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ABSTRACT: We initiate a comprehensive study of a set of solutions of topologically massive
gravity known as null warped anti-de Sitter spacetimes. These are pp-wave extensions of
three-dimensional anti-de Sitter space. We first perform a careful analysis of the linearized
stability of black holes in these spacetimes. We find two qualitatively different types of
solutions to the linearized equations of motion: the first set has an exponential time de-
pendence, the second — a polynomial time dependence. The solutions polynomial in time
induce severe pathologies and moreover survive at the non-linear level. In order to make
sense of these geometries, it is thus crucial to impose appropriate boundary conditions. We
argue that there exists a consistent set of boundary conditions that allows us to reject the
above pathological modes from the physical spectrum. The asymptotic symmetry group
associated to these boundary conditions consists of a centrally-extended Virasoro algebra.
Using this central charge we can account for the entropy of the black holes via Cardy’s
formula. Finally, we note that the black hole spectrum is chiral and prove a Birkoff theo-
rem showing that there are no other stationary axisymmetric black holes with the specified
asymptotics. We extend most of the analysis to a larger family of pp-wave black holes
which are related to Schrodinger spacetimes with critical exponent z.
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1 Introduction and summary

Gaining control over questions in quantum gravity remains a deep challenge in theoretical
physics. String theory has provided important insights, however it contains an intricate and
at times overwhelming structure. A complementary avenue is given by studying theories
of pure gravity in three-dimensional spacetime. Their advantage comes in the form of
their simplicity: they have fewer degrees of freedom and much simpler dynamics than their
higher-dimensional cousins, while still allowing for interesting black hole solutions.

Of particular interest has been the proposal of [1] — that theories of pure gravity in
AdSs3 should be holographically dual to two-dimensional extremal conformal field theories.
Realizing this proposal for Einstein gravity in three dimensions has encountered various
conceptual difficulties [2]. With the aim of surmounting those difficulties, another theory
of pure gravity in three dimensions known as chiral gravity [3, 4] was investigated. Under
certain assumptions [4], its partition function in AdSs was shown to take the suggestive
form of the partition function of an extremal conformal field theory.!

Chiral gravity is a particular case of the theory of topologically massive gravity
(TMG) [9], which contains a gravitational Chern-Simons term in addition to the usual
Einstein-Hilbert action, together with the choice of Brown-Henneaux boundary condi-
tions [10]. This theory has a stable anti-de Sitter vacuum at a special point in the pa-
rameter space known as the chiral point. The chiral point is given by puf = 1 where p is
the Chern-Simons coefficient and —1/¢2 is the cosmological constant.

Given that TMG at the chiral point has a stable vacuum with interesting properties, it
is natural to ask whether the theory contains other consistent vacua for different values of
the coupling, that is for pf # 1. It turns out that for uf > 3 TMG has a set of stable vacua
known as spacelike warped AdSs — spacetimes with isometry group SL(2,R)r x U(1)r
and intriguing asymptotic structure different from that of AdS3. These spacetimes contain
a rich black hole spectrum, whose entropy can be reproduced by a Cardy-like formula
involving both left and right-movers. This match is quite surprising, given the fact that
the asymptotic symmetry group of these spacetimes consist of only one centrally extended
Virasoro algebra and a current algebra [11-13].

At puf = 3, TMG has another interesting vacuum solution which is a pp-wave extension
of three-dimensional anti-de Sitter space and is known as null warped AdS3. This spacetime
has a null Killing vector and is the three-dimensional analogue (up to identifications) of the
Schrodinger spacetimes that have been proposed as holographic duals to non-relativistic
CFTs [14]. This spacetime also contains a rich chiral black hole spectrum, known as null

'For recent work discussing the status of the chiral gravity /extremal CFT conjecture, see e.g. [5-8].
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warped black holes. Our main focus in this article is to give a detailed account of the
physics of these objects.

The first issue we address is that of stability. For this, we perform an extensive study
of the linearized equations of motion about an arbitrary null warped black hole at uf = 3.
We find two types of solutions. The first set of solutions are oscillatory in time and have the
general feature that their asymptotic falloff depends on their (possibly complex) frequency
w. This is reminiscent of the behavior of modes in spacelike warped anti-de Sitter space
where the falloff is momentum dependent. In particular, for frequencies with a large enough
real part the modes acquire a non-trivial flux across the boundary at large radius and are
interpreted as travelling waves. As in the case of spacelike warped AdSs and chiral gravity,
the spacetime can be stable only if appropriate boundary conditions are imposed, which
exclude the oscillating modes.

The second set of solutions we uncover have polynomial time dependence and are
severely pathological. In particular, for large times they may lead to the development
of closed timelike curves in the geometry, having started from perfectly regular initial
data. Fortunately, we show that these modes can be decoupled at the nonlinear level by
an appropriate choice of initial data and a (more restrictive) set of boundary conditions
at infinity.

The two options for boundary conditions that we propose pass all the non-trivial
checks of consistency — they give rise to finite, integrable and conserved charges. Only
one of the two proposals leads us to discard the pathological polynomial modes. Due to
our incomplete understanding of the organization of the non-linear equations of motion in
asymptotically null warped spacetimes, we are unable to give a sharp physical interpretation
of the proposed boundary conditions.

Furthermore, both boundary conditions give rise to a rich asymptotic symmetry alge-
bra: a single copy of a centrally extended Virasoro algebra times (for the less restrictive
boundary conditions only) a 1@ current algebra with vanishing level. This finding sug-
gests that TMG at uf = 3 with the given boundary conditions may be dual to a (chiral
half of a) conformal field theory with the respective central charge. As a consistency check,
we successfully retrieve the entropy of the asymptotically null warped black holes using the
(chiral) Cardy formula.

It is interesting to note that both the black hole spectrum and the spectrum of per-
turbations (with appropriate boundary conditions) is chiral. Given the success of chiral
gravity, we further investigate the question of chirality of TMG in null warped AdSs. To
this end we prove a Birkoff-type theorem stating that the null warped black holes are the
most general analytic time-independent axisymmetric solutions and that are asymptoti-
cally null warped. Despite a large amount of evidence in favor of chirality at the classical
level, it is not clear whether the truncated theory is by itself consistent, so we leave this
issue open.

We extend part of this analysis to a more general set of black holes of TMG, which
are natural generalizations to pf > 3 of the null warped black holes. These spacetimes also
possess a null Killing vector and exhibit anisotropic scaling at large radius, with a (spatial)
dynamical exponent z. We therefore playfully refer to these solutions as null z-warped



black holes. They belong to the family of Schrodinger geometries that has been extensively
studied in the recent literature [15]. Unlike anti-de Sitter space, these spacetimes do not
have a well understood conformal boundary and there is no known Fefferman-Graham type
expansion of the asympotically null z-warped solution space.

We find the equation for linearized gravitational perturbations around the z-warped
black hole backgrounds, which again has solutions exponential and polynomial in time. The
asymptotic behavior of the exponential modes is extremely different from the behavior
of their counterparts in null warped or regular AdSs — in particular, they are all non-
normalizable. We also propose boundary conditions for null z-warped spacetimes, but for
technical reasons leave the proof of their full consistency to future work. These boundary
conditions resemble those used in Kerr/CFT [16], and they yield a Virasoro asymptotic
symmetry group with a central extension which precisely matches the z-warped black hole
entropy via Cardy’s formula.

Along the way, we uncover many peculiarities of the null warped and z-warped space-
times: solutions with hair, three-dimensional black holes that cannot be obtained via iden-
tifications of a ‘vacuum’ geometry, smooth solitons and polynomial modes. In addition, we
study the behavior of geodesics in null warped AdS3 and develop techniques for proving
Birkhoff-type theorems in TMG using the formalism of [17, 18] and method of [4]. All
these potentially useful facts can be found in the multiple appendices.

The nature of this work has been explorative. There is relatively little known about
the spacetimes we have studied, but they already seem to contain a rich amount of physics
and they are beginning to play a role in various areas of research. We believe we have
made a small step forward in understanding them. However, much is left to be done. For
instance, it is crucial to obtain a better understanding of the asymptotic structure of these
spacetimes, and how to regularize the on-shell action and compute the boundary stress
tensor. Also, more robust arguments are required to show that the spectrum of propagating
modes can be consistently truncated if we are to propose that TMG has consistent chiral
null warped vacua. A better understanding of the boundary conditions in these spacetimes
is essential.

The organization of this paper is as follows: in section 2 we describe the black hole
solutions that we will be concerned with. In section 3 we solve the linearized equations
of motion for both warped and z-warped backgrounds and study normalizability of the
solutions. In section 4 we discuss the various choices of boundary conditions for null
warped spacetimes and prove their consistency. In section 5 we show that the central
charge of the Virasoro part of the asymptotic symmetries along with the energy of the
black hole reproduce the black hole entropy via Cardy’s formula. We also comment on the
chirality of the spectrum and the relation between null warped and spacelike warped black
holes. In section 6 we propose a (tentative) set of boundary conditions for null z-warped
spacetimes and show that Cardy’s formula again works.

2 Null z-warped black holes

In this section we discuss the framework we will be working with, namely topologically
massive gravity with a negative cosmological constant, and the geometry of the solutions
relevant to our discussion.
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2.1 Framework and solutions

The theory we will be considering throughout the work is topologically massive gravity
(TMG) [9, 19] whose action is given by

1 1 2
Irva = 16mC /d3x\/—g [R —2A + 2M5Auur§0 (aurgy + 31“;1“;,)” . (2.1)

Here A = —1/¢? is the cosmological constant and p is the Chern-Simons coefficient. The
three-dimensional Newton constant G is taken to be positive. The equations of motion for
TMG with a cosmological constant are given by

1 1 1
E. =R, — 2Rg,w = 29w + MCW =0 (2.2)
where
1 af 1
CMV = 9 8# Va ng,, — 4gﬁl,R (2.3)

is the Cotton tensor and £*¥? is the Levi-Civita tensor. The above theory is known to have
a rich set of vacua [20-24] which have raised recent interest. Of these solutions, the ones
we will be focusing on are known as the null warped AdSs black holes solutions, which we
now proceed to describe.

These spacetimes generically possess two isometries, one generated by a null Killing
vector 9; and the other by a spacelike compact? U(1) Killing vector 4. The general metric
of the solutions we will be studying is given by [17, 25, 26]

2

ds 9 dr?
g = 2rdtdo + f(r)dg* + Ergt = V9, (2.4)

where?
w+1 3v+1

2 2
Here ¢ is a periodic coordinate, ¢ ~ ¢ + 2w. The function f(r) is required to not have

f(ry=r*+pr+a*, =z

(2.6)

any positive roots, which in turn implies that § > 0. The ranges of the coordinates are
t € (—oo,00) and r € (rs,00), where ry is the largest (negative) real root of f(r). In
appendix A we discuss the geometry of these spacetimes, including the case when ¢ is
non-compact.

All the above spacetimes have an asymptotic boundary at r = co. Depending on the
value of z, we can distinguish several types of asymptotic behavior

2If the U(1) is not compact then 3 is pure gauge and can be set to zero. The case a = 0 corresponds
to null warped AdS3 in Poincaré coordinates, while a® = —1 corresponds to null warped AdSs in global
coordinates, having an SL(2, R) X U(1),uu isometry group.

3This spacetime can be thought of as the truncation to three dimensions of the double analytical con-
tinuation of the Schrodinger geometry [15] which interchanges time with a space direction. The number z
should therefore not be interpreted as a dynamical critical exponent. Indeed, in the absence of 3, o and
when ¢ is non-compact, the solution is invariant under the dilatation

2 0 0 2—2z 0

—z

The scaling of (null) time with respect to the spatial ¢ coordinate is Z = 22 , which is better interpreted

as a critical exponent.



e for z = 2, the solution will be referred to as being asymptotically null warped AdSs
e for z > 2, the solution will be referred to as being asymptotically null z-warped AdSs

o if z < 1 then the metric (2.6) becomes asymptotically AdSs under the standard
Brown-Henneaux boundary conditions [10] or anti-de Sitter boundary conditions in
TMG [27, 28].

In the range 1 < z < 2, the above spacetimes exhibit infinite tidal forces [29] near r = 0;
therefore we will focus on the case z > 2. All the above spacetimes have a horizon at
r = 0, which is of finite size due to the identification of ¢. When the function f(r) becomes
negative the solution has closed timelike curves, which are necessarily inside the horizon
(r < 0). Due to such causal singularities, these solutions are termed black holes.

2.2 Null warped black holes and smooth black solitons

When z = 2 and § > 2a the solution (2.6) describes the so-called null warped black
holes. They have a causal singularity hidden by the horizon and they can be obtained as
discrete global identifications of the ‘vacuum’ null warped geometry with « = 8 = 0 and
¢ unidentified.

These black holes have two Killing vectors given by d; and 04 from which we can obtain

the conserved ADT charges
a?l

Qos, =0, Qa¢ = ag (2.7)
The Chern-Simons corrected entropy can be computed and is found to be
2wal
Spr = . 2.8
BH Ve (2.8)

In section 4 we will obtain the above entropy (2.8) by considering the central extension of
the Virasoro algebra and applying Cardy’s formula.

The surface gravity of these black holes vanishes and consequently so does their Hawk-
ing temperature. However, a “right-moving temperature” can be defined starting from the
first law

1
= . 2.
0SBH Tr 0Qa, (2.9)

The quantity Tk can be thought of as a chemical potential conjugated to the angular

4

momentum.® The existence of causal singularities behind the horizon places an upper

bound on the right-moving temperature

GZ‘E /8

Tp < TMaz Th = ™ )
R=-"R > R £ 27l

(2.10)
The bound (2.10) may look strange. As we already mentioned, it originates from the
requirement that f(r) have a zero somewhere for negative r. If we relax this requirement,

4The study of linearized perturbations around the null warped black holes and the ASG analysis further
support its interpretation as the (dimensionless) right-moving temperature of a 2d CFT (see the related
discussions in sections 3.2.1 and 5.2).



the corresponding solutions still have a horizon at r» = 0, but which no longer hides a causal
singularity. We call these solutions “smooth black solitons”.

The existence of these solutions is intriguing, given that in Einstein gravity they would
be forbidden by uniqueness theorems regarding the non-existence of solitons (see [30] and
references therein). But indeed TMG is quite different from Einstein gravity in many re-
spects. First, TMG is a higher derivative gravity theory. Next, the solutions themselves dis-
play peculiar properties, like the non-existence of timelike Killing vector eld (they only have
a global null Killing vector field) and an asymptotic behaviour which is non-asymptotically
Bat, nor AdS. We therefore lie outside the usual framework of uniqueness theorems.

All the formulae above in this section, including the first law of thermodynamics,
the expression for the entropy and right-moving temperature, still hold in this range of
parameter space.

The near-horizon geometry of the black hole spacetimes (2.6) (which necessarily have
a # 0) is given by

ds? 1 4r2
2 4

dr? r 2
2
=+ > + (adg— " at)". (2.11)
This geometry is the well-known self-dual orbifold of AdSs [31]. The identification of this
orbifold corresponds precisely to

a

Tr = . 2.12
R= oy ( )

2.3 Null z-warped black holes (z > 2)

The null z-warped black holes, i.e. (2.6) with z > 2, cannot be obtained from an identifi-
cation of the ‘vacuum’ null z-warped geometry a = 3 = 0. A proof of this is presented in
appendix A.2. Nevertheless, all local curvature invariants of the black hole spacetimes are
identical to those of the “vacuum”. Indeed, the tensor R", is independent of o and 3 and
so are all contractions of the Ricci tensor. The property that physical parameters are not
captured by curvature invariants is not unusual for pp-wave spacetimes, see e.g. [32] and is
related to the fact that these metrics belong to the class of Kundt metrics [33-36]. Once
again, the axisymmetric null z-warped black holes have two isometries given by 0; and 0y
with corresponding conserved ADT charges
2
a®(pul + 1)
=0, = . 2.13

Qo Qo, e (2.13)
We can further compute the Chern-Simons corrected entropy and the right-moving tem-
perature of the axisymmetric z-warped black holes to find

ma(pul + 1) !
Spr = Tr= . 2.14

BH QG/J/E ) R 7l ( )
The conserved charges and entropy obey the first law of thermodynamics (2.9). In section 6
we will discuss an Ansatz for the asymptotic symmetries of the z-warped solutions which
consists of a Virasoro with a central extension that reproduces the black hole entropy.



The near horizon geometry of the null z-warped black holes is again (2.11). The self-
dual orbifold of AdS; with (2.12) is therefore the universal near-horizon limit for all null
warped and z-warped black holes.?

2.4 Hairy null z-warped black holes

We would like to parenthetically mention that TMG also possesses a set of non-
axisymmetric null z-warped black hole solutions, with metric of the form (2.6), but with

fry=r*4+pr+ a(¢)2 , 2> 2 (2.15)

where «a(¢) is an arbitrary periodic function. The conserved charge associated to the
(asymptotic) symmetry 0y is

_,Uzg‘i‘l 27

2
ey a(¢)? do. (2.16)

Qo,
We call these solutions “hairy black holes” because we have an infinite set of solutions for
fixed asymptotics and conserved charge. When z = 2 the hairs can be removed by globally-
defined diffeomorphisms. For z > 2 this is no longer the case, the hairs are physical, and
the solution space is consequently much richer.

3 Perturbations of null z-warped AdS;

The null z-warped geometries have some unusual properties which render the dynamical
analysis of linear fields intricate. First, these spacetimes do not have a timelike Killing
vector, even locally. They rather have a global null Killing vector 0; which we will refer to
as time, since hypersurfaces of constant t are spacelike. Second, these spacetimes do not
have a Cauchy surface, which implies that the initial value problem is ill-posed without
specifying the boundary conditions of the linear fields (see [37] for an analysis of the
dynamics of linear fields in anti-de Sitter space).

In this section we will study linear perturbations around the asymptotically warped
and z-warped black holes. This will allow us to probe the behavior of the propagating
modes of TMG and study the stability of these black holes. The asymptotic behavior of
the solutions will provide insight towards defining boundary conditions for asymptotically
null z-warped spacetimes.

This section is organized in three parts. In the first part we find all the solutions of
the linear differential equation that the gauge-fixed perturbations satisfy. In the second
part, we analyze the physical properties of the solutions about the z = 2 background,
most notably normalizability. Finally, we analyze the linearized solutions about the z > 2
backgrounds in the third part.

5Tt is amusing to note that the asymptotic symmetries of the near-horizon self-dual AdSs consist of a
single copy of the Virasoro algebra whose central extension is cr = ;’é(l + ;l) This central charge and
the temperature (2.12) allow one to reproduce the black hole entropy via the (chiral) Cardy formula. We

note, however, that the stability of the self-dual quotient of AdSs in TMG has yet to be analyzed.



3.1 Part I: General linear analysis

We begin with the metric

ds? B poaw . dr
2 = Gudrtda” = 2rdedt + (r* + Br + o?) d¢? +y (3.1)

with @ > 0 and solve the linearized TMG equations for a perturbation h,, in syn-
chronous gauge

hiy = 0. (3.2)

which can always be reached. Since the ¢ direction is periodic, we can express the pertur-
bations in a Fourier series:

Ty (r, 8, §) = Zh emm? (3.3)
with
g (r,t) g5 (rt) 0
b (1) = | g5 (r.t) g5*(r,t) 0 |, mELZ (3.4)

and the order of the components is (¢,r,t). The linearized equations of motion determine
gis in terms® of 95", which itself obeys

%+ Br + o im 21 + 120 — 912
ye  Ogs =, Oy + | 95 =

(€3 () + Ot — [ O+ o () + ) (35)

2029y 4 6r0,g5" —
(v -1)
8r2
with
2i(Cyr — rCi™)

Imr

om = .m0, (3.6)

Note that (3.5) is a second order wave-equation for ¢g§* as expected, given that TMG
has a single degree of freedom. So far,the functions C3%(r) are arbitrary “constants” of
integration, but it is also true that the choice (3.2) does not completely fix the gauge
freedom. A thorough analysis of the gauge fixing is done in appendix B.2. We can then
write the most general solution to the above equations as

hom
Ty = W™ 4 R, (3.7)

where thO,m solves the homogenous equations of motion (where all the C/"(r) have been set
to zero), whereas hl,, is the particular solution to the non-homogeneous equation. In view
of their behavior with respect to time, the solutions to the homogenous equation will be
called exponential or oscillating modes, whereas the particular solutions will be referred to

as polynomial modes.

5The solution for g1'2 can be found in appendix B.1.



3.1.1 Exponential modes

The simplest way to solve the homogenous equations of motion is by means of a
Laplace transform

om dw —iwt 7 hom
W o) = [ 0 6w weC. (3.5

The solutions with w # 0 will be propagating since they cannot be gauged away. The
equation of motion for g3 now reads

1
r2g4 + 6rgh + 4 (w2 72 144+ 32 — 22 + rw(Bw — 2m) + r_2a2w2) g3=0. (3.9
Solutions to the above equation for the z = 2 case will be explored in section 3.2.1.

3.1.2 Polynomial solutions

In addition to the exponential modes, one can also obtain a set of solutions which are
polynomial in time. A careful treatment of gauge-fixing for these modes can be found in
appendix B.2. We only retain particular solutions that blow up slower than the background
in the limit » — co; more precisely we require that g ~ r® with ¢ < 2. In this case, the
completely gauge-fixed solutions read

2emurt?  imuc? cmur%_l cmaly
Mo ATy m50 m50 o 3 3 3 3
g = AT o a0 =, 1 T os 1) Tor(y— 1)
veh't
= g, =0 (3.10)

The above notation signifies that the modes proportional to e =™?(3™r+a™) can be gauged
away whenever m # 0.

The c§'r t2 and 4™r t modes are potential sources of instabilities due to their unbounded
growth in time. To see whether they are indeed part of the physical spectrum we should
first check finiteness of their norm, which is the subject of Part II.

3.2 Part II: Physical Requirements

At this point, we would like to discuss the physical conditions to be imposed on the above
modes. We require three properties:

e physical excitations should have a finite symplectic norm. The norm of a linear mode
is defined a la Lee-Wald [38] as

N = Qs (b h) = —i/ Qlh, h*: 4], (3.11)
3t

where €2 is given in the appendix C and ¥ is a constant ¢ hypersurface.

e physical modes should have a finite flux at infinity. The symplectic flux at infinity is
defined as
F =05 (hh) = —i/ Qlh, h*: 3], (3.12)

T



where ¥, is a constant r hypersurface that we send to infinity. Self-adjointness of
the boundary Hamiltonian requires that the flux at infinity be zero, which leads to
the conservation of the symplectic norm. It is however interesting to also describe

travelling wave solutions which have a non-zero flux at infinity.

e finally, a physical mode should be infalling at the horizon.

There are three ways that modes in the spectrum can represent classical instabilities.
First, positive frequency modes can have negative norm (be ghosts) or modes can have
negative energy with respect to the 9; Killing vector. This would imply that our proposed
state is unstable or is not the lowest energy configuration. This is what happens for linear
fields in TMG around AdSs with the positive sign of Newton’s constant [5, 39, 40]. Second,
the modes can acquire an unbounded growth in time, thus creating a large backreaction
at late times. This kind of instability occurs for example around small Kerr-AdS black
holes [41, 42]. Finally, closed timelike curves might develop at late times starting from a
regular initial data spacelike surface. This in turn leads to pathologies in the stress-tensor
of quantum fields defined on the geometry [43].

Our task is to analyze all solutions to the linearized equations of motion that we found
in Part I and classify them according to their norm and their potential to induce various
types of instabilities.

3.2.1 Null warped oscillating gravitons

For the null case z = 2, the exact solution to (3.9) for o # 0 reads

C w—2m V1—-w? wia C_ w—2m 1—w? wia
95'(r) = r;M<ﬁ i ’¢ 2 >+ r2M<ﬁ i ’_¢ 2 o

(3.13)
where M(a, £b; x) are linearly independent Whittaker functions and C1 € R. It is also
worth noting that when w = +1 and fw = 2m, the solution becomes:

1= () e (3) e ()] o

r

where J, and Y, are the Bessel functions of first and second kind respectively.

Asymptotic behavior near r = oco. As r — oo, the solution (3.13) behaves as

1-w

g3(r) = o (iaw)™r— 3= Y'2 (14 0() +C_(iaw)™r— 357 (14 O (3.15)

where k4 = ; (14v/1 — w?). The main feature of this asymptotic behavior is its dependence
on the frequency along the null direction. All w € R with w > 1 lead to a complex
exponent and thus the corresponding solutions are traveling waves. We choose the branch
Re (\/ 1-— w2> > 0. The solution multiplied by C'y will subsequently be referred to as the
fast-falling mode and the one proportional to C_, as the slow-falling mode.
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The symplectic flux and norm of the fast/slow-falling mode around (3.1) behave asymp-
totically as

fi ~ |Ci|2’l“:FRe(\/1_W2)’ Ni ~ |Ci|2/d’l“ T,—l:FRe(\/l—wQ). (316)

The contribution of the slow falling mode to the symplectic norm acquires an infinite
contribution from the integration at large radii, and thus we must set C_ = 0. The fast
falling mode contributes a finite amount to the symplectic norm in the region r > 1, except
when w € R, w > 1. In this case, both fluxes F4 are finite but the norm is divergent. These
modes represent traveling waves which carry away energy from the bulk to the boundary.
For w = 1, only the fast-falling branch is allowed, since the metric and flux of the other
branch exhibit logarithmic divergences.

To summarize, the analysis of the asymptotic behavior of the perturbations near r = oo
in asymptotically null warped AdSs allows only the fast falling modes — C'y — for all values
of w except w € R with w > 1. Perturbations with real w > 1 represent traveling waves
which have nonzero flux through the boundary. All perturbations have a characteristic
frequency-dependent falloff at large radius.

Near-horizon behavior. The Whittaker functions admit an irregular singular point at
r = 0. In the limit » — 0, the fast falling mode behaves as

P(Qb + 1) oW P(Qb + 1) _iaw
m.C e o +O(logr) +C e or +O(logr) + ..
93 * (iwa)sT'(b—a+3) * (iwa)=*T(a+b+ 1)
(3.17)
where we have used the shorthand notation
-2 1 — w?
g= P 2m po Vi a > 0. (3.18)

dice 2 '
Imposing that the modes be purely infalling at the horizon for Re(w) > 0 sets to zero the
coefficient of the second exponential and thus leads to the following quantization condition

on the frequency

Ow

, . n=0123... (3.19)

m = 2mi T [n—i— ; (1—}—\/1—(,()2)} +
where Tg is the right-moving temperature given in (2.10).

Since we have chosen the fast-falling mode with Re <\/1 — w2> > 0, it is not hard to see
that all solutions to this equation must have Im(w) < 0. The mode is then exponentially
growing at the horizon and therefore not normalizable. There are therefore no normalizable
quasi-normal modes. Infalling modes blow up either at the horizon or at infinity.

It is nevertheless interesting to note that the above expression resembles a pole of the
Green’s function in a conformal field theory [44] upon identifying:

B

1 1
hR:2—|-2\/1—w2, qr = w, QRZQ’ WR=m (3.20)
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such that
wr =2miTgR (n—|—hR)—|—qRQR, n=20,1,23,... (3.21)

The expression for the ‘conformal dimension’ of the operator ‘dual’ to the TMG mas-
sive graviton takes the familiar form encountered in non-relativistic AdS/CFT [14] and
Kerr/CFT [45]. Notice that the structure suggests the existence of a chemical potential
proportional to (3, whose appearance we will further discuss in section 5.2.

Similar relations have been shown to hold for scalar and vector perturbations of the null
warped black hole backgrounds [46, 47] as well as more general considerations of extremal
rotating black holes [48, 49].

3.2.2 Null warped polynomial solutions

Now let us turn our attention to the solutions which are polynomial in time for z = 2.
The particular solution with eigenvalue m € Z under —i0d, and which is subleading with
respect to the background metric takes the form

m 2 s m
G (1) = 7"t a0+ 8" 0 — et + O 15 (3.22)
T
m cg’
gp(rt) = » gs(rt)=0. (3.23)

The non-axisymmetric perturbations with m # 0 depend on two arbitrary constants c§*, ™
for each m. The axisymmetric (m = 0) perturbations depend on four arbitrary constants
3,7%,a", 3°. None of these parameters can be removed by a diffeomorphism.

The symplectic norm of the perturbation c¢* turns out to be infinite because of a
divergence at the horizon r = 0. We therefore have to reject this mode. The other pertur-
bations have vanishing norm and a vanishing symplectic product between themselves. The
linear solutions with ¥ # 0 are growing linearly in time and therefore represent marginal
instabilities of the black hole geometries. The physical implications of the existence of this
mode will be discussed in section 4.

3.3 Part III: Null z-warped modes

Finally, we briefly discuss linearized solutions about the null z-warped background.

3.3.1 Null z-warped oscillating gravitons

The explicit solutions to (3.9) for general z have not been found. For the case z > 2 the
asymptotic behavior of g§* is

z—2 z—2
i T2 w (=-2) T2 w
gs ~ C} r2="1" cos + Oy r=2="1 sin (3.24)
z—2 z—2
which is qualitatively very different from the null warped case in the sense that there is no
w-dependence in the envelope function.

Using the Lee-Wald symplectic norm (see appendix C) we find

2

N~ 722 Fer2 (3.25)
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which implies that for z > 2 both the symplectic norm and the symplectic flux acquire
a divergent contribution from infinity. Thus we are lead to the conclusion that all modes
are non-normalizable” and we should discard them. Note that this behaviour is also very
different from that of perturbations in asymptotically anti-de Sitter space (or in Schrédinger
spacetimes), where at least one of the two linearly independent solutions to the wave
equation is normalizable.

3.3.2 Null z-warped polynomial solutions

The particular linearized solution to the equations of motion for z > 2 takes the form

2 yrt? imuck? clty 3v-1 oy
m 3 m 3 3 m m 3
= — to, t 2 1) 3.26
& gy—1 TV Omot g T o, 75" 0mo+a Tor@u—1)’ (3:26)
= =0. 3.27
92 (3]/ _ 1)7° 9 g3 ( )

Here we have chosen a different gauge from the one used in (3.10), which is accessible
for z > 2 only. The symplectic norm of the ¢§' mode is infinite as before because of a
divergence at the horizon. One thus has to reject this mode. The symplectic product of
all remaining polynomial modes between themselves is vanishing, as in the z = 2 case. As
before, the presence of the v'r ¢ mode is quite worrysome.

4 Asymptotic analysis of null warped spacetimes

Having discussed the linearized modes around the black holes, we proceed by proposing a
consistent set of boundary conditions for null warped spacetimes (z = 2) and the associated
asymptotic symmetry algebra. Before beginning the analysis, we will comment on the
physical content of TMG with null warped spacetime asymptotics.

4.1 Null warped excitations

Part of the problem of finding the natural boundary conditions for null warped AdS3 stems
from the fact that a coordinate-independent definition of these spacetimes is not known
and consequently, we do not know how to characterize the most general asymptotically
null warped spacetime. Furthermore, there exists no analogue of the Fefferman-Graham
theorem in these cases [7], which in particular implies that we do not know the most general
nonlinear solution to the asymptotic equations of motion.

We shall instead use our knowledge of the full linearized spectrum to infer the proper-
ties of the nonlinear one. The main assumption that we will make is that modes that are
normalizable/ non-normalizable in the linear theory will continue to be so in the nonlinear
case, too.

"There remains, nevertheless, a possibility that there exist a more suitable norm than the Lee-Wald
one. For example, for asymptotically anti-de Sitter spacetimes, the counterterms in the action may render
the symplectic norm finite through the addition of a boundary term whereas the symplectic flux, which is
always finite, is independent of counterterms [50]. For asymptotically anisotropic spacetimes such as null

z-warped geometries, we leave open the question whether boundary contributions might exist, which cancel
the divergences by modifying the measure.
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A large portion of the linearized solution space consists of modes exponential (or
oscillatory) in time, which are characterized by the frequency w € C. We showed that none
of the modes with I'm(w) # 0 are physical around the black hole solutions, since they are
either not normalizable or they correspond to outgoing waves at the horizon. We will thus
(boldly) assume that the I'm(w) # 0 modes are also discarded at the non-linear level.

Real-frequency solutions with w > 1 represent travelling waves which have a non-zero
flux at infinity and infinite norm. They are therefore not present in boundary conditions
with conserved asymptotic charges. The real frequency solutions with w € (0,1) do not
solve (3.19) so they are again excluded.

Note that modes with w # 0 generically have falloffs that involve non-integer powers of
r. The non-exponential solutions only have falloffs in integer powers of r. Therefore, after
having excluded all the exponential modes, we can make an Ansatz for the asymptotic
form of the metric, which involves only integer powers of r. Subsequently, we solve the
nonlinear asymptotic equations of motion order by order, finding that generic nonlinear
non-normalizable solutions have g4 o< 72, while normalizable ones have gss o r. The
natural choice of boundary conditions that follows from this analysis is given by (4.2).%

The boundary conditions (4.2) seem natural and are consistent, as we will soon see.
Nevertheless, they suffer from the problem that they allow the existence of normalizable
polynomial modes that grow linearly in time, parameterized by v below

ds? dr?

2= 2rdedt + (r* + Br +rt + o?) dp* + 42 (4.1)

This is a solution of the full nonlinear TMG equations of motion; its linearized version
around the black hole solutions has been found in section 3. Starting from regular initial
data on the spatial ¢ = 0 slice, this solution develops closed timelike curves at late or early
times, depending on the sign of . Since the solution (4.1) is normalizable and carries finite
energy, a priori we have no reason to exclude this mode. This in turn prevents us from
having a consistent theory of topologically massive gravity in null warped AdSs.

A way to render the theory (at least classically) consistent is to notice that the above
are not the only consistent boundary conditions one can impose.” We will show that a
consistent truncation of the boundary conditions exists where these solutions are rejected.

80ne may object that we have rejected a large part of the spectrum based on the supposed non-
normalizability in the interior of nonlinear modes that we have not solved for. Instead, we should have used
only non-normalizability due to a divergent contribution near infinity. Assuming that nonlinear exponential
modes behave similarly near infinity as their linearized counterparts, such a condition immediately excludes
all the slow-falling modes. This naturally leads to boundary conditions (roughly) looser than (4.2) by r2
— l.e, for each metric component, O(r“) should be replaced by (’)(r‘”% ). But then one notices that the
propagating modes with w € (0,1) obey these boundary conditions but lead to infinite conserved charges.
Then, we are lead again to (4.2), this time only having used the asymptotic behavior of fields. Nevertheless,
the only way to exclude the fast-falling modes with large I'm(w) is by the assumption of divergent behavior
in the interior.

90ne may wonder why we are allowed to choose our boundary conditions; after all, if holography exists
in null warped AdSs, one should have a unique interpretation of the «rt mode. The multitude of boundary
conditions are just a reflection of our ignorance about the correct initial value problem at spatial infinity
in null warped AdSs, and future work should clarify the meaning of each of them.
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To recapitulate, the following analysis is not an attempt at a systematic analysis of
the on-shell asymptotic expansion of the metric. Instead, we will limit ourselves to finding
a consistent subsector of the most general asymptotic expansion which contains at least
the black holes and the solution (4.1). For more details please consult appendix D.

4.2 Boundary conditions and the ASG

As was already noted, we start with the following set of boundary conditions

1
Gop =12+ O(r) , gor =7+ O(1) , Grr = 42 T O(r?)
Gre = O(ril) ) 9rt = O(T72) ) git = O(Til) (42)

defining a phase space F. We have fixed £ = 1 for convenience. All linearized propagating
modes with w € R are excluded by these boundary conditions. On the other hand, the
mode (4.1) that grows linearly in time is allowed. Furthermore, the phase space includes
all the known black hole solutions.

The mode growing linearly in time is problematic because it produces closed timelike
curves at either early or late times. We therefore propose an alternative set of boundary
conditions which exclude it:

1
gos =17+ PBr+0(1), gy =r+0(1), grr = g2 +0(r™)
grp = O(r 1), gre =072, g = O(r™ ). (4.3)

The black hole solutions are still allowed, but with a difference in interpretation: while the
boundary conditions (4.2) imply that the whole two-parameter family of black holes is part
of the same phase space, in the new boundary conditions (4.3), the parameter [ is part
of the asymptotic definition of the spacetime and only the parameter a characterizes the
black holes. This difference is important in view of the fact (to be established in the sequel)
that 5 does not enter the asymptotic charges of the black holes, so according to (4.2) it
would be interpreted as hair.

Asymptotic symmetries. Asymptotic symmetries are those diffeomorphisms that leave
the asymptotic form of the metric invariant and under which the allowed field configurations
carry nontrivial charges. The asymptotic Killing vectors of (4.2) are given by

§[L7 N] = _TL/((b) O + L(¢) 8(25 + N((b) O + Striva (44)

where L(¢) and N(¢) are arbitrary functions of ¢ and primes now denote derivatives with
respect to ¢. The trivial asymptotic vectors &, take the form

1 1
gtriv = 0(1) ar + 0 (7“2) a¢) + O (7") Bt. (45)
Subsequently, we can define the generators

Ly = 5[6in¢a 0] ) Ny = 5[0’ 6in¢] (46)
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which obey the following Lie bracket algebra

i[Lns Lin] = (0 — m)Lysms  i[Lny No] = = Ny [Ny Nya] = 0. (4.7)

This is a semi-direct sum of a Virasoro algebra and a u(1) current algebra, which form the
proposed asymptotic symmetry group (ASG) of null warped AdSs.
For the more restrictive boundary conditions (4.3), the asymptotic symmetries are

g

EOILN] = L0, + N - (rI0) +

L'(¢) + N'((;S)) Oy (4.8)

so the only difference from (4.4) consists of fixing the form of the leading trivial diffeo-
morphism. The Lie bracket algebra of the Fourier modes of %) is consequently the same
as (4.7). As we will show in the sequel, all backgrounds allowed by the more restrictive
boundary conditions (4.3) have zero N,, charges, so in fact the part of the ASG parame-
terized by N(¢) (the current algebra) is trivial from the point of view of (4.3).

Asymptotic charges. The charges Qn and Qp associated with the asymptotic Killing
vectors (4.4) of the metrics belonging to the phase space F defined by the boundary
conditions (4.2) can be computed using the formalism of [51, 52]. We refer to [11, 12] for
the explicit formulae (see also [18]).
In our case, the expressions for the charges are quite involved. A considerable simpli-
fication occurs when one works in the radial gauge
1
4r2

which can be always reached using an appropriate trivial diffeomorphism of the form (4.5).

9tr = gor =0, Grr = (4.9)

The most general (on-shell) asymptotic form of the remaining components of the metric
that only involves integer powers of r is

2
oo =12 + (~2(6) 4 1(0) + S@) r+ =y 0 + Jeldn6) + [0uc(0) +al@)) + ..
gor =T+ 7(;5) + 1167(¢)27‘1 +.os gu=0. (4.10)

This asymptotic form defines the arbitrary functions ¢(¢), v(¢), 8(¢) and a(¢). They are

“constants of integration” that appear when solving the full nonlinear asymptotic equations

of motion. Note that the dependence on the various coordinates is precisely the same as

we found in the linearized analysis in section 3, which gives us a further consistency check.
The charges are then given by

2m
O = =y | N o) (411)
1 2 , 1
0= yyrg | @)+ (LK), (112
with
h(g) =7(9)° +3¢(9)" +32a(9) —12¢(¢) B(¢) (4.13)

and they can be further decomposed into their Fourier modes via (4.6).
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Consistency and the asymptotic algebra. We have verified that (4.2) form a consis-
tent set of boundary conditions for the asymptotic symmetry algebra (4.7). More precisely,
these Virasoro and current symmetries yield finite, integrable and asymptotically conserved
charges. Moreover, the boundary conditions (4.2) are preserved by this asymptotic sym-
metry algebra and the charges associated to trivial asymptotic Killing vectors are zero.
The charges Q,, generate through their Poisson brackets a centrally extended Virasoro

algebra whose central charge is given by
cr =20/G. (4.14)
The charges Qp, generate through their Poisson bracket a current algebra with level & zero
k=0. (4.15)

Since (4.3) are a subset of (4.2), finiteness, conservation and integrability of the charges
for the second proposed ASG follows from the above. Note, nevertheless, that in this case
the asymptotic symmetry group only contains the Virasoro algebra with central exten-
sion (4.14); the current algebra has become pure gauge, since the boundary conditions (4.3)
do not allow for any metric which is charged under Q.

4.3 Consistent truncation of the boundary conditions

A consistent classical theory of asymptotically null warped spacetimes should rely both on
consistent boundary conditions and on a well-posed initial value problem. In particular,
smooth initial data on a spacelike slice obeying the boundary conditions should evolve
into a metric obeying the conditions at all times. The question that we would like to now
address is whether the restricted boundary conditions (4.3) are dynamically consistent.
That is, if we impose (4.3) at ¢ = 0 and appropriately fine-tune the values of the metric
and its derivative on the initial spacelike slice, does it follow that these boundary conditions
will be obeyed at later times?

A necessary requirement for this to happen is that the modes that obey (4.2) but
violate (4.3) decouple from the rest. To show this, we first remind the reader the full
normalizable spectrum of TMG with boundary conditions (4.2):

the linear mode in time '?7\”, described by dg,, = 5,? 59 A et = ﬁ

the scalar hair @, described by dg,, = 5ﬁ)5fﬁor = /!(E

e the mass of the black hole a0 described by 09 = 5,%3 ia = ;lo;

o —

the Virasoro modes 0g,, = Lr1,,9u = (Lmg) v Which belong to the asymptotic

Ssymmetry group.

All these linear modes are tangent to the phase space of regular solutions in the sense
that they possess a regular initial spacelike slice (i.e. a spacelike slice where both the
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metric and the extrinsic curvature are smooth). The non-zero symplectic inner products

— denoted by (|) — of these modes around the solution (4.1) are:!°
c c c
(L™ = = 1 S (Lnla®) = = Fa%m0, (LinlLa) = = Sm(m? +40°)d .

(4.16)
Here cp is given by (4.14). Note that the mode 3° has zero norm and zero inner product
with everything else, similar to the behavior of a pure gauge mode. The mode "™ also has
zero norm, but the fact that it has a nonzero symplectic product with the Virasoros means
that our basis is not diagonal. Around the black holes with o > 0 this can be easily fixed,
by defining

fy/l?nzf?’?b—i— crm (L/m\g) vV m #0, 'y/ij)zf/ya. (4.17)
24(Lyn|Lin)

The new mode has

ey = R

- 48(m? + 4a?) "Ym‘2 Om,n <'Yl’m‘ Ly) =0. (4.18)

The norm of 45" is positive for m > 1. The symplectic norm of the Virasoro perturbations
|L,,) is proportional to the central charge and always positive for m < —1 as it should.

The purpose of the above analysis was to show that the problematic 4™ modes (or,
rather ’yl’m) can be decoupled from the rest, at least at the classical level. So can the
somewhat more innocuous “hair” modes ($Y. Therefore, at the classical level, we can
consistently set these modes to zero by adopting the restricted boundary conditions (4.3)
where [ is fixed.

These restricted boundary conditions are also compatible with the initial value prob-
lem. It is not a priori obvious that a mode can consistently be truncated this way. In
the case at hand however, we do know all non-linear solutions corresponding to the linear
modes not excluded by (4.3). They are the black hole mass difference a” and the nonlinear
version of the Virasoro modes, obtained by acting with the finite diffeomorphism associ-
ated with L,,. None of these modes depends explicitly on time. Then it is easy to show
that if the initial data (metric and its first derivative) is compatible with the boundary
conditions (4.3) from which the mode ™ is absent, then it would not appear at later times.

The conclusion of this classical analysis is that the boundary conditions (4.3) with
fixed § are consistent dynamically and contain only null warped BH as regular solutions.
This is similar to what happens in spacelike warped AdSs [53], where consistent boundary
conditions also only allow for the existence of black holes. The main difference between
the two theories is that in null warped AdSs the allowed spectrum is chiral, whereas in
spacelike warped it is not, because in that case the current algebra in the ASG has a
non-zero central charge.

5 Cardy’s formula and chirality

The existence of a centrally extended Virasoro algebra in the asymptotic symmetries is
intriguing. In particular, it suggests that if a consistent quantum mechanical description

10We sincerely hope that the freedom we have taken to take off the hats when their presence would have
rendered the notation too cumbersome will not confuse or inconvenience our reader.
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of topologically massive gravity exists about the null warped backgrounds, it would be
holographically equivalent to a (chiral half of a) two-dimensional conformal field theory.
In this section, we bring further support to this conjecture by showing that the entropy
of null warped black holes can be reproduced from a chiral Cardy formula, where the central
charge and the energy are read off from the spacetime asymptotics. We also gather together
the evidence for chirality of the theory defined with boundary conditions (4.2) or (4.3).

5.1 Entropy match

One of the generic features of such a CFTy, assuming modular invariance of the parti-
tion function, is that the spectrum of states at large energy has a degeneracy given by
Cardy’s formula:

E E
Scrr = 2W\/CL6 Ly QW\/CRG - (5.1)

In our case, the real numbers ¢y, g are the (semi)-classical central charges of the Virasoros
as read from the central extension of the ASG, and Ey g are the appropriate conserved
charges. If the black hole is extremal (such as the case at hand), then either the left or the
right-movers are in their ground state and only one term survives in (5.1).

Thus, using the central extension of the Virasoro found in section 4, together with the
conserved charge (2.7) as basic inputs of the Cardy formula (5.1), we observe that they
precisely match the macroscopic entropy of the null warped black holes, i.e.

2mol

— . 2
. Sorr (5.2)

Spn =
We take this as evidence that the putative holographic dual to TMG in null warped AdSs
has a consistent chiral subsector which is acted upon by a Virasoro algebra.

Black hole hair. A point that may be interesting to discuss concerns the difference
between the boundary conditions (4.2) and (4.3) in the context of black hole degeneracy.

From the point of view of (4.2) the parameter 3 that appears in the black hole met-
ric (2.4) represents classical hair, because it does not appear in any of the conserved charges.
Thus, for each value of the conserved charge Eg , we have a continuous infinity (classically)
of black hole solutions, parameterized by § > 0. Quantum mechanically, we expect the
values of the hair § to be quantized, but they will still contribute (most likely logarithmi-
cally) to the entropy. Their presence would not affect the leading entropy given by Cardy’s
formula, but if one had a precise definition of the quantum theory that would make sub-
leading contributions computable, their contribution to the partition function would have
to be taken into account. Moreover, one would have to find on the field theory side modes
that would correspond to the spacetime hair.

On the other hand, from the point of view of (4.3), the parameter 3 is part of the
boundary data, so for each value of the charge only one black hole solution exists. Thus,
whether hair exists or not depends on the interpretation of the boundary conditions (4.2)
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or (4.3) in a proper asymptotic analysis. This is an interesting question that we leave for
the future.!!

5.2 Relation to spacelike warped black holes

Another piece of evidence that TMG in the null warped AdSs background may be dual
to a chiral half of a CFTy comes from viewing null warped AdSs as a limit of spacelike
warped AdSs. The spacelike warped solutions exist for v > 1 and TMG in such spacetimes
has been conjectured to be holographically dual to a CFTy with left /right-moving central
charges given by [22]

0 (B2 +3) ¢
W2+3)6 BT 1243 &

Black holes in these spacetimes are conjecturally dual to thermal states in the above CFTy

cp = (5.3)

with certain left/right-moving temperatures T, g.

As mentioned in [22], null warped AdS3 can be obtained as a pp-wave limit of the
other warped AdS3 spacetimes. Below we show how to obtain the null warped black holes
as a limit of the spacelike warped black holes. The latter are described by the metric'?

dp? 2 _
ds? = dt* + (2 f?))ﬁg +2u <p + 71, + 4’;> dt dg + gpe(p) do? (5.4)

with ¢ ~ ¢ 4+ 27 and

243, n 7% T2 37}43(1/2 -1)

5.5
g BT 95 6472 (5:5)

3 )
960 =, (W =12+ 202 p+ iV +

where the two parameters 77, and 7g are proportional to the left and right-moving temper-
atures in the proposed dual CFTs

_ Anl Ty _ 4AnlTR (5.6)
TL—V2+3, TR—V2+3. .
Defining the new coordinates ¢ and p by
~ vt 3?2 —1)
p=Ap, t:)\, )\:\/ ) (5.7)
and taking the limit v — 1% and 77, — 0 while keeping

2

6= ;L , OQ=TR (5.8)

1Tt is amusing to point out that hair also exists in chiral gravity. Namely, all BTZ black holes, param-
eterized by two constants M and J (the values of mass and angular momentum as computed in Einstein
gravity), are solutions of TMG at the chiral point, with charges Lo = 0, Lo = M +.J. For every fixed M +.J
there exists (classically) an infinity of solutions (M + n,J — n) with the same conserved charges which are
not trivially diffeomorphic to the original solution. It would be interesting to see how this observation fits
in with the analysis in [2, 4].

T4+ + ('r+7'r,)2.

12We have changed coordinates with respect to [22], by letting r = p + 5 165
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fixed, results in the null warped black hole solutions (2.6). According to the conjecture
n [22], the null warped black holes correspond to thermal states with

T, =0, Tg= (5.9)

in a CFTy with central charges

14 20

L=y CR= 4 (5.10)

Note that 17, Tr and cg precisely match those in the previous analysis.
One can also compare the spectrum of quasinormal modes of the null warped and
spacelike warped black holes. The latter have been worked out (for scalars) in [47] and read

wr, = —2m’TL(nL + hL), WR = —2m’TR(nR + hR) 4+ qrQR, np,np € /A (5.11)

where the various quantities are

m I/2 I/2
= = Qp=— 12
WR g WYL= o Bw, qrSlr o/ Bw (5.12)
and
11 1202 — 1) 402112
hr = hp = 1— 02 . 1
L=nr 2+2\/ w232 s (5.13)

In [53], the conformal dimension of the operator dual to the graviton in spacelike warped
AdS3 was shown to be given by (5.13) with M2¢2 = —3(v?—1). In the limit v — 1, (5.11)
becomes precisely'? (3.19). We therefore see that the origin of 3 resides in the left-moving
angular potential of the spacelike warped black holes.

Noting that the graviton in TMG around spacelike warped resembles a scalar field of
mass M2(? = —3(v? — 1) [53, 54], the quasi-normal modes of the graviton take the same
form as above.

Now let us take a look at the asymptotic generators in spacelike warped AdSs, which
consist of a right-moving Virasoro algebra and a current algebra [11, 12]

L, =e"(0s —inpds), N, =em0 (5.14)

Under the rescaling (5.7), the Virasoro generators do not change. Nevertheless, the would-
be current algebra in null warped AdSs is given by:

N, = €9, = AN, (5.15)

and thus all generators vanish in the limit A — 0. This is in agreement with our results
that in null warped AdSs the current algebra is trivial.

3Note that we are matching the equation for the quasinormal modes of the null warped graviton to the
v — 1 limit of the quasinormal modes for a scalar of the expected mass in spacelike warped AdSs. That
the TMG massive graviton resembles in certain ways a scalar has already been noted in [9, 24].
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5.3 Remarks on chirality

The classical analysis that we have performed so far, of both linearized perturbations
and the asymptotic symmetry algebra, indicates that the classical theory of TMG in null
warped AdSs with boundary conditions (4.2) or (4.3) is chiral. We have three pieces of
supporting evidence:

(i) the (known) black hole spectrum is chiral

(ii) all normalizable modes are charged only under the (chiral) Virasoro algebra
(iii) the current algebra acts trivially
In the above, ‘chiral’ means ‘only charged under the Virasoro symmetries’.

(i) The black hole spectrum and a Birkhoff-like theorem. All known black hole
solutions to TMG at u¢ = 3 with null warped asymptotics are given by (2.4). They are
characterized by only one conserved charge, which is the zero-mode of the chiral Virasoro
that forms the asymptotic symmetry group.

It is interesting to ask whether other black hole solutions may exist with the same
asymptotics. In appendix E we manipulate the formalism developed in [18] to prove that
any analytic solution of TMG with pf = 3 that admits two commuting Killing vectors and
has the same asymptotics as the black holes must be one of the null warped black holes.

(ii) Chirality of the normalizable spectrum. In the previous sections, we analyzed
the dynamics of the theory from two perspectives: at the linear level around the black hole
geometries and at the non-linear level via an asymptotic expansion (restricted to integer
powers in the radial fall-off). Exploiting these two cases, we can infer the full classical
spectrum of the theory. Below is a review of our conclusions.

The linear theory around the black holes contains two types of modes: exponential
modes and polynomial ones. The boundary conditions (4.2) exclude all slowly-falling ex-
ponential modes and all the travelling waves. The boundary conditions alone do not,
nevertheless, exclude the fast-falling modes. As we have seen in section 3, these modes
are not normalizable because of a divergence at the horizon. Therefore, we expect that
any nonlinear solution that has noninteger powers of r turned on or exhibits exponential
behavior in time will be singular. We will reject all such modes under this assumption.

The polynomial mode labeled by ¢5* in the linearized theory and by ¢(¢) in the asymp-
totic nonlinear solution (and proportional to #2) is also not normalizable due to a divergence
near the horizon. Therefore it is also excluded from the spectrum of normalizable solutions.
Thus, all normalizable modes allowed by the boundary conditions have vanishing current
charges' Q, and consequently the spectrum of propagating modes is chiral.

14 Although the current algebra generators depend only on the modes of the coordinate ¢, just like the

Virasoros, it is not clear whether they belong to the same chirality subsector of the dual theory, as we will
discuss shortly.
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(iii) Triviality of the current algebra. The only modes whose chirality we still have
to check are the pure large gauge modes. Namely, if we adopt (4.2) then the ASG contains
a current algebra with level zero. The only backgrounds that could be charged under the
current algebra are those diffeomorphic to the ¢4 solution, which suffer from divergences
in the interior. Therefore, no normalizable mode in the theory is charged under the V,,, so
the large diffeomorphisms N,, are pure gauge (they act trivially on the phase space) and
are not contained in the asymptotic symmetry group.

That the current algebra should be trivial is corroborated by our argument regarding
null warped black holes as a particular v — 1 limit of spacelike warped black holes.

Discussion. The above arguments seem to suggest that TMG with boundary condi-
tions (4.2) or (4.3) in null warped AdSs is chiral. The careful analysis of perturbations
and asymptotic behavior that we have performed so far supports this claim. However,
only (4.3) can lead to a stable theory. Moreover, the ASG that we found supports the idea
that TMG in null warped AdSs with appropriate boundary conditions is dual to a chiral
half of a CFT5, which is most possibly the v — 1 limit of the CF'T5 conjectured to be dual
to the spacelike warped black holes.

Nevertheless, it is probable that the boundary conditions (4.2) or (4.3) are not the ones
that capture the most interesting physics in the null warped spacetime. Firstly, they leave
out the fast-falling exponential modes, which would have been the interesting propagating
modes of the theory. Secondly, the naive limit from spacelike warped AdS3 seems to indicate
that TMG in null warped AdSs3 should be dual to a CFTy with cp = 2¢;, = 2¢G~!, but no
vestiges of the left-movers were seen in our analysis, except for the mysterious hair 3. It is
not unlikely that non-standard boundary conditions might exist, which would lead to an
asymptotic symmetry group that contains both the left- and the right-movers. Note that if
this is the case, then it doesn’t make much sense to talk about a chiral TMG theory in null
warped AdSs, since we would have unnaturally set the left movers to their ground state.
Rather than speculating any further, we leave the resolution of this issue to future work.

To summarize, we have presented various arguments that show that TMG in null
warped AdS3 may be chiral at the classical level. Such a theory would have no propagating
degrees of freedom, given that the massive graviton of TMG is excluded by the boundary
conditions (4.3) and the remaining time-dependent modes decouple. This situation is
reminiscent of chiral gravity, where the Brown-Henneaux boundary conditions disallow the
propagating logarithmic mode, and the remaining spectrum is again chiral. We leave open
the question of whether the chirality of the spectrum is preserved in presence of quantum
corrections. Our analysis is not very illuminating in that sense, and the clever argument
that was applied in [4, 55] to decouple chiral gravity from the remaining modes of log gravity
cannot be applied here, for the simple reason that the ASG analysis is not appropriate to
uncover holography in spacetimes where flux can pass through the boundary at infinity.

6 Asymptotic analysis of the null z-warped spacetimes

In this section, we make a proposal for the asymptotic symmetry group of z-warped space-
times. We check that this proposal leads to finite, integrable and conserved charges in the
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very restricted phase space that consists of black hole solutions and large diffeomorphisms
thereof. This construction is enough to provide a representation of the asymptotic Virasoro
algebra, to derive its central charge and to match the entropy of these black holes using
Cardy’s formula. The problem of finding consistent boundary conditions for asymptotically
z-warped spacetimes will not be settled here due to its technical difficulty.

For purely orientational purposes, a tentative definition of the boundary conditions is
presented below:

oo = O(17) , gor =1+ 0(1), gor =O0(r),
Gor = 4i2 +0(r3), gu=0(""). (6.1)
Note that such boundary conditions allow the unstable solutions
ds? dr?

, = 2rdedt + (rz +0r+yrt+ a(gb)2) de? + (6.2)

14 4r2

which generalize to any z the solution (4.1). These backgrounds turn out to have finite, in-
tegrable and conserved Virasoro charges. The form of the “tentative” boundary conditions
is partly inspired by the boundary conditions in [16], partly by matching to the symmetry
generators in the z = 2 case (4.4),'° and mostly by the fact that they give the correct
central charge that matches Cardy’s formula.'® The reader is thus entitled to object that
we are making an “educated guess”. Future work should corroborate the correctness of
this guess.

6.1 Black hole phase space

The phase space we will consider is given by acting on the axisymmetric black holes (2.6)
with the finite diffeomorphisms generated by the asymptotic Killing vectors £[L,0] de-
fined in (4.4). The resulting metric is just the black hole metric (2.6) with the following
coefficients differing

2//

(21/)2
Iro = " g

_ 2—z .z 2 2
9o = (£)°77r" + BLr + o7 (&) + A2y

(6.3)

where £ = £(¢) and prime denotes a ¢ derivative. These black holes obey the tentative
boundary conditions (6.1). The Virasoro charges are all finite, integrable and conserved
when ¢ has the form (4.4). Explicitly, they are given by

— z o 202, LE"(0)7 1oy 2(0)
= 4rG(2s — 1)/0 d¢ [L(¢) (a £(9) + S,((p)z) +L (¢)2£,(¢)] (6.4)

and Qn = 0. The charge associated with L¢ is manifestly non-negative for all z > 2.

or,

The polynomial mode quadratic in time has nonzero charge Qx but, as discussed for

5Note that this set of generators is not the one which is found by solving Killing equations on the z-
warped background at first order in the radial expansion along the procedure outlined in [56, 57] because
here the leading metric coefficient g4 is allowed to change.

5The boundary conditions where g4y = 7% + O(r), gis = O(r) also have a Virasoro as ASG. Tts central
extension, however, yields a central charge which does not match, via Cardy’s formula, the black hole
entropy.
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z = 2, imposing regularity in the interior removes this mode. We therefore expect a chiral
spectrum for all regular z-warped geometries as well.

When it is realized through the asymptotically conserved charges, the Virasoro algebra
acquires a central extension given by:

314 ph)

c, = 26l (6.5)

This value is the expected one for the Cardy formula to reproduce the entropy of z-warped
black holes (2.14). The symplectic products between all modes obtained by linearizing (6.2)
are exactly the one given in the previous section on null warped. The conclusions are
therefore identical.
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A  Geometry of null warped AdS;

In this appendix, we briefly discuss some geometrical features of the null background ge-
ometry for both the Poincaré and the global patches.

A.1 Geodesics

We would like to study the behavior of geodesics in the null warped spacetime, with metric

given by
9 9 dr?
ds* = f(r)d¢” + 2rdtde + 42 (A.1)
r
where ¢ may or may not be identified. The case with
fry=r*+pr+a*®, ¢~o+2rm (A.2)
represents the black holes, whereas
fry=r*-1, ¢€R (A.3)
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represents the global spacetime, as has been shown in [29]. The Poincaré patch is simply
given by f(r) = r2. We consider a geodesic with affine parameter \

dp dt dp

S =—F A4
and ds? = kd)\?
1 [dr\? 2JE r).J>2
k= 42 <d)\> + . f(rg . f(r)=r’+8r+a (A.5)

We will mostly concentrate on the behavior of null geodesics, £ = 0. Letting A= 2|J|A
and g = 55 — ?, we find the solution!”
15 B*-a dt E+Jf(r)

_ X _ 5 _
T(A)_Qe_'_ 9 ¢ B dx  r r2

Several remarks are in place. First, unlike the case of Schrédinger spacetimes studied

(A.6)

in [29], null geodesics can escape to infinity. The behavior as 7 — 0 depends on the sign of
a. If a < 0, then geodesics reach a minimum distance

Tmin = \/B2 —a— B > 0. (A7)

Thus, the r» = 0 region is never reached because of the harmonic trap term —d¢?. We can
therefore infer from the behaviour of geodesics that the boundary of the vacuum spacetime
contains both » = co and r = 0. Note nevertheless that there exists a qualitative difference
between the two, since the first can be reached by null geodesics in infinite proper time,
whereas the second is never reached. There exists a minimum distance (A.7) that null rays
can attain in finite affine time.

If @ > 0, then null geodesics can reach r < 0, and they do so in finite proper time.
Nevertheless, in coordinate time

lim t(r) ~+JInr, lim ¢(r) ~ :FJ\/a. (A.8)

r—oo r—0 r
Thus, it takes infinite coordinate time to reach from r finite to » = 0, which indicates that
r = 0 is a horizon. Another way to see this is by noting that trajectories for which the
future direction is given by decreasing A — namely, those geodesics for which J < 0 —
and that have % < a always evolve towards more negative values of 7.
A.2 Null z-warped black holes and identifications

In this section, we will show that there is no identification in the null z-warped background

ds* dp? n

e pPda? + 2pde dr_ + 42 ™ € (—o0,00) (A.9)
for z # 2 that leads to the z-warped black holes
ds? 9N 1.9 dr?
= z 2 A.l
” (r* 4+ pr + o) d¢p* + rdtdq§+4r2 (A.10)

17 An additional solution exists for which A — —\.
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where ¢ ~ ¢ + 27 and a # 0. In fact, we will show that, locally, one cannot write the
background metric as (A.10) when z # 2. Indeed, if this were the case, the two Killing
vectors Jy and 0, of the metric (A.10) should be expressible in terms of linear combinations

of the three Killing vectors
2 _ 2—z
N=0y, Ni=0_, No=— p0,+x 0_+ AN (A.11)
z z

of (A.9) as
9y = agNg + a1 N1 + (N, 8 = aoNo + a1 Ny + (N (A.12)

for some constant coefficients. Now, if both ag and &g are zero, the change of coordinate
is trivial and it does not map (A.9) to (A.10) when « # 0. We will now assume «q # 0.
The change of coordinates assuming &g # 0 can be treated similarly with ¢ interchanged
with ¢. The general solution of the first equation is given by

2 —z
p=Fi(tr)e” 29 , x = Fy(t,r) eao‘b—zz , zt= aO(QCZ— 2 <F3(t,7°) €20’ d’—l) .
(A.13)
Plugging these expressions into the second equation we find
2% .
OF + "R =0, 9F —aoF, = (@1 _ o O‘1> g0 @ (A.14)
z (&%)}
and
z—2, — 2 P 2z
¢ (% - aoFs> =2 P(agl —dg Q) eI, (A.15)
Given that ag # 0 the only way these equations can be satisfied is if
aodl—doal :(2—2)((106—@()():0. (A.16)
For z = 2, the second equation is trivially satisfied while for z # 2, it implies that 6 = d;?OC.

As a consequence, the linear combinations appearing in (A.12) are equivalent and 9, is
proportional to 94 (or is zero) which is absurd. For z = 2, we get rather that 0, = agNo+ N

while 0y = N, in agreement with previous analyses.

B The linearized solution and its gauge-fixing

B.1 Details of the linearized solution

The equations of motion for gi"; that accompany (3.5) are

Oga(r,t) = —2r2(4 +3v)gs — 47°38rgg — 3tvCi(r) — 3vCy(r),
%1 (r,t) = T2v(v + 1)rtgs + 48100, g3 + 8imr3dygs + 4r*(r* + fr + o®)d2 g3
4361202 [Co (1) + C1(r)t] 4 4vCs (7). (B.1)
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B.2 Fixing the residual gauge

The temporal gauge condition g,; = 0 does not completely fix the gauge freedom. The
residual gauge freedom is parameterized, for each fixed m, by three arbitrary functions of
7, called DT 5(r):

DI _ Dm
Sg(r,t) = s | — 20D +2D4)t,
T
ym D™ D
g (r,1) = —”Z ) +7°D§+(7°Z+ﬁr+a2)Dg+< ! —D§+2imng> t+2r2(2D}+rDI)E2,
T T
dgit(ryt) = (zrzf1 + B)DT* — 2imr Dy — 2im(r® + fr + 042)D§“ + 2imD7"t + 2m27"D§“t,

—43(2r*~1  B) D4t — 4imr3 Dyt? (B.2)

where for uncluttering we have dropped the superscript m in presence of derivatives.

Due to the polynomial dependence on time of the above gauge transformations, we
can consider that the gauge-fixing acts only on the particular (polynomial) solutions to the
equations of motion. Below we will consider the z = 2 and z > 2 cases separately.

Gauge-fixing for z = 2. Let us first treat the case z = 2, i.e. v = 1. We are looking
for a particular solution of the equation for g5'. Nevertheless, such a solution can always
be gauged away by appropriately choosing D" and D3*. Thus, g5* = 0 and this in turn

implies that we can restrict the functions C}"(r) to take the form
g’ imey 3mci

6r 4r

rinr.
(B.3)
Next, we find the particular solutions for gi". These depend on cf’ 5 as well as other five

Cl'(r)y=c", C3(r)=cy — (Inr+1), C'(r)=cg'r+

arbitrary constants of integration. The leading behavior of the solution takes the form
gl (t,7) = 623 18 2 r? + . (B.4)

Since we are not to consider perturbations that blow up as fast as the background, we have
to set c" = ¢y’ = 0, as well as gauge away two of the integration constants. In this case,

the particular solution takes the form

m 2 s m
git(rt) =~y"rt+am +rp"m — cg”TtZ + 034a + 1032m t, (B.5)
r
cg'
wirn =T =0 (B.)

The remaining gauge freedom is parameterized by the restricted functions

imdy? ds
" =dpr, DY =dy— 41 , Dp=dp- "3 (B.7)
r r
Requiring that the periodicity of the asymptotic metric remain unchanged sets
dy* = imd}" , 5= (B.8)
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and thus the remaining gauge freedom is

- Sdm
SgT = —imr(2dT + A7) — |

— 2ima’dy. (B.9)
Using this remaining gauge freedom, we conclude that if m # 0 we can set " and a™ to
zero by a coordinate transformation. In the case m = 0, the solution is the same except
that 3°,a” are no longer removable by a gauge transformation.

Gauge-fixing for z # 2. We follow the same procedure as in the previous subsection.
We thus can gauge-fix ¢g5' = 0 and

3(v—1) 3(v—1) cy' imet su—s
om — m 9 cm _ .m 9 _ 3 . 1 o B.10
1'(r) =c'r ) 3 (r) =c3'r 3r(3v—1)  6(v— 1)7° » )
m m s
Cg'(r) =res'+ = 7 (B.11)
The solution is the straightforward generalization of the one for z = 2
2curt? imuvcy' cS'v 3—1 cra’y
m 3 m 3 3 m m 3
= — t t 2 B.12
5 qp_1 T gy T e gy (B2
ves't
g5 = (30 ? I g5 =0 (B.13)

where we have had again to set to zero cf’,c}' etc. The diffeomorphisms that are still

allowed must satisfy

_ 4im
3v+1 4’

with dy' and d}* arbitrary. The remaining diffeomorphisms are now:

an ) (B.14)

mo__ 2 m _2 . m 1_ . gm _imBm_- 2 m
0g1t =2mrtd)’ | 1 . + 2imr | dy'3 B 1 ds s dyt — 2ima”d)'. (B.15)

As before, the ¢-independent modes cannot be gauged away. An interesting observation is
that in this case we can use the gauge freedom parameterized by dJ* to either gauge away
the polynomial mode linear in time "™ or a™ as before. The coefficient 5" can be gauged
away for m # 0.

C Symplectic product
The symplectic product between two linearized graviton perturbations h&l,,) and hg,,) around
the background g, is defined as

(RDRP) = Q(hW hP) = —i /E Q[rM, K g], (C.1)

(1)

while the symplectic norm of a linearized graviton perturbation h,, is

N = QM A1) = —i/EQ[hU),h(U*;g], (C.2)
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where () is the symplectic structure and ¥ a hypersurface of constant ¢t. The symplectic
structure Q2 = Qpg + Qcg is the sum of the symplectic structure for the Einstein-Hilbert
action Qpy and the one of the gravitational Chern-Simons term ¢g. The standard
covariant phase space symplectic structure for Einstein gravity can be found e.g. eq (41)
n [58]. Using covariant phase space methods, one can derive the Lee-Wald symplectic
structure for the Chern-Simons term as

Qos[6Mg,8Pg; 9] = 6P 00s(8Wg; 9) — 6V00s(6P g; g) (C.3)

where the 2 form O(dg; g) is given by (see also [59] for a recent derivation)

1
O0s(dg:9) = o, au (5,615, + 2R",6gx5) da* A da” . (C.4)

D Asymptotic equations of motion

For reasons explained in section 4, we have restricted our asymptotic analysis to metrics
that only involve interger powers of 7 in their asymptotic expansions. This is consistent
with the equations of motion as explained below. We named the first coefficients in the
asymptotic expansion with upper indices, which indicate at what level in the asymptotic
expansion they appear in the equations of motion

9o (1, 0, 1) = 17 + g4 (¢, )r+g<2><¢,t)+0<r‘1),

g(bt(r’ gb’ t) =7+ g(l)(gb’ t) + (2)(¢’ ) ( _2)a
gtt(r’ gb’t) (1)(¢a ) 29¢t (gb’ ) ( 73) (Dl)

and similarily for the remaining components. It has been noticed that the null warped
background (o = = 0) admits an anisotropic scaling symmetry of the coordinates [60]

r—Xr, t—t, ¢— Ao (D.2)

If we require that the perturbed metric (D.1) be invariant under this symmetry, then the
“metric coeflicients” gw,(gb, t) must scale as

i (@,1) = Ngli(e,1) (D.3)

under (D.2) (see related considerations in [60]). This is an alternative definition of the
index “(z)”. The g,Sﬁ asymptotically determine the phase space (4.2).

The usefulness of this definition stems from the fact that if one also expands the
equations of motion (2.2) as a homogenous series in r, then each coefficient E,(“Z depends
only linearly on the metric g,SB and its derivatives and non-linearly on g,(w), J < i and its
derivatives. This allows one to solve the equations of motion order by order.'® We checked

that the resulting equations admit consistent solutions up to third order in the expansion.

181f one decides, for example, to use the usual radial expansion that assigns the same order i to all metric
components that multiply a given power of r, she would find that she cannot solve for all functions at a
given order, but would have to wait for later orders in order to solve them.
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A considerable simplification occurs when one completely fixes the coordinates in ra-
dial gauge

1

= 42 gra =0, a=0o,t. (D.4)

Grr

which can be achieved using an appropriate trivial diffeomorphism of the form (4.5). We
find that the most general asymptotic solution in our phase space up to second order has

the form 1 _ 2 @ _ 1 a _

9 = —Pel) +11(9) + B0) . gl = (@), gy’ =0 (D.5)

while
D = L@ + L elon(9) + L due D
g¢¢— 9 9 v 9 ¢C¢)—|—a(¢) ( )
o) = 0P+ eho), o =e(t,0) (.7)

where
e(t,¢) = e V2 fP(g) 4 22 1P (g). (D.8)

All functions of ¢ that appear are arbitrary. We recognise in the last line the exponential
mode with w = 2iv/2, which happens to be multiplied by an integer power of . This time
we found it from a (truncated) nonlinear asymptotic analysis.

E Birkoff-like theorem for null z-warped black holes

The statement we want to prove is that all stationary, axisymmetric analytic solutions of
TMG with two commuting Killing vectors one of which becomes null asymptotically are
the null z-warped black holes. We will use the method of [4] which is based on a rewriting
of the TMG equations of motion presented in [17, 18] and we will impose the null z-warped
boundary conditions (4.2) or (6.1).

E.1 The equations of motion
A general stationary axisymmetric solution of three-dimensional gravity reads

dr?
(X1)2 4 (X2)2 — (X0)2

ds?

2 = —(X + XY de? + 2X?dtde + (X' — XO) dt? +

(E.1)

where X¢ = X?(r) are only function of the radial coordinate and ¢ is a length scale which
is related to the cosmological constant as A = —¢~2. Here X'’ is a vector in RY2, with
metric n =diag(—1,1,1). We denote the norm of vectors V* as [|[V||? = n;;V'VI. We also
fix €912 = 1. The TMG equations of motion reduce to

.. 3 P 1
Xot . eap XPXT +  e0p, XPXT =0 (E.2)
21 7
and the constraint equation

.. 2) e
XX, — p €apy XOXPXT 4+ 4A = 0. (E.3)
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We start with the once-integrated equations of motion of TMG, which read
Ji= €, XIXF — ” (2XZXme —oXiX™MX, — XIX"X, + XleXm) (E.4)

where J? has been rescaled by a factor of 16mG with respect to [18]. Let us introduce the
following scalar variables:

Er) = Ji X', () = e XIXP L 2(r) = XX = 1 X (E.5)

Contracting the equations of motion (E.2) in various ways we obtain

o 52
26 = A X2 -7, (6)
o = (—z||X||2 v ) T e XXX, (£.7)
) : z
N+ pg =, (n+2u8). (E-8)
Making use of the constraint equation (E.3) it is not hard to show that
22
né+n= 8 + 2Az. (E.9)
Combining this with the previous equation we obtain'®
22 22 .
pE=iz— o +6Az, m=—Fz4+7 —dAz, [ X|? = 2% + 12A. (E.10)

Finally, we obtain an extra equation, F' = 0, by contracting (E.4) with .J°
A P ISR S, 9 oo 1., 5 . 2
F=pn+&z— 2= E2+ EXI7—pullJ|I" = pn+&z—  E2+ EZHI8AL—p|J]°. (E.11)

Substituting £, n from (E.10) into the above, we obtain one nonlinear differential equation
for z(r). Thus, if we could solve this equation, by using the definitions of X in terms
of n,&,z we would obtain the most general solution of the TMG equations of motion
which admits two commuting Killing vectors. In practice, the equation cannot be solved
analytically, but we can use it to show that a given solution to the equations of motion
is unique.

Before we proceed note that the following quantity

1 \?
B (36 i) - arP + 2ugl€ - 1P (8.12)
satisfies
22F — 32 = 22(226 — £2)F = 0. (E.13)

The solution to this equation is £ = 723, but it is not hard to show that v = 0 by re-
expressing || X || in terms of &,7, z and using various geometric relations. Since E is more
restrictive than (E.11), we will be using it to prove the Birkhoff-like theorem.

YProvided that 2 # 0.
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E.2 Asymptotically null z-warped black holes
The null warped black holes have

1
X0:X1:—2(rz+ﬁr+a2), X2=2r, pu=1-22 (E.14)

where z > 2 should not be confused with the function z(r) defined in the previous sec-
tion. Compared to the main text, note also that the time t differs by a factor 2 so that
the form (E.1) holds and the epsilon tensor is defined with an opposite convention. The
conserved charges of these spacetimes are

) 1 2202
i1 211 — 1.1 2 _ E.1
7= (1= )@= 2 o, E-o (8.15)

which implies that the variables we are interested in are

2202

.. 1(X1 - X%, p=eX?-¢x2 (E.16)

5 =
Taking A = —¢~2? = —1, the background solution simply has £ = n = 0, z(r) = 472 and
trivially satisfies all the equations of motion. If the Killing vector 0; stopped being null in
the interior of the spacetime, then one should obtain solutions where £ # 0. After a trivial
shift in r so that g,, = 47{2 +O(r=%), the null warped boundary conditions (4.2) or the null
z-warped boundary conditions (6.1) imply that

gwoC), n~o<1>, 2(r) ~ 412 + O(1). (B.17)

r

We now have to solve the equation of motion for z(r). We assume an analytic expansion®’

of the form

> a b ¢
2r) =4+ TZ ERGEDY T’; GOEDY T’;. (E.18)
n=0 n=1 n=1
Comparing the left and right-hand side of  and £ in (E.10) we obtain
12
ag = 0, b1 =—16 aj, CcCl1 = aj. (Elg)
1
Plugging the expansion into (E.12) we also find
(u—3)(+ 3)a; = 0. (E.20)

If z # 2, then it follows that a3 = 0. To show that a; = 0 also in the null warped case, we
need a small extra piece of information, which is obtained by expanding the expression

0 0 1\ 0
(97“(_X A )ar

20While the assumption of analycity may be too restrictive and thus limits our present analysis, it is

1X117 = (X7 + X1 + (X?)? (E.21)

probably not very hard to lift it, by finding the most general solution to £ = 0 in (E.12), e.g. numerically,
which leads to a well-behaved metric.
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using the third relation in (E.10) and trading — X% 4+ X! for ¢ using (E.16). Given that
X%4+ X1 is nothing but — 9o and X 2is Jt¢, one can use the null warped boundary conditions
as well as (E.17) to show that a; = 0. Then, plugging (E.18) into (E.12) it follows that
also all other a; = 0. Thus,

2r)=4r* = £€r)=0 = gu=0, g, =(2r)"% (E.22)

As far as gy = —(X% 4+ X1) is concerned, we can simply plug the above metric in the
TMG equations of motion to find that the only solution is ggy = 7* + Br + a?. We have
therefore proven the Birkoff-like theorem.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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