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1 Introduction

It is well known that two-dimensional sigma models on symmetric spaces are classically

integrable [1]. Simple examples are the O(3) non-linear sigma model and the SU(2) prin-

cipal chiral model. These sigma models are integrable also at quantum level and the

physical quantities such as the S-matrix can be computed exactly [2, 3]. Thus, for the

integrable models, we can study non-perturbative aspects. Then there is a hidden, infinite-

dimensional symmetry [4, 5], called the Yangian symmetry [6, 7], behind the integrable

structure.

The integrable structure on the symmetric space AdS5 × S5 is inherited to the type

IIB string theory on this background [8] and now it has a new perspective and poten-

tial applications in the study of the AdS/CFT correspondence [9]. Recently, integrable

string backgrounds have been classified based on the symmetric-coset structure [10]. Then

an interesting issue is to consider sigma models on non-symmetric spaces and discuss a

generalization of the AdS/CFT dictionary. Simple examples of non-symmetric spaces are

squashed spheres and warped AdS spaces.

In this letter we will mainly consider a sigma model on a squashed S3. This squashed

geometry is realized as a U(1)-fibration (ψ) over S2 (θ, φ) and the metric is given by

ds2 =
L2

4

[

dθ2 + cos2 θ dφ2 + (1 + C)(dψ + sin θ dφ)2
]

. (1.1)

The constant parameter C measures the deformation of S3 and C = 0 just describes the

round S3 with the radius L . It breaks the SU(2)L × SU(2)R symmetry of the round S3

down to SU(2)L × U(1)R . It is known that the sigma model for C = 0 has the Yangian

symmetry. But it remains to be clarified for C 6= 0 whether or not the SU(2)L × U(1)R
symmetry can enhance to an infinite-dimenisonal symmetry.
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2 Yangian symmetry

We discuss a sigma model on the squashed S3 with the metric (1.1). Its classical action is

given by

S = −1

2

∫∫

dtdx
[

(∂µθ)
2 + cos2 θ(∂µφ)2 + (1 + C)(∂µψ + sin θ∂µφ)2

]

. (2.1)

For simplicity, we will not take the Virasoro conditions into account and assume that the

base space is two-dimensional Minkowski space with the coordinates xµ = (t, x) and the

metric ηµν = (−1, 1) .

The isometry of (1.1) is SU(2)L × U(1)R and hence the action (2.1) is invariant under

the following four transformations:

δ1 (φ,ψ, θ) = ǫ (−1 , 0 , 0) ,

δ2 (φ,ψ, θ) = ǫ

(

− sinφ tan θ ,
sinφ

cos θ
, − cosφ

)

,

δ3 (φ,ψ, θ) = ǫ

(

cosφ tan θ , − cosφ

cos θ
, − sinφ

)

,

δ4 (φ,ψ, θ) = ǫ (0 , − 1 , 0) .

Here ǫ is an infinitesimal constant. Note that the transformations are independent of the

squashing parameter C . The first three are the SU(2)L transformations and the last is the

U(1)R one. By using the Noether’s theorem, we can construct the corresponding conserved

current and its componets are given by

J1
µ = ∂µφ+ sin θ ∂µψ + C sin θ (∂µψ + sin θ ∂µφ) ,

J2
µ = cosφ∂µθ − sinφ cos θ ∂µψ

−C sinφ cos θ (∂µ ψ + sin θ ∂µφ) ,

J3
µ = sinφ∂µθ + cosφ cos θ ∂µψ

+C cosφ cos θ (∂µψ + sin θ ∂µφ) ,

J4
µ = (1 + C)(∂µψ + sin θ ∂µφ) .

After some algebra, for the SU(2)L current JAµ (A = 1, 2, 3), we obtain that

ǫµν
(

∂µJ
A
ν − 1

2
ε A
BC JBµ J

C
ν

)

= CnA ǫµν∂µ(sin θ)∂νφ

with the anti-symmetric tensor ǫµν normalized as ǫtx = +1 and nA is the unit vector on

S2 given by

nA ≡ (sin θ,− sinφ cos θ, cosφ cos θ) .

Thus the SU(2)L current JAµ does not satisfy the flatness condition.

But it can be improved with the ambiguity of the Noether current so that it satisfies

the flatness condition. The improved current jAµ is given by a linear combination of the

Noether current JAµ and the improvement term IAµ as follows:

jAµ = JAµ + IAµ , IAµ ≡ ±
√
Cǫµν∂

νnA . (2.2)
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It is easy to show that jAµ satisfies the conservation law ∂µjAµ = 0 and the flatness condition

ǫµν
(

∂µj
A
ν − 1

2
ε A
BC jBµ j

C
ν

)

= 0 . (2.3)

Thus the improved current jAµ can be regarded as a flat conserved current. We will discuss

the geometrical meaning of the improvement term later.

By using the canonical Poisson bracket, the current algebra is computed as

{

jAt (x), jBt (y)
}

P
= εABC j

C
t (x) δ(x − y) ,

{

jAt (x), jBx (y)
}

P
= εABC j

C
x (x) δ(x − y) + (1 + C)δAB∂xδ(x − y) , (2.4)

{

jAx (x), jBx (y)
}

P
= −CεABC jCt (x) δ(x − y) .

The algebra (2.4) contains the squashing parameter C and the last bracket {jAx , jBx }P does

not vanish any more. Hence it is not obvious at this stage whether the algebra (2.4) leads

to the Yangian algebra or not.

After the flat conserved current jAµ has been obtained, an infinite number of the con-

served charges can be constructed by following [11]. The Noether charge QA(0) and the first

non-local charge QA(1) are defined as, respectively,

QA(0) ≡
∫

dx jAt (x) ,

QA(1) ≡ −
∫

dx jAx (x) +
1

4

∫∫

dxdy ǫ(x− y) ε A
BC jBt (x)jCt (y) .

The algebra that QA(0) and QA(1) satisfy is given by1

{

QA(0), Q
B
(0)

}

P
= εABCQ

C
(0) ,

{

QA(0), Q
B
(1)

}

P
= εABCQ

C
(1) ,

{

QA(1), Q
B
(1)

}

P
= εABC

[

QC(2) +
1

12
QC(0)

(

Q(0)

)2 −CQC(0)

]

,

where QA(2) is the second non-local charge defined as

QA(2) ≡ 1

12

∫∫∫

dxdydz ǫ(x− y) ǫ(y − z)

×δBC
[

jAt (x) jBt (y) jCt (z) − jBt (x) jAt (y) jCt (z)
]

+
1

2

∫∫

dxdy ǫ(x− y) ε A
BC jBt (x) jCx (y) .

1There is an ambiguity concerning the non-ultra local term even in the present case. Its influence is the

same as in the principal chiral model because the term is proportional to 1 + C . But demanding the Serre

relations leads us to the definite calculus of the Poisson bracket without imposing some artificial prescription

by hand. The relation of the Serre relations and the definition of the Poisson bracket is discussed in [5] in

the case of the principal chiral model. Here we compute the Poisson bracket of the charges along this line.
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Figure 1. Yangians with respect to the squashing parameter C.

It is straightforward to check the Serre relations,

{{Q+
(1), Q

−
(1)}P, Q

z
(1)}P =

1

4
Qz(0)

[

Q+
(1)Q

−
(0) −Q−

(1)Q
+
(0)

]

,

{{Qz(1), Q±
(1)}P, Q

±
(1)}P =

1

4
Q±

(0)

[

Qz(1)Q
±
(0) −Q±

(1)Q
z
(0)

]

,

{{Q+
(1), Q

−
(1)}P, Q

±
(1)}P ± 2{{Qz(1), Q±

(1)}P, Q
z
(1)}P =

1

4
Q±

(0)

[

Q+
(1)Q

−
(0) −Q−

(1)Q
+
(0)

]

± 1

2
Qz(0)

[

Qz(1)Q
±
(0) −Q±

(1)Q
z
(0)

]

,

where we have introduced the following notation for the group index,

j±µ ≡ j2µ ± ij3µ , jzµ ≡ j1µ .

Thus we have shown that the non-local charges constructed from the improved flat current

surely satisfy the Yangian algebra.

This result may seem curious. The Yangian algebra should correspond to the XXX

model, while the squashed S3 is described as a deformation of the round S3 and the

resulting algebra is expected to be an affine quantum algebra related to the XXZ model

rather than the XXX model. In fact, the discretized model, which gives rise to the sigma

model on the squashed S3 in a continuum limit, is the XXZ model as discussed in [12].

How can one understand the Yangian algebra? To find a natural interpretation on the

result, it would be helpful to consider the C → ∞ limit, where the geometry is reduced

to the direct product S2 × S1. Then it is easy to find the SU(2)L Yangian from the O(3)

non-linear sigma model. On the other hand, for C = 0 there is the SU(2)L × SU(2)R
Yangian. A natural interpretation is that the Yangian obtained above is inherited from

the SU(2)L Yangian for C = ∞ and interpolates to the SU(2)L Yangian subalgebra for

C = 0, as depicted in figure 1. In other words, the SU(2)L Yangian symmetry of the O(3)

non-linear sigma model can survive under the Hopf U(1) fibration for all values of C.

An interesting question here is whether the Yangian symmetry means the complete

integrability of the sigma model on the squashed S3 in the sense of Liouville. There are an

infinite number of conserved charges, but which would not imply the complete integrability.

Even if the Yangian symmetry does not mean the complete integrability, we may expect

some strong constraints coming from the infinite-dimensional symmetry and they may be

useful to compute some physical quantities, for example, in the the context of AdS/CFT.

Furthermore it is worth noting the geometrical interpretation of the improvement term.

The topological current IAµ given in (2.2) can directly be obtained if the Hopf term is added
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to the classical action (2.1):

SHopf = ±
√
C

∫∫

dtdx ǫµν cos θ ∂µθ ∂νφ

= ±
√
C

2

∫∫

dtdx ǫµν εABC n
A∂µn

B∂νn
C .

But this term vanishes automatically because there is no topological obstruction in the

present setup, namely π2(S
3) = 0, and it can be gauged away. Thus it does not change

the original theory but it is still sensitive to the flatness condition via the ambiguity of the

Noether current.

A similar geometry, that is a squashed S3 geometry equipped with a two-form flux,

can be realized as a squashed giant graviton [13, 14] and hence the hidden symmetry found

here may be useful in this issue. For example, it would be possible to consider an open

string attaching on the squashed giant graviton by generalizing the works on the maximal

giant graviton case [15–18]. This would be an interesting direction to be studied.

3 Coset construction of squashed S
3

It is quite remarkable that the Yangian symmetry has been found in the sigma model on

the squashed S3, because the squashed S3 is not described as a symmetric coset. Thus it

should be interesting to see the coset structure of the squashed S3.

The squashed S3 has the isometry G = SU(2)L × U(1)R . The SU(2)L generators

TA (A = 1, 2, 3) satisfy [TA, TB ] = ε C
AB TC . The U(1)R generator is represented by T4 .

Let us consider a coset M = G/H . When the Lie algebras for M and H are written

as m and h , respectively, we may consider the following algebras

m = 〈T1, T2, T3〉 , h = 〈αT3 + βT4〉 .

Here α and β are constant parameters. The group structure constants related to our

argument are represented by

f
[n]

[m]αT3+βT4
=







0 −α 0

α 0 0

0 0 0






,

where the indices [m], [n] are for m and are defined up to h-transformation.

The most general symmetric two-form is given by [19]

Ω[m][n] =







Ω11 0 0

0 Ω11 0

0 0 Ω33






.

By taking a coset representative as g = eφT1eθT2eψT3 and expanding the Maurer-Cartan

one-form JL ≡ g−1dg , the vielbeine are computed as

e1 = cosψ cos θ dφ+ sinψ dθ ,

e2 = − sinψ cos θ dφ+ cosψ dθ ,

e3 = dψ + sin θ dφ .
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Taking Ω11 = L2/4 and Ω33 = L2(1 + C)/4, we obtain

ds2 = Ω[m][n]e
[m]e[n]

=
L2

4

[

cos2 θdφ2 + dθ2 + (1 + C)(dψ + sin θ dφ)2
]

.

Thus the metric of the squashed S3 has been reproduced by the coset construction. Note

that the presense of the U(1)R generator T4 is crucial for the present construction, although

it is blind to the infinite-dimensional extension. If not, the coset cannot be defined.

Let us comment on the relation between the coset structure and the non-local charges.

The coset we used here is not symmetric but satisfies [m,m] ⊂ m . For this case as well

as symmetric cosets, an infinite set of non-local charges can be constructed potentially as

described in [1]. Thus the coset structure would also be consistent to the previous result.

4 From squashed S
3 to warped AdS3

We can discuss warped AdS3 spaces in the same way as in the squashed S3 case. As

summarized in [20], there are three kinds of warped AdS3 spaces: 1) space-like, 2) time-

like and 3) null. The metrics of the first two are reproduced from the metric of the squashed

S3 (1.1) by the double Wick rotations as follows.2

First, by taking a Wick rotation θ → iσ , φ → τ , ψ → iu and inverting the overall

sign, we obtain the metric describing the space-like warped AdS3

ds2 =
L2

4

[

− cosh2 σ dτ2 + dσ2 + (1 + C)(du+ sinhσ dτ)2
]

.

Similarly, by taking another Wick rotation θ → iσ , φ → iu , ψ → τ and inverting the

overall sign, the metric of the time-like warped AdS3 is obtained as

ds2 =
L2

4

[

cosh2 σ du2 + dσ2 − (1 + C)(dτ − sinhσ du)2
]

.

The hidden symmetry of sigma models on space-like and time-like warped AdS3 spaces can

be shown in the same way. The coset structure is also the same.

For the null case 3), the metric is known as a three-dimensional Schrödinger space-

time [21, 22] and not directly related to the squashed S3 , though the metric can be obtained

by the coset construction [23]. Then the coset proposed in [23] is non-reductive and the

hidden symmetry of sigma models on the null warped AdS3 remains to be clarified.

It is known that the metrics of the warped AdS spaces become solutions of topologically

massive gravity [24, 25] by choosing appropriate values of C (depending on the gravitational

Chern-Simons coupling and cosmological constant). The hidden symmetry may play an

important role in studying topologically massive gravity.

2One can definitely discuss the Yangian symmetry in the warped AdS3 at classical level by performing

an analytic continuation. At quantum level, it is not clear whether the analytic continuation works or not,

even if the Yangian symmetry could survive under quantum corrections.
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5 Conclusion and discussion

We have discussed a hidden symmetry of a sigma model on a squashed S3 . By improving

the SU(2) current so that it can be regarded as a flat connection, we have constructed an

infinite number of non-local charges and shown that the charges satisfy the Yangian algebra,

though the squashed S3 is not a symmetric space. We have also discussed the Yangian

symmetry from the coset structure. The same argument is applicable to the warped AdS3

spaces.

There are many applications. First, the hidden symmetry we found out may be useful

in considering a deformation of spin chains in the AdS3/CFT2 discussed in [26] (see [27]

for an earlier attempt in this direction). In fact, warped AdS3 and squashed S3 geometries

are realized as string backgrounds [28–33]. It would be a good exercise to show the relation

between the Yangian symmetry and the T-duality utilized in [32].

An easy task is to incorporate supersymmetries, for example, based on a super Lie

group SU(2|1) and find out a hidden super Yangian symmetry. It is also nice to consider a

generalization to the higher-dimensional case. A simple derivation of the metrics of higher-

dimensional squashed spheres is discussed in [34] and the result therein would be helpful for

this purpose. We are not sure whether the hidden symmetry is intrinsic to Hopf fibrations

or not. It would be very interesting to see how it carries over, for example, to the case of

the squashed S7 .

While we have discussed here the Yangian symmetry based on the non-local charges,

it would also be possible to construct an infinite number of “local” charges though it is left

as a future problem. It is interesting to construct the local charges concretely and see the

algebra that the local and non-local charges satisfy.

An important task is to check whether the Yangian symmetry can survive under quan-

tum corrections. If it can, its generators can act on the asymptotic states as operators and

give some strong constraints for the S-matrix. Then it would be possible to see that the

spectrum is also constrained by the Yangian symmetry.

A challenging issue is to try to put the hidden symmetry to practical use in the context

of the Kerr/CFT correspondence [35], where a three-dimensional slice of the near-horizon

extreme Kerr (NHEK) geometry [36] is described as a warped AdS3 space. The sigma

model on the NHEK geometry might possess a hidden symmetry and if it exists, it would

be very helpful to elaborate the Kerr/CFT correspondence.

As another issue, a warped AdS geometry appears also in an application of AdS/CFT

to condensed matter physics [37, 38]. The Yangian symmetry may be useful in this direc-

tion.

Squashed geometries often appear in various ways and in many cases. We believe that

the hidden symmetry discussed here would be an important key ingredient to consider

some generalizations of AdS/CFT and open up new research directions.
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