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1 Introduction

The AdS, x C'P3 background of type ITIA superstring theory is not maximally supersymmet-
ric. It preserves 24 supersymmetries (out of the maximum number of 32) which together
with the bosonic isometries of AdS,; x CP3 form the supergroup OSp(6/4). It turns out
that the type IIA superspace associated with the AdS; x C'P? background which has 32



Grassmann-odd directions is not a coset superspace of OSp(6/4) [1]. So the complete Green-
Schwarz superstring theory on this superspace is not a coset-superspace sigma-model, in
contrast e.g. to the maximally supersymmetric type IIB superstring on AdSs x S® described
by the PSU(2,2[4)/(SO(1,4) x SO(5)) sigma-model [2]. The worldsheet AdS; x C'P3 su-
perstring action can be reduced to an OSp(6]4)/U(3) x SO(1, 3) sigma-model constructed
in [3-7] in those sub-sectors of the classical configuration space of the theory in which the
kappa-symmetry can be used to eliminate eight fermionic modes of the string associated
with the broken supersymmetries. However, this is not always possible. For instance such
a gauge choice is inadmissible when the classical string moves entirely in AdSy [1, 3] or
forms a worldsheet instanton wrapping a 2-cycle inside C'P3 [8]. In these cases the ‘broken
supersymmetry’ fermions are physical modes, so one should start the analysis of the theory
in these sectors from the complete AdSy x C' P? superstring action [1] and, if required, make
an alternative choice of the kappa-symmetry gauge (see e.g. [9-12]).

The classical integrability of the OSp(6]4)/U(3) x SO(1, 3) o-model sub-sector of the
theory was demonstrated in [3, 4] by constructing a zero-curvature Lax connection using the
same techniques as for the AdS5 x S° superstring [13]. Such a construction is based on the
Z-automorphism of the isometry superalgebra and can be applied to any G/H supercoset
two-dimensional sigma-model that admits a Z4-grading. Basically, the prescription is as
follows. Take a left-invariant Cartan form K~'dK (with K € G/H being a supercoset
element) which are used to build the supercoset sigma-model action [2-4, 13]. The Cartan
form takes values in the isometry superalgebra G of G and thus can be expanded in the
bosonic generators My and P,, and the fermionic generators )1 and @3 of G

K YK = QoMo+ Ey P+ E1 Q1 + E3Qs. (1.1)

The building blocks of the G/H supercoset sigma-model action are the G/H supervielbeins
E,, By and E3, while € is the H-valued spin connection on G/H.

The bosonic generators M of the stability subgroup H have zero grading under the
Zs-automorphism and the bosonic coset-space translation generators P, carry grading two.
The fermionic generators ()1 and Q)3 have the Z4-grading one and three, respectively.
In terms of these generators the superalgebra G has the following schematic Z4-grading
structure

[Mo, Mo] ~ My, [Mo, 2] ~ P, [Py, Py] ~ Mo,
(Mo, Q1] ~ Q1, [Mo,Q3] ~Q3, [P2,Q1] ~Q3, [P, Q3] ~Q1, (1.2)
{Q1,Q1} ~ P, {Q3,Q3} ~ P, {Q1,Q3} ~ Mp.

In the case of the AdS; x C'P3 superstring My € so(1,3) x u(3), P, € S;O((Ql’?)xx‘q:(g) and Q)
and @3 are the 24 fermionic generators of OSp(6]4), see appendix A.4.

The worldsheet Lax connection one-form which takes values in G is constructed by
taking the sum of the components of the Cartan form (1.1) and their worldsheet Hodge-

duals with some arbitrary coefficients, namely

L =Qo Mo+ (LEy + 1o Ey) Py + I3 E1 Q1 + 14 E3Q3. (1.3)



Then one imposes the requirement that the curvature associated with the connection L
vanishes

dL—LAL=0 (1.4)

(the exterior derivative acts from the right, and in what follows we shall not explicitly write
the wedge-product). The sigma-model equations of motion and the Z4-grading structure
of the superalgebra (1.2) ensure that the coefficients in the definition of the zero-curvature
Lax connection (1.3) are expressed in terms of a single independent spectral parameter,
l; = 1422
e.g. i1 = 1—,2"
By performing a gauge transformation of (1.3) one can get another form of the Lax
connection [13] associated with right-invariant Cartan forms dK K !

L=KLK'—dKK™',  dCL—-LL=0. (1.5)

Having at hand the Lax connection, one can then derive an infinite set of conserved charges
of the integrable model from the holonomy of the Lax connection by constructing a corre-
sponding monodromy matrix and the algebraic curve (see e.g. [13, 14] for more details and
references therein).

In the case of the complete Green-Schwarz theory (i.e. when the kappa-symmetry is not
fixed at all) the superstring moves in AdS; x C'P? superspace with thirty two Grassmann-
odd directions and the eight worldsheet fermionic fields associated to the broken supersym-
metry contribute to the structure of the supervielbeins Fo, Fq and E3 and to the connection
Qo thus spoiling their nature as the G/H Cartan forms. As a result, as one can check by
direct calculations, the OSp(6]4) Lax connection of the form (1.3) or (1.5) constructed
from Qq, Fo, F/y and E3 which include the dependence on these eight fermions will not
have zero curvature for any non-trivial choice of the coefficients. Therefore, a modification
of the form of (1.3) or (1.5) by additional terms depending on the extra eight fermions is
required for restoring the zero curvature condition (1.4). The goal of this paper is to reveal
the structure of these terms.

To construct the Lax connection which includes broken supersymmetry fermions we
have found helpful to look at the form of conserved Noether currents associated with the
OSp(6]4) isometry. In this respect it is more convenient to consider the Lax connection
in the form (1.5) which, in a certain sense, has closer relation to a G/H sigma-model
conserved current having the form [3, 13]

1
Jcoset =K <E2 P2 + 9 * (ElQl - E3Q3)> Kil . (16)

The paper is organized as follows. In section 2 we consider the AdS; x C'P? superstring
action truncated to the second order in fermions and show that there exist different forms
of the Lax connection, related to each other by local OSp(6]4) transformations, which
have zero curvature at least to the second order. When the eight broken supersymme-
try fermions are put to zero the Lax connection reduces (modulo a gauge transformation)
to the supercoset Lax connection of [3, 4]. The reconstruction of higher order fermionic
terms in the Lax connection becomes technically more and more complicated with each



order and we have not been able to accomplish the construction in the complete theory
with 32 fermions. So in section 3 we consider a simpler sub-sector of the theory in which
the superstring moves only in an AdSy superspace with eight fermionic directions associ-
ated with broken supersymmetries. This sub-sector of the theory is not reachable by the
OSp(6/4) supercoset sigma-model and can be regarded as a model of an N = 2, D = 4
superstring in the AdS; background with completely broken supersymmetries [1]. Nev-
ertheless, this model is invariant under the four-parameter kappa-symmetry, in addition
to the purely bosonic isometry SO(2,3) of AdSs and SO(2) transformations of the two
Majorana fermions. So, surprisingly, the integrability of its fermionic sector is not related
to target space supersymmetry. To simplify the construction of the full Lax connection in
this model, in section 4 we gauge fix kappa-symmetry and perform worldsheet T-duality
transformations along the AdS; Minkowski boundary following the results of [9]. In sub-
section 4.2 we give the explicit form of the kappa-symmetry gauge-fixed Lax connection of
the AdS, superstring to all orders in fermions thus giving more evidence for the classical
integrability of the complete AdS; x C'P3 superstring itself. Section 5 is devoted to a sum-
mary of the obtained results and discussion of the possibility of their generalization and
application to strings in other supergravity backgrounds. Our notation and conventions
are given in appendices A and B, and in appendices C and D we have collected various
formulas and relations which have been used to construct the Lax connections.

2 AdS, x CP3 superstring in the quadratic approximation in fermions

2.1 The action and equations of motion

We first check that a zero-curvature Lax connection does exist in the complete AdS, x C P3
superstring theory at least up to the second order in the fermionic fields. To this end we
start with the AdS,; x C'P3 superstring action truncated to the second order in fermions

as in [15]. In the notation and conventions of [8] the action has the following form

390
es
S=~, /d2§ V—=hh!lerre;Pnap (2.1)
2
es? 2 I I A L A B
- /d EO(WV=hh!" — T lie/ TaV 0 — _ertes"T 4Py O

2ma! R
where hr;(¢) (I,J = 0,1) is the intrinsic (auxiliary) worldsheet metric, e;* =
01 XMeprA(X) are the worldsheet pullbacks of the AdSy x C P? vielbeins (M = 0,1,--- ,9
are the D = 10 space-time indices and A = 0,1,---,9 are the tangent space in-

dices). XM = (2 4™ are AdS,; x C'P? coordinates (i = 0,1,2,3; m/ = 1/,---¢),
VO = (d - }lwAB I'4p)0O is the worldsheet pullback of the conventional AdSy x CP3 co-
variant derivative and Poy is the projector which splits the 32 fermionic coordinates O%
( =1,--+,32) into 24 fermionic coordinates ¥ corresponding to the 24 unbroken super-
symmetries of the AdS,; x CP3 background and 8 ‘broken supersymmetry’ coordinates v

1 ANa
Poy = 8(6 +idyy T A7), U="Pu0, v=(1-"Pxu)0. (2.2)



In (2.2) Jyyy = —Jyy is the Kihler form on CP3, I'“ are D = 10 Dirac matrices along the
six C'P? directions (a/ = 1/,--- ,6') and 47 =iI'"" ... T'% is the product of all of them. The
presence in the action (2.1) of the projector Pay is due to the interaction of the string with
the constant Ramond-Ramond Fj ~ daldx'dz?dz?® and Fy ~ dya/dyb/Ja/b/ fluxes of type
ITA supergravity on AdSy; x CP3. 45 = iI'%123 is the product of the four gamma-matrices
with AdSy indices. Finally, ¢g is the vacuum expectation value of the dilaton and R is
related to the C'P? radius in the string frame Rops = ed)so R. See appendix A for more
details of our notation and conventions.

The bosonic field equations which follow from (2.1) are
9
Vi |[V=hh!e;4 +i0(V-hh! —/Ty)(T4V,0 + }; e P T 4Py T 5O)
_jl@ (\/—h hIJ — €IJP11)FDBC@ RBCEA GIDGJE =0 (2.3)

where Rpop? is the curvature of AdS, x C'P? (see appendix A).
The Virasoro constraints are

ejAejBnAB — 2i0 (G(IAFAVJ)@ + ée(IAeJ)BFAP2475PB®)

1 . i
= QhIJ hEE [eKAeLBnAB—%@(eKAFAVL@—i— RBKAGLBFAP2475FB@) , (2.4)

where the round brackets embracing the indices denote symmetrization X ;Y = ; (X;Y;+
X;Y7).
The fermionic equations are

) 1
(vV=hh!7 —lTy)) (61AFAVJ®+éejAeJBFA’P%’YSFB@) — ViV-=hh!7e;MN 00 =0.
(2.5)
In virtue of the bosonic equations (2.3), the last term in (2.5) is of the third order in
fermions and can be skipped in the linear approximation.
2.1.1 Comment on the relation to the supercoset sigma-model

When the fermionic fields v are zero the superstring equations of motion reduce to the

bosonic equation

o
Vi [V-hh' e +id(vV—hh!7 —Ty)(TAV 0 + RZ e, BT P2~ T o)

—119 (\/—h hl‘] — €IJP11)PDB079 RBCEA €]D€JE =0 (2.6)

and the fermionic equations

(3
(V=" — e!T11) e/ Posl 4Py (V 50 + ReJnyfTBﬂ) =0, (2.7)
i
(V—hh!? —l7Ty1) e (1 — Pos) T aPos (V19 + ReJBfrBﬂ) =0. (2.8)



egs. (2.6) and (2.7) are the equations of motion of the OSp(6/4) supercoset sigma-model
in the quadratic approximation in fermions. However, the complete Green-Schwarz super-
string action gives one more fermionic equation of motion which (when v = 0) produces an
additional equation for the 24 fermions 9 (2.8). This eight-component equation does not
directly follow from the supercoset action, but it should not be independent of (2.7) and
just manifests the fact that, when the partial kappa-symmetry gauge v = 0 is admissible,
the residual kappa-symmetry of the supercoset model has eight independent components,
such that the number of physical fermionic modes of ¥ is sixteen.

To show that the fermionic equations (2.7) and (2.8) are linearly dependent let us
rewrite them in an equivalent form as follows

7

Pos(1 —-T) hIJejAFAPM (Vﬂﬂ + R

GJB’)/EJFBQ?) = 0, (2.9)
(1 —Pas)(1 = T) A e/ T 4Pos <sz9 + IgeJvi’rBﬂ) =0, (2.10)

_ 1 _IJ,A_B
wheref—z\/ih er ey

projector of the type IIA superstring. The two equations can, therefore, be combined into

Taplin, (I)? =1 and 3(1—T) is the canonical kappa-symmetry

(1 — F) hIJejAFAPM <VJ’I9 + EBJB’}/5FB’I9> =0. (2.11)

We shall now show that eq. (2.11) actually follows from eq. (2.9). To this end let us note
that in the sector of classical string solutions in which the kappa-symmetry gauge v = 0 is
admissible, the projectors Pay and 3(1£T") do not commute [1], their commutator [I', Pay]
being a non degenerate matrix. Therefore, multiplying eq. (2.9) by (1 +T') we have

[T, Poy] (1 = T) b7 e/ AT 4 Poy <vﬂ9 + éeJByf’rBﬁ) —0. (2.12)

Since [I', Poy| is invertible we can multiply the above equation by the inverse of [I', Pay]
and get eq. (2.11) from which the equation (2.10) follows.

On the other hand, in the sub-sector in which the classical string moves in AdS,
only (i.e. the CP3 embedding coordinates Y™ are constants), this kappa-gauge is not
admissible ([I',P24] = 0) and putting v to zero results in loosing four physical fermionic
modes associated with v [1, 3]. This can be seen from the structure of the fermionic
equations (2.7) and (2.8) (or (2.9) and (2.10)). Since 3™ are constants and if v is set to
zero, eq. (2.8) (or (2.10)) vanishes identically and one is left with eq. (2.7) (or (2.9)) which,
since the projector Poy commutes with the I'* along the AdSy directions, reduces to the
fermionic equation in AdSy

(1 —-D)h ef%(2)Ty (v 79+ }Z%e f’fﬁri)ﬁ) =0. (2.13)

where now I' = 2\/1_]1 €IJ€[d€JBFdBF11, (I')?2 = 1. The projector (1 —I') (which now
commutes with Pyg) implies that among 24 equations (2.13) only 12 are independent.
Hence 9 contain only 12 physical modes while the total number must be sixteen. The
missing four physical fermions are half of v which were put to zero ‘by hand’, while another

half of v can be gauged away by kappa-symmetry.



2.2 Noether currents

Under the OSp(6]4) isometries the Type ITA superspace coordinates X and © transform
as follows (up to the second order in fermions)

XM ey (X)) = KA(X) +i0OT1 E(X),

1
09 = Ppud® = E(X) + | (KM wyP(X) = VAKP) PulapPu0,  (2.14)
1
dv=(1—-"Pa)00 = (KMwyAB(X) = VAKP) (1 = Poy)Tap (1 — Pay) O,

4

where K4(X) = KM(X)epA(X) are the AdSy x CP? Killing vectors. More precisely,
KA(X) are the Killing vectors K4 (X) contracted with constant SO(2,3) x SU(4) transfor-
mation parameters A%, i.e. K4(X) = K#(X) AT, where 7 is associated with the 25 gener-
ators of the SO(2, 3) x SU(4) isometries. Note that, like the spin connection w48, VAKE =
— VB K4 takes values in the stability subalgebra so(1, 3) x u(3) of the AdS, x C'P? isometry.
Properties of the Killing vectors of symmetric spaces G/H are given in appendix D.

= are 24 supersymmetry parameters of OSp(6]4) satisfying the AdSs x C'P? Killing
spinor equation

VE + ];eA PuyTaZ=0, EZ%X)=e"2,%(X), E=PuI(X), (215
2,%(X) are AdS, x CP? Killing spinors and e = (Pas€)" are 24 constant Grassmann-odd
parameters.

Note that the terms in the variation of the fermions which are proportional to I' 45 are
the compensating SO(1, 3) x U(3) stability group transformations induced by the isometries
in the (co)tangent space of AdS, x C'P3. Note also that in the linear order in fermions the
eight spinor fields v are not transformed by supersymmetry. The action of the isometry
group OSp(6|4) on these fermions is such that it takes the form of induced SO(1,3) x U(1)
rotations with parameters depending on X, ¥ and the OSp(6/4) parameters

1
dv=", Aap(e X, 9) By, (2.16)

Therefore, the first nontrivial term in the supersymmetry variation of v is quadratic in
fermionic fields.

To avoid possible confusion, let us note that in the expressions for the conserved cur-
rents and in the Lax connections considered below, K4(X) and Z(X) stand for the Killing
vectors and spinors contracted with the corresponding bosonic and fermionic generators
of the OSp(6]4) isometry (see appendix A.4) and not with constant parameters like in
egs. (2.14) and (2.15).

The following relations between the Killing vectors and spinors contracted with the
OSp(6]4) generators reflect the structure of the OSp(6]4) superalgebra (A.8)—(A.10)

Ka(X) = k(X)Pak™'(X), VE(X) = k(X)Qk (X)), (2.17)
VaiKp = —;RABCD E(X)Mcpk™ (X)),



where k(X) is an SS%((21’3?3)XXS&%) coset element of the bosonic isometry, and

[K4,E] = — ET 47" Pau,

1

R
1

[VaKp,E] = = Rap“"ZlcpPas, (2.18)

- = . R
{2.8} = 20 P’ T Pos Ka =, Pl 7" Poy VaKp .
The conserved Noether current associated with the SO(2,3) x SU(4) invariance of the
action (2.1) is

o
JE = V=hh!7e;A Ky +i0(V—=hhl! —/T)) T4V ;0 + };eJBPAmeTB@] Ky

—i@(\/—hh1J+61JF11)eJAFABC® Vs Ke (2.19)

and the conserved (fermionic) supersymmetry current (up to the leading order in fermions)
is
Jh = ;R (\/—h h!7 ;A OT 4Z + O(V—hh17 + 26171 ;) e 4 FAE(X))
- }Z%@(\/—hh”—i—a”I’n)eJAFAE(X), (2.20)

where the factor of 2 in the last term of the first line appears because the action is invariant
under supersymmetry only up to a boundary term which must therefore be subtracted from
the current to make it conserved. The currents are normalized to be dimensionless (the
dimensions of = and K4 are 1/ VR and 1 /R respectively). The sum of Jp and Jp is the
conserved current taking values in the OSp(6]4) superalgebra

J=Jg+ Jp. (2.21)

Let us now compare this current with the conserved current of the OSp(6/4) supercoset
sigma-model which describes the string with v = (1 — P24)© = 0. As we have mentioned
in the Introduction, the supercoset model conserved current has the following form (in our
conventions)

1
Jeoset (X, 9) = K(X,0) AKX, 9) = K(X,9) (EAPA + @+ E) K(X,9), (2.22)
where E4(X,9) and E*(X,1)) are components of the OSp(6]4)-valued Cartan form

1
K YK (X,0) = EAPy + E°Qq + 2QABMAB, (2.23)

QAB(X,9) is the spin connection on Soc()ls: ggi@(?’) and K (X,9) is a coset representative.

Up to the second order in fermions the supervielbeins and spin connection of the OSp(6]4)
supercoset are given by

EA = AX) + T4 E, (2.24)

EY = Vo* + IgeB (P2ay’Tp)*,
2
Q48 = LAB(X) — Rz?F[APM%FB]E.



The current (2.22) is conserved (d * Jeoset = 0) as a consequence of the sigma-model
equations of motion

ds A —[K1dK, +A] = 0. (2.25)
Using a supercoset element of the form K = k(X)e’?, the OSp(6[4) superalgebra (ap-
pendix A.4) and eqs. (2.17) we then have
1 1
Jeoser = EAK 4+ e B0[Q, Palk™" + [ e K[0Q, [9Q, Pallk™" + JkQK™'T11 + B
1
+ o R{Q, QI+ EE

R 1
= J|p=0 — S * d(vﬂFAB’y779 VaKg) — ) * d(Efy779), (2.26)

where J = Jp+Jp (2.21) is the Noether current directly derived from the quadratic Green-
Schwarz action. The two conserved currents therefore differ only by total derivative terms,
as should be the case. A useful relation in checking eq. (2.26) is

R2
Poal'(4P2ay T g Pos = — g RaAp“PPoslcpy Pos . (2.27)

2.3 Lax connections to the second order in fermions
2.3.1 The supercoset sigma-model Lax connection

The Lax connection (1.5) of the OSp(6]|4) supercoset sigma-model can be written in the
following form in terms of the conserved current (2.22) and components of the Cartan
form (2.23)

Lower = K (a1 EAPs + a3 x EAPy + BQUE + (1+ 5)QF ) K~

_ K<a1 EAP, 4+ (14 ) QE + (ﬁl _ O;) QF11E> K™\ 4 * Juoser s (2.28)

where
222
1—227
2

2
a; = of + 201,

«
61::':\/21’

a2
=+ .
B2 V2o

a1 =

(2.29)

The specific dependence of the coefficients on the spectral parameter z ensures the zero
curvature of the Lax connection® [3, 4, 13]. Note that the Z;-automorphism splitting of the
fermionic OSp(6[4) generators @ and the corresponding fermionic components of the Cartan
form is simply made by the D = 10 chirality projectors %(1 FI'11) (see appendix A.4).

!The numerical coefficients in eq. (2.28) are related to those in eq. (1.3) and those of [3] (eq. (4.1) therein)
as follows a1 =11 — 1, ap =1, B1 = '3, and B = — 133",



2.3.2 Lax connection of the complete AdS,; x CP? superstring

When the extra eight fermionic degrees of freedom v are switched on, they contribute to
the supervielbeins, superconnection, conserved current and equations of motion and, as a
consequence, the form of the Lax connection should be modified to account for this. In
contrast to the case of the OSp(6|4) supercoset Z4-grading, it is not obvious which is the
group-theoretical structure that would allow one to guess the dependence of £ on v. So,
to find this dependence we shall use a brute-force method, i.e. we will try to build the Lax
connection out of components of the conserved currents Jp (2.19) and Jr (2.20), which
depend on the extra fermions v, by introducing them with arbitrary coefficients in the
Lax connection. The dependence of these coefficients on the spectral parameter is then
determined by the zero-curvature condition. This procedure is akin to the construction of
Lax connections for two-dimensional supersymmetric non-linear sigma-models considered
n [16]. The Lax connection constructed in this way has the following form

L=Lp+ Lp (2.30)
where the bosonic isometry part is
Lp = a1e? K+ as* Jp+ a2 JAPV A Kp + aras + JABV K, (2.31)
and the supersymmetry part is
Lp = —asf1Jp + asf x Jp . (2.32)

JAB stands for the term in the bosonic isometry current (2.19) which is contracted with

VaKg, namely Jp = JAK A+ JAPV 4 Kp, and a1, az, f and 3, are the same as in (2.29).

It is not very difficult to verify that this Lax connection indeed has zero curvature. To
check the zero-curvature condition one should use the conservation of the Noether current,
the equations of motion as well as the relations

1
2Rec eP OL ¢ Poy B~ Pyl pO

1
+2R€C * BD @F0P24FAB’Y5PQ4FDF11@ ,
_ 0 A = A =
dJF = Rd(e @FA_ — *e @FAPHH) (2.33)

2 -
= 2 eteP OI 4 Poyy°TE —

VJAB _ _B[A(JB] _ eB]) _

;2 e % eB OT 4 Poyy T g1 2
and the symmetry properties of the I'-matrices.

Note that the construction of this Lax connection does not make use (at least directly)
of the Z,-grading of the OSp(6]4) superalgebra but only the Zs-grading of its bosonic
subalgebra. Its form is different from the v-fermion extension of the supercoset Lax con-
nection (2.28) (e.g. the former does not have terms linear in dO, while such terms are
present in the latter). We will now show that the two Lax connections are related by an
OSp(6]4) gauge transformation.
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2.3.3 Relation to the supercoset Lax connection

When v = 0 the Lax connection (2.30) constructed above should be related to the super-
coset Lax connection in eq. (2.28) by a gauge transformation, so that

Leoset = 9 ' Llv—o g+ g 'dg. (2.34)

for some g € OSp(6/4). It is possible to show that this is indeed the case and with a bit of
algebra one finds that the supergroup element

agR

g(X,0; 00,31, 82) = k(X)e 16 IPABYT) Rap“P Mep ,~619T11Q ,—(1+62)9Q k‘fl(X)

— o @2 9rAByTY V4 K oPIOVTE —(1402)97°E (2.35)

does the job. If we apply this gauge transformation to the Lax connection L (2.30) without

setting v to zero we obtain the supercoset Lax connection extended with the terms up to
quadratic order in v

L=g 'Lg+gtdg. (2.36)

The Lax connections constructed above have zero curvatures only up to the quadratic
order in fermions. To get zero curvature also at quartic and higher orders in fermions one
should add to the Lax connection (2.30) or (2.36) corresponding higher-order fermionic v-
terms with appropriate coefficients at each order. We have not been able to find a generic
prescription for the construction of such terms from the components of the conserved
currents of the complete AdS, x C'P3 superstring, and the brute force computation becomes
technically more and more involved with each new order in fermions. So to simplify the
analysis we shall turn to the consideration of a simpler AdSy sub-sector of the theory in
which the problem of the construction of the Lax connection can be completely solved at
least in a particular kappa-symmetry gauge.

3 String in N = 2 AdS, superspace

As has been shown in [1] the structure of the AdS,; x C'P3 superstring action and equations
of motion allows one to consistently truncate this theory to a model describing a string
propagating in a four-dimensional superbackground with eight fermionic directions param-
eterized by v = (1 — Pa4)©. The bosonic subspace of this superbackground is AdSy but it
does not preserve any supersymmetry.?2 This model is obtained by putting to zero the 24
supersymmetric fermionic fields ¥ = Poy © = 0 and restricting the string to move entirely
in AdSy (i.e. the CP? embedding coordinates are worldsheet constants). It is, therefore,

not described by the supercoset sigma-model of [3-7]. Lacking supersymmetry this model
OSp(2]4)
(1,3)xSO
parameter kappa-symmetry in addition to the purely bosonic isometry SO(2,3) of AdSy

is also not the ¢ @) supercoset sigma-model [1]. Nevertheless, it possesses the four-

and the SO(2) symmetry rotating the two D = 4 Majorana fermions. So it is somewhat

2 A somewhat analogous non-supersymmetric AdSs vacuum was found in a matter-coupled N’ =2, D = 4
supergravity in [17].
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surprising that this model turns out to be integrable, and the integrability of its fermionic
sector is not at all related to target space supersymmetry which is lacking.

Let us consider this model in more detail. It is convenient to represent the eight-
component spinors v = (1 — Pyy)O© as four-component Majorana spinors in AdSy, v
(v =1,2,3,4), carrying the internal SO(2) index i = 1,2. This SO(2) is a relic of the U(1)
gauge symmetry associated with the RR one-form field of D = 10 type IIA supergravity.
The Green-Schwarz action for the superstring moving in this AdS; superspace has the

following form [1]

1 s 3 1
S =— d*e/—hht €080 . — /B 3.1
Are/ / 2% 1€ May = o 2, (3.1)
where the vector supervielbeins £¢ = da™ &;,% 4+ dv™E,;% along the AdS, directions of the
target superspace are
; ) : j sinh? M /2 ;
E4(z,v) =e3®W) <e (x) + divy 2 DU> Ay (v)

e (3.2)
AR 5 sinh® M/2
vey

~16(v)
e, M2

DuVe(v),

and the NS-NS superform Bs is expressed through components of its field strength Hs =
dBs as follows

1
BQ = / dting(x,tv) . (33)
0
L cechea, 6 i aepj cai bea coi
Hy = dBy = —3!5 ebe (klpe %dgédvd) + E4EPI X (D) g €1 — EVELE (V357" €X)ai
(3.4)
where £%(z,v) are the fermionic supervielbeins
i Loy (SnhM o NP 6(v) 5 i
EY(z,v) = es Dv | S (v) —ie” Ai(z,v) (v eA(v)) (3.5)
and A;(z,v) is a relic of the type ITA RR one-form
) » sinh? M/2
Ai(z,v) = k]fp ) [ (e“(x) + divy? s M/;/l/ Dv) Va(v)
sinh? M /2
—4ver® M2 Dv (I)(U):| . (3.6)
Note that A; is zero when v = 0.
The AdSy covariant derivative D is defined as
- 1 . -
Dv = (V + ];e“(x) 75%> v = (d - 4w“b(az) Yap T ]Z%e“(x) 757&> v (3.7)

and v%, 4° are the four-dimensional gamma-matrices in the Majorana representation.

- 12 —



The dilaton superfield ¢(v), which depends only on the eight fermionic coordinates,
has the following form in terms of the quantities V%(v) and ®(v)

2p0) _ 1T 2 avb., .
es?\V) = K, \/<I> +Vavby... (3.8)
The value of the dilaton at v =0 is
20(v) — .o¢0 _ R
es lo=0 = €370 = kL, (3.9)

(I, is the Plank’s length and k corresponds to the Chern-Simons level in the ABJM model).
The fermionic field A% (v) describes the non-zero components of the dilatino superfield
which is related to the dilaton superfield by the equation [18]

Aai = _;Dai Qb(v) . (310)

The new objects appearing in these expressions, M, A@i’, ®, V@ and S, are functions
of v and their explicit forms are given in appendix B. Contracted spinor indices have been
suppressed, e.g. (vey?)ai = vﬁjejmga, where e;; = —¢j;, €12 = 1 is the SO(2) invariant
tensor.

As we have already noted, in the AdSy superspace under consideration all supersym-
metries are broken and it only has the bosonic AdS, isometry SO(2,3). The superstring
action (3.1) is thus invariant under the SO(2,3) variations of the coordinates

0z e () = K%x) = K™ (x) e, ov="(K™w;®)— ViKY Y- (3.11)

4
The associated conserved SO(2,3) current has the following form
JI = \/—h hIJ ng (Z'(;J; 56 + Z'(;U 56) Nab — 6IJ (Z'(;J; B2 + i(gy BQ)J . (3.12)

Due to the complicated form of the supervielbein and Bs, the explicit dependence of this
current on v is still a bit too involved to try to construct a Lax connection. So we shall
further simplify things by gauge fixing kappa-symmetry in a way considered in [9)].

4 Gauge fixed superstring action in AdS,; superspace

Let us choose the AdS; metric in the conformally flat form
1 R? Reps \ 2
dsids4 =2 <dx“77abdxb + ZPS du2> , u= < (;P > , (4.1)

where 2% (a = 0,1,2) are the coordinates of the D = 3 Minkowski boundary and u (or r)
is the AdS, radial coordinate. If the components of the AdS, vielbein associated with the
metric (4.1) are chosen to be?

2
0 T _ 0 Reps Reps
esel= o dr'=u Ldz® es et =" gr = 7P qu, (4.2)
Réps r 2u

3Note that the vielbeins e* and e appearing in eq. (4.2) correspond to the AdSs metric of the D = 11
AdSy x S7 solution characterized by the radius R which is related to the CP? radius in the string frame

1 3\ 1/2
as follows Reps = e3%°R = ( ,ﬁp) . These bosonic vielbeins appear in our explicit expressions for the

AdS4 supergeometry.
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the components of the SO(1,3) spin connection are

2
w“?’——Re“, (4.3)
and
w® =0, (4.4)

where the index 3 stands for the 3rd (radial) direction in AdSy.
The following kappa-symmetry gauge fixing condition on v drastically simplifies the
form of the superstring action

1
o=, 1+, 2=s, (4.5)

where 72 is the product of the gamma matrices along the 3d Minkowski boundary
slice of AdS,.

In this gauge the supervielbeins take the following simple form [9]

£9(z,v) = ( /51, ) Y () + i DY) (1 - }; (vv)2> ,

4.
and the covariant derivative becomes
Do=(d— ‘e ! ab () 4.7)
v = R° () 200 @) vab | v (4.

Actually, the SO(1,2) Lorentz connection w® is zero when the AdS, supervielbeins are
taken in the form (4.2).
The NS-NS two form becomes

By = — k‘zl [(eb + vy’ Dv) (% 4 vy Dv) vy°ev egp. — R €3 U&DU] . (4.8)
P

The kappa-symmetry gauge-fixed superstring action reduces to

1 R 6
— _ d2 —h hIJ 3,3 1— 2
5= T hrel W, &V [61 < e
2
+ (e1® + ivy*Dyv) (e + vy’ D jv) Ny <1 ~ 2 (vv)2>] (4.9)
+ Lo / [(eb + vy’ D) (€ + vy D) vygev — Re® U&DU]
2ra’ ki, ¢ '

This action is slightly more complicated than the action for the AdSs x S° superstring in
the analogous kappa-symmetry gauge [19]. The latter contains fermions only up to the
fourth order.
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In this kappa-symmetry gauge, the conserved SO(2,3) current (3.12) has the following
explicit form

J =vV—-hh e; K; 4+ iv(vV/—hh!7 —iel? 45e)42V ju K,

_jl v(vV=h ' el 758)’)/&5@ v GJ&VB K; (4.10)
vv)? 3 (vv)?

—v/—=hhn!’ ( )2 (s K, +12e;2 K3) + (vv) e;* (V3 K, — V4 K3)
2R 8R
—U4U6abc U’YULVJU vac

3 1
“9R el vy, Vv vyPev Ky — 8€IJ vy V U U’y“bav(V;g Ky, —Vy K3),

where remember that ¢ without indices implies €Y = —¢/? with 4, j = 1,2 labeling the two
D = 4 Majorana fermions v®. The first two lines in (4.10) are the same as in the quadratic
current (2.19) reduced to AdS, and with ¥ = 0. The third and the fourth line are quartic
in v and its derivative.

The problem of the construction of the Lax connection thus becomes more treatable,

but we would like to simplify things even further.

4.1 Worldsheet T-dual action for the AdS, superstring

Upon a T-duality transformation on the worldsheet [9], similar to that described in [19],*
the action (4.9) takes an even simpler form

_ 1 R 2 I1J (~ a~ 0 3,3 6 2
S——4ﬂ_a/klp/d£\/—hh (6[ €7 Nap + €1 €J> 1—R2(vv)
1 1
ol ;i/(e3veDv+éav7aDv— Réa ébvvabev), (4.11)

where 3(r) and é%(, r) are the vielbeins of the dual AdSy space. The dual vielbeins é%(%, r)
along the Minkowski directions are related to the initial quantities as follows (see [9] for
more details)

2 R2
a(  Phy=0 = Pl=

g2 o a = 2 9,3, = e, (4.12)

where

2 21
Pl =—v-h <1 ~ 2 (UU)2> <hIJ77ab + R\/Z—h e’ U%b€v> (s’ +ivy"Dyv).  (4.13)

“Note that in contrast to the AdSs x S° superstring where this bosonic T-duality can be accompanied
by a fermionic one [20-22] which brings the superstring action to itself but in a different kappa-symmetry
gauge, in the AdSy x CP? case the fermionic T-duality is not possible [9, 23], at least in the same fashion and
in application to the broken supersymmetry fermions v. For an alternative suggestion to perform bosonic
and fermionic worldsheet T-duality of the AdSs x C'P? supercoset model see [24-26] and for problems with
its realization see [27].
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The quantities (4.13) (up to a rescaling) are the conserved currents of the d = 3 translation
part of the SO(2, 3) isometries

08" =%, dr=0v=0. (4.14)
The action (4.11) can be cast in the manifestly SO(1, 3) covariant form
1 R 2 1 IJ~ a~ b 6 2 . IJ ~ a
5 ~ ona! kL, 4’8 <2X/_hh €r €J Mg 1_R2 (vv)?)+ie™ érv(l =T )vViv |,

(4.15)

where T'y; stands for (1 — P24)7> 77 (1 —Pay) = in® € which indicates its origin from D = 10
and V=d — i@&b%l}'

The bosonic and fermionic equations of motion which follow from (4.15) are, respec-

tively,
a6 . i % i
Vr (\/—h hle 01— R2 (vv)}) +ie!Tv(1-T11) ’YGVJU> ~ 2 ellePefu(l—T) 75,0=0
(4.16)
and
i -4 6 P
5 1+yA -1l ey, V- Y (vv) vV —h bl é? ernaB =0, (4.17)
The fermionic equation can also be rewritten in the following form
. < & 6 ~a~ b
iv/—hh!7E ;% (1 —T11) v, Vv — R ellerte;b (1 - I'11)7,5v0 (vv) =0, (4.18)
The conserved current of the SO(2, 3) isometry is
) 6 )
Jl = <\/—h htt & ;0 <1 - p2 (vv)2> + il v(1 = Ty) waU> K;
—|—Z el/ éJdv(l —FH)’Y@B&UVBKé. (419)

4

4.2 The Lax connection

As in the quadratic approximation of section 2.3, we construct an SO(2,3)-valued zero-
curvature Lax connection £

R=dL—LL=0 — @ Ly+L1Ly)=0 (4.20)

using the pieces of the conserved current (4.19) which enter the Lax connection with ar-
bitrary coefficients. The problem has a non-trivial solution if the zero-curvature condition
allows for expressing the coefficients in terms of a single spectral parameter. In the case

under consideration the zero-curvature Lax connection has the following form

2
Lr = o1 K+ as g—I}IL JJ + \/O‘_Zh Fr+ ajas g—I}IL F’
042 O
—4]%22U(l—Fll)’)’dV[UU(l—Fll)’yabCUKi)Ké (421)

302 - 3o (g + 2 vv)? s
+2R22 (vv)2 er* Ky + 2( 81 ) or (E/—)G el K &, 6,0 K&Kg> ,
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where G = det(é;% &, ),
Pl — ieu ésv(1—T) v V; Ky = ; e (1-Ty) oK, Ko (4.22)

and (as in section 2.3)

a3 = a2 +2a;. (4.23)
So the Lax connection contains one independent (spectral) parameter a; = 1272;.

To check that (4.21) has zero curvature one should use the string equations of mo-
tion (4.16)— (4.18), the Killing vector relations (appendix D) and the Fierz identities (ap-
pendix C).

Note that in the kappa-symmetry gauge under consideration the Lax connection is of
the fourth order in fermions (as is the action (4.15) and the conserved current (4.19)).

Applying the inverse duality transformation (4.12) to (4.21) one gets the Lax connec-
tion for the original model (4.9) which is non-local in the coordinates z* of the Minkowski
boundary of the AdS; space (4.1), the non-local quantities being the Killing vectors
Ka(z(x),r) and their derivatives V4 Kp(Z(x),r) = [Ka, Kp| expressed in terms of the
original AdS, coordinates. With some more technical effort, it should be possible to con-
struct an alternative local Lax connection of the model (4.9) directly from the conserved
current (4.10). We leave this exercise for future consideration.

5 Conclusion and discussion

In this paper we have constructed the full Lax connection for the AdS, sub-sector of the
AdS,; x CP? superstring with eight ‘broken supersymmetry’ fermionic modes which is
not described by the supercoset sigma-model. Because of the technical complexity of the
problem, the construction has been carried out for the kappa-symmetry gauge fixed and
worldsheet T-dualized action of the theory. For a generic (semi)classical configuration of
the AdS,; x CP? superstring with 32 fermionic fields (which are not subject to a kappa-
symmetry gauge fixing) we have constructed the Lax connections up to the second order in
the fermionic fields. These results provide a direct evidence for the classical integrability
of the complete AdS,; x C'P? superstring theory.

It would be useful, though, to find a procedure for the construction of a Lax connection
of the complete theory to all orders in the thirty two fermions. A hint at a possible
method to achive this goal may come from the construction of Lax connections in two-
dimensional supersymmetric O(N) and CP" sigma-models. When these sigma-models
are formulated in components of corresponding d = 2 supermultiplets, a prescription for
constructing the Lax connection was proposed in [16] which, as we have already mentioned,
has prompted the techniques used in this paper. A more systematic way of constructing
the Lax connections for these supersymmetric sigma-models is in the framework of their
worldsheet superfield description which allows one to operate with a corresponding Cartan
superform or a conserved super-current in the worldsheet superspace rather than with their
components [28-30].
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One can try to develop similar methods for studying the classical integrability of Green-
Schwarz superstrings in the framework of the superembedding approach (see [31-33] for
review and references). The superembedding description of superparticles, superstrings and
superbranes is based on the fact that the worldsheet kappa-symmetry is a somewhat weird
realization of the conventional extended worldsheet supersymmetry [34]. The dynamics of
p-branes is described by an embedding of a worldsheet supersurface into a target superspace
subject to a certain superembedding condition. The embedding super-coordinates X and
O% of a superstring in this formulation are therefore worldsheet superfields, as in the case of
two-dimensional supersymmetric sigma-models and the Ramond-Neveu-Schwarz strings. A
difference is that in the latter the component (bosonic and fermionic) worldsheet fields are
in the same supermultiplet, while in the superembedding approach X and © are (a priori)
in different supermultiplets and corresponding superfields. However, these superfields are
related to each other by the superembedding constraint which (at least in some cases) can be
solved in terms of a single ‘prepotential’. The superembedding formulation is intrinsically
related to super-twistors [34—36] and pure-spinors [37, 38]. It has proved to be extremely
useful e.g. for the derivation of the M5-brane equations of motion [39, 40] and for making
progress in the covariant description of multiple coincident branes [41-45].

To construct a Lax connection for a superstring in the superembedding approach one
should first derive a conserved worldsheet supercurrent associated with the superisometry of
the supergravity background under consideration and then try to use it in combination with
a spectral parameter for building the worldsheet superfield Lax connection. The expansion
of this Lax connection in worldsheet superfield components should then reproduce the form
of Lax connections considered in this paper to all orders in fermions. We hope to address
this problem in the near future.

Other possible applications and development of the results of this paper can be the gen-
eralization to the complete AdSy x C'P? superstring of the algebraic curve constructed in [46]
and the study of the integrability of type IIB superstrings compactified on AdS3 x S2 x
S$3 x St and on AdSs3 x S2 x T* (with 16 preserved supersymmetries) in those sectors which
are not described by corresponding supercoset sigma-models (see [14, 47] and references
therein). An even more interesting case is type II superstrings in an AdSs x 52 x T super-
background which preserves only eight supersymmetries and is related to the near horizon
geometry of D = 4 black holes [48]. In this case 16 independent kappa-symmetries are not
enough to eliminate 24 ‘broken supersymmetry’ fermions and hence the S(I;(Sg 1()1 >7<11‘J2()1) super-
coset sigma-model [49] cannot be regarded as a kappa-gauge fixed description of this theory.

One may also look for other examples of integrable superstrings in superbackgrounds
with less or no supersymmetry, whose purely bosonic sub-sector is integrable. As we have
seen in section 3, the superstring in the A = 2 AdS, superspace is integrable in spite of
the fact that all the eight supersymmetries are broken. If we did not know that this non-
supersymmetric model is a truncation of the AdS,; x C'P3 superstring, we would wonder
what might be the reason for its integrability. An obvious further example to check for
integrability is the superstring in the AdS,; x CP? background with all supersymmetries
broken. This superbackground is obtained from the 24-supersymmetric solution by chang-
ing the sign of the F5 flux [50]. We have not been able to construct a zero-curvature Lax
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connection for this case using the technique developed in this paper. So it still remains
to be understood what is the deep reason for the integrability of the AdS; x C'P? super-
string in the fermionic sub-sector corresponding to the broken supersymmetries. Does this
indicate that the superstring in AdS; x C'P3 remembers that it is obtained by the dimen-
sional reduction of the maximally supersymmetric AdSy x ST superbackground of D = 11
supergravity [50-52]7
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A Main notation and conventions

The convention for the ten-dimensional metric is the ‘almost plus’ signature (—,+, -+, +).
Generically, the tangent space vector indices are labeled by letters from the beginning of
the Latin alphabet, while letters from the middle of the Latin alphabet stand for curved
(world) indices. The spinor indices are labeled by Greek letters.

A.1 AdS, space

AdS, is parametrized by the coordinates 2™ and its vielbeins are e? = dz™e;,%(x), m =
0,1,2,3; a=0,1,2,3. The D = 4 gamma-matrices satisfy:

>
R

)

{74, 9"} = 29, n™ = diag (=, +, +, +) , (
b )

¥ =iy, AP =1 (

The charge conjugation matrix C' is antisymmetric, the matrices (7&)046 = (C Wé)ag and

(y‘ib)aﬁ = (Cvdb)ag are symmetric and 736 = (C7)ap is antisymmetric, with o, 3 =

1,2,3,4 being the indices of a 4-dimensional spinor representation of SO(1,3) or SO(2, 3).
The AdS, curvature is

4 . -

K R = R etel, (A.3)

i_ 8 i

Ry.” = Re 'lla 0

where }2% is the AdS, radius.
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A.2 CP? space

CP3 is parametrized by the coordinates ym/ and its vielbeins are e® = dym/em/a/ (y),
m' =1,---,6;a' =1,---,6. The D = 6 gamma-matrices satisfy:

(v} = 2‘5“’*”, 87 = diag (+, +,+, +,+,+), (A4)

v = g! € ajayayaiatay VT AT =1 (A.5)

The charge conjugation matrix C’ is symmetric and the matrices (fy“/)afgf = (C 'y“/)a/ﬁ/

and ('y“/b/)a/ﬁ/ = (¢’ ’ya/b/)afgl are antisymmetric, with o/, 3 = 1,--- ,8 being the indices
of an 8-dimensional spinor representation of SO(6).
The C'P3 curvature is

/ 2

d _ d’ d d
Ryyo® = _R2 (6c’[a’ 61)’] - Jc’[a’ Jb’] + Jay Jo > (AG)

A.3 The D =10 gamma-matrices I'4

(T4, 08y = 2928 1A= (19, 1), (A7)
I'=~"91, I=7"9~%, TW=4"®4+", 4=0,1,2,3; d=1,---,6.

The charge conjugation matrix is C = C @ C’.

The fermionic variables ©% of IIA supergravity carrying 32-component spinor indices
of Spin(1,9), in the AdS; x CP? background and for the above choice of the D = 10
gamma-matrices, naturally split into 4-dimensional Spin(1,3) indices and 8-dimensional
spinor indices of Spin(6), i.e. 0% = O (o =1,2,3,4; o' =1,---,8).

A.4 OSp(6/4) superalgebra

The bosonic part of the OSp(6]|4) algebra is generated by translations and Lorentz-
transformations which split into AdSy and CP3 parts as Py = (Pi, Py) and Map =

(M;, Myy) respectively. These satisfy the commutation relations
1
[Pa, Pp| = —2RABCDMCD, [Mag, Pc] = nac P — npc Pa, (A.8)
[Map, Mcp] = nac Mpp + nep Mac — nc Map —nap M, (A.9)

where the curvature R g¢P = (R&B&Z, Ry c/d/), and the AdSy and C'P? curvature are given
in (A.3) and (A.6) respectively. The fermionic part of the algebra consists of 24 super-
symmetry generators which can be described by 32-component Majorana spinor generators
subject to the projection Qn = (P24 Q)o (see eq. (2.2)). Their commutation relations are
as follows

[Pa, Q] = ;Q’YSFAPM, [Mag, Q] = —; QT AP, (A.10)

. R
{Q,Q} = 2i (PouTPay) Pa + 4 (Poay T AP Poy) Rap“P Mep
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where 5 = iT'°T''T"?I'3. Note that the splitting of the fermionic generators Q into Q; and
Q@3 by the Z4-grading of OSp(6]4) is simply achieved by splitting the D = 10 Majorana
spinor () into the left— and right Majorana-Weyl spinors

1 1

Q1= 2Q(1—F11), Q3 = 2Q(1+F11)- (A.11)

B Quantities appearing in the definition of the AdS,; X CP3 superspace
of section 3

R (M) 55 = 4(ev)™ (ve7°) 5 — 2(7°7*0)* (v7a) g5 — (V**0) ™ (V7,577 ) s (B.1)
R2 e_§¢

— v, VP,
k2l12’ egd) + k}lzp o a

AP = b

e s? R R Var,r ;
Sﬁjm:e i (1—"Pay) \/6§¢+ 1 o (1=P2)| * (B2)

2 kly, — kly /.26, R
V P p \/es¢+klp o 5
A 8i , sinh? M/2
V(U):—vay VIR
8 sinh? M /2
O(v) =1+ R vey® S M/;/l/ Ev. (B.3)

Let us emphasise that the SO(2) indices 7,5 = 1,2 are raised and lowered with the unit
matrices 6% and 0;; so that there is actually no difference between the upper and the lower
80(2) indices, Eij = —Ejis €ij == —€ji and 612 = €12 = 1.

C Identities for the kappa-projected fermions

When the fermionic variables v are subject to the constraint (4.5), the following identities
hold.

o . . 1
VS = vlydl =0, v s; ;= —4((1 +y)C H%P v, (C.1)
where v = 412 and vv = 5ijvai0aﬁvﬁj.
Another useful relation is (e%12 = —gg10 = 1)
VYapdU = Fegpeydu . (C.2)

Using egs. (C.1) and (C.2) we find that
vey v veny = 6 (vv)?, VeV v vEYgU = 208 (vv)?, (C.3)
and
(MPev)™ = 0. (C4)

A similar computation shows that

veyd M?% = 0. (C.5)
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It is also true in general (i.e. without fixing k-symmetry) that
Mv =0, vy’ M? = 0. (C.6)

Using the above identities we find that for v satisfying (4.5)

62 R
2 _ a a3
M*Dv = R2 (e* + 5% )(Yav) VU (C.7)
which results in

sinh?(M/2) 1 1, i R )

4oy Du =y (1 Dv = vy (d— W “y e
vy M2 v =y <+12./\/l v=uvy"(d 4 e U+2R2 e —|—2w (vv)*,
(C.8)

where e?, €3 w" and w® are AdS, vielbeins and connection defined in eqs. (4.2)(4.4) and
the matrix M? is defined in eq. (B.1).
We also find that

sinh2 9 .
5sin M/;/l/ Dv = ver® Do = ];

Other D = 4 covariant Fierz identities (& = (a,3)) used in the construction of the Lax

R
4uey (e® 4+ 5 W veYau . (C.9)

connection in section 4.2 are

A (1-T11)va Vyou (1—F11)7&Bév — 207y (1- I‘n)’yi’ Vivv (1—I’11)*yé Vyjuv=
1 s 2 P
=, eV <U (1—=T11)7 Vyvov (1 —Tqp)2 U> ~ g2 el el e ® (vv)?, (C.10)
(1 =Ty, vo(l - I’H)'yi’éczv: —652 (v0)? = 6v(1 — T ) yy50 0(1 — I‘H)'yi’%v. (C.11)

where I'1; stands for (1—7Pa4)7? 77 (1—"Pay) = i7° £ which indicates its origin from D = 10.

D Basic relations for the Killing vectors on symmetric spaces G/H

Let Kp(X) or K4(X) = ea™(X) Kj(X) be the Killing vectors of a D-dimensional sym-
metric space G/H, where M are world indices and A are tangent space indices. The
Killing vectors K/ (X) take values in the algebra of the isometry group G' and the one-
forms K = dXM K, satisfy the Maurer-Cartan equations

dK = 2K NK, dKNK=KANdK = -2KNKNK. (D.1)

The following relations also hold

[Va,VB|Kc = —Rapc” Kp, VaKp = [Ka, Kgl, (D.2)
VaVeKc =[VaKp, Kc|+ [Kp,VaK(]

= [VaKp, K¢] — [VaKe, Kp] = —2Rpc” Kp, (D.3)

[VaKp, Kc] = [[Ka, Kp], Kc| = —Rapc” Kp, (D.4)

[Ka, Kpl, [Kc, Kpl| = Rapie” [Kpj Kr] = Ropia” Ky, Kr), (D.5)
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where Rapc? is the curvature of the symmetric space G/H.

i
Vo, VilK: = Ry K;, R

For instance, for the AdS, Killing vectors we have

i_ 8 d

4 a b
abe — p2'lla 0y

E RAb = ~ 2 e’e’, (D.6)

VaK; = [Ka, Kj, (D.7)

abé

8
VaViKs = [VaK;, Ke| + [K;, VoK) = [VoKj, Ke] — [VoK;, K;] = g2 Mapp Kals (D.8)

8
[VakG, Ke] = [[Ka, K, Ke] = =, eja K (D.9)

16

(K, Kyl (Ko K| = = 1

Kienga Ky — Kia e Kgp)- (D.10)
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