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ABSTRACT: We define a new geometric flow, which we shall call the K-flow, on 3-dimensional
Riemannian manifolds; and study the behavior of Thurston’s model geometries under this

flow both analytically and numerically. As an example, we show that an initially arbitrarily

deformed homogeneous 3-sphere flows into a round 3-sphere and shrinks to a point in the

unnormalized flow; or stays as a round 3-sphere in the volume normalized flow. The K-flow

equation arises as the gradient flow of a specific purely quadratic action functional that has

appeared as the quadratic part of New Massive Gravity in physics; and a decade earlier in

the mathematics literature, as a new variational characterization of three-dimensional space

forms. We show the short-time existence of the K-flow using a DeTurck-type argument.
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1 Introduction

The Ricci flow equation, and its various modifications, arouse in the physics and mathe-
matics literature almost simultaneously for different reasons. Let us discuss these briefly
before we introduce our new flow. Friedan [1, 2] studied the extensions of a non-linear,
2-dimensional sigma model from a homogenous space to a compact Riemannian manifold
M. In the non-linear sigma model setting, the Riemannian metric g;; appears as a coupling
“constant”; and in quantum field theory, like every other parameter in the theory, it “runs”
with the renormalization scale A. The continuum limit is achieved for A — oo, so A™!
should be considered as a short-distance cut-off. Then, there is the so-called 8 function,
which in this case, is a tensor to be computed in perturbation theory. To understand the



results of the first and second-order perturbation theory, let us write the action of the
non-linear sigma model in 2 + € dimensions:
. A€ S

Slo'] =5 / 2 r T~ g, (67)0, 61047, (1.1)
where T is the temperature, and T~ 1g;;(¢*) is the positive-definite metric on (the target
manifold) M which is assumed to be of a finite-dimensional Riemannian manifold. In
quantum field theory, the running of the metric coupling, as one changes the renormaliza-
tion scale, appears as a vector field in the infinite-dimensional space of Riemannian metrics
on M; and for the model (1.1), at low-temperature expansion (which corresponds to loop
expansion in perturbative quantum field theory), one has [1, 2]

1 0 _ _ T
Bij(A) == —A 18A—1 (T 19ij(A)) = =T g + Rij + 5 Ripgy ;P + O(T7). - (1.2)
In the € — 0 limit, at the lowest order, and defining ¢ := log A, and T' = —2, one arrives at

the Ricci-flow equation
8tgij = —2Rij. (13)

Independently, this equation was introduced by Hamilton [3] to deform metrics along their
Ricci tensor on a given manifold, especially a 3-manifold to prove the Poincaré conjec-
ture about S3: that is every simply connected, closed 3-manifold is homeomorphic to S3.
Hamilton achieved a great deal with the Ricci flow technique: he proved the short-time
existence of the flow for any initial metric and classified closed 3-manifolds with positive
Ricci curvature. But the final proof of the Poincaré conjecture and the more general
Thurston’s uniformization conjecture [4] about 3 manifolds was given, rather famously, by
Perelman [5, 6] who used a non-minimally coupled scalar-tensor action to derive a modi-
fied version of Ricci-flow and surgery techniques. For a detailed exposition of these papers,
see [7].

From the physics point of view, Ricci flow or some geometric flow of the type
Orgij = ij, (1.4)

where ®;; is some tensor built on the metric tensor and its derivatives is a great tool to
understand the transitions between the saddle points (i.e those metrics satisfying ®;; = 0)
of a gravity theory. If the flow equation comes from the Euclidean action of the theory,
these transitions will most probably correspond to some quantum mechanical effects in the
Lorentzian version of the theory. Therefore, understanding these flows is quite important:
for this reason in [8] using the third order Cotton tensor, which is an obstruction to confor-
mal flatness in 3 dimensions, was used to define the Cotton flow and the model geometries
under this flow were studied. The discussion was extended in [9] where a refinement on
the definition of Cotton solitons was given.

The K-flow that we shall introduce in this work is based on a physical model of
gravity that emerged in [10, 11] and has been extensively studied in the literature as the



first example of a non-linearly massive gravity theory [12, 13] albeit in 2 + 1 dimensions.
The action of the model is given (in the Lorentzian signature) as

1 [ 4 1 L, 3,
Slg] = —?/d r\/—g (R—2A0—|—WK) , K =R, R" —gR , (1.5)
of which the source-free field equations are

Gw/ + AOguV - Kw/ = 0. (16)

1
2M?
Ag and M are the bare cosmological constant and the mass parameter; and the K-tensor

reads

1 3
K = 20y = 5 (Vi Vi + gwl) R+ AR0ns R*P — 5 BB = g K, (1.7)

with the trace K = g"K,,,,, and OJ := ¢""V V.

Unlike the 3-dimensional Einstein’s gravity based on the Einstein-Hilbert action, the
theory is locally non-trivial: it has a massive spin-2 graviton (and no other degrees of
freedom) with the mass around its (anti)-de Sitter background given as

mf]:MQ—%, A =2M? (—1j: 1—]\12()2). (1.8)
Of course, in addition to the perturbative sector, the theory also has many non-perturbative
solutions, such as black holes, solitons, etc. So it is a rather rich theory of gravity that
deservedly attracted a lot of attention in physics. If one drops the Ricci scalar and the
bare cosmological constant in the action, one arrives at the purely quadratic theory with
a single massless degree of freedom [13, 14].

1

S Ve

/ dBr/—g (RWR“” — 2R2) : (1.9)
As it sometimes happens, this action, before it appeared as a model of 3D gravity, was
studied in the mathematics literature [15] from a different vantage point which we shall
discuss briefly below. From the physical point of view, at short distances (at the so-called
ultra-violet regime), higher curvature theories are much better behaved. Therefore, in what
follows, we shall build a geometric flow which will be a gradient flow of the Riemannian
version (that is with a positive-definite metric) of the action (1.9).

Before we move on, let us state our conventions: we will have to work in both local
coordinates, orthonormal frame, and in the index-free form of the tensors. Therefore we
will not shy away from calling the index-free Riemann tensor as Riem and the Ricci tensor
as Ric. In the coordinate-adapted basis, we shall use the indices i, 7, k,[ ..., while in the
orthonormal basis, we shall use the indices a, b, c,.... We will always work with positive-
definite Riemannian metric and our sign convention for the Riemann tensor follows from
[VZ-, Vj]wk = Rz’jk lwl, and the Ricci tensor is Rij .= RF ikj-



1.1 The K-flow

Let M be a 3-dimensional Riemannian manifold with a (positive definite) metric g on it;
and let us introduce a deformation parameter ¢, not a coordinate on the manifold, akin
to the renormalization group parameter introduced above; and let K be the symmetric K
tensor whose components in local coordinates are given as the negative of (1.7). Then the
K-flow is defined as'

Oig(t) = aK(t)  g(t =0) = go, (1.10)

where « is a constant later to be specified. The flow of the inverse metric easily follows as
g1 (t) = —aK~1(t). The K-tensor is slightly cumbersome, it is better to split it into two
parts as it was introduced in [16]. For this purpose let us introduce some local coordinates
and define two relevant tensors:

1
Cz'j = nilekSlj S,’j = Rz'j — Zgin, (1.11)
where the Cj; is the Cotton tensor and S;; is the Schouten tensor, while nikl is the com-

pletely anti-symmetric tensor. Using these, we define a traceless, 3D Bach-like tensor as
1 1
Hij = on'ViCyy + 517/“’%6‘“ — 35% Sy — giiSuSH — ASi; + ViV, (1.12)
where A = gijvivj = ViV;, S = R/4 and the trace part of K as

1 mn 1
Jij = o0t Sk St = 548k — §8i5 + 5.915(8* = S SH). (1.13)

Therefore we have

Kij = 2J;j + 2H,j, K=2]= SRQ — R;;jRY. (1.14)

Important remark: let us repeat that this Kj;; is negative of the K, given in (1.7). From
now on, we will work with (1.14).

We will study the flows of model geometries in the orthonormal frame. To define our
tensor K in the orthonormal frame, we first define the J and H one-forms as

1
= e (S°AS¢)  H*=+%D«*C%, (1.15)

where S® is the Schouten one-form and *C? is the Cotton one-form; and the star denotes
the Hodge dual as usual. More explicitly, we have the following: let w®} be the connection
one-forms, and D := d+ wA be the covariant derivative one-form such that De® = 0. Then
the curvature 2-form reads R%p := dw®p + w® . A w®, = Dw®yp, from which follows the

IFor all intents and purposes, we can envisage a one-parameter family of Riemannian manifolds
(M(t),g(t)), and the flow smoothly deforms one such member to an infinitesimally close one as the “time”
t evolves. With this vantage point, one can see M(t) as a spacelike hypersurface in a spacetime with ¢
being the time dimension, and the evolution is the flow equation instead of the usual hyperbolic equation
coming from Einstein’s equation.



Geometry Metric R;; Kij
R3 ds? = dz? + dy? + dz? Rij=0 Ki;j=0
S3 ds? = dz? + sin? 2dy? + (dz + cosz dy)? | R;j = %gi‘j K;; = 3%92“7'
H3 ds® = L5 (da? + dy* + d2?) Rij = —2g; Kij = ;5
S? xR ds? = da? + sin® z dy? + d2> Ry1 =1, Ry =sin’z Ky = —%7}(22 = —Si“;‘T’,K33: %
H2 xR | ds? = % (da? + dy?) + d2? Rii=Ryp=-% K =Kop=—5 Ks3=1%
Sol ds? = e¥*da? + e~ 2*dy? + dz? R33 = —2 K1 = Koy = 36227[(33 — _%
Nil ds? = da? 4 dy? + (dz + z dy)? Rii=—3 Ry =271 | Ky = -8 Ky =2 (522 - 3),
Rg3 =3, Ry =% Ksg =48 Koy =182
SL(2,R) | ds® = L (da? + dy?) + (dz + Ldy)? Rii=—55, Ry =—2%, | Kn = —35%, K»n = 11,
Ry3 = 3=, Rss = § Koz = 231, Ka3 = 23}

Table 1. A list of Thurston geometries and their Ricci and the K curvatures.

Rici-one form Ric, := t,R?, by interior product; and the scalar curvature R := (,Ric®.
The Schouten one-form (in 3D) then is defined as S% := Ric® — 1 Re?, from which follows
the Cotton 2-form C* = DS®. Then we have the K one-form:

K®:= €%, x (S°AS¢) +2%D*C, (1.16)

and the K flow equation is
O = aK“. (1.17)
2

In the table 1, we give a list of the homogenous geometries and their Ricci and Kj; tensors.
From this table, it should be clear to the reader that working in these coordinate forms,
generically, would not yield autonomous differential equations for most of the geometries.
Therefore, following similar works in the Ricci flow [17-19], and the Cotton flow [8], we
will work in the Milnor frame [20] in which one obtains autonomous nonlinear ODEs. We
remark that although there are eight geometries in the table as in Thurston’s geometrization
conjecture, from classification of Milnor one more unimodular simply-connected Lie group,
%(RQ) appears which collapses to the same maximally symmetric geometry of R3.

2 The short-time Existence of the K-Flow

Before we move on to the study of model geometries we would like to discuss the existence
of the flow. The procedure we will follow was suggested by DeTurck [21] in giving concise
proof of the short-time existence of the Ricci flow. As an evolutionary partial differential
equation, Ricci flow is not strictly parabolic. DeTurck used the method of principal symbols
of linear differential operators to prove the short-time existence of the Ricci flow. We will
follow the same procedure which amounts to evaluating the tensor for small perturbations.
All of the high-frequency, short-wavelength modes are expected to diffuse for a parabolic
equation. For that purpose, the linearized version of the K-tensor around a flat background
is sufficient. But, first, for the sake of generality, let us find the linearized version of this
tensor about a generic background geometry that is not necessarily flat.

2See [9] for a similar table where the Cotton tensors of the Thurston geometries were given.



2.1 Variation of the K-Tensor about a Background

We vary our metric g in around a background as g = g+ h, where g is the background and
h is the variation, so that

9ij = Gij + hijy 97 =3G9 — W7+ O(h?). (2.1)

We raise and lower indices by g and take the variation up to the second order. 6(g;;) = hij
and 6(g¥) = —h*. Then we have the following variations for the terms that do not involve
derivatives of the curvatures

. 1, - _ _
6(I',) = 59 H=Vihji + Vihw + Vi),

1 _ _ o _
(5(Rij) = 5(—V2hij + Vijhki + Vkvihkj - vivjh)a
5(R) = —hklel + @k?lhkl — €2h,

5(S*,Sk;) = —h* RiRyj + 0(Raa) R, + 8(Ryj) R, — %5(Rij)R - %5(3)}?1»3-,
+é(5(R)gin + TlfshinZ’
5(55) = SO(RG)R+ TR Ry — SO(Rgist — < hiy R
J (gij(SkZ)Q) = 25(Ry)gi; R™ — %5(sz)§kl§uR - é&(R)gin,
+%hklf]ijéklé — 20" gij R R, + hij(Ria)® — %hi]’RQ
5(gi;S%) = 15(}2)%1% + LR (2.2)

8 16 ¥

The terms that involve the derivatives of the curvatures vary as

5(ViV,S) = :9,8(S) — é(mﬁ + T — by ) VR,
5(V2Sij) = V25(Si;) — ¥V V,Si; + %(W?lh,ﬂ — V. Vihf — V2R%)S);
5 (VAT gy — V40— D28y + (T — 29945,
+H(VFR = VIR = VRN S + (VERY = VIRE = VRF VS, (2.3)



Finally, collecting all the pieces and suppressing the bar over the background tensors for
notational simplicity, one finds the variation of the K tensor as

1
8(Kij) = A’hy; — AV Vih," — AV VR F + §v,»vjvkvlhkl + AV,V;h

1 1 13
—5ViV;Ah+ 5g,-j(Av,gvlh’d — A%R) + gi;(6h* R Ry, — Zh’flz%e,dR)

13
+9ij <3sz(Ah’“’ = Va VAR =V, VIR VIV )+ ER(VVIRY - Ah))

1 1 1 1
+gii (—2A(hklel) — 5 VERVInM + VLRV A — 2h’“VszR)

—%vivj(hkl}zkl) + gRij(Ah VLV
+Ri(3V'VFhy; — 3ALS +5VIV 0 — 4V, VER) +i o
%(Ahﬁ — ViVih" = ViVhF + ViVih) + 2V Ry Vi — VRV h
2V Ry (VR — VIR + VM) +i o
+inR(V’“h,-j — Vil ' = V;n ) + 20"V VIR + %hijAR
1

9 3
—3h¢ij1Rkl + iRi]’Rklhkl — 8Riklehkl + ghi]‘RQ. (2.4)

The above computation was about a generic background space, let us consider the case for
an Einstein (maximally symmetric in 3D) space for which R;; = 2Ag;;
1
3(Kij) = A’hy; — AV Vih," — AV, Y} + 5vivjvkvlh’d + AV, V;h
1 1 3 1
—5ViVAh+ §gij(Avkvlhkl — A?h) + gi;A (—2vkvlhk’ + 5 AR+ 3Ah>
5 5 3 7 19
+A (vk’vihjk + SV Vhi, + S Ahgj — vivjh) — —A%hy;. (2.5)
2 2 2 2 2
Thus the variation of the K tensor is dominated by the fourth-order derivatives of the
perturbation. In the case of a flat background, A = 0, we get the linearized version of the
K tensor (Ki’;), namely
1
K = A%hij — AVEVh® — AV VRS + §vivjvkvlh“ + AV,;V;h
1 1
—5ViViAh+ g (AVLiRH - A%h). (2.6)
In the jargon of physics, in the transverse (i.e. V;h% = 0) and the traceless (i.e. h = 0)
gauge, in Cartesian coordinates, we just have Ké = (8k8k)2 hij which is a bi-laplacian

operator. This suggests that we have a fourth-order elliptic operator; but to show this
properly, let us calculate the principal symbol.



2.2 The principal symbol of the relevant operator

Using (2.6), we define
1
[D(K,(h))]i; = §vivjvkvlh“ + g™ <gpqvmvnvpvqhij — ViV Vi Vb
1
~Viu Vo ViVih + ¥V, Vo ViVih — 5 ViViVimVnh
1 kl Pq
+59ii (Vi VnViViht! — g7, V, ¥, Vgh) ). (2.7)

Let ¢ € C°°(T*M) be a covector. The principal symbol of the linear differential operator
D(K,) is the bundle homomorphism that is obtained by replacing the covariant derivative
Vi by a covector (. Hence we have

1

FIDENQR)] = 56GGGR +g™ (wgmcncpcqhij = CnaCiGih

G Gn GG + GnaGiGh — SGGGn Gl +
501G GG~ gmcmcncpcqm) - (28)
Then for all covectors ¢ # 0 and for all ;; # 0 we find the inner product:
GIDENQ (), B) = SGGGARHT + g™ (gpqcmcncpcqhij — GnaliGin
Cona GG Cnaiyh — 3G
+ 5013 GGG~ gpqcmcncpcqh)> . (29)

It is easy to see that for h;; = (;(j, which is a pure gauge mode, the above equation vanishes,
showing that the operator is not elliptic. To obtain an elliptic operator, devoid of these
zero modes, we commute the covariant derivatives in the linearized K tensor. Whenever
we commute the covariant derivatives, we obtain the Riemann tensor, that is

AV Vh* = AV;Vih," + ARiem - h. (2.10)

Since the only contribution to the principal symbol comes from the highest order deriva-
tives, we can commute derivatives with ease to obtain

1
[D(Ky(h))ij = A%hyj + ggij(AVlehkl — A%h)
1 1

+Vi (—ViAh" + Zvjvkvlh“ + 4vjAh>

1 1
+V; (_vahik + 4 ViViViht + 4vz~Ah) , (2.11)



which suggests that we define the following one-form
k1L ko, L
V= —VkAhj + Zvj‘vkvlh + ZVjAh, (2.12)
in terms of which one has
1
[D(K,(h))]i; = A%hj + §gij(AVlehkl — A%h) +V,V; + VY,V (2.13)

We can express the one-form V; as

mn’

Vi = g VF [D(Ricg) (W], — 0560 A (D) () (2.14)
where
[D(Ricy)] : C%(SsT*M) — C%(S5T*M) (2.15)

denotes the linearization of the Ricci tensor, Sy refers to symmetric two tensors; and
[D(Ty)] : CF(ST* M) — C(SoT* M x TM) (2.16)

denotes the linearization of the Levi-Civita connection. The connection is not a tensor,
but we may define a vector field W as the difference of two connections, the one being the
background connection, then W := ¢gm*(T'k Tk ) is a tensor. Let us express (2.14) in
a different form as

1 .
V= 5vk [D(Ricg)(h)];), — AW;. (2.17)
By the same reasoning, we can write
. 1 1 ~ ~
[D(Ricg)(h)y, = =58 + 5 (Vi Vi + ViVj), (2.18)
where
Vi = gjrg™" D) (h)] - (2.19)

Again, we may define W* as the difference between two connections to be a vector field.
What we finally have is

1
v = ka(—Ahjk + VWi, + ViW;) — AW
1 1 3
= —kaAhjk + kavjwk - AW, (2.20)
We once more write the linearized K-tensor but call back +W terms to the equation
1 1
[D(E(h)),; = A%hij + 595 (AV ViR — A%h) — 2 (ViVF ARy, + V;VF Aby, )
1 3
+3 (~ViV; AL+ 2V, 9, VipM ) SAVIW VW), (221)

We expect to cancel the contributions from —AW terms which are of fourth-order deriva-
tives of the metric, so that linearized K tensor is an elliptic operator, more properly a
bi-laplacian. As deTurck did, we can define a one-parameter family of diffeomorphisms



¢¢ induced by the vector field W (t) which is the generator of the integral curves induced
by ¢; since we consider compact manifolds; and for compact manifolds vector fields and
integral curves are complete. Then for the contributions from W terms, we can write
ViW; + V,;W; = (Lwg); that is the Lie derivative of the metric g(t) with respect to the
vector field W (t). By this construction, the linearized tensor reads

1 1
[D(Ky(h))];; = A%hij + igij(Avkvlhkl — A?h) — Z(vz»v’ﬂAhjk + V,;VFAhy,)
1
+5 (—vivjAh + 2vivjvkv,h“) — zA(cwg)ij. (2.22)

To break the diffeomorphisms we may use two constructions. The first construction is to
use the Lie derivative of the connections, we define the connection as being the difference
of two connections again so that it is a tensor also. Now we have

LyTh =V, v;Wwh+ R, Fwl. (2.23)

On the other hand, since the Lie derivative of a vector field with respect to itself vanishes
we can write

Ly (gkmfim) = Lw (9" + ¢ Lw Ty, = 0
= -2l V*W™ + AW' + RJW™,
AW = o1l VFW™ — R W™,
AV W, = VigiAW! = V;(2g,T%,,. VEW™) — Vi(R,;W™). (2.24)

For the principal symbol, we need only the highest-order derivatives, so that no contribution
comes from the lower-order terms. Then the principal symbol becomes

<&

& ID(K)] () (h)ij = [CPICIhig + =

P
4

gij (GG = ¢[*h)

GiGj
4

(Gi¢Fhe + ¢ har) + 222 (=16 PR+ 20k ) . (2:25)

Choosing the problematic gauge mode h;; = (;(j, we have

(O[DEN(C) (), h) = Z\CIQ\C\ZWICV # 0. (2.26)

Therefore D(K) is an elliptic operator, and we conclude that the unspecified constant « in
the flow equation must be chosen to be negative so that the flow is diffusive as expected,
and by rescaling ¢ we may set a = —1. [Note that if we had taken the form of the K-tensor
as given in (1.7), then we should have set o = +1.]

Another construction of the short-time existence and uniqueness was given in [22];* and
we simply follow the results therein for the benefit of the reader. Consider two Riemannian

3We were not aware of this work when we submitted the first version of our paper to the arXiv; we duly
thank J.D. Streets for letting us know about his work.

~10 -



metrics g(t) and g(t) with ¢7g(t) = g(t), and ¢; a one-parameter family of diffecomorphisms
induced by the vector field V (t) = —2 AW (¢) so that

W) — v (onta).00).1).
6:(0) = idy (2.27)

The vector field W¥ can be written as
~WE = ((6,)'9)  (~Thu + Thi) = (Aga g00)", (2.28)

where g is a fixed background metric on the manifold, and Agq 5¢¢ is the harmonic map
Laplacian with respect to the domain metric g and the codomain metric g which can be
computed by using the equation for the Christoffel symbol of the pullback metric

2 o7
—9°°T(9)25 = (¢%9)" (axing - FZ(¢*9)£,€> , (2.29)

as given in [19]. Since the vector field V' is a Laplacian of the vector field W, we need to
relate the Laplacians with respect to the two metrics g and g acting on the one-form W,
and one can show that the two Laplacians differ by third-order derivatives of the map ¢ at
the highest order

AW = AW + O(0°9). (2.30)

By using equation (2.30), we may write an ODE for the diffeomorphisms in terms of g(t) as

P4 16,9000,
¢1(0) = id, (2.31)

where L is a fourth-order parabolic operator, a bi-laplacian for ¢; with solutions existing
at least for a short time if g(t) exists which is the solution of the initial value problem

dg(t) = —K(g(t))  9(0) = go- (2.32)
If g(t) exists, then g(t) = (¢¢)«g(t) is a solution of the gauge-fixed flow

dg(t) = —K(g(t)) + Lvg(t)  9(0) = go, (2.33)

which can be computed as follows

0 _ d, . 0 . . 0 0 .
ag(t) = E(@Q(t)) = 875 S:0¢t+sg(t +s) = ¢t55 s:og(t +s)+ 53 S:0¢t+sg(t)
0 *
= Gi (Ko + 6iLvao®) + 5| (67 06 distt))
= —K[¢;g(t)] + of (EV(t)g(t)) —Lgy.vp®i9(t)
— —K[5(t)) (2.34)

- 11 -



The gauge-fixed flow (2.33) is elliptic, it has a bi-laplacian symbol, so will have solutions
at least for a short time. Then g(¢) exits and solves the K-flow (2.32).

Let us assume that g;(¢) and go(t) are two solutions of the K-flow (2.32) on a common
time interval with ¢1(¢) and ¢2(t) being the solutions of the flow (2.31) with respect to the
domain metrics g1(t) and go(t) respectively, and the codomain metric §. Then

gi(t) = ((¢i)e)«gi(t), i=1,2,

are solutions of the gauge-fixed flow (2.33). Since g1(0) = g2(0) and (2.33) have unique
solutions, then g;(t) = g2(t) as long as both exist. The flow of ¢(¢) can also be written in
terms of g(¢) as in (2.27). Since gi1(t) = g2(t) on a common time interval, ¢1(t) = ¢a(t)
on a common time interval as well which then implies g;(t) = g2(f) and the uniqueness of
gi(t) is inherited by the equivalence of (2.27) and (2.31).

3 Gradient flow and Entropy Formulation of the flow

As alluded to in the Introduction section, the flow is related to the quadratic part of the
new massive gravity theory. Let us now show that the action of the theory is non-decreasing
along the flow, hence it can be considered as an entropy.

S = —/ PG <3R2 - Rinij) - —/ &P /GK, (3.1)
M 8 M

where M is a closed 3-manifold, so we can drop the boundary terms after integration by
parts. By taking its variation with respect to the metric we obtain

8§45 = _/ d*u\/g(K7)6g4 :/ &’ /9K Kij, (3.2)
M M

where we used 6g;; = —Kj;;. Thus the action is a non-decreasing functional of time, as we
would require from an entropy functional. If we were to consider infinitesimal diffeomor-
phisms and scalings dg;; = V;X; + V;X; + A(2)g;;, then we would find

5S = — / P JGAK, (3.3)
M

which shows that diffeomorphisms are symmetries but the scalings are not. See appendix D
where the transformation properties of the K tensor under conformal scalings were worked
out. Note also that we have used the Bianchi Identity V; K% = 0 which is valid for all
smooth metrics.

The functional (3.1) has been thoroughly studied by Gursky and Viaclovsky [15], and
here we follow their main results for definitions and theorems.

Let ‘H denote the set of smooth Riemannian metrics on a compact manifold M and let
H1 be the set of smooth Riemannian metrics that keep the volume constant, set to 1. A
real-valued functional on Hy, is called a Riemannian functional F', if it is invariant under
the action of the diffeomorphism group, that is F'(g) = F(¢*g) for g € C*>°(ST*M) and ¢
is an element of the diffeomorphism group. Every Riemannian functional (constructed from
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a polynomial of the Riemann curvature tensor Riem) is differentiable. Then the differential

of I is defined as p

dt 1=

where VF' is called the gradient of F' and it is a symmetric two tensor and a polynomial

Flg+th)=F, h= /M g(h, VF)d, (3.4)

of Riemann curvature tensor Riem and its first two covariant derivatives VVRiem. The
gradient of a Riemannian functional is covariantly conserved; it defines a vector field on H;
and this vector field satisfies an integrability condition. For the action (3.1), the gradient
is the tensor Kj;.

3.1 Results of Gursky and Viaclovsky [15]

In [15], the authors consider the negative of the action (3.1), and call it F» so Fh = =S5 =
[ dukK. We state here their results in the context of compact three-dimensional manifolds,
with the restriction that the volume is kept fixed, that is we consider S |y, .

If K > 0, then the sectional curvatures of g at a point are all positive or all negative.
Now consider two cases.

1. A metric g with F» > 0 (S < 0) is critical for Fy |y, (S |, ) if and only if g has
constant sectional curvatures, strictly positive or negative. This condition is called
ellipticity, and respectively critical points are called elliptic critical points. Then
elliptic critical points of S are of constant curvature.

2. A metric g with F5 =0 (S = 0) is critical for Fy |y, (S |y,) if and only if g has
constant sectional curvature. This condition is called degenerate ellipticity. In this
case, it is possible that the curvature changes sign.

For both cases, a metric is critical if and only if it has constant sectional curvatures, so
constant curvature. A Riemannian metric on a 3-dimensional manifold is Einstein if and
only if it has constant sectional, hence critical metrics are Einstein metrics.;* Moreover, if
a 3-dimensional manifold admits a constant sectional curvature metric, then its universal
cover is diffeomorphic to R3 or S3. Constant curvature metrics put a condition on the trace
K. Since, for a constant curvature metric Ric = %Rg, then K = ﬁR2 >0 (-K<0).If
g is critical for S |y,, then K is a constant.

o If § <0, then K > 0, or (—K < 0). The scalar curvature R can be positive or
negative, but constant.

e If S=0, then K =0 and R <0 and g is conformally flat.

Finally, for F, < 0 (S > 0), there are critical metrics that are called non-elliptic
critical points. In [15], one such example on S? is given, which is the orthonormal frame
metric.

In conclusion for S < 0, such that K > 0, the elliptic critical points of S are either
constant curvature metrics, positive or negative, or just conformally flat metrics. Thus

“In 3 dimensions, the relation between the Riemann curvature tensor and the Einstein tensor is as

1
Ryovs = Zeucwﬁ/ﬁﬂGdﬂ-
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under the K-Flow, any topological constant curvature manifold will approach the geometric
manifold with the standard metric. For § > 0, it is possible to find critical metrics but a
complete classification is not possible. For example for R? we know that K = 0, and under
the flow the geometry does not change, it is still flat, but it is trivial.

4 Some solutions of the K-flow

4.1 Einstein solutions

In this part of our work, we discuss some specific solutions to the flow. We start with an
Einstein manifold, a smooth manifold that admits an Einstein metric g;; such that the Ricci
tensor is simply R;; = 2Ag;; where A is just a constant. If initially R;;(z,0) = 2Ag;;(z,0)
for all x € M, then

1 1
R(CC, 0) = 6A, Sij(SC, 0) = QAgij(xa 0), Kij(l‘, 0) = §A2_gij(ﬂf, 0) (41)

Let us consider the 3-cases separately.

1. Consider the A = 0 case, that is initially the metric is Ricci-flat (or a Milnor frame
metric). Then Kj;(x,0) = 0 and so we have a stationary solution of the flow.

2. For A > 0, initially the scalar curvature is positive, and the metric will shrink under
the flow. To see this, we may set

gij(x,t) = a®(t)gij(z,0) (4.2)
for some smooth function a(t). Then the relevant tensors and geometric objects read
()" (w,0),  Tylat) =T5(,0),  Ry;(w,t) = RY;(x,0),
j(x,0), R(z,t) = a_2(t)R(m, 0), Sij(x, t) = Sij(x,0),
Kijla 1) = = (1)Ko, 0) = S A% g3, 0) (4.3)

97(x,t) =a”
Rij(x,t) = Ri'

Therefore, the flow equation becomes

D (a2(1)g; (,0)) = f%a—%\?gﬁ (2,0), (4.4)

with the solution
at(t) = ap — A*t. (4.5)

The metric g;j(z,t) will shrink to a point in a finite time ¢ = a/A?, the rate of decay
depends on the parameters ag and A. But eventually, the scalar curvature becomes

infinite.

3. For A < 0, that is for an initially negative scalar curvature Einstein metric, the flow
equation would be exactly as in the second case above, since K is proportional to A2
term. Thus, the metric g;;(x,t) shrinks and the scalar curvature becomes negatively

infinite in a finite amount of time.
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4.2 Ancient solutions

Consider the three dimensional round sphere with the standard metric gcan, and one pa-
rameter family of conformally equivalent metrics g(t) = 72(¢)gean, then g(t) is a solution of
the flow if

T 7“72
09(t) = 2r() " g0 = ~KLo(0)] =~ (g, (1.6
with the solution
r(t) = (ra — t)Y/4. (4.7)

Hence this solution exists for (53, g(t)) in the time interval (—oo,T) where T is the sin-
gularity time 7' = r¢, hence an ancient solution. This is an example of the second case
above.

4.3 The model geometries under K-flow

In this part, we will study the properties of the geometries under the flow. Since the K-
tensor is not traceless we can not set the volume to a constant value say 1, in other words,
the volume is not preserved under the flow. We could of course write a traceless form
of the tensor and work with this traceless tensor in which case we could set the volume
to 1. However in this case the action/entropy would vanish. Thus we do not consider a
normalized flow. We start with the Non-Bianchi classes for which we use the coordinate
frame and then move to Bianchi classes and study them in the orthonormal frame.

4.3.1 Non-Bianchi classes

Now we work on the so-called Non-Bianchi Classes whose metrics in the coordinate basis
are simple enough to yield exact integration of the flow equations. Thus we study their
flows on a coordinate basis.

1. The geometry of H3 with the metric g = a(t)gys

The metrics of the geometries in this class are of the above form where ggs is the
metric of H® with a smooth function a(t). In the basis {dz,dy,dz} the components
of the Ricci tensor and the curvature scalar can be computed directly for the metric

t
g = CLQEQ)(d:E2 + dy? + dz?). (4.8)

One has 0,9i; = —2ad;;/ x> as the only non-zero derivatives of the components of the
metric. Therefore the non-zero Christoffel symbols are

1 1
Fg:p = ng = Fazcz = _Ev Fﬂgjy = Fiz = ;7 (49)
which lead to
2 6 1 3
Rij = _?52']3 R = _57 Kij = W&p K = @, (410)
the flow yields
a*(t) = al —t. (4.11)
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In this case, all three dimensions shrink with ¢%/2 and the scalar curvature becomes
negative infinite while the trace K also becomes positive infinite in a finite amount
of time.

. The geometry of H? x R with the metric g = a(t)gr + b(t)gm2

The metrics of the geometries in this class are of the above form where gr is the
metric of R, and g2 is the metric of the hyperbolic plane with smooth functions a(t)
and b(t) respectively.

In the basis {dz, df,sinh 0d¢} , the metric reads
g = a(t)dz? + b(t)(d6? + sinh? d?¢), (4.12)

from which one computes 9pgss = 2a sinh 6 cosh § which is the only non-zero deriva-
tive of the components of the metric. The non-zero Christoffel symbols are

o 6 o _ coshd
I'4s = —sinh 6 cosh 6, Loy =Ty = Lo’ (4.13)
yielding
2
Ry; =0, Rpg=-1,  Ryy=—sinh’0, R= -7 (4.14)
and
a 1 sinh? 0 1
Ky =— Ko = —— Ky3=——— K=——. 4.1
1= 5 22 55 33 5 552 (4.15)
Finally, the flow equations read:
a 1
=—— b= — 4.1
dha=—g@  db=g5 (4.16)
which can be directly integrated
b
() =2 +t,  alt) = —220 (4.17)

From these solutions, one can see that, for large times, while the hyperbolic plane

1/2

expands linearly with t!/2, R shrinks with ¢t~/2 giving a pancake degeneracy to the

geometry. The scalar curvature vanishes with ¢=1/2. The trace K also vanishes.

. The geometry of §? x R with the metric g = a(t)gr + b(t)gs>

The metrics of the geometries in this class are of the above form where ggr is the
metric of R and gg2 is the metric of the two-sphere with smooth functions a(t) and
b(t) respectively. In the basis, {dx, df,sin 0d¢}, the metric is

g = a(t)dz? + b(t)(db? + sin® 0d?¢), (4.18)

and OJpgse = 2bsinfcosf is the only non-zero derivative of the components of the

metric. One has
® cos b

= — 4.19
9~ sing’ (4.19)

I‘% = —sinf cos b, I‘ie =T
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Figure 1. The behavior of both H? x R and S? x R geometries under the flow is plotted. The
vertical axis represents the dimensions a,b. The horizontal axis represents the parameter of the
flow ¢.

yielding
2
Rye =0, Rpg=1,  Ryy=sin’0, R= - (4.20)
Then we find
a 1 sin? 6 -1
Kii=— Koo = —— Ks3 = — K=—. 4.21
11 2p2° 22 2h’ 33 2 2h2 ( )

The flow equations yield the same equations we obtained for the previous H? x R case.
Thus for large times, the two-sphere expands linearly with ¢!/2, and R shrinks with
t~1/2. The scalar curvature vanishes as t~1/2. Tt is interesting that S and H? shrink
to a point, but S? and H?, on the other hand, expand, in the K-flow in contrast to
the case in Ricci flow. Ricci flow gives shrinking solution for all S™ and expanding
solution for all H”, independent of the number of dimensions.

4.3.2 The Bianchi class geometries: orthonormal frame calculations

We now consider the geometries known as the Bianchi classes and describe their behavior
under the flow. We have to find the K-tensor (or more properly the K one-form) in the
orthonormal frame. This is a straightforward but rather tedious computation. Therefore
we delegate the bulk of this computation to appendix A and introduce here the essentials
needed to write down the coupled non-linear ODEs coming from the flow.

We now introduce the Milnor frame and compute the relevant geometrical quantities
there. Let g be a left-invariant metric on the unimodular, simply connected Lie group G,
then there exists a left-invariant orthogonal frame F' = {F;}, the Milnor frame, such that:

[F;, Fj] = Cij " Fy, (4.22)

where C’ijk are the structure constants uniquely defined for each Lie algebra of the Lie
groups that we shall consider. Let V be a uniquely defined connection satisfying the
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identities:

VxY - VyX = [X,Y],
<VXY, Z> + <Y, VXZ> =0,
(Vx¥,2) = (X, ¥],2) (¥, 20, X) +{[Z.X],7) ), (4.23)

where (Y, Z) denotes the inner product and X,Y, Z are vector fields. In an orthonormal
coframe {E;} , where [E;, Ej] = DijkEk, one has

(Ve Ej, Ex) = ([Ei, Ej], Ey) = (Dij ¥~ Dji "+ Dy j) . (4.24)

N |

1 . .
Hence Vg, Ej = 5 5 (D" = Dy’ + Dy ) Bx. Vi, Bj = —Vi, B; and Vi, E; = 0 which
follows also from the properties of the structure constants. Conventionally one writes the
algebra explicitly as

[F1, Fo) = vF3,  [Fo, 3] = AFy,  [F3, Fi] = pky, (4.25)

where pu, v, € {—1,0, 1} are the structure constants. In this frame, then the metric g can
be written as:

g =a(t)w! @ w' +b(t)w? @ w? + c(t)w? @ W, (4.26)

where {wl, w?, w3} are the dual basis one-forms to the orthogonal basis {F1, F», F3} , that
is w'(F;) = 6" j . Let then the dual basis one-forms to the orthonormal basis {E1, F2, E3}
be {el, e2, 63}. In this orthonormal coframe, the metric takes the form:

g=el@e+e?®e?+ e, (4.27)
where the relations between these bases are:

el = Vaw', e? = Vhw?, e3 = ew?, (4.28)

(4.29)
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As it is given in appendix A, one finds the K one-forms in the orthonormal frame as

—1
K' = I < — 105a Xt + 60a3bX3 1 4 60a3 A3y + 26262 N2 1% — 20a%beN v
a?b’c
+2a2AN20% — 20ab3 A\ 4 20ab?eAp®y + 20abE A pur? — 20ac A + 6364t
—60b3cpy — 62 p2v? — 60bc3 v + 63c4y4> el, (4.30)
K? = m <63a4)\4 — 206X 1 — 60a3eXN3 v + 2a20° N2 ? + 20a2be v
a?b’c
—6a2* N2 % + 60ab® A\ — 20ab?ehp®y + 20abE A pr? — 60ac® Avd — 105611t
+60b3 iy + 20% P pPv? — 2063 + 63c4u4> 2, (4.31)
K3 = 392022 <63a4)\4 — 60a3DA3 1 — 20a3cXN3 v — 6a2b* N2 p? + 20a>be) v
a*b*c
+2a2AN%0% — 60ab3 A + 20ab® Ay’ — 20abc A uv? + 60ac A3
+63b% ut — 2003 ey + 20222 V? + 60bc3 s — 105c4v4> e3. (4.32)
Then using the flow equation die® = —K®, we have the following coupled nonlinear ODEs:
da a 44 3713 3.3 21242, 2 27 12
I = 16222 — 105a™A* + 60a’bA°u + 60a’cA’v + 2a=b" A" u” — 20a”beA” pv
+2a22N20% — 20ab3 M 4 20ab?eApPy + 20abcE A pur? — 20ac A + 6364t
—60b%cpPy — 6b%c P v? — 60bcE v + 63c4u4> , (4.33)
db b 444 3113 3.1\3 21242, 2 27 12
7= Tea22e2 63a” A" — 20a°bA° 1 — 60a”cA”v + 2a”b" A" + 20a”beA” pv
—6a22N20?% + 60ab> A u® — 20ab?eApy + 20abc A uv? — 60ac® A\ — 1056
+60b% v + 2022 P v? — 20b¢ v + 63c4y4> ) (4.34)
d
dij = 16270()22 <63a4)\4 — 60a3DA3 1 — 20a3eXN3 v — 6a20* N2 ? + 20a2beX
a?b’c

+2a22N20? — 60ab3 A\ 4 20ab’eAp’y — 20abc A pur? + 60ac A3

+63b% it — 2063 ey 4+ 2022 pv? + 60be pu® — 10504u4> . (4.35)

1. The geometry of R+R+R with the structure constants A =0, u =0, =0

The metric of these geometries are flat, with zero curvature, and since all the flow

equations vanish they do not change under the flow. They are fixed points of the

flow.

K'=0, K=0.
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2. The geometry of SU(2): with the structure constants A =1,y =1,v =1
orA=—-1,u=—-1,v=-1

For this geometry the flow equations are

dch B a
dt — 16a2b2¢?
120ab?c + 20abc? — 20ac® + 63b% — 60b3¢ — 6b2c% — 60bc3 + 63c4),

db b
7 — 62 (63@4 —20a%b — 60a’c + 2a%b* + 20a%bc — 6a>c? + 60ab>
a?b?c

—20ab®c + 20abc® — 60ac® — 105b* + 60b3c + 2b%c? — 20bc® + 63c4),
de_ ¢ (63a4 — 60a®b — 20a%¢ — 6a%b* + 20a2bc + 2a*c — 60ab®
dt 16a2b2c2
+20ab?c — 20abc? 4 60ac® + 63b* — 20b%¢ + 26%c? + 60bc® — 1o5c4). (4.36)

( —105a* + 60a3b + 60a3c + 2a2b% — 20a2be + 2a2¢* — 20ab?

The first observation is that these equations are all symmetric in a, b, and c: i.e. the
interchange of them would not change the equations. In the case of a(t) = b(t) = ¢(t),
the flow equations become rather simple and analytically solvable:

da 1 9 1 9
da__ - ) = ——t + a2, n
" e CW=gtta (4.37)

Thus if initially, one has ag = by = ¢g, or at some point of the flow t = 7, if a, =
b; = c¢;, namely once the metric reaches the metric of the round sphere, the geometry
shrinks to a point in a finite time. On the other hand, when a(t) # b(t) # c(t), it

is not possible to solve the equations analytically, so to make some estimates about
their behaviors, let us investigate the differences between the flow equations:

d(a—D) (a—b) A ; , . 2 o
S = Teem (—105a" —1080°+60a"c—86a°b* +100a%be-+ 2a%
—108ab +100ab%c-+28abe® —20ac® — 1055 +60b ¢+ 262>~ 20bc’ +63c*),

d(b—c) (b—c) 4 3 3 272 2 2 2 3
S = Toomag (030" —200°b—20a"c+20% +28a%be-+ 20” ¢ +-60ab
+100ab?c+100abc® 460ac® —105b* — 10863 ¢ —86b%¢2 —108bc® — 105c4) ,

d(a—c) (G—C) 4 3 3 2,2 2 22
S = Teemp (—105a" 60— 1084’42 +100a”be—86a’c
—20ab®+28ab’c+100abc® —108ac® +63b* — 2003 c+2b% > +60bc> — 105c4) .

(4.38)

From the symmetry of the flow equations, we can assume without loss of generality
that initially ag > by > co. If at t = 7, ar = b, and similarly for some ¢t = T’,
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b = c_s, then one gets
(a—b)
- ~ 16a2b2c?
+2a%¢? — 108ab® + 100ab’c 4 28abc?® — 20ac® — 105b*
16063 + 26%¢% — 20bc® + 6304>,

d(a —b)
dt

( —105a* — 108a3b + 60a3c — 86a2b* + 100a2be

d(b — c) (b-ro) 4 3 3 212 2
| = e (630" = 20a% — 20a°c + 2a%* + 28a%he
+2a2¢? + 60ab® 4+ 100ab’c + 100abc® + 60ac® — 105b*
—108b%c — 86b%¢ — 108bc> — 105c4). (4.39)

The first equation says that during the flow, the flow between the functions a and
b stops at t = 7; and the second equation says that the flow between the functions
b and ¢ stops at t = 7. Therefore if, initially, we have ag > by > ¢, then for all
t > 0, one has a > b > ¢ until they reach exactly the same values. Now, assuming
a > b > c for all t, we want to show that ¢ is a non-decreasing function to the point
where all three dimensions become equal. To deal with the negative terms, we write
—60a®b—60ab® = 30(a—b)%(a® —b?) —30a* —30b* and —6a2b? = 3(a?—b?)? —3a* —3b*.
Then one gets

d
d—;: - Wczﬂc? (10a4 1 20a2be + 2a%¢2 + 20ab%c + 60ac® + 20%¢2 + 60bc3
+10b" + 3(a? — b%)? + 30(a — b)*(a® — b%) — 20abe? — 105¢1).  (4.40)

The last two negative terms are smaller than the other terms since a > b > c¢. Hence,
c>coandsoa>b>c>cyg. We can put a lower bound for ¢ using the leading term:

[\

dc 10a*c dec  5a 5 2 5 2
- = = > = t) > St + . 4.41
& Tear® ‘@ wmEos CW=zptta (4.41)

N

Similarly, we can show that a is non increasing so that we have ag > a > b > ¢ > ¢p.
Now we can use this condition for the flow of @ — ¢: we see that

“ieaz’ izt
(ap —cp)e %0 > (a—c) > (ap —cp)e 0 . (4.42)

Therefore a — ¢ vanishes exponentially and similar results follow for others. Hence
we conclude that the metric approaches the metric of the round sphere and then the

geometry shrinks to a point.

Now let us investigate the behavior of the scalar curvature:

= 5ube (—a2 + 2ab 4 2ac — b* + 2bc — 62) . (4.43)
Once the geometry reaches the round sphere, the curvature scalar becomes R = %

and shrinking of the sphere continues; and the scalar curvature becomes singular; it
goes to positive infinity. One can of course avoid this singularity by normalizing the
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a

Figure 2. The behavior of the SU(2) = S® geometry under the flow. The vertical axis represents
the dimensions a, b, c. The horizontal axis represents the parameter of the flow ¢. Three dimensions
approach each other and then vanish in the unnormalized flow, while they attain the same fixed
value for the volume normalized flow.

flow. We will not do that here, but for the sake of understanding what goes on in the
normalized (fixed volume) flow, let us just note this case as an example. If we had
normalized the flow, then one of the equations would look like

@ B a
dt — 6a2b2c?
+5ab%c + babe® — 5ac® + 214" — 206 — 2b%c? — 20bc” + 21¢*),  (4.44)

( —42a* + 25a%b + 25a3¢ + a®b? — 10a%be + a’c® — 5ab®

and we have similar equations for b and ¢ by interchanging with a. In this case, the
geometry would reach the round sphere in a finite time and stay there. The scalar
curvature then would be R = 3/2a. Figure 2 shows the behavior of the geometry
under the flow (we have done the numerical integrations using a MATLAB code).

When three dimensions become equal we can look at what happens to the trace K
which appears as the integrand of the entropy:

1 4 3 3 212 2
— m(—ma +20a3b + 20a3¢ + 2a2b? — 20a2be
+2a%c? + 20ab® — 20ab’c — 20abc? + 20ac® — 21b*
3
3 2 2 3 4\ _
+206% + 2622 + 20bc” — 21¢!) = o (4.45)

K first attains a constant value, then as a vanishes, it goes to positive infinity.

For the rest of the Bianchi class geometries we state here the results and show the
computations in appendix B. The geometries of /Sf(2,R) and Nil generate a pancake
degeneracy. The Geometry of %(Pf) generates a flat geometry. The geometry of Sol
generates a cigar degeneracy.
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5 Solitons of the K-flow

Fixed points of the flow equations are called solitons. The first kind of solitons of the K-
flow is the Ricci flat metrics for which the Ricci tensor vanishes. In three dimensions these
are just flat spaces. Under a constant scaling defined as g;; = Ag;;, the K tensor picks up
a A™! term so scalings are not symmetries of the flow as we have noted before. The second
kind of symmetry we may discuss is diffeomorphism. Letting ¢; be a one-parameter family
of diffeomorphisms on the manifold M generated by a vector field X such that ¢y = id g
and 0¢r = —X (t) and a family of metrics

org(t) = g(t),  g(0) = go = g(0). (5.1)

If g(t) is the solution of the K-flow (2.32), then g(¢) is a solution of the gauge-fixed
flow (2.33) by (2.34). In other words g(t) is also a solution of the flow with 0.g;; =
—K;j +V;X; + V;X; where we used the definition of the Lie derivative of the metric. We
said that a flat metric is a solution of the flow since K;; = 0 which we may call a steady
soliton. If g is an Einstein metric (R;; = 2Ag;;), then K;; = %AQQU‘ and a conformal Killing
vector field Lxg = %AQg would give a soliton solution for an Einstein metric. We set the
pair (g, X) as a soliton of the flow; therefore for a soliton V;X; + V;X; — K;; = 0. Are
there any such solutions? To answer this question, we start with the square of the Lie
derivative of the metric [9]

| Lxg |?P= —A(XpXF) + 2X,AXF — 2V (X'V, X*) 4+ 2XFV, v X!+ 2XEX Ry, (5.2)

and we also have 2V, X*¥ — K = 0 and AX,+V, VX! + Ry X' = 0 = AX+ Vi K+ Ry X!
from the trace and divergence of the soliton equation. Then the square of the Lie derivative
of the metric reads

| Lxg |?= —A(XpXF) — 2V, (X'V, XF). (5.3)

When we integrate over a compact manifold without boundary, we obtain

[ dul £xgP=o0. (5.4)
M

Apparently, only a Killing vector field solves this equation. Then soliton equation gives a
trivial soliton K;; = 0. In the case of G-invariant metrics, the left-invariant vector fields
are Killing and are generators of diffeomorphisms, in fact, isometries, and the associated
integral curves are geodesics of the manifold. Steady solitons of the flow, flat metrics, flow
on the geodesics.

From previous discussions, Einstein metrics are critical points of the action, and so
of the flow. We should emphasize that Einstein metrics as critical points of the quadratic
part of the NMG action are found from purely variational methods in [15]. As it stands
we cannot require a general solution of the flow to vanish at the variations of the metric.
Hence we conclude that Einstein metrics are critical points, but not solitons of the flow.
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6 Conclusions

We have defined a geometric flow exclusive to 3-dimensional Riemannian manifolds. The
flow is motivated by both pure differential geometry and physics. Compared to the Ricci
flow, the K flow is a higher-order flow, as the relevant tensor involves the laplacian of the
Ricci tensor at the leading order. Despite being a higher-order non-linear PDE, we were
able to show that the relevant operator is a fourth-order elliptic operator using the deTuck
trick and establishing the short-time existence problem. The fast modes (short wavelength
perturbations) are all diffused just as in the case of the Ricci flow. From the physics point of
view, the relevant K-tensor can be thought to arise from the short distance (ultra-violate
regime) of the new massive gravity for which the Ricci tensor (or the Einstein tensor)
becomes an irrelevant operator [10], or one can directly consider the quadratic theory as
the gravity theory as was done in [14]. From a mathematical point of view, what we called
“the entropy” of the flow was studied in [15] in the context of characterizing 3-dimensional
space forms. We have made use of the results of [15] in section IIT where we gave a gradient
formulation of the flow.

Ricci flow and various related flows bore much fruit in mathematics as is already well
known from the works of Hamilton and Perelman that we alluded to in the introduction.
But these remarkable works, and in general works on geometric flows have not yet found
their deserved interest in the physics literature. We believe this state of affairs is transient:
there are a great deal of potential applications of geometric flows in gravity, quantum
gravity, and field theory. The crucial link is the following: Ricci flow, or some nice geometric
flow, could arise as a renormalization group flow in a non-linear sigma model. For example
when one says that Einstein’s theory arises from string theory, one means the following:
at low energies, the worldsheet renormalization group flow in string theory gives rise to
the Ricci flow (with some additional fields) in the target space. And, because in the world
sheet, Weyl symmetry cannot be anomalous, one sets the beta function (that is running of
the couplings which is the metric of the target space) to zero. So instead of a flow in string
theory, one has the critical points of the flow which are at the lowest order, and setting
all the fields except the metric to vanish, to the Ricci flat metrics. Of course, as we shall
mention below, in the context of Euclidean gravity, Ricci flow could still be useful as the
natural path connecting the critical (or saddle) points.

Let us give some examples from the recent literature of the use of geometric flows.
In [23] a modified Ricci flow with Maxwell-Chern-Simons terms and additional fields, in-
spired by string theory was studied within the context of the 3D uniformization theorem.
In [24], to find inequalities in General Relativity regarding the evolution of the area of a
surface and the enclosed Hawking mass, Ricci flow was employed. In [8, 9] Cotton flow
was studied to understand the flow of homogenous geometries. 100% Cotton flow arises as
the high energy limit of the Horava gravity [25] and the topologically massive gravity [26]
which were studied in [27, 28] and [29] respectively. In [30], Ricci flow was used to study
the transitions between saddle points of the four-dimensional Euclidean gravity. Ricci flow
appears as a gradient flow between the possible saddle points. Of course, there could be
many such saddle points, but once a boundary topology is introduced, one can handle a
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few saddle points. In the work, the boundary was taken to be S' x S2, and with this
boundary, there are 3 saddle points. In [31] a nice compilation of possible applications of
the Ricci flow in physics was given. Recently, in [32] a topological non-relativistic quantum
gravity was defined in which the Ricci flow equation appears as the localization formula in
the path integral that defines the theory.

In this work, we laid the basic structure of the K-flow; and applied it to the homogenous
geometries that are potentially relevant to the spatial geometry of the universe at large
scales. Applications of the K-flow for non-homogenous geometries, such as black holes are
also of interest. Various such solutions as the critical points of this flow (i.e. those that
satisfy K;; = 0) have been found in [33] and elaborated in [34]. These are black holes
with deformed horizons (also called black flowers), static black holes, rotating black holes,
and dynamical black flowers that emit or absorb gravitons. This set of critical solutions
constitutes a potentially very useful application to the K-flow. For example, the Euclidean
version of these solutions will be the saddle points of the flow, and one can study the
transition between these solutions as was done in [30] for the Ricci flow. Moreover, K-flow
can be considered as the high energy limit of the “new massive gravity” inspired flow with
0i9ij = aK;; + BGy; + Ag;j of which the critical points are metrics that solve the new
massive gravity [10, 11] that has been studied as a dynamical theory of gravity with a
massive spin-2 graviton in three dimensions (as opposed to the locally trivial Einstein’s
gravity in three dimensions). Many solutions of this extended theory are known which can
be studied as saddle points under the flow.

A Detalils of the computations

In these appendices, we give some details of the computations that we used in the text and
also compute the properties of the K-tensor under conformal transformations.

A.1 Computation of the K-tensor in orthonormal frame

We now compute the Ricci tensor and the curvature scalar following (4.29)

c a b
[Eq, B = V\/%E& [Eo, E3] = M/%El, [E3, E1] = g | &E2 : (A.1)
Vi Fs = ~(Dis ® — Doy '+ Day 2)Es = = (]S =2/ % 4/ 2| E (A.2)
E L2 = 5 12 23 31 3= B ab be 2 ac 3 - .

Therefore one obtains

1 /—=Xa+ ub+ve 1 /—-Xa+ ub—ve
Vi by =~ <M> F3, Vb= - (,u) F3,
2 c 2 c
1/ da—pb—ve 1 /Aa+ pb—ve
Fs=—|——— | F Fl=—|———— | F
Vi F3 2( b > 2 Vi F1 2( b ) 2
1 /da— pub+ve 1 /—Xa— ub+vc
Y (RS P S LY

— 95—



One can find the sectional curvatures and then the components of the Ricci tensor by the
use of these equations. The usefulness of this frame is that the Ricci tensor is diagonal
which is very handy when studying the flows. The non-zero diagonal components of the
Ricci tensor in the orthonormal frame can be computed as

_ 1 2 2 2,2 2 2 _ 1 2 2 272 2 2
Rll—%()\a—ub—z/c —|—2/u/bc), RQQ—%(—AG + p b —vic +2/\1/ac),

R Y TR T S I
R33_2abc( A a” — p*b* +vc +2)\uab>. (A.4)

The non-zero diagonal components of the Ricci tensor in the orthogonal frame by the
relation between two coordinates can be computed as

b
Ry = 4 ()\2a2 — ,u2b2 — 22+ Quubc) , Rog=— (—)\2a2 + ,u2b2 — 22+ 2)\1/ac) ,
abce

2ab 2abc
_ € [ y2.2 232 2 2
R33 = Sabe ( ATa” — ptb” +vie” + 2)\uab>. (A.5)
The scalar curvature then will be:
1
=— (—)\2CL2 — 12? — VA 4+ 2 pab + 2\vac + 2/u/bc) . (A.6)
2abc

We now find the connections and the curvature form:

de' = d(vaw') = Vadw' = Valw? Awd = 1/()&)\62 A e,
c
b
de? = d(Vbw?) = Vbdw? = Vouw® A wt = U%ue?’ Ael,
de® = d(v/ew?) = Vedw® = evw! Aw? = 1/%1/61 A el (A.7)
a

In the orthonormal frame g,; = d4p, hence the metric compatibility is V.6, = 0 which

yields w? , = —w® ;. Then one has
1 1
1 3 1 2
w9 = Aa + pub —ve) e, w3 = —Aa + ub—vc)e”,
> = Sape V) 8= avape T
1
w? (=Xa + pb+ ve) et (A.8)

5T 2V abce

The components of the curvature 2-form can be computed by the relation R® j = dw® p +

w® . Aw®y . For example,

R} 2 = dw! 2+w1 1/\(4)1 2+w1 2/\&)2 2+w1 3/\(,03 2 = dw'! 2+w1 3/\(»)3 2 (Ag)
where
dw! 5 = ! (Aa + pb — ve)de® = ! (Aa—l—,ub—zw),/iuel/\e2
2V abc 2V abc ab
_ v o 1,2
= 5. (Aa+ pb—vc)e” Ne“e (A.10)
1 1
wlgAwd g = —Xa+ pb—ve)e?) A — —Xa + pb+ ve)et),
’ ? (2\/abc( a ) ) ( 2\/abc( a ) >
1

= Tabo </\2a2 + 120? — 2 — 2>\,uab) el N e (A.11)
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These computations lead to

1
R! 9 = Tabe ()\2a2 + ,u2b2 — 3% — 2 pab 4+ 2 vac + 2,ul/bc)el A 62,
abc

1
Rlg3=— ()\2a2 —3u20% + V2 + 22 pab — 2 vac + 2,ul/bc)el A e,
4abc
1
R? 5= %( —3X2a% 4 120 + V2 + 2 \pab + 2 vac — 2,w/bc) e? Aed. (A.12)

Ricci 1-forms can be computed by the relation Ric, = %R’ 4. For example
Ricq = ZgR2 1+ ZgR3 1

= labe ()\Qa? + p2b? — 30%¢* — 2)\pab + 2 vac + 2/“/()0) Z2<e2 A €1>
abc
1

+ 1db (A2a2 — 3120 4+ v2¢® 4 2D\ pab — 2 vac + 2,uybc)13(63 A el),
abc

(A.13)

where the interior product acts as

19(e* A el)

13(e3 A el)

(19¢*) Nel + (=1)'e? A (19e!) = €,
(13¢3) A el + (—=1)Le® A (13e!) = el (A.14)

Hence we find Ricci 1-forms as

‘ -

Ric) = (A2a2 —120? — 2+ 2;wbc> el

[\

abc
oL a9 99 99 2
Ricy = Aa” 4+ p°b* — vic” + 2lvac) e,
2abc
S 2.2 232 | 22 3
Ricg = Sabe (—)\ a® — pb” +vic +2)\uab) e”. (A.15)
The curvature scalar can be computed from the equation R = 1,(Ric)* as

1

= 50 (—/\2a2 — 112b? — V2 + 20\pab + 2 vac + 2/u/bc) . (A.16)

1
Schouten one forms easily computed from the earlier results as S = (Ric)*— ZR@“. Namely

gl _ 1 5M%a? _Aapb  Aave 3u2b? n 3ubre 3v2c?
2abc 4 2 2 4 2 4 ’
o2 _ 1 _3)\2a2 _Aapb | 3Aave L 512b? _ pbre 322
2abc 4 2 2 4 2 4 ’
1 3X2a%2  3lapbve  Aave  3u’b?  pbve  5uic?
3
_ _ — — — ) Al
5 2abc < 4 2 2 4 2 4 (A-17)
The Cotton 2-form is in the following form:
1 1
C* = DS* = d((Ric)" - ZRea) +w A ((Rie)’ ZReb). (A.18)
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Hence

1
ol — W( — 22a%(=2Xa + pb + ve) — (ub + ve)(ub — yc)z) e? A éd,
1
o2 — m( — 120 (Na — 2ub + ve) — (Aa + ve)(ha — I/C)2)€3 Ael,
abe
C3 = 2(;)3/2( — 2P (\a + pub — 2vc) — (Aa + pb)(Na — ,ub)2)e1 A el (A.19)
abe

We find the Cotton one forms as the Hodge dual of the Cotton 2-forms *C® and arrive at

1

«C1 = W( — )\2a2(—2)\a + ub +ve) — (ub + ve)(ub — VC)2> el
s z<ab1c>3/2( — 126 (Aa = 2p1b + ve) — (Aa + ve)(Aa — ve)?)?,
*C3 = 2(ablc)3/2( — 2 (\a + pb — 2vc) — (a4 pb)(\a — ,ub)2>e3. (A.20)

Finally we can compute the one-forms J% = 1e%, * (S° A S¢):

gl 1 IMat  3N3adub  3N3aPve  9N2a?pPh? n 13202 ubve
© 4a?b?c?\ 16 4 4 8 4
IN2a?v2c?  Oapdb®  IhapbPve  apbric? Idavied 15uth?
8 4 4 4 4 16
IRLEIVE 4 19p20%02c®  pbv3c®  15vct |
1 8 1 6 )
g2 _ 1 15 %at n INadub  Nadve  9IN2a?pPb? 9IN2aubuc
- da?b3e? 16 4 4 8 4
+19)\2a21/202 3hapb®  13\apbPre  apbr’c? avded 9utv?
8 4 4 4 4 16
_3u3b3uc _ I2b?13c? n b33 B 1504t
4 8 4 16 ’
a a’p a’ve a‘p a”pbve
B 1 15Mat Na? b, 9INa? N 19\%a?®b*  9N2a”pub
- 4a?b%c? 16 4 4 8 4
IN2a22c? AapPb® 9hap’b*ve n 13 apbv?c®  3avdc®  15ub?
8 4 4 4 4 16
333 272,22 3.3 4.4
+9,ub1/c_9,ub1/c _ 3pbric +9uc &3 (A.21)
4 8 4 16
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The H* = xD « C® one forms read:

1
H! = 122 <6)\4a4 —3X3a3ub — 3X3a3ve + N2a? 12 — 202 pbve + N2a?vAe?
—Xapb® + Nap?b?ve + Aapbr’? — av®c® — 3ptb* + 4303 ve — 2020%02 P
+4ubAce® — 31/4c4> el
1
H? = 1222 < — 3\t = Nadub + aXN3aPve + A2a?12b? + N2aPpbve — 22%a% 0% P
a*b’c
—3Xap®b® — 2 ap’b?ve + Aapbr e + ddarPc + 6ptbt — 31203 ve + pPbPi?
—pb3ed — 31/4c4> 2,
1
H3 = TaZh2c2 < — 3\t +aX3aP b — N3adve — 20202 1h? + N2a?pbve + N2a?vAc?
a*b’c

+4xapPb® + Napb?ve — 2 apbr®c® — 3xav3c — 3t — B3 ve + pPh*Ae?

—3ubic® + 61/4c4> e (A.22)

H is indeed traceless. We finally find the K one forms to be

1

Kl= -
32a2b2c2

< — 105a* Xt + 60a3bX\3 1 4 60a3 N3y + 26262\ 1% — 20a%beN? v
+ 2022 N20% — 20ab3 N\ 4 20ab®eApPy + 20abcE A ur? — 20ac A3 + 636t
— 60b3cuy — 6% pPv? — 60b v + 63c4y4> el,

1

K= ———s
32a2b2c?

(63a4)\4 — 200D\ 1 — 60a3c N3 + 2a20* N2 p® + 20a>beX v
— 6a2PN2 % + 60ab® A\ — 20ab? A’y + 20abcE A pur? — 60ac® A — 1050% 1t

+ 6063 ey + 2022 PV — 20b¢3 s + 63041/4) e,

K3 = <63a4)\4 — 60a3DA3 1 — 20a3eXN3 v — 6a20* N2 ? + 20a2beN v

 32a2b2¢2
+ 2022 N20% — 60ab3 A\ 4 20ab’eAp?y — 20abcE A pur? + 60ac A3

+ 6301t — 2063 ey 4 2022 p2v? + 60bc? v — 105041/4) 3. (A.23)
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The trace of the K tensor turns out to be

1 2104t 5X3aPub BA3alve  AN2a?pPb? 5AZa’ubuce
— + + + —

© 2a2b2c? 16 4 4 8 4
X222 BaapP®  Bhap’bive  Blaubric®  Blavdc®  21utbt
8 4 4 4 4 16
5pudbdve  plb?2c? subvied 214t
— . A.24
+ 4 * 8 + 4 16 ( )

Of course we could compute the trace from the Lagrangian %RQ *1— R*A*R,.

A.2 The Bianchi class geometries continued

3. The geometry of §i(2,R) with the structure constants A = —1,u =
—1,v=1

For this geometry the flow equations are

da a 4 3 3 272 2 2 2 3
= = m(—l%a + 60a%b — 60a®c + 2a2b* + 20a%be + 2a>c® — 20ab
—20ab?c + 20abc? + 20ac® + 63b* + 6063 ¢ — 6b%c? + 60bc® + 63c4),
o __ b (63a4 — 20a3b + 60a3c + 2a%b? — 20a%bc — 6a%c% + 60ab3
dt 16a2b2c?
+20ab%c + 20abc® + 60ac® — 1056 — 60b3c + 2b%c? + 20bc® + 63c4),
de ¢ (63a4 — 60a3b + 20a3c — 6a%b% — 20a2be + 2a2¢* — 60ab?
dt 16a2b2c?
—20ab*c — 20abc* — 60ac® 4 63b* + 20b%c + 2b%c? — 60bc® — 1o5c4) .(A.25)
These equations are symmetric in a and b, so we may set ag > by. If at any t = 7,
ar =b,

d(a —b)
dt

a—>b
f—r ~ 16a2b2c2
+2a%¢% — 108ab® — 100ab®c + 28abc® + 20ac®
~105b" — 60b%c + 2b%c? + 20bc” + 63¢!). (A.26)

( —105a* — 108a3b — 60a’c — 86a%b? — 100abc

Thus if initially ag > bg, then a > b for all t > 0. From the antisymmetry between
a and ¢, we assume that they behave oppositely under the flow. If at some time,
all three dimensions are equal, namely if they attain this, then the equation for a
would be g

d—j - 1?? ~a2(t) =ad + 1%91&. (A.27)
Therefore we conclude that a and b are increasing whereas ¢ is a decreasing function

of t generating a pancake degeneracy under the flow. At a finite time ¢ vanishes, and
when that happens, since a = b, the flows of all three dimensions stop. The figure 3
shows the behavior of the geometry under the flow.
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Figure 3. The behavior of the SL(2, R) geometry under the flow. The vertical axis represents the
dimensions a, b, c. The horizontal axis represents the parameter of the flow ¢. Two dimensions a, b
expand, while ¢ vanishes under the flow, yielding a pancake degeneracy.

Next, let us investigate the scalar curvature.

1

=5 (~(a=b)* = —2c(a+1)). (A.28)
As a,b approach to each other, R attains a negative constant value (—4ac — c?)/2a’c.
Then by the expansion of a, b and the vanishing of ¢, R vanishes. On the other hand,

the quadratic curvature invariant
B 1
- 32a2b2c2

+20ab%c — 20abe? — 20ac® — 216" — 20b%c + 2b%c? — 20bc® — 21¢*) (A.29)

( — 21a* + 20a3b — 20a3¢ + 2a2b? + 20a2be + 202 + 20ab®

attains a negative constant value K = (—16a? — 40ac — 21¢?)/32a* when a = b; and

when ¢ vanishes, it becomes K = —1/2a? and stays constant.
4. The Geometry of I/s_;;@(Rz) with the structure constants A = —1,u =
—1,v=20

For this geometry, the flow equations are

d
d%‘ — #( — 105a* + 60a3b + 2a2b% — 20ab + 63b4),
a C

db b

= = Toaps (63a4 — 20a3b + 2a2b% + 60ab® — 105b4),
@ c

dt — 16a2b2c2

These equations are symmetric in a¢ and b, so let us look at the difference between

(630" — 60a% — 6a?b? — 60ab” + 63b"). (A.30)

these two dimensions:

dla—b) _ (a—b) ) , . ; )
T T T (-~ 105" - 108a% — 86a2* — 108ab® — 105).  (A.31)
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If at some time t = 7, a = b then the flow stops. Thus if initially ag > by then for
all times one has a > b, and this implies also that (a — b) is a decreasing function.
Moreover if ever a = b, then the flow of ¢ stops too. Using this condition on a and
b, we can make some estimates about the behavior of the flow equations. After some
manipulations, we get

da a .
= = eons ( —73(a* — b*) — 2a*(a® — b%) — 206%(a — b)

150
—3(a® — v*)(a — b)? — 60ab3> < —4—?2,

db b
% = oS (53@4 —b*) 4 2b%(a® — b?) + 60b°(a — b)
2 2 2 3 5b2
+(0/ —b )(G/_b) +20ab Zm,

de c 4 2 212 2 2 2 4
- = W(?)Oa +3(a” = b%)" + 3(a” — b”)(a — b)” + 30b
15(at + b?)
ke Sl ) A.32
8a2b?c ( )

Thus b and ¢ are non-decreasing functions and a is non-increasing. We then get
ap Z a Z b Z bo.

There is one conserved quantity for this geometry: for all times, one has

3 dt

o Tacy 0. (A.33)

The integrating factor for this equation is ¢ /3, so by direct integration, this equation

gives abc?/3 = k where k is some positive constant. Using this equation and also the

identity (a* 4 b*) = (a? — b?)? + 4ab?, we find

A(t) > 15t + ¢, (A.34)
and
1db 5 1 -5 1 2k
— < — > [ ——dt 2 < ) A.
b2 dt — 4dac?’ b2 = 2k ) A3 — —(15t + )3+ K (4.35)
Let us calculate the differences ¢ —cand b — ¢
d(a — ¢c) . a- b 4 3 212 3
7 = 16a2b202< 105a 45a°b — 43a°b 63ab
—~c(63(a — b)* + 192ab(a — b))). (A.36)
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a

Figure 4. The behavior of the I'som(R?) geometry under the flow, first figure. The vertical axis
represents the dimensions a, b, c. The horizontal axis represents the parameter of the flow t. Two
dimensions a, b approach each other and stay at a constant value, ¢ approaches to a constant value.

Therefore a — ¢ is a non-increasing function since ag > a > b > by, and all the terms
in the parenthesis are negative.

db—c)  a-—1b
dt  16a2b2c?

(63a3b + 43a2b? + 45ab® + 1050

—~c(63(a — b)® + 192ab(a — b))) . (A.37)

We can not say much about the b — ¢ equation: it is inconclusive because there are
negative and positive terms in the parenthesis. From two figures 4 and 5 showing
the behavior of the geometry under the flow, we see that a and b initially approach
each other and stay there, and when that happens, ¢ also reaches a constant value,
generating a flat geometry.

The curvature scalar when ¢ = b and c is a constant, vanishes showing that the
geometry is flat. At this point, K also vanishes.

1 2 2
= —(—a® +2ab—b?) = A.
Sapal "4 T 2a ) =0, (A.38)
1
= W(—zm‘* + 20a>b + 2a2b* 4 20ab> — 21b%) = 0. (A.39)
a C

5. The geometry of Sol with the structure constants A = -1,y =0,v =1

For this geometry the flow equations are

d

ditl = m( —105a* — 60a3c + 2a°c? + 20ac® + 6304),
db 4 3 2 2 3 4

= = m(&?a + 60a°c — 6a“c” 4+ 60ac” 4+ 63¢ ),

dc

dat 162%(63‘# 1 20a3¢ + 2a2c% — 60ac® — 105c4). (A.40)
a C
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a

Figure 5. The behavior of the Isom(R?) geometry under the flow, second figure. The vertical axis

represents the dimensions a, b, c. The horizontal axis represents a parameter of the flow t.

These equations are symmetric in a and ¢ so we look at the difference between these
two dimensions,

dla—c)  3(a—c)
dt  16a2b2c2

((a + ¢)*(35a® + 6ac + 3562)). (A.41)

If at some time t = 7, a = ¢ then the flow stops, so if initially ag > ¢y then for all
times a > ¢ and this implies also that (a — ¢) is a non-increasing function. Using this
condition on a and ¢, we can make some estimates about the behavior of the flow
equations. After some manipulations, we get

da B a 4 3 3 2/ 2 2
= = m(—SOa —60c(a” — ¢’) — 2a°(a” — )
5a3
—20a(a® — ¢3) — 3(a’ — 04)) < T2

db

= 62 (60a4 +60ac + 3(a2 — 02)2 + 60ac® + 6064)
15b
> ﬁ (a4—|—a30+ac3+c4>,
dce c

_ 4 3 2 2 3 4
a = m (63a + 20& c+ 2a°c” — 60@0 — 1050 ) . (A42)
Thus a is decreasing, and b is increasing, but the behavior of ¢ is inconclusive from
this construction. We write ag > a > ¢. There is one conserved quantity, namely

da 2db de

/

The integrating factor for this equation is b1/ | so we have ab?/3¢ = k = aobg 300.

From the figure 6, we see that a and c approach each other and then go to a constant
value, while b always increases generating a cigar degeneracy.
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a

Figure 6. The behavior of the Sol geometry under the flow. The vertical axis represents the
dimensions a, b, c. The horizontal axis represents the parameter of the flow ¢t. Two dimensions a, ¢
first approach each other then shrink, b expands.

When a = c¢ the flow equations show that a, ¢ will eventually shrink, but are controlled
by the constant k.

da 5a db 15

a at b’
A(t) = b2 +30t,  a(t) = aoby*b1/3(1). (A.44)

The scalar curvature and the trace K then go to zero:

1
~ 2abe

2
(—a® — 2ac — %) = —3

_ 1
 32a2bh2¢2

5

(—21a4 — 20a3¢ + 2a%c? — 20ac® — 2104) =~

(A.45)

6. The geometry of Nil with the structure constants A = -1,y =0,vr =0

The flow equations for this geometry are

da 105a° db  63a’b de  63a’c

et i = A4
dt 16b2¢2’ dt  16b2c?’ dt  16b2c? (A-46)

These equations are symmetric in b and ¢. There is one conserved quantity for this
geometry

61lda 1db 1ldc

-t -—— 4+ -— =0 A47

5adt+bdt+cdt ’ ( )
hence we have a%/5bc = k = ag/ 5b000. Furthermore, we have

d <l)202> 231 b2 231 b3cd

- 4 00 (A.48)

a? 8’ a2 8 a?
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a

Figure 7. The behavior of the Nil geometry under the flow. The vertical axis represents the

dimensions a, b, c. The horizontal axis represents the parameter of the flow ¢. Two dimensions b, ¢
expand, ¢ vanishes.

We find by integration

5/22
bRl a2\ (231 g2\ M
a(t) = Qg b2c2 ) b(t) = bO 14/5 —t+ 2 9
1 4 B3 by s af
o
12/5,9 2,2 3/22
ay” b 231 chbg
t) = —t4+ == . A.49
C( ) €o < 0[1)4/5 ) ( S + CL% ( )

Thus while one dimension shrinks to a point for large ¢ as ~ t~/22 the other two
dimensions expand with ~ t3/22 generating a pancake degeneracy.

The scalar curvature and trace K go to zero as seen from the equations.

1/2
po o _ 1(m )
- 2be 2\ 8 a3 ’
21a2 21 (231 B33\
K - _ = —— | —1 200 A5O
32622 32< 8 al ) (A.50)

A.3 The K tensor under the flow

In this section, we examine the evolution of the basic geometric tensors and of the K tensor
itself under the K-flow. The following computations are similar to those of variations in
an orthonormal frame background. We still study these equations in normal coordinates
where at a point all partial derivatives of the metric g and Christoffel symbols I" vanish,
but their time derivatives, 0x0:g and ;" do not, and we also use the covariant conservation
of g and K. We begin with the assumption that we have a time-dependent Riemannian
metric that changes in time according to the proposed flow

8tgij (t) = OéKij (t), 8tgij (t) = —OéKij (t) (A51)
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The metric determinant flows as

5 .
Org = %Btgij = g9”aK;; = agK, (A.52)
ij
while the volume element flows as
1
Ordp = Op\/gda’ A dx? A da® = goKdu. (A.53)

The antisymmetric Levi-Civita tensor reads

ik _ ek ik
on = —faKn” A.54
= (A54)
The Christoffel symbols flow as
, 1 .
O (t) = aigd (~ViKjx + VK + ViKj) . (A.55)

The Riemann tensor flows as
Ry (t) = 0:0kTY + 0T}, T + Th, 0L — k=1
= QO — 10Ty, = V0Tl — V10, Th,
1 . . ;
= 5o (—kaZKﬂ + VK + ViViK, )
1 . A ;
50 (VNlKjk — ViV, K, ViViE, ) . (A.56)
The Ricci tensor flows as
ORsi () = DR (1) = » (—AK--+V VK" + V.V, K" —V-VK)
tLlig\l) = UiV gk 2(1 i kVily s kV g iV
= « (—gijSlekl + g(Slek] + KlkSkJ) + SKZ‘J' — KSZ])
1
_EQ(AKij + VZVJK) (A57)

In the first line, we commuted the covariant derivatives and used the covariant conservation
of the K tensor, VkKZ-k = 0. The curvature scalar flows as

OR(t) = 097 Rij) = —~aK'TRij + g0 Rij = —a (SpK* + SK + AK) . (A58)
The Schouten tensor flows as
9.5, (1) = a (igij(—gsklf(“ + SK + AK) + g(sﬁm{j b KRS — Ksz-j>
—%a(AKij + VLV K). (A.59)
For a generic symmetric (0,2) tensor T' (we set @ = —1 from now on) one has

O ViTij = 04(OkTi; — "-Tnj— kjlin) = OO Tij — O(Uy; Tny) — 0 (T Tin)
= vkat ij at( ) (8t ) iny (A6O)
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and
IV IViTi; = 0OV Tij — T, VaTij — TV Thy — TV Th)
= Vi0:ViTij — 0:(L0,) Vi Tij — 04(L1;) Vi Tng — Ou(175) Vi Tin
= ViVi0iTij — (VioLg) Tng — (Vi0T ;) Tin — O Vi Ty

— TV T — TRV Ty — STV Tj — 0TV T (A.61)

The 3D “Bach”-type tensor as defined in (1.12) flows as

O HY :%Hij — %Klmnilekaj — % (ivivf(—[SK] + SK + AK) + %A2K”

FA(KSY —25* K Ty + igij A(3[SK] — SK — AK)

+g" (;S’“AKM - %Sklvkle - %vkska + K[SS] — 2[SKS])
—gsikAKkj - %SAK” — 3SY[SK] + K7[SS] + S*KY S, + 55 SV K,

—45*8, /K +35* K, 7S + %S’“lvkle"j — 25 VFVIKHY + %SMV’VJK“
+8KIV VK + 2V K, VFESY — 2VEK1Y, S, 7 — Vi SUVFK 4 VISHVL K
—%V’“K”VkS — VIKNV,S + Ky VIS — KRy, vis — ;Kvivjs)
+i 4, (A.62)

where we set [SK] := S;;K", [SKS] = S’inij’kl etc. for simplicity. This tedious
computation can be checked in various ways, one of them is to observe that, since H = 0,
0:H = 0 follows from the above equation as expected. Similarly, the J-tensor as defined

in (1.13) flows as

- K .. 1 . 1 ; j i
o0 =y (5@] (Z[SK] ~ 15K + iAK) — SH(AK,] 4V, VIK)

. 1 1
+ g (ZS[SK] + Z52K - %SAK — 3[SKS] + §Sk’(AKkl + vw,m)

+5S(AKY + V'VK) - 35K, 7S +3S*SU K, + 35k K skl>

+i < g, (A.63)
while its trace flows as
ij 3 1 1
(A.64)

- 55 T(AKj + ViV, K).
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Finally, we can write the flow of the K-tensor:

QK = ;KKJ + 2K JY — Kppntiv,,cmI 4 Sf(m[SK] + SK — 3AK)
g (5[SKS] ~ IS[SK] ~ K[SS] ~ 15°K — SA(SK]) + TA(SK)
+§SAK + %A2K — SMAKy + ;v’“ska> — S2K — 85"k SU Ky,
—48* K Sy +45*S K + %SikAKkj - %Svivf K — %SklkaZK“
+28 VFVIKY — ésklvivjml —2VIKVFSY 4+ 2VF KUY, S, T + V,.SUVEK
—ViSHVLK — %v’“m’vks + VIKNY,LS — Ky VYISl + KMv,vis
+%KViVjS - %VZK“ + %vivj (ISK] - SK — AK) + A2S™*K,” — KS)
+i <> J, (A.65)

and its trace

WK = —2K;;J9 + 3K? + 6[SKS] — 3S[SK] — S?K + SAK
—Sij(AKij + VlV]K) (A.66)

A.4 Conformal properties of the K tensor

Let us study the effects of a conformal mapping defined as g;; = ez‘z’gij on the K-tensor.
To carry out this rather long computation, we make a few notes. The Levi-Civita symbol
(in 3 dimensions) €Y% is a tensor density of weight 4+1. So we define ni/* = ¢iik/ N
as a true tensor since the metric g has weight +2. Thus the Cotton tensor defined as
C = nilekSlj is not conformally invariant, but under conformal transformations, it
transforms as C% = e~59C, Tt is possible to define a conformally invariant Cotton tensor
of weight +5/3 as C'i = go/Oyiklg, S lj , but we will continue with the non-conformal tensor
definition. Then we write

le = 6_3¢le, Cij = €_¢Cij,
nijk = 6_3¢77ijka \/5 = 63¢\/§7 nijk - €_¢ ijka
chij = €7¢(chij — Qvakqﬁ) (A.67)

Under the conformal transformations, the 3D Bach tensor (1.12) transforms as

Hij = e **Hyj — 272 Cy V9, (A.68)
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while the conformal transformation of the J tensor (1.13) is

— —2¢
Jij = e 2 — % <gij (25klv’“vl¢ — 25, VEeVlp — 2SA¢ + SV.pVF

+APAG — APV dVE D — Vi V10VFV!$ + 2V, V0V 6V ¢
—%vkqﬁv%vlqﬁv%) + 85 (286 — VipVEo) + S(2ViV;0 — 2ViV;0)
+Sik (~2V;VEG + 2V;0VE8) + Sji(—2ViVFG + 2V,6V"0)

+ViV;0( =206 + VioVEs) + ViV 6 (286 + Vip Vo)

12V, Vi pVEV 6 — 2V, Vi pVF oV j¢p — 2vjvk¢vk¢>vi¢> . (A.69)

From the last two equations, one can find the conformal transformations of the Kj; tensor.
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