Kéhler and quaternionic. As shown in [18], the structure Lp is

stabilized by Fg(2), and the corresponding local Special Kéhler space is ?(7) x U(1). The

triplet K,p is stabilized by an SO*(12) subgroup of E7(7), and the Corresi%nding orbit is
the quaternionic space %, where the SU(2) factor corresponds to rotations of
the triplet. The SO*(12) and FEg(s) structures intersect on an SU(6) structure if L and K,
satisfy the compatibility condition

L-Ka|gs =0, (3.15)

where we have to apply the projection on the 56 on the product 56 x 133. This condition
is automatically satisfied for the structures (3.10) built up as spinor bilinears.

4 Conditions for N = 2 flux vacua

In this section we determine the equations for the structures (3.10) required by N/ = 2 su-
persymmetric compactifications on warped Minkowski space, i.e. where the ten-dimensional
metric has the form (2.1). From the point of view of the effective four-dimensional N' = 2
action, these come from setting to zero the triplet of Killing prepotentials P,, along with
its variations. In the language of EGG, the triplet of Killing prepotentials reads [18]

P, = S(L,DK,) (4.1)

where S is the symplectic invariant on the 56 representation, given in (C.1) and D is the
derivative twisted by the fluxes constructed as explained below. From demanding that this
is zero under variations of L and K, one expects that A = 2 supersymmetry requires that
both L and the whole triplet K, are closed under D. We will see that this is roughly the
case, though some subtleties arise. But before presenting the equations on L and K, we
will explain very briefly, following [19], how the twisted derivative is built and how it acts.
We define
D=D+F (4.2)

where the derivative D is in the 56 representation, and its SL(8,R) decomposition
(see (3.1)) is given by
Do =V, (4.3)
(all otheer components are zero), and the fluxes F are in the 912 representation, and are
given in terms of SL(8,R) in (3.6).!4
The equations involve the twisted derivatives of L and K projected onto specific rep-
resentations, respectively the 133 and 56. We therefore have to use the following tensor

products
DL = ( DL + FL )|iss, (4.4)
56 x 56|133 + 912 x 56|33
DK=( DK + FK s (4.5)

56 x 133|56 + 912 x 13356

The fluxes are obtained by F = eBeBe=CD eceBe_B}su.



All the formulae for these tensor products are given in appendix C.

We will show that N = 2 supersymmetry requires on L

(D(e?L))'1 =0,
(D(eL))?2 =0,
(D(e™?L))'2 =0,
(PL)',, =0, (4.6)
(DL)™y =0,
(DL)mnp2 =Y,
(D(ed)L))mle =0,
(D(e* L))" s = =7 F g L7,
while the other components are trivially zero.
On K,, supersymmetry requires the following equations on any of them?!
(DKa)mn =0
(D[A(a)/mn =0
(DK.)12 =0
(Dka)/m =0
(D(e™?Ka))pn =0, (4.7)
(D(6¢Ka))m1 =0,
(D(eCATI K)o = —e*(2A+¢)Hmqu(;2pq.
where the remaining component ((DK,)’, ,) is trivially zero, and we have defined
K,=e'K, (4.8)

and the prime indicates the 28’ representation of SL(8,R) (see decomposition in (3.1)),
whose indices have been lowered with the 8d metric given in (B.1). The powers of the dila-
ton in this metric explain the different powers of the dilaton appearing in these equations,
as we will show later.

We will now briefly show how we obtained these equations, leaving the full details to
appendix E.

4.1 Explicit form of the twisted derivative

The twisted derivative defined in (4.2), applied to L and projected onto the 133 represen-
tation as in (4.4) (where the tensor products needed are given in (C.2) and (C.6) in terms

15 As expected, the equations are invariant under SU(2)g.

,10,



of SL(8,R) decompositions), gives the following components!'6

(DL)Y, = —ivpyﬂ2 (4.9)

(DL)% = %VmL’”Q (4.10)
(DL)'y = =V, L' — e?(xFg) L' — ie® Fy L1 + Q;anLm”

o®

+ i?(*F4)"anp (4.11)

(DL)"y = —V,L™ + %(*H)m”Pan — P (xFg) L™ + ie® (% F4)™" Ly (4.12)

(DL)',, = Vi L' — ie® Fy L1y, + € Fyppp L™ (4.13)

(DL)",, = Vi L™ — %g"mvpﬂ’? (4.14)

(DL)mnp2 = %v[anp] + %Hmanu + SWF[W‘LW — eijnpqL?q (4.15)

(DL)mn12 = iV Lnj1 + %HmanPQ : (4.16)

On the other hand, for K we use (4.5), and the tensor products in (C.3) and (C.7) and
get the following SL(8,R) components

(DK)™" = -2V, K™%  (+H)™"PK?, + ¢?(xFy)"" K% (4.17)
(DK )y = =2V, K2 + € Fn K1 (4.18)
(DK)™ = 2V, K™P12 4 e? Fy K™ — e?(xFy) " K2, — €? Fp, K 2P (4.19)
(PK)m1 = ViK% (4.20)
(DK)™% =0 (4.21)
(DK )ma = —VpKPpy — Hppg KPP — e?(xF6) K2, — €? Fppy K7y
+ e? (xFy )P K 1pgm (4.22)
(DK)'"? = —e?FyK*, (4.23)
(DK)12 = —V, K" — %Han%W — e?(xFs)K? (4.24)

4.2 Comparing to equations coming from Killing spinors

As shown in detail in appendix D, the supersymmetry variations of the internal and external
gravitino and the dilatino give algebraic and differential conditions on the ten-dimensional

1 2. Using the splitting into four and six-dimensional spinors corresponding to

spinors €
N = 2 supersymmetry, given in (3.8), these turn into conditions on the spinors #/. We
give these conditions in (D.5)~(D.7). Multiplying these by 67 (or ;) we get conditions on
L and K that we give in appendices E.1 and E.2 respectively.

We show for instance how supersymmetry implies that eq. (4.13) should vanish (this

condition is written on the second line in (4.6)): multiplying (E.1) by I''2) as well as Iy

%Here we are giving the equations for a complex 28 object as defined in (3.12).
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times (E.3) by iT',,, and tracing over spinor indices, we recover
_ V2
4

= 4+V L% + 0,0 L — 1,0,,0 L2

0 Tr [T?ApL + iClgAgL]

S Hypp L™ (—1 + 1)

4
6¢ . 1
+ Z [ZFo(l - 5ld) + (*FG)(l — ld)] L m
+ Z [Fm (—1 — 3ld) + Z(*F4)mp(1 — ld)] L
= VL' —ie®FyLt,, — 2 Fpp L2P
= (DL)%,,. (4.25)

where for the third equality we have taken [; = 1. The calculations for the other compo-
nents of the derivative of L are given in appendix E.1.

We now show how one of the conditions on the derivative of K (defined in (4.8)),
namely the second one in (4.7), can be recovered by using supersymmetry. Taking (E.21)
multiplied by I'"! and summing over internal indices, together with n. times (E.22) and nqg
times (E.23) multiplied by —iI'?, and tracing the overall sum over the spinor indices, we get

1 . .
0= _ZTr _ApKFpl — iFQ(ndAd +nele) K

VR 4 0p(A — )R — By(neA + mad) K — (1~ ") Hyp K0
+ ej (iFy(5ng + ne) + (%F)(6 4 ne — ng)) K12
- ‘f (Fpun(—2 + 3ng + 1) 4 i (xF4)mn(ne + ng)) K™ (4.26)
by choosing here ng =1, n, = —1, we recover
0=—V,K"! - %Hmnpf(?mnp +e?[iFy + (xFg)| K12 (4.27)

In order for the equality to hold, we can further decompose (4.27) in terms of its real and
imaginary parts, giving respectively!”

A 1 N N A
0=—-V,KP — gHmnpK2m”p + e (xFg) K12 = (DK)12, (4.28)
and
0=e’FyK'? = (DK)'2. (4.29)

For the mn components, a similar argument holds, while for the other equations a slightly
more involved calculation is needed. We show in appendix E.2 how to obtain the rest of
the conditions for DK .

17 Actually in our conventions K¢ K%, are purely imaginary, so the terms real and imaginary should
strictly speaking be exchanged.
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We note that the equations that have an explicit power of the dilaton in (4.6) are
those that involve a derivative of a component of L with one internal and one SL(2.R)
index. For instance (DL)'; is proportional to V,LP2. According to the metric in (B.1),
this component of L transforms as e™® @ TM (see (B.3)), and this power of the dilaton
is compensated by the explicit e? factor appearing in the first equation in (4.6). On DK,
pieces that involve a derivative of a component of K that transforms with a power of e~?
(such as K™™2_ for example, as shown in B.4)) do not carry explicit dilaton factors, while
otheer powers are compensated by explicit powers of the dilaton. For example (DK),1
contains V,, K21, which transforms as e~2?, and this is compensated by the explicit e? on
the fourth line of (4.7).

5 Conditions for N = 2 vacua in GCG

Using the splitting of 6 in terms of SU(4) spinors n’, 7! as in (3.8), we can obtain L and
K, = K +iK>3 in terms of O(6,6) pure spinors, namely

A== AT ot — T A+ &
— (2 e . K== - |, (5.1)
&t — @1 A= — AT o= AT
where here ®* is defined in an analogous way as ®, eq. (2.3), but using 7; the superscript
T denotes the transpose of the bispinor and we have defined

6 1 =2 - 2
A = el A = e it (5.2)
The normalization condition (3.9) implies

ny b+ttt =1, @il 402 Tt =o0. (5.3)
Note that the second condition is equivalent to Ag +A7F o = 0, where the subindex 0 denotes
the zero-form component.

The structures L and K contain two pure spinors ® and ® of positive and negative
chirality respectively, plus extra degrees of freedom involving bilinears between 7 and 7
(which are zero in the “standard N' = 2 ansatz” introduced in 2.2). In the case of K, the
two pure spinors @~ and ®~ appear as independent degrees of freedom (unlike ®* and ot
in L).

In order to get the SL(8,R) components of L and K we use (3.12), (3.13) and the
decomposition of the Gamma matrices in (B.2). The result is given in (B.3) and (B.4).
We can see clearly that the extra degrees of freedom in L are “vectorial” type (i.e., in 6
representations of O(6), or in terms of the O(6,6) x SL(2,R) subgroup of E7(7) they are in
the (2,12)), while the extra degrees of freedom in K are in the adjoint of SL(2) and the
adjoint of O(6,6).

It is useful to define the polyforms

5ot = Z o) — (—-1)2e) Z Oy + (—1)"Dy (5.4)
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Using the explicit form of the twisted derivatives in (4.9)—(4.24) we get that conditions (4.6)
on L imply the following equation on §d+1%

dyg 6T = —2A - F . (5.5)
where diy = d — HA and we have defined the polyform and the Clifford action
A- = ReAj+iIm A A (56)

i.e. in the n 4 1-form equation in (5.5), the real part of A; acts as a vector contracted on
Fi 19, while the imaginary part is a one-form wedged on F,.
From equations (4.7) specialized to K, we get!?

d(eA7%607) = —2eA"P A F . (5.7)

Before writing the additional equations on the other degrees of freedom that appear in L
and K, we note that these equations involve sums and differences between ® and ®. While
this is expected in the equations coming from L, since ®and ®T are not independent
degrees of freedom, we expect more equation on @~ and ®~. Indeed, supersymmetry
constraints the derivative of, for instance, K™"! which does not appear in (4.17)—(4.24).
Using the extra equations that we present in appendix E.2.1, which involve the combination
of ®~ and ®~ with an opposite sign as that of (5.4), we get the following set of equations

e 2Adp(e2407) = d(A+ ¢) A s(P7) — AoF,

ey (2207 = d(A+ ) As(®7) — AGF . 58

where d_g = d+ HA and s was defined in (2.6).

Note that the R-R fluxes only enter the equations through A, which is zero in the
standard N' = 2 ansatz. Their contribution also goes away in the equation for the even
(odd) spinors if n' and 7? are parallel (orthogonal).

The additional equations on A~ coming from (4.6) are the following

dImAle, dImA5:O,
ed(e Re A1) = i0DyL Fy dRe A5 = (F,00%) (5.9)
Vim|(e *ReAppy) =0,

plus the algebraic constraint

Re Ay H =0 (5.10)
while from (4.7) we get additionally on A™
d(eA?Ag) =0,
e d(eAT5NY ) = —F A 6D 5, (5.11)

eAT9 « d(e*(AJr‘z’)dAtM) = —i(xF)Léd |,

8The one, three and five-form pieces come respectively from (DL)' .., (DL)mnp2 and (DL)™s.
9The two, four and six-form pieces on the second equation come from (DK )mn, (DK)™" and (DK )12,
and we have used the normalization condition (5.3) to express the r.h.s. in terms of Ao.
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where we have defined

+
5A(i)

=At £ AT (5.12)
Let us make a few comments before we go on to the discussion. First, note that the
equations do not look exactly like a pair of N' = 1 equations of the form (A.4)—(A.6).
This is because the N' = 2 EGG formulation selects the pure spinors ® and @, instead
of A', A2, defined in (B.5), which would be the natural ones from the N' = 1 point of
view. In other words, the present equations are the natural ones when one thinks of NV = 2
backgrounds in terms of an SU(6) structure on the exceptional generalized tangent space,
and not in terms of a pair of SU(7) structures. Then, we notice that the equations for the
pure spinors involve the H-twisted differential, while the R-R fluxes appear on the r.h.s.
only when Ag, A; are not-zero, or in other words when (at least one of) the spinors 7’ is
not zero. In the case 7/ = 0, we get that &+ and e>A®~ are dy closed, that A = —¢ and
the R-R fluxes should obey certain algebraic constraints. One solution within this class
is the generalized Kéhler solution [4, 5] (previously called “bihermitian geometry” [31]),
where F' = A = ¢ = 0, and the two pure spinors are H-twisted closed.

6 Discussion

We have found the conditions on the twisted derivative of the structures L and K, required
by compactifications to four-dimensional Minkowski vacua preserving N’ = 2 supersymme-
try. As expected from doing variations on the triplet of Killing prepotentials in (4.1),
N = 2 supersymmetry requires these structures to be twisted closed. Two subtleties arise,
though. The first one is that there is one component of DL and one component of DK
which are not zero. Massaging these two equations as much as possible, we were able to
write the obstruction to twisted closure in terms respectively of a single R-R and NS-NS
flux contracted with an appropriate L and K. These combinations are not set to zero by
the other equations. The fact that these components of the twisted derivatives of L and
K, are not zero is surprising, but does not contradict with the expectation coming from
four-dimensional supergravity, since they involve derivatives of components of L and K,
that need to be projected out in order to obtain a standard N = 2 off-shell formulation
(see [18] for more details). The second subtlety is that there are explicit powers of the dila-
ton appearing in certain equations, though we could make sense of them considering how
the dilaton appears when embedding GL(6,R) into SL(8,R). Furthermore, these powers
of the dilaton appear uniformly in the GCG counterpart equations.

In the language of gauged supergravity, N' = 2 conditions arise from requiring that
the matrices S, W and N, appearing respectively in the susy variations of the gravitini,
gaugini and hyperini vanish. The conditions obtained in [25]-[26] from setting to zero S
and W, should be equivalent to our conditions on DK, while the ones coming from setting
N = 0, should translate into our conditions on DL. It would be nice to have an explicit
check of this, as was done in [8, 9] in the case of N' = 1 vacua and the equations on the
pure spinors of generalized complex geometry.

By parameterizing the SU(8) spinors in terms of SU(4) ones, we decomposed L and K
into O(6,6) pure spinors. The structure L contains the difference between two even pure
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spinors ® and @, while K + contains their odd counterparts, and they each have additional
degrees of freedom. The N = 2 equations for ® and ® involve the H-twisted differential
d — HA, while the R-R fluxes appear on the right hand side, multiplying the extra degrees
of freedom. These equations simplify considerably in the “standard N/ = 2 ansatz”, where
L and K. contain just 1 and ®~ respectively. In this case the R-R fluxes completely
decouple (and should obey some algebraic constraints), while the pure spinors are twisted
integrable, i.e. they describe a generalized Kahler structure.
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A N =1 vacua in generalized geometry

In this appendix we show the differential conditions on the algebraic structures (the pure
spinors in GCG, L and K, in EGG) required by N' = 1 vacua on warped Minkowski
space (2.1) in the presence of NS-NS and R-R fluxes. The preserved spinor can be pa-
rameterized within the N' = 2 spinor ansatz (3.8) by a doublet n; = (a,b) such that the
supersymmetry preserved is given by € = nyel. One can then always make a redefinition®”
such that the preserved spinor is

1
e=¢ @0 +0%) +cc., witho' = (‘”S+> : 02:< 0 ) (A.1)

bn?
and we take |n'|> = |n%|> = 1 (while |a| and |b| are related to the warp factor, as we
will see, and we have that for Minkowski vacua |a| = [b]). The vector n; distinguishes a

U(1)r € SU(2)g such that any triplet can be written in terms of a U(1) complex doublet
and a U(1) singlet by means of the vectors

(z,27,2%) = ng(cny = (a®, —b%, —2ab), (A.2)

(r,r,r®) = ny(0®)! yn? = (ab,ab, |a|* — [of?) .

Using these vectors, one can extract respectively an A/ = 1 superpotential W = 2P, and
an NV = 1 D-term D = r%P, from the triplet of Killing prepotentials P, that give the
potential in the N/ = 2 theory. This triplet of prepotentials is nicely written in terms
of the Mukai pairing in O(6,6) and the symplectic invariant in E7(7y between the two
algebraic structures. The conditions for A/ = 1 vacua can be obtained from extremizing
the superpotential and setting the D-term to zero. We will now give the GCG description,
and then go on to its exceptional counterpart.

20 This redefinition is 7' + 7% — 1, 7t +n% — n?).
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A.1 N =1 vacua in GCG

Using the pure spinors of GCG introduced in (2.3), the triplet of Killing prepotentials reads
in type ITA [10, 11]

Py = (0T dy®), P_=(®T,dy®"), P3=—(®T FT). (A.3)

The conditions for Minkowski vacua preserving N/ = 1 supersymmetry in the presence or
NS-NS and R-R fluxes have been obtained in [7] in the language of GCG, using the ten-
dimensional gravitino and dilatino variations (written respectively in (D.1), (D.2)), and
in [8, 9] were shown to arise from the four-dimensional effective action as well. For the case

la| = |b|, which is the case in Minkowski compactifications with orientifold planes, they read
dp (e ') =0 (A.4)
di (e Red’ ™) =0 (A.5)
dp (34 Imd' ™) = xe*As(FH) (A.6)
where

Ot =2abdT, ' =2abd . (A.7)

Finally, AV = 1 supersymmetry requires
la)? + [b]? = e . (A.8)

Conditions (A.4)—(A.6) can be understood as coming from F and D-term equations. Equa-
tion (A.5) corresponds to imposing D = 0, while (A.4) and (A.6) come respectively from
variations of the superpotential with respect to ®~ and ®.

The susy condition in (A.4) says that the GACS J ™ (see (2.11)) is twisted integrable,
and furthermore that the canonical bundle is trivial, and therefore the required manifold
is a twisted Generalized Calabi-Yau. The other GACS featured in (A.5)—(A.6) is “half
integrable”, i.e. its real part is, while the non-integrability of the imaginary part is due to
the R-R fluxes.

A.2 N =1 vacua in EGG

The expression for the triplet of Killing prepotentials in terms of L and K, the relevant
algebraic structures in EGG, is given in (4.1). The complex and real vectors z%, r* defined
in (A.2) are used to build a complex and a real combination of the triplet K,, that we
will K1 and K!_, which are the ones that will enter respectively in the superpotential and
D-term. More precisely, we define

L'=eL
K ="K, = 'K, , (A.9)
K, = 32K, = 34 (K3 +iK>) .
In the language of EGG, N’ = 1 supersymmetry requires requires for L,

DL 0, (A.10)

|133 =

,17,



for DK{|56

(DKi)ﬂQ =0, (DKDIQ =0, (All)
(DK7})™ =0, (DK1),, =0,

and for 'DKQ_|56
(DKQ-)/H - Z(DKQ—)H =0, (A12)
(DK’ )™ =0 .

The remaining components of DK (all with one internal index) are proportional to deriva-
tives of the dilaton and warp factor as follows

(DEK})™ =4e~249,AK, ™ (DKY), o= —4e¢ 240, A(2K' P 10 +i6P K L),
(A.13)
(D(e ?K))™ =—die ?g™P0,AK" "5, (D(**CKY)) ,=—e* "0 Hpp K/ 124,
(A.14)
(D(e™*4*°K")), | =0. (A.15)

The equations for L, K3 and K’ in (A.10)-(A.12) are respectively the EGG version
of (A.4), (A.5) and (A.6). The vectorial equations are a combination of (A.4)-(A.6)
plus (A.8).

B SL(8,R) components of L and K, in terms of pure spinors

To obtain the SL(8,R) components of L and K,, we use (3.12) and (3.13). Then we want
to split the SL(8,R) index into a GL(6,R) and an SL(2,R) index. For that, we use the
embedding of GL(6, R) into SL(8, R) given by the following metric (for more details see [19])

90 0
Jab = 0 g Y2 0 (B.1)
0 0 g3/462¢

as well as the following decomposition for Cliff(8) gamma matrices in terms of the Cliff(6)

ones ™
™ — gl/S ,_Ym ® o3
It =g"% 1s@0 (B.2)
= g_3/86_¢ lg ®o2 .

This gives, for the 12 components of L for example

5 _
0= Y2 p - ),

V2 =
Lo = —2791/2((1)3 - ‘I’(T)
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where the subscript 0 denotes the zero-form piece of the polyform corresponding to the
0(6,6) spinor through the Clifford map (2.5), and we have used the fact that L transforms
in the 56 representation weighted by a power of ¢g'/* ~ (AST*M)'/2. We now note that

1/2 40 L9, this transforms as a six-form, namely the Hodge star of

given the factor of g
the zero-form. Using additionally that the pure spinors are imaginary anti self-dual, i.e.
@+ = —j®F we can write

V2
2

We proceed similarly for the other components of L and get

L1y = — (q)g_ + (i)g_) .

V2 = V2 =
L? = *27@3 ~-®7), Ly = —7@3 +@f),
V2, = V2 =
I —1767%”7’4”((1)1_ + @ )pgrss  Lon = 7((I)é" — & )n, (B.3)
L™ = ie3/3em S (ReAS ) npars Lyt = —ie=*V2(ImAT )m
L™ = —je?V/2(ReA] )™, Lo = —ie®V/2gY2(ReAT )

where € is a numeric totally antisymmetric tensor (i.e. with values +1,0), such that L™",
for example, transforms as a 4-form.

For K, weighting by a factor g'/2, we get the following components

i _
K % = 1€ (A = Ag),

Kily =~ 392 (AF + K7) K2 = L (AL 8
KM= =10 20 + K5, R = L Oem s (@ ),
KM = Lot @ b8 s Kot = ¢ (@5 — 85 g
K+2m = _%€_¢((I>f + éf)nm KTnpl - éegﬁgl/%mnmm(@g + i«’j)qrsa

1

(B.4)
where we have multiplied the whole 133 representation by a factor g'/2. To obtain the
components of K3, we first write it in terms of pure spinors as

P+ — 2+ Al- _ A2-T
K3 = AT _ A2 $l+ _ p2+
— o' -

where we have defined

oLt — €_¢7741r771+T, 2t — e—qﬁni,ﬁj’ A = e—%}rﬁlj’ (B.5)
s —b~1 ~1 4 —~2 ~2 — — ~2
o =il @ =epial, AT =l
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Then, for the SL(8,R) components of K3 we just need to make the following replacements
n (B.4)

AT = @F — 3, T = A7 +5s(Ay), B
Nt — of —of & — —s(A]) — A, (B6)

where the operation s on forms, which corresponds to minus (plus) the transposed of the
bispinors, was defined in (2.6).

C SL(8,R) C Ex(r) tensor product representations

The SL(8,R) decomposition of the tensor products is the following.
The symplectic invariant 56 x 56|1 reads

S(v, 1) = V'P0y — vy (C.1)
The 56 x 56‘133 reads
1
(VD)% = (V' Dy, — §5aby'cdﬁcd) + (Vv — 85%& "“dyq) (C.2)
- - 1 -
(V : ’/)abcd = _3(V[abycd} 4,6abcdefgh7/ er/gh)

The 56 x 133|_, is

/ch

(v )™ = p' /' + b

(V ) 'u)ab = _Ncaycb - Mcbyac - Mabcdy

lac

+xpabey, (C.3)
led

where xp is the 8-dimensional Hodge dual, while the adjoint action on the adjoint 133 x
133|, 55 gives

1
(1) % = (e = W) + 5 O e — %1 ppeac) (C4)
(k- 1) abed = A1 | Mhede + 1o bedre)
The 56 x 133|,,, is
(y . ,u) (V/acub + V/bcua )
(V : :U’)ab = (Vac,u b + Vpe 4 a)
1 1
(v )™ = =310ty = S0l 6) 4 2(veq x p 4 Jrep e p ) (C5)
1 1
(V : M)abcd = _3(V[abﬂdc} 3 Ve[alt b5 ]) (Vledﬂabce + §V/€fﬂef[ab5dc])
The 912 x 56/, gives
((b . V)ab — (V/ca(bcb + Vcb¢/ca) (Vcdd)/cda _ V/Cd(z)cdba) (CG)
1
(qb ’ V)abcd = _4(¢[abceyd]e - Zeabcdm1m2m3m4¢/m1m2mgeylm4e)
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and finally 912 x 133|_ is

(¢ . M)ab — (¢/acubc . qb/bcuac) . 2¢)/abcd,uldC

2
+ §(¢m1m2m3a * :Um“mmgb - d’mlmzmsb x pmmemse) (C.7)
(¢ 1)ab = (Dacks — Pbeits) — 20abe1Ca
2
- §(¢Im1m2m3b lemzmga - ¢/m1m2m3a lemgmgb) (CS)

D Supersymmetric variations for the N/ = 2 spinor anstaz

The supersymmetry transformations of the fermionic fields of type ITA, namely the grav-
itino ¢ and dilatino A read, in the democratic formulation [30]

S = Ve + HMP6+—6¢ Zan TaPre, (D.1)

o\ = (;7)¢+ HP) €+ fe‘f’z (10)p e (D.2)

where 1, A and € are a doublet of spinors of opposite chirality, as in (3.8), and P = —¢3
Pn = (—03)”/201 act on the doublet.
We use the standard decomposition of ten-dimensional gamma matrices

YO =y, 01, 789 =5 & ym, (D.3)
and the Poincare invariant ansatz for the R-R fluxes
FQ(SLO) = FQn + V014 VAN FQn_4 where an_4 = (_1)Int[n] *g F10—2n . (D4)

Using (B.2), we notice that P = il''2, Py = Py = T'L, Py = Pg = —il'%, 4Py = —il?™
and y"Py = I''™ and obtain from the internal components of the gravitino variation that
N = 2 supersymmetry requires for the internal spinors in the spinor ansatz (3.7)

1

¢
5 =0 & Vi = =< Hyp L1207 + %,Firmaf, (D.5)

while from the external gravitino variation, we get

IR
0y =0 & P A0 + 1 F.6' =0, (D.6)
and from the dilatino variation
r, 1 1, €
AN=0 & z@ecﬁ@ + ﬁHmonmnpe + ZFdQ =0. (D?)

In these equations we have defined

Fi=—ifi2 4+ BT, Fo= BRI —iF0?, Fa=(G-n)F. . (D.8)
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in terms of the “hermitean” and “antihermitean” pieces of F', namely

1 1
thi(F—l-S(F)):Fo-i-qu Fazg(F—S(F)):F2+F6 (D.9)
and a slash means 1
F(n) = aﬂl"'inrzlu.ln * (D.IO)
Finally
DeA = O, ATT™2 (D.11)

E DL and DK versus N = 2 supersymmetry

E.1 DL

Multiplying egs. (D.5), (D.6) and (D.7) (coming respectively from the internal and external
gravitino and dilatino) on the right by e;7¢=?07, we get the following equations on L

; ¢
(AmL)*? =V, L + 8,y oL + %Hmnp(r"p%)aﬂ - %(FiPmL)aﬁ =0, (E1)
¢
(AL)™® = i, A(TP2L)* 4 %(FeL)aﬁ =0, (E.2)
1 ¢
(8a1)"? = iDyd (T2 L) 4 12 Hygr (TP L) 4 T (Fal)* =0, (E-3)

We can also multiply (D.6) and (D.7) on the left by e;;e=?67, and get

@
(LA™ = i9, A(LTP'2)8 _ %(Lpe)aﬂ =0, (E.4)
&
(LA™ = idp¢(LTP1?)* — %HPMLFWW - S (LF)™ =0, (E.5)

We will also need the “transposed” of the equation coming from internal gravitino, namely

: ¢
(LA =V, L% + 8,6 L% — %Hmnp(Lr"PH)aﬂ + %(Lﬂ-rm)aﬂ =0. (E6)

Given L and product of gamma matrices I'**~% we will make use of the following type
of combinations

Tr ([D9% Ag]L) = Tr (T % Ag — AgD* %) L) = Tr (T %Ayl — LAGT %) .
(E.7)
and similarly for the anticommutator.
Multiplying these equations by appropriate combinations of gamma matrices, we re-
cover the combinations involved in (4.9)—(4.16). Unless otherwise specified, we will take

=1 (E.8)

in the very last step of the following equations.
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We start from (4.13)

2
0= \4[Tr [T2A0 L+ iTlgAgL]

= VL' 4+ 0, ¢ L2 — 140,06 L*?

7

ZHman"p(—l +1g)

e? 1
T [iFo(1 —5lg) 4+ (xF6)(1 —1g)] L™,

+£[
4

=V L% —ie? R L', — e Fpp L
= (DL)},,.

+

Fop(—1 = 3lg) + i(xFy)mp(1 — 13)] L

Similarly, we have

2
0= [Tr [P A, L + 0™ 21 Ay L]
= VL™ + (g — 1)0,¢ L™+
i m;
+ 1(3 — lg) (xH)™ Lypq
€¢ .
+ 5 iP5 — 5la) = (+F5)(5 — a)) L™
¢
5 (F™(3 = 3lg) — i(<F0)"P(3 ~ L. — 1)) L'
—V,L™ + %(*H)mpquq — 9 (xFg) L™y — e% (xFy)™, L7 |

= (DL)™>
and

2 } 1
0= V2q [¥p AL+ 5Trunp' laddal

4 2
3. 3.
= +§zV[m\L\np} + 52(1 ~ 1a)Opn| O Ly

1 3

+ 1(3 —1q)Hppp L' + Z(l — La) (+H ) | L )
3 .

— §6¢ (ZF[mn|(1 + 3ld) + (*F4)[mn|(1 - ld)) Ll‘p]

¢

e

-3 (1 F2)mnpq (3 — 3la) + Frnpg(3 + 1a)) L*
@
e

3. 1 3.
= §ZV[m|L|np] + §Hman12 - 516¢F[mn‘L1|p} B EanpqLQq

= (DL)mnp2 -

— 23 —

(E.9)

(E.10)

(E.11)



Consider now

5
0= \4[1&« [~ A, L+ T2, A L]
= — V(L' — (1 = 1g)0mee® L™

- ej (iFo(—6 + 5lq) + (+F5) (6 — 1g)) L'

- e; (Fon(2 = 3la) + i(+Fa)mn(=2 = la)) L™ (E.12)

Choosing this time l; = 2 we recover
0=~V (L'™) + 0npe? '™ — e?(iFy + (%F)) L' + ?(Fon, + i (% F4) ) L™
1
= ¢ (D(e‘¢L)) ) (E.13)

We are then left with two equations. Using only the internal gravitino constraint we get
V2.
0= TZTI [Fl[n|A|m]L]

. , 1
- _Zv[m|L\n]1 - za[mQSLn]l + §Hman2p
= e ?(D(e’L))mn12 (E.14)

For (DL)",, we have on one hand

2 .
0= [Tr (A LT"?] = V) L™ + 0y L™ — %H"mlep

e? N

+ Z [lF() — (*Fﬁ)] L m
¢

* eZ [ = i(5F)"m] L

e n J0L Pq
Y [(+F2) " mpg — 1F " mpq] L (E.15)

and on the other hand we can use

. |
0= Y2Tu [LANI™] = VL™ + 9 6L™ + SH LY

4
e?
+ Z [ZF(] + (*F@)] an
¢
€ .
+ o [P — i Fa) " ] L'
e? .
- g [_(*F2)nmpq - @anpq] P (Elﬁ)

By comparing the two, one recovers the following constraint

. (;S 1
%H"mlep + % (<FG)L" gy = F" L' + 5 (+F2) " L7 | = 0 (E.17)
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Consider then the following combination using the commutator defined in (E.7)

2
0= [Ti" [AnI™2L 4+ i[Agly + Aele, Ty L]

= VL™ + 0 (1 + 1) 6 + 1.A) L™
+ z’ej [Fo(l + 5l + 1) L™ — (#Fy) " (1 + 1g + 1) L'
+ %F“mpqu —lg— 1) .
The following choice for I and [, makes the equation look as simple a possible
lg=0, l.=-1 (E.18)

for which we obtain

¢
0= menZ + 8m(¢ o A)Ln2 + ieZanpquq

¢
— DL i F g L. (E-19)
E.2 DK

We need the hermitean conjugate of eq. (D.5), namely

_ ; _ b _
Vit = %-vanp@t]ljnpl2 - %HJFmE . (EQO)

Multiplying (D.5) by 0,0, and (E.20) by 6?c,, we get the following condition (for any a)

AmK = ViK% = Om(A = )K" + < Hypp[ TP K — KT"P12]%

8
e? Ao
— g[FiFmK — KI', Fil%s = 0. (E.21)
Using a similar trick on the external gravitino and dilatino equations (D.6) and (D.7), we
also get
¢
~ . e ~
(AK)*5 = i0m AT™2K1]%5 + 5 FeK]%s =0, (E.22)
A . A 1 S e?
(AgK)Y5 = i0y [T 2 K] + 75 Hmpa DK% + - [FuK]"5 = 0. (E.23)
and their “transposed” versions
. . ¢ .
(KA)Y5 = 0, A[KT™2)%5 — %[K,Fe]aﬂ =0, (E.24)
. , - 1 . e?
(KA 5 = 0o KT2)%5 — 75 Hmpg KT — —-[KFy] 5 = 0. (E.25)
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We sketch in the following how conditions (4.7) arise from supersymmetry. We first
look at the mn components. We have

0= —%’I‘r T2 ALK + T (noAe + ngAg) K]
= —2V,K™"2 199, (A—¢) K™% —2i0, (n. A+ng¢)g"™ K" 28, (ngp+n.A) K2

1 . ) 1 5
+501- ng) H™ K — ingH,, ™ K*Palnl 4 53 ng)(xH)™"P K2,
¢
(&

SR+ ne +5ng) — (e Fy) e — )] K7
o]
e? . .
+ vy [(F™ (ne + 3ng) — (xFy)"" (4 + ne + ng)] K
@
e? .
+ 3 [i(xF)™" pg(ne + 3ng) — F™" pg(ne + ng)|] KP4
+e? |FIM (=2 4 n 4 3ng) — i(xF)M, (ne + ng) | K727 (E.26)

and
0= —%TI‘ [—QFQ[n‘A‘m}f( + ilnt (nBAe + ndAd)IA()]
= —QV[m|K2‘n] +28[m| (A—(b)KQM +28[m‘ (neA—i-nd(b)KQM — 2i8p(nd¢+n@A)K2mnp

- Z?denpKlp —(1— nd)H[mlqulpq\n] - Z?d(*H)mnpKQP

¢
e? . .
+ Z (’LF()(TLe + 5nd) + (*F6)(2 =+ Ne — nd)) Ko
¢
e . .
-+ Z (_an(2 + Ne + 3nd) - Z(*F4)mn(ne + nd)) K12
¢
e ) .
+ ) (=< F2)mnpg(—2 + e + 3na) — i Fmnpg(ne + na)) K
+e? (iF[m|p(7’Le + 3ng) + (*F4)[m|p(ne + nd)) quZ‘n] . (E.27)
Consider first (E.26). By choosing ng = 1, n, = —1, we recover:

0= —2Kmmw? _ 2i8[m‘ (¢ - A)K2|n] - iH[m|qu1pq|n] + (*H)mnpKQP

$ R R 1 X
e . .
+5 [ — i(+<FG) K™ + (i Fpy — 2(xF4) ) K2 + 5(*FQ)mm,qz:(”pn] . (E.28)

The above equality can be further decoupled in terms of its real and imaginary part, the
first of which reads?!

0= —2V, K™ 4 (xH)"™, K% — ¢ (xFy)"" K"
= (DK)™ (E.29)
while the second yields the following equation

0 = 20| (A = ) K] = Hignjpg K )

¢ . . 1 N
+ % [Frn K" = (+F6) Ko + 5 (+F ) K] (E.30)

2! Actually in our conventions K°**?, K, are purely imaginary, so (E.29) corresponds to the imaginary
part of (E.28).
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In a very similar fashion, we consider (E.27) for the same values ng = +1, n, = —1, which

gives
0 = —2V K2y — 200, (6 — AV K2 — %(Hmnpklp b (+H) g K2)
+ e [iF)Kmn — Frn K2 + 2iF , K12 (E.31)
once more decoupling the real from the imaginary part we respectively recover
0= =2V K2, — e*FpuK'? = (DK),,,, (E.32)

and

N 1 N N
0= +20,(A — ¢) K2, — §(HmnpK1p + (#H ) pnp K°P)
+ e [F()Kmn + 2F[m|pf%12p‘nﬂ . (E.33)

Now consider the 12 components. We start from

1 A .
0= —iTr [—APKFpl — il (ngAg + neAe)K}

VR 4 0y (A = 9K ByneA + )R — J(1 ")y KO0
+ (f (iFy(5ng + ne) + (xF) (6 4 ne — ng)) K2
— ej (B (=2 + 3ng + 1) 4 i (xF4)mn(ne + ng)) K™ (E.34)
which specialized once more for ng = 1, n, = —1 gives
0=—V,KP — %Hmnpf(?m“P +e?[+iFy + (xFg)| K2 (E.35)

which has a very intuitive decomposition in imaginary and real contributions:

0=—V,K" - %Hmnpf(?mnp + el (xFp) K12 = (DK%, (E.36)

0=e’FHK'? = (DK)2. (E.37)
We discuss in the following the remaining components.

0= —%Tr {Amf(m — i{Acne, Fm}f(}

= VK2 4 0 (A — ¢)K?) 4+ n 0, AK'?
+ %(1 ~n) [Fmpf(% + (5Fy)pg K2 — (+F) Koy (E.38)

which by taking n. = 1 simplifies to

0=—VuK?% — 0m0K?% = e ?(D(e’K))mi - (E.39)
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For the components (DK)"™! and (DK )2 we need to separate the R-R contributions from
the rest. For the first one, notice that

0= —Tr [[ndAd + neAe, Fm]K] =e? (FOK’ml — (*F4)mpK2p — quK2pqm> — 88pAKmp12
= Fr_g|™ — 89,AK™'2. (E.40)

We thus have
0= %Tr [Fmplepf( +Fi[2Ag — 5A,, T K
= —20,(—5A + 2¢0) K™% — 20,(A — ) K™P2 4 2V, KP12
= 2V, K™P12 _ 20, (—4A + ¢) K™P'2
= 2V, K12 _ (Fp_p|™ — 89,AK™'?) — 20,(~4A + )K"
= (DK)™! — 20,0 K™P12 = ¢ (D(e ¢ K))™. (E.41)
where on the third line we made explicit use of (E.40).

Then for (DK )2 the argument is similar. We first find the R-R piece in the connection
in the following combination

0= =T [iTn 2 AK + A K|
= —40, AK P + (xFg) King + Fup K'P + (+Fy) pg KP4,
= —40,AK " + Fp_g|_,- (E.42)
Consider then the following combination using the commutator introduced in (E.7)
0= %Tr % ALK +i[3Ac — 24y, rm”fq}

= —V,KP,, — 0,(34 — 2¢)KP,, + 9,(A — ¢)KP,,
= —V,KP,, — 3,(24 — $)KP,,
- —fo(pm _ Hmqu(ﬁpq + Hmquﬁpq + (_4apARmp + FR—R‘mg) — 9,24 — ) KP,,
= (DK )ma + 0p(2A + ¢) KP4 Hyppg K12
= 2440 (D(em QAT K)oy + Hypp K297 (E.43)

E.2.1 Extra equations on K required by susy

In this section, we will use equations on the object

K=MK . (E.44)
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We will make use of (E.21), coming from gravitino, which on K has an additional factor
of 3 in front of the derivative of the warp factor. The following combinations are required

to vanish by supersymmetry

0= %Tr [V, KT™PL L iT™2( iy + Vene) K]
= 2V, K™l 1 28,(¢ — 3A) K™Y — 20M (n, A + ngp) K1 — 20, (ne A + ngg) K1

1 - 1 _
(L n) H" R + 5 (3 4 na) (H) ™K
¢ -
+ %[¢F0(5nd +1e) — (+Fg)(—4 + ne — ng)] K™12
¢
€ - Tmn %
a g[(*FZ)mnpq(i)’nd +ne) + IFT g (ne + ng) [ KP
¢ -
+ %[in[m|(3nd +ne) — (*F)PM (=2 4 n + ng) K7, (E.45)
Choosing ng = —1,n. = 3 we get from the real part
0= —2V,K™Pl 1 29,(-3A + $)K™"P! +20,(3A — ¢)K™PL 4 (xH)™P K,
= 2V, K™l (xH)"PK!,. (E.46)
Analogously
1 - - .
0= =T [-2V (o KT ) K + il * (Vana + Vene) K]
1 1
= QV[m|K In] T 28[m|((? — 3A)K n] ]
— 28[m‘ (neA + ndgb)Kl‘n] + Ziap(neA + nd¢)K1mnp
+ z‘%[Hmnpf(?P — ($H) i K2P] + (1 + 129) Hpp g K2
¢ .
+ %[F0(2 + 5nd + Tle) + i(*Fg)(ne — nd)}Kmnlg
¢ ~
- G F2)mnpg (37 + 1) = Fonnpa (=2 + e + na)| K72
¢
e _ _
+ Z[F[mm(?)nd + ne) + Z(*F4)[m‘p(ne + nd)]KpM . (E47)
which again from the real part and for ng = —1,n, = 3, leads to
0= =2V}, K", (E.48)
Finally

1 _ _
0=~ Tr[-I", VK — it (ngVg +n.Ve)K]
= _va'm2 -+ Vm(¢ — SA)KmQ -+ 8m(nd¢ + neA)ng

1 _ N
+50+ %)HWKM’W — ie?(3ng + ne) Fpg KP12
€¢> rmnpq
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Using again ng = —1,n, = 3 we get that the real component of the above equation is
- 1 -
0=V K"+ gHmm?Kl”mP . (E.50)

These three equations give the “complement” of (5.7) that allows us to decouple (though
not completely) the equations for ®~ and those for .
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