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between the v* — mm and m — ~+* matrix elements.
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1 Introduction

Chiral symmetry is a crucial ingredient for the understanding of the light quark interac-
tions. The low-energy dynamics of the pseudo-Goldstone bosons from the spontaneous
symmetry breaking is provided by the corresponding effective field theory (EFT), Chiral
Perturbation Theory (xPT), with a perturbative expansion in powers of light quark masses
and external momenta [1-4]. This allows a systematic description of the long-distance



regime of QCD, at energies below the lightest resonance mass. The precision required
in present phenomenological applications makes necessary to include corrections of O(p%).
While many two-loop xPT calculations have been already carried out [5, 6], the large num-
ber of unknown low-energy constants (LECs) appearing at this order puts a limit to the
achievable accuracy. The determination of these yPT couplings is compulsory to further
progress in our understanding of strong interactions at low energies. Various techniques
have allowed the determination of some O(p®) LECs: direct comparison of next-to-next-
leading order (NNLO) xPT computations and experiment |7, 8], sum rules and dispersion
relations [9-11], Padé approximants [12-14], resonance chiral Lagrangians [15, 16], Dyson-
Schwinger equation (DSE) [17, 18].

In this paper we study the LECs in a class of holographic theories, which was first
proposed in ref. [19], based on early ideas of dimensional deconstruction [20, 21] and hidden
local symmetry [22]. Later, an explicit model of this kind was constructed from string
theory, in which chiral symmetry breaking was implemented geometrically through the
embedding of the flavor branes [23|. At the same time, it was realized that chiral symmetry
breaking can actually be induced by different boundary conditions (b.c.) in the infrared [24].
In this kind of models, the chiral Lagrangian up to order p* is automatically accommodated,
both of the even intrinsic parity sector [24] and of the odd sector [23, 25]. Moreover, the
predictions for O(p*) LECs have slight model dependence [24, 26], and agree quite well
with the experimental data. This success at O(p*) has motivated the present study of the
O(p®) LECs within the same class of models. There are also other holographic calculations
of the LECs [27] in another framework involving the quark condensate [27, 28].

The other motivation for our study is that this kind of models have recently led to an
interesting relation between the left-right quark current correlator IT;z(Q?) and the trans-
verse part wr(Q?) of the anomalous AVV Green’s function, the so-called Son-Yamamoto
relation [29]. The relation does not depend on the details of the different models among
this class, showing some kind of universality. When extrapolated to the large momen-
tum region and combined with the results of the operator product expansion in QCD,
the relation gives the same prediction of the magnetic susceptibility as the early predic-
tion by Vainshtein [30]. However, while the power correction on the II;z(Q?) side can be
included [29, 31, 32| through the dual scalar field of the quark condensate [27, 28], the holo-
graphic description of the power corrections in wr(Q?) is still unclear, making the naive
extrapolation ambiguous. For recent studies along this line, see [33-36].

The corresponding analysis at low energies yields a relation between the O(p*) even-
parity xPT coupling Lig and the O(p®) odd-intrinsic-parity coupling C35 which, respec-
tively, rule the left-right and AV'V Green'’s functions at large distances [37, 38]. Numerically
this relation is reasonably well satisfied at low energies [31]. Through a detailed analysis of
the O(p®) predictions for the LECs of the odd-intrinsic parity sector in this kind of models,
we find further relations between the remaining LECs C]W and the O(p*) chiral couplings
from the even-parity sector. A few relations among the O(p®) LECs in the even sector have
also been found.

At this stage, one may wonder whether these relations between even and odd sector
LECs hint a more general interplay between even-parity and anomalous QCD amplitudes.



Here we have focused on the odd couplings C3y and C3¥, which can be directly related
to the transition of a pion into two photons and two axial-vector currents, respectively.
We shall show that the former amplitude can be related to the vector form factor of the
pion and the latter to the axial-vector form factor into three pions [39, 40]. The relation
involving the vector form factor has already been found in two specific models [41, 42].

In section 2 we provide the details of the class of holographic models employed in
our analysis, and review the previous results for the O(p?) and O(p*) LECs. In section 3
the NNLO LECs are computed, with the help of a series of novel sum rules involving the
resonance couplings. In addition, we shall check how well these sum rules are saturated
by the lightest resonances. We also point out that possible corrections to the LECs could
come from higher dimensional terms, which will appear in the o/ expansion in the dual
string theory, and also from scalar resonances not included in the formalism. The two
relations between the the form factors of the pion in the even and odd sector are derived
in section 4. Our conclusions are gathered in section 5. Some technical details about
the different holographic models are collected in appendix A. In appendix B we study the
proposal in ref. [36] that the Son-Yamamoto relation could hold at the loop level: we show
that the amplitudes in general do not match beyond tree-level.

2 The holographic model

2.1 The 5D action

In the kind of models studied in this paper, with the chiral symmetry broken through b.c.’s,
the action is composed by the Yang-Mills (YM) and Chern-Simons (CS) terms, describing
the even and anomalous QCD sectors, respectively [19, 23-25]:

S = Sym + Scs (2.1)

1
Sym = — / dwtr {— ) F2 + 22 (Z)fg,,] : (2:2)
Scs = —k / tr [A}‘Q + %A?’f — 110A5] . (2.3)

The fifth coordinate z runs from —zy to zg with 0 < zp < +oo. A(z, 2) = Apydx™ is the
5D U(Ny) gauge field and F = dA —iA A A is the field strength. They are decomposed as
A= A%% and F = F%, with the normalization of the generators Tr{t?t*} = §%°/2. The
coefficient k = N /(2472), with N¢ the number of colors, is fixed by the chiral anomaly of
QCD [43-45]. The functions f2(z) and g?(z) are invariant under the reflection z — —z so
that parity can be properly defined in the model. In appendix A we provide their explicit
definitions for the models we analyze here: flat metric [19], “Cosh” model [19], hard wall [24]
and the Sakai-Sugimoto (SS) model [23, 25].

As first shown in ref. [19], chiral symmetry can be realized as a 5D gauge symmetry
localized on the two boundaries at z = 4+2z9. The gauging of the chiral symmetry allows one
to naturally introduce the corresponding right and left current sources, respectively r,(x)
and £,(x). The Goldstone bosons are contained in the gauge component A, and can be



parameterized through the chiral field U as

+20
U(z") =Pexp {z A (zH, z')dz’} , (2.4)
—2
which transforms as
U(z) = gr(2)U(x)g} () (2.5)
with gz (z) and gr(x) the gauge transformations located at z = —z¢ and z = zp, respectively.

The vector/axial-vector resonances are contained in the gauge field components A,,,

Au(@,2) = Lu(@)—(2) + ru(2)vs (2) + D B (@)ibn(2), (2.6)
n=1
with the UV boundary conditions

Az, —20) = Lu(x), Ay, 20) = rp(x). (2.7)

Note that the above boundary conditions are different from those in refs. [25, 29|, and
correspondingly the sign of the CS action is different.

The resonance wave-functions ¢, (z) are provided by the normalizable eigenfunctions
of the equation of motion for the transverse part of the gauge field,

= 9%(2) 0:1F%(2)0:Au(q,2)] = ¢ Au(a,2), (2.8)

with the resonance masses given by the eigenvalues ¢?> = m2, with b.c.’s 1, (£29) = 0.
The 4D metric signature (+,—, —, —) is assumed all along the article. In order to have
canonically normalized kinetic terms for the resonance fields in the later derivation, the

orthogonal wave-functions are chosen to be normalized in the form

+20 1
/_ AP n(e) e = b, (2.9)
leading to the completeness condition,
=1
3 g vnleNnte) = e =), (210)

In addition, one has 14 (z) = %(1 + ¢o(z)), where 1y(z) is the solution of the EoM
at ¢> = 0 with b.c.’s ¢g(£29) = £1. It is non-normalizable and will provide the chiral
Goldstone wave-function.

The solutions 1, (z) are even (odd) functions of z when n is odd (even). Thus, the
modes with odd n describe vector excitations vy, = B,(fnfl) with m2, = m3,_,, and those
with even n correspond to axial-vector resonances in an analogous way.

We consider the convenient 5D gauge A, = 0, which can be achieved through the

transformation Ay; — gAng~ ! +igOyg~! with

g Nz, 2) :Pexp{i/zdz'.Az(a:,z')} . (2.11)

0



The value of this transformation on the UV branes is given by {rpy(z) = g Yz, £20),
which now encode the original information from .A,. The chiral Goldstones can be then non-
linearly realized through the coset representative £g(z) = &1 (z)1 = u(m) = exp{in®®/f.} [5,
6, 15, 16]. Conversely, after the gauge transformation the space-time components of the 5D
field in eq. (2.6) takes the form

Ay (2, 2) = iy () + 2 —i—Zv Yeh2n—1( —i—Za 2)an(2) (2.12)
where the commonly used tensors from xPT [5, 6, 15, 16|, u,(z) and I',(z), show up
naturally:

w, () = {§R< ) (@ — i) €r (2) — €] (2) (D — 16, &0 ()} (2.13)
) = L {eh @ O e+ @@ -ia @) 1)

Sometimes it is more convenient to work with the bulk-to-boundary propagators for
the transverse part of the gauge field, rather than in the meson decomposition. These

propagators are the solutions of eq. (2.8) for a general Euclidean squared momentum Q? =
—q?, with b.c.’s V(Q, £20) = 1 and A(Q, +29) = +1 (Q = \/Q?). They can be nonetheless
expressed by means of the on-shell state decomposition in terms of the infinite summation

gvnw2n 1 . > ga"d}Qn(Z)
Z Pt A(Q,z>—n:1—Q2 . (2.15)

with the decay constants given as

Ggyn = —f2(z)6z¢2n71(2) tig, Gar = —f2(2)1,[)0(2)8z¢2n(2) iig : (2'16)

When Q? goes to 0, we have V(Q,z) — 1 and A(Q,z) — o(z), which have been used
before. Alternatively, one can use the Green function G(Q?; z, 2’), which satisfies the equa-
tion

9 (2)0:[f*(2)0:G(Q% 2,2)] = Q°G(Q% 2,2) = —g*(2)d(2 — ), (2.17)

together with the same UV boundary conditions as the 1,,. With the completeness condition
of the resonances, the Green function can be solved as

Un(2)¢n(
Z 2+m2. (2.18)

Therefore, the bulk-to-boundary propagators defined above are related to the Green func-
tion as

V(Q,2) = —f2(2)0.G(Q% 2, )L =12
A(Q.2) = =2 ()00 (x)0G(Q% 2, 22 ZF2. (2.19)



Contrarily, once the propagators are known the Green function can be immediately ob-
tained:

G(Q%2,7) = 2W1QZ’) [(V(Q,2) = A(Q.2))(V(Q, 7)) + A(Q, 2))0(2 — )

+ (V(Q,2) + AQ,2)(V(Q,2) — A(Q,2)0(2" — 2)] . (2.20)

Here W (Q?) is the Wronskian of eq. (2.8)

W(Q%) = fA(2)[V(Q.2)8:A(Q, 2) — A(Q,2)2:V(Q, 2)], (2.21)
which is independent of z. At zero momentum W(0) = f2/2 and the Green function
simplifies

G(0,2,2) = ;2 [(1 = 0(2)) (1 +90(2))0(z — 2') + (1 = ¢o(2")) (1 + 9o (2))0(z — 2)] -
" (2.22)

2.2 The chiral couplings at O(p?) and O(p*)

Once we have rewritten the 5D fields in terms of the chiral Goldstones and vector and
axial-vector resonances, the derivation of the meson Lagrangian is rather straightforward.
We consider the 5D gauge A, = 0 and substitute the 4, decomposition provided in
eq. (2.12) in the 5D action (2.1). The Lagrangian is now expressed in terms of meson
fields (§r,(7),v};(z), aj;(v)) and the left and right current sources (r(z), £4(x)). Each
of these terms of the action shows then a factorization into an integration over the fifth
dimension, which provides the meson coupling, and an integration over the space-time

components, which provides the chiral structure of the operator in the effective 4D action.

Hence, after substituting the A, decomposition (2.12) in the YM action, one gets the

even-parity action without resonance fields [23, 24]:

2
So[r] + Sa[m] = /d4x [I < uyut >

+L1 < wyut >? +Lo < wyu, >< ufu” > +Ly < uutu,u, >

. L
—iLy < frptu” >+ 70 < fru = fo >
Hl v g
+7 < f+,u1/f+ + fow 20> (2.23)

with the covariant tensors f{ = 5516‘“’5 Lt 5517'/“’ &R containing the field-strengths ¢4
and r*¥ of the left and right sources respectively. At low energies these terms provide
the Goldstone interaction at the dominant orders and produce the O(p?) and O(p*) xPT



flat Cosh hard-wall Sakai-Sugimoto xPT

[19] [19] [24] [23, 25] [2-4]
103 Ly 0.5 0.5 0.5 0.5 0.94+0.3
103 Lo 1.0 1.0 1.0 1.0 1.7+£0.7
103 Ls —3.1 —3.2 -3.1 -3.1 —4.44+25
103 Lg 5.2 6.3 6.8 7.7 74407
10% Lo —5.2 —6.3 —6.8 —7.7 —6.0+0.7
103Y 0.5 0.5 0.5 0.6 —
103 Z 0.6 0.8 1.0 1.0 —

Table 1. Predictions for the O(p*) low energy constants in various holographic models. The 5D
integrals Y and Z are defined in eq. (2.25) and will be related to appropriate sum rules and the
odd-sector O(p®) LECs. The experimental determinations in yPT at O(p*) are provided in the last
column for comparison [2—4].

Lagrangian with the corresponding LECs given by the 5D integrals:

20 dy \ !
f;f:4< > , 2.24
P (2.24)
1 1 1 [ (1—y3)?
b= bno ol LR,
2 6 32 /., 9%(2)
L [% 11—
L9:L10:/ dZ,
1), ()
1 20 1 2
T
8/ . 9%(2)

The functions f2(z) and g?(z) have to satisfy some properties in order for these constants
to be finite, with the exception of Hj. The numerical results for the O(p?) low energy
constants in four different models are collected in table 1. In the last two lines of table 1
we also provide the 5D integrals

-l

L Be
+z 2 2\2
_ [T (= ¢p)

which will appear in the next sections.

Conversely, the substitution of the A,, decomposition (2.12) in the CS action produces
some operators without resonances, with only Goldstone bosons, which give rise to the
Wess-Zumino-Witten (WZW) action [23, 25]:

’iNC iNC / —1\5
S = —— zZ - — tr(gd 2.26
waw = G /M4 sz [ edg™) (2.26)



Figure 1. Examples for the different possible diagram contributing to the Goldstone interactions
at low energies: a) O(p?) and O(p*) local interaction, b) one-resonance exchange (contribution
starting at O(p®)), ¢) two or more resonance exchanges (contribution starting at O(p®)). The single
lines represent Goldstones and the double ones resonances.

with the source-dependent terms
Z = {((tdl + del — it*) (iU rU — U 1dU) — dedU " rU — il (dU'U)? — %(EdU’lU)Q
~UUtrdudUu—t — itdU T UU U + i(zU—lrU)% —p.c., (2.27)

where “p.c.” stands for the interchanges U <> U~! and £ <> r.

3 Chiral couplings at O(p°)

3.1 Resonance lagrangian

We now proceed to compute the O(p®) couplings at low energies. After substituting A,
in terms of the meson decomposition (2.12), the 5D action (2.1) given by the YM and CS
terms contains operators with only Goldstones of at most O(p*). In general we denote
an operator as O(p¥) when it contains a number k of derivatives or external vector and
axial-vector sources (vy,a, ~ 9,). The O(p®) LECs are generated by the intermediate
heavy resonance exchanges. More precisely, we need just the one-resonance exchanges as
diagrams with a higher number of intermediate resonances will contribute to the low-energy
xPT action at O(p®) or beyond (see figure 1). Hence, the only operators in the Lagrangian
that interest us are those containing one resonance field:

1 1
Sy = > / d4m<—§(VMvE — V,ul)? + mgnvﬁQ—i(VMa’; — V,a)® + mi.ap?), (3.1)
v i
sl =% [ated - (T (Tt - Taav - Junat] - s |) 32
1—res. n

—( %[u“’ ] [(V,wﬁ = Vv )byngr — %([uu, ay] — [y, al])banns] )

([Tt~ T = 3ot = s o an b))

N,
_ . [ Ne
1—res. a Z / d x{ 32772

n
iN¢
1672

v N¢ v
con€ P (u {v], frap}) + can€ P (u,{ay, f-ap})

S
s 6472

+ (Cvn — dvn)€,u,uozﬁ< Uzuuuauﬁ > }7 (33)



3 n _ 4a,a n _ 4a,0 : . . ..
with vj} = t*v,’", a; = t%a,’", and the summation over any possible n implicitly assumed.

The covariant derivative is defined with the connection I'), as V,, . = 9, + [['4,.]. The
couplings are defined as
0 ton—1 0 thgn_1(1 — )
ayyn = dz, byrpr = ——dz
T, BG) R S )
0 7!)01#271 =0 %wzn(l - '(p(QJ)
a n = z 5 b n — —dZ 9
R 6 S )
B 1 20 ) 4 g 1 o, d
Cyn = — Yoo, _1dz, v = Yoothan—1dz
2) ., 2 )z
__1 TR d 3.4
Caqn = 2 ¢0¢2n z. ( . )

—2
Notice that the ay,n» are related to the decay constants g,», defined previously from the

bulk-to-boundary propagator in eq. (2.16), in the form g,n = m2.ay,n. The same happens
for a gqn. Likewise, by means of the v, EoM’s and their b.c.’s one can extract the relations

Cyn = Tﬁbvn/ﬂ-ﬂ-’ Cqn = @banﬂ.s 5 (35)
m2n +20 ¢2 71(1 _ ¢4)

dyn = —° o 02 dz. .
122 / O N 30

At the level of the generating functional, in order to compute the diagrams with intermediate
resonances one must perform the functional integration over the resonance configurations.
At the tree level this means that one has to find the classical solution vj[m, £, 7,] and
ay[m, €y, ] for the resonance fields in terms of the external sources and the Goldstone
fields, and then substitute it in the resonance action. In the LEC analysis in this article only
the terms (3.2) and (3.3) are relevant. Moreover, since we are interested in the Goldstone
interaction at long distances, we need the resonance field solutions in the low-energy limit.
Thus, the resonance action yields for vector and axial-vector mesons the EoM’s:

1 i :
Up = 2m2, <avvnvpf+pu + §bv"mrvp[“p7uu] - §(GVU" = bunre ) [ ps ]
Ne tNc
+ 2 Cynﬁuuoz,@{u f—?—éﬂ} + (con — dv")eu'f@ﬁuyuauﬁ ?
327 167
n 1 p 1 P ¢ P
ay = o2, apan VP f—pu + Zbanﬁ[[upyuu]au ] - iaAa”[fﬂmau ]
N¢
+ 6dn 2Ca"6uuaﬁ{u ffﬂ}) (37)

where terms O(p®/m%n.) (with the derivatives and external vector and axial-vector sources
counting as O(p)) and two or more resonance fields are neglected on the right-hand side of
the equations.

By substituting the classical field solutions (3.7) back into the resonance action from
egs. (3.1)—(3.3), one integrates out the one-resonance intermediate exchanges at the gen-
erating functional level and retrieves the corresponding O(p%) Goldstone operators from



the yPT Lagrangian. However, the obtained O(p®) Goldstone terms do not show up di-
rectly in the chiral basis of operators commonly used in xPT [5, 6, 46]. In order to express
our outcome in this form some care needs to be paid as the scalar/pseudoscalar source is
absent in our holographic model. First we expand our operators using the whole opera-
tor set in refs. [5, 6, 46] and then we eliminate the terms of those operators involving the
scalar /pseudoscalar source at the final step. In the even-parity sector we will see that in
the absence of scalar/pseudoscalar sources it is possible to further reduce the size of O(p®)
operator basis. Conversely, from the study in [47] we find that in the odd-parity sector
the O(p®) basis chosen in refs. [46, 47] in the case when there are no scalar/pseudoscalar
sources, is already minimal.

3.2 Even and odd sector sum rules

Now we discuss a series of sum rules which constrain the resonance couplings, some of
which will be needed in the calculation of the LECs. They can be obtained through the
5D equation of motion (2.8) and the completeness condition (2.10). Indeed, by means of
the expressions (3.4) for the resonance couplings, it is possible to introduce a double 5D
integral in the infinite summation of resonance couplings. Then, thanks to the completeness
condition (2.10), it is possible to eliminate the infinite resonance summation and one of the
5D integrals. We are left with a 5D integral of appropriate products of wave-function vy,
which can be in general related to the integrals that provide the O(p?) and O(p?) chiral
couplings [24, 25]. Only in a few cases we were left with two new 5D integrals, Y and Z
defined in (2.25). For the resonance couplings in the YM part we have:

oo oo
Z avvnm Z aAanm == fT2l" Z a%/vn - Z aian — _4L]_0 5 (3.8)
n=1 n=1

oo
Z aVv"bv"Wﬂqum = 2f7%7 Z aVv”bv"mr = 4L9 ’ (39)

n=1

4f2

Z b2 m2, = = Z b2n.. = 32L1, (3.10)

o9 00
Z  pqn DgnsmZe = 2f2, > ananbgugs =4Lg —32L1,  (3.11)

_ n=1

2
Zb s Moy = %, Zbanﬂg = (3.12)

with Z defined in eq. (2.25). The sum rules (3.8) are related to the VV-AA correlator [19].
The relations (3.9), (3.10), (3.11) and (3.12) stem from the 77 vector form factor (VFF) [24],
the mm-scattering [24], the m7m axial-vector form factor (AFF) and the 77m — 7mam scat-
tering respectively. The V'V — AA correlator, VFF and wmr-scattering sum rules have been
already studied within the holographic framework in previous works [24, 25, 48|. The others
involving the axial resonances are new. Especially we want to emphasize the two sum rules
in eq. (3.11). They are related to the AFF into wmm, which will be studied in section 4.
They can serve to improve the current phenomenological analyses on the mmm-AFF, which

~10 -



employ similar high-energy sum rule constraints |39, 40]. The fifth couple of sum rules (3.12)
would allow us to provide a more physical meaning to the constant Z. Indeed, in the case
when the summation is well defined one can use eq. (3.12) as an alternative definition of
Z, in parallel with L; in eq. (3.10). Notice that all the sum rules involving bynr and byn,3
can be reexpressed in terms of ¢,n and cqn through (3.5), and then are relevant for some
anomalous processes.

For the other sum rules involving the anomalous couplings, only those containing c,n —
dyn are independent due to the resonance coupling relations (3.5). They are found to be

0 00
Yy (e —— ) _ - Yo Gt Z ) (cv a— ) _ . (40Ly — 7), (3.13)
n=1 Myn 15f7T n=1 Myyn 6f71'
0 2 o0 2
Cyn — dyn 68 Con — dyn 1
Z(v 21} ) :315 5 ) Zw 4(16L1 Z+Y), (3.14)
n=1 Myn fﬂ' n=1 Myn f
00 00
2 ay/ yn C n — n 4
> ayun (e — d) = 2. vor(con —don) _ -7 (2L1 + L) . (3.15)
n=1 n

The first two sum rules are related to a set of diagrams in the vector form factor into
four pions, or mm — w7 scattering replacing cyn with bynyr. The second two appear, for
instance, in the scattering mmm — mmm, while the last two can be related to the vector form
factor into three pions.

These sum rules perform a summation over the infinite tower of resonances, and in prin-
ciple one may wonder how well the first terms of the series reproduce the full result. The
reason is that, in spite of the fact of having an infinite number of hadrons in the large-N¢
limit of QCD [49-51], in the majority of the hadronic analyses only the lightest states are
taken into account, introducing a “truncation” error. Many authors have investigated the
importance of the lightest resonances in the summation |13, 52-55|. Since the development
of the Weinberg sum rules [56, 57|, the relations (3.8)—(3.15) have been truncated at their
lowest orders and have been used to make predictions on hadronic phenomenology |[16].
Some authors have nonetheless argued about the relevance of the tail of the series and the
numerical (and also theoretical) impact of the higher terms of the series on the QCD ampli-
tudes at low and intermediate energies [13, 55|. For this reason, we consider that the study
of the saturation of the presented sum rules may be useful for most of the phenomenological
studies, which only include the lightest hadrons. Indeed, the first constraints (3.8)-(3.10)
have been previously obtained in the case of resonance Lagrangians from the analysis of the
high-energy behavior of the VV — AA correlator (F2 — F3 = f2) [16, 56, 57, the 7w VFF
(FyGy = f2) [16] and the wr-scattering (3 G3 = f2) [58, 59|, where the corresponding
couplings are related to those used in this paper through Fy = ay,m,, Fa = asq,ma, and
GV = bpmmp/z

In table 2 we check how well the sum rules (3.8)—(3.15) are saturated by the lightest
resonance multiplets of vectors and axial-vectors. The second sum rule in every line in
eqs. (3.8)—(3.15) is always much better saturated by the lightest meson than the first one,
as it contains an extra 1/ m%n suppression. One can see that, in general, the first term of the
series already provides a reasonable approximation. The only exception is the VV — AA
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Flat Cosh Hard-wall | Sakai-Sugimoto
N 2
| — Vo~ CAayMa; 9% | 300% | 350 % 840 %
En(avvngnvn _2aAanman)
P e V| 8 % 34 % A1 % 110 %
2 2
Z(G’VU" aAa")
n
avpbpmmz
1— 5 18 % 0 11 % 230 %
Enavvn bé)nﬂ—ﬂ—m,un
1— % 0.8 % 0 2% 6 %
n Yy
302
1— f’;—“ 0.7 % 0 0.7 % 2 %
>, :abgnmr
N -0.6 % 0 0.2 % 1%
v I
b
1 — tAadani ey 39 % 0 11 % -54 %
ZnaAanbgnﬂ3man
1— % 8 % 0 3.4 % 15 %
n a"Yagnrg
5b° 2
1 - DarMa 8 % 0 0.8 % 6 %
2 56% 7_r3777/
1- 5 %12”3 2 % 0 0.2 % 2%
—d
ool AT ; 2 % 0 1.5 % 1%
TLC’U" (C’U" — U")/m
1 Colep = dp) /m, 0.3 % 0 0.3 % 1.4 %
nCU"(CU" — 2vn)émvn
—d
(e dp)/m, 3% | 01% 3% 6 %
Un<CUn — Un) /m
G dy)” m, 06 % |-0.6% 0.6 % 2 %
(Cv" - v”) C/va"
1 avplep —dp) “30% |-20% 30 % -50 %
EnaVv" (Cv" - dvg)
—d
ol md)fmy | g 5 % 10 %
Znavvn (Cvn — dvn)/mvn

Table 2. Analysis of the saturation of the sum rules (3.8)—(3.15) by the first resonance multi-
plets p(770) and a1(1260). The denominators ¥, (...) represent the resummed expression for the
summations from n =1 up to oo provided in egs. (3.8)—(3.15).
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Weinberg sum rules in eq. (3.8), which is found to be badly convergent. Indeed, in the
asymptotically anti-de Sitter (AdS) models we are studying (“Cosh” [19] and hard-wall [24])
the resonance masses and couplings scale, respectively, as m2., m2. ~ n? and a%/,un, aian ~
n~1: the first WSR — first constraint in eq. (3.8) — is not convergent and, even though
the alternate series in the second sum rule in eq. (3.8) is convergent, it is not absolutely
convergent.! This kind of pathologies are softened in the case of soft-wall models with a
quadratic dilaton [60-62], as they recover the linear Regge trajectories m?2., m2, ~ n and

2 2 -1
Ayryny Tggn ~ 10 7

3.3 Odd-intrinsic parity LECs

Now we are ready to show the results for the O(p°%) LECs in the odd sector. After expressing
the outcome in the O(p%) basis of odd-parity operators provided in ref. [46], we obtain the

predictions:
N¢o N¢
Cly = = Toe 5% Cty = 515 (Svas = Syns = Sevv),
N¢ N¢
CIVZ = 19871 Toa.2 (SVﬂ.B - SWVV), C}/g = 1987 Toa2 (25‘/7‘.3 + SVﬂ‘3 - SWVV),
N¢o N¢
o = o 2(35*”0 28y s — Sapa),  ClY = 1o 2(GSW 4Sxyv — Sapa),
N¢ N¢
Cly = ~Toa 2(25V7r3 + Sra4), Cyy = Sr6 Q(GSVWS 48y — Sxan),
N¢ N¢
= 956 2(25\/7& — Sraa), cyy = M?Swvv,
Ne
_ 1
Co3 = {95,244, (3.16)
with the summations over resonances,
2. ayync 2\ aagnc
V n n n n
Sy =3 e Sean = Y M,
n=1 v n=1 a™
o o
a n ~ C nb n
SV7r3 :Z%(Cv”_dv”)a SV7r3 :Z%a
n=1 V" n=1 vn
g .= > by _ s canbanﬂ_g
ws = Z 2 (C'U" - dv") ) SA7r4 - Z o (317)
n=1 My n=1 Megn

which one may find in the sum rules (3.8)—(3.15) with the help of the resonance coupling
relations (3.5). Hence, all the odd intrinsic-parity LECs can be expressed through L;, Lg

The convergence behavior is slightly better in the case of flat metric [19] and worse in the Sakai-
Sugimoto model [23, 25]. In the flat model [19] one has the high-energy behavior Ilyv,IIaa ~ 1/Q and
aYyn,a%an ~ n~ 2 for large n. On the other hand, in the Sakai-Sugimoto case [23, 25] one has Iy v, ITaa ~ Q
and a}yn,a%,n ~ n°. In all the holographic theories considered here [19, 23-25] the resonance masses behave
like m2., m2n ~ n? for high n. The dependence of the masses and couplings on the excitation number n in
the different models can be found in appendix. A.
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and the constant Z (defined in (2.25)):

cly = 3852#(40L1 Z) (3.18)
o = ggjrvfp(“l — Ly) (3.19)
ol = 5 4N2 72 (8Ly — Ly) (3.20)
oY = 192\;%2 (52L; — Lg) (3.21)
Clf = 3851\7 772 5(104Ly — 8Ly — 7Z) (3.22)
ClY = 3851\7 32 (72Ly — 6Lg — Z) (3.23)
Cly = 96]7\:2Cf2(4Ll — 3Ly) (3.24)
oy = 192\7 72 (80Ly — 7Lg) (3.25)
oy = 19;\72]02(12& + Ly) (3.26)
Cyy = 32]7\:%7% Ly (3.27)
CyY = 96]7\1_]26}7%([/9 —8Ly). (3.28)

The 1/N¢ subleading coupling C’FS/ and those related to operators with scalar/pseudoscalar
sources do not appear. This set of equations provides a relation between the even and odd-
parity sectors of QCD Actually, taking into account that L9 = —Ljg [24, 25|, we recover
the result C’gg = —5. 2f2
Son-Yamamoto relation [37].

L1g previously derived through the low-energy expansion of the

We provide in table 3 the numerical results for the four holographic models mentioned
before. Among them, the “Cosh” model accommodates better the low-energy inputs and
the required gauge coupling value g5 needed to recover the right coefficient for the pQCD
log of the two-points correlators [19]. Thus we take this as our preferred set of estimates.
Nonetheless, it is worthy to remark that the LEC predictions from the various models
considered here are relatively stable, with variations between one and another of the order
of ~1-1073GeV~2, similar to the renormalization x scale dependence of the O(p%) LECs
in yPT [46]. In cases like C’}/g , C’g or Cg‘f the shift is pretty small, while for others like
Cly, C1% or C3 one sees larger oscillations depending on the models at hand.

Along the years, many analyses have been devoted to the study of QCD amplitudes
under the minimal hadronical approximation [52-54|, where one considers just the lightest
multiplets of resonances entering in the problem at hand. A recent study of the low-energy
contributions from a general odd-intrinsic resonance Lagrangian with only the lightest me-

— 14 —



Flat “Cosh” Hard-wall Sakai-Sugimoto
cly -2.1 -2.1 -2.1 -2.1
cl¥ —6.5 —8.8 -9.9 —11.9
cly —0.6 -1.3 —-1.7 -2.3
cy 4.5 4.4 4.2 4.0
Ccl¥ 0.9 —0.2 —0.8 ~-1.6
cly 0.6 -0.1 —0.5 ~-1.1
Cly —5.6 ~7.0 —-7.7 —8.8
cy 1.1 —0.4 -1.3 -2.3
cy 2.4 2.6 2.7 2.9
cy 6.5 7.9 8.6 9.7
c¥ 0.4 0.9 1.1 1.5

Table 3. Numerical results for the O(p®) low energy constants in the odd sector from different
holographic models. The O(p%) LECs are in units of 1073 GeV 2.

“Cosh” DSE xPT CcQM Res. Lagr. VMD
[18] 18]
ol | —21 | —5.13%532 —4.3+0.3 [63]
o | —88 | —6.3710:% | —70+£60 [8] | 14+15 —20.0 [8]
~10+70 [8] | —7+20
o | —1.3 | —2.000095 | 30+11[8] | 10£8 —6.0 [8]
1£15[8] | —1+£10
ol 4.4 | 417032 | —25+24 8] | 2047 2.0 [8]
~3+29[8] | 9+10
o | —0.2 | 35801
o | —01 | 1.98709%
ol | =70 | 029700
oW | —0.4 | 1.837005
cW | 26 | 248097
(0}14 7.9 5011037 | 6.5+0.8(8] |3.9+04 8.0 [64] 8.0 [65-67]
5140.7 [§] 6.5 [68]
5.4+0.8 [69] 8.1+0.8 [70]
7.07170 [71]

c¥ |09 | 274100

Table 4. Numerical results for the odd-intrinsic parity O(p®) low energy constants within the
“Cosh” model compared to alternative determinations in other frameworks: Dyson-Schwinger Equa-
tion (DSE) [18], xPT [8, 69], Constituent Chiral Quark Model (CQM) [8], Hidden Local Symme-
try [63], Resonance Chiral Theory [64, 68, 71], rational approximations [70] and Vector Meson
Dominance (VMD) [8, 65-67]. The O(p®) LECs are given in units of 1072 GeV 2.
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son multiplets has led to the relation [64]
Fy
2Gy

One can verify that this is a direct consequence of our results (3.16) when keeping only

ol — Fy(Cly —of) = Gy Ol . (3.29)

the lightest resonance multiplets in the sums (3.17) involved. Since all the sums are well
saturated by the lowest multiplets, as shown in the previous subsection, this relation should
be reasonably satisfied with the exact values of the couplings. We have checked that this
relation is pretty well fulfilled for various holographic models, with deviations that vary
from 1% in the flat background to 11% in the Sakai-Sugimoto model.

One can also compare our predictions with previous phenomenological determinations
in various frameworks. The full set of O(p®) LECs was computed in ref. [18] by means of the
DSE. Other approaches are based on the analysis of experimental decays and anomalous
processes directly through xPT [8, 69], although in general the determinations are not very
precise except for C3%. Alternatively, several authors have estimated LECs by considering
just the lightest multiplet of resonances in the effective Lagrangian [63, 64, 68|, rational
approximations [70] and the assumption of vector meson dominance (VMD) [8, 65-67].
All these results are compared in table 4. There are some couplings (Cfg e s C’gg )
that, except for the DSE computation [18], are completely unknown, so that the present
work may help further explorations of anomalous QCD amplitudes. One has to take into
account that variations of the renormalization scale y induce shifts in the physical O(p®)
chiral couplings in the form [46]

acy
LR (3.30)
dlnp 327

with ’37277’; ‘ ~ 1-1073GeV~2 [46]. Hence, no comparison to a large-N¢ estimate can claim

an absolute precision beyond that. In most cases, we find a reasonable agreement with the
few previous determinations. Some LECs like C¥5V and C’glv agree extremely well with the
DSE determinations. Conversely, the predictions for other couplings like C’{/g seem to be
far more spread. In any case, with the exception of C35 which is relatively well know from
the 7% — 4* decay, the remaining estimates carry large uncertainties, if known at all, so
our results are expected to be of help for the development of the study of the anomalous
sector of QCD.

3.4 Even-intrinsic parity LECs

For the even-parity sector we proceed in a similar way. Our results for the constants in the
three-flavor notation are listed in table 5.
Here the chiral couplings are given in terms of the summations over resonance ex-

changes,
0o 9 oo 0o ;9
S _ Ayryn S . ayynbynr g, = b,Unﬂ.ﬂ.
Vv = 2 Vrr = P) ) 4 = 2
nel 0" =1 Tr n=1 Mon
a aAqnb 3 b
Aa™ AanOgnp n.3
San=D %, Sum=) S, Se=) ST (3.31)
n=1 a" n=1 a" n=1 an
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1 1
Ch —154x3 + 33574
1
Cs ESAW3
3 1
Cy — 1654 + 3550
1 1 1
Ciyo 15473 — 33571 — 35576 .
N N 17NZ
Cio gSAwg — @»9#1 — 3257r6 + m
1 1 17NZ
Cua —394r2 + 1655 + 5500 — Tgmonizz
1 17NZ
Cus — 85473 ~ Sosa0n172
1 1 17N
Cur 154n3 — 1597 + Toza0.172
1 1 NG
048 E‘S(ATI’3 - 325774 + W
2
1
Cso ZSAﬂﬁ + gSwa + W
3 1 1
Cs1 §54r3 — 169 + §5Var
C IS Ng‘
- —§Vrr — W
3 16O AA igPVrm 16 Vv 30727r4f2
NZ
Chs — 15544 + 165Vrn + 155vv + W
N NZ,
Cs —§544 = §Svar + §SVV — sl
Csr —§SAA+ZSV71‘7T+ gSVV
1 1 1 NG
Chso 1544 — 165Var — 75vv — m
1
C66 165A7r3 + 325 - TGSer
3 1
Ceo TGSAW:)’ — @SWAL + ESV”W
C —L1Saa+ 384,38 — 554 — =8 +lS +N7%
70 §PAA T gPAx3 T 33974 T 1PV VV T 46080712
1 3 1 NG
Cry 2844 — 2Sums + 2= Svar — va+m
1 1 1 1 NG
Cosg §544 — 55453 + §5Var — §5VV — gmmmpete
1 3 5 1 1
Cry gSAA + gSAw3 - TGSTF4 — §SV7”r _ gSVV
1 1 1 1 N
Cre —§SAA + 35458 + g5n4 + ESVV - m
1 1 1
o _ZSAA + ESV”” + ZSVV
1 1 1
o —gSAA - ESV”” + gSVV
Car —1S44+ 3Svv
1
088 _§SV7r7r
1 3 1
Cso _ZSAA + gSer + ZSVV
Coo Svv
1
Cos —15vv

Table 5. Holographic predictions for the O(p®) LECs in the even sector.
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With the help of the decomposition (2.18) of the Green function, we can write these sums
in the form

+20 +zo 0 2, 4
Svv —/ dz/ (z’

)

+z0 +ZO () z,2')(1 — o(2)?)

Svan = / / (2)92 Z/) 7
+Zo (1

RIS
R~
S = /: & /:0 dz/G(O,%Z’)wo(z)(lg—ZzﬁZo;zQ)<2Z/1)bo(z’)(1—wo(Z’)Q)_ (3.32)

They can be calculated through the expression (2.22) once v is known. In deriving the
low energy constants in table 5 we have also used the sum rules (3.13) and (3.14), which
allow us to express all the contributions from the odd intrinsic parity resonance sector in
terms of just fr. These odd-sector terms were not considered in previous RxT estimates of
the O(p%) chiral couplings [72, 73].

In table 5 we find contributions for all the even-sector yPT operators at O(p®) which
do not contain scalar/pseudoscalar sources except for a few of them:

0 = Cy=Cn =Cy3=0Cy5 =Cy9 =Cs4 = Csg
= Ce0 = Co7r = Cgs = Cr1 = Crp5 = Cr7. (3.33)
They correspond to multi-trace operators and are suppressed by 1/N¢o. In addition, we
obtain Cyy = 0, which we want to discuss here in more details. If scalar-pseudoscalar
sources y are not included in yPT (x = 0), the basis of O(p%) even operators can be further
simplified beyond the trivial simplifications Os 39 = Os1,..65 = Oso,...86 = O91,94 = 0. In

the usual yPT computation with scalar-pseudoscalar sources we have the SU(3) operator
relation [5, 6]

1 1 1
— (frwtu]) = {050 + Os51 — Os2 — 5053 + 5055 — Os6 + 2057 — 5059
1(9 + 10 + O 1(9 + 1(9 1(9 @) @)
5010 + 50n 73— 5016 + 5013 — 5O1 88 90

1 1
+ [2(963 + Ogs + 10104 , (3.34)

with x* = VAx_ — {x4,u"} [5, 6]. The operators in the second bracket on the right-hand
side of (3.34) contain the tensor x and, hence, in the absence of scalar-pseudoscalar sources
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the basis of O(p®) operators can be simplified through the relation
1 1 1
0= 050 + 051 - 052 - 5053 + 5055 - 056 + 2057 — 5059
1 1 1 1 1
_5070 + 5(972 + O73 — 5076 + 5078 — 5079 — Oggs — Ogg | . (3.35)

Therefore, when one describes QCD matrix elements in the chiral limit without scalar-
pseudoscalar sources — as we do in the present article — the number of independent
operators is actually smaller than that one would naively assume. Thus, for instance,
if one removes the operator Ogg from the minimal basis, we find that the only physical
combinations of O(p®) couplings one may determine in the y = 0 case are

1 1

Cs0+ Coo,  Cs1+ Cop, Cs2 — Cyo Cs3 — 5090 . Css+ 5090 ,
1 1 1

Cs6 — Coo,  Cs7+2Cy, Cs9 — 5090 , Cro—zCy, Cra+ 5090 ;

2
1 1 1
Cr3+Coo, Cre— 5090 , Crs + 5090 , Cr9— 5090 ,  Cgg— Cyo, (3.36)

and the remaining couplings not listed in (3.34). We want to remark that our analysis of
the O(p%) operators in the absence of scalar-pseudoscalar sources is not exhaustive, and
more relations might be found, allowing a further reduction of the O(p®) basis.

There are combinations of couplings where the sums over the resonances can be elimi-
nated. In particular, in the comparison with the phenomenology there are a few relations
of interest:

3C3 + Cy = C1 +4C3,
2078 —4Cs7 + Cgg = 0,

N2
2059 = ———
8C53 + 8C55 + Usg + Cs7 + 2059 25612
N2
C C 2059 = ———C
56 + Cs7 + 2059 768712
8C53 — 8C55 + Cs6 + Cs7 — 2C59 4 4C78 4+ 8Cg7 — 4Cgg = 0,
Cs6 +Cs7 —2C59 —4C78 = 0. (3.37)

The first relation is connected to the w7 scattering, and the combination of LECs in the
second line yields the contribution to the axial-vector form factor to 7y, G 4(Q?), at O(p®)
in the chiral limit [6]. Actually, this form factor vanishes identically in this class of models,
GA(Q?) = 0 [24]. This is one example of those universal relations of amplitudes in these
models, which will be studied further in the next section. The relation is not in serious
conflict with experiments since the branching ratio of the relevant decay 7+ — [Tvy is
suppressed by more than two orders of magnitude with respect to the dominant decay
channel 7+ — ptv. At O(p?), it leads to the identity Lo+ Lip = 0 shown before. From the
view of resonance exchanges, one finds that all the decay amplitudes a™ — 7y vanish [24,

25]. These decay amplitudes receive contributions from the (f{"[u,,a}}]) and (f*'V ,a})
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terms in the resonance Lagrangian (3.3), which have the same coupling and cancel exactly
with each other [24]. Actually, in the original hidden local symmetry model with the
lightest resonance multiplets [74], no a; — 7y decay occurs. Moreover, in the holographic
framework where a scalar field dual to the quark condensate is introduced, these amplitudes
also vanish [27]. Experimentally the partial width if a; — 7y is very small compared to
the total width, so it is supposed to be induced by some higher derivative terms or 1/N¢
suppressed terms [19, 24, 25, 27].

The other relations are connected to the photon-photon collision. For the vy — 7979

process, the following quantities are introduced [75]:

ay’ = 2567 f2 (8Cs3 + 8Cs5 + Css + Cs7 + 2C59)
b0 = —1287* f2 (Cs + Cs7 + 2Ch0) . (3.38)

For vy — 77~ a similar set of quantities are defined [76]:

ag” = 2561 f2 (8C53 — 8Cs5 + Cs6 + COs7 — 2059 + 4Crs + 8Cs7 — 4C5sg)
pt— = —1287% f,% (Cs6 + Cs57 — 2C59 — 4C3) . (3.39)

We have assumed the large-N¢o limit to express the SU(2) definitions of the low-energy
parameters a5t~ and %0+~ [75, 76] in terms of SU(3) chiral couplings. Taking into
account these definitions, our relations simply predict:

N2
ad’ = N, 5002?0,
aj” =0, bt— =0. (3.40)

A simple explanation can be found for these results. From the previous discussion we
know that there is no a7y interaction. One can also check that the vy interaction
vanishes due to the special group structure from the (f4”V,07) term. As a result, the only
contribution to vy — 7’7" at O(p®) comes from the vector resonance exchanges in the
crossed channels with two odd vertices, which turns out to be universal, i.e., independent
of the 5D background. For vy — 77~ even this kind of diagram does not exist, so that
a;* and b™~ vanish. It will be interesting to calculate the corresponding amplitudes, to
see if these properties remain. More relations among the other constants seem to hold, and
this requires further investigation.

In table 6 we list the numerical results in different models, and isolate the odd-sector
contributions, which are not negligible for some LECs and are sometimes even dominant.
The different models provide similar results, up to a variation of the order of +1-1073 GeV 2.
One must be aware that when we perform a tree-level estimate of the renormalized chiral
couplings we cannot specify at what renormalization scale u they correspond, and a devia-
tion of that order of magnitude might occur as one has the running [5, 6]

dCy 1 (1) | () ]
= orM) 4 , 3.41
dln pi? 3272 [ k e ( )
with | g5 [QFS) +1iH (u)” ~1-1073GeV=2 [5, 6.
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Odd contrib. flat “Cosh” Hard-wall | Sakai-Sugimoto
@ — 0.5 —0.3 —0.9 -1.9
Cs — 0.1 0.3 0.4 0.7
C, — 0.6 0 -0.5 -1.2
Cio — —0.5 0.2 0.8 1.8
o 2.6 1.9 2.2 2.5 3.0
Cu —5.2 —4.1 —-5.5 —6.6 —8.7
Cig —2.6 -2.8 —3.2 -35 —4.0
Cur 5.2 5.5 6.2 6.8 7.8
Cis 6.4 5.6 5.8 5.9 6.2
Cs0 + Coo 12.7 17.4 19.1 20.2 22.2
Cs1 + Cyo — 3.1 5.2 6.7 9.2
Csz — Coo —6.4 —10.6 —~11.6 —12.1 —~13.1
Cs3 — 3Coo 4.0 —5.6 —8.8 —10.5 ~13.4
Cs5 + 3Coo 4.0 13.5 16.7 18.4 21.3
Cs6 — Coo —~7.9 2.6 7.1 9.5 13.3
Cs7 + 2Cq0 — 13.4 17.2 19.2 22.8
Cs9 — 3Coo —4.0 —16.0 —20.1 —22.3 —26.0
o — 0.4 -0.3 —0.7 ~1.5
Céo — —0.4 0.3 0.7 1.5
Cro — 2Coo 0.3 2.8 5.3 6.9 9.6
Cr2 + 5Co0 0.3 —2.9 —4.7 ~5.9 ~7.8
C73 + Cyo -0.5 -2.0 -4.4 -6.0 -8.7
Cra — —17.1 —19.0 —~19.5 —20.4
Cr6 — 3Coo -0.3 8.5 11.1 12.7 15.3
Crs + 3Coo — 12.0 16.1 18.3 22.0
Cr9 — 3Coo — 2.8 4.1 4.8 6.0
Csr — 4.9 6.8 7.7 9.3
Css — Cop — —4.2 —5.2 —5.8 —6.7
Cso — 22.6 29.2 32.7 38.8
Coo — 42.4 68.8 87.3 171.0
Cos — —10.6 —17.2 —21.8 —42.8

Table 6. Numerical results for the O(p%) low-energy constants of the even sector from different
holographic models. All the results are in units of 1073 GeV 2. In the second column we provide
the contribution from the odd-parity resonance sector.

In tables 7, 8 and 9 we compare our results from the “Cosh” model with the outcomes
from other frameworks. In general, the different works constrain particular combinations of
LECs through the analysis of various matrix elements. Some determinations consider the
O(p®) determination of the amplitudes and extract the couplings directly from the experi-
mental data: 77 and 7K scattering [11, 77|, 7w VFF [78] an the VV — AA correlator [9, 10].
Many authors were able to compute these LECs through rational approximants [12, 14],
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“Cosh” DSE O(p®) xPT Reson. Lagr.
[17] & Rational App.
(—4C + 80 2.6 | 6297075 | 10.1£2.6 [77] 7.2 [77]
+5C3 + 7Cy) 5.9 4+ 3.3 [59, 85]
7.3 (6, 84]
(3C5 + Cy) 0.9 2.957015 2.6+ 0.3 [77] 2.0 [77]
0.99 +0.25 [11] 1.00 [11]
2.10+0.25 [11] | 1.7 £0.3 [59, 85]
2.35+0.23 [11] 2.0 [84]
(C1 +4C3) 0.9 | 3597043 | 2.07+0.49 [11] 0.72 [11]
2.81 +0.49 [11]
Cy 0 0.001983 | —0.92+0.49 [11] —0.05 [11]
—0.74 £ 0.49 [11]
(C1 + 205 + 4C3) 0.9 3.59103% | 0.23+1.08 [11] 0.62 [11]
1.34 4 1.08 [11]
mm, 7K scattering 1.88 £0.72 [11]
(Cgs — Cyo) 5.2 | 791032 | —7.3£05(78] | —6.14£0.5[87]
-8.6 16, 78
-5.2 [82]
-6.9 [81]
-6.5 [81]
-8.6 [81]
v — 7w form factor —6.2+ 0.6 [14]
(2078 —4Cs7 + ng) 0 —073;8%; 2.5 [82]
3.6 [6, 88]
2.3+8.4 [69]
0.8 [81]
1.8 [81]
7w, K — fvy form factor 3.2 [8]]

Table 7. Comparison of our results from the the “Cosh” model for some particular combinations of
the O(p®) LECs in the even sector, with those from other approaches. All the results are in units of
1073 GeV 2. The YPT and resonance determinations [6, 59, 77, 84, 85| of (—4C 4+8Cy+5C5+7C,)
stem from the SU(2) combination of couplings 75 under the assumption that the loop correction —
1/N¢ suppressed — is neglected in the relation between SU(3) and SU(2) couplings at large No. A
similar argument applies for the determinations [59, 77, 84, 85] for (3C3 + Cy), which derives from
the SU(2) parameter 7.

large- N¢ resonance estimates [6, 11, 16, 59, 69, 72, 73, 75-77, 79-85] and resonance determi-
nations at NLO in the 1/N¢ expansion [86, 87]. For the study [82] of the VAP, the VV —AA,
the SS — PP Green’s functions and the scalar and vector form factors in RxT, we have
used the inputs m, = 0.776 GeV, m,, = 1.26 GeV, m, = 1.3 GeV. Conversely, the analysis
through the Dyson-Schwinger equation [17] is able to determine all the LECs (table 9).
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“Cosh” DSE O(p%) xPT Reson. Lagr.
[17] & Rational App.
(8Cs3 + 8Cs 47.7 20.7703 69 4 19 [75, 80|
+Cs6 4+ Cs7 4 2C359)
(Cs6 + Cs7 + 2C59) -15.9 | —17.77%6 —32+ 11 [75, 80]
(8Cs3 — 8C55 + Csg 0 | 5527040 3.7 [76]
+C57 — 2C59 + 4C7s
+8087 — 4088)
(Cs6 + Cs7 0 2.2015:20 -4.2 [76]
—2059 — 4078)
vy — ww scattering
Cs7 6.8 757080 14.940219,10] | 4.8+1.3[69]
4.0 [82]
7.6 |79
5.3 [81]
6.2 [81]
8.6 [81]
4.1+ 1.5 [86]
VV — AA correlator 5.7+£0.5 [12]
<078 + 5090) 16.1 18.7310-83 11.8 [82]
14.4 [81]
16.6 [81]
23.1 [81]
Csg 29.2 34.74138 19.6 [82]
26.0 [81]
30.3 [81]
42.5 [81]
Co3 -17.2 -8.4 [16, 72, 73]
17 [79]

Table 8. Comparison of our results from the the “Cosh” model for some particular combinations
of the O(p®) LECs in the even sector, with those from other approaches. All the results are in
units of 1073 GeV 2. The vy — 7 determinations [75, 76, 80], based on resonance estimates, were
extracted from the SU(2) parameters af and b" under the assumption that the (1/N¢ suppressed)
loop corrections are neglected in the relation between SU(2) and SU(3) couplings at large N¢.

In tables 7 and 8 we show the results for particular combinations of the LECs that con-
tribute directly to some processes. Here, some of these estimates have been extracted from
SU(2) analyses [6, 59, 75-77, 80, 84, 85| under the assumption that the 1/N¢-suppressed
loop corrections are neglected in the relation between the SU(3) and SU(2) LECs at large
N¢. One can see that some of the couplings (Cgg — Cyg, 2C7s —4Cg7 4 Csg, Cs7, Crg+ %090,
Csg, Co3) are in relatively fair agreement. These are related with amplitudes with a small
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“Closh” DSE [17]
Ch -0.3 3.797019
O3 0.3 —0.057001
Cy 0 3.11092
Cio 0.2 —6.35. 035
Cyz 2.2 0.6015:00
C4 -5.5 6.3275-20
Cie -3.2 —0.6070°04
Cyr 6.2 0.087003
Cas 5.8 3.4115:08
Cso0 + Coyo 19.1 11.151_8:@8
Cs1 + Cyo 5.2 —9.05. 037
Cs59 — Cog -11.6 —7.48_7_8:4212
Cs3 — %090 -8.8 *13.211(1):?8
Cs5 + 2Co 16.7 18.017%4¢
Cs6 — Coo 7.1 16.9079-99
Cs7 + 2Cy 17.2 12.8070:58
Cs9 — %Cgo —20.1 *23.711%:8(23
Cos -0.3 L7008
Cso 0.3 —0.860°06
C70 — %Cgo 5.3 0511_8%%
Cqro + %Cgo -4.7 —2.0818:%
Cr3 + Cog 4.4 2.94 7505
Cry -19.0 —5.07 05
Cr6 — 3Coo 11.1 —2.660 08
Crs + %Cgo 16.1 1873j(1)§g
Cqrg — %090 4.1 —1.78;8&%
Cs7 6.8 76706
Css — Cop -5.2 —7.91;8:%?
Cso 29.2 34.715°8
Coo 68.8
Cos -17.2

Table 9. Comparison of our results for O(p®) LECs of the even sector from the “Cosh” model and
those from DSE [17]. The chiral couplings are in units of 1073 GeV 2.

number of external legs, which might be dominated by the lightest vector and axial-vector
mesons. For those related to the 7m — 77 and vy — 77 scattering, the agreement is a little
worse, but still reasonable taking into account possible sub-leading differences between the
physical and the large- N¢ values of the chiral couplings.

In table 9 we compare our results for individual LECs from the “Cosh” model to those
from the DSE approach [17]. For most couplings one finds a reasonable agreement, although
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for a few others there are larger deviations. In some cases, the discrepancy can be attributed
to the odd-odd contributions mentioned before. Adding these contributions to the results
from the DSE approach, many couplings, e.g., Cyo, Cyg, Cy7, Cs2, C53 and Csg, agree much
better with ours. Some of the others are pushed towards our results, like Cyqy and Csg.
Still, there are large differences for a few couplings, the most serious ones being Cs1, Cvy
and Crg.

There are other possible contributions that may be responsible of the deviations. First,
one should keep in mind that the present models include only the spin-1 resonance con-
tributions, and that scalar mesons may play an important role in scattering processes.
Second, our effective holographic action in principle could also accommodate operators of
even higher dimension, e.g., of the type (Fyn)?, that would modify the LECs related to
processes with a larger number of external legs. These higher dimensional terms can appear
from the low energy expansion of the Dirac-Born-Infeld (DBI) action [89, 90], and are com-
panied by factors of o/. Since the o’ expansion on the string side corresponds to the large
A expansion on the gauge theory side [91|, the contributions from these operators will be
suppressed when the 't Hooft coupling A is very large. However, they could give corrections
when this constraint is relaxed.

4 Relations between odd and even amplitudes

4.1 Green’s function relation: the LR versus the VVA correlator

The relations between the anomalous O(p®) constants and the O(p*) constants in the even
sector indicate possible relations between correlation functions or form factors in this class
of models. One example is the Son-Yamamoto relation between the transverse triangle
structure function wr(Q?) and the left-right correlator [29]. Explicitly, wr(Q?) is defined
as the transverse part of the correlation function of the vector current and the axial current
in a weak electromagnetic background field F,w:
2

. ; . .5b Q b 1 1 7

2/d4x em@l‘j(w)jg 0)p = Wda Py [Pf wr(¢®) + PPlwi (¢?) €apopF?,  (4.1)
where Q% = —¢?, a and b are flavor indices and d®® = (1/2)tr(Q{t%, t*}) with Q being the
electric charge matrix, and Pﬁu =5 —quq®/ ¢ and Py - quq®/ ¢? are the transverse and
longitudinal projection tensors.

With the bulk-to-boundary propagators introduced before, wr, IIyy and 114 can be
expressed in the holographic models as

wr(Q?) = gg/_zo dzA(Q, 2)0.V(Q, 2) (4.2)
Ty (Q?) = C;f?(z)V(Q,z)azwczz>|z:zg (4.3)
TA(Q?) = (D;QfZ(z)A(Q7Z)9zA(Q,2)|§fiﬁ- (4.4)
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Taking into account that V(Q,z) and A(Q, z) are two independent solutions of eq. (2.8)
with different boundary conditions, one obtains the relation [29]

Nc  Nc
wr(Q?) = 3 + —7 Mv(Q%) — Ma(@Q?)]. (4.5)

Q*  fz
Taking the Q% — 0 limit on both sides, one gets the relation between Cay and Lo consistent
with our result (3.27). Recent studies concerning the inclusion of the power corrections to

the relation can be found in refs. [31, 32, 34-36].

0

4.2 Form factor relation: v* — 7w versus 7 — yv*

Now let us study more the relation (3.27) between C3y and Lg. Since C3} is also related
to the anomalous my*y* form factor [92] and Lg to the vector form factor of the pion [4], it
is natural to ask if there is some relation between these two form factors. Actually, it has
been pointed out that in two specific models they are equal up to normalization [41, 42|.

We show that the relation is universal in the class of models considered here. The vector
form factor Fi(Q?) is defined as

(T ()M 0) |7t (p2)) = Fr(Q%)(p1 + p2)u (4.6)

with jEM = ¢7,9q the electromagnetic current (Q the charge operator), and Q? = —(ps —
p1)?. Holographically, it has been derived in ref. [24] (see also [41]), and in our notation is

given by
Fr(Q?) : /zo V(@)1 - )
T =1-—= ,2)(1— z
212 ) 9(2) °
1 [
al FV(Q, 2)vp(2)?dz. (4.7)
s —Z0
The anomalous 7y*y* form factor is defined by
[t e bl () T ) 10 (4.
= Guyaﬂ(h aq23 Jr—y*'y*ﬂo (Q%a Q%) )
where ¢1, g2 are the momenta of photons, and qu = _Q%Q' For real photons
N¢
‘F’y*’y*T(O (0, 0) — W (49)

reproduces the anomaly in QCD. From the holographic approach, the form factor was
derived in ref. [41] in the hard wall, and the expression for a general background is

N, 20
Fooren(Q2,Q3) = 2475 . V(Q1, 2)V(Qq, 2)h(2)dz. (4.10)

Taking the limit Q2 = Q3 = 0 one recovers the value in eq. (4.9). As shown in ref. [41], this
confirms the choice of the coefficient of the CS term in the action. Employing the equation
of motion for ¥y(z), one finds

N,
fv*v*W(sz 0) = <

2
= Baif F(Q2). (4.11)
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Taking the slope at Q2 = 0 on both sides, one obtains the relation between ng and Lg in
eq. (3.27).

In the previous section we have shown that the results for the LECs do not sensibly
depend on the details of the different models. However, for the form factors, the results
from different models can differ from each other, especially in the high momentum region.
Depending on the asymptotic metric in the UV, the form factor exhibits different power
behavior when Q? — co. For F«\sx(Q?,0), the explicit high-energy power structure in
different models is analyzed in ref. [93|. In figure 2 and figure 3 we show the numerical
results of both the form factors in the relation (4.11) for the four different models, together
with the available experimental data.? From the figures one clearly finds the different power
behavior of each model. To reproduce the observed 1/Q? behavior for the form factors, the
models need to be asymptotically AdS in the UV, and this is the case of the “Cosh” and
hard wall models. In such models, one can simplify the metric functions in the UV region
by using the Poincaré coordinates

f2(u) = 1/¢*(u) ~ 1/g3u, u— 0. (4.12)

Following the procedure in ref. [103], one finds the large-Q? behavior of the form factors [41]
f7292 NCg2f7r

]:W(QQ) - Q257 fv*v*w(Q27O) — T;QZ (4.13)

The relation (4.11) between the two form factors dictates that the leading-power coefficients
are proportional to each other. However, new experimental data for the vector form factor
in the large momentum region are needed to confirm this. It is worth mentioning that,
if the 5D coupling g5 is fixed through the comparison with the perturbative logarithmic
term of the vector correlator, g2 = 2472 /N¢ [19], then the above asymptotic behavior of
Fryeyer(Q2,0) is the same as the perturbative result [104-106]. With this, the vector form
factor has the high energy behavior Q2F,(Q?) — 872 f2 [41].

4.3 Form factor relation: A — 7w versus m — AA

One may speculate whether there is a similar relation between the form factors involving
the axial-vector source, based on eq. (3.28). In addition to the one-resonance terms (3.2)
and (3.3), we need the operators with two resonance fields:

Svu| = icunnn [a% (V0 = V) [0 )+ (V= V) [0 )
2—res.
No uvaf 4 n m
Scs ) = g2 Caram € d*x (uufay, Vead}) + ... (4.14)

where the dots stand for operators which are not relevant for the calculation of the 7 — AA
and A — wrm form factors. The resonance couplings are given by the 5D integrals

Camyng = /Z_Ozodz 9212’) w()(z) ¢2m(z)¢2n—l(z) )

Cara = / " 2 0(2) on(2) Won(2) (4.15)

—20

A detailed calculation of the resonance couplings from the CS term can be found in ref. [112].

For a review and references of the my*y* form factor, please see ref. [94-102].
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Figure 2. Vector form factor F,(Q?) from the flat, “Cosh”, hard wall and Sakai-Sugimoto models,
denoted by the dotted, solid, dashed and dash-dotted lines, respectively. The experimental data
are from ref. [107] (diamonds) and ref. [108] (triangles).

4.3.1 0Odd-sector form factor: = — AA

In parallel with the pion-photon transition form factor, we can relate C3% to the form factor

involving two axial-vector sources:
| < m @I @i ot > e ats

i NG
- 24m2f,

Dabc €uvaf qtllqg fﬂAA(Q%)Q%)? (416)

with p = q1 + ¢o, % = —q%, Q% = —q%. Here we are considering the axial current
gt = qyuyst®q with t@ the generator in U(Ny), D¢ = 2T ({t®, t°}t¢) is the corresponding
fully symmetric tensor. At low-energies, this form factor is given in yPT by the expression
19272

TR @) + oY, (4.17)
C

‘FT('AA(Q%’Q%) =1+

where higher order corrections are in the O(E*) term. Computing the local diagrams from
the WZW term and the one and two axial-vector resonance exchanges one gets:

A B
IWAA(Q%’Q%) =1- |: +
D R A R

n

i Z 3CanamaAa”Q% aAang (4 18)
(M2 + Q%) (m2m + Q2)

m,n
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Figure 3. Anomalous my*y* form factor from the flat, “Cosh”, hard wall and Sakai-Sugimoto
models, with the same notation as in figure 2. The experimental data are from CLEO [109] (tri-
angles), BABAR [110] (squares) and BELLE collaboration [111] (diamonds).

where cgngm = —%Eanam — %Eaman. If one sets to zero the squared momentum of one of the

axial-vector sources, the m — AA form factor becomes

3(1Aancan Q2
2 m2. +Q*

Fran(@,0)=1->" (4.19)

n

In the holographic approach, following the same procedure as the wy*y* form factor,
we can express this form factor through the bulk-to-boundary propagator A(Q, z)

_3

‘FFAA(Q%Q%) 2

/ " A(Qu, 2)A(Qa, ) (2)d. (4.20)

—2
4.3.2 Even-sector form factor: A — wnm

In the YM part, in parallel with the vector form factor, we can define the form factor
involving an axial-vector source and three pions

<7 ()7 (p2) 7 (pa)l 75710 >
= [t PR (@) FU(@Q, 5, 1) (1 — pa)y + Fa(Q7, 5,8) (p2 — p3)u] + (a 4 ¢),(4.21)

1
where ¢ = p1+pa+p3, P4 (q) = nh—qaq"/q?, Q* = —¢*, s = (p1+p3)?, t = (p2+p3)?, and

we also use u = (p; + p2)?, which obeys the Mandelstam relation s + ¢ + u = ¢* (the light
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pseudo-scalars are massless in the chiral limit considered all along this article). Due to Bose
symmetry, the two form factors F; and F» are related through Fi(Q?, s,t) = Fo(Q?,t,5).
At large distances, xPT yields the amplitude

2
3fr

2Lgq>  16Ly(u+t—s/2)
2 12

In the limit s, — 0 (i.e., p4 — 0), hence u — ¢, this expression becomes:

Fi(Q% 5,t) = {1 + + O(E4)]. (4.22)

2¢* (Lg — 8L,)
ET [1 B

The extraction of the form factor through the 5D action turns out to be difficult.

F1(Q%,0,0) = + (’)(q4)] . (4.23)

Instead, we choose to work in the 4D picture and include all the contributions diagram by
diagram. Summing up the diagrams with only Goldstones, one-resonance and two-resonance
exchanges, we obtain:

2 2Lgq®>  16Li(u+t—s/2) Apanbgnys Clu+t—5/2)
fl Q2, S, t { 1 + — +
( )= 1z fx Z 217 Men — ¢°
aVv" — v”ﬂﬂ)bv”ﬂﬂ (2U - t)s (U — S)t)
+ _

n a,vvnbfun7r7r ((63 +u+2t)s  (s— u)t> 302 (u+ t)s]

4f2 8f2 m2. —s

2
aAqm Camonrbyngn sQu+t)  t(s—u)
b3 emeeniabn 4 (MEED L 2O

— 4f- Mom — Myn —8  Myn — t

mzn—s mzn—t

In the kinematic configuration s = ¢ = 0 the contribution from diagrams where two of the
Goldstones are produced through an intermediate vector resonance vanishes. Thus, the
form factor is greatly simplified into

2¢% (Lg — 8L anbyn 4
F1(Q%,0,0) = [1+q<91)+26”‘ arnt 4 qQ]' (4.25)

2 2 2
fﬂ' n 2f7r Mgn —

2
3fx
It is interesting to observe that, in the case when the resonance summations in the sum
rules in eq. (3.11) are convergent, the dominant high-energy power behavior is given by

F1(Q%,0,0) = jc [ 2;2 <4L9 320, — ZaAanbanW3>

A Agn banﬂ-S mgn
+(1—ZQfQ> + ] (4.26)

n

where the dots stand for contributions that vanish at high energies. A closer look at the

sum rules (3.11) leads to the prediction F3(Q?,0,0
can serve to further constrain the A — w7 amplitude in the case when only the lightest

) — q ~$° 0. This short-distance condition

resonances are taken into account [39, 40].
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The form factor can be rewritten in terms of the bulk-to-boundary propagators and
the Green’s function G(Q?; z, 2') provided in (2.18):

Fi(Q%5,t) = 3? + 3}(65 +3u + t)f(_j)_l
2
3f3L9(3s+3u—|—t)+ﬁ(u+t_ /Q)JTc(g? )
1 1
6f3 (s —u)Ty(—t) — @(81& —t)T1(—s) — 3 (s — u)Th(Q?, —t) (4.27)
with
Fu@) =@ [* 004 .
—t) = @1 _w()(z 1 _wo(zl)2 . / /
Tl( t) = /_zo/ ) 92(2/) tG( t,Z,Z) dzdz
ol —wo <Q, 2) 1= to(2)? A dods’
/—20/ ¢2(2) tG(—t,z,2') dzdz’, (4.28)

and F; the vector form factor. Since the final result for the form factor involves only those
5D quantities, it seems possible to derive it directly from the original YM action: this is
still under investigation. In the kinematical limit s,¢ — 0 this expression becomes:

2 — 2 -
FUQ%0,0) = z= [1 2f2]:0(Q) : (4.29)

4.3.3 Comparison of anomalous and even-sector form factors

By means of the equation of motion for the bulk-to-boundary propagator A(Q, z), one can
also express the anomalous form factor (4.20) in terms of the previously defined function
Fo(Q?). Hence, independently of the precise details of the models, one finds the relation:

F1(Q%,0,0) — ;ffﬂAA(Q% 0). (4.30)

This constitutes the generalization of the relation Cgy = 5o 2f2 (Lg — 8L1) in eq. (3.28)
between the odd-sector O(p®) LEC C}¥ and the even-sector O(p*) chiral couplings L; and
Lg. Indeed, as a final check, if one studies (4.30) at low energies with the help of their
XPT expansions (4.17) and (4.23), one recovers the relation (3.28). In figure 4 we show the
numerical results of the form factor F,4 A(QQ,O) in different models. One finds that the
asymptotic behavior is similar to the corresponding one for the my~* form factor.

From eqs. (3.18)—(3.26) one might speculate the possible existence of more relations
of this kind between even and odd-sector amplitudes. This will be the subject of future
studies.

5 Conclusions

We have performed an exhaustive study of the O(p®) LECs for the 5D holographic theories
which implement chiral symmetry breaking through different boundary conditions in the
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Figure 4. Results for the mAA transition form factor in the flat (dotted), “Cosh” (solid), hard
wall (dashed) and Sakai-Sugimoto (dash-dotted) models.

infrared. The five-dimensional action was given by the Yang-Mills and the Chern-Simons
terms. All the theoretical relations are determined for general backgrounds f?(z) and ¢%(z).
Only for the numerical results we specified the precise expressions for such functions, which
were taken from four models: “flat” background [19], “Cosh” model [19], hard-wall [24] and
the Sakai-Sugimoto model [23, 25]. We found that the outcome for the LECs was stable,
with a weak dependence on the background. We considered the results from the “Cosh”
model as our best estimate, since this model, among the four studied ones, better matches
the experimental p(770) mass and pion decay constant in addition to the perturbative QCD
log coeflicient in the V'V correlator. Remarkably, this model reproduces fairly well the new
experimental data for the 7% — y4* transition form factor.

As a previous step, we worked out several resonance sum rules which became essential
for the relations between the odd-parity and even LEC’s derived later. Likewise, some of
these sum rules were employed in the form factor analysis. For the sake of completeness,
we derived (or rederived in some cases [24, 25|) all the sum rules we could, regardless of
whether we used them in our later study. As many of these sum rules are used in hadronic
phenomenology to fix the resonance parameters, we checked and found that, in general, the
lowest meson exchanges provide the dominant contributions. The only exception was the
sum rules related to the V'V — AA correlator, which are divergent due to the meson mass
behavior m%n ~ n? in this kind of holographic models.
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We have computed the O(p%) chiral couplings by integrating out the heavy resonances
in the generating functional. In the odd-parity sector, we were able to express all the odd
O(p®) LECs in terms of even-sector O(p*) couplings Li and Lg, and the 5D integral Z,
which can be also defined from a sum rule. In particular, we recovered the LEC relation
cY = —BgigﬁLm [37] that stems from the Son-Yamamoto relation between the LR and
AV'V Green’s functions [29]. These relations are general for the type of holographic theories
considered here, and do not depend on the details of the functions f2(z) and g?(z) that
specify the model. At the numerical level, the outcomes were found to be fairly stable,
suffering little variation between the various holographic models studied here. Not much is
known about the LECs of the odd-parity sector: we have compared our holographic deter-
minations to those from other approaches (DSE, O(p®) xPT phenomenological analyses,
resonance estimates and rational approximations). In general we have found a reasonable
agreement, considering that subleading 1/N¢ corrections are not taken into account in
the holographic approach and that there is an inherent uncertainty on the renormalization
scale p at which our large-N¢ determinations correspond. We also tested a theoretical
relation (3.29) derived from Resonance Chiral Theory [64], which was pretty well satisfied
by the lightest resonance multiplets.

The O(p®) even-parity LECs have also been determined. Since our framework does not
include scalar-pseudoscalar sources , we obtained predictions only for the xPT operators
without y. Indeed, in the y = 0 limit the basis of O(p%) operators in the chiral action
can be further simplified, and we chose to eliminate the operator referred by Cgg. We have
also found some relations between O(p®) couplings in the even-parity sector. In particular,
those combinations of LECs related to the axial-vector form factor in the P — fvv decay
and to the vy — 7m collision either vanish or can be expressed in terms of just f;, indepen-
dently of the holographic theory at hand. There is a wider phenomenology on the O(p°)
couplings of the even sector. Nonetheless, most of them remain essentially unknown. The
agreement with former results (DSE, O(p®) xPT determinations, resonance estimates and
rational approximations) is reasonably good. Apart from a DSE analysis, which was able
to provide the full set of LECs [17], there are no other approaches to compare most of our
chiral coupling estimates with. The larger disagreements are found for the couplings that
receive contributions from two odd-parity resonance couplings. Taking these contributions
into account, one finds a better agreement with the corresponding DSE outcomes. In other
few cases, the disagreement cannot be explained in this way, however, the corresponding
couplings are related to processes with a high number of external legs. In string construc-
tions, higher dimensional terms like (Fasx)? could appear from the low energy expansion
of the DBI action. They would modify the value of those LECs if we do not insist that the
't Hooft coupling A be very large. Likewise, scalar resonances are absent in our approach,
and they may play a role in some LECs.

Some of the relations we have just found among couplings of different parity yPT
Lagrangians are the consequence of relations between QCD amplitudes of the anomalous
and even-parity sectors. The original motivation for this work was the relation found by
Son and Yamamoto between the LR and AVV Green’s functions [29]. We found that, for
any type of background, the w7 vector form factor and the @ — ~~* transition form factor

— 33 —



are identical for any energy up to a known overall normalization, as it was already hinted in
previous works [42, 103]. At large momentum, this relation dictates that the leading-power
coefficients are proportional to each other, which can be experimentally checked. In the
last section we studied the pion transition into two axial-vector currents and the axial-
vector form factor into three pions. We found a relation between them for a particular
kinematical configuration. In addition, we showed how this and the previous amplitudes
could be rewritten from the 4D picture (with an infinite number of resonance exchanges)
into a holographic form (in terms of bulk-to-boundary propagators). However, in the case
of the mrm AFF, with four external legs, one also needs to include the contributions with
bulk-to-bulk Green’s function propagators connecting two points in the bulk z and z’. All
these amplitude relations, when taken to the low energy limit and compared at each chiral
order, reproduce the relations between the odd and even-parity LECs we derived through
the generating functional, serving as a double-check of our chiral coupling determinations.

The study of other consequences of some of the relations obtained here both in the odd
and even sectors of QCD, e.g., those in the P — fv~v decay or the vy — 7w scattering,
requires new dedicated analyses. Moreover, new experimental data on the various form
factors, in particular at high energies, would definitely help to discern the most appropriate
version among the various holographic models, in the search of a precise dual formulation

of QCD.
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A Holographic models

Four different holographic models have been studied in the present paper, among them
the “Cosh” and “hard wall” background are asymptotically AdS in the UV. In all these
models there are two parameters, the 5D gauge coupling g5, and the energy scale A (or
2y 1). We fix them in a unified way through the p meson mass m, = 0.776 GeV and
the pion decay constant f; = 0.087 GeV. Therefore, the results for g5 differ from that
fixed through the high-energy vector correlator in asymptotically AdS models, which gives
g2 = 247%/N¢ [19]. In the non-AdS models, one is able to fix it in this way because the
perturbative QCD logarithm is not recovered.
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A.1 “Flat” background
The model is specified by [19]

() =A%gs, *(2) =g35, w=1 (A1)

The pion decay constant, meson masses, wave functions and couplings are given by

cosh(Qz/A) sinh(Qz/A)
= - A - 7 7
V(@Q.z) cosh(Q/A)”’ (@:2) sinh(Q/A)’
2A?
f? = "3 100(2) =z,
95
242
m?2 = Wﬁ n?, Yn(2) = (=1)" g5 sin (n;(z + 1)),
4
ayyn = A2n—1, A Aqn = A2n, ap =
nmgs
. 2g _ 2g5
Cyn = T ————~—, Cqn — ——,
(2n — 1)m nm
2g5 8
= 1— . A2
d (2n— )7 [ (2n — 1)27r2} (4.2)
A.2 “Cosh” model
The background functions are specified by [19]
F2(2) = N cosh?(2) /g5, ¢°(2) = 63, 20 = oo. (A.3)

The various solutions and physical quantities are

V(Q,z) = —g csc(vm)V/ 1 — tanh? 2[P}(tanh z) + Pl(— tanh 2)],

A(Q,2) = gcsc(wr)\/ 1 — tanh? z[P!(tanh z) — P!(— tanh )],

202

f72r = "35> ¢0(Z) = tanhz,
95

m2 = n(n+1)A?

n

Pl(tanh z) 2n+1
= gy nltARZ) N A4
¥n(2) I osh 2 ¢ 2n(n+1) (A-4)

1 [2(2n+1)
a n = A2p— a n — A Ay — — _—,
Vo 2n—1, Aa 2ny n s TL(TL+1)
P &5 L e %(5 L
! V3 VT
V3gs 2v/42gs5
dyn = —=—96 ) A5
v 15 n,1+ 105 n,2s ( )

where v(v + 1) = —Q?/A%, and P.(z) is the associate Legendre function.
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A.3 Hard-wall model
In this case the functions f2(z) and g?(z) are given by [24]

1

2o =17 9°(2) = g3(20 — |z]), 20 < oc. (A.6)

Fi(z) =

It is more convenient to focus on the interval 0 < z < zg, and use the coordinate Z = zg — z.
Then we have:

V(Q.2) = 0z [Ki(Qa) + 1@a ],
2 4 N 2
[z = G223’ Po(Z) = 2
My, = ’70,n’ . M’
20 -
wvn(i) = mg J1 (mvng%
Va, (Z) = 95 zZ Ji(mg, 2) . (A7)

20 [=Jo(1,0) T2 (71,0)]*

Here K, (z), In(z) and J,,(z) are Bessel functions, and 7, is the m® root of J,,(z). The
couplings ayyn, @aqn, Cyn, Cqn, dyn can be calculated from these wave functions. Since the
integrals of the Bessel functions in the final results can not be further simplified, we do not
list them individually.

A.4 Sakai-Sugimoto model
The model is determined by [23, 25]

A2(1 4+ 2?)

g?

A=) = , PP(2) =g+ 223, 2 =cc. (A.8)

In this model one only finds analytic results for the pion decay constant and the wave
function y:

4A? 2
2= —5, %o(z) = — arctan z. (A.9)
g5 v

The quantities related to the resonances need to be calculated numerically, as done in
ref. [23|. The results for the first two excitations are:

m2, = 0.669 A?, m2, = 1.57 A?,
3.15 3.20
Ayl = —, Apql = —
gs gs
1 = 0.415 g5, eyt = 0.321 g5, d,1 = 0.0875 gs. (A.10)
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B Son-Yamamoto relation at the one-loop level

In this appendix we study the relation (4.5) between wyp and IIy — I14, obtained by Son
and Yamamoto [29], that we rewrite here:

wr(@) = ¢+ 5 (11 (@%) - 1a(@%). (B.1)
Q fx
at the one-loop level, as proposed in ref. [36]. This relation was derived in the large-N¢
limit, i.e., for tree-level amplitudes.
At low energies, the comparison of the leading terms in the yPT expansion of the Lh.s.
and r.h.s. of eq. (B.1) yields a relation between the O(p%) odd-parity coupling C4y and the
O(p*) even-parity constant Lqg [37], corresponding to eq. (3.27), that again we write:

12872203 = —4NgLy. (B.2)

The possible validity of this relation (B.1) at the one-loop level was studied in ref. [36],
where the AVV transition A3 — ~yv* was analyzed. Here A® refers to the ¢ generator
for the axial-vector current. The Goldstone-loop contribution was computed in the two-
flavor case including singlet sources, this is, in U(2), with the electric charge operator
Q=1+ %1 =+ %to. Indeed, for ny = 2 the only non-zero flavor structures come from
the components A3 — VOV3* and A% — V3V°* in the A3 — ~~* transition.

The leading one-loop contribution in the yPT expansion, i.e., O(p%) in wy and O(p*)
in ITyy — 14, was found to also fulfill the Son-Yamamoto relation (B.1), hence it was argued
that this expression might be valid beyond large N¢, at the loop level [36]. We have
investigated whether the agreement between the one-loop corrections in (B.1) is also valid
at higher orders in the yPT expansion. In particular, we have looked at the one-loop
correction (single log) at O(p®) in wy, NLO in its YPT expansion. We have also studied
the effect of considering a higher number of light quarks n; and different flavor decay
structures A* — VPV e*,

B.1 VV — AA correlator and A% — y+* in U(2)

Considering the VV — AA correlator in the massless quark limit, we get [79]

Ne  Ne 1 ny Ne —qT
2O O, —TMy) = — | —4ANeLy — -2 =% 1 —4 B.3
g Tz f?[ T 2 s R (3
2 2
q ny No —q 0 4
+ L 18N Cr — Lo x L2 1 "L L o(NDY | + O(gY),
fﬁ[ clsr 9 2 12722 2 ( 0)} (q")

where the U(ny) singlet components do not play here any role. We present the results for
an arbitrary number of light quarks, even though we focus on the ny = 2 case. We have
used the ny = 3 notation Lg, L1g and Csy for the O(p?) and O(p®) LECs, regardless of the
number of light flavors.
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For the transition A% — ~yv* with electric charge operator Q = t3 + %to, the xPT
calculation up to O(p®) yields:

1 c ny N, —¢*
2 2 02 w 13 f No q
wr(Q°) = 7 [12871' Iz <022 -5 > T In T ]

¢ 167° f2 W, AW AW AW AW AW AW
+F K— L9+ NC (_013 +Cl4+015 "‘019_020_021 +022)

ng Ne . —* 0 4
L GmTL o O(NC)] + o), (B4

where K represents the corresponding O(p®) chiral low-energy constant. For the sake of gen-
erality, we have computed the matrix element wp with the flavor structure specified above
for a general number of light flavors, from where one can extract the expressions for the U(2)
case. Notice that in addition to the single trace operator CJy e#*3{ w AV fru, frap)) at
O(p®) one also needs to take into account the contribution from a double-trace operator
C136" B (N firon) ( fvaup) for ny > 3 [46], appearing only in the U(ny) theory. This
coupling is 1/N¢ suppressed with respect to ng and does not appear at large No. However,
it is essential in order to renormalize the various A% — V?V¢* flavor structures.

The last needed ingredient for the comparison with ITy, — IT4 is the value of the O(p%)
odd-parity LECs which multiply the logs in wr in terms of the O(p*) even-sector cou-
plings. For holographic models where the chiral symmetry is broken through boundary
conditions [19, 24, 25, 25|, we found the large-N¢ relations (3.18)—(3.28) for the relevant
C’,L/V couplings, producing the transverse amplitude:

1 C; n¢ N, —q?
2 2 p2 w 13 f N q
@)= [1287T = <022 N 2> T }

N¢ —q2 0 4
;In— +O(Ng)| +0(¢").  (B5)
127 v

2
q n
+f;1[K— (Lg — 2Ly) x 71”

The comparison of this result and IIyy —II4 in eq. (B.3) shows that there is a disagreement

at O(p®) in the Son-Yamamoto relation, and that the agreement at O(p%) is a coincidence.

B.2 Comparison for fully non-singlet transitions A% — VbV ¢*

Indeed, the agreement found in ref. [36] at the lowest chiral order only occurs for a particular
choice of the flavor structure of vector and axial-vector currents. In the case when all
the three currents are U(ny) non-singlets, one finds for the A% — VPVe* transition the

transverse structure function:

N _2
nf Clnq} + o), (B.6)

1
wr(Q%) = o [1287r2f§C¥2V T g2

™

to be compared to the expression which derives from the V'V — AA correlator,

No  Ng 1 ns Ne —qg] >
2P (IIy —1I4) 7 { cLio — 5 In—3 (*), (B.7)
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for a general number of flavors ny. The result is also valid for ny = 2, although in this case

the overall group factor

d®c in the amplitude is zero when all the a,b, ¢ are non-singlet.

One can easily see that the leading one-loop logarithms of wr and ITyy —I14 do not match.

This conclusion also comes from observing that the corresponding couplings entering at

tree-level have different running [2-4, 46]:3

dL10 _ Fggf) N ng 1
dlnv? 3272 3 128777
32n’f7 doyy 32nif) (négf )> oy 1 (B.8)
Ne dlnv?  No 322 3 9677 .
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