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ABSTRACT: Motivated by a dynamical enhancement of the electromagnetic corrections by
a power of Aqcp/my in By s — p p at next-to-leading order (NLO), we extend the QED
factorization effects on the leptonic B meson decays with light muon leptons to tauonic
final states, Bqs — 71 77, using soft-collinear effective theory (SCET). This extension is
necessary owing to the appearance of the large 7 mass, which will lead to different power
counting in SCET and also different results. We provide a complete NLO electromagnetic
corrections to Bys — 77 77, which include hard functions and hard-collinear functions
below the bottom quark mass scale p. The power enhanced electromagnetic effects from
hard-collinear contributions on By s — pt p~ discussed before also exist in Bgs — 177,
However the logarithm term arising from contributions of hard-collinear photon and lepton
virtualities for Bys — 77 77 is not large as it is in muon case due to the hard-collinear
scale of 7 mass, which lead to only approximately 0.04% QED corrections to the branching
fraction of By, — 7 77 compared with overall reduction about 0.5% in Bgs — wtopT
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1 Introduction

The purely leptonic decays B, — ¢ ¢, with ¢ = d, s and ¢ = e, u, 7, are highly suppressed
in the standard model (SM) due to the loop suppresses (FCNC) and helicity suppresses.
Therefore, they have an important role in the study of physics beyond the Standard Model
(BSM). They are also of interest owning to their clear theoretical descriptions. In fact,
the only relevant quantity that needs to be calculated at the leading order of qeny is B-
meson decay constant fp. The branching ratio of B, — ¢* ¢~ at the leading orders in
flavor-changing weak interactions and in mQBq /m3; can be expressed as [1],
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where ry = 2my/mp, and By = ,/1—7“34. The normalization constant N =

5 VigGam¥, /7% and T'%, denotes the heavier mass-eigenstate total width of B, — B,
mixing. C, is the MS-renormalized Wilson coefficient associated with the operator
{I_J'ya Y5 q] V_ ¢ 754 at the scale pp. Up to date, the most precise determinations of
fB,q and fp, have already reached the relative precision of about 0.7% and 0.5% from
lattice QCD, respectively [2]. These precise values of fp from lattice calculations provide a
motivation for improving the perturbative ingredients which arise from several energy scales
spanned by the SM. The QCD corrections to C'4 have been up to the next-to-next-to-leading
order (NNLO) [3]. At the scale u > 1, the electroweak (EW) corrections at NLO have been
done in [4], which combined with NNLO QCD corrections are calculated in [1]. In recent
years, a consistent simultaneous treatment of QCD and QED corrections to By — p p~
below scale p;, have been finished in [5, 6].

As far as the O () term in eq. (1.1) is concerned, M. Benenke et al. found that QED
virtual photon exchanged between one of the final-state leptons and the light spectator
antiquark ¢ in the Bq meson could effectively probe the Bq meson structure, resulting in a
“non-local annihilation” effect for muon leptonic Bq meson decays [5-7]. The spectator-b-
quark annihilation over the distance 1/\/mp Aqcp inside the Bq meson causes the strong
interaction effects no longer to be parameterized by fp alone and provides approximately
1% power-enhancement on branching ratio of B; — ut u~. This power-enhanced QED
effect is substantially large and is in fact of the same order as the non-parametric theoretical
uncertainty (about 1.5% [1]). Eventually, the theoretical uncertainty of the prediction
on the decay By — pt p~ is reduced largely, which will be necessary for matching the
experimental accuracy with higher experimental statistics by LHCb and Belle II in the
future. Recently, in [8], M. Neubert et al. considered the virtual QED corrections though the
process B~ — p~ v, to further probe the internal structure of the B-meson at subleading
power in Aqcp/mB.

In view of the novel QED effect on B, — ut p~ below py, scale, it would be desirable
to study the other leptonic final states £ = e, 7 as QED corrections on these decays below
up scale will be process dependence. The muon mass is numerically of the order of the
strong interaction scale Aqcp, while the much smaller electron mass, and especially the
much larger mass of the tau lepton imply that the results of B, — et e and By — 77 7~
are not just trival generations from the case ¢ = p discussed above. In this work, we will
focus on 7 leptonic final states, B, — 7 77. As the branching ratio depends strongly on
lepton mass due to helicity suppression, tau leptonic B-meson decay is expected to have
the largest leptonic branching fraction. However, the experimental picture for the tau
channel is complicated. The necessity to reconstruct the tau lepton from its decay products
in the presence of two or three undetectable neutrinos make the background rejection
an experimental challenge. The modes of B, — 77 7~ have not yet been experimentally
observed to date. The measurements of B, — 77 7~ at LHCb yield an upper limit for their
branching ratios, B (B® — 77 77) < 2.1 x 1073 [9] and B(BY — 77 77) < 5 x 107 [10].
Nevertheless, they are expected to be improved by experiments, such as Belle IT [11] and
LHCDb Upgrade II [10], within the next few years. On the theoretical side, we will present



an extension of the previous formulation in the context of SCET for muon leptonic B-meson
decays to tau final states. A new element is the appearance of the order of hard-collinear
scale my Aqcp (m2 ~ my Aqcp) in the final states, which will be integrated out and the 7
leptonic field then becomes a soft-collinear field described by boosted heavy lepton effective
theory (bHLET), similarly to the boosted HQET [12, 13], not a collinear mode in SCET]; as
for muon final state. It naturally makes the applications of SCET for B, — 7 7~ different
from the case of B; — ut p~. We will do two-step matching starting from QCD x QED
onto SCET{, and successively onto HQET x bHLET, rather than SCET}; as in muon
case. Hard-collinear functions derived from the matching, SCET; — HQET x bHLET, will
be formally response to the power enhancement term my,/Aqcp. However the logarithm
term arising from the contributions of hard-collinear photon and lepton virtualities in the
hard-collinear functions is not large for B, — 77 7~ as the tau mass is just the order of
hard-collinear scale, which would not lead to a large enhanced QED effect even though
the same power enhancement by a factor m;/Aqcp appears in By — 7+ 7. In addition
to the hard-collinear corrections, one-loop hard functions will also been extracted in the
first-step matching, QCD x QED — SCET}, for a complete QED correction to leptonic
B-meson decays. At last, the renormalizations of B, — 7+ 7~ will be a simple generation
from B, — ptp.

The remainder of this paper is organized as follows: In section 2, we briefly introduce
the conventions for effective weak interactions for b — ¢¢™¢~. The fields and their

*+ 7~ are discussed in section 3.1. We detail the

power counting relevant to B, — 7
decoupling of hard virtualities in SCET} and further the one of hard-collinear virtualities
in HQET x bHLET in section 3.2 and section 3.3, respectively. Successively, in section 3.4,
matrix element of soft function in HQET x bHLET is presented. The RG evolutions
involving hard functions and soft functions are left to section 4. The decay widths of
B, — 77 77 together with the ultrasoft parts are given in section 5. We proceed with
the numerical impact of QED corrections to B, — 77 77 in section 6. Eventually, we

summarize in section 7.

2 Effective weak interactions for b — q €1 £~

We start by discussing briefly the effective weak interactions for b — ¢ =, with ¢ = e, u, 7.
They can be firstly derived from the SM by decoupling the top quark, the Higgs boson, and
the heavy electroweak bosons W and Z. Then the operator product expansion (OPE) for
this effective Lagrangian relevant for |AB| = 1 decays b — ¢ /1 ¢~ with ¢ = d, s reads

10
Lap=1=Nap=1 | Y Ci(m) Qi +

i=1
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where the effective operators @); are current-current operators (i = 1, 2), QCD-penguin
operators (i = 3, ..., 6), dipole operators (i = 7, 8) and semileptonic operators (i =9, 10).
Here we only list those of the three most relevant operators, which followed the operator



definitions of ref. [14],

e

Q7 = @) my (o™ Prb] F, (2.2)
Qem ,_ =
Qo= (@Y Prb) Y Ly, (2.3)
¢
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Quo = (@ Prb) > lyunst, (2.4)
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where my represents the running b-quark mass in the MS subtraction scheme. The normal-
ization constant, Nap—1 = 2v2Gr Vi Vi%, is given in terms of the Fermi constant and the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. C; (1) denotes the MS-renormalized
Wilson coefficient at the scale p, ~ mp. The matching coefficients of all of those operators
at the electroweak scale uy ~ my of the order of the W-boson mass have been up to the
precise of NNLO in QCD [3, 15] and further Co includes NLO EW corrections [4]. The
scale running of C; (i) from the scale uw to py, has been taken into account in [4, 16-19],
and the numerical values of C; (up) will be given in section 6.

3 Factorization in B, — £+ £~ decay below the scale m,

The heavy-quark systems B; can be described well by heavy-quark effective the-
ory (HQET) [20]. The process B, — (T ¢~ also involves final energetic light particles
where some components of their momentas p,, are large, but their p? are small when
compared with the heavy B-meson. More specifically, working in the rest frame of the
initial B-meson and choosing the z-direction as the direction of the one of the two leptons,
their momentas can be written as

Py = (Eﬁ, 0,0, \/m% — 4mg/z) ,

(3.1)

P = <E£_, 0,0, —\/m3 — 4mg/z) ,
where the large energies are Fy+ = FEy—- = mp/2 and the final-state leptons are on-shell,
p% = pg_ = m?. The presence of several different scales in B, — ¢* ¢~ decay means that

we can classify quantum fluctuations as hard, hard-collinear (collinear), or soft. For ¢ = T,
the corresponding scales are

hard: mp, E;,
hard-collinear: m, ~ /mp Aqcp, (3.2)
soft: AQCD .

Our goal is to integrate out all short-distance scales including hard and hard-collinear
quantum fluctuations. Therefore the construction of EFTs often proceeds two-step matching
procedure: in the first step, hard quantum fluctuations are integrated out by matching the
effective weak Lagrangian in eq. (2.1) onto SCET with hard-collinear or soft momenta as
dynamical degrees of freedom; in the second step, by matching SCET| onto HQET x bHLET,



fluctuations at the hard-collinear scale are integrated out. The explicit factorizations
of the two short-distance scales from long-distance scale will be done in the following
two subsections.

3.1 Power counting

In view of the presence of fast, hard-collinear final particles, it is convenient to decompose
4-vectors in a light-cone basis spanned by two light-like reference vectors n/y, n” and a
remainder perpendicular to both. We often choose nf = (1, 0, 0, 1) and n2 = (1, 0, 0, —1)
to make one of the two final states align along the n‘_f_ direction, and the other point the
opposite direction, n*. An arbitrary vector p* can then be decomposed in a component
proportional to ni, a part proportional to n", and the transverse direction,

nt L
"o o= “+
P = (nyp) o + (n-p) o +p) (3.3)
= (n4p, n-p, p1) .
On the partonic level, B, — ¢* ¢~ decay processes as
b(po) +q(lg) = € (per) + £ (p-) - (3.4)

The momentums of two final states are decomposed as

Do = (3.5)
mBJr\/mB i ,/mB 4me n+ (3.6)
5 .

Specifically, for £ = 7, nyp,—- = n_p;+ ~ my and n_p,- = nyp,+ ~ Aqcp. A softly

Pl =

interacting heavy b-quark is nearly on-shell with its momentum pj’ = my v + ', where
v is the 4-velocity of the B, meson, v* = (n/. +n)/2, and the “residual momentum”
ly ~ Aqcp. Also the momentum of light spectator quark is I, ~ Aqcp.

Besides the external kinematics above for B, — 71 7~ decay, the internal dynamic
momentum, denoted by k*, can be classified according to their scaling properties with
my > AQCD as

hard: k) =my(1,1,1) ~ (1,1, 1),

hard-collinear: kj, = (mb, Aqcep, /M AQCD) ~ (1, A2, ),

anti-hard-collinear: k% = (AQCD7 my, v/ My AQCD) ~ (/\2, 1, ), (3.7)
soft: kg = (AQCD, AQCD; AQCD) ~ (>\2, >\2, >\2),
soft-collinear: k% = (1/b, b, 1) Aqcp,~ (1/b, b, 1) A2,
anti-soft-collinear: k% = (b, 1/b, 1) Aqcp, ~ (b, 1/b, 1) A2,

with scaling parameter \? = Aqcp/mp and the boosted parameter b = m,/my. The
corresponding virtualities are k% ~ mg, k:,%c = k:% ~ mp Agep, and k2 ~ AéCD. Different



from the light final particles ¢ = u, collinear virtuality k2 ~ AéCD does not appear in
massive 7 lepton case (m2 ~ my Aqep). The massive 7 field will be integrated out and
become a soft-collinear field in bHLET. Consequently, the matching procedure of EFTs
would also be different from By, — ptu~. As mentioned above, after integrating out
hard modes (i.e., k2 ~ m?), we obtain the SCET; including the (anti-)hard-collinear and
soft (soft-collinear) modes. Subsequently, the (anti-)hard-collinear modes of light quark
(ie., k3. = k,‘% ~ mp Aqep) will be integrated out to become the soft field in HQET, but
the (anti-)hard-collinear 7 field will be turned to be the (anti-)soft-collinear field after

integrating out the mass of 7 lepton in bHLET. The matching procedure simply follows as

full QED — SCET1 — HQET x bHLET

hard: p2 ~ mj} hard-collinear: 3. ~ mpAqcp ~ soft(-collinear): ,ug(c) ~ AéCD

At last, we introduce various fields of SCET} and HQET x bHLET obtained by decomposing
the quark, lepton and photon (gluon) fields into various momentum modes. The fields and
their scalings are

soft heavy quark: hy, ~ A3,
hard-collinear light quark: xpe ~ A,
hard-collinear leptonic field: £p. ~ A,
soft light quark: g5 ~ A3, (3.8)
soft-collinear leptonic field: fg ~ A3,
hard-collinear photon (gluon): ~A¥ (G# ) ~ (1, A%, \),
soft photon (gluon):  A#(GH) ~ X2 (1, 1, 1).

3.2 SCET:

In this subsection, we will present the effective operators in SCET| and hard fluctuations
decoupled in the matching of weak EFT onto SCET up to NLO.

3.2.1 Operators

After introducing the relevant fields and discussing their power counting, we proceeded to
present SCET operators in the matching of the effective weak Hamiltonian to SCET. As
the SCET] operators for B, — 77 7~ decay are the same as in u leptonic decay [6], we just
list those operators here and the details of their constructions can be found in the appendix
of that paper [6] and earlier works [21, 22]. With the power counting of fields in eq. (3.8),
the smallest A scaling of SCET operators relevant to the matching of effective operators
Q9,10 are order of A, In the coordinate-space, labelled by a tilde, they are

Oo(s,1) = g [Xne (511) 7 PLhu(0)] [The (tn0) 4% £(0) ] (3.9)
Oro(s,t) = iese, [Xne (5n4) Vi PLhn0)] [fhe (b4) 21 65(0) |, (3.10)



for a hard-collinear light quark, that is, the light quark is parallel to the hard-collinear
lepton, and

Oy(s,1) = g,w [ (51 % PLi(0)] [B0e0) 7Y £ (m )] (3.11)

Orgls.) = ich, [ Xz (sn-) 7 P ho(0)] [0 e (tn)] . (312)

for an anti-hard-collinear quark, respectively. Tensors g/f,/ and EJ‘ are defined as giy =
®o v ® v «

G — n+2n* — n‘2n+, jl, = €wap %. Actually, usmg the formula ZEW ny_ =YL

established in dimension d = 4, we ﬁnd that operators Og(s,t) and Oy(s,t), O 5(s,t) and
Oﬁ(s, t) are not independent, and their relations are

Og(s,t) = O19(s,t), Og(s,t) = —Ox5(s,1). (3.13)

We usually do matching in momentum space, and (59 (9)(3, t) can be Fourier transformed to
Oy () (u) as
dr . _
Ou(w) = napre [ e ) Oy(0,1) (3.14)
T

where only single variable u is introduced once we use the hard-collinear momentum
conservation with the total hard-collinear momentum npp. = ny (py + pe) and it should
be interpreted as the fraction nypg/n4ppe of nippe carried by one of two lepton fields, and
then u is the momentum fraction of hard-collinear light quark in B-meson, u = (1 —u) =
N4Py/N+DPhe- The operator (’39 can be defined similarly by replacing ny by n_.

The weak EFT operator Q7 in eq. (2.2) can also be matched to Oy in SCET} by
integrating out hard photon from the electromagnetic dipole operator,

Qr = 2L Oy, (3.15)
U
where Qy = —1.

It can be seen from above that, in four-dimensional space-time (d = 4), only Oy.5
are physical operators in SCET;. In fact, a complete basis should also contain evanescent
operators when we use dimensional regularization (d = 4 — €) in calculating the matrix
elements of operators. The generic feature of these evanescent operators is that they vanish
after going to four-dimensional space-time, d — 4. More precisely, because Oy tends to be
equal to O in d — 4, that is,

Oy =3 Oy, (3.16)
the evanescent operator, denoted by (5}3, can be defined as
Og(s,t) = Og(s,t) — O1o(s, 1)

_ 3.17
[Xne (sm4) ¥} Prho(0)] [ e (bn4) i Pri(0) ] - 17

l\.')\r—t

More evanescent operators will appear when we do matching from QCD x QED to SCETy
to higher order and their definitions will be given specifically until then.
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Figure 1. The figure shows the tree-level matching of QED onto SCET}, with EFT operators Qg, 10
and SCET] operator Og contributing, respectively. The notation and scaling of the SCET] fields
are given in eq. (3.8). The heavy quark field h, in HQET is labelled by a double-solid line and
(anti-)hard-collinear fields &, 7. in SCET] are denoted by double-dashed lines.

3.2.2 Matching from QCD x QED to SCETy

We will integrate out hard fields by matching effective operators Qr,k=1,...,6, 7,9, 10,
in QCD x QED onto Og and O in SCET;. The hard matching condition at the scale py
is given by

Nap=t Y- G () Q= 3 [ du i (u. ) Oitu) (3.18)
k 7

where ¢ =9, E. C} is the Wilson coefficient and H; represents hard function. By calculating
the appropriate matrix elements in both sides of the equation above up to NLO in the order
of Qem, firstly we get the hard functions at tree-level,

2
1 (wogi) =N [0 (o) + € ) = 2 P )] 19
Hyg (u 1) = N [=C10 (o) | (3.20)
with
N = Napoy Sen i) (3.21)

4

where C’%?)g .10 are the Wilson coefficients of ()7 9,10 at LO in aer. Formally, the contribution
from four-quark operators Qr(k = 1,...,6) will start from one loop level. However these
quark loops can be fully absorbed into effective Wilson coefficients C’?ffg [23], and then the

hard function Héo) (u, p1p) decoupled from all four-quark operators Qx , k=1, ... ,6, 7, 9, 10,
at tree level should be replaced by

0 0 2Qy
3 () = N | G5 () + O () = =2 G5 )| (3.22)
For the case of an anti-hard-collinear quark, the hard function decoupled from Oy is

2
A () = [ 5" ) = €48 ) = 22 o ) | 329)

where the minus in front of C%g) (1p) is due to the opposite relation of operator (55 and
Oip in eq. (3.13).



We can obtain the hard functions HZ-(l) by expanding the matching equation at NLO as

Naney 3O () @) = 3 [ du [1 () (0:() )+ 2 () (©:())”)]
) Z (3.24)
with

(0i(u))V = 2 (0;(u)) @, (3.25)

in Dimension Regulation, where Zi(jl) is the UV renormalization factor of O;(u). The Wilson
coefficient C’Igl) represents the one at NLO of aer,. When we calculate the matrix element
of Lh.s. of eq. (3.24) at NLO, more operators will be involved, which are written, without
the position variables, as

Og1 = [Xne ¥ 7" 7 PL ] [ne v o Yo Ga ) »

092 = [Xne " 1" Pl ] [ ohe o W Yo b (3.26)
O10,1 = [Xne Y v Pr b | [he Yo 7 5 iz ]

O102 = [ Xne ¥ 7" ¥* PL ho ] [lhe Yp Yo Y V5 bz ) -

It is easy to find that Og1 + Og2 = 2009, O1091 + O102 = 20019, and Oy = 4 Oy,
O10,1 = 4010 in d = 4. We can possibly choose the following evanescent operators,
OEl = 09’1 — 409 s
OE2 = 01071 — 4010 (327)
= 0101 —409+40g.
It is clearly that the physical operator Og and the evanescent operators O, Op,, O, will

be contained in SCET| when we consider the correction to NLO.
The hard functions at NLO can be extracted as

7

HY (u, ) = N CM () — H (u, ) 287, (3.28)

with £k =7,9,10 andior j =9, F, E1, F>. In the following, we concentrate on ¢ = 9,
and the hard function associate with physical operator Qg is

HSY (u, ) = N[O () + O3 (o) | = H” (s ) 285 — HY (w, ) 25, (3.29)

where terms for j = Fy, Ey disappear due to HJ(EOI{ g, = 0. Next it is necessary to calculate
the matrix element of evanescent operator Og at NLO to check whether O would contribute
to hard function Hél) or not, and the result is

(0p)V ~ HY (05) (3.30)

where the physical amplitude (Og >(0) do not appear. It means that evanescent operator
Opg does not have an influence on hard function Hy at one loop level and eq. (3.29) can be
reduced to

Hy (u, o) = N[ CL () + C1) () | = HS” (u, ) 255 (3:31)



Figure 2. One-loop QED corrections to hard functions.

For the case of an anti-hard-collinear quark Oy, the corresponding hard function is

1 1 1 0 1

A (u, ) = N[O (ug) — O ()] — HL (. ) 280

where the second terms in r.h.s. of both egs. (3.31) and (3.32) are the IR subtractions to
cancel the IR divergences from their first terms.

(3.32)

The first terms in egs. (3.31) and (3.32) are from one loop contributions with @} and
Qp, k= 17,9, 10, inserted in figure 2, which are corresponding to the diagrams with a
hard-collinear and an anti-hard-collinear light quark state, respectively. We find that the
results in the case of the hard-collinear sector are only equal to ones of the anti-hard-collinear
sector for figures (e) and (f), while opposite for figures (a)-(d), e.g.

o =-c, P =-c",

k
cO =@, - ¢, (3.33)
C]E;e) _ Clge)’ Clgf) _ C,I%f),

where C’,E,a'f)

denotes contribution from hard mode integrated out from each diagram in
figure 2. It is clearly that the case in eq. (3.33) is different from the one at tree level,
C’,(CO) = Céo). Parts of these QED corrections (C’,(ca'd)) are antisymmetric under the exchange
of the collinear and anti-collinear sectors once hard fluctuations are decoupled. The reason is
that the exchange of the collinear and anti-collinear light quark is equivalent to performing
the charge conjugation (C) just for final leptons as shown in the r.h.s. of figure 2, that is,
the matrix element, with one photon attached to one of leptons, will be transformed with

C operator and simultaneously be matched onto SCETy as
_\ C _
(7 1Qi Laun | €77 ) <5 = (0 |0z 77 ), (3.34)

where operator @); is changed into @; after C' operator transition. Lagrangian Lqgp is C
operator invariant, and the minus in r.h.s. of above formula is from the action of C operator
on one photon attached to the one of leptonic fields. It is possible to write eq. (3.34) into a
more general form to arbitrary loop order,

(m71QiLag | €67 ) = (=)™ (005 €747 ), (3.35)

~10 -



where m stands for the number of photon attached to lepton sector and determines whether
the hard functions are symmetric or antisymmetric under the exchange of the collinear and

anti-collinear light quark fields, that is, the relations, C,Em) =(-1™ Clgm), m=0,1,2,...,

are valid to all orders in aep,.

Based on these relations between C,ia_f ) and C}%a—f ) in eq. (3.33) and the one between
Og and Ojp in eq. (3.13), the hard functions for i = 9 at NLO in egs. (3.31) and (3.32) can
be simplified considerably as

Hél) (u, up) + Hél) (u, up) = 2N [C’é’e;f) () + C’%*d) (,ub)} — IR subtractions  (3.36)
which implied that Hél) equals to Hél) and the hard function can be written as
Hé})g (u, up) =N {C’( el (1p) + C'( 9 (,ub)} — IR subtractions,, (3.37)

with the result as follows,

2Qg « «
H( ) eff eff> ( em s >
9/9 (C u 7 47 Qqu+47rCF
~ T 2

x| =12~ —2In = + = In27+2Liy (—?)—4—W

m u 2 m 12

(Oeff 2Q€ 7 ) Qem Q%
u

4
+Csft (ijm ) [lnf—Zlna}

0 21 U 2
4 r

9 —U 10—1—3111 u—10 T

—+In r+31nr—|—2L12< )—|—10—|—6
U

(3.38)

r

where Q; = —1, Q, = —1/3, ¥ = (u?/m?) e’&. The hard function Hé}% has also contained
QCD corrections which can be obtained with the replacement of (aem/4m) Qp Qg in QED
contributions in above formula by (as/47) CF.

3.3 HQET x bHLET

The first step of matching from QCD x QED onto SCET] for B, — 71 7 described above

is same as for B, — u* u~. However, as for massive 7 final states, m?2

~ My AQCD, the
next matching from SCET; will be different from the case in p leptonic decays where
the (anti-)hard-collinear leptons need to turn into (anti-)collinear ones by matching onto
SCETy;. The leptonic fields in By — 77 7~ decay should be converted to a soft-collinear
field after integrating out the hard-collinear massive 7 scale as done for massive b quark
fiels in the process W — B+ [24] in bHQET. Consequently, in the following, we need to
perform matching from SCET; to HQET to turn the hard-collinear light antiquark to a soft
one to get a non-vanishing overlap B-meson state and simultaneously match onto bHLET

to make the hard-collinear 7 lepton to be a soft-collinear one.
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3.3.1 Operators

The hard-collinear antiquark field of Oy in SCET} can turn into a soft antiquark field
through emission of a hard-collinear photon by the power-suppressed SCET Lagrangian,

L8] = s (@) Wene Wael ' (2) Dpo &el) + bc. (3.39)

and analogously for anti-hard-collinear fields with the replacements of hc — he, ny — n_
and v_ — xy. We peand W, connected with &,.(x), are Wilson lines of hard-collinear
photons and gluons,

0
We he(x) = exp [ie Q¢ / dsnyApe (x + sny) (3.40)

0
Whe(z) =P exp {igs / dsniGpe (x + sn+)] , (3.41)

respectively. Then the hard-collinear photon field, Ap.; from Dy, in eq. (3.39), would be
followed by the fusion,

bhe + Alne = Mir lpe, (3.42)

through the leading power Lagrangian relevant to mass term,

=y 4
ing Do te (3:43)

£0y) =m- o |iDe .

Therefore, we will match the time-ordered product of the SCET; operators Og(u) with

£ (z) and £ (y),

(cwtrwp | [ate [atyT {ontw), £l @), LW} b at) ), .y

to the corresponding matrix element of operator in HQET x bHLET.

The systematic constructions of HQET x bHLET operators according to the analysis
on a power-counting in A, canonical dimension d, reparametrization symmetry of SCET,
gauge symmetry and helicity conservation and so on, are similar to the ones performed in
heavy-to-light meson form factors [21] and the case of B, — u* u~ in appendix B of [6].
At leading power, the HQET x bHLET operators used for the matching onto time-ordered
product in eq. (3.44) can be defined in position space as

FTA0) = @ (o) Y (on-.0) =P, O)VIY-(0) [6e0) (4P0) c0)] . (345
and
TAL(v) = s (vns) Y (vny, 0) @Pth(O) VIY](0) [Z4c(0) (4Pg) £52(0) | (3.46)

for analogous operators generated from the matching relevant with Og, where the soft light
antiquark field gs (vn—) has been delocalized along the n_ direction of light-cone through
integrating out small component n_¢, of hard-collinear light quark. The roles of n_ and n
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are reversed for g (vn4) when the anti-hard-collinear mode is integrated out. Y (vn.y,0) is
the finite-distance Wilson line defined as

Y(z,y) = exp {iqu /yz dz, Ag’“(z)} P exp [igs /yx dz, G’;(z)] , (3.47)

to connect non-local field gs (vny) to hy(0) to maintain QCD and QED gauge invariance
of non-local operator. Here P is the path-ordering operator. A#(z) and G¥ = GQ‘A T4 are
the soft photon and gluon fields, respectively. The product of Wilson lines [YlY,} (0) =

Yl(O) Y_(0) appears after decoupling of soft photons from the hard-collinear and anti-hard-
collinear leptons in SCETY, respectively, with their small component n_p, and np; scaling
as A\? in the same order as soft photons. The soft electromagnetic Wilson lines are defined
as

Yi(x) = exp [—i eQy /OOO dsntAg (z+ sn;)] . (3.48)

For 7 final states here, there is no so-called Bl-type operator as appeared in the case of
i leptons attributing to collinear contribution. It is only one way as eq. (3.42) to built
Al-type operator in HQET x bHLET.

We define the Fourier transforms of 7/ (v) in order to do matching from SCET] to
HQET x bHLET in momentum space as

T (w) = % e 7 (v), (3.49)

where w corresponds to the soft momentum of the light quark along the ny and n_ direction
for ¢ = my and mYy, respectively.
3.3.2 Matching from SCET; to HQET x bHLET

We perform the matching of operator Oy in SCET; onto jnf}( in HQET x bHLET at
hard-collinear scale i,

Og(u) — / dw Jp (u; w) j,‘éi(w) (3.50)
As mentioned in section 3.3.1, the operator in Lh.s. of eq. (3.50) should be connected with

1
q
bHLET modes. The tree-level matching relation is depicted in figure 3. Firstly, we need to

two currents Eé )(;13) and £ (y) to produce a non-vanishing overlap B-meson state and

calculate the matrix element of the time-ordered product of the SCET| operators Og(u)
with L’gl) (x) and 522)(31),

(o) 0 ) | [t [ dlyT (0w, £8) @), L0} () a(t)). (351

and the result is

u wn — _ _ — v
14 - b 19(16)9@) lqsviﬁPth [Lse ¥ A Lsz].
u - my 2

Ojlem Q[ Qs my E In
78 w

(3.52)
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SCET] HQET x bHLET

, T
v 2 j"” , s
Oy 4 my 4
2 .
g »
P P
.
e [
% N
Xhe AN
/ S
he

Figure 3. The figure shows the tree-level matching of SCETT onto HQET x bHLET, where SCET]
operator Oy connected with two currents forms a time-ordered product to match onto Al-type
operator jﬁi. The double-dashed lines accompanied by a wavy line depict the hard-collinear photon
field A, 1 in SCETy. The single-solid line and single-dotted line in \7;3}( represent the soft spectator
quark field ¢, and soft-collinear 7 fields.

We can define a matrix element of an operator denoted by ngl as
(F5") = [ @s(lg) v i (0 /2) Prho(po) | [oelpe-) 71 A bselpe) | - (3.53)
ngl is equal to j,;f& in dimension d = 4,
g = gal (3.54)
so that we can define an evanescent operator as
Tt =T — T (3.55)
Hard-collinear function J,,(u,w) can be extracted from the matching equation at tree level,
(T @)@ = [ do [J9 (w0 (TN + I @) (T @) O] (3.56)

where the coefficient Cégz can be read from the result of eq. (3.52),

(0) _ Qem u U Wy P .
Copp = y QrQsmy - In (1 + i m? > O(u)b(u). (3.57)

At tree level, the hard-collinear function J,,(u,w) is just Cégz,

« U U wn -
n 6, 0ume ® In (HUW

47 w

T (s w; = pine) = ) O(u)0(u), (3.58)

2
my
at hard-collinear scale ., and the result for Jg) can be obtained by the replacement of
N4 Pg— — N—Py+-

3.4 Matrix elements of operators :7:;;‘)102 in HQET x bHLET

The operators j,;f}}(’i in egs. (3.45) and (3.46) are composed of soft, soft-collinear sector and
anti-soft-collinear sector, and these fields do not interact with one another, which implies that
the matrix elements of the operators j,é}m—( can be further factorized accordingly into matrix
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elements of the separate factors in the respective soft, soft-collinear and anti-soft-collinear
Hilbert space,

(0| Ty | Bg) = (01T | By) (47| Tsc | 0) (€7 T | 0). (3.59)

Then the soft, (anti-)soft-collinear sectors are defined as

J = (on) Y (on_,0) 2= Py u(0) [V ¥-](0) (3.60)

Tse = lsc(0) (4PR) ,  Jse = ls(0) . (3.61)
However, when considering the renormalization of each sector separately, one find IR-
divergence can not be cancelled only in soft sector, and the remaining divergence need
to be cancelled by the one from (anti-)soft-collinear sectors (more details can be found
in section 4.2 of ref. [6]). This appears to be in conflict with the factorization of the soft
and (anti-)soft-collinear sectors. It is so-called factorization anomaly, which will lead to a
rearrangement for soft operator. In order to subtract the remaining IR-divergence in soft
operator, one can redefine and renormalize soft function as

. 7.(v)
Js(v) = )
) (0][Y]Y_](0)]0)

(3.62)

where (0 | [Yj_ Y_](0)]0) in the denominator is just the overlap term between soft and
(anti-)soft-collinear regions. It can be divided into two separate factors Ry and R_ by
(0] [YJ_ Y_1(0)]0) = Ry R, where R, and R_ can be chosen as a symmetric form upon
exchanging n4 <> n_. Then soft-collinear sector and anti-soft-collinear sector are redefined
correspondingly as

Tse = Ry 0se(0) (4PR), Jse= R_1s(0). (3.63)

The hadronic matrix element of the soft operator (0|7, | By ) is related to the B,
meson decay constant and the leading-twist B, meson LCDA [25, 26]. However, it would not
coincide with the universal B, meson LCDA but depend on the final-state particles of the
specific process due to appearance of additional soft QED Wilson lines Yl Y_. Therefore,
we define the (0]J,| B,) as a generalized and process-dependent B, meson LCDA & (w),

(0] s (vn_) Y (vn_,0) 15— 5 hy(0) Y (0) Y_(0) | By(p))
(0[[Y{Y_](0)]0)

=imp, / dwe "V Fp, &4 (w). (3.64)
0

(—4) (0] Ts(v) | By(p)) =

The analogous definition holds for the anti-collinear case by interchanging n4 <> n_ but
with the same B, meson LCDA @ (w). Fp, is the generalized process-dependent B, meson
decay constant, which can be defined through the local matrix element,

(0] s(0) " 75 ho(0) YI(0) Y_(0) | By(p))
(0] [Y{Y_](0)]0)

Eiqu mp, oM. (3.65)

~15 —



Although the specific process-dependent B, meson LCDA and decay constant in
egs. (3.64) and (3.65) are complicated in the presence of QED effects, we can expand them
perturbatively in terms of aen, at the soft scale ps ~ Agep,

> Qem (Ms) " (n)
Fp, (11s) = Gem Wls) 2 3.66
B, (s) nzzo( ps ) By (1) (3.66)
co o0 o n+k
Foy () @ i) = 3 5 (2B R ) 0 i) 67
n=0 k=0

where the leading terms, n = 0 and k = 0, are just the standard B, meson decay constant
Fp,(us) and LCDA, ¢4 (w; ps), defined in the absence of QED correction. Higher-order
terms starting from n = 1 or £ = 1 in the expansion with QCD and QED correction
simultaneously are non-universal, non-local HQET matrix elements that have to be evaluated
nonperturbatively. Fortunately, only the universal objects Fp_(is) and ¢4 (w; p1s) need to
be known at the leading and next-to-leading logarithmic (NLL) accuracy.

Next the matrix element of (anti-)soft-collinear in eq. (3.63) can be defined after
renormalization by

(6 (00 ) |[R10ec(0)| 0) = Zettoe (pr-) s (€ (per) |R-E52(0)] 0) = Zgvse (per ),  (3.68)
where
Zy=Z;=14 O (Cem) - (3.69)

Collecting the soft and (anti-)soft-collinear sectors in eqs. (3.64) and (3.68), respectively,
we can now derive the factorized expression for the matrix element of eq. (3.59) in the
Fourier transformed form,

(0 (es) € (1) | Tt (@) | By(p) ) = Ty mip, Fi, @4 (w), (3.70)
where
T4 () = (=i) me() Ze(p) Zg(p) e (pr-) Prevse (per)] - (3.71)

The same result holds for the anti-soft-collinear operators jnﬁ‘}( owning to the same soft
matrix element definition in eq. (3.64).

4 Resummed amplitude of B, — 7+ 7~

4.1 Factorization of the amplitude

After factorizing B; — 71 77 decay into three parts: hard function, (anti-)hard-collinear
function and soft function, in section 3, we can thus write the complete expression of
its amplitude by adding the hard function and hard-collinear matching coefficients to
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eq. (3.70) as
1
i Ag = T+/O du [Héo)(u,u) + H (u, ) + 2Hé}%(u, u)}
< [ dwdaui pym, i, (0% ),
1 o]
~T, /0 du 2 Ho(u, 1) /O A Jon (s 0, 1) M, Fip, (1) 4 (w ), (4.1)

where Hsgo), Héo), Hé}% are shown in egs. (3.22), (3.23) and (3.38), respectively. The

summation of them can be simplified as

2

2 Hg (u, pip) = 2N [Cgﬁ (u, pp) — % () | + o)

e (4.2)

(0)

where the contribution 018 from operator Q19 in egs. (3.22) and (3.23) has cancelled.
Scale i in the amplitude can be chosen to be an arbitrary but the same scale, which will
inevitably lead to the presence of large logarithms as functions of multi-scales. In order
to avoid the large logarithm, we evaluated each factor in eq. (4.1) at their intrinsic scales,
that is, hard function Hg(u, 1) at hard scale up ~ my, hard-collinear function J,, (u;w, @)
at hard-collinear scale pij. ~ /My, Aqep, and soft B-LCDA had also been calculated by
some nonperturbative approaches, such as light-cone sum rules, Lattice QCD, or extracted
from experimental data directly. Next, it is necessary to make each factor in eq. (4.1) run

to a common scale p by renormalization group equations (RGE).

4.2 Resummed amplitude

We will apply the solutions to RGE to convert eq. (4.1) into the one where hard function,
hard-collinear function and soft function would have run to a common scale, meanwhile,
the large logarithms would have been resummed. The explicit result of resummation will
be given in the leading logarithms (LL) approximation and we shall choose the common

scale in eq. (4.1) to be the hard-collinear scale e ~ /My AQep.

4.2.1 The evolution of hard function

The RGE in SCET] governs the evolution of the hard function Hg(u, 1) from the hard scale
wy down to the hard-collinear scale pp.. It requires that we need to know the anomalous
dimensions of operator Og. The evaluation of the anomalous dimensions of Qg is similar
with the one of N-jet operators [22, 27], and it has also been performed in the process of
By — p™ . The evolution of the hard function of Hg can be expressed as

Hg(u7 :u) =Uy (u> :u) Hy (u> :ub) : (4'3)

In the LL approximation, that is, only cusp anomalous dimensions are kept, the evolution
function is

H du’ mp
Up (u, p) = exp [/ — I‘iusp (1) In —= 1, (4.4)
T o)
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with cusp anomalous dimensions

o o
o (@ o) = 2 Cp + % [Q2 1 +2Q, Q0 +207 ] (4.5)

At the next-to-leading logarithmic (NLL) accuracy, one would also consider one-loop
anomalous dimension

aZiF [4In(1—2)—5]d(x—y)+ Oéc;m%(%y)’ (i=9), (4.6)

and two-loop cusp anomalous dimension in the evolution equation,

dHi(u7 :u)
dlnp

= I‘iusp (ln qu — Z;) H;(u,p) + /du’ L (v u) Hi (v, p) . (4.7)

The one-loop anomalous dimension ~;(z,y) is provided here for completeness,

vi(z,y) =06(x—y) [Q% (4 lnx—6)+Qng4lnxf+Qg (41n 5:—5)}

z ([0(z—y) z ([0(y—=)
y([x_y ++9(ﬂf—y)>+y<{ ++9(y—96)>17 (4.8)

y—x
where [...]4 is the plus function.

+ 4@2 Qq

L —— |

4.2.2 The evolution of soft function

Next we have to evolve the soft functions up from us ~ Aqcp to ppe. With the addition of
the solution of the soft evolution equation, the soft matrix element at arbitrary scale in the
LL approximation is

FB, (1) Py (ws p) = Us (1, psi w) Fa, (ps) P4 (w5 ps) - (4.9)
It is useful to divide the evolution function into the QED and QCD parts,
Uy (1, ps; w, ") = UQP (1, pgsw,0") UEEP (1, pug w, ') (4.10)

where USCP (1, ps;w,w’) is the evolution factor for the standard B-meson LCDA in the
absence of QED. Then eq. (4.9) can be written as

Fp, P4 (w) = UP (n, pg;w, ') UL (1, ps; w, ') F, (1) O (w5 pas)
= U (1, sy w, o) UFP (, psw, ) Fp, () ¢4 (wips)  (411)
= U (e, pisi w) Fig, (fthe) b+ (W5 fine)
where the second arrow represents that the leading order of eq. (3.66), e.g. the standard

B-meson LCDA ¢, and HQET decay constant F'g,, has only been kept in LL accuracy.
The B-meson LCDA & (wj; u) fulfils the RGE as [28]

. _ o / /. /.
Tl == [T @) @4 (i) (4.12)
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with the anomalous dimension given by

dFp, (1) .

I
(w0, 1) dlnp

Zgt (0,0 ) + 6 (w— o)

/ do Zolw, @i 1) (4.13)

dlnp

The results for the anomalous dimension of eq. (4.13) can be found in eq. (2.23) of [28].
Here for the LL accuracy, we only keep the cusp part of the anomalous dimension and the
result of QED evolution functions USEP (., ps; w) is (see also, ref. [6])

USQED (

Am Qq(2Q + Qq) e (115) 3
Qem (:UJs) d Baem q (go (nem) + Tﬁo’em In Nem, In MS>‘|

(4.14)

[hes fs; W) = €Xp l

where go(2) =1 -z +Inz and nem (ks, 1t) = Aem (Ks) /Qem (1)
In the LL approximation, the evolution function involving only final-state leptons is
uniform from hard scale (my) to soft-collinear scale (Aqcp) [6],

bodu! mpg
Up (u, 1) = exp [/ ilfc (W) In —= |, (4.15)
w M K
and the anomalous dimensions
r,=2mog2, (4.16)
T

4.2.3 The resummed result

We collect at this point all evolution factors, including the evolution of hard function
eq. (4.3) and soft one eq. (4.14), to turn the factorized amplitude eq. (4.1) to a resummed
one,

1 00
i Ag = T4 (pinc) mBq/O du/o dw Up(p, ttne) Ur (fthes pise) USEP (ppe, 1153 w)
X 2 Hy (u; po) Jm (w5 w; pine) F, (Hhe) O+ (w5 pae) - (4.17)

Plugging the explicit result of J,, in eq. (3.58) and T in eq. (3.71) into eq. (4.17), we get

. . 1 Qlem (,U'hc) _ » 1 % dw
iAg = _iTQﬁquﬁmBqFBqN |:£sc(1 +75)€sc:| /0 duu/() U Uh(p’ba P/hc)

UNLPp—W
x U (pthes pise) U (pie, prssw) 2 Ho(u, ) by (w3 ptne) In <1+a+m£2> . (4.18)
14

The term proportional to C’?H in hard function Hg(u, up) will not cause endpoint-singularity
as u — 0 when convoluted by jet function (eq. (3.58)) in eq. (4.18), which is different from
the case appeared in By s — p ™. In the effective theory, the virtualities of both the soft
and collinear modes are suppressed, and the endpoint singularity might arises when we
drop the power suppressed terms. This is just the case for B — upu~ decay, where the
final state muon(or anti-muon) is collinear particle, thus the endpoint singularity in the
C<® term as u — 0 arises from the hard-collinear and collinear convolution integral for the
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box diagrams. However, things are different in B — 777~ decay, where the final state 7 is
a hard-collinear particle, its virtuality is different from the soft quark inside the B meson
and cannot be neglected in the effective theory expansion. As a result, the T mass appears
in the jet function and there is no endpoint divergence when it is convoluted with the 1/u
in the hard function. Therefore, the QED correction to B — 777~ is in nature free from
endpoint singularity, and this conclusion does not depend on the expansion by the QED
coupling constant.
The tree level contribution in qey, from ()19 in LL approximation is

i Ao = —imyg Fg, N Cho () U (p1n, prsc) {gsc V5 fﬁ} : (4.19)

With the addition of the tree level contribution eq. (4.19), we write the total amplitude
formally as

1A= —1 (A10[25075€§]+A9[gsc (1+75)£§]) ) (4.20)

where the scalar reduced amplitudes Ag 19 can be read from eqgs. (4.18) and (4.19).

5 Decay width with the addition of ultrasoft photons

Actually, the virtual QED correction to B, — 7+ 7~ discussed up to now is not infrared
safe. It is necessary to include real radiation as I' [B; — (T ¢~ |+ T [B, = (T {~ +n~v] to
guarantee the decay rate IR-finite and well-defined, where n denotes the number of real
radiation photon. The energy of real radiation E, will be subject to the experimental
setup in the form of a photon-energy cutoff AF, E, < AE. Throughout we will restrict
the discussion to the case of AE < Aqcp and contain an arbitrary number of additional
ultrasoft real photons. It is possible to obtain the real ultrasoft contribution by matching
HQET x bHLET at a soft scale us to an effective theory that contains the electrically
neutral B-meson field and heavy lepton fields with fixed velocity label v, 7, in analogy with
heavy-quark effective theory. The ultrasoft fields can be decoupled from the heavy lepton
fields, £sc — Sy, eﬁ?, where Sy, is ultrasoft Wilson line, and are not coupled to the neutral
initial state at leading power in 1/m;. Therefore the amplitude can be factorized into the
non-radiative amplitude A; and an ultrasoft matrix element as follows,

Nap=1C; <£+£7X5 | Qi | Bq> =A; <Xs

S5,0) S, () [0), i=9,10, (5.1)

where X, is an arbitrary ultrasoft state consisting of photons, and possibly electrons and
positrons. A; is the non-radiative amplitude as we discussed before. Formally, the matching
of HQET with quark fields to ultrasoft EF'T of point-like hadrons at the scale ~ Aqcp
must be done non-perturbatively. However as the B-meson is neutral and decoupled in the
far infrared, the case that the ultrasoft photon decoupled from final leptons in the ultrasoft
EFT is similar to the SCET treatment of soft radiation from top-quark jets [12, 29]. The
resummation of large logarithmic corrections of the ultrasoft function with the RG technique
can also be achieved by the ultrasoft EFT, in analogy with SCET treatment in [12].
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The partial decay width is obtained by squaring the full amplitude eq. (5.1) and
summing over all ultrasoft final states with total energy less than AFE,

m
8

with 8, = /1 — 4m2/m23q. The ultrasoft contribution S (ve, vy, AE) is

S (ve,v5, AE) = Z ’ <XS
Xs

DBy~ 7 7 [ (AE) = i Br (1410 + Aof* + B2 [A9? ) S (v, AE) ,  (5.2)

2
$5,0)8,(0)| 0)| 0(AE - Bx,) | (5.3)

£

with the one-loop soft function for massive final particles given in [29],

2AFE
SW (vy, v, AE) = In v5(x) + c1(x), (5.4)
where
1+a?
Y5(z) =8 1+1_7962G(0§1‘) : (5.5)
1422 5 4 l1+x
— ) . 1: c) log) — | g —~ . )
c1(x) 2 ( G*(0;2)+8G(1;2) G(0;2) —8G(0,1; ) 3 1_:CG(O,:):)
(5.6)
Harmonic polylogarithms with n weights are defined as (see also ref. [29]),
G ( )= [ G 0
Wy e ey Wpi ) = ——— G (wa, ..., wy;
1, s Wnyy o t—w 2 s Wny )
1
G(0,...,0;z) = = In"(x), (5.7)
n!
for at least one of {wy,...,w,} different from zero and all w; = 0, respectively, where
4m2
]. - 1 - m2Bq
T=———. (5.8)
1+ ,/1- 222
mp,

The resummed soft function can be achieved by using the QED exponentiation theorem as
a approximate, e.g. full soft function can be considered as the exponent of the one-loop
result,

S (ur, o5 AB) = exp | 2 @2 8O (ur, g, AB) | (5.9)
T

4

6 Branching fractions of B, — Tt

We are now ready to numerically evaluate the non-radiative branching fractions for B, —
7+ 77 defined as

Brgp =10 By —71tr7 | 78, (6.1)
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Parameter Value Ref. | Parameter Value Ref.
Gr 1.166379- 107> GeV~=2  [30] | mz 91.1876(21) GeV  [30]
al”(mz)  0.1181(11) 30] | m, 1.77686(12) MeV  [30]
all(myz)  1/127.955(10) 30] | me 1625721 GeV [30]
my(mp) 4.180(8) GeV [31] | me(me) 1.275(9) GeV [31]
mpe 4.816(9) GeV mpole 1.841(10) GeV

Ltk 4.18 GeV [ihe 1.5 GeV

mg, 5366.92(10) MeV 30] | mp, 5279.66(12) MeV  [30]
IB. 230.3(1.3) MeV [31] | fB, 190.0(1.3) MeV  [31]
B, 1.520(5) ps 30] | 75, 1.519(4) ps [30]
Mg, (o) 400(150) MeV Ag,(no)  350(150) MeV

65 (o) 0.0(0.7) 32 |65 (o) 0.0(0.7) [32]
5 (o) 0(6) 32 | 65 (uo)  0(6) [32]
A 0.22500(67) 30] | 5 0.159(10) 30]
A 0.82615:01% (30] |7 0.348(10) [30]

Table 1. Numerical values for parameters: a, and oen, are the MS-renormalized coupling constants.
The masses of quarks, m;, m; and m,, are in MS scheme. mgfgc are pole masses of bottom-
quark and charm-quark, which are obtained from the corresponding MS-values and will be used
in our numerical calculations. The values of the Wilson coefficients at u, = 4.18 GeV are C1_g =
{~0.331, 1.010, —0.005, —0.090, 0.00038, 0.001}, C£* = —0.316, Cy = 4.200 and Cyg = —4.543.
The B meson decay constants fp, are averages from the FLAG group for Ny = 24+ 141
from [2, 33-35]. The nonperturbative parameters entering the three-parameter model for leading
twist B-meson LCDA contain A, , &%3,5 and &gjys. We will use Wolfenstein parametrization of
the CKM matrix with the Wolfenstein parameters, A, p, A and 7.

where the non-radiative width T'©) [ B, — 77 77] is just the width in eq. (5.2) with the
ultrosoft function S (vg, vz, AE) = 1. 7p, is the lifetime of B, meson. Our inputs are
collected in table 1.

We will apply the following three-parameter model for leading twist B-meson LCDA
as used in [32, 36-39],

¢+(w)zr(ﬁ)“’ge‘5w(ﬁ—a,3— ,”), (6.2)

() w wo

where U(a, 7, x) is the confluent hypergeometric function of the second kind. In the
amplitude formula eq. (4.18), only the first inverse moment and the logarithmic moments
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are needed, which are defined by [40] (see also, for instance [28, 41-50])

1 © dw
% dw |, Ho

UMF@WA—;m;mw, (6.4)

respectively. The first inverse moment Ap and the first two logarithmic moments &1 and &4
can be expressed as functions of three parameter «, § and wy,

/\B:g:iwo, (6.5)

&1:w(5—1)—¢(a—1)+1n;‘:1, (6.6)
2

b2 = "5+t —[V(B 1) —v(a 1), (6.7)

whose values are listed in the table 1. Apart from the SM and hadronic parameters listed
in table 1, our results are also depend on two renormalization scales, hard scale py used in
the calculation of the Wilson coefficient and hard collinear scale . in the second step of
matching. We choose their central values as up, = my = 4.18 GeV and up. = 1.5 GeV, which
will be varied as up € {mp/2, 2myp } and ppe € {1.5—0.5, 1.5+ 0.5} to estimate errors
of branching ratios.

The non-radiative branching fraction of B, — 77 7~ for the central values of the
parameters in table 1 are

BrO(By — 7777) = (1.993“,()) - 0.001(NL()>) x 1078, (6.8)
BrO(B, - rtr7) = (6.94O(L()) - 0.003(NL()>) x 1077, (6.9)

where the first and second terms in r.h.s. of egs. (6.8) and (6.9) are results from the leading
order of ey, and from the QED and QCD corrections to the next to leading order and
leading logarithmic accuracy, respectively. The numerical value of the QED and QCD
corrections lead to an overall enhancement of the branching fraction of approximately 0.04%,
which is much smaller than the one in B, — ut ™~ case (overall reduction about 0.5%). The
reason is that, even though the power enhancement effect m;/Aqcp also appear in 7 case,
the single-logarithm term from hard-collinear function in eq. (3.58) for 7 final states are
not as large as in 4 case (the single-logarithmic enhancement of order In my, Aqcp/ mz ~ b
for the C§T term [5]) due to hard-collinear scale mass of 7.

For completeness, we consider uncertainties of the non-radiative branching fractions
in egs. (6.10) and (6.11). They arise from B, meson decay constants fp, and B, meson
LCDA parameters, Ap,, 65913 and &gq), the SM parameters including m; and mbp(’le, and two
renormalization scales, pp and ppe, which have been added in quadrature in the following as

BrO(By, - rt7r7) = (1.992 tg;;gg) x 1078, (6.10)

Br (B, — 777) = (6.937 1547 ) x 1077 (6.11)
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Finally, the branching fraction for the infrared-finite observables of B, — (1 ¢~ (n~)
with ultrasoft photon energy E, < AFE will be given by multiplied with the soft-photon
exponentiation factor in eq. (5.9). E, would depend on how well the real photon could
be detected by a particular experiment. Current experiment analyses, such as LHCDb,
use dilepton energy cuts that would correspond to an allowable soft photon of up to
60 MeV [51, 52]. We can also choose the same signal window, AE ~ 60 MeV, for B, —
7777 (nv) and the numerical results are

Br(By — 7 77)(AE) = (1.960 1037 ) x 107%, (6.12)

Br(B, — " 77)(AE) = (6.822 533 ) x 1077, (6.13)

which mean that the radiative factor in eq. (5.9) for B, — 77 77 is about 98% of the
non-radiative rate.

7 Summary

We have considered the QED corrections to B, — 7177 at next-to-leading order in
Qem and leading logarithmic resummation under the framework of SCET. The ultrasoft
real photons are treated in the limit of static heavy leptons and decoupled from heavy
leptonic fields, which means the ultrasoft QED effect can be factorized from nonradiative
correction, and is universal for B, — ¢* ¢~ with ¢ = e, u, 7. The treatment for this effect
on By — 7777 is same as on By — p* p~, and similar to the SCET treatment of soft
radiation in top-quark jets. Then we concentrate on virtual QED effects which are from
the process-specific energy scales set by the external kinematics and internal dynamics of
By — 7t 77. We have performed two steps of matching from QCD x QED onto SCET; and
subsequently onto HQET x bHLET. Hard fluctuations from my scale are integrated out in
the matching onto SCET| and successively (anti-)hard-collinear fluctuations with my Aqcp
virtualities are decoupled from HQET x bHLET. Different from muon leptonic B decays,
the effective operator in SCETy for B, — 7+ 7~ is only Oy as the Q7 can be matched to Og
by integrating out hard photon from the electromagnetic dipole operator. For completeness
of QED corrections, we calculate the hard functions at NLO although they are not relevant
to power enhanced effects. In HQET x bHLET, there is only so-called Al-type operator for
B, — 7t 7. By matching the time-ordered product of the operator Og together with two
Lagrangians ESI) and Lﬁ,’i) to the matrix element of Al-type operator in HQET x bHLET,
we integrate the (anti-)hard-collinear virtualities of spectator-quark, which lead to formally
power enhanced effects by a factor my,/Aqcp as discussed in By — put p~. However, for
B, — 7t 77, as the mass of tau is just the order of hard-collinear scale, the logarithm
term arising from the contribution of hard-collinear photon and lepton virtuality in the
second matching step is small, which would not induce large enhanced QED effects as
in muon case even though the same power enhancement term appears in B, — 7777
Numerically, together with the resummation at the leading logarithm accuracy in the both
QCD and QED coupling, the values of the QED and QCD corrections lead to an overall
enhancement of the branching fraction of approximately 0.04%, compared with overall
reduction of branching fraction about 0.5% in B, — u™ p~ case.
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